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Abstract

We discuss asymptotics for large random planar maps under the assumption that
the distribution of the degree of a typical face is in the domain of attraction of a
stable distribution with index o € (1,2). When the number n of vertices of the map
tends to infinity, the asymptotic behavior of distances from a distinguished vertex
is described by a random process called the continuous distance process, which can
be constructed from a centered stable process with no negative jumps and index
. In particular, the profile of distances in the map, rescaled by the factor n~1/22,
converges to a random measure defined in terms of the distance process. With the
same rescaling of distances, the vertex set viewed as a metric space converges in
distribution as n — oo, at least along suitable subsequences, towards a limiting
random compact metric space whose Hausdorff dimension is equal to 2.

1 Introduction

The goal of the present work is to discuss the continuous limits of large random planar
maps, when the distribution of the degree of a typical face has a heavy tail. Recall that
a planar map is a proper embedding of a finite connected graph in the two-dimensional
sphere. For technical reasons, it is convenient to deal with rooted planar maps, mean-
ing that there is a distinguished oriented edge called the root edge. One is interested in
the “shape” of the graph and not in the particular embedding that is considered: More
rigorously, two rooted planar maps are identified if they correspond via an orientation-
preserving homeomorphism of the sphere. The faces of the map are the connected compo-
nents of the complement of edges, and the degree of a face counts the number of edges that
are incident to it. Large random planar graphs are of interest in particular in theoretical
physics, where they serve as models of random geometry [1].

A simple way to generate a large random planar map is to choose it uniformly at ran-
dom from the set of all rooted p-angulations with n faces (a planar map is a p-angulation
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if all faces have degree p). It is conjectured that the scaling limit of uniformly distributed
p-angulations with n faces, when n tends to infinity (or equivalently when the number of
vertices tends to infinity), does not depend on the choice of p and is given by the so-called
Brownian map. Since the pioneering work of Chassaing and Schaeffer [6], there has been
several results supporting this conjecture. Marckert and Mokkadem [22] introduced the
Brownian map and proved a weak form of the convergence of rescaled uniform quadran-
gulations towards the Brownian map. A stronger version, involving convergence of the
associated metric spaces in the sense of the Gromov-Hausdorff distance, was derived in
Le Gall [19] in the case of uniformly distributed 2p-angulations. Because the distribution
of the Brownian map has not been fully characterized, the convergence results of [19]
require extracting suitable subsequences. Proving the uniqueness of the distribution of
the Brownian map is one of the key open problems in the area.

A more general way of choosing a large planar map at random is to use Boltzmann
distributions. In this work, we restrict our attention to bipartite maps, where all face
degrees are even. Given a sequence q = (qi, g2, g3, - - .) of nonnegative real numbers and a
bipartite planar map m, the associated Boltzmann weight is

Wom) = ] daes(r2 (1)

JfEF(m)

where F'(m) denotes the set of all faces of m, and deg(f) is the degree of the face f. One
can then generate a large planar map by choosing it at random in the set of all planar
maps with n vertices (or with n faces) with probability weights that are proportional to
W, (m). Such distributions arise naturally (possibly in slightly different forms) in problems
involving statistical physics models on random maps. This is discussed in Section 8 below.

Assuming certain integrability conditions on the sequence of weights, Marckert and
Miermont [21] obtain a variety of limit theorems for large random bipartite planar maps
chosen according to these Boltzmann distributions. These results are extended in Mier-
mont [23] and Miermont and Weill [25] to the non-bipartite case, including large triangu-
lations. In all these papers, limiting distributions are described in terms of the Brownian
map. Therefore these results strongly suggest that the Brownian map should be the
universal limit of large random planar maps, under the condition that the distribution
of the degrees of faces satisfies some integrability property. Note that, even though the
distribution of the Brownian map has not been characterized, many of its properties can
be investigated in detail and have interesting consequences for typical large planar maps
— See in particular the recent papers [20] and [24].

In the present work, we consider Boltzmann distributions such that, even for large
n, a random planar map with n vertices will have “macroscopic” faces, which in some
sense will remain present in the scaling limit. This leads to a (conjectured) scaling limit
which is different from the Brownian map. In fact our limit theorems involve new random
processes that are closely related to the stable trees of [11], in contrast to the construction
of the Brownian map [22, 19], which is based on Aldous’ CRT.

Let us informally describe our main results, referring to the next sections for more
precise statements. For technical reasons, we consider planar maps that are both rooted
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and pointed (in addition to the root edge, there is a distinguished vertex denoted by
v4). Roughly speaking, we choose the Boltzmann weights g, in (1) in such a way that
the distribution of the degree of a (typical) face is in the domain of attraction of a
stable distribution with index a € (1,2). This can be made more precise by using the
Bouttier-Di Francesco-Guitter bijection [3] between bipartite planar maps and certain
labeled trees called mobiles. A mobile is a (rooted) plane tree, where vertices at even
distance, respectively at odd distance, from the root are called white, resp. black, and
white vertices are assigned integer labels that satisfy certain simple rules — see subsection
3.1. In the Bouttier-Di Francesco-Guitter bijection, a (rooted and pointed) planar map m
corresponds to a mobile #(m) in such a way that each face of m is associated with a black
vertex of #(m) and each vertex of m (with the exception of the distinguished vertex v,.)
is associated with a white vertex of §(m). Moreover, the degree of a face of m is exactly
twice the degree of the associated black vertex in the mobile #(m) (see subsection 3.1 for
more details).

Under appropriate conditions on the sequence of weights ¢, formula (1) defines a
finite measure W, on the set of all rooted and pointed planar maps. Moreover, if P, is
the probability measure obtained by normalizing W,, the mobile §(m) associated with a
planar map m distributed according to P, is a critical two-type Galton-Watson tree, with
different offspring distributions py and p; for white and black vertices respectively, and
labels chosen uniformly over all possible assignments (see [21] and Proposition 4 below).
The distribution pug is always geometric, whereas 1 has a simple expression in terms of
the weights q.

We now come to our basic assumption: In the present work, we choose the weights g
in such a way that y; (k) behaves like k%! when k& — oo, for some « € (1,2). Recalling
that the degree of a face of m is equal to twice the degree of the associated black vertex
in the mobile §(m), we see that, in a certain sense, the face degrees of a planar map
distributed according to P, are independent with a common distribution that belongs to
the domain of attraction of a stable law with index a.

We equip the vertex set V' (m) of a planar map m with the graph distance d,, and
we would like to investigate the properties of this metric space when m is distributed
according to P, and conditioned to be large. For every integer n > 1, denote by M,
a random planar map distributed according to P,(- | #V (m) = n). Our goal is to get
information about typical distances in the metric space (V(M,),ds) when n is large,
and if at all possible to prove that these (suitably rescaled) metric spaces converge in
distribution as n — oo in the sense of the Gromov-Hausdorff distance. As a motivation
for studying the particular conditioning {#V (m) = n}, we note that our results will have
immediate applications to Boltzmann distributions on non-pointed rooted planar maps:
Just observe that a given rooted planar map with n vertices corresponds to exactly n
different rooted and pointed planar maps.

To achieve the preceding goal, we use another nice feature of the Bouttier-Di Francesco-
Guitter bijection: Up to an additive constant depending on m, the distance between v,
and an arbitrary vertex v € V(m)\{v.} coincides with the label of the white vertex
of (m) associated with v. Thus, in order to understand the asymptotic behavior of
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distances from v, in the map M, it suffices to get information about labels in the mobile
0(M,,) when n is large. To this end, we first consider the tree 7 (M,,) obtained by ignoring
the labels in 6(M,). Under our basic assumption, the results of [11] can be applied to
prove that the tree 7 (M,) converges in distribution, modulo a rescaling of distances
by the factor n=(=1/%)  towards the so-called stable tree with index o. The stable tree
can be defined by a suitable coding from the sample path of a centered stable Lévy
process with no negative jumps and index «, under an appropriate excursion measure.
The preceding convergence to the stable tree is however not sufficient for our purposes,
since we are primarily interested in labels. Note that, under the assumptions made in
[21] on the weight sequence ¢ (and in particular in the case of uniformly distributed 2p-
angulations), the rescaled trees 7 (M,,) converge towards the CRT, and the scaling limit
of labels is described in [21] as Brownian motion indexed by the CRT, or equivalently
as the Brownian snake driven by a normalized Brownian excursion. In our “heavy tail”
setting however, the scaling limit of the labels is not Brownian motion indexed by the
stable tree, but is given by a new random process of independent interest, which we call
the continuous distance process.

Let us give an informal presentation of the distance process — A rigorous definition
can be found in Section 4 below. We view the stable tree as the genealogical tree for a
continuous population, and the distance of a vertex from the root is interpreted as its
generation in the tree. Fix a vertex a in the stable tree. Among the ancestors of a,
countably many of them, denoted by b, b, ... correspond to a sudden creation of mass in
the population: Each by has a macroscopic number d, > 0 of “children”, and one can also
consider the quantity 7 € [0, dx], which is the rank among these children of the one that
is an ancestor of a. The preceding description is informal in our continuous setting (there
are no children) but can be made rigorous thanks to the ideas developed in [11] and in
particular to the coding of the stable tree by a Lévy process. We then associate with each
vertex by a Brownian bridge (By(?)):cj0,5,) (starting and ending at 0) with duration 0y ,
independently when £ varies, and we set

D(a) =Y Bi(r).

The resulting process D(a) when a varies in the stable tree is the continuous distance
process. As a matter of fact, since vertices of the stable trees are parametrized by the
interval [0, 1] (using the coding by a Lévy process), it is more convenient to define the
continuous distance process as a process (D¢);c[o,1] indexed by the interval [0, 1] (or even
by R, when we consider a forest of trees).

Much of the technical work contained in this article is devoted to proving that the
rescaled labels in the mobile 0(M,,) converge in distribution to the continuous distance
process. The proper rescaling of labels involves the multiplicative factor n=/2* instead of
n~ % in earlier work. This indicates that the typical diameter of our random planar maps
M,, is of order n'/?* rather than n'/* in the case of maps with faces of bounded degree.
Because conditioning on the total number of vertices makes the proof more difficult, we
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first establish a version of the convergence of labels for a forest of independent mobiles
having the distribution of §(m) under P,. The proof of this result (Theorem 1) is given in
Section 5. We then derive the desired convergence for the conditioned objects in Section
6.

Finally, we obtain asymptotic results for the planar maps M,, in Section 7. Theorem
4 gives precise information about the profile of distances from the distinguished vertex v,
in M,. Precisely, let 95\2 be the measure on R, defined by

n 1 e
[hanew =2 S o dy o)
veV (My)
Then, the sequence of random measures ,05\2 converges in distribution towards the measure
p) defined by

/wmem:Adwum—@»

where ¢ > 0 is a constant depending on the sequence of weights, and D = min,¢jo 1] D;.

We also investigate the convergence of the suitably rescaled metric spaces V(M,)
in the Gromov-Hausdorff sense. Theorem 5 shows that, at least along a subsequence,
the random metric spaces (V (M, ), n~/2%d,,) converge in distribution towards a limiting
random compact metric space. Furthermore, the Hausdorff dimension of this limiting
space is a.s. equal to 2a, which should be compared with the value 4 for the dimension of
the Brownian map [19]. The fact that the Hausdorff dimension is bounded above by 2«
follows from Holder continuity properties of the distance process that are established in
Section 4. The proof of the corresponding lower bound is more involved and depends on
some properties of the stable tree and its coding by Lévy processes, which are investigated
in [11]. Similarly as in the case of the convergence to the Brownian map, the extraction of a
subsequence in Theorem 5 is needed because the limiting distribution is not characterized.

The paper is organized as follows. Section 2 introduces Boltzmann distributions on
planar maps and formulates our basic assumption on the sequence of weights. Section 3
recalls the Bouttier-Di Francesco-Guitter bijection and the key result giving the distribu-
tion of the random mobile associated with a planar map under the Boltzmann distribution
(Proposition 4). Section 3 also introduces several discrete functions coding mobiles, in
terms of which most of the subsequent limit theorems are stated. Section 4 is devoted to
the definition of the continuous distance process and to its Holder continuity properties.
In Section 5, we address the problem of the convergence of the discrete label process of a
forest of random mobiles towards the continuous distance process of Section 4. We then
deduce a similar convergence for labels in a single random mobile conditioned to be large
in Section 6. Section 7 deals with the existence of scaling limits of large random planar
maps and the calculation of the Hausdorff dimension of limiting spaces. Finally, Section
8 discusses some motivation coming from theoretical physics.

Notation. The symbols K, K’ Ky, K, Ko, K}, ... will stand for positive constants
that may depend on the choice of the weight sequence ¢ = (g1, g2, . . .) but unless otherwise
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indicated do not depend on other quantities. The value of these constants may vary from
one proof to another. The notation C(R) stands for the space of all continuous functions
from R, into R, and the notation D(R?) stands for the Skorokhod space of all cadlag
functions from R, into R% If X = (X;);>p is a process with cadlag paths, X,  denotes
the left limit of X at s, for every s > 0. We denote the set of all finite measures on R
by M;(Ry) and this set is equipped with the usual weak topology. If (a;) and (b;) are
two sequences of positive numbers, the notation ar ~ by (as k — oo) means that the
ratio ay /by tends to 1 as k — oo. Unless otherwise indicated, all random variables and
processes are defined on a probability space (2, F,P).

2 Critical Boltzmann laws on bipartite planar maps

2.1 Boltzmann distributions

A rooted and pointed bipartite map is a pair (m,v.), where m is a rooted bipartite
planar map, and v, is a distinguished vertex of m. As in Section 1 above, the graph
distance on the vertex set V(m) is denoted by d,, and we let e_, e, be respectively the
origin and the target of the root edge of m. By the bipartite nature of m, the quantities
dgr (€4, 0s), dg(e—, v,) differ. Moreover, this difference is at most 1 in absolute value since
e+ and e_ are linked by an edge. We say that (m,v,) is positive if

dgr(e4,vs) = dge(e—,ve) + 1.

It is called negative otherwise, i.e. if dg (e, vi) = dg(e—, vi) — 1.

We let M7 be the set of all rooted and pointed bipartite planar maps that are positive.
In the sequel, the mention of v, will usually be implicit, so that we will simply denote
the generic element of M?* by m. For our purposes, it is useful to add an element { to
M, which can be seen roughly as the vertez-map with no edge and one single vertex v,
“bounding” a single face of degree 0.

Let ¢ = (q1,¢2,...) be a sequence of nonnegative real numbers. For every m €

Mo}, set
Wy(m) = H Qdeg(£)/2
feF(m)
where F'(m) denotes the set of all faces of m. By convention, we set W,(t) = 1. This
defines a o-finite measure on M, whose total mass is

Zg=We(M?%) € [1,00].

We say that ¢ is admissible if Z, < oo, in which case we can define P, = Z;1Wq as the
probability measure obtained by normalizing W,. The measure P, is called the Boltzmann
distribution on M’ with weight sequence gq.

Following [21], we have the following simple criterion for the admissibility of ¢. Intro-
duce the function

fola) =Y N(R)gea*™',  2>0 (2)

)
k=1
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2k —1
N(k) = .
W=
Let R, > 0 be the radius of convergence of this power series. Note that by monotone
convergence, the quantity fo(R,) = fo(Rs—) € [0, 00] exists, as well as f/(R,) = fi(Rg—).

where

Proposition 1 [21] The sequence q is admissible if and only if the equation
fol)=1—1/z, x>1 (3)
has a solution. If this holds, then the smallest such solution equals Z,.

On the interval [0, R,), the function f, is convex, so that the equation (3) has at
most two solutions. Let us make a short informal discussion, inspired from [21]. For a
“typical” admissible sequence ¢, the graphs of f, and of the function z — 1 — 1/z will
cross at © = Z, without being tangent. In this case, the law of the number of vertices of
a Pg-distributed random map will have an exponential tail. An admissible sequence ¢ is
called critical, if the graphs are tangent at Z,, i.e.

Zyf(Zy) =1. (4)

For critical sequences, the law of the number of vertices of a P -distributed random map
may have a tail heavier than exponential. In the case where R, > Z,, [21] shows that this
tail follows a power law with exponent —1/2. However, the law of the degree of a typical
face in such a random map will have an exponential tail.

In the present paper we will be interested in the “extreme” cases where ¢ is a critical
sequence such that Z, = R,. We will show that in a number of these cases, the degree of
a typical face in a P -distributed random map also has a heavy tail distribution.

2.2 Choosing the Boltzmann weights

We start from a sequence ¢° := (gy)ren of nonnegative real numbers, such that

q ~ k7%, (5)

k—o0

for some real number a > 3/2. In agreement with (2), we set

Jolw) = fe(2) = 3 N(k)gpat"

k=1

o0

for every x > 0. By Stirling’s formula, we have

so that the radius of convergence of the series defining f, is 1/4. Furthermore the condition
a > 3/2 guarantees that f,(1/4) and f.(1/4) are (well-defined and) finite.
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Proposition 2 Set

a ! s RO
Afo(1/4) + f5(1/4) Afo(1/4) + fi(1/4)
and define a sequence q = (qx)ren by setting
g = c(B/4)" " g, (6)

Then the sequence q is both admissible and critical, and Z, = R, = 7 .
Remark. As the proof will show, the choice given for the constants ¢ and [ is the only

one for which the conclusion of the proposition holds.

Proof. Consider a sequence ¢ = (qx)ren defined as in the proposition, with an arbitrary
choice of the positive constants ¢ and 3. If f, is defined as in (2), it is immediate that

fo(x) = ¢ fo(Bx/4).

Hence R, = 3~'. Assume for the moment that the sequence ¢ is admissible and Z, = R,,.
By Proposition 1, we have f,(57!) =1 — 3, or equivalently

cfo(1/4) =1—0. (7)
Furthermore, the criticality of ¢ will hold if and only if f; (B7Y) = 32, or equivalently
cfe(1/4) = 4p. (8)

Conversely, if (7) and (8) both hold, the sequence ¢ is admissible by Proposition 1, then
the curves © — f,(z) and z — 1 — 1/z are tangent at x = 87!, and a simple convexity
argument shows that #! is the unique solution of (3), so that Z, = 87! = R, by
Proposition 1 again.

We conclude that the conditions (7) and (8) are necessary and sufficient for the con-
clusion of the proposition to hold. The desired result follows. 0

We now introduce our basic assumption, making a further restriction on the value of
the parameter a.

Assumption (A). The sequence q is of the form given in Proposition 2, with a
sequence ¢° satisfying (5) for some a € (3/2,5/2). Weset a :=a—1/2 € (1,2).

This assumption will be in force in the remaining part of this work, with the exception
of the beginning of subsection 3.2 (including Proposition 4), where we consider a general
admissible sequence q.

Many of the subsequent asymptotic results will be written in terms of the constant j3,
which lies in the interval (0, 1), and the constant ¢y > 0 defined by

o ()" g

The reason for introducing this other constant will become clearer in subsection 3.2.
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3 Coding maps with mobiles

3.1 The Bouttier-Di Francesco-Guitter bijection

Following [3], we now recall how bipartite planar maps can be coded by certain labeled
trees called mobiles.
By definition, a plane tree 7 is a finite subset of the set

U= O N" (10)

n>0

of all finite sequences of positive integers (including the empty sequence &), which satisfies
three obvious conditions. First @ € 7. Then, for every v = (uq,...,ux) € T with k > 1,
the sequence (uq,...,ux_1) (the “parent” of v) also belongs to 7. Finally, for every
v = (uy,...,ux) € T, there exists an integer k,(7) > 0 (the “number of children” of v)
such that vj := (uy,...,ux, j) belongs to 7 if and only if 1 < j < k,(7"). The elements of
T are called vertices. The generation of a vertex v = (uy,...,u) is denoted by |v| = k.
The notions of an ancestor and a descendant in the tree 7 are defined in an obvious way.

For our purposes, vertices v such that |v| is even will be called white vertices, and
vertices v such that |v| is odd will be called black vertices. We denote by 7°, respectively
T°, the set of all white, resp. black, vertices of 7.

A (rooted) mobile is a pair 8 = (7, ({(v))ye7>) that consists of a plane tree and a
collection of integer labels assigned to the white vertices of 7, such that the following
properties hold:

(a) () = 0.

(b) Let v € T*, let v(o) the parent of v, let p = k,(7) + 1, and let vy = vj,1 <j <p—1
be the children of v. Then for every j € {1,...,p}, l(vy)) > €(vj-1)) — 1, where by
convention v,y = V().

Condition (b) means that if one lists the white vertices adjacent to a given black
vertex in clockwise order, the labels of these vertices can decrease by at most one at each
step. See Fig.1 for an example of a mobile.

We denote by © the (countable) set of all mobiles. We will now describe the Bouttier-
Di Francesco-Guitter (BDG) bijection between © and M. This bijection can be found
in Section 2 of (3], with the minor difference that [3] deals with maps that are pointed
but not rooted.

Let 6 = (7, (¢(v))ver>) be a mobile with n + 1 vertices. The contour sequence of
0 is the sequence vy, ..., vy, of vertices of 7 which is obtained by induction as follows.
First vg = &, and then for every ¢ € {0,...,2n — 1}, v;41 is either the first child of v;
that has not yet appeared in the sequence vy, ..., v;, or the parent of v; if all children of
v; already appear in the sequence vy, ..., v;. It is easy to verify that v, = @ and that
all vertices of 7 appear in the sequence vy, vy, ..., v9,. In fact, a given vertex v appears
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Figure 1: A rooted mobile

exactly k,(7) + 1 times in the contour sequence, and each appearance of v corresponds
to one “corner” associated with this vertex.

The vertex v; is white when 7 is even and black when ¢ is odd. The contour sequence
of 7°, also called the white contour sequence of 0, is by definition the sequence vg, ..., v,
defined by v{ = vy; for every i € {0,1,...,n}.

The image of § under the BDG bijection is the element (m,v,) of M?* that is defined
as follows. First, if n = 0, meaning that 7 = {@}, we set (m,v,) = . Suppose that
n > 1, so that 7° has at least one element. We extend the white contour sequence of
¢ to a sequence vy,i > 0 by periodicity, in such a way that vy, = vy for every 7 > 0.
Then suppose that the tree 7 is embedded in the plane, and add an extra vertex v, not
belonging to the embedding. We construct a rooted planar map m whose vertex set is
equal to

V(m) =7°U{v.},
and whose edges are obtained by the following device. For every i € {0,1,...,n— 1}, we
let
¢(i) = inf{j >i: L(v]) =L(v]) =1} €{i+1,i+2,...} U{oo}.

We also set v2, = v, by convention. Then, for every i € {0,1,...,n—1}, we draw an edge
between v; and v;(i). More precisely, the index 7 corresponds to one specific “corner” of
vy, and the associated edge starts from this corner. The construction can then be made
in such a way that edges do not cross (and do not cross the edges of the tree), so that
one indeed gets a planar map. This planar map m is rooted at the edge linking v; = &
to UZ(O), which is oriented from U;(o) to @. Furthermore m is pointed at the vertex v,, in
agreement with our previous notation.

See Fig.2 for an example, and Section 2 of [3] for a more detailed description.

Proposition 3 (BDG bijection) The preceding construction yields a bijection from ©
onto M. This bijection enjoys the following two properties:
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Figure 2: The Bouttier-Di Francesco-Guitter construction for the mobile of Figure 1

1. Each face f of m contains exactly one vertex v of T°, with deg(f) = 2(k,(7) + 1).

2. The graph distances in m to the distinguished vertex v, are linked to the labels of
the mobile in the following way: for every v € T° =V (m) \ {v.},

dgr (U4, v) = £(v) — min £(v") + 1.

v'eTe

In our study of scaling limits of random planar maps, it will be important to derive
asymptotics for the random mobiles associated with these maps via the BDG bijection.
These asymptotics are more conveniently stated in terms of random processes coding the
mobiles. Let us introduce such coding functions.

Let 6 = (7, (¢(v))yere) be a mobile with n + 1 vertices (so n = #7 — 1) and let
vg, - ..,y be as previously the white contour sequence of 6. We set

1
Cf:§|uf|,f0r0§i§n, C? =0, fori > n. (11)

We call (C?,0 < i < n) the contour process of the mobile §. It is a simple exercise to
check that the contour process C? determines the tree 7. Similarly, we set

A =t()), for 0<i<n, A =0, fori>n. (12)

and call AY the contour label process of 6. The pair (C?, A%) determines the mobile 6.
For technical reasons, we introduce variants of the preceding contour functions. Let
ne = #7T° —1 and let wg = @, w7, ..., w,_ be the list of vertices of 7° in lexicographical
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order. The height process of 6 is defined by

1
H?:i‘wﬂ’ for 0 <i < n,, Hf':(), for ¢ > n,.

Similarly, we introduce the label process, which is defined by
LY =t(wyp), for0<i<n,, L!=0, fori>n..

We will also need the Lukasiewicz path of 7°. This is the sequence S% = (5§, 57,...).
defined as follows. First S§ = 0. Then, for every i € {0,1,...,n.}, S, — S? + 1 is the
number of (white) grandchildren of wg in 7. Finally, S! = 5% ., = —1 for every i > n..
It is easy to see that S? > 0 for every i € {0,1,...,n.}, so that

#T° =n,+1=inf{i >0: 8% = —1}.

Let us briefly comment on the reason for introducing these different processes. In our
applications to random planar maps, asymptotics for the pair (C?, A?), which is directly
linked to the white contour sequence of 6, turn out to be most useful. On the other hand,
in order to derive these asymptotics, it will be more convenient to consider first the pair
(HY LY).

In the following, the generic element of © will be denoted by (6, (£(v))ye7o) as previ-
ously.

3.2 Boltzmann distributions and Galton-Watson trees

Let ¢ be an admissible sequence, in the sense of Section 2, and let M be a random element
of M7 with distribution P,. Our goal is to describe the distribution of the random mobile
associated with M via the BDG bijection. We follow closely Section 2.2 in [21].

We first need the notion of an alternating two-type Galton-Watson tree. Recall that
white vertices are those at even generation and black vertices are those at odd generation.
Informally, an alternating two-type Galton-Watson tree is just a Galton-Watson tree
where white and black vertices have a different offspring distribution. More precisely, if
o and pq are two probability distributions on the nonnegative integers, the associated
(alternating) two-type Galton-Watson tree is the random plane tree whose distribution is
specified by saying that the numbers of children of the different vertices are independent,
the offspring distribution of each white vertex is g and the offspring distribution of each
black vertex is u1. See [21, Section 2.2] for a more rigorous presentation.

We also need to introduce the notion of a discrete bridge. Consider an integer p > 1
and the set

p
E,:= {(xl,...,a;p) €102, o= 0}.
=1

Note that E,, is a finite set, and indeed #E, = N(p), with N(p) asin (2). Let (X3,...,X,)
be uniformly distributed over E,. The sequence (Yp, Y, ...,Y},) defined by Y, = 0 and

J
i=1
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is called a discrete bridge of length p.

Proposition 4 [21, Proposition 7| Let M be a random element of M7 with distribution
P, and let 0 = (T, ({(v),v € T°)) be the random mobile associated with M via the BDG

bijection. Then:

1. The random tree T is an alternating two-type Galton-Watson tree with offspring
distributions po and py given by

po(k) = Zq_lfq(Zq)kv k=0,

! ZEN (kK +
]_

Lz o "=

2. Conditionally given T, the labels (€(v),v € T°) are distributed uniformly over all
possible choices that satisfy the constraints (a) and (b) in the definition of a mobile.
FEquivalently, for every v € T*, with the notation introduced in property (b) of the
definition of a mobile, the sequence ({(v(;)) —l(v)),0 < 7 < ky(T)+1) is a discrete
bridge of length k,(7T) + 1, and these sequences are independent when v varies over
T°.

A random mobile having the distribution described in the proposition will be called a
(o, pr1)-mobile. The law Q of a (po, 111)-mobile is a probability distribution on ©.
Note that the respective means of uy and py are

mgy = Z kMO(k?> = quq(Zq) ) my = Z kp“l(k> - qué(Z‘I)/fq<Zq) ’

k>0 k>0

so that momy = Z7 f}(Z,) is less than or equal to 1, and equality holds if and only if ¢ is
critical.

We now come back to a weight sequence ¢ satisfying our basic assumption (A). Recall
that the sequence ¢, which is both admissible and critical, is given in terms of the sequence
¢° by (6) and that we have ¢} ~ k=*"1/2 as k — oo, with a € (1,2).

Then py is the geometric distribution with parameter f,(Z,) =1 — 3, and

c

mk) = 13 AN+ 1D)gp, . k=01,
From the asymptotic behavior of ¢, we obtain
2c

k) ~ ————
R NG
In particular, if we set [, (k) = p1([k, 00)), this yields

2c

s —a(l _ﬁ)ﬁkfa. (13)

(k)
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Let u be the probability distribution on the nonnegative integers which is the law of

where U is distributed according to ug, V1, Vs, ... are distributed according to i, and the

variables U, V1, V5, ... are independent. Then p is critical in the sense that
[e.e]
Zk’u(k:) =momy = 1.
k=0

Notice that p is just the distribution of the number of individuals at the second generation
of a (0, pt1)-mobile. Tt will be important to have information on the tail (k) := p([k, 00))
of . This follows easily from the estimate (13) and the definition of u. First note that

ﬁ(k):]P’[iVizk] zP[Hie{l,...,U}:Vizk]:1—E[(1—ﬁ1(k))U].

_ vl _ 6 1_5—
1—E[(1—u1(/<:) } B sy e g g Al

Using (13), we get
2c

ﬁ(k)zaﬁﬁ

A corresponding upper bound is easily obtained by writing, for every € > 0,

k=% 4+ o(k™®).

ak) < PEie{l,...,U}:Vi>(1— e

(S vz a)n e 0y v - an)

and checking that the second term in the right-hand side is o(k~®) as k — oo.

We have thus obtained 5
c

Y
k—o00 aﬁﬁ

(k)

which we can rewrite in the form

ke,

-1
ik -

(k) o mcg k=, (14)

with the constant ¢y defined in (9). The reason for introducing the constant ¢y and writing
the asymptotics (14) in this form becomes clear when discussing scaling limits. Recall
that 1 < o < 2 by our assumption 3 < a < 2. By (13) or (14), p is then in the domain of
attraction of a stable law with index a.. Recalling that p is critical, we have the following
more precise result.
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Let v be the probability distribution on Z obtained by setting v(k) = u(k + 1) for
every k > —1 (and v(k) = 0if k < —1). Let S = (S,)n>0 be a random walk on the
integers with jump distribution v. Then,

<n71/a5[nt}) 9, (coXt)i>0, (15)
>0 n—o0
where the convergence holds in distribution in the Skorokhod sense, and X is a centered
stable Lévy process with index o and no negative jumps, with Laplace transform given
by

Elexp(—uX;)] = exp(tu®), t,u>0. (16)

See e.g. Chapter VII of Jacod and Shiryaev [15] for a thorough discussion of the conver-
gence of rescaled random walks towards Lévy processes.

3.3 Discrete bridges

Recall from Proposition 4 that the sequence of labels of white vertices adjacent to a given
black vertex in a (pg, 1)-mobile is distributed as a discrete bridge. In this section, we
collect some estimates for discrete bridges that will be used in the proof of our main
results.

We consider a random walk (Y},),,>0 on Z starting from 0 and with jump distribution

v (k) =272 k=-1,0,1,...

Fix an integer p > 1, and let (Yn(p ))ogngp be a vector whose distribution is the conditional

law of (Y},)o<n<p given that Y, = 0. Then the process (Yn(p))ogngp is a discrete bridge with
length p. Indeed, a simple calculation shows that

is uniformly distributed over the set E,,.

Lemma 1 For every real r > 1, there exists a constant K.y such that for every integer
p>1and kK €{0,1,...,p},

B[V, = Vi) < Klk = KT

Proof. We may, and will, assume that p > 2. Let us first suppose that £ < k' < 2p/3.
By the definition of Y| and then the Markov property of Y, we have

e = Yu " Loeo)] _ plly, _ oy o Tote (V)

B, ¥ = = B(Y, = 0) om0

where ,(z) = P(Y,, = x) for every integer n > 0 and = € Z. A standard local limit
theorem (see e.g. Section 7 in [29]) shows that, if g(z) = (47)~"/2e=**/4  we have

Vnm,(x) = g(x/v/n) +e,(x), where suple,(z)] — 0.

(EEZ n—oo
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Then,
My (Vi) _ g VI Ry (Vi)
m™(0) T VPp(0) -
where ,
K — \/g (47T>_1/ =+ Sup,,>; SUP,¢z, len()] < .

infnzl \/ﬁﬂ'n (O)
It follows that
E[(Yy” = Yi)*] < KE[|V; Y|

Then the bound E[|Y}, — Y |?"] < K{, |k — K'|" with a finite constant K, depending
only on r, is a consequence of Rosenthal’s inequality for i.i.d. centered random variables
[26, Theorem 2.10]. We have thus obtained the desired estimate under the restriction
k <k <2p/3.

If p/3 < k < k' < p, the same estimate is readily obtained by observing that
(—Yp@w 0 < n < p) has the same distribution as Y ®. Finally, if k < p/3 < 2p/3 < k', we

apply the preceding bounds successively to E[|Y; — Y}, /9|*"| and to E[|Y},/9 — Y [*]. O
An immediate consequence of the lemma (applied with » = 1) is the bound
B[y < {29, (17)
p
for every integer p > 2 and j € {0,1,...,p} (take K = 2K(y)).

Finally, we recall that a conditional version of Donsker’s theorem gives

1+ (@)
(\/—2—py[pt]>0<t<l gl QOIS (18)

where v is a standard Brownian bridge.

4 The continuous distance process

Our goal in this section is to discuss the so-called continuous distance process, which will
appear as the scaling limit of the label processes L? and A’ of subsection 3.1, when 6 is
a (fo, p1)-mobile conditioned to be large in some sense.

4.1 Definition and first properties

We consider the centered stable Lévy process X with no negative jumps and index «,
and Laplace exponent as in (16). The canonical filtration associated with X is defined as
usual by

Fi=0{X;,0<s<t}
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for every t > 0. We let (¢;);en be a measurable enumeration of the jump times of X, and
set x; = AXy, for every ¢ € N. Then the point measure

Z Ots,m:)
ieN
is Poisson on [0, 00) x [0, c0) with intensity

ala—1) dz
dt :
[2—a)  zot!

For s <'t, we set
I! = inf X,

s<r<t

and I, = I{. For every x > 0, we set
T, =inf{t > 0: -1, > z}.

We recall that the process (T, x > 0) is a stable subordinator of index 1/, with Laplace
transform

Elexp(—uT,)] = exp(—zu*/®). (19)

See e.g. Theorem 1 in [2, Chapter VIIJ.

Suppose that, on the same probability space, we are given a sequence (b;);en of inde-
pendent (one-dimensional) standard Brownian bridges over the time interval [0, 1] starting
and ending at the origin. Assume that the sequence (b;);cy is independent of the Lévy
process X. Then, for every ¢ € N, we introduce the rescaled bridge

,l;i(r)zx}mbi(r/xi), 0<r<ua,

which, conditionally on F., is a standard Brownian bridge with duration z;.
Recall that X,_ denotes the left limit of X at s, for every s > 0.

Proposition 5 For everyt > 0, the series

Zgz(]? - Xti—)]l{xtrgjfi}l{tiét} (20)
1EN

converges in L*>-norm. The sum of this series is denoted by D;. The process (Dy,t > 0)
15 called the continuous distance process.

Remark. In a more compact form, we can write

Di= > b =X, ).

1€N:t; <t

Proof. Note that in (20), the summands are well-defined since obviously I/ < X, for
every t; < t, so that Ifi — Xi,— < AX,, = ;. The nonzero summands in (20) correspond
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to those values of ¢ for which ¢; < ¢ and X;,_ < If Conditionally on F,, these summands
are independent centered Gaussian random variables with respective variances

(1" = Xo, ) (X, — 1Y)

E |51 - Xti_)z‘]-"oo] _ <IM X,
T
The equality in the previous display follows from the fact that Var by (t) = t(aa_t), when-
ever b(, is a Brownian bridge with duration a > 0 and 0 <t < a.
Then, we have
E |: Z bz(IlfI - Xti*)2H{Xti_glfi}]l{tiﬁt}}
ieN
<E[Y (0 - X ) Ly, cpyliesn| =E| Y00 - 17)| <EIX, - 1) = E[-1)],
€N t; <t

where the last equality holds because X is centered. It is well known that E[—I;] < co.
Indeed —1I; even has exponential moments, see Corollary 2 in [2, Chapter VII]. Since the
summands in (20) are centered and orthogonal in L? the desired convergence readily
follows from the preceding estimate. OJ

In order to simplify the presentation, it will be convenient to adopt a point process
notation, by letting (x5, bs) = (x;,b;) whenever t; = s for some i € N, and by convention
xs = 0,bs = 0 (i.e. the path with duration zero started from the origin) when s ¢ {t;,i €
N}. The process ES is defined accordingly, and is equal to 0 when b, = 0. We can thus

rewrite
D=3 bl = X)), (21)

0<s<t

Let us conclude this section with a useful scaling property. For every r > 0, we have

(r X, r7?D,,) 9 (X1, Dy)eso - (22)

t>0

This easily follows from our construction and the scaling property of X.

4.2 Holder regularity

In this subsection, we prove the following regularity property of D.

Proposition 6 The process (D;,t > 0) has a modification that is locally Holder contin-
uous with any exponent n € (0,1/2a).

We start with a few preliminary lemmas.

Lemma 2 For every real t > 0 and r > —1, we have E[(—1})"] < oco.
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Proof. By scaling, it is enough to consider ¢ = 1. As we already mentioned in the last
proof, the case r > 0 is a consequence of Corollary 2 in [2, Chapter VII]. To handle the
case < 0, we use a scaling argument to write

P(—1 > z) =P(T, < 1) =P(°Ty < 1) =P(Ty) "V > z),

so that —I; has the same distribution as Tl_l/ “. We already observed that the process
(T,,,x > 0) is a stable subordinator with index 1/a. This implies that E[(7})®] < oo for
every 0 < s < 1/a, from which the desired result follows. O

Lemma 3 For every real t > 0 and r > 0, we have E[|D;|"] < oo.

Proof. Again by scaling, we may concentrate on the case t = 1. Arguing as in the proof
of Proposition 5, we get that, conditionally on F.,, the random variable D; is a centered
Gaussian variable with variance
(5 — X )(Xs — I}) )
Z AX, Lix, <y < Z (Xs — Il>]]-{Xsf<If} .

0<s<1

0<s<1

Note that this time, we chose the upper bound X, — I{ rather than I{ — X _ for the
summands, as the latter is ineffective for getting finiteness of high moments. Thus,

EDi] < KE[( 3 (X~ g <) | (23)
0<s<1

for some finite constant K, depending on r. By a standard time-reversal property of
Lévy processes, the process (X7 — X(1_5-,0 < s < 1), has the same distribution as
(Xs,0 < s < 1), which entails that

s (d) ~
D (X = I ix, <rpy = (Xoo = X )iz, _cxy (24)
0<s<1 0<s<1
where X, = SUPg<,<s X For every integer k > 0, introduce the process
k ~ k
AV =N (X - X)Lz xy, 20,
0<s<t

which is an increasing cadlag process adapted to the filtration (F;), with compensator
~ -1 [, = v [0 do a—1 - .
A““:O‘(O‘—/d XS—XSQ/ — 15 z—/ X, — X)¥ “ds.

t F(Q—Oé) 0 S( ) 0 anrl {Xs<Xs+z} F(Q—CY) 0 ( ) S
Note that E[KE’“)] < 00, since this expectation is

O‘—_IE[(X _X )2k—a] /t §2¢ /a1
and time-reversal shows that E[(X; — X;)2" %] = E[(—=1)¥~°] < o0, by Lemma 2 since
2" —a >1—a > —1. In order to complete the proof of Lemma 3, we will need the
following stronger fact.



4 THE CONTINUOUS DISTANCE PROCESS 20

Lemma 4 For every integers k,p > 0, we have E[(ﬁﬁ’”)?] < 00.

Proof. We must show that

/ ds; .. .dspE[
[0,1]7 :

(]

p
(X, — X,)¥ | < 0. (25)

=1

When k > 1, we have 28 — o > 0 and the result easily follows from Holder’s inequality,

using a scaling argument and then time-reversal and Lemma 2, just as we did to verify

that ]E[Agk)] < 00. The case k = 0 is a little more delicate. We rewrite the left-hand side

of (25) as

p
p!/ dsl...dspE[H(Xsi — X)),
0<51<...<s5p<1 i—1
By Proposition 1 in [2, Chapter VI, the reflected process X — X is Markov with respect
to the filtration (F;). When started from a value # > 0, this Markov process has the same
distribution as #V X — X under P and thus stochastically dominates X — X (started from
0). Consequently, since 1 —a < 0, we get for 0 =59 <51 < ... <5, <1,

:'u

B[ [[(X. - X.0"] = B[, - X" B[ [[(Xo - X.)" | Ko - X

=1 =2
p
< E[(_Sl - X81>17Q]E[H(78i781 - Xsifsl)lia:H
=2
p —
< HE[(XSi_Si—l - Xsi_si—l)l_a] )
=1

by induction. Finally, by scaling and a simple change of variables, we get that (25) is

bounded above by
p

PIE [(X) - X1)e]? / T tas..
0,17 5
which is finite by Lemma 2, since X; — X; @) —1I; by time-reversal. ]

We now complete the proof of Lemma 3. Note that AF+D i5 the square bracket of the
compensated martingale A®) — A®) for every k > 0. For any real > 1, the Burkholder-
Davis-Gundy inequality [7, Chapter VII.92] gives the existence of a finite constant K
depending only on r, such that

E [|A§k) - Z§’“>|’"} < K;E[(Agk+1>)”2] .

Since A" has moments of arbitrarily high order by Lemma 4, and E[A"] = E[A"] < oo,

a repeated use of the last inequality shows that E[(A¥~)?] < oo for every i =0,..., k.
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In particular E[(A{”)2"] < oo for every integer k > 0. The desired result now follows from
(23) and (24). O

Proof of Proposition 6. Fix s> 0andt > 0. Let u = sup{r € (0,s] : X, < IZ,},
with the convention sup@ = 0. Then I7,, = I for every r € [0,u), whereas I7,, = I},
for r € [u, s]. By splitting the sum (21), we get

Dy= 37 (I = X))+ bu((1 — Z b7 = X)),

and similarly,

Divi= 30 Bl = X)) 4 Bl = X))+ S0 Bl = X)),

o<r<u s<r<s+t

In the last display, we should also have considered the sum over r € (u, s], but in fact this
term gives no contribution because we have X,._ > I7 , = I] , for these values of r, by
the definition of w. Moreover, as I} = I}, for r € [0,u), we have

> B0 = X)) = 3 Bl - X))
o<r<u 0<r<u

Also, a simple translation argument shows that we may write

Z b I — X )+) = D§S)

s<r<s+t

where the process D has the same distribution as D, and in particular, DES) has the
same distribution as D;. By combining the preceding remarks, we get

Dy — Dy — D) = Zb (17 = X, )*) + (BT = X)) = Bul(1 = X))

Conditionally on F., the right-hand side of the last display is distributed as a centered
Gaussian variable with variance bounded above by

Z (I;" B XT—)+ + (I: B Ig+t) - Z (I; - I;“_) + (];L - ]:th) < X — Ig—&-t X — ]ss—i-t'

u<r<s u<r<s

S
Now let p > 1. From the previous considerations, we obtain

Furthermore, X, — I, has the same distribution as —I;, by the Markov property of X.

E[| Do~ D,J] < 27 (E[|D{" ] + E[|Dyy — D, = DPP))
< 27 (E[ID] + KE[(—1L)"?)
2% (E[| D1 ") + KGE[(—10)"/%]) 72
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where we have made another use of the scaling properties of X and D. The constant in
front of tP/2* is finite by Lemmas 2 and 3. The classical Kolmogorov continuity criterion
then yields the desired result. O

In what follows we will always consider the continuous modification of (D, t > 0).

Remark. The process D is closely related to the so-called exploration process associated
with X, as defined in the monograph [11]. The latter is a measure-valued strong Markov
process (pg, t > 0), such that, for every ¢ > 0, p; is an atomic measure on [0, 00), and the
masses of the atoms of p, are precisely the quantities (I7 — X, )* s <t that are involved
in the definition of D; (see the proof of Theorem 5 below for more information about this
exploration process). As a matter of fact, part of the proof of Proposition 6 resembles
the proof of the Markov property for (p;,t > 0), see [11, Proposition 1.2.3]. However, the
definition of p; requires the introduction of the continuous-time height process (see the
next section), which is not needed in the definition of Dj.

4.3 Excursion measures

It will be useful to consider the distance process D under the excursion measure of X
above its minimum process /. Recall that X — [ is a strong Markov process, that 0 is
a regular recurrent point for this Markov process, and that —I provides a local time for
X — I at level 0 (see [2, Chapters VI and VII]). We write N for the excursion measure of
X — I away from 0 associated with this choice of local time. This excursion measure is
defined on the Skorokhod space D(R), and without risk of confusion, we will also use the
notation X for the canonical process on the space D(R). The duration of the excursion
under N is o = inf{t > 0 : X; = 0}. For every a > 0, we have

da
al'(1 = 1/a)a+/e”

N(o € da) =

This easily follows from formula (19) for the Laplace transform of 7.

In order to assign an independent bridge to each jump of X, we consider an auxiliary
probability space (2*, F*, P*), which supports a countable collection of independent Brow-
nian bridges (b;);en. We then argue on the product space D(R) x Q*, which is equipped
with the product measure N®@P*. With a slight abuse of notation, we will write N instead
of N ® P* in what follows.

The construction of the distance process under N is then similar to the preceding
subsections. The process X has a countable number of jumps under N and these jumps
can be enumerated, for instance by decreasing size, as a sequence (t;);en. The same
formula (20) can be used to define the distance process D; under N. It is again easy to
check that the series (20) converges, say in N-measure. Note that D; = 0 on {o < t}.

To connect this construction with the previous subsections, we may consider, under
the probability measure P, the first excursion interval of X — I (away from 0) with length
greater than a, where a > 0 is fixed. We denote this interval by (g(a),d(s)). Then the
distribution of (X(g, +t)ade,t > 0) under P coincides with that of (X;,¢ > 0) under
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N(- | ¢ > a). Furthermore, it is easily checked that the finite-dimensional marginals of
the process (D, +1)rdq,,t = 0) under P also coincide with those of (D, > 0) under
N(- | ¢ > a). The point is that the only jumps that may give a nonzero contribution in
formula (20) are those that belong to the excursion interval of X — I that straddles t.
From the previous observations and Proposition 6, we deduce that the process (D, t > 0)
also has a Holder continuous modification under N, and from now on we will deal with
this modification.

Finally, it is well known that the scaling properties of stable processes allow one to
make sense of the conditioned measure N(- | o = a), for any choice of a > 0. Using the
scaling property (22), it is then a simple matter to define the distance process D also

under this conditioned measure. Furthermore the Holder continuity properties of D still
hold under N(- | ¢ = a).

5 Convergence of labels in a forest of mobiles

We now consider a sequence F = (6, 0,,...) of independent random mobiles. We assume
that, for every i € N, 0, = (7;, (¢;(v),v € T,°)) is a (po, ft1)-mobile. We will call F a
(random) labeled forest. It will also be useful to consider the (unlabeled) forest F defined
as the sequence (71,75, ...).

For our purposes, it will be important to distinguish the vertices of the different trees in
the forest F. This can be achieved by a minor modification of the formalism of subsection
3.1, letting 7; be a (random) subset of {1} x U, 75 be a subset of {2} x U, and so on.
Whenever we deal with a sequence of trees or of mobiles, we will tacitly assume that this
modification has been made.

Our goal is to study the scaling limit of the collection of labels in the forest F.

5.1 Statement of the result

We first recall known results about scaling limits of the height process. We let (H?),>0
denote the height process of the forest F. This means that the process H° is obtained
by concatenating the height processes (H%(n),0 < n < #7° — 1) of the mobiles 6;.
Equivalently, let ug, uq, ... be the sequence of all white vertices of the forest IF, listed one
tree after another and in lexicographical order for each tree. Then H is equal to half the
generation of u,,.

Scaling limits of (H?),>o are better understood thanks to the connection between the
height process and the Lukasiewicz path of the forest F. We denote this Lukasiewicz path
by (S5 )n>0. This means that S = 0, and for every integer n > 0, Sg; — Sp + 1 is the
number of (white) grandchildren of u,, in F. Then (S;),> is a random walk with jump
distribution v, as defined before (15). To see this, note that, for every ¢ € N, the set
7.° of all white vertices of 7; can be viewed as a plane tree, just by saying that a white
vertex of 7; is a child in 7,° of another white vertex of 7; if and only if it is a grandchild
of this other vertex in the tree 7;. Modulo this identification, 7,°, 7,°, ... are independent
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Galton-Watson trees with offspring distribution u. The fact that (S9),>¢ is a random
walk with jump distribution v is then a consequence of well-known results for forests of
i.i.d. Galton-Watson trees: See e.g. Section 1 of [17].

Moreover, the height process (HY),>o is related to the random walk (S7),>o by the
formula

Hy =4#{k€{0,1,...,n—1}: Sp = min Sj}. (26)

k<j<n
The integers k that appear in the right-hand side of (26) are exactly those for which uy
is an ancestor of u,, distinct from w,. For each such integer k, the quantity
Sh1 — k+I1ngi?§n S +1 (27)

is the rank of u, among the grandchildren of u; in F. We again refer to Section 1 of [17]
for a thorough discussion of these results and related ones. For every integer k such that
uy is a strict ancestor of w,, it will also be of interest to consider the (black) parent of
ugy1 in the forest F. As a consequence of the preceding remarks, the number of children
of this black vertex is less than or equal to S}, — S; + 1, and the rank of w4, among
these children is less than or equal to the quantity (27).

Let us now discuss scaling limits. We can apply the convergence (15) to the random
walk (S5)n,>0. As a consequence of the results in Chapter 2 of [11] (see in particular
Theorem 2.3.2 and Corollary 2.5.1), we have the joint convergence

—1/a qo —(1-1/« o d —
<n VeSp g n Y )H[”t]>t>on(—>—l>o (coXt, ¢y He)izo, (28)
where the convergence holds in distribution in the Skorokhod sense, and (Hi);>o is the
so-called continuous-time height process associated with X, which may be defined by the

limit in probability
t

1

Note that the preceding approximation of H; is a continuous analogue of (26). The process
(H;):>0 has continuous sample paths, and satisfies the scaling property

(Hyt)i>0 @ (Tl*l/aHt)tzoy

for every r > 0. We refer to [11] for a thorough analysis of the continuous-time height
process.

We aim at establishing a version of (28) that includes the convergence of rescaled
labels. The label process (Lg,n > 0) of the forest F is obtained by concatenating the
label processes L%, L%, ... of the mobiles 6;,0,,... (cf subsection 3.1). Our goal is to
prove the following theorem.

Theorem 1 We have

—1/a Qo —(1-1/« o — aro d —
(” Y Sty 1= )H[mpn 12 L[m]) 9, (coXt, cg " Hy, v/2¢0Dy)i=0

t>0 n—00
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where the convergence holds in the sense of weak convergence of the laws in the Skorokhod
space D(R3).

The proof of Theorem 1 is rather long and occupies the remaining part of this section.
We will first establish the convergence of finite-dimensional marginals of the rescaled label
process, and then complete the proof by a tightness argument.

5.2 Finite-dimensional convergence

Proposition 7 For every choice of 0 <t <ty <--- <t,, we have

—1/2a( 7o o o (d)
n 1/2 ( (nt1])> Lnta] -+ [ntp]) Y:o V 260<Dt17Dt27'--7Dtp>-

Furthermore this convergence holds jointly with the convergence (28).

Proof of Proposition 7. In order to write the subsequent arguments in a simpler
form, it will be convenient to use the Skorokhod representation theorem to replace the
convergence in distribution (28) by an almost sure convergence. For every n > 1, we can
construct a labeled forest F(™ having the same distribution as F, in such a way that if
S is the Lukasiewicz path of F(™ and H™ is the height process of F(™ we have the
almost sure convergence

<n’1/a8[(:t)}, n’(lfl/a)Héﬁt))DO 7&—2 (coXy, o Hy) >0, (29)
in the sense of the Skorokhod topology. We also use the notation F™ for the unlabeled
forest associated with F(™.

We denote by v, u!™ | ... the white vertices of the forest F™ listed in lexicographical
order. For every k > 0, we denote the label of u,(cn) by L,(gn) = ¢ (u,(cn)) In order to get
the convergence of one-dimensional marginals in Proposition 7, we need to verify that,
for every t > 0,

We fix t > 0 and € € (0,1). We denote by s;, i = 1,2,... the sequence consisting of
all times s € [0,¢] such that
Xoo < I}.

The times s; are ranked in such a way that AX,, < AXSj if 1 > 7.

On the other hand, we denote by 7™ the set of all integers k € {0,1,...,[nt] — 1}
such that
S = min St

k<p<[ni]

We list the elements of 7™ as J™ = {a{™,al", ... ,aéz)}, in such a way that

St s < g g i 1< <<k,
iy S Sy~ S
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The convergence (29) ensures that almost surely, for every i > 1,

—Q — S; s
n n—oo
1 (n) (n)
conl/a <Sa§n>+1 N Sal(n)) n—o0o AXS’ ’ (30)

1 n n i

—1/< min Slg )—S((2)> — [tl_Xsif .

Con ™ N (™ 41 << ] i

(n)
t]

By the observations following (26), we know that the (White) ancestors of w,; are the

vertices uk Vfor all k € jt . In particular, the generation of u t] is (twice) H, (m t)] =#J, "),
in agreement with (26). We can then write

Ly =gy = > (N) (g ) — € (“5'")>) (31)
]ejt(")

where, for j € 7™, ©n(7) is the smallest element of ({j +1,...,[nt]—1} ﬂjt(n)) U{[nt]}.
Equivalently, ugl)(j) is the unique (white) grandchild of u§-n) that is also an ancestor of

(n)
up
[nt]
Consider now the Lévy process X. As a consequence of classical results of fluctuation

theory (see e.g. Lemma 1.1.2 in [11]), we know that the ladder height process of X is
a subordinator without drift, hence a pure jump process. By applying this to the dual
process (Xy—r)— — X;,0 <7 <), we obtain that

X =L =Y (I = X,).
i=1
It follows that we can fix an integer N > 1 such that with probability greater than 1 — ¢

we have
N

Xo— L= Y (= X) =Y ([~ Xy) < g . (32)

i=1 i>N
Now note that

1 (n) a.s.
oz (S = min S7) 2 X 1
and recall the convergences (30). Using (32), it follows that we can find ny sufficiently
large, such that for every n > ng, with probability greater than 1 — 2¢, we have

1 NAkn
(n) . (n) : (n) (n)
—conl/a ((S[m] — krg[l% Sy ) — Z < min Sy — SaE")>) <eEe.

— a{™ +1<k<[ni]

Since
kn

< min S,E,n) — Sfﬁ)) = S[SZ)] — min Sk

=7 oM 1<k<ng) k<[nt]
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we get that, for every n > ng, with probability greater than 1 — 2¢,

1 : n n
woni/a Z ( min S,(C ) S[(lg,z)> < e. (33)
i>N ’

a{™ F1<k<[nt]

Now recall (31). By Proposition 3, and the observations following (26), we know that,
conditionally on the forest F™, for every j € jt(n), the quantity

n (n)
wnmd)“g()<“j )

is distributed as the value of a discrete bridge with length p; < S]('i)l -5 j(") + 2, at a time
k‘j S S](i)l — minj+1§k§[nt] Slgn) +1 such that pj— k’j S minj+1§k§[mg] Slgn) — S](n) +1. Thanks
to our estimate (17) on discrete bridges, we have thus

Pj

0 ) = (M) | F™) < K

< K( min S,(C") —8m 1).

JH1<k<[nt] !

(n)

Furthermore, still conditionally on the forest F(™, the random variables ¢ (u

f(")(ugn) ) are independent and centered. It follows that, for n > n,

2

B(n S (@) - ) [F]
FEVARN RN

< -1/ ( . () _ o) )

= A 2 A 1kZ ] St =5

GeT™\{ad™,...al}
< K (coe +n Vo gM)

the last bound holding on a set of probability greater than 1—2e, by (33). Since #jt(") =
(n)
H

[nt]’
From (31) and the preceding considerations, the limiting behavior of n
follow from that of

we have =147 — 0 a.s. as n — oo, by (29).
—1/2a ()

int] will

n—l/?a Z <€(n) (ug:l)(j)) . g(n) (ugn))>

Recall that, for every j € {agn), . ,ag\?)}, the number of white grandchildren of ugn) in

the forest F(™ is mg.") = SJ(.CLF)I — j(.") + 1. Moreover u((;l)(j) appears at the rank

(n) _ on) _ : (n) 4 1
=S i S

in the list of these grandchildren. The next lemma will imply that ug;)(j) is the child of a

(n)

black vertex whose number of children is also close to m; .
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Lemma 5 We can choose § > 0 small enough so that, for every fixred n > 0, the following
holds with probability close to 1 when n is large. For every white vertex belonging to
{u(()"), o ’“[(:t)]} that has more than nn'/® white grandchildren in the forest F™, all
these grandchildren have the same (black) parent in the forest F™ | ezcept at most n*/*=?

of them.

Proof. Recall that uo(k) = 3(1—08)*, for every k > 0. We choose § > 0 such that 26 < 1,
and take n sufficiently large so that nn/® > 2n'/®=%. Let us fix i € {0,1,...,[nt]}. The

(n)

number of black children of u; "’ is distributed according to p, and each of these black
(n)

children has a number of white children distributed according to j;. Supposing that w,
has k black children, if it has a number M > nn'/® of grandchildren and simultaneously
none of its black children has more than M — n'/*=% white children, this implies that
at least two among its black children will have more than n'/%~°/k white children. The
probability that this occurs is bounded above by

330 ()t

From (13), there is a constant K such that (k) < K k= for every k > 1. Hence the
last displayed quantity is bounded by

= k
K26 (Z(l _ ﬂ)k (2) k2a> n 220 0(%71).
k=2
The desired result follows by summing this estimate over i € {0,1,...,[nt]}. O

We return to the proof of Proposition 7. We fix § > 0 as in the lemma. We first
observe that, for every j € {a{™,...,al"}, (30) implies that

Jim n’l/o‘rj(.") =co(X,, — I;7) > 0.
We then deduce from Lemma 5 that, with a probability close to 1 when n is large, for
every j € {a§”), . ,as\?)}, uy ;) s the child of a black child of u'™, whose number of

] )
white children is T?L;TL) such that
m§”) > m™ > m§n) — plle=9, (34)

Moreover, the rank 77{]-”) of uy , among the children of its (black) parent satisfies

7)
7,](") > ;,’](n) > T](”) _ nl/af(;. (35>
On the other hand, we know that, conditionally on F(™ the difference

(n)(, (n)

) — 0 ()

J
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is distributed as the value of a discrete bridge with length m§”) + 1 at time ?;n). Thus,
conditionally on F™,

ST () ) E 3T ED),
jE{agn)7...,a5\7>} i=1

where, for every i € {1,...,N}, bﬁ") is a discrete bridge with length ffz(?i) + 1, and the

bridges b\ are independent.

Using Donsker’s theorem for bridges (18), the convergences (29) and (30), the bounds
(34) and (35), together with scaling properties of Brownian bridges, it is then a simple
matter to obtain that, for every i € {1,..., N},

—1/2a 1.(n) (~(n (d) ’y
w2 ) < V2 (X, — 1), (36)

7

where conditionally on X, v; = (7(r))o<r<ax,, is a Brownian bridge with length AXj,.
The preceding convergences hold jointly when ¢ varies in {1,..., N}, with Brownian
bridges 71, ...,7vn that are independent conditionally on X. It finally follows that

N
w0l = ) £ Ve Y X = ).
jefal™,...alMy =1

From Proposition 5, the limit is close to v/2coD; when N is large. This completes the
proof of the convergence of one-dimensional marginals. It is also clear from our argument
that the convergences (36) hold jointly with (29), so that the convergence of n~"/ 20‘Lfnt]
must hold jointly with (28).

The same arguments yield the convergence of finite-dimensional marginals. It would be
tedious to write a detailed proof, but we sketch the method in the case of two-dimensional
marginals. So fix 0 < s <t. We aim at proving that

n—l/Qa(L[(gz]7LE22]) n(il; V2¢y (Dy, Dy).
It is convenient to argue separately on the events {I; > [,} and {I; = I;}. Discarding
sets of probability zero, the first event corresponds to the case when s and t belong to
different excursion intervals of X — I away from 0, and the second one to the case when
s and t are in the same excursion interval of X — I.

On the event {I; > I;}, things are easy. We first note that conditionally on X, D, and
D, are independent on that event. This is so because the jumps ¢; that give a nonzero
contribution in (20) belong to the excursion interval of X — I that straddles ¢. Similarly,

LY l and Lﬁl] are independent conditionally given the forest F, on the event

[ns t

min S,gn) > min S,in).
k<[ns] k<[nt]
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Furthermore the latter event converges to {I; > I;} as n — oo. Thus the very same argu-
ments as in the case of one-dimensional marginals yield that the conditional distribution
of the pair n=Y/ 2“(Lf;2} Lfm)]) given {I, > I;} converges to the conditional distribution of

V2¢ (Ds, Dy) given the same event.
On the event {I; = I;}, we need to be a little more careful. Set

Js={rel0,s]: X, <I},
J=A{rel0,t]: X, <I]}.

Then a.s. there exists a unique ry € Js such that
I} e (X,,—, I°).

Furthermore we have J,NJ; = JsN[0, 0] = J:N[0, 70, and IT = I] for every r € J,N[0, 7).
Using the convergence (29), we get that a.s. on the event {I, = I, }, for n sufficiently large,
there exists a time jo(n) € J& N J™ such that

S < min S < in_ 5V <"
go(n) [ns]rélklg[nt] K jo(n)flngrllcé[ns} g an

and furthermore .\ N 7™ = 7™ N[0, 5o(n)] = J™ N[0, jo(n)]. The white vertices

(n)

that are common ancestors to Upyg) and to u[( are exactly the vertices u,i") for k €

]
T N[0, jo(n)]. Also note that n~"j(n) converges to o, a.s. on the event {I, = I,}.

Write ), : T — JM U {[ns]} for the function analogous to ¢,, when ¢ is replaced
by s. Analogously to (31) we have

(n) (n) n) /. (n) (n) _ n) /. (n) n)/. (n)
L) = 30 (0@l = 0wy ri = S0 (80wl - €.

jegi™ jegt™

The terms corresponding to j € Ji™ N[0, jo(n)) = J™ N[0, jo(n)) are the same in
both sums of the preceding display. On the other hand, conditionally on F, the terms
corresponding to j € 7 N (Jo(n), [ns]) in the first sum are independent of the terms of
the second sum, and similarly for the terms corresponding to j € J,™ N (Jo(n), [nt]) in the
second sum. As for the term corresponding to jo(n), the same arguments as in the proof
of the convergence of one-dimensional marginals, using Lemma 5 in particular, show that

—1/20( p(n) ¢, (n) (n) ), (n)
2 (6@l ) D@8 ) = ()
(d)

% V2 (1K, = 1), (X, = 1))

n—oo

— g(n)(

Jo (n

where, conditionally given X, v is a Brownian bridge with length AX,, .
Finally, let (7;);en be a measurable enumeration of J,N[0,7) = J; N[0, 70), let (77)ien
be a measurable enumeration of J; N (rg, s] and let (r);en be a measurable enumeration
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of Js N (1o, t]. Set

Z% Xy, = 17) +v(Xp, = I°) +Z% ’_I

ieN ieN
= (X = ) (X = 1)+ DA (X = 1]
€N €N

where, conditionally given X, (7;)ien, (7))ien, (’y," )ien and v are independent Brownian
bridges, and the duration of ~;, respectively of 7, of 7/, is AX,,, resp. AX,,, AX,». Then
by following the lines of the proof of the convergence of one-dimensional marginals, we
obtain that the conditional distribution of n=/ Za(Lfsz], Lth)]) given {I, = I;} converges to
the conditional distribution of v/2cy (L%°, L$°) given the same event. However, the latter
conditional distribution clearly coincides with the conditional distribution of v/2¢q (Ds, Dy)
given {I, = I;}. So we get the desired convergence for two-dimensional marginals, and
the same argument as in the case of one-dimensional marginals gives a joint convergence
with (28). This completes the proof. O

5.3 Tightness of the rescaled label process

The next proposition will allow us to complete the proof of Theorem 1.

Proposition 8 There exists a constant Ko such that, for every integers i,5 > 0,
E[(L; — L)' < Koli — j[*.

Theorem 1 is an easy consequence of this proposition and Proposition 7. To see this,
define L™ = n=V/ 2af° if nt is an integer, and use linear approximation to define L{n}
for every real t > 0. By the bound of the proposition,

E[(LIM — LI < Ko |s — t2/°

if ns and nt are both integers. It readily follows that the same bound holds (possibly with
a different constant) for every reals s, > 0. Since 2/a > 1, standard criteria entail that
the sequence of the distributions of the processes L™ is tight in the space of probability
measures on C'(R). Theorem 1 then follows by using Proposition 7.

Proof of Proposition 8. We use the same notation as in subsection 5.1. In particular,
U, U1, Us, . . . are the white vertices of the forest I listed in lexicographical order and one
tree after another, so that L = ¢(u;) is the label of u;. We also set

J)={ke{0,1,...,i—1}:5, < min S/}

k4+1<6<4

in such a way that the vertices uy, k € J(i) are the white vertices of F that are strict
ancestors of u;.
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We fix two nonnegative integers i < j. If &k € J(i), we write p(k) for the index
such that uyy) is the (unique) grandchild of w;, that is also an ancestor of u;. We define
similarly (k) for k € J(j) in such a way that wuyg is the grandchild of w;, that is an
ancestor of u;.

In the case when u; and u; belong to the same tree of the forest, we define iy by
requiring that wu;, is the most recent white common ancestor of w; and u; in F. If ip < 1,
we have

S, < min 5} < 53, (37)
This easily follows from the relations between the sequence 7,°, 75°, . . . and the Lukasiewicz

path S° (see e.g. [11, Section 0.2] or [17, Section 1]), and we leave the proof as an exercise
for the reader. It may happen that igc = 7 (but not that iy = j) and in that case we set
©(ig) = ip by convention.

In the case when w; and u; belong to different trees of the forest, we take 7o = —oo by
convention, and we also agree that ¢(—o00), resp. ¥(—00), is defined in such a way that
Ugp(—oc), TESP. Uy(—o0), 18 the root of the tree containing w;, resp. containing u;.

Then we have

L= Lg = tw) — L) = > (Uluge) — )
keJ (i)N(i0,%)

- > () — )

ke (7)N(io.5)
+ Uugiio)) — UUyp(ig))- (38)

As in the proof of Proposition 7, we can write
> () =) = D bl
keJ (4)N(%0,7) keJ (4)N(%0,%)

where, conditionally on [, the processes by are independent discrete bridges, by has length
my < Spyy — Sp+2,and 1y, € {1,...,my — 1} is such that:

Tk S St — kﬁlglq S+ 1 (39)
mp—1r < min S; —Sp+1. (40)
k+1<e<i

From the bound of Lemma 1 and (40), we get, with some constant K,

E[( Z bk(rk)>4 IF} < Kl( Z (mk—rk))Q

keJ (1)N(i0,i) keJ (i)N(io,i)
2
] 3 (,minSi-5i+1))
keJ (i)N(io,i) -

2K, ( (S; — min 55)2 + (H; — min Hj>2>.

i<t<j i<t<j

IN

IN
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In the last inequality, we have used the identity
#{k e J()N (ig,4)} = H; — min Hy,

i<t<j

and the bound
S° ( min 57— 57) <57 min 57,

k+1<0<i i<0<j
keJ (3)N(50,3)

which follows from (37) in the case i < i.
To simplify notation, set

and note that

Lemma 6 There exists a constant Ko such that, for every integer n > 1,
E[(J,)%] < Kyn?/°.

Lemma 7 There exists a constant K3, which does not depend on the choice of i and j,

such that
2
E[(Hf + H? — 2 min Hg) } < Ky li — j[2a-Ye),

i<I<j

The proof of these lemmas is postponed to the end of the section. By combining
Lemma 6, Lemma 7 and the previous observations, we get, with a certain constant Ky,

el % (é(u¢(k))—E(uk)))4}§K4|i_j|z/a.

keJ (1)N(i0,7)

We still have to handle the other two terms in the right-hand side of (38). As previ-

ously, we have
> (g(uw(k)) - f(%)) = > bl

k€T (7)N(i0.j) ke (7)N(io.5)
where, conditionally on I, the processes by, are independent discrete bridges, by has length
my < Spq — Sp 42, and i, € {1,...,my — 1} satisfies the bounds (39) and (40) with i
replaced by j. Arguing as above, but now using the bound (39), we get

B[ S wen) [Fsem(( S (tammns0) +(H-mm )

keJ (5)N(i0,7) keJ (5)N(i0,7)

The expected value of the second term in the right-hand side is bounded by Lemma 7.
As for the first term, we observe that J(j) N (ig,7) = J(j) N (7,7) and thus

(o] : ¢} (e} . o (d)
Z (Sk—H — i Sé) = Z ﬂ{Szﬁmink+1gng‘ Sy} (Sk—i-l — i SK) = Fj*ifl

— k+1<0<j - k+1<0<j
ke (5)N(io.7) ke(i,g)
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where, for every n > 1,

— . o : o

3
—

e
Il

Furthermore, a time-reversal argument shows that F, has the same distribution as G,
where

n
G, = E Ligos o ( max S, — S} >
n £ {Sp>maxo<o<i—157} 0<b<h1 [ k—1

Lemma 8 There exists a constant K5 such that, for every integer n > 1,

E[(G,)?] < K5n?/“.

Combining Lemma 8 with the preceding observations, we see that the fourth moment
of the second term in the right-hand side of (38) is bounded above by Kg|j — i|*®, for
some constant Kg. We easily get the same bound for the third term by using Lemma
1 and Lemma 6. This completes the proof of Proposition 8, but we still have to prove
Lemmas 6, 7 and 8.

Proof of Lemma 6. For every integer k > 0, set
Vi =inf{n >0: S, = —k}.

Note that Vj is the sum of k& independent copies of Vj. As a consequence of (15), n=*V,,
converges in distribution towards the variable T 1 = inf{t > 0: X; < —c;'}, which
is stable with index 1/a. By standard results about domains of attraction of stable
distributions (see e.g. Section XVIL5 in [12]), there exists a constant K > 0 such that

P(Vi >n) ~ Kn™Y/ (41)

n—oo

Consequently, there is a constant K’ > 0 such that, for every n > 1,
P(Vi > n) > K'n Ve
Then, for every x > 1 and n > 1,
P(|.J,| > zn'/®) < P(Vigni/a) <mp) <P(V; < n)lEnl < (1= K'n Vo)l < exp(—K'x/2).

It readily follows that all moments of n~'/|.J,,| are uniformly bounded. O

Proof of Lemma 7. For every nonnegative integers k < ¢, we set Ji, = ming<,<¢ S, S0
that J, = Jo . We fix two nonnegative integers ¢ < j, and we first look for an expression
of min,;<,<; Hy. To this end, we set

g:max{re{o,l,...,i—l}IsﬁSJi,j}a
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with the convention max & = —oo. Assume first that ¢ > —oo and let k € {i,...,7}.
Then we have

H = #{0e{0,.. . k—1}:5 = J.}
= {0 g1} Sy = T+ A€ (g k= 1} 57 = T} (42)

From the definition of g, it is easy to verify that Jy, = Jy 4 for every ¢ € {0,...,g — 1}.
Thus, the first term in the right-hand side of (42) is equal to Hy and does not depend
on k. Then we note that S; = J,x by the definition of g, so that the second term in the
right-hand side of (42) equals

1—1—#{66{g—i—l,...,k—l}:S;:Jg,k}.

This expression attains its minimal value 1 when & equals min{¢ > i : S) = J; ;}. So we
have proved that, when g > —o0,

min Hy = H, + 1.

1<k<j
When g = —oo, by considering k = min{¢ > i : Sy = J; ;}, we see that

min H; = 0.
1<k<j

Using (42) and the preceding observations, we get that, for every k € {i,...,j},

H; — min H) = #{¢ € {0,1,...,k—1}: ¢ >gand S} = Jyx}. (43)

i<t<j
Specializing this formula to k = i, we have

HY — min H) < #{e{g",...,i—1}:5) = Jo;}. (44)

i<t<j

Introduce the time-reversed walk 5:5) =57 —957 ,for 0 < ¢ <. Note that (§§i), 0</¢<4)

(2

has the same distribution as (S7,0 < ¢ < ). For every integer m > 0, set
P = min{k € {0,...,3} : §,(:) >m},
where min @ = +oo. For k € {0,1,...,i}, we also set

ARy =#{0e{1,... k}: 8" = max SO},

0<n<t

which is the number of (weak) records of the time-reversed walk SO before time k. Finally,
let Jj(i)l = J;; — 5. With these definitions, (44) can be rewritten in the form

o __ . ) INOYAY) ;
H; min H; <A (,0_(]]@' Ni). (45)

7
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Note that J](Z,)Z is independent of the time-reversed walk 5@ and that conditionally on

{—Jj@i = m}, the random variable ﬁ(i)(ﬁ_i)ﬂ) A1) has the same distribution as A(p,, Ai),
where for every integers k,m > 0, o

Alk)=#{le{1,... )k} : 5 = OIEEE{ZSZ} , pm = 1nf{k > 0: 5, > m}.
We thus need to estimate the moments of A(p,,). To this end, introduce the weak record
times, which are defined by induction by 7 = 0 and

Ty = inf{k > 7, : 5, > 57}, n>0.

It is well known (see e.g. [17, Lemma 1.9]) that the random variables S? —S7 . ,n>1,

are i.i.d. with distribution o

P(S5, = k) = (k)
where (k) = v([k,00)) = p([k + 1,00)). From (14), we get that there exists a positive
constant K| such that, for every m > 1,

P(S2 >m) > Kym™*'.
Consequently, by arguing as in the proof of Lemma 6, we get, for every real y > 1,

P(A(pm) > ym® 1) <PB(S7 . <m) < P(S7, <m)P™) < exp(~Kiy/2).

ym® 1]
Thus, the moments of A(p,,)/m®! are uniformly bounded. From the remarks following
(45), we get

BAOG? ., A0 < KIB[(—T2,0 V] = KIB[(—J; )" V] < Kglj — i1,

where we used Lemma 6 and the Jensen inequality in the last bound. By (45), this yields

E[(H; — min Hf)?) < Kg|j — i1, (46)

1<0<j
Next, let us take k = j in (43). It follows that

HS — min Hy = #{0 € {i,...,j—1}: S5 = Jo;}.

i<t<j

Using the same notation as above, we can rewrite the previous displayed quantity as

#{0e {1, j—i}: 59 = max SV} YA ).
0<n<t
We claim that, for every integer p > 1, the p-th moment of A(n)/n'~"/* is bounded
independently of n > 1. Taking p = 2, we then deduce from the previous identity in

distribution that
E[(H; — min H})?] < Kjli — j70-1).

i<t<j
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The statement of the lemma follows from the last bound and (46).
It thus remains to verify our claim. We note that, for every real y > 1 and every
n>1,
P(A(n) > yn' 1) < P(7yp1-1/0] < 7).

Since 7, = > ;_, (7% — Tk—1) and the random variables 7, — 7,_1, k > 1 are i.i.d., the same
argument as in the proof of Lemma 6 shows that our claim will follow from the bound

]P(Tl Z n) Z Kén(l/a)_l’ (47)

for some positive constant K7. From formulas P5(b), p.181 and (3), p.187 in [29, IV.17],
the generating function of 71 is given by the formula
1—s5

]_ - E[STl] g 1 5
_TS

(48)

where, for 0 < s < 1, r, is the unique real solution in (0,1) of equation ry/s = ¢,(rs),
with ¢,(s) = > pey s"u(k). From a standard Abelian theorem, the asymptotic formula
(14) implies that ¢,(s) = s + Ku(1 — 5)* +o((1 — 5)%) as s — 1, with some positive
constant K,y depending on p. From the equation 75/s = ¢,(rs) one then gets that the
ratio K(,)(1 —rs)*/(1 — s) tends to 1 as s — 1. From this and (48), it follows that

1= E[s™] = Ko (1— )71 o((1 =)/,

as s — 1. The desired estimate (47) then follows using Karamata’s Tauberian theorem
for power series. 0
Remark. The previous proof may be compared with that of the analogous statement in
the continuous-time setting [11, Lemma 1.4.6].

Proof of Lemma 8. To simplify notation, we set

M, = max S}
0<k<n
for every n > 0. We have then
n—1
G, = ﬂ{s;gHsz} (M — SR). (49)

B
Il

0

By time-reversal, M — S} has the same distribution as —J;. We start by deriving some
information about the distribution of J;. From (14), there exists a constant K} such that,
for every ¢ > 1,

v(l) < Kgo™. (50)

We use this to verify that, for every £k > 1 and ¢ > 1,

14

]P)(Jk > —f) S Ké W,

(51)
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with some constant K7. Clearly, we may assume that ¢ < k/%/10. Recall the notation Vj,
introduced in the proof of Lemma 6. As we already noticed in the proof of this lemma,
k~'Vjg1/a) converges in distribution towards a stable variable with index 1/« as k — oc.
This implies that there exists a constant ¢, such that, for every k& > 1,

P(‘/[kl/a] > k) S Cy < 1.
Let Uy, Us, ... be independent random variables distributed as V. Then,
P(‘/v[kl/a} > k’) > ]P)(Ul +Us+ -+ U[Kfl[kl/a]] > k‘)
> 1-PU; <k, Yi=1,... [ k)
1 (1= P(V; > k)¢

Combining the last two displays, we get
(1—P(V, > k)T > 1 -,

and consequently

P(V, > k) < 1— (1 — ¢, )V E,
The bound (51) follows since P(J, > —¢) = P(V; > k). Using the bound (51), we easily
get that there exists a constant K such that, for every k£ > 1,

E[|J,|'* A 1] < K§ kW/@~L (52)
Let us now bound E[(G,,)?]. From (49), we have

n—1 n—1
Gn= Y 0(My—S7) (M= Sp) + > (Igsg. a) — P(My = S7)) (My — Sp) =: G, + Gy,
k=0 k=0

We first bound E[(G7)?]. Using the Markov property for the random walk S°, and more
precisely the fact that P(Sy,, > M;, | Sg,...,S;) = V(M — S), we get

n—1

E(G1)Y) = E| D (Lgsp, zan — P(Mx — S9)2(My — S

k+1

..
T
|
AR

N

(M, — Sp)*v(My, — Sp) (1 — o( My — Si))]

3 x>

—_ =

< E Z(Mk — S 0( My, — SZ)]

k=1
Using the estimate (50), the fact that M) — S}, has the same distribution as |J;|, and then
Lemma 6 together with the Jensen inequality, we get

n—1 n—1
EI(G)?) < Kg Y B[] < KG(R) /2 37 k2127 < K
k=1 k=1
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We then turn to E[(G),)?]. We have

33

,_n

n—

E(G.)?] = E| ) 7(My—S)* (M — Sp)?

M

0

+ 2E] S w(M, - Sp) (M — Spw(M, — S2) (Mj—s;)]

0<k<j<n—1

L
Il

Since 7(Mjy — S7) < 1, the first term in the right-hand side is bounded above by K{n*?
as in the preceding calculation. Using (50), the second term is bounded above by

ARGPE] Y (M= S AL (M= 59 A ).

0<k<j<n—1

To bound this quantity, we note that, for fixed £ and j such that 0 < k < j, the
distribution of M; — S? given the past of S° up to time k& dominates the (unconditional)
distribution of M;_j — Sj_,. Since the function z — 217 A 1 is nonincreasing over R,
it follows that the quantity in the last display is bounded above by

20K5) Y E[(My— Sp)' T AYE[(M_y, — S5,) 7 A ]
0<k<j<n—1

n—1

< 2K (Z]E (M, — S2)1 “/\1])

'V(}?EW@WﬂAu)

< oKy (14 R

k=1
< K!,n?°.

In the penultimate line of the calculation, we used the bound (52). We conclude that
E[(G))?] < (K} + K!;)n**, which completes the proof of Lemma 8. O

6 Contour processes and conditioned trees

6.1 Contour processes

In view of our applications to random planar maps, it will be important to reformulate
Theorem 1 in terms of contour processes associated with our forest of mobiles. We consider
the same general setting as in the previous section. In particular, ug, uy, ... are the white
vertices of the forest [F listed one tree after another and in lexicographical order for every
tree. Recall that Hy = f|u,|. We also denote by zo, 1, ... the sequence obtained by
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concatenating the white contour sequences of 0, 6s, ... Notice that some of the vertices
Ug, U1, . .. appear more than once in the sequence xg, x1, ... More precisely the number of
occurrences of a given white vertex of IF is equal to 1 plus the number of its black children.
We set Cp = 3|z,|, and we denote by A, the label of z,,.

In order to study the scaling limit of (Cy),>¢, we define, for every n > 0,

R, =inf{j > 0:2; = u,}.

Clearly,

(o]

1
CRn = §|.§L’Rn| = §’Un| = HZ

Lemma 9 We have
. R, 1
lim — = — | a.s.
n—oo M, ﬁ

Proof. For every j =0,1,..., let B(j) denote the number of black children of u;. Notice
that the random variables B( ), B(1),... are independent and distributed according to
Lo. We first observe that

[y

R < S (BG)+1). (59)

=0

.

This bound comes from the fact that any vertex that is visited by the contour sequence
Zo, 1, ... before the first visit of u, must be smaller than u, in lexicographical order.
Hence, R, has to be smaller than the total number of visits by the contour sequence of
all vertices that are smaller than u,, in lexicographical order. The bound (53) follows.

Since the mean of g is mo = Z,f,(Z,) = ﬁ — 1, the law of large numbers gives

i Rn 1
imsup — < — |
n—oo N ﬁ
We would like to derive the reverse inequality. To this end, note that, if a vertex u; with

J < n is not an ancestor of u,,, then all its visits by the contour sequence will occur before
the first visit of w,,. Thus,

a.s.

R,>n+ Z B(j) 1{u; is not an ancestor of u,}
7=0

or equivalently

n—1

- R, < ZB(j) 1{u; is an ancestor of u,} < H, x sup B(j). (54)

— 0<j<n—1

.

A crude estimate gives, for every € > 0,

1
lim — sup B(j)=0, a.s.

n—00 N 0<j<n—1
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On the other hand, by a special case of Lemma 7, we know that E[(H?)?] < K3n?(1-1/),
Using the Markov inequality and then the Borel-Cantelli lemma, we can find € > 0 such
that

lim
n—oo nl—¢

H =0, a.s. (55)

and we conclude that

1
lim —H; x sup B(j)=0, a.s.
n—oo 1 0<j<n—1
The desired result then follows from (54) and the law of large numbers. O

Remark. Since the sequence (R,),>0 is monotone increasing, we have also for every

A >0,
.1 k
lim — sup |Ry— B\ =0, a.s. (56)

n—o0 N 0<k<An

The next proposition is an analogue of Theorem 1 for contour processes.

Proposition 9 We have

—(1-1/« o —1/2a d — /
(n (1 1/ )C[nt},n 1/2 A[’nt]) g <C0 1Hﬂt7 QCODﬁt>

t>0 n—o0 tZO7

where the convergence holds in the sense of weak convergence of the laws in the Skorokhod
space D(R?).

Proof. Fix an integer A > 0. The statement of the proposition will be an immediate
consequence of Theorem 1 once we have verified that

n—(1-1/a) sup |C° — H[ogkﬂ — 0, in probability, (57)
0<k<An nmee
and
n~% sup |Ap — Lizy| — 0, in probability. (58)
0<k<An e

Let us start with the proof of (57). It is elementary to check that, for every integer
n >0,
sup  [C] = Cg, [ < [Hpy — Hyl + 1. (59)

RnSjSRnJrl

Then note that, if £ € {0,1,..., An} and ¢ is chosen so that Ry < k < Ryy1, we have
|Cr — Higyl < [CF — Cg,| + [Hy — Hpy

since Oy, = Hy. By (59) and the fact that the limiting process H in (28) is continuous,
we have

n~ (7YY sup sup  |Cp —Cp,| — 0, in probability. (60)
0<t<An Ry<k<Ryi1 n—00
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On the other hand, for every fixed £ > 0, it follows from (56) that, with a probability
close to 1 when n is large, we have for every £ = 0,1, ..., An,

é—anSﬁRg SHRZ-H Sﬁ—i—én
and thus

n~ =Y sup sup  [H; — Hpyl < n~(1-1/a) sup |Hppp — Hipgl-
0<¢<An Ry<k<Rpi1 r,s€[0,A+e], [r—s|<e

The right-hand side will be small in probability when n is large, by (28) again, provided
that € has been chosen small enough. This completes the proof of (57).

Let us now prove (58). Notice that L, = Ag,, for every n > 0. So we can argue in
a way similar to the proof of (57), using Theorem 1 in place of (28), provided that we
establish the analogue of (60),

n~% gup sup |Ar —Ag,| — 0, in probability. (61)
0<t<An R[§k<R[+1 n—00

So let us verify that (61) holds. From the distribution of labels, it is easy to check that,
for every fixed n > 0, conditionally on the forest [, the sequence

(ARptj)ARnsr — AR, )jz0

is a martingale (in fact the increments of this sequence are both independent and centered,
conditionally given F). By Doob’s inequality, there are constants K and K’ such that,
for every ¢ > 0,

d

E[ sup  (Ag— ARZ)“] < KE[(ARM _ ARZ)“] <K'

Ry<k<Rii1

E|: sup (Ak — ARZ>4

Ry<k<Ryy1

]F} < KE[(ARM ~ Ag)"

and

using Proposition 8 with ¢ = ¢ and j = ¢ + 1. Finally, if ¢ > 0 is small enough so that
%—45—1 > 0, we have

Pl sup sup A= Al 20| < (An+ ) K (07— 0.
0<l<An Ry<k<Rpi1 o

This completes the proof of (61) and of the proposition. O

6.2 Conditioning a mobile to have more than n white vertices

The definition of the continuous-time height process (H;)i>o also makes sense under
the excursion measure N, or under N(- | ¢ = 1) (see Chapter 1 of [11]). Further-
more, the law of the pair (H¢, Di);>o under N(- | o > 1) coincides with the law of
(H(g(1)+t)/\d(1)7 D(g(1)+t)/\d(1))t20 under P, where (gq),d(1)) is the first excursion interval of
X — I with length greater than 1. This follows from a minor extension of the arguments
of subsection 4.3. N

For every integer n > 1, we set QU = Q(- | #7° > n).
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Theorem 2 The law of %#TO under @(”) converges as n — oo to the law of o under
N(- | o > 1). Moreover, the law of the process

(n7(171/a) HFnt]? n’l/zo‘Lme

>0

under Q™ (df) converges as n — oo towards the law of the process

(Co_lHt, \V/ ZCODt>

t>0

under N(- | o > 1). Similarly, the law of the process

under Q™ (df) converges as n — oo towards the law of

(CalHﬁt, vV 200Dﬁt>

t>0

under N(- | o > 1).

Proof. Thanks to Theorem 1 and the Skorokhod representation theorem, we can con-
struct, for every integer n > 1, a random labeled forest F(™ having the same distribution
as F, in such a way that

(n_l/as[(,z)p n- (=1 H[SZ)]’ n_l/ZaLEgO == (coXt, g Hey v/2¢0 Dy )0 (62)

>0 n—oo
where we used the notation of the proof of Proposition 7. Let 0™ be the first mobile in
the forest F(™ with at least n white vertices, and note that 8 is distributed according
to Q™. Let [gy, d,] be the first excursion interval of H™ away from 0 with length greater
than or equal to n. Then, writing H (™) and L™ for the height process and the label
process of (™ respectively, we have for every k > 0,
() _ pp(n) T _ r(n)
Hk o H(gn+k3)/\dn ) Lk - L(gn-l-k)/\d" .
This is so because the interval [g,, d,) exactly corresponds to those integers j such that

the (j + 1)-st vertex of F™ (in lexicographical order) belongs to 6.
One can then deduce from (62) that

1 a.s. 1 a.s.
— Gn — , —d, — dqy . 63

We omit the details of the derivation of (63): See the proof of Proposition 2.5.2 in [11],
or the proof of Corollary 1.13 in [17] for a very similar argument.
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The first assertion of the theorem readily follows from (63), since the number of white
vertices of 0™ is d, — gn, and the law of d(1) — g(1) is precisely the law of o under
N(-|o>1).

Then, we have

n (2 +0A %) (22 +t)A%2]

and thus (62) and (63) give

(n_(l_l/a) H[%}? n_l/QaLfgz])tZO T%O (CEIH(9(1)+t)Ad(1)7 V 2COD(9(1)+t)/\d(1>)tZO'
The first convergence stated in the theorem follows, since we know that the limiting
process has the desired distribution.

Let us turn to the proof of the second convergence of the theorem. From (57) and
(58), we know that, for every integer A > 0,

n=0=1/9) gup |Cl£n) _ H[(EZH — 0, in probability,

k<An —0o0

and

n—1/2 ksgf |A’(€n) _ Lfg;” — 0, in probability.

Write C™ and A™ for the contour process and the contour label process, respectively,
of 8. We have for every t > 0,

=(n) o)
Ciat) = Cli, +int)ARa,

Writing

R, N [nt]) A Rdn>

(By, + [nf]) A R, = (22 + E2) p =

and using Lemma 9 together with (63), we get

—(1-1/a) () pr(n) . -
n stlig) (& H[n((g(1)+,6t)Ad(1))]| _ 0, in probability.

Similarly, we have

—1/2c ~(n) (n) . ey
n~Y S;E(I)) |A[nt} - L[n((g(l)Jrﬁt)/\d(l))]| e 0, in probability.

The desired result now follows from (62). O
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6.3 Conditioning a mobile to have exactly n white vertices

We now set @(n) = Q(- | #7° = n). Note that this makes sense (the conditioning event
has positive probability) for all sufficiently large n. From now on, we consider only such
values of n. Our goal is to derive an analogue of Theorem 2 when Q™ is replaced by

@(n). The proof is more delicate and will require a few preliminary lemmas.
Let 6 = (7, ({(v))yere) be a mobile. Recall our notation wy(0),wy(0), ..., wero_1(0)
for the white vertices of  listed in lexicographical order. By convention, we put w;(0) = &

when [ > #7°. For every k > 1, we then define another mobile 8% = (Tp, (¢4 (U))ve']'[z]>

in the following way. First, 7} consists of the vertices wy(6), ..., wr—1(0), together with
all the (black) children and all the (white) grandchildren of these vertices in 7. Then,
l (v) = L(v) for every v € 7. By convention, we also define 01 as the trivial mobile
with just one vertex.

For every k > 0, we let G, be the o-field on © generated by the mapping 6§ — 6. It
is easily checked that the processes HY and LY are adapted to the filtration (Gy,)x>0-

Recall that by definition of the Lukasiewicz path SY, for every j € {1,...,#7°},
5% — 5% | +1is the number of (white) grandchildren of w;_;(6). It follows that, for every
k>0, S? is Gy-measurable. Furthermore, under the probability measure Q, the process
(S?)>0 is Markovian with respect to the filtration (Gy)r>o and its transition kernels are
those of the random walk with jump distribution v stopped at its first hitting time of —1.
The preceding properties can be derived by a minor modification of the arguments found
in Section 1 of [17]. We leave details to the reader.

Recall our notation (Sk)x>o for a random walk with jump distribution v. We assume
that Sy = j under the probability measure P;, for every j € Z. We set V' = inf{k > 0 :
Sy = —1}.

Lemma 10 Letk € {1,2,...,n—1}. The Radon-Nikodym derivative of@(n) with respect
to QM on the o-field Gy, is equal to T'(k,n, S, where, for every integer j > 0,

(i) n(0)
Pk ) = ) feul0)

and, for every integer p > 0,

Up(j) =P;(V =p)
(1) =B (V = p).
Remark. If k < #7°, the number of white vertices of 0% is k+1+S¢. If 4 has (strictly)

more than n white vertices, then @(n)(ﬁm =) = 0. This is consistent with the fact that
Unk(j)=0if j>n—k—1.

Proof. Let v be a mobile with strictly more than & white vertices and such that ¥ = ~
(these are the necessary and sufficient conditions for v to be of the form ¥ for some
6 € © with at least n white vertices). Then,

=) ow oy QUM =~} N {#T° = n})
Q (0" =9)= Q(#7° =n)
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On the one hand,
Q#T° =n) =Po(V =n) = ,(0).

On the other hand, by the remarks preceding the statement of the lemma,
QUOM =1} n{#T° =n}) = QM =4} {inf{p >0:5) =—1} =n})
= @(l{a[k]:'y} PSZ(V =n—k))
= Q(Iggmi—yy Yn-i(S)).

We have thus ,

@(n)(e[k} =) = Q(ﬂ{e[k]:'y} ¥n(0)

Similar arguments give

- g (S?
QW (OM = ) = Q<]1{9m:7} 90'“_(19)'
The desired result follows. O

Lemma 11 Let a € (0,1). There exist an integer ng and a constant K such that, for
every n > ng and every j > 0,
([an], n,j) < K.

Proof. By Kemperman’s formula (see e.g. [27, p.122]), for every j > 0 and n > 1,
g+l

P,(V =n) Po(S, = —j — 1). (64)

On the other hand, Gnedenko’s local limit theorem (see [14, Theorem 4.2.1]) shows that
k

lim sup [n/*Py(S, = k) — g(——)| =0 (65)
where the function ¢ is continuous and (strictly) positive over R. Taking k = —1, we get
that there exist positive constants K; and K, such that, for n large,

1
Yn(0) = - Po(S, = —1) > Kyn 171/«

and

=1
QOn(O) = Z EPQ(Sm = —1) S K2 n_l/a

(the latter bound can also be derived from (41)).
So in order to get the desired statement, we need to verify that the quantity

nwn—[an] (.7 )
(;Onf[an] (])
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is bounded when n is large, uniformly in j.
Consider first the case when j < n'/®. From (64) and (65), we obtain that there exist
positive constants K3 and K, such that, for n large,

L J+1 . . 1—1/a
77bﬂr[arz](]) = ]P)O(Sn*[an] =] 1) < K?»(j + 1)” =1
and
N — | . . 1/a
Pnam() = G+1) Y — Po(Sn = —j = 1) = Ka(j + 1)n~ "
m=n—[an]

The desired bound follows.
Suppose then that j > n'/®. It easily follows from (15) that there exists a positive
constant K5 such that

@n—[an](j) > K5 > 0.

On the other hand, we already noticed that the law of V' under Py is in the domain of
attraction of a stable distribution with index 1/a. Another application of Gnedenko’s
local limit theorem shows that

lim sup [E°B(V = n) — §(—)| =0,

k—o0 p>1 ke

where the function g is continuous and bounded over (0, c0). Hence, there exists a constant
K¢ such that, for every integers n > 1 and k > nt/o

nPr(V =n) <Ek*Pp(V =n) < K. (66)

It immediately follows that

Kg
1—a

Pt (1) = o (0 = an) BV = n = [an]) <

1/«

giving the desired bound when 57 > n*/*. This completes the proof. U

Proposition 10 The law of the process

—1/a b —(1-1/« 0
<n /S[mpn( /)H[m]>t20

under @(n) (df) converges as n — oo towards the law of the process

(C()Xt, CalHt>

t>0

under N(- | o =1).
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This follows from Theorem 3.1 in [10]. This theorem gives the convergence in distribu-
tion of the rescaled height process (n=(!='/®) H glt})tzo, under more general assumptions.
A close look at the proof (see in particular formula (130) in [10]) shows that the joint
convergence stated in the proposition is indeed a direct consequence of the arguments in
[10].

Lemma 12 The finite-dimensional marginal distributions of the process

(R~ L y)o<i<a

under @(n)(dﬁ) converge as n — oo to the finite-dimensional marginal distributions of the
process (v/2coDy)o<t<1 under N(- | o = 1). Moreover, this convergence holds jointly with
that of Proposition 10.

Proof. This can be derived from the convergence of the rescaled process (n~'/ O‘Sﬁw])ogtg
in Proposition 10, in the same way as Proposition 7 has been derived from the convergence
(15). The only delicate point is to verify that a suitable analogue of Lemma 5 holds. To
this end, we may argue as follows. Suppose that we are interested in the finite-dimensional
marginal distribution at times 0 <¢; <ty < --- <t, < 1. Then it suffices to prove that
an analogue of Lemma 5 holds for the vertices wg(f),w(0), ..., wpye,)—1(0), which are
the first [nt,] white vertices of  in lexicographical order. But then the desired property
involves an event that is measurable with respect to the o-field Gy}, and so we may use
Lemmas 10 and 11, to see that it is enough to argue under the probability measure @("),
rather than under @(n). The same trick that we used in the proof of Theorem 2 then leads
to the desired estimate. The remaining part of the argument is straightforward, and we
leave details to the reader. 0

Before stating and proving the main theorem of this section, we need to establish an
analogue of Lemma 9. If # is a mobile, we still denote (with a slight abuse of notation)

by Ry = Ry(0) the time of the first visit of wy () by the contour sequence of 6, for every
ke{0,1,...,#7T°—1}.

Lemma 13 For every € > 0,

—(n) /1 k
lim(@()<— sup \Rk—5]>5)20, (67)

n—0o0 N 0<k<n-—1

and

@ (1L 41-2) 0.

Proof. This follows by a minor modification of the proof of Lemma 9. Starting from a
forest F = (0,0, ...) as previously, we note that @(")(de) is the distribution of ¢; under
the conditioned measure P(- | #7,° = n). Notice that P(#7,° = n) = Q(#7° =n) =
1,(0) is of order n~'~1/® when n is large, by (64) and (65). Thus we can use standard
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large deviations estimates for sums of independent random variables to verify that, for
every € > 0,

k—1

lim P(— sup
n—o0 N 1<k<n =0

: k 0
(B(])+1)—B>€’#len>:0. (68)
Similarly,

lim IP( sup B(j) >n°

n—oo  \g<j<n-1

#T° :n) =0.

Furthermore, an analogue of (55) follows from Proposition 10, which implies that, for
every € > 0, we have

IP( sup HP > nll/ote

0<k<n-—1

#Tlo:n);o().

The first assertion of the lemma follows from these remarks by the same arguments as
in the proof of Lemma 9. The second assertion is a consequence of (68) since #7;

SIHB() + 1), P as. on {#T7 = n}.

Il

Theorem 3 The law of the process

(n7(171/a) H[(jn] ’ n’l/zo‘Lme

t>0

under @(n) (df) converges as n — oo towards the law of the process
(CalHt, vV 2Cth>
>0
under N(- | o = 1). Similarly, the law of the process

<n7(171/a) C[ant]v nfl/QaA?nt])

t>0

under @(n) (df) converges as n — oo towards the law of

<061H5t, \V QCODﬁt>

t>0

under N(- | o =1).

Proof. Fix areal a € (%, 1). Recall that a sequence of laws of cadlag processes is C-tight
if it is tight and any sequential limit is supported on the space of continuous functions.
We first observe that the sequence of the laws of the processes

(n—(l—l/a) HY n—1/2aL[9nt]

[nt]>

>0§t§a (69)
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under @(n) (df), is C-tight. Indeed, by Lemmas 10 and 11, the law under @(n) of the process
in (69) is absolutely continuous with respect to the law of the same process under @(”),
with a Radon-Nikodym density that is bounded uniformly in n. The desired tightness
then follows from Theorem 2.

Next, from Lemma 13, and the very same arguments as in the derivation of (57) and
(58), we have for every € > 0,

@(n) (n—(l—l/a) sup |C7 — Hf?@kﬂ > g) — 0, (70)
0<k<%n e
and .
Q(n) <n—1/2a sup |AZ _ L?ﬁk]| > g) — 0. (71)
0<k<%n e

a

5n, because we need the C-tightness of

Note that we must restrict the supremum to k£ <
the processes in (69).

From (70) and (71), together with Lemma 12, we obtain that the finite-dimensional
marginal distributions of the process

(n_(l_l/a) C?ﬂt}’ n_l/QaA[ent] (72)

>O§t§a/ﬁ

under @(n) converge to those of (cangt, V2¢oDgt)o<t<ass under N(- | o = 1). Moreover,
the sequence of the laws of the processes in (72) is C-tight, by (70) and (71), and the
tightness of the laws of the processes in (69).

This gives the second convergence stated in the theorem, but only over the time interval
[0,a/p]. To get rid of this restriction, we may argue as follows. From Lemma 13, we have
for every ¢ > 0,

Q (|—#T— 2> e) 0.
n ﬁ n—oo
On the other hand, we know that C? = AY = 0 for every k > #7 — 1. Furthermore, a
simple argument shows that the processes

(0137 AZ)kZO and (0(9#7—1—k)+= _A?#T—l—k)+)k20

have the same distribution under @(n) (df). It is an easy matter to combine these remarks

in order to remove the restriction ¢t < a/f in the convergence of the processes in (72).
The first convergence of the theorem then follows from the second one, using the

identities Hf = C, and L} = C%, , together with Lemma 13. O

7 Asymptotics for large planar maps

In this section, we apply the results of the preceding sections to properties of planar maps
distributed according to P, and conditioned to be large in some sense. We recall our
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notation v, for the distinguished vertex of a rooted and pointed bipartite planar map m,
and e_ for the origin of the root edge of m. The radius of the planar map m is defined
by

R(m) = vg‘l/a(ﬁ) dgr (Vs V).

The profile of distances in m is the point measure p,, on Z, defined by
pm(k) = #{v € V(m) : dg(vi,v) =k}, keZ,.

Finally, we also set A(m) = dg(e_, v,).
In the following theorem, we consider the distance process (D;);>o under N(- | o0 = 1)
and under N(- | ¢ > 1). In both cases, we use the notation

D = max D, , D=minD; .

t>0 __ t>0

Theorem 4 Let M, be distributed according to P,(- | #V (m) = n), respectively according
to P,(- | #V(m) > n). Then :

(i) n~ Y22 R(M,) % 2¢,(D — D).

n—oo

(i) Let pM) denote the rescaled profile of distances in M, defined by

/ ) (dz) ¢ n Y par, (k) o(n k).

kEZ

Then, p( ") converges in distribution to the measure p'™ defined by

/ o) (dx) () = / "t o(v/3eo(D, - D)).

(i) n= 2 A(M, ) \/% D.

In (i)-(iii), the limiting distributions are to be understood under the probability measure
N(- | 0 = 1), respectively under N(- | o > 1).

Proof. Let M, be distributed according to P,(- | #V (m) = n) and let §,, be the random
mobile associated with M,, by the BDG bijection. By Proposition 4, 6,, is distributed

—1)

according to @(n . From Proposition 3,

R(M,)=10,—¢,+1,

where £,,, respectively £, denotes the maximal, resp. the minimal, label in 6,. Now it is
clear that ~
(p, — £, = max A" — min A%

- k>0 k>0
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and so (i) follows from the second assertion of Theorem 3.
Then, let ¢ be a bounded continuous function on R,. We have

[@ne@) = 0t S e (o 0)

UGV(Mn)

= n Zso (0 (wr) = £, + 1) + 17 16(0)

where wy = wo(0,), ..., W2 = w,_2(0,) denote the white vertices of 6,, listed in lexico-
graphical order, and ¢, (wy), ..., ¢,(w,_2) are their respective labels. Then,
n—2 n—2
Y el w) £+ 1) = T Y (e (Ll min 19 41))
7=0,..., n—
=0 1=0

1-n—1
o —1/2a On
= /0 dt gp( (L[nt] Sren[érh L[ns] + 1))

The convergence in (ii) is thus a consequence of the first assertion of Theorem 3.
Finally, we have
AM,)=1-¢,

except if v, = e_, in which case A(M,) = 0 = —£,. Thus the same argument as for (i)
shows that n~'/2¢A(M,,) converges in distribution to —/2¢y D, which has the same law
as v/2co D by symmetry.

The case when M, is distributed according to P,(- | #V (m) > n) is treated by similar
arguments, using Theorem 2 instead of Theorem 3. O

Recall from [4] the notion of the Gromov-Hausdorff distance between two compact
metric spaces. The space K of all isometry classes of compact metric spaces, equipped
with the Gromov-Hausdorff distance, is a Polish space. If M is a random planar map,
the set V(M) equipped with the metric dg, is a random variable with values in K.

Theorem 5 For every n > 1, let M, be distributed according to P,(- | #V (m) = n),
respectively according to Py(- | #V (m) > n). From every strictly increasing sequence of
integers, one can extract a subsequence along which

(V(M).n 22 d) < (M, 62c)
where (My, 0s0) 8 a random compact metric space and the convergence holds in distribu-
tion in the Gromov-Hausdorff sense. Furthermore, the Hausdorff dimension of (M, dso)
1S a.s. equal to 2a.

Proof. We consider only the case when M,, is distributed according to P,(- | #V (m) =
n). The first assertion could be established by using compactness criteria in the space
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K in order to derive the tightness of the distributions of the spaces (V(M,,),n"1/?*dy,).
We will use a different approach, which is inspired from [19, Section 3]. This approach
provides additional information about the limiting space (M, d ), which will be useful
when proving the second assertion of the theorem.

As in the previous proof, let 6,, be the random mobile associated with M,, by the BDG
bijection, and write vy, vf, ..., v for the white contour sequence of 6,,. Recall that the
BDG bijection allows us to identify the white vertices of 6,, with corresponding vertices
of the map M,,. We can thus set for every i,5 € {0,1,...,7,},

dn(Zaj) = dgr(vzna U?)

where dg, refers to the graph distance in the map M,. By convention we put vy = v = &
for every k > r,, so that the definition of d,(i,j) makes sense for every nonnegative
integers ¢ and j. We can use linear interpolation to extend the definition of d, to real
values of the parameters, by setting for every s,t > 0,

dn(s,t) = (s = [s])(t = [t)dn([s] + 1, [t] + 1) + (s — [s])([t] + 1 = £)dn([s] + 1, [¢])
+([s] + 1= s)(t = [(Ndn(s], 1] + 1) + ([s] + 1 = s)([t] + 1 = t)dn([s], [t]).

By [19, Lemma 3.1], we have for every integers i,j > 0,

dn(i,7) < dy (i, ), (73)

where
0(: \ _ Abn On . On
dn(i,j) = A" + A =2 min Ay +2.

(To be precise, [19] uses a slightly different version of the BDG bijection, with nonnegative
labels, but is straightforward to verify that the argument of the proof of Lemma 3.1 in
[19] goes through without change in our setting.) In the same way as for d,, we extend
the definition of d2 to real values of the parameters by linear interpolation. The bound
dn(s,t) < d%(s,t) still holds for real s and ¢.

Let (Ht(l), Dgl))tzo be a random process which has the distribution of (H;, D;):>¢ under
N(- | ¢ =1). From Theorem 3,

(n_l/zadg(ns, mf)) 9, (\/ﬂ d° (Bs, ﬁt)) (74)

5,t>0 n—oo 5,620

where, for every s,t > 0,

d% (s,t) = DY + DM —2 min DY,

sAt<r<sVt

In (74), the convergence holds in the sense of weak convergence of the laws in the space
of continuous functions on R.
We then observe that, for every s,¢,s,t' > 0,

d(5,1) — dp (s, 1) < dp(s,8) +dn(t,t') < do(s,s) +do(t,1). (75)
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By the convergence (74), we have for every n,e > 0,

€

lim supP( sup n~V%d0 (ns, ns') > €> < P( sup d° (Bs,3s") > )
n—00 ls—s'[<n ls—s'|<n V2¢0

If ¢ > 0 is fixed, the right-hand side can be made arbitrarily small by choosing 1 > 0 small

enough. Thanks to this remark and to the bound (75), one easily gets that the sequence

of the laws of the processes

(n_l/%‘dn(ns, nt))

5,620
is tight (see the proof of Proposition 3.2 in [19] for more details).
Using also Theorem 3, we obtain that, from any strictly increasing sequence of positive
integers, we can extract a subsequence (ny)g>1 along which we have the joint convergence
(nf(lfl/a)cﬁn nfl/QozAQn n71/2adn(n5’ nt))

[nt] fnt] S50

O (" 1) V2D V2 (85, 50) (76)
where (doo(s,1))s>0 18 a continuous random process indexed by R% and taking nonneg-
ative values. From now on, we restrict our attention to values of n belonging to the
sequence (ny).

By the Skorokhod representation theorem, we may, and will, assume that the conver-
gence (76) holds almost surely. Note that the bound d,, < d° immediately gives do, < d2.
From the convergence (76), one also gets that the function (s,t) — du(s,t) is symmet-
ric and satisfies the triangle inequality. Furthermore, the bound d,, < d° implies that
deo(s,t) =01if s > 1 and t > 1. We define an equivalence relation on [0, 1] by setting

s~t if and only if doo(s,t) =0.

We let M, be the quotient space [0, 1]/ =, and equip M, with the metric 6o = v/2cds.
The continuity of d., ensures that the canonical projection from [0, 1] (equipped with the
usual metric) onto M, is continuous, so that M, is compact.

We claim that the convergence of the theorem holds almost surely (along the sequence
(ng)) with this choice of the space (M, 0s). To see this, define a correspondence C,, be-
tween (V (M,)\{v.},n/?%dy) and (M, 6, ) by declaring that a vertex v of V(M,)\{v.}
is in correspondence with x € M, if and only if there exist a representative s of x in
[0, 1] such that v = Ufns - The desired convergence will follow if we can verify that the
distortion of C,, tends to 0 as n — oo. To this end, let s, s’ € [0, 1] and set k = [ns/[] and
k' =[ns'/5]. If v =1} and v' = v}, and if  and 2’ are the respective equivalence classes
of s and ¢ in the quotient [0, 1]/ =, we have

|n_1/2adgr(v,v') . \/Q_Codoo(l’,l’/” — |n_1/2adn(k:, k/) —+/2cy doo(873’)|
= I V(] D) — v dae(, )

< sup |[n~Y%d,([nt], [nt']) — V2¢0 doo (Bt, 5t')]

tt/>0
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which tends to 0 as n — oo, by the (almost sure) convergence (76). This completes the
proof of the first assertion of the theorem.

Let us now turn to the calculation of the Hausdorff dimension of (M, 0 ). From the
bound d., < d2, and the Holder continuity properties of the distance process, we get that
for every e € (0,1/2a) there is an almost surely finite random constant K. such that,
for every s,t € [0,1],

doo(87t) S K(E) |t — S|(1/2a)_€.

Hence the projection mapping from [0, 1] onto M, is a.s. Hélder continuous with exponent
(1/2c) — €. The almost sure bound dim(M,, 05 ) < 20 immediately follows.

The proof of the lower bound dim(My,, do) > 2cv is more delicate. We start with a
useful lower bound on d..

Lemma 14 Almost surely, for every 0 < s <t <1 andr € (s,t) such that o’ > g

for every u € [s,r), we have
doo(s,t) > DV — DO,

Similarly, almost surely for every 0 <t < s <1 andr € (t,s) such that 7 > HY for

every u € (r, s], we have
doo(s,t) > DY — DO,

Proof. We establish only the first assertion, since the proof of the second one is very
similar. So let s,t,7 be as in the first part of the lemma. Let (k,) and (k) be two
sequences of positive integers such that n='k, — (7's and n™'k/, — "'t as n — oo
(both sequences are indexed by the set of values of n that we are considering). Thanks
to the convergence (76) and our assumption g > gh for every u € [s,r), we can find
another sequence (m,) of positive integers such that n='m, — B~ !r and, for n large
enough,
Cin > Cl > ie{gg%}q"" o Vje{kn, ... my, — 1)

Recall our notation v{,v},... for the white contour sequence of 6,. The preceding
inequalities imply that vy, ~is an ancestor of vy , but not an ancestor of vy . Let
Yo = (W(i),0 < i < dg(v 07 ) be a geodesic from vj to vy, in the planar map
M,,, and let i, be the largest integer i € {0,1,... ,dg (Vv )} such that 7, () is a de-
scendant of v}, . By the preceding remarks, we have 0 < i, <ndgr(v,?n, v}, ). Furthermore,
the contour sequence of 6, must visit v}, between any time at which it visits the point
Yn(in) and any other time at which it visits 7, (i, + 1). Using the construction of edges in
the BDG bijection, the existence of an edge of M,, between 7, (i,) and ~,(i, + 1) implies
that

£a(07) > L),
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It follows that

(K, ky,) = dge (v, v) 2 dge (VR Yn(in))
2 dgr (U*7 U}fn) - dgr (U*7 Tn (Zn»
= Lu(vg,) = la(yn(in))
> en(len) - en(vfnn)
= AR AL
The bound of the lemma follows by passing to the limit n — oo using (76). U

The next lemma will be used in combination with Lemma 14 to estimate the size of
balls for the metric d,,. For technical reasons, we prove this lemma under the excursion
measure N, and we will then use a scaling argument to get a similar result under N(- |
o =1). For every u > 0, A\,(ds) denotes Lebesgue measure on (0, u).

Lemma 15 For every s € (0,0), set
I(s)=A{r€ls,o]: H, > H, for every u € [s,1)}
and for every e > 0,
P =inf{t € Z(s) : D; < Dy — €}
where inf & = co. Then, for every a € (0,2a),

liﬁls_“ (2 —5)=0, Ay(ds) a.e. , N a.e.

Proof. For s € (0,0) and r € [0, Hy), set
v =inf{t > s: H < Hy —}.

By convention, we put 72 = o if r > H,. For our purposes, it will be important to have
information on the sample path behavior of the function 7 — D.,s. This is the goal of
the next lemma, which relies heavily on results from [11], to which we refer for additional
details. We first need to introduce some notation. For every s € (0,0), we define two
positive finite measures on (0, 00) by setting

pe= 3 (I' = Xu) Lix, <rv) On,

0<u<s

0<u<s

(It is not immediately obvious that 7, is a finite measure, see Chapter 3 in [11].) One
can prove that, IN a.e., for every s > 0, the topological support of p, is [0, Hy|, and
ps([0, H]) = X (see Chapter 1 in [11]). Furthermore, the quantities H, corresponding
to the values of u that give nonzero terms in the definition of p, are all distinct.
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We denote by N(drdzdz) a Poisson point measure on [0, 00) with intensity
drm(dz) Ly, () d.

where 7 denotes the Lévy measure of X. We can enumerate atoms of N in a measurable

way, and write
N =Y 06,2

jed

Lemma 16 (i) Let ® be a nonnegative measurable function on Ry x M;(R;)?. Then,

N(/Oadsq)(Hs,ps,ns)> :/OoduE[QD(u, Z 750, Z (zj—a:j)é,,j)].

0 0<r;<u 0<r;<u

(ii) Let F' be a nonnegative measurable function on D(R). Then,

N( [ P~ D)) = [ [F(Zona)roo)]

where (Z,)r>0 is a symmetric stable process with index 2(ac — 1).

Proof. Part (i) is a special case of Proposition 3.1.3 in [11]. Part (ii) is essentially a
consequence of (i) and our construction of the distance process. Let us explain this in
greater detail. We fix s > 0 and r > 0, and argue on the event {s < o}. As in Section
4, we assign a Brownian bridge b, with length AX, to each jump time u of X, in such a
way that

Dy=> bu(I! = Xu) Lix, <1y
u<s
Then, we have also, N a.e.,
s — Zb ]‘{Xu <[u} 1{Hu<Hg_r}
u<s

To see this, note that the identity
vo=inf{t > s: X; < Xy — ps([Hs — r, Hg])} (77)

is a consequence of formula (20) in [11]. Moreover, by the same formula, p,s is exactly
the restriction of ps to the interval [0, H; — ) (or the zero measure if r > H;). Hence the
values u < 77 that give a nonzero contribution to the sum defining D.s are exactly those
u < s such that X, < I and H, < H, — r, leading to the stated formula for D,

It follows that

D, — D, = Zb (I = Xuo) Lixy_<rvy Yo —r<m.<m.) (78)

u<s
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and we can use part (i) to compute the Fourier transform of this quantity. Note that, for
every jump time u < s with the property X, < I, the duration of the bridge b, is the
sum of the masses assigned by p, and 7, respectively to the point H,.

Suppose that, conditionally given N, we are given a collection (b;z ')) jes of independent
Brownian bridges, with respective durations (z;),ecs. Then it follows from (i), formula (78)
and the preceding discussion that, for every A € R,

N(/a ds exp(i\(Ds — Dvﬁ)))

:/OooduE'e (M Z b§zj’(xj)>}
<_

(-

K

u—r<r;<u

:/O‘X’dum: /( N / (d2) / d 1—exp(—§@>))]

_ / du exp(— K, (u Ar) A2ED)
0

R I

Xp
Xp
Xp

by an easy calculation using the fact that 7(dz) = K/ z717*dz.

It follows that the formula of (ii) holds in the case when F' is of the form F(w) =
f(w(r)) for a fixed r > 0. A slight extension of the previous calculation gives the case
when F' depends only on a finite number of coordinates. This is enough to conclude since
the process (Ds — D,s)r>0 has right-continuous paths. O

We now complete the proof of Lemma 15. We fix a € (0,2«). We can then choose
be ((2a—2)"1o00),t €(0,(e—1)"") and b € (0,a) such that

b/b//
b
By standard path properties of stable processes (see e.g. [2, Theorem VIIIL.6]), we have

> a.

limr_b< sup Zx> = 00 a.s.

rl0 0<a<r

It then follows from Lemma 16 (ii) that we have also

limr‘b< sup (D — Dv;)) =00 As(ds) as. , N a.e.
10 0<z<r
Notice that 72 € Z(s) provided that x is a continuity point of the mapping r — ~2, and
thus for all but countably many values of x. Therefore, the previous display also implies
that

T2 < Vo (79)

for all sufficiently small € > 0, A\,(ds) a.e., N a.e.
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The next step is to investigate the behavior of v; as x | 0. We first observe that

11?61 ™ py([Hy — z, H,]) =0, As(ds) a.s. , N ae. (80)

This is a consequence of Lemma 16 (i): Note that, for every u > 0, the process

Y, = Z T 0<z<u

u—z<r;<u

is a stable subordinator with index ao— 1, and apply path properties of subordinators (see
e.g. [2, Theorem VIIL5]). Furthermore, by applying the Markov property under N, and
using again [2, Theorem VIIL.6], we get that

limr~ %" sup (X5 — Xgip) = 00,
rl0 0<z<r

N a.e. on s < g, for every fixed s > 0. It readily follows that
inf{z >0: X,, < X, —r} <", (81)

for all sufficiently small » > 0, A\,(ds) a.e., N a.e. Now recall (77), and use (80) and (81)
to obtain
< s+ (82)

for all sufficiently small r > 0, A\,(ds) a.e., N a.e. We get the statement of the lemma by
combining (79) and (82), recalling that 0" /b > a. O

We now complete the proof of Theorem 5. We again fix a € (0,2a). For every
s € (0,1), we set

Z(s) ={rels,1]: HY > HY for every u € [s,7)},

and for every € > 0, _
7 =inf{t € Z(s) : DIV < DM — ¢},

From Lemma 15 and an easy scaling argument, we get

lig)l e (12 —5)=0, A(ds)ae. , as.

However, if 72 <t < 1, the first part of Lemma 14 implies that d(s,t) > e. Thus

1
/ dt Ligo(sy<ey <72 — 8

and .
lims_“/ dt Lya, (s,t)<e} = 0, A1(ds) a.e. , as.

el0
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We can use a symmetric argument to handle the analogous integral where ¢ varies between
0 and s: Use the second part of Lemma 14 and note that the distribution of the pair
(Ht(l), Dgl))ogtg is invariant under the change of parameter ¢ — 1 —¢t. We thus conclude
that

1
liﬂ)lga/ dt Lyg. (s,0)<e} = 0, A1(ds) a.e. , a.s.
€ 0

Finally, if x denotes the probability measure on M., which is the image of Lebesgue
measure on (0, 1) under the canonical projection, we see that

lim K(Boso(z,€))

€10 ga =0, k(dx) a.e. , as.

where By (z,6) = {y € My : doo(,y) < €}. The lower bound dim(My,, do) > 2cv now
follows from standard density theorems for Hausdorff measures. OJ

Remark. As we already noticed in Section 1, the results of this section carry over to
Boltzmann distributions on non-pointed rooted planar maps. More precisely, denote by
W, the Boltzmann distribution defined as in (1) but now viewed as a measure on the set

of all rooted planar maps. Let M, be a random rooted planar map distributed according
to the (suitably normalized) restriction of W, to maps with n vertices. Then Theorem 4

gives information about the distances in M,, from a vertex chosen uniformly at random,
and both assertions of Theorem 5 remain valid if M, is replaced by M,,.

8 Some motivation from physics

In this section, we describe a motivation for the models discussed in this article, that
comes from the physics literature. In this discussion, we rely on a number of non-rigorous
predictions, and our only goal is to isolate some possible orientations for future work. A
useful reference is the Appendix B in the survey by Duplantier [8], and the references
therein.

As a starting point, we observe that models of random maps that are very similar to
ours appear when studying annealed statistical physics models on random maps. These
models are similar to more familiar models on regular lattices, such as percolation and
Ising or Potts models, but they are defined on a random map that is chosen at the same
time as the configuration of the model. To illustrate this, we will first deal with the
so-called O(N) model on a random planar quadrangulation. Let q be a rooted quadran-
gulation. A loop configuration on q is a collection £ = {cy, ..., ¢}, where ¢q,..., ¢, are
cycles, i.e. paths on q starting and ending at the same point, and never visiting the same
vertex twice. It is further required that the paths ¢; do not intersect. We set

k

#L=k and  Ig(L) =) lg(c),

=1

where 1g(¢;) is the number of edges in the path ¢;. See Figure 3 for an example.
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Figure 3: An O(N) configuration on a rooted quadrangulation, with 4 cycles of total
length 30, and the external gasket associated with this configuration, with shaded holes
of degrees 6 and 14

Let N > 0 be fixed. The annealed O(N) measure is the o-finite measure over the set
of all pairs (q, £), where q is a rooted quadrangulation and L is a loop configuration on
q, defined by

Wo (q,L) = e—B#F(q)xlg(ﬁ)N#£7

where 3 and x are positive parameters. When the total mass Zo(n) (5, x) of Wo(ny is finite,
we say that the pair (5, z) is admissible, and we can consider the probability measure
Powny = Zow (8, 2) " Won.

Consider a configuration (q, £). A cycle ¢ € L splits the sphere into two components.
The one that contains the face located to the left of the root edge of q is called the
exterior of ¢. The other component is called the interior of c¢. The external gasket £(q, L)
is the rooted planar map obtained from q by deleting all the edges and vertices strictly
contained in the interior of some ¢ € L. See Figure 3.

More precisely, m is defined as a rooted planar map with two different types of faces:

e faces that came from the exterior of cycles of £, which have degree 4 — we denote
by Q(m) the set of all these faces;

e faces of arbitrary even degree, called the holes of m, which came from the deletion
of the interior of a cycle of £ — we denote by H(m) the set of all holes of m (note
that certain holes may have degree 4).

Furthermore the boundaries of the holes of m are disjoint cycles. In particular, every
edge of the boundary of a hole is adjacent to a face of Q(m).

One can verify that the range of the external gasket mapping (q, £) — £(q, £) is the
set of all rooted planar maps (with faces of two types) satisfying the preceding conditions.
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It is then an easy exercise to check that the push-forward of Wy(y) under the external
gasket mapping is

Wom ({€(a, £) = m}) = e TT queg g2, (83)
JE€H(m)

where
Q. = a? Zo (5 3’5)

and Zg(N)’k(ﬁ, x) is the partition function for the O(/N)-model with a boundary of length
2k. This partition function is defined in an analogous way as Zov) (3, ), but configu-
rations (q,£) now consist in rooted quadrangulations q with a boundary of length 2k
together with a collection £ of disjoint cycles that do not intersect the boundary, and
such that the boundary face lies on the left of the root edge. From formula (83), we see
that the external gasket of a Po(y)-distributed random map has a Boltzmann distribution
of a similar kind as those studled in the present work, except that the maps that appear
here have two distinct types of faces and extra topological constraints.

Ignoring these extra constraints, one can conjecture that for appropriate values of
and z, the scaling limits of these random gasket configurations will be closely related to
those depicted in Section 7, provided that the weights ¢; satisfy similar asymptotics as
in subsection 2.2. At this stage, some predictions from theoretical physics provide insight
into these questions. For fixed 3 and z, introduce the generating function

Zowoy(2) = Y 2" 2oy 1B, ).

k>1

According to singularity analysis, for a € (3/2,2) U (2,5/2), a behavior

ZO(N)( 2) & (z.—2)",

szp

meaning that the singular part of Za near its first positive singularity z. is of order
(2. — 2)*71, leads to asymptotics of the form Z )1 (B, %) ~ Ck™" for some finite C' > 0.
See for 1nstance [13, Corollary VI.1]. Of course thls requires additional hypotheses on
Zg( N)(z), which we ignore in this informal discussion.

We now summarize, and attempt to translate in a language more familiar to math-
ematicians, the discussion that can be found in [8, Appendix B] (see in particular Egs.
B.48, B.64 and B.78, and the discussion at the end of Section B.1.1 in [8]). Assume
N € (0,2) is written in the form N = 2 cos(wf), where 6 € (0,1/2). One conjectures that
there exists a function z.(f) > 0 and a critical value 3, > 0 such that,

e for fixed § > [, and = = x.((),
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e for f= 0. and x = x.(0,),

Zg(zv) (2) Z)1+9 .

R e

Zlzc

These two different behaviors, respectively called the dense and the dilute phase, hint at
the asymptotics

Zown i (B, ) oy Ck™,

— 00

respectively with a = 2 — 6 and a = 2 4 6. Recalling subsection 2.2, and the preceding
formula for g, we see that the scaling limits of the distribution Wo(yy in (83) should
be related to the model studied in the previous sections, with the particular value a =
a—1/2 € {3/2—-0,3/2+ 0}. Note that the case N = 2 appears as a limiting critical
situation where the dense and dilute phases should coincide.

A similar description applies to other familiar statistical physics models, such as per-
colation or the Ising model on faces of a random quadrangulation. In that setting, a
configuration is a pair (q, o) where q is a rooted quadrangulation, and

o= (os,feF(q) € {—1,+1}F(q).

In the (annealed) Ising model, one chooses the configuration with probability proportional

to
Wi(q, o) = e P#F@ exp (J Z 0’fo/> :
f~f

where J is a real parameter and the last sum is over all pairs of adjacent faces f, f’ in q.
For J = 0, one gets the percolation model, where conditionally on the quadrangulation
q, all 0 € {—1,+1}#F(@ are equally likely to occur. One then defines the exterior gasket
in a way that should be clear from Figure 4. This gasket again has a Boltzmann-type
distribution when (q, o) is distributed according to W;. As previously, the relevant Boltz-
mann weights correspond to partition functions for the Ising model on a quadrangulation
with a boundary. On the other hand, the topological constraints on the gaskets are now
different: The boundaries of holes need not be cycles, and do not have to be disjoint
(however, an edge can be incident to at most one hole, and is incident only once to this
hole). See Figure 4.

Kazakov [16] identifies the value J. = In2 as critical. One conjectures that, respec-
tively for J = J, and for 0 < J < J. (and with the appropriate values of [3), the Ising
model has the same scaling limit as the dilute and dense phases of the O(N = 1) model,
corresponding to = 1/3 and « € {11/6,7/6}. This is confirmed (for J = J.) by pre-
dictions for the partition function of the Ising model with a boundary, see for example
section 3.3 in [5].

Note that a discussion parallel to the present one appears in Sheffield [28, Section
2.3] in the case of regular hexagonal lattices, where it is conjectured that the external
gasket of O(N) models should converge the so-called conformal loop ensembles, which are
a conformally invariant family of random curves related to SLE. Such parallel discussions
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Figure 4: An Ising (or percolation) configuration and the associated exterior gasket

might open some paths in the mathematical understanding of the so-called KPZ formula,
which links scaling exponents for models on random and on regular lattices. This approach
would still be different from the one developed recently by Duplantier and Sheffield [9], as
we are focusing more on the metric aspects of planar maps rather than on the conformal
invariance properties that are intrinsic to [9].

On a rigorous level, it seems plausible that the topological constraints that appear
in the random maps considered above can be handled using bijective methods in the
spirit of subsection 3.1. Establishing rigorous grounds for the conjectured behavior of
Zg( Ny 8 another, probably much more challenging, problem that would require a better
understanding of the combinatorial aspects of the O(/N) model on maps.
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