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Fourier transform of integrable and square integrable functions

1) Let f € L*(R). The Fourier transform of f is defined on R by f(£) = fjoo; f(x)e 28w dy.
1. Let f(z) = e~ for all # € R. Compute d%f(f). Deduce f(£).

2. Let g(z) = e~ 1*! for all z € R. Compute §.
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3. Deduce the Fourier transform of R > . — h(z) = 175.

2) a) Let x be the characteristic function of the interval [f%, %} and ¢ = x * x. Compute ¢, gg and .

b) Find two functions f and g € L?(R), non identically zero and such that f % g = 0.
¢) Show that there is no function u € L'(R) such that f *u = f, Vf € L'.

3) Let A C R™ be a (Lebesgue) measurable set such that 0 < £"(A) < oo, and let x4 be its characteristic
function. Show that Y4 € L?(R") but x4 ¢ L*(R").

4) We consider the differential equation
u'(z) + Azu(z) = 0 Vo € R,

where A > 0.
a) Find u such that u(0) = 1.
b) Transform the previous equation to get an equation solved by .

¢) Deduce i.

5) Compute the Fourier transform of the following functions :

L fi(z) = (1 = |z))x(-1,1(2).
2. fo(x) = """ X[0,400) (), n € N.
3. fz(z) = Shﬁx)
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4. fa(z) = (%)



