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Continuous linear maps

1) Let (E, ‖ · ‖E) be a normed linear space of dimension N . Show that any weakly converging sequence
in E is also strongly converging.

2) Let (X, ‖ · ‖) be a real normed linear space

a) Show that for all x ∈ X, there exists f ∈ X ′ such that f(x) = ‖x‖ and ‖f‖X′ = 1. Hint : Use the
Hahn-Banach Theorem.

b) Show that for all x ∈ X,

‖x‖ = max
f∈X′,‖f‖≤1

f(x) = max
f∈X′,f 6=0

f(x)
‖f‖X′

.

c) Deduce that X is isometrically isomorphic to a subspace of its bidual X ′′ := (X ′)′ (i.e. there exists
a subspace X̃ ⊂ X ′′ and a one to one linear continuous map J : X → X̃ such that ‖J(x)‖X′′ = ‖x‖
for all x ∈ X). When is X̃ closed ?

Remark : If X̃ = X ′′, we say that X is reflexible. In particular, uniformly convex Banach spaces or Hilbert
spaces are reflexible.

3) Let (X, ‖ · ‖) be a normed linear space.

a) show that if xn → x, then xn ⇀ x and ‖xn‖ → ‖x‖.
b) Show that if xn ⇀ x, then

‖x‖ ≤ lim inf
n→∞

‖xn‖

and that there exists a constant C > 0 such that ‖xn‖ ≤ C for all n ∈ N.

c) Show that if X is uniformly convex, then

xn ⇀ x and ‖xn‖ → ‖x‖ ⇒ xn → x.

4) Let (X, ‖ · ‖) be a uniformly convex Banach space, and let A ⊂ X be non empty closed and convex
set.

a) Show that for all x ∈ X, there exists a unique ax ∈ A such that

‖x− ax‖ = dist(x,A) := inf
a∈A
‖x− a‖.

b) Show that the map x 7→ ax is continuous.

5) Open mapping Theorem. Let E and F be two Banach spaces, and ` ∈ Lc(E,F ) be a surjective
continuous map. Then ` is an open mapping, i.e., for every open set U ⊂ E, then `(U) is open in F .

a) We denote by BE and BF the open unit balls in E and F respectively. Show that `(BE) has non
empty interior in F (we can consider Xn := n `(BE)).

b) Deduce that there exists r > 0, such that 2rBF ⊂ `(BE).
c) Let y ∈ rBF , show that there exists x1 ∈ 1

2BE such that y1 := y−`(x1) ∈ r
2BF . Construct then two

sequences (xn), (yn) such that xn ∈ 2−nBE and yn = yn−1 − `(xn) ∈ 2−nrBF . Deduce that y ∈ `(2BE).
d) Show that

∃r > 0, ∀y ∈ F, ‖y‖F < r,∃x ∈ E, ‖x‖ < 2 and `(x) = y. (?)

Deduce that for each open set U ⊂ E, then `(U) is open in F .
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6) Banach Theorem. Let E and F be two Banach spaces and ` ∈ Lc(E,F ) be a linear one to one
continuous map. Show that `−1 ∈ Lc(F,E), and that ‖`−1‖Lc(F,E) ≥ 1/‖`‖Lc(E,F ).

7) Closed graph Theorem. Let E and F be two Banach spaces, and T be a linear map from E to
F . We suppose that the graph of T , G(T ) := {(x, Tx) : x ∈ E} is a closed subset of E × F . Then T is
continuous.

8) Let F be a closed linear subspace of C([0, 1]) which is contained in C1([0, 1]).

a) Show that the derivation map D : f ∈ F → f ′ ∈ C([0, 1]) is continous.

b) Deduce that F has finite dimension.

9) Grothendieck Theorem. Let (X,M) be a measure space and µ be a probability measure on M. Let
S be a closed subspace of Lp(X,µ) (p > 0), contained in L∞(X,µ). Then S has finite dimension.

a) Show that there exists a constant K <∞ such that for all f ∈ S, then ‖f‖∞ ≤ K‖f‖p.
b) Deduce that there exists a constant M <∞ such that for all f ∈ S, then ‖f‖∞ ≤M‖f‖2.
c) Show that for c := (c1, . . . , cn) ∈ IRn with ‖c‖2 ≤ 1 and for φ1, . . . , φn orthonormal in S, then the

function fc :=
∑n

i=1 ciφi satisfies ‖fc‖∞ ≤M .

d) Deduce that there exists X ′ ⊂ X with µ(X ′) = 1 such that for all c := (c1, . . . , cn) ∈ IRn with
‖c‖2 ≤ 1 and for all x ∈ X ′, one has |fc(x)| ≤M .

e) Conclude.
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