UPMC Basic functional analysis
Master 1, MMO5SE 2011-2012

Spaces of continuous functions

1) Let E and F be two metric spaces with E complete, and let (f,,)nen be a sequence of continuous functions from
E to F such that f,(y) converges to f(y) for each y € E.

a) Show that f is continuous on a dense Gy set. We can consider the sets

Enp={yeE: Yq=p, dfp(y), f4(y)) <1/n}

and

0, = U Eo’n’p.
peEN

b) Deduce that if f: R — R is derivable, then it is of class C! on a dense Gs.

2) Let C([0,1]), endowed with the uniform norm. Show that the subsets A C C([0,1]) of all continuous functions
nowhere derivable is a dense G5 subset of C([0,1]). We can consider the sets

z€[0,1] ly —

A, = {fEC([O,l]): Jy €[0,1] with sup f(y)—f(x)<n}

3) Urysohn Lemma. Let Q be an open subset of RN, K be a compact set, and V be an open set such that K C'V C
V C Q. Then there exists a continuous function f € C(Q) such that 0 < f<1inQ, f=1o0on K and f =0 on Q\ V.

4) Partition of unity. Let Q be an open subset of RN, K be a compact set, and Vi, ..., V) be open sets satisfying
VicQforalli=1,....k, and K C Ule Vi. Then there exist continuous functions f; € C(Q) such that 0 < f; <1
onQ, fi=00nQ\V; foralli=1,...k, ande:lfizl on K.

5) Tietze extension theorem. Let f be a bounded and continuous function from a closed set C C RN into R. Then
there exists a continuous real valued function f* defined on the whole RN such that f = f* on C. Moreover, if

|[f(x)| <M forallx € C for some M >0,

then
If*(z)| <M forallz € RV,

a) Assume first that f is bounded on C by 1. Using Urysohn Lemma, show the existence of a continuous function
g1 : RY — [~1/3,1/3] such that

1 1 1 1
glzgon {f23} andglz—gon {fﬁ-3}

b) By iteration, show the existence of a sequence of continuous functions (g, ),>1 on RY such that for all n > 1,

1/2\""
lgn(z)] < 3 (3> for all z € RY,

and

< (g) for all x € C.

¢) Conclude for the case where f is bounded on C' by 1.



d) Deduce the case where f is bounded on C by some constant M.

6) Topology of the space of continuous functions. Let E be a subset of R,
a) Define for all f and g € C(E),

d(f,g) = sup |f(x) — g(=)].

Show that if F is compact, then d defines a distance on C(F) which generates a topology of complete metric
space.
b) Assume from now on that E is open. Construct a sequence of compact sets (K,)n>1 such that £ = J,,~; Kn-
¢) For every f and g € C(F), -

dn(f;9) = sup [f(z) = g(z)|-

reK,
Show that d,, is not a distance on C(E) (d,, is called a semi-norm).
d) Show that

1 du(f,9)

d(f.g) = — 2 T+ d,(f,9)

defines a distance on C(E).
e) Show that d(f,, f) — 0 if and only if f,, — f uniformly on any compact subset of E.
f) Show that C(E) endowed with this distance is a complete metric space.

7) Ascoli Theorem. Let (E,dg) be a compact metric space, (F,dr) be a complete metric space and (fn)nen be a
sequence of functions in C(E; F). Assume that

— (fn)nen is equi-continuous ;

— for all x € E, the set {fn(x) : n € N} is compact in F.
Then (fn)nen admits a subsequence uniformly converging in E.

a) Show that E is separable, i.e., there exists a countable dense subset X := {z,},en in E.

b) Show the existence of a subsequence (fy(n))nen Of (fn)nen (where i) : N — N is increasing) such that
Jon)(xp) — f(xp) for all p € N, for some f(x,) € F. (Hint : use Cantor’s diagonalization procedure).

¢) Show that f: X — F is uniformly continuous and that it can be extended to a uniformly continuous function
(still denoted f) from E to F'.

d) Show that for all z € E, fy(m(2) — f(z) in F.

e) Conclude.

8) Compactness of the Hausdorff distance. Let (X, d) be a compact metric space. For all closed subsets A and
B of X, we recall that the Hausdorff distance between A and B is defined by

dy (A, B) :== max {sup dist(x, B), sup dist(y, A)} .
z€A yeEB

Show that if (A, )nen is a sequence of closed subsets of X, then there exists a subsequence converging to some closed
set in the Hausdorff metric.

9) Show that the following sets are compact or not in (C([0, 1];R), djo 1)) :
a) A={f:[0,1] — R: f continuous on [0, 1] and sup,¢p ) |f(2)] < 1}.
b) A={f:]0,1] = R: f polynom and SUPLe(0,1] |f(x)] <1}

o

)

) Ay ={f:[0,1] = R: f polynom of degree less than or equal to N and sup,co q|f(z)| < 1}.
d) A, where A= {f:[0,1] — R: f derivable and |f'(z)| <1 Vx € [0,1]}.
) A
)

e) A, where A= {f:[0,1] = R: f(1) =2, f derivable and |f’(z)| <1 Vz € [0,1]}.

f) A, where A = {f:[071]—>]R:|f(0)|§3 M§5V:c,y€[071]7x7éy}.

‘ |1/3

g) A:{f:[O,l]—ﬁR:f(x)_f(y)§4Vx,y€[(),1],a:7éy}.

|z —yl?

b A={r:[0.1] =R [(1/2)] + LBl < d v,y € [0,1),0 £ y .



