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Abstract

We provide a unified approach to the three main non-compact models of random geometry,
namely the Brownian plane, the infinite-volume Brownian disk, and the Brownian half-plane. This
approach allows us to investigate relations between these models, and in particular to prove that
complements of hulls in the Brownian plane are infinite-volume Brownian disks.
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1 Introduction

In the recent years, much work has been devoted to the continuous models of random geometry that
arise as scaling limits of planar maps, which are discrete graphs embedded in the sphere. The most
famous model is the Brownian map or Brownian sphere, which is the limit in the Gromov-Hausdorff
sense of large planar maps with n faces chosen uniformly at random in a suitable class and viewed
as metric spaces for the graph distance rescaled by the factor n=/4, when n — oo (see in particular
[T, 14, [10L 25 BT [33]). The rescaling factor n~1/4 is relevant because the typical diameter of a random
planar map with n faces is of order n'/4 when n is large, and thus the rescaling leads to a compact
limit. However, choosing a rescaling factor that tends to 0 at a slower rate than n~'/* yields a different
limiting space, which can be interpreted as an infinite-volume version of the Brownian sphere and is
called the Brownian plane [I4], [I5]. On the other hand, scaling limits of random planar maps with
a boundary have also been investigated [5) [8, 9, 111, 20, B2]. In that case, assuming that the planar
map has a fixed boundary size equal to n and a volume (number of faces) of order n?, rescaling the
graph distance by the factor n=/2 again leads to a compact limiting space called the Brownian disk.
If however the volume grows faster than n?, the same rescaling yields a non-compact limit which is the
infinite-volume Brownian disk. The so-called Brownian half-plane arises when choosing a rescaling
factor that tends to 0 at a slower rate than n~/2. A comprehensive discussion of all possible scaling
limits of large random quadrangulations with a boundary, including the cases mentioned above, is
given in the recent paper of Baur, Miermont and Ray [§]. In this discussion, the Brownian disk and the
infinite-volume Brownian disk, the Brownian plane and the Brownian half-plane play a central role. It
is worth noting that the Brownian plane is also the scaling limit [14, [12] in the local Gromov-Hausdorff
sense of the random lattices called the uniform infinite planar triangulation (UIPT) and the uniform
infinite planar quadrangulation (UIPQ), which have been studied extensively since the introduction of
the UIPT by Angel and Schramm [7]. Similarly, the Brownian half-plane arises as the scaling limit
[8, 19] of the uniform half-plane quadrangulation, which has been introduced and studied in [13] 17].
We finally mention that the preceding models of random geometry are closely related to Liouville
quantum gravity surfaces, and the Brownian disk, the Brownian plane and the Brownian half-plane
correspond respectively to the quantum disk, the quantum cone and the quantum wedge, see [34,
Corollary 1.5], and [19] for the case of the Brownian half-plane.

The main goal of the present article is to provide a unified approach to the three most important
non-compact models of random geometry, namely the Brownian plane, the infinite-volume Brownian
disk and the Brownian half-plane. As we will discuss below, it is remarkable that these three models can
all be constructed in a similar manner from the same infinite Brownian tree equipped with Brownian
labels, subject to different conditionings — the precise definition of these conditionings however requires
some care especially in the case of the infinite-volume Brownian disk. As an application of these
constructions, we are able to get new relations between the different models of random geometry. In
particular, we prove that the complement of a hull in the Brownian plane, equipped with its intrinsic
metric, is an infinite-volume Brownian disk (this may be viewed as an infinite-volume counterpart of a
property derived in [28] for the Brownian sphere). The latter property was in fact a strong motivation
for the present study, as it plays a very important role in the forthcoming work [36] concerning
isoperimetric bounds in the Brownian plane. We also prove that the “horohull” of radius r in the
Brownian plane, corresponding to the connected component containing the root of the set of points
whose “relative distance” to infinity is greater than —r, is a Brownian disk with height r (here, a
Brownian disk with height r is obtained by conditioning a free pointed Brownian disk on the event
that the distinguished point is at distance exactly r from the boundary).

Let us now explain our approach in more precise terms. The starting point of our construction is
an infinite “Brownian tree” T, that consists of a spine isometric to [0, 00) and two Poisson collections
of subtrees grafted respectively to the left side and to the right side of the spine. For our purposes, it is
very important to distinguish the left side and the right side because we later need an order structure
on the tree. The trees branching off the spine can be obtained as compact R-trees coded by Brownian
excursions (so they are scaled versions of Aldous’ celebrated CRT). To be specific, in order to define



the subtrees branching off the left side of the tree, one may consider a Poisson point measure

Z 5(tz‘7€i)’
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with intensity 21 .)(t) dtn(de), where n(de) stands for the It6 measure of positive Brownian
excursions, and then declare that, for every i € I, the tree 7; coded by e; is grafted to the left side of
the spine at level t;. For subtrees branching off the right side, we proceed in the same way, with an
independent Poisson point measure. We equip ¥, with the obvious choice of a distance (see Section
below). Then ¥, is a non-compact R-tree, and, for every v € T, we can define the geodesic line segment
[p, v]] between the root p (bottom of the spine) and v, and we use the notation [|p, v[[= [[p, v]]\{p, v}
The tree T, may be viewed as an “infinite Brownian tree” corresponding to process 2 in Aldous [6].

We then introduce labels on T, that is, to each point v of T, we assign a real label A,,. We let the
labels on the spine be given by a three-dimensional Bessel process R = (R;);>0 started from 0. Then,
conditionally on R, the labels on the different subtrees are independent, and the labels on a given
subtree 7; branching off the spine at level ¢; are given by Brownian motion indexed by 7; and started
from Ry, at the root of 7; (which is the point of the spine at level ;). In other words, labels evolve like
linear Brownian motion when moving along a segment of a subtree branching off the spine.

We finally need a last operation, which ensures that we have only nonnegative labels. We let ¥
be the subset of T, that consists of all v € T, such that labels do not vanish along [Jp,v[. So the
spine is contained in ¥, but some of the subtrees branching off the spine in ¥, are truncated at points
where labels vanish. For each subtree 7;, the theory of exit measures gives a way to define a quantity
Zo(7;) measuring the “number” of branches of 7; that are cut in the truncation procedure (or in a
more precise manner, the “number” of points v of 7; such that A, = 0 but A, > 0 for every w €]p, v]),
and we write Zj for the sum of the quantities Zy(7;) for all subtrees 7; branching off the spine. We
have in fact Zy = oo a.s., but a key point of the subsequent discussion is to discuss conditionings of
the labeled tree ¥ that ensure that Zy < oc.

We are now in a position to define the random metric that will be used in the construction of the
non-compact models of random geometry of interest in this work. Set T° = {v € ¥ : A, > 0}, and for
v, w € T°,

D°(v,w) = Ay + Ay — 2max ( inf A,, inf Au),
u€v,w] u€w,v]

where [v, w] stands for the set of points visited when going from v to w clockwise around the tree
(see Section for a more precise definition). We slightly modify D°(v,w) by setting A°(v,w) =
D°(v,w) if the maximum in the last display is positive, and A°(v,w) = oo otherwise. Finally, we let
(A(v,w);v,w € T°) be the maximal symmetric function of (v, w) € T° x T° that is bounded above by
A° and satisfies the triangle inequality. It turns out that the function (v, w) — A(v,w) takes finite
values and can be extended by continuity to a pseudo-metric on ¥, and we may thus consider the
quotient space of T for the equivalence relation defined by setting v ~ w if and only if A(v,w) = 0.
The quotient space T/~ equipped with the metric induced by A is:

1. the Brownian plane under the special conditioning Zy = 0;
2. the infinite-volume Brownian disk with perimeter z > 0 under the special conditioning Zy = z;
3. the Brownian half-plane under no conditioning (then Zp = oo a.s.).

The really new contributions of the present work are cases 2 and 3, because case 1 corresponds to the
construction of the Brownian plane in [15] (which is different from the one in [I4]): in that case, the
conditioning on Zy = 0 turns the process of labels on the spine into a nine-dimensional Bessel process
X = (Xt)t>0 started from 0, and the subtrees branching off the spine are conditioned to have positive
labels (see Section below).

A remarkable feature of the preceding constructions is the fact that labels on ¥ have a nice
geometric interpretation in terms of the associated random metric spaces ¥/ ~. Precisely, the label A,
of a point v of ¥ is equal to the distance from (the equivalence class of) v to the set of (equivalence
classes of) points of zero label in ¥/~. The latter set is either a single point in case 1, or a boundary



homeomorphic to the circle in case 2, or a boundary homeomorphic to the line in case 3. Amongst
other applications, this interpretation of labels allows us to prove the above-mentioned result about the
complement of hulls in the Brownian plane. Write BP,, for the Brownian plane, and recall that the
hull B*(r) is defined by saying that its complement B®(r) := BP,\B*(r) is the unbounded component
of the complement of the closed ball of radius r centered at the distinguished point (bottom of the
spine) of BPs. Then Theorem [29| below states that (the closure of) B*(r) equipped with its intrinsic
metric is an infinite-volume Brownian disk whose perimeter is the boundary size [0B®(r)| (see [15] for
the definition of this boundary size).

Much of the technical work in the present paper is devoted to making sense of the conditioning
Zp = z in case 2, which is not a trivial matter because Zy = oo a.s. Our approach is motivated by
the previously mentioned result concerning the distribution of B* (r). At first, it would seem that
our construction of the Brownian plane from an infinite tree ¥ made of a spine equipped with labels
(X¢)t>0 (given by a nine-dimensional Bessel process), and labeled subtrees conditioned to have positive
labels, would be suited perfectly to analyse the distribution of a hull or of its complement. In fact, it is
observed in [I5] that the set B®(r) exactly corresponds to a subtree Ty consisting of the part of the
spine of ¥ above level L, := sup{t > 0: X; = r} and of the subtrees branching off the spine of ¥ above
level L, and truncated at points where labels hit » — furthermore the boundary size |0B*®(r)| is just the
sum of the exit measures at level r of all these subtrees. However, this representation of B* (r) seems
to depend heavily on r, even if labels are shifted by —r: in particular, the distribution of the process
(X1, +¢t — 7)t>0 depends on 7. Nevertheless, and perhaps surprisingly, it turns out that, if we condition
the boundary size |0B*(r)| to be equal to a fixed z > 0, the conditional distribution of the labeled tree
L) (with labels shifted by —r) does not depend on r, and this leads to the probability measure ©,
which is used in our construction of the infinite-volume Brownian disk. The precise construction of the
measures O, which involves an appropriate truncation procedure, is given in Section where we
also explain in which sense these measures correspond to the conditioning of case 2 above.

As the reader will have guessed from the preceding discussion, some of the technicalities in our
proofs are made necessary by the problem of conditioning on events of zero probability. For instance,
in order to define the free pointed Brownian disk with perimeter z and a given height » > 0, it is
relevant to condition the Brownian snake excursion measure N, (see Section [2| for a definition) on the
event that the exit measure at 0 is equal to z. It is not immediately obvious how to make a canonical
choice of these conditional distributions, so that they depend continuously on the pair (r, z). We deal
carefully with these questions in Section

Our proofs also rely on certain explicit distributions, which are of independent interest. In particular,
we prove that, in a free pointed Brownian disk of perimeter 1, the density of the distribution of the
distance from the distinguished point to the boundary is given by the function

pi(r) = 97" (7’ + gr‘g — <g>1/2 V7 (1 +72) exp (%) erfc(\/;)),

with the usual notation erfc(-) for the complementary error function. See Propositions [3[ and [14] below
for a short proof, which uses the representation of Brownian disks found in [28] (with some more work,
the same formula could also be derived from the representation in [9, [11]).

The paper is organized as follows. Section [2] contains a number of preliminaries, and in particular
we introduce the formalism of snake trajectories [3], and the associated Brownian snake excursion
measures, to code compact continuous random trees equipped with real labels. We also introduce the
notion of a “coding triple” for a non-compact continuous random tree. Such a coding triple consists of
a random process representing the labels on the spine, and two random point measures on the space
of all pairs (t,w), where ¢ > 0 and w is a snake trajectory (the idea is that, for every such pair, the
labeled tree coded by w will be grafted to the left or to the right of the spine at level t). The main
goal of Section [3]is to define the coding triple associated with the infinite-volume Brownian disk or, in
other words, to make sense of the conditioning appearing in case 2 above. Section [4] then gives the
construction of the random metric spaces of interest from the corresponding coding triples, starting
from the construction of the Brownian plane in [I5]. As an important ingredient of our discussion,

(a)

we consider the free pointed Brownian disk D" with perimeter z and height a (recall that the height
refers to the distance from the distinguished point to the boundary). The infinite-volume Brownian



disk with perimeter z is then obtained as the local limit of ]D),(za) in the Gromov-Hausdorfl sense when

a — 0o. In an analogous manner, we construct the Brownian half-plane and we verify that it is the
tangent cone in distribution of the free Brownian disk at a point chosen uniformly on its boundary.
Finally, Section [f]is devoted to our applications to the complement of hulls and to horohulls in the
Brownian plane, and Section [6] shows that our definitions of the infinite-volume Brownian disk and of
the Brownian half-plane are consistent with previous work.

2 Preliminaries

2.1 Snake trajectories

Continuous random trees whose vertices are assigned real labels play a fundamental role in this work.
The formalism of snake trajectories, which has been introduced in [3], provides a convenient framework
to deal with such labeled trees.

A (one-dimensional) finite path w is a continuous mapping w : [0,(] — R, where the number
¢ = ((w) = 0 is called the lifetime of w. We let VW denote the space of all finite paths, which is a Polish
space when equipped with the distance

dw (W, w') = |Cw) — Gwn) | + Sup (w(t A Ciwy) = W' (t A G-

The endpoint or tip of the path w is denoted by W = w(((y)). For z € R, we set W, = {w € W :
w(0) = z}. The trivial element of W, with zero lifetime is identified with the point z of R. We also
use the notation W, resp. W2°, for the space of all continuous functions w : [0, 00) — R, resp. the
set of all such functions with w(0) = x.

Definition 1. Let x € R. A snake trajectory with initial point x is a continuous mapping s — ws from
Ry into W, which satisfies the following two properties:

(i) We have wy = x and the number o(w) := sup{s > 0 : ws # x}, called the duration of the snake
trajectory w, is finite (by convention o(w) = 0 if ws = x for every s > 0).

(ii) (Snake property) For every 0 < s < s, we have ws(t) = wgy(t) for every t € |0, g11<n Cleon)]-
s<r<s’

We will write S, for the set of all snake trajectories with initial point  and & = (J,cg S: for the
set of all snake trajectories. If w € S, we often write Ws(w) = ws and (s(w) = ((,) for every s > 0.
The set S is a Polish space for the distance

ds(w,w’) = |o(w) — (W] + sup dy(Ws(w), Ws(w)).

s>0

A snake trajectory w is completely determined by the knowledge of the lifetime function s — (s (w)
and of the tip function s — W(w): See [3, Proposition 8]. If w is a snake trajectory, its time reversal
@ defined by Ws = w(y(w)—s)+ IS also a snake trajectory.

Let w € S be a snake trajectory and o = o(w). The lifetime function s — (s(w) codes a compact
R-tree, which will be denoted by 7, and called the genealogical tree of the snake trajectory. This
R-tree is the quotient space 7,y := [0,0]/~ of the interval [0, o] for the equivalence relation

s ~ s if and only if (s(w) = (y(w) = G (w),

min
sAs'<r<sVs’
and 7, is equipped with the distance induced by

no_ , _ i

dio(5:8) = G) + Golw) =2 iy G(w).
(notice that d,)(s,s’) = 0 if and only if s ~ s, and see e.g. [30, Section 3] for more information
about the coding of R-trees by continuous functions). We write p,) : [0, 0] — T for the canonical
projection. By convention, 7, is rooted at the point p(.) := p(,)(0), and the volume measure on 7,



is defined as the pushforward of Lebesgue measure on [0, o] under p(,y. If u,v € T, [[u,v]] denotes
the geodesic segment between u and v in 7(,,, and we also use the notation [[u,v[[ or [Ju,v[ with an
obvious meaning.

It will be useful to define also intervals on the tree 7). For s, s’ € [0, 0], we use the convention
[5,5'] = [s,0] U[0,5] if s > s (and of course, [s,s] is the usual interval if s < s'). If u,v € T, are
distinct, then we can find s,s" € [0,0] in a unique way so that p,,)(s) = u and p((s') = v and the
interval [s, s'] is as small as possible, and we define [u, v] := p(([s,s']). Informally, [u,v] is the set
of all points that are visited when going from u to v in “clockwise order” around the tree. We take
[u, u] = {u}.

By property (ii) in the definition of a snake trajectory, the condition p(,(s) = p(.(s’) implies
that Wi(w) = Wy (w). So the mapping s — Wy(w) can be viewed as defined on the quotient space
T(w)- For u € Ty, we set £y (w) := W, (w) whenever s € [0, 0] is such that u = P(w)(8) (by the previous
observation, this does not depend on the choice of s). We can interpret £, (w) as a “label” assigned to
the “vertex” u of 7. Notice that the mapping u + £, (w) is continuous on 7., and that, for every
s > 0, the path Ws(w) records the labels £,(w) along the “ancestral line” [[p(,), P()(s)]. We will use
the notation Wi (w) := min{l,(w) : u € T}

We now introduce two important operations on snake trajectories in §. The first one is the
re-rooting operation (see [3, Section 2.2]). Let w € S and 7 € [0, o(w)]. Then wll is the snake trajectory
in SVT/,n(w) such that o(wl!) = o(w) and for every s € [0, 0(w)],

G(@!") = diy (r,r & 5),

Ws (w[ﬂ) = Wigs(w),

where we use the notation r @ s =r+sifr+s <o(w),and r s =r + s — o(w) otherwise. By a
remark following the definition of snake trajectories, these prescriptions completely determine wl'l.
The genealogical tree ﬁw[r]) may be interpreted as the tree 7,y re-rooted at the vertex p(,,)(r) (see [18]
Lemma 2.2] for a precise statement) and vertices of the re-rooted tree receive the same labels as in
T(w)- We sometimes write W(w) instead of w!t.

The second operation is the truncation of snake trajectories. Let x,y € R with y < x. For every
w € W,, set

7y(w) == inf{t € [0, ((w)] : W(t) =y}

with the usual convention inf @ = oo (this convention will be in force throughout this work unless
otherwise indicated). Then, if w € S;, we set, for every s > 0,

t
Ns(w) = inf {t >0: ‘/0 du 1{<(wu)STy(wu)} > S}.

Note that the condition ((,,) < 7, (wy) holds if and only if 7, (wy) = 00 or 7 (wu) = ((,)- Then, setting
Wy = Wy, () for every s > 0 defines an element w’ of S, which will be denoted by tr,(w) and called the
truncation of w at y (see [3, Proposition 10]). The effect of the time change 7s(w) is to “eliminate”
those paths w;, that hit y and then survive for a positive amount of time. We leave it as an exercise for
the reader to check that the genealogical tree 7, (.)) is canonically and isometrically identified to the

closed set {v € T, : fu(w) >y for every u € [[p(,),v[[}, and this identification preserves labels.

2.2 The Brownian snake excursion measure on snake trajectories

Let £ € R. The Brownian snake excursion measure N, is the o-finite measure on S, that satisfies the
following two properties: Under N,

(i) the distribution of the lifetime function ({s)s>0 is the Itd6 measure of positive excursions of linear
Brownian motion, normalized so that, for every € > 0,

Nm<sup<s > 5) = %;

s>0



(ii) conditionally on ((s)s>0, the tip function (Ws)szo is a Gaussian process with mean x and
covariance function
K(s,s'):= min
sAs'<r<sVs’

Informally, the lifetime process ((s)s>0 evolves under N, like a Brownian excursion, and conditionally
on ((s)s>0, each path Wj is a linear Brownian path started from x with lifetime (5, which is “erased”
from its tip when (, decreases and is “extended” when (, increases. The measure N, can be interpreted
as the excursion measure away from x for the Markov process in W, called the Brownian snake. We
refer to [23] for a detailed study of the Brownian snake. For every y < z, we have

2(x—y)*
See e.g. [23, Section VI.1] for a proof.

The measure N, is invariant under the time-reversal operation w +— &. Furthermore, the following
scaling property is often useful. For A > 0, for every w € S;, we define 0)(w) € S, 5 by Ox(w) = W,
with

wi(t) := \f)\ws/Az(t/)\) , fors>0and 0<t< (= A e

Then it is a simple exercise to verify that 6\(N;) = AN_ .

Exit measures. Let z,y € R, with y < . Under the measure N, one can make sense of a quantity that
“measures the quantity” of paths Wy that hit level y. One shows [28, Proposition 34] that the limit

1t
L%/ = leli(r)l ?/0 ds l{ry(WS):oo,V/I\/s<y+6} (2)
exists uniformly for ¢ > 0, N, a.e., and defines a continuous nondecreasing function, which is obviously
constant on [o,00). The process (LY);>¢ is called the exit local time at level y, and the exit measure
Z, is defined by Z, = LY, = LY. Then, N, a.e., the topological support of the measure dL{ is exactly
the set {s € [0,0] : 7,(W,) = (s}, and, in particular, Z, > 0 if and only if one of the paths W, hits
y. The definition of Z, is a special case of the theory of exit measures (see [23, Chapter V] for this
general theory). We will use the formula for the Laplace transform of Z,: For A > 0,

N, (1 - exp(—AZ,)) = ((z = y)y/2/3+4712) . (3)

See formula (6) in [I5] for a brief justification.
It will be useful to observe that Z, can be defined in terms of the truncated snake tr,(w). To this
end, recall the time change (1s(w))s>0 used to define tr,(w) at the end of Section and set Lj = LY,

for every t > 0. Then LY, = LY, = Z,, whereas formula implies that

- 1t
y g N
Ly =lim = /0 A5 Le, ttry (w))<y+e) (4)

uniformly for t > 0, N, a.e.

2.3 The positive excursion measure

We now introduce another o-finite measure on Sp, which is supported on snake trajectories taking only
nonnegative values. For § > 0, let S©) be the set of all w € S such that SUP >0 (SUPse(0,¢, (w)] [Ws (t)]) > 6.
Also set

S ={w e Sy :ws(t) >0 for every s > 0,1 € [0, Cs(w)]} NSO,
By [3} Theorem 23], there exists a o-finite measure N* on &, which is supported on Sgr and gives finite

mass to the sets S for every § > 0, such that

N'(G) = lim = Ne(Gltro(w))),



for every bounded continuous function G on S that vanishes on S\S for some § > 0. Under N*, each
of the paths Wy, 0 < s < o, starts from 0, then stays positive during some time interval (0, «), and is
stopped immediately when it returns to 0, if it does return to 0.

The re-rooting formula. We can relate the measure N* to the excursion measures N, of the preceding
section via a re-rooting formula which we now state [3, Theorem 28]. Recall the notation w!¥l for the
snake trajectory w re-rooted at ¢. For any nonnegative measurable function GG on S, we have

N /0 Tatawh) =2 /0 " de N, (20 Gltro(w)))- (5)

Conditioning on the exit measure at 0. In a way analogous to the definition of exit measures, one can
make sense of the “quantity” of paths W that return to 0 under N*. To this end, one observes that
the limit

* . 1 7
ZO = 1;[}]161 ?/0 dS 1{WS<E} (6)

exists N* a.e. (this indeed follows from , using to relate N* to the distribution of tro(w) under
N, > 0).

According to [3, Proposition 33|, there exists a unique collection (N*#),~( of probability measures
on S such that:

(i) We have
N* = \/3/ dz 272 N*2,
21 Jo
(ii) For every z > 0, N*# is supported on {Zj = z}.
(iii) For every z,2' > 0, N*2' = 0./, (N*%).

Informally, N** = N*(. | Z§ = z).
It will be convenient to have a “pointed version” of the measures N**. We note that N“*(o) = z
(see the remark after |28, Proposition 15]) and define a probability measure on Sy x Ry by setting

2

N (dwdt) = 2 2 N*(dw) 1jg o) (t) dt.

2.4 Coding finite or infinite labeled trees

Many of the random compact (resp. non-compact) metric spaces that we discuss in the present work
are coded by triples (Z, M, M') where Z = (Z;)icjo,n) (resp. Z = (Zt)e[o,00)) 18 @ finite (resp. infinite)
random path, and M and M’ are random point measures on [0, ] x S (resp. on [0,00) X §). Such a
triple is called a coding triple, and we interpret it as coding a labeled tree, having a spine isometric to
[0, ] or to [0,00), in such a way that the path Z corresponds to labels along the spine, and, for each
atom (t;,w;) of M (resp. of M'), the genealogical tree of w; corresponds a subtree branching off the
left side (resp. off the right side) of the spine at level ¢;. The random metric spaces of interest are then
obtained via some identification of vertices in the labeled trees, and equipped with a metric which is
determined from the labels.

In this section we explain how coding triples are used to construct labeled trees. We follow closely
the presentation given in [15] for a special case.

The infinite spine case. We consider a (deterministic) triple (w, P, P’) such that:
(i) we W=,

(i) P = ier Ot wy) and P' = 3"c 04, wy) are point measures on (0,00) x S (the indexing sets I and
J are disjoint), and, for every i € I U J, w; € Sy(,) and o(w;) > 0;

(iii) all numbers t;, i € I U J, are distinct;



(iv) the functions
U ,Bu = Z 1{ti§u} O’(wi) , U 6; = Z 1{ti§u} a(wi) .
icl =
take finite values and are monotone increasing on R, , and tend to oo at oo (in particular, the
sets {t; : 1 € I} and {t; : i € J} are dense in (0,00));

(v) for every t >0 and € > 0,

#lie U ti<tand  sup [W(w)—w(t:)| > e} < oo, (7)
0<s<o(wi)

Such a triple (w,P,P’) will be called an infinite spine coding triple. Recall the notation 7 for
the genealogical tree of the snake trajectory w and p(,) for the root of 7(,). The tree 7o associated
with the coding triple (w, P, P’) is obtained from the disjoint union

[OaOO)U< U "f(wn)

1eluJ

by identifying the point ¢; of [0,00) with the root p(.,,) of T, for every i € I UJ. The metric
dr,, on Ts is determined as follows. The restriction of d7, to each tree 7, is the metric d,,) on
T(wy)> and the restriction of dr,, to the spine [0, 00) is the usual Euclidean distance. If x € 7, and
t € [0,00), we take dr_(z,t) = d(,) (2, py)) + [ti — t|. If 2 € T,y and y € T,,), with i # j, we take
A7 (7,y) = dw,) (T, py)) + 1t — tj| + dw) (Pw;), ¥). We note that T is a non-compact R-tree. By
convention, T is rooted at 0. The tree T is equipped with a volume measure, which is defined as
the sum of the volume measures on the trees 7(,), i € U J.

We can also define labels on 7. The label A, of x € T, is defined by A, = w(t) if z =t belongs
to the spine [0,00), and A, = £, (w;) if x belongs to 7(,,), for some i € I U J. Note that the mapping
x — A, is continuous (use property to check continuity at points of the spine).

For our purposes, it is important to define an order structure on 74,. To this end, we introduce
a “clockwise exploration” of T, which is defined as follows. Write (3, and ],_ for the respective
left limits at u of the functions v — 3, and u — f, introduced in (iv) above, with the convention
Bo— = By_ = 0. Then, for every s > 0, there is a unique u > 0 such that g,- < s < 3, and:

e Either we have u = t; for some i € I (then o(w;) = B, — fBr,—), and we set £ := p(,,y(s — By, ).
e Or there is no such 7 and we set £ = u.

We define similarly (€5 )s>0. For every s > 0, there is a unique u > 0 such that 8/,_ < s < ], and:

e Either we have u = t; for some i € J, and we set £ := p(,,)(B;, — 5)(= P, (s — Bt,—))-
e Or there is no such 7 and we set £, = u.

Informally, (€] )s>0 and (€] )s>0 correspond to the exploration of the left and right side of the tree Ts
respectively. Noting that & = &, = 0, we define (€;)ser by setting

o EF if s >0,
ST e, ifs<o.

It is straightforward to verify that the mapping s — & from R onto 7T is continuous. We also note
that the volume measure on 7, is the pushforward of Lebesgue measure on R under the mapping
s+ Es.

This exploration process allows us to define intervals on 7, in a way similar to what we did in Section
Let us make the convention that, if s > ¢, the “interval” [s, t] is defined by [s,t] = [s,00) U (—00, t].
Then, for every z,y € T, such that x # y, there is a smallest interval [s,t], with s,¢ € R, such that
Es = x and & =y, and we define

[z,y] :=={& 1 € [s,t]}.



Note that we have typically [z,y] # [y,z]. Of course, we take [z,z] = {z}. We sometimes also
use the self-evident notation |z, y[. For x € T, we finally define [x,00) = {&, : r € [s,00)}, where
s is the largest real such that & = x, and we define (—oo,z] in a similar manner. Note that
[z, 00) N (=00, z] = [z, 00[ is the range of the geodesic ray starting from z in Tx.

The finite spine case. It will also be useful to consider the case where w = (w(t))o<i<¢ is a finite path
in W with positive lifetime ¢, and P and P’ are now point measures supported on (0,(] x S. We then
assume that the obvious adaptations of properties (i)—(v) hold, and in particular (iv) is replaced by

(iv)" the functions u = By 1= > icr i<y 0(wi) 5 u = By, i= Xiey L, <uy 0(wi) take finite values and
are monotone increasing on [0, ¢].

The same construction yields a (labeled) compact R-tree (7, (Ay)ve7), with a spine represented by the
interval [0, (]. The distance on T is denoted by d7 and the labels are defined in exactly the same way
as in the infinite spine case. The tree 7 has a cyclic order structure induced by a clockwise exploration
function &, which is conveniently defined on the interval [0, ¢ + (]: Informally (&s,s € [0, 5¢]) is
obtained by concatenating the mappings p(,,) for all atoms (%;, w;) of P, in the increasing order of the
ti's, and (s, s € [B¢, Be + B¢]) is obtained by concatenating the mappings p(,,) for all atoms (¢;,w;) of
P’, in the decreasing order of the ;s (in particular, & = &4 B, is the root or bottom of the spine and
Sgg is the top of the spine). In order to define “intervals” on the tree 7, we now make the convention
that, if s,¢ € [0,8; + S¢] and t < s, [s,] = [s,8c + ] U [0,7]. In that setting, we again refer to
(w,P,P’) as a (finite spine) coding triple.

Here, in contrast with the infinite spine case, we can also represent the labeled tree (7T, (Ay)ye7)
by a snake trajectory w € Sy gy such that 7,y = T, which is defined as follows. The duration o(w)
is equal to ¢ + ¢, and, for every s € [0, B¢ + B¢], the finite path ws is such that () = d7 (&, Es)
and Ws; = Ag, (by a remark in Section this completely determines w). The snake trajectory w
obtained in this way will be denoted by w = Q(w, P, P’). We note that the triple (w,P,P’) contains
more information than w: Roughly speaking, in order to recover this triple from w, we need to know
s0 € (0,0(w)), such that the ancestral line of p(,(so) in the genealogical tree of w corresponds to the
spine.

It will be useful to consider the time-reversal operation on (finite spine) coding triples satisfying
our assumptions, which is defined by

TR ((W(t))o<i<c: D 0t 20 0wty ) = ((W(C = D)osi<c, 2 ety D 0ctiwn)- (8)

il jeJ jeJ il

We note that the labeled trees associated with the coding triples in the left and right sides of are
identified via an isometry that preserves labels and intervals, but the roles of the top and the bottom
of the spine are interchanged.

In Section [3] below we investigate relations between different distributions on coding triples, and in
Section 4] we explain how to go from (random) coding triples to the random metric spaces of interest
in this work.

Important remark. Later, when we speak about the tree associated with a coding triple (as we just
defined both in the finite and in the infinite spine case), it will always be understood that this includes
the labeling on the tree and the clockwise exploration, which is needed to make sense of intervals on
the tree.

Spine decomposition under N,. Let a > 0. We conclude this section with a result connecting the
measure N, with a (finite spine) coding triple. Arguing under N,(dw), for every r € (0,0), we can
define two point measures P(,) and Pér) that account for the (labeled) subtrees branching off the
ancestral line of p(,,)(r) in the genealogical tree 7. Precisely, if r is fixed, we consider all connected
components (u;,v;), i € I, of the open set {s € [0,7] : Cs(w) > mingg(s ) G(w)}, and for each i € I, we
define a snake trajectory w' by setting o(w") = v; — u; and, for every s € [0, 0(w")],

wé(t) = wui-i-S(Cui (w) + t) , for0<t< C(wg) = Q-Ui‘f‘s(w) - Cuz (w)
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Note that w’ € 85, » and &y, = w;(Cy;) by the snake property. We then set Py = 3";c1 (¢, wiy- To
define PET,), we proceed in a very similar manner, replacing the interval [0, 7] by [r, o].

Recall our notation (L2)s(o,4] for the exit local time at level 0. Let M,(R x S) stand for the set
of all point measures on Ry x S.

Proposition 2. Let a > 0 and let Y = (Y;)o<i<pv stand for a linear Brownian motion started from a
and stopped at its first hitting time of 0. Conditionally given Y, let M and M’ be two independent
Poisson point measures on Ry x S with intensity

2 l[O,TY} (t) de Nyt (dw) .

Then, for any nonnegative measurable function F' on W x Mp(Ry x S)?, we have
N, /UdLSF Wy, Py, Ply) ) =E|F(Y, M, M.
() (We, Py, Plry)) = E[F( )

It is straightforward to verify that N,(dw) a.e., for every r € (0,0), (W, Py, P

) is a coding
triple in the sense of the previous discussion (finite spine case), and Q(W;, P,), 77(7,)) =w.

Proof. We may assume that F(WT,P(T),PéT)) = (W, )FQ(P(T))F,?](P{T)) where F is defined on
W and F, and Fj are defined on Mp(R; x S). Let (79),>¢ be the inverse local time defined by
=inf{s > 0: L% > r}. Then,

/ dLO F1 (P( ))F3(73 / d’I"N (1{7—0<oo} Fl(W O)FQ(P(TO))Fg(P(TU))>
We may now apply the strong Markov property of the Brownian snake [23] Theorem IV.6], noting that
F1(W,0)Fs(Pro) is measurable with respect to the past up to time 7. Using also [23, Lemma V.5], we
get, for every r > 0,

Ng (1{Tg<oo} F1(WTQ)F2(7’(T9))F3(7’ng))) =Ng (1{Tg<oo} Fy(Weo) F2(Pr0)) IP’(WT’Q)(F?)))a

where, for any finite path w, we write P(") for the distribution of a Poisson point measure on R4 x M,(S)
with intensity 2 1[07C(w)](t) dt Ny, (dw). From the preceding two displays, we arrive at

Na< /0 ALY Fy (W) Fa (P F( 73(7, / ALY Fy(W,) Fa(Pyy) P ")(F3)>.
By the invariance of the excursion measure N, under time-reversal (this is an immediate consequence

of the similar property for the Ité6 measure of Brownian excursions), the right-hand side of the last
display is also equal to

/ ALY Fy (W) Fy(P(,) P! T)(F:a)),

where we write 75(’T)(dsdw) for the image of 73(’T) (dsdw) under the mapping (s,w) — (s,w). Then the
same application of the strong Markov property shows that this equals

/ ALY Fy (W) PY (Fy) POV (Fy)).
Finally, the first-moment formula in |23 Proposition V.3] shows that this quantity is also equal to
E[F(v) PY) (1) PO (Fy)]

with the notation of the proposition. This completes the proof. O
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Proposition [2| will allow us to relate properties valid under N, to similar properties for the triple
(Y, M, M'). Let us illustrate this on an example that will be useful later. Recall from that the exit
measure 2y satisfies

2y = hm n / ds {T()(Ws) o0, We<e}’ N, a.e.

Replacing the limit by a liminf, we may assume that Zy(w) is defined for every w € W. It is a simple
matter to verify that, N, a.e. for every r such that ¢, = 79(W,), we have

2= / Py (dtdw) Zo(w) + / Pl (dtde) Zo(). )

Then, if we define ZY := [ M(dtdw) Zo(w) + [ M'(dtdw) Zy(w), we deduce from Proposition [2] that,
for any nonnegative measurable function ¢ on R, we have N, (2 p(Z2)) = E[p(ZY)]. More generally,
set 7, = inf{t > 0:Y; =u} and Z) := [ M(dtdw) 1y ,vy Zu(w) + [ M'(dtdw) 14 vy Zo(w), for
every u € (0,a). Then we have

Na(Z00( 20, Zuys - - - 2u,)) = Elp(2Y, 2Y

(MERRER

Z,)) (10)

for every 0 < u; < --- <up < a and any nonnegative measurable function ¢ on Rﬁ“.

3 Distributional relations between coding processes

3.1 Some explicit distributions

Let us introduce the function

W(x) = i(ggl/2 + x—l/Q) —2(x + %) e” erfe(v/r), x> 0.

™

Note that ¥(x) = 2~ !'x3(x) in the notation of the Appendix below, and thus, by formula (A.3) there,

/OO e pp(z)de = (1+ V)™, A>0. (11)

0

Furthermore one checks from the explicit formula for ¢ that ¢ (x) = %l'_l/ 24+0(1)asz —0,and
P(z) = 2f 2752 1 O(x77/?) as x — oo.

Proposition 3. (i) Let a > 0. The density of Zy under N,(- N {2y # 0}) is

ha(z) := (%)Qw(%), z>0. (12)

(ii) For every z >0 and a > 0, set
po(a):=2(3) Vr2laTt (g ).
Then, a — p,(a) defines a probability density on (0,00), and for every nonnegative measurable function

g on [0,00),
_QN*Z / dsg / dap.(a)g(a).

Remark. The construction of Brownian disks in [28] allows us to interpret (ii) by saying that p, is
the density of the distribution of the distance from the distinguished point to the boundary in a free
pointed Brownian disk with perimeter z. See Proposition [14] below.
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Proof. (i) From (B)), we have for A > 0,

Na(l—exp( )\ZO) ( \/74_)\ 1/2) 2:223“2(1_*_(20;)\)—1/2)—2’

and in particular N, (2 # 0) = 525 in agreement with (I). On the other hand, by formula (A.4) in the
Appendix,

/Ooo(l — e‘&v)ﬂ;(l‘) dz = (1 + )\_1/2)_2

Part (i) follows by comparing the last two displays.

(ii) From (2)) and (6)), we get the existence of a measurable function I on S such that Z5 = I'(tro(w)),
N, (dw) a.e., for any a > 0, and also 2} = I'(w) = T'(wl) for every t € [0,0(w)], N*(dw) a.e. By
applying the re-rooting formula with G(w) = f(I'(w))g(wo), where f and g are nonnegative real
functions, we get

N* F(Z5) / ds g(W, —2/ dag(a Zof(30)>

The left-hand side can be written as

\/z /OOO dz 272 f(2) N*’Z(/OU dsg(Ws))

On the other hand, part (i) allows us to rewrite the right-hand side as

2/000dag(a) /Ooodzha(z)zf(z):2/Ooodzzf(z)/goodaha(z)g(a).

By comparing the last two displays, we get, dz a.e.,

zfQN*’Z(/ dsg(ﬁ\/s) —2\/277 3/2/ da hq( / dap;(a)g(a),
0

where p,(a) is as in the proposition. A scaling argument shows that this identity indeed holds for every
z > 0. Since 2 2N*?(g) = 1, p, is a probability density, which may also be checked directly. O

3.2 A distributional identity for coding triples

As we already explained, coding triples will be used to construct the random metric spaces of interest
in this work. The relevant case for the forthcoming construction of the infinite-volume Brownian disk
with perimeter z > 0 may be described as follows: we let R = (Rt)te[o,oo) be a three-dimensional
Bessel process started from 0, we assume that, conditionally on R, P and P’ are independent Poisson
measures with intensity 2 dt Ng, (dw), and finally we condition on the event Z = z, where Z denotes
the total exit measure at 0 of the atoms of P and P’. In Section we will give a precise meaning to
this conditioning and obtain a conditional distribution ©, on coding triples, which plays an important
role in the next sections. Before doing that, we need to develop certain preliminary tools, and we first
recall special cases of a well-known time-reversal property for Bessel processes. Let R be as above and
let X be a Bessel process of dimension 9 started from 0. Then, for every a > 0,

(a) If L, :=sup{t > 0: R; = a}, the process (Ry,,—¢,0 <t <L,) is distributed as a linear Brownian
motion started from a and stopped upon hitting 0.

(b) If Ly := sup{t > 0 : X; = a}, the process (X1, 0 <t <L,) is distributed as a Bessel process
of dimension —5 started from a and stopped upon hitting 0.

Both (a) and (b) are special cases of a more general result for Bessel processes, which is itself a
consequence of Nagasawa’s time-reversal theorem (see [35, Theorem VIL.4.5], and [35], Exercise XI.1.23]
for the case of interest here, and note that part (a) is due to Williams [37]). As a consequence of (a)
and (b), one gets that, for every a > 0, the process (R, +¢,t > 0) is independent of (R, 0 <t < L,),
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and similarly (Xi,,4¢,¢ > 0) is independent of (X,0 <t < L,). This property is used implicitly in
what follows.

Let us introduce some notation needed for the technical results that follow. We fix a > 0 and
consider a triple (Y, M, M’) distributed as in Proposition |2 Y = (Y;,0 < ¢ < TY) is a linear Brownian
motion started from a and stopped at the first time it hits 0, and, conditionally on Y, M and M’
are independent Poisson point measures on Ry x § with intensity 2 1jy rv)(¢) dt Ny, (dw). We also

introduce the point measures M and M’ obtained by truncating the atoms of M and M’ at level 0.
More precisely, for any nonnegative measurable function ® on Ry x S, we set

/ M(dtdw) B(t,w) = / M(dtdew) B(t, tro(w))

and M’ is defined similarly from M’. We will be interested in the triple (Y, M, Mv’), which we may
view as a coding triple in the sense of Section
We define

FAge / M(dtdew) Zo(w) + / M (dbdw) Zo(w)

in agreement with the end of Section [2.4] We saw that, for any nonnegative measurable function ¢ on
R, we have E[p(ZY)] = Nu(Zy »(Zp)). It then follows from Proposition (1) that the distribution of
ZY has density z hy(z). In particular, we have

E[e2"] = /Ooozha(z) e de = (14+ay20/3) (13)

by and . -
We write (@2“)) »>0 for a regular version of the conditional distributions of the triple (Y, M, M’)

knowing that Z¥ = z. The collection ((:),(Za)) »>0 is well defined only up to a set of values of z of zero
Lebesgue measure, but we will see later how to make a canonical choice of this collection.
Let us also fix r > 0. We next consider a triple (V, N, N), where

o V=(V,0<t<T V) is distributed as a Bessel process of dimension —5 started from r + a and
stopped at the first time it hits 7.

e Conditionally on V', A/ and N/ are independent Poisson point measures on Ry x S with intensity
2 1[0’TV} (t) dt NVt (dw N {W* > ()})7

where we recall the notation Wi (w) = min{W(w) : 0 < s < o(w)}.

We write A and N for the point measures obtained by truncating the atoms of A" and N’ at level r,
in the same way as M was defined above from M by truncation at level 0. We also introduce the exit
measure

zV = /N(dtdw)ZT(w) + /N’(dtdw)ZT(w).
As we will see in the next proof, the distributions of ZY and ZY are related by the formula

r+a
T

3 3 oY
ERr(2")] = (——) Eh(Z)e 272, (14)
In particular, the distribution of ZV also has a positive density on (0, co).
We let 9, stand for the obvious shift that maps snake trajectories with initial point = to snake
trajectories with initial point x —r. If = 37,01 (4, ;) 1S a point measure on Ry x S, we also write
Urit = 3 ier O(t;,0,w;)» Py abuse of notation.

Proposition 4. The collection ((:),(Za))z>0 is a regular version of the conditional distributions of
(V =1, 9. N, 9,.N") knowing that ZV = z.
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In other words, the conditional distribution of (V — r, O N, 9N ) knowing that ZV = z coincides
with the conditional distribution of (Y, M , M ) knowing that ZY = z. In particular, the conditional
distribution of (V —r, 0N, 0N ) knowing that ZY = z does not depend on 7, which is by no means
an obvious fact.

Proof. Recall our notation My(Ry x S) for the set of all point measures on Ry x S. As in the proof of
Proposition [2| if w is a finite path taking nonnegative values, we write P(W) (du) for the probability
measure on M,(R; x §) which is the distribution of a Poisson point measure on R, x S with intensity
21jp¢,](t) dt Ny () (dw). Denoting the generic element of Mp(R4+ x §) x My(Ry. x S) by (u, ), we
have the formula

. C(w) Cowy  dt
PO & PO (W, < 0) =/ (W* < 0)=0) = exp (- 4/0 dt Ny (W < 0)) = exp (- 6/0 W>
(15)

where in the left-hand side we abuse notation by writing p(W, < 0) instead of pu({(t,w) € Ry x S :
Wi(w) < 0}).

We then introduce a random finite path (U;)g<;<gv, which is distributed as a linear Brownian
motion started from r + a and stopped when hitting r (so U — r has the same distribution as Y). Let
P and P’ be random elements of M,(Ry x S) such that the conditional distribution of the pair (P,P’)
given U is P() @ PW)(dudy’). Define

U= [ Platdw)2,() + [ Pdide) 2, @)

and also write 75, resp. P , for the point measure P, resp. P/, truncated at level r. Then, the statement
of the proposition reduces to showing that the conditional distribution of (V, N , N ) knowing that
ZV = z coincides dz a.e. with the conditional distribution of (U, P, P’) knowing that ZV = z (an
obvious translation argument yields that (U — r, 9, P, 9, P, ZY) has the same law as (Y, M, M, zV)
above).

The first step of the proof is to verify that, for any nonnegative measurable functions F' and G
defined on W and on M,(R; x S)? respectively,

E[F(U)G(P,P')

(W. <0) = P'(W. < 0) = 0|
=E[F(V)PY) @ PG, ) | (W < 0) = /(W < 0) = 0]]. (16)

To prove , we first apply to get

v dt ro\3
/
IP(F(W*<O) P' (W, <0) O) exp 6/ 7“—|-a>

where the last equality is easily derived by using It6’s formula to verify that U3, exp(—6 fg/\TU U;2ds)

tAT
is a martingale. So we have

(- j; a)SE (PGP, P)

=E [F(U)G(P P’ 1{7>(W*go):7>f(w*§o)=o}]
E

{F(U) PO @ PG (p, ) l{u(W*SO):u’(W*go):O}ﬂ

(W. <0) = P'(W. < 0) = 0|

PO exp (=6 [ 55) PO 0 PG | . <0) = /(7. <0) = 0]

using in the last equality. To complete the proof of , we just observe that, by classical absolute
continuity relations between Brownian motion and Bessel processes, the law of U under the probability

measure -
dt
(T + a) exp —6 / -P
r
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coincides with the law of V' under P (see |26, Lemma 1] for a short proof).
Let us complete the proof of the proposition. By a standard property of Poisson measures and the
definition of the pair (M, N”), we have

E[GWN,N') | V] =PV @ PV[G(u, ) | p(Ws < 0) = (W, < 0) = 0].
It thus follows from that

E[F(U)G(P,P')| P(W. < 0) = P'(W. < 0) = 0] = E[F(V)E[GIN,N")| V] = E[F(V) G, N")].

In particular, for any nonnegative measurable function h on [0, c0), we have
E[F(U)G(P, P)h(ZY) | P(W. < 0) = P'(W. < 0) = 0] = B[F(V) GW,N") h(2")].

The left-hand side of the last display is equal to

<r+a

L) B [F0)GP, PIh(EY) exp(— oy 2V)]

because, on one hand, we saw that P(P(W, <0) =P/ (W, <0)=0) = (HLa)?’ and, on the other hand,

the special Markov property (see e.g. the appendix of [27]) and show that

P(POV. < 0) = PV, <0) = 0 U7, P') = exp(— 55 2¥).

We can find nonnegative measurable functions ¢; and ¢3 on [0,00) such that
E[F(U)GP,P)| 2] = pi(2Y) . E[F(V)GN.N') | 2¥] = a(2"),

and it follows from the preceding considerations that, for any function h,

+
(rra

3 3
) Elp1(2Y) h(2Y) exp(—5 5 2")] = Elpa(2")(2")]. (17)
By specializing this identity to the case F' =1, G = 1, we get the relation between the distributions
of 2V and ZY (recall that ZY has the same distribution as ZY). But then it also follows from
that (for arbitrary F' and G) we have E[p1(ZV)h(ZY)] = E[p2(Z2")h(ZY)] for any test function h, so
that ©1(ZY) = p2(Z2Y) a.s. and ¢1(z) = ¢2(z), dz a.e., which completes the proof. O

(a) (a)

For every z > 0, we let O3 denote the image of O:" under the time-reversal transformation TR
in . Since the process (Y;,0 < ¢t < TY) is mapped by time-reversal to a three-dimensional Bessel
process started from 0 and stopped at its last passage at a (by property (a) stated at the beginning of
the section), we could have defined @2“) directly in terms of conditioning a coding triple whose first
component is a three-dimensional Bessel process up to a last passage time. The connection with the
discussion at the beginning of this section should then be clear: @E“) is the analog of the probability
measure O, we are aiming at, when the three-dimensional Bessel process is truncated at a last passage
time.

3.3 The coding triple of the infinite-volume Brownian disk

In this section, we define the probability measures ©,, z > 0, which were introduced informally at the
beginning of the preceding section. Roughly speaking, the idea is to get ©, as the limit of @2“) as
a — oo. Proposition |§| below will also show that, for every r > 0, the collection (©,),~¢ corresponds to
conditional distributions of a coding triple whose first component is a nine-dimensional Bessel process
considered after its last passage time at r (compare with Proposition . The latter fact is the key to
the identification as infinite-volume Brownian disks of the complement of hulls in the Brownian plane.
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We consider a triple (X, £,R) such that X = (X;);>0 is a nine-dimensional Bessel process started
from 0 and, conditionally on X, £ and R are two independent Poisson measures on Ry x § with
intensity

2dt Ny, (dw N {W, > 0}).

We also set, for every r > 0,
L, :=sup{t >0: X; =r}. (18)

In what follows, we fix r > 0, and we shall be interested in atoms (¢,w) of £ or R such that ¢ > L.
More precisely, we introduce a point measure £(") as the image of

11,00y (1) £(cl o)

under the mapping (t,w) — (t — L,, 9,w) (where ¥, is the shift operator already used in Proposition
. In a way similar to the previous section, we define £ by truncating the atoms of £(") at level 0
(more precisely, £(") is the image of £") under the mapping (t,w) — (¢, tro(w))). We define similarly
R and R(") from the point measure R. Finally, we set

20 = / L7 (dtdw) Zo(w) + / R (dtdw) Zo(w)
= [ £ldtd) Lt 0y (8) Z,() + [ R{dt) L, 0(8) 2, () (19)
and we also consider the process (Xt(r))tzo defined by

x" =Xy -1

By [15, Proposition 1.2], the distribution of Z(") has a density given by
1 _ 3z
kr(z) = N 33/2071/2 =8 ,1/2 =35 (20)

Our first goal is to verify that the conditional distribution of the triple (X (T),E(T),ﬁ(r)) knowing
that Z(") = 2 does not depend on r. Note that, for instance, the unconditional distribution of X ()
depends on 7.

We will deduce the preceding assertion from Proposition @, but to this end a truncation argument
is needed. So we consider a > 0, and we set

Lg’”) :=Lyiq — L, =sup{t >0: Xt(r) =a}.
We then setll]

L) (dtdw) = 1[0,L$f)}

L0F0) (dtdw) = 1

(t) £ (dtdw),

L0 ey (D) £ (dtdw),

and we define R(rrta) and R+6:2) in g similar way from R("). As previously, we let £("7+a) £(r+a.c0)
R(rrta) R(r+a:00) gtand for these point measures truncated at level 0. We finally set

Z(rrta) _ / LOT (dtdw) Zo(w) + / RO+ (dtdw) Zo(w)
Zrta.o) — / L£+0%2) (dtdw) Zo(w) + / R+220) (Atdw) Zo(w).
Obviously Z(") = z(rr+a) 4 z(r+a,09) =~ Also, the random variables Z(""+%) and Z("+%) are independent,

as a consequence of the independence properties stated at the beginning of Section [3:2] after properties
(a) and (b).

1Our notation is somewhat misleading since £ %) and R("+%°°) hoth depend on r and not only on 7 + a. Since r
is fixed in most of this section, this should not be confusing.
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Lemma 5. The collection (@2“))Z>0 18 a reqular version of the conditional distributions of the triple
(r) ~(ror+a) (r,r+a
((Xt )OSLLSLSIT)’ﬁ( )7R( ))

(ry+a) —

knowing that Z z.

This lemma is merely a reformulation of Proposition [d} The point is that the time-reversed process
(XLys0—t) 0<t<L) is distributed as a Bessel process of dimension —5 started from r 4+ a and stopped
upon hitting r (by property (b) stated at the beginning of Section . Recalling our notation TR for
the time-reversal operation defined in , it follows that

(TR((x;") Lorren) Rlrrsa) g0rea)

o<t<L.{")
has the same distribution as ((V —r, 9N , N "), ZV), with the notation introduced before Proposition
[4l The result of the lemma now follows from Proposition [4]

Since the distribution of Z(""+9) is the same as the distribution of ZY in the preceding section, it
has a positive density with respect to Lebesgue measure, which we denote by g, ,(z). Recalling that
ZY has density zhq(2), (4] gives the explicit expression

r+a>3 3z

Gra(2) = ( e 22 z hy(2) (21)

r

where h, is defined in .
On the other hand, the distribution of Z("+%%) may be written in the form

(1 —¢rq)00(dz) + Yp0(dz)

where €, 4 € [0, 1] and the measure T, , is supported on (0,00). Note that

3
Era = Tr,a((()? OO)) = ]P)<Z(T+a700) > 0) =1- <T‘ —CIL- a)

where the last equality follows from Lemma 4.2 in [I5], using the fact that N (0 < W, < r) =
3((x —r)"2 = 272) for z > r. In particular, &,, — 0 as a — <.

Recall that k,(z) denotes the density of Z(") (cf. (20)). Since Z() = z(rr+a) 4 z(r+a0)  and
z(rrt+a) and 2(r+a:29) are independent, the conditional distributions of Z("+®%) knowing that Z() = z

are defined in a canonical manner by

Vra(d2' | 2) = = (1= €ra)gra(2) 80(d2) + gra(z — 2') Tra(d2)).

1
kr(z)

In particular, we have for every z > 0,

{0} 2) = E=aleal2)

and the explicit expression can be used to verify that g, ,(2) — k(z) as a = oo. It follows that

vra({0}|2) — 1. (22)

a—o0

Recall the scaling transformations 6 on snake trajectories defined in Section It will also be
useful to consider restriction operators which are defined as follows. For every a > 0, R, acts both on
WE° x My(Ry x 8)? and on Wy x M,(Ry x S)? by

R (W2 0 20t = (Va2 Fwwrs 2 Oun)s  (23)
jeJ

i€l i€l t; <A@ (w) FETH <A@ (w)

where A(@ (w) = sup{t > 0: w(t) < a} for w € W§° or w € W).

18



Proposition 6. We can find a collection (©.),~¢o of probability measures on W x M,(R; x S)? that
does not depend on r and is such that, for every r >0, (©,).>0 is a regular version of the conditional

distributions of the triple
(X(T)7 L0, ﬁ(r))

knowing that Z(") = z. This collection is unique if we impose the additional scaling invariance property:
for every A >0 and z > 0, Oy, is the image of ©, under the scaling transformation

S (w Z%HMZCS 5) = (VAWC/N): Y 60at3 ) 2 00 0300 )

el icl jedJ

Proof. Let r > 0, and let (6, ,).>0 be a regular version of the conditional distributions of (X (r), L), ﬁ(r))
knowing Z (") = 2. Our first goal is to verify that (O, ).~¢ does not depend on r, except possibly on a
values of z of zero Lebesgue measure. To this end, let ¢ > 0 and let G be a measurable function on
W x M,y(R4 x 8)? such that 0 < G < 1. Then, for every a > ¢, and for every nonnegative measurable
function f on (0, c0),

[ d21(2) £(200:,(G 0 ) = EIG((X(") Lo, ROTE) f(20)]

o<t<LI)

) {E[G((Xt(r) E(r,r—i—c)’ﬁ(r,r—&-c)) | Z(r,r+a)] f(Z(r,r—‘rQ) + Z(T’+a,oo)):|

)OStSLgT) )

where we use the fact that Z+%%) is independent of ((X\") Lrrte) Rrrte)) z(rrta)y ¢

o<t<L{)
write the last equality. By Lemma [5 we have

E[G((Xt(r)) E(T’H'c), ﬁ(r,r-ﬁ-c)) ’2(7"7r+a)] _ (I)(Z(r,r—i—a))

o<t<L{

where ®(z) = 0 (G o R.). Using the explicit distribution of 2"+ and Z+4) we thus get

/ dz ko ( 0..(GoR,) / Ay gr.ay / — £r.a)00 + Tra)(dy) fy +y') O (G o R,)
:/dzk‘r 2) f(z /Vﬁa(dz | )@ia)z,(Goiﬁc).

It follows that we have, dz a.e.,
0:0(GoR) = [ 1rald2'12) 0 (G 0 Re) = vyal{0}] 2) OL(F) + iy (2

where the “remainder” &, 4(z) is nonnegative and bounded above by 1 — v,.,({0} | z). Specializing to
integer values of a and using , we get, dz a.e.,

lim 0" (GoR.) =0,,(GoR,).

N3k—o0

Since the left-hand side does not depend on r, we conclude that, for every 7,7’ > 0, we must have
0.,(GoR.) = 0, ,,(GoR,), dz a.e., and since this holds for any ¢ > 0 and any function G, we
conclude that ©, = ©, ,/, dz a.e. So, if we take 0, = ©. 1, the collection (éz)z>0 satisfies the first
part of the statement.

It remains to obtain the scaling invariance property. To this end, we first observe that the process

X{)\} th/A

remains a nine-dimensional Bessel process started from 0. Furthermore, with an obvious notation, we
have Li% = AL, for every r > 0. Then, it is straightforward to verify that the image of £ under the

D Otiw) 7 D S0 (i) (24)

il i€l

transformation
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is, conditionally on X{* a Poisson point measure with intensity

2dt NX{)\} (dw N {W, > 0}).

It follows that the image of £(") under the scaling transformation has the same distribution as

We also note that, for every x > 0, we have Zy(0)\(w)) = A Zp(w), N;y(dw) a.e. By combining the
preceding observations, we get that, for every r > 0, the image of the triple (X "), L), ﬁ(r)) under the
scaling transformation ¥, has the same distribution as (X X V) Z(”ﬁ) ﬁ(rﬁ)) and moreover the exit
measure at 0 associated with (X (), L) R(T)) is AZ(), By considering conditional distributions
with respect to Z(") and using the first part of the proof, we obtain that ZA(G ) = O, for a.e. z> 0.
A Fubini type argument allows us to single out zg > 0 such that the equality C) Azg = 2 )\(@zo) holds for
a.e. A > 0. We then define, for every z > 0,

Clearly the collection (©,),0 is also a regular version of the conditional distributions of the triple
(X, L) ﬁ(r)) knowing that Z(") = z (for any 7 > 0). Furthermore, by construction, the equality
YA(©,) = 0,, holds for every z > 0 and A > 0. This completes the proof, except for the uniqueness
statement, which is easy and left to the reader. O

From now on, (0,),>0 is the unique collection satisfying the properties stated in Proposition @
Thanks to the scaling invariance property, we can in fact define this collection without appealing to
any conditioning. We consider the triple (X "), Z(T), ﬁ(T)) as defined at the beginning of the section,
and recall the notation Z(" and the scaling operators Xy in Proposition

Proposition 7. Let r > 0 and z > 0. Then ©, is the distribution of ZZ/Z(,«) (X(’"), E(T),ﬁ(’”)).

Proof. Let F be a nonnegative measurable function on W™ x M,(R+ x §)?, and recall that the
distribution of Z(") has density k,(z). Then, using Proposition |§|,

E[F (2220 (X0, 20, R)] = [~ dyky () ©,(F 0 £.,) = O.(P)

is ©,. O]

since the image of ©, under 3, /,

Proposition [7] is useful to derive almost sure properties of coding triples distributed according to
©,. We give an important example.

Corollary 8. Let z > 0, and let T be the labeled tree associated with a coding triple distributed
according to ©,. Write (Ay)yer for the labels on T and (Es)scr for the clockwise exploration of T .
Then,

lim Ag, =00, a.s.

|s|—o00

Proof. By Proposition [7}, it suffices to prove the similar statement for the labeled tree associated with
(X0, £0) RO, or even for the labeled tree associated with (X, £, R). In the latter case this follows
from [I5, Lemma 3.3]. O

3.4 The coding triple of the Brownian disk with a given height

The fact that the collection (0;),~¢ has been uniquely defined will now allow us to make a canonical
choice for the conditional distributions (@2“)) »>0 (until now, these conditional distributions were only

defined up to a set of values of z of zero Lesgue measure). This will be important later as we use @2“)
to construct the free pointed Brownian disk with perimeter z and height a.

Recall the restriction operator R, introduced in (23)), and the notation A\ (w) = sup{t > 0 :
w(t) <a} for w e W§° or w € W.
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Proposition 9. Let a > 0, and define a function W, o : W§° x Mp(Ry x S)? — Ry U {oo} by

( Z‘St“wz 25@’ ' ) = min( inf Wi(wi), inf W}(wé))

el i€l t;>A9) (w) FET ;>N (w)
Then, we have ©.(W, ) > 0) = VT 21/2378/263 212 ho(2) and 0:(Wi @ >0) — 1 asa — <.
Furthermore, we can choose the collection (@§“>)z>0 so that, for every z > 0, @,(Za) is the pushforward

of ©.(- | Wy (@) > 0) under R,.

Proof. Let r > 0 and a > 0. For test functions f and F defined on Ry and on W x M,(Ry x W)?
respectively, we have from Proposition [6]

/dzk‘ (FOSR 1ow, (a)>0}>
— E{f( z(r )) ((Xt(r))ogtSLgr)’L(r,rJra)’r]Aé(r,rJra)) 1{Z(T+am):0}}
= E[f(z(rﬂ"‘f'a)) F((le(r))ogtSLgT)’Z(T7T+a)’ ﬁ(r,r—i—a))} % P(Z(r—&-a,oo) _ O)

z

= [ 42000(2) $(2) O (F) x B(200) <),
using Lemma [5|in the last equality. It follows that we have dz a.e.,
kr(2) 02 (F o Ra Ly, 50y) = Gra(2) P(ETT) = 0) ©(F).

For I' = 1, we get that the equality k(2) ©.(W, 4y > 0) = gr.a(2) P(Z(r+a20) = 0) = g,4(2) (N%a)g‘

holds dz a.e., but then, by a scaling argument using also the monotonicity of ©,(W, ) > 0) in the vari-
able a, it must hold for every z > 0 and a > 0. It follows that ©.(W, ) > 0) = (kr(2)) ' gra(2) (Tia)?’,
and the explicit formulas for k,.(2) and grq(2) give the first assertion of the proposition. Furthermore,

the previous display gives

©: (F °NRa 1{W*,(a>>0})
@z(W*,(a) > 0) ’

dz a.e. The second assertion follows. O

0L (F) =

In what follows, we assume that, for every a > 0, the collection (@@)Do is chosen as in the

preceding proposition, and that the collection (éé“)) »>0 is then derived from (@2“)) »~>0 Vvia the time-

reversal operation. From the scaling properties of (©,),~0, one checks that, for every A > 0, the

) (V3a)

pushforward of (9( under the scaling operator Xy is ©

The following corollary, which relates the measures @2 ) when a varies (and z is fixed) is an
immediate consequence of Proposition @ Before stating this corollary, we note that both R, and W, (,)
still make sense as mappings defined on Wy x M, (R4 x S)2.

Corollary 10. Let 0 < a < a’. Then we have

a3hy(2)
a’3hg (2)’

z

@(a/)(W*,(a) > 0) =

and O\ is the pushforward of oL ( | Wi (a) > 0) under R,.

We now use the collection ((:),(Za)) »>0 to construct a regular version of the conditional distributions
of tro(w) under N, knowing Zy = z, for every a > 0 and z > 0. This regular version is a priori unique
up to sets of values of z of zero Lebesgue measure, but for our purposes it is important that the
conditional distribution is defined for every z > 0.

We fix a > 0 and consider a triple (Y(z),ﬂ (=), le(z)) distributed according to é,(za) . As explained
at the end of Section [2.4] (finite spine case), we can use this triple to construct a snake trajectory,
which belongs to S, and is denoted by Q(Y () ﬂ(z),ﬂ’(z)). We write N,(f) for the distribution of the
snake trajectory Q(Y ), M) M),
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Proposition 11. The collection (Ngz))z>0 forms a regular version of the conditional distributions of
tro(w) under N, knowing that Zy = z.

Proof. Recall the notation introduced before Proposition Under the measure N, (dw), we can consider,
for every s € (0,0(w)), the point measure P, (resp. Pé s)) that gives the snake trajectories associated
with the subtrees branching off the left side (resp. off the right side) of the ancestral line of the vertex
P(w)(s) in the genealogical tree of w. Also use the notation P,y (resp. 73(’ s)) for the point measure Py
(resp. 73(’ S)) “truncated at level 0”. This makes sense if s is such that Wy(t) > 0 for 0 < t < (s, which
is the case we will consider. From Proposition [2| and using also @, we have, for every nonnegative
measurable functions f and F defined on R4 and on W x M,(R; x §)? respectively,

Na(/og dL(s) f(20) F(Ws,ﬁ(s), 7563))) = E[f(ZY) F(Y, MV,MV,)}, (25)

where (Y, M, M') and Z¥ are as in Section Notice that, dL? a.e., we have tro(w) = Q(Wi, 75(5), 7569)).

Hence the previous identity also gives, for every nonnegative measurable function H on S,
Na(Z0/(Z0) H(tro(w))) = E[f(2") H(Q(Y, M, M))]. (26)

Since the density of ZY is zh4(2) and 0" is the conditional distribution of (Y, M, M) given Z¥ = z,
the right-hand side can be written as

/ dz zhe(2) f(2) OW(H 0 Q) = / dz zha(2) f(2) NG (H),

by the very definition of N((f). The statement of the proposition follows. O

From the scaling properties of the measures og“), we immediately get that, for every A > 0, the

pushforward of N((f) under the scaling transformation ) is N((l)‘z/)\.

In view of further applications, we also note that the definition of the exit local time at 0 makes

sense under N((f). Precisely, one gets that, N&Z) (dw) a.e., the limit

- 1t

LY .= 16%15—2/0 ds 1{Ws(w)<€} (27)
exists uniformly for ¢ > 0, and L%, = L0 = z. If N is replaced by N, (and Wy(w) by Wi(tro(w)))
this is just formula in Section So is a conditional version of , which must therefore hold
fo) a.e., at least for a.e. value of z. But then a scaling argument, using also the way we have defined
the conditional distributions N((f) and Corollary shows that indeed holds for every z > 0. We
omit the details.

4 From coding triples to random metric spaces

4.1 The pseudo-metric functions associated with a coding triple

Let (w,P,P’) be a coding triple satisfying the assumptions of Section in the infinite spine case, and
let (T, (Ay)ver) be the associated labeled tree. We suppose here that labels take nonnegative values,
Ay > 0 for every v € T, and we set 7° :={v €T : A, >0} and 9T = T\T°. We assume that 07T
is not empty and that all points of T are leaves (points whose removal does not disconnect 7). In
particular, 7° is dense in 7. We denote the clockwise exploration of 7 by (&;)ier, and we assume
that either Ag, — o0 as |t| — oo, or the set {t € R: Ag, = 0} intersects both intervals [K, co) and
(=00, —K], for every K > 0. This ensures that inf,,cf,.) Aw is attained for every “interval” [u,v] of T
We define, for every u,v € 7°,

wE[u,v) we[v,ul weE[u,v) we[v,ul

A®(u, v) = { Ay + Ay — 2max( inf A, inf Aw) if max( inf A, inf Aw) >0, 28)

400 otherwise.
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We then let A(u,v), u,v € T° be the maximal symmetric function on 7° x 7° that is bounded above
by A° and satisfies the triangle inequality:

P

A(u,v) = uo:u’gﬁf.’up:v z; A°(ui-1,u;) (29)
=

where the infimum is over all choices of the integer p > 1 and of the finite sequence ug,u1,...,u, in T

such that ug = v and u, = v. Then A(u,v) < oo for every u,v € 7°. Indeed, a compactness argument

shows that we can find finitely many points ug = w,u1,...,up—1,u, = v belonging to the geodesic

segment [[u,v]] of 7 and such that A°(u;—1,u;) < oo for every 1 <i <p.

Furthermore, the mapping (u, v) — A(u,v) is continuous on 7° x 7° (observe that A°(uy,u) — 0
if u,, — w in 7°, and use the triangle inequality). We note the trivial bound A°(u,v) > |Ay, — Ayl,
which also implies

Au,v) > |Ay — Ayl (30)

We will call A°(u,v) and A(u,v) the pseudo-metric functions associated with the triple (w, P, P’).
From now on, let us assume that the function (u,v) — A(u,v) has a continuous extension to 7 x T,
which is therefore a pseudo-metric on 7. We will be interested in the resulting quotient metric space
T/ ~ where the equivalence relation = is defined by saying that u ~ v if and only if A(u,v) = 0. By
abuse of notation, we will write 7 /{A = 0} instead of T/ ~. We write II for the canonical projection
from 7 onto T /{A = 0}. We also write Ay, = A, when x € T/{A =0} and u € T are such that
z = II(u) (this is unambiguous by (30)).

If v € T/{A = 0} is such that A, > 0, we can define a geodesic path starting from x in the
following way. We pick u € T such that II(u) = = and then s € R such that £ = u. We then define

) = (4 )oren, by setting 11 = TI(E (), with

(s) . { inf{t >s:Ag, = Ay — 71} if inf{Ag :t>s}<Ayp—r,
T inf{t <s:Ag, = Ay —r}  if inf{Ag 1t >s}> A, — 7

It is then a simple matter to verify that v(*) is a geodesic path in (7/{A = 0}, A), which starts from z
and ends at a point belonging to II(07). On the other hand, the bound shows that A(z,y) > A,
if y € II(OT). It follows that A(z,II(OT)) = A, for every z € T/{A = 0}. The path 7(*) is called a
simple geodesic (see e.g. [20, Section 2.6] for the analogous definition in the Brownian map).

We finally note that 7/{A = 0} is a length space, meaning that the distance between two points is
equal to the infimum of the lengths of paths connecting these two points. To get this property, just
notice that, if u,v € T° and A°(u,v) < oo, then A°(u,v) coincides with the length of a path from
II(u) to II(v), that is obtained by concatenating two simple geodesics starting from II(u) and II(v)
respectively, up to the time when they merge. More explicitly, if A®(u,v) = Ay + Ay — infy,cpy ) Aw,
and if the reals s’ and s” are such that & = u, & = v and [u,v] = {&, : r € [¢,s"]}, then the
concatenation of (H(’yﬁsl)), 0 <7 <Ay —infyepy,y Aw) and (H(’y,gsu)), 0 <7 <Ay —infyep Aw) gives
a continuous path from II(u) to II(v) with length A°(u,v), which furthermore is contained in II([u, v]).

4.2 The Brownian plane

As an illustration of the procedure described in the previous section, and in view of further developments,
we briefly recall the construction of the Brownian plane given in [I5]. We consider a (random) coding
triple (X, £, R) distributed as in Section

e X = (X})¢>0 is a nine-dimensional Bessel process started from 0.

e Conditionally on X, £ and R are independent Poisson point measures on Ry x S with intensity

2dt Ny, (dw N {W, > 0}).
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It is easy to verify that the assumptions of Section hold a.s. for (X,L,R), and thus we
can associate an infinite labeled tree (72, (Ay),e7z) with this coding triple. The assumptions of
the beginning of Section also hold (notice that the condition limy_,., Ag, = oo holds by [I5,
Lemma 3.3]), and we introduce the two pseudo-metric functions AP°(u,v) and AP(u,v) defined for
u,v € TR :={v e T2 : A, > 0} via formulas and (29). In that case, since the root of 72 is
the only point with zero label, it is easy to see that at least one of the two infima inf, [y, ) Aw and
infyepy,u] Aw is positive, for any u,v € TZ° . Furthermore, it is immediate to obtain that AP°(u, )
and AP(u,v) can be extended continuously to 72 — in fact in that case we can define AP°(u,v) for
every u,v € T2 by the quantity in the first line of , and use formula to define AP(u,v) for
every u,v € T2. One can prove [I5, Section 3.2] that, for any u,v € T2, AP(u,v) = 0 if and only if
AP°(u,v) = 0.

The Brownian plane BP, is defined as the quotient space T2 /{AP = 0} equipped with the distance
induced by AP (for which we keep the same notation AP) and with the volume measure which is the
pushforward of the volume measure on 72 under the canonical projection. We note that BP., comes
with a distinguished point p, which is the image of the root of 72 under the canonical projection.
Furthermore, we have AP(p,xz) = A, for every x € BPy

The Brownian plane is scale invariant in the following sense. If F is a pointed measure metric space
and A > 0, we write A - F for the same space F with the metric multiplied by the factor A and the
volume measure multiplied by the factor A\* (and the same distinguished point). Then, for every A > 0,
A - BPo, has the same distribution as BP,

4.3 The pointed Brownian disk with given perimeter and height

In this section, we explain how a free pointed Brownian disk with perimeter z and height a is constructed
from the measure Nﬁf) defined in Section . This is basically an adaptation of [28], but we provide
some details in view of further developments.

We start with a preliminary result. Recall the notation hq(2) and p.(a) in Proposition [3|

Proposition 12. For any nonnegative measurable functions G and f defined respectively on S and on
R4, for every z > 0, we have

22N / atG(wl) £(i7,)) / dap.(a) f(a) NO(@).
Proof. We may assume that both G and f are bounded and continuous. Then the argument is very

similar to the proof of Proposition [3](ii) (which we recover when G = 1). Let g be a nonnegative
measurable function on Ry. We use the re-rooting formula , and then Proposition (i), to get

N ([T ar Gt f(iWg(25)) =2 [ daNa (20 Glro(w)) f(a) o(Z0))
_ 2/000 da f(a) /OOO dz ha(2) 29(2) Na(G(tro(@)) | Zo = 2)
_ 2/000 dz 2g(2) /OOO daha(2) f(a) NO(G).

On the other hand, the left-hand side is also equal to

\/g /OOO dz z7%%¢(z) N*’z(/oa dt G(w't) f(ﬁ\/t)>

Since this holds for any function g, we must have, dz a.e.,

272N ( / dt GW) £(,)) ,/8” 3/2/ da he(2) f(a) NO(G).

This is the identity of the proposition, except that we get it only dz a.e. However, a scaling argument
shows that both sides of the preceding display are continuous functions of z, which gives the desired
result for every z > 0. O
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Recall from Section the definition of the probability measure N~*(dwdt) on S x R, and, for
(w,t) € S x Ry, write U(w,t) =t. We can then rewrite the identity of Proposition [12]in the form

N (f@u)Gw) = [ dap.(a) £(a)NE (), (31

Let us now come to Brownian disks. We write K, resp. K®, for the space of all compact measure
metric spaces, resp. pointed compact measure metric spaces, equipped with the Gromov-Hausdorff-
Prokhorov topology. Theorem 1 in [28] provides a measurable mapping = : S — K such that the
distribution of Z(w) under N**(dw) is the law of the free Brownian disk with perimeter z. Let us
briefly recall the construction of this mapping, which is essentially an adaptation of the procedure of
Section to the finite spine case. Under N*?(dw), each vertex u of the the genealogical tree 7.,
receives a nonnegative label £, (w), and we define the “boundary” 97 := {u € T(,) : fu(w) = 0}. We
also set 7@)) = T(w)\97T(), and for every u,v € 7@)), we define A%°(u,v) and A%(u,v) by the exact
analogs of formulas and , where 7 and T° are replaced by 7, and 7@) respectively, and the
labels (Ay)ue7 are replaced by (fu)uer,, (recall the definition of intervals on 7, in Section .

A key technical point (Proposition 31 in [28]) is to verify that the mapping (u,v) — A%(u,v) can
be extended continuously (in a unique way) to 7(,) X T(,), N**(dw) a.s. We then define Z(w) as the
quotient space T(.)/ {A? = 0}, which is equipped with the metric induced by A? and with a volume
measure which is the pushforward of the volume measure on 7(,,) under the canonical projection. In
the next definition, we use the notation p,, for the composition of the canonical projection p(,,) from
[0, 0(w)] onto T,y with the canonical projection from 7, onto Z(w).

Definition 13. The distribution of the free pointed Brownian disk with perimeter z is the law of the
random measure metric space (Z(w), A?) pointed at the point py(t), under the probability measure
N"*(dwdt).

The consistency of this definition of the free pointed Brownian disk with the one in [II] follows
from the results in [28] (to be specific, [28, Theorem 1] identifies the law of Z(w) under N*# as the
distribution of the free Brownian disk of perimeter z, and one can then use formula (42) in [29] to see
that Definition [13]is consistent with the definition of the free pointed Brownian disk in [I1]). From
[9, [IT] one knows that, N*?(dw) a.s., Z(w) is homeomorphic to the unit disk. This makes it possible to
define the boundary 0=(w) of Z(w), and this boundary is identified in [28] with the image of 97,
under the canonical projection. Furthermore, a.s. for every u € 7, the label £, (w) is equal to the
distance in Z(w) from (the equivalence class of) u to the boundary 9=(w).

We note that the random measure metric space Z(w) pointed at p(t) is in fact a function of the
re-rooted snake trajectory wltl, because Z(w) is canonically identified to Z(w!), and p,,(t) is mapped to
P, (0) in this identification. To simplify notation, we may thus write =° (wl) for the random metric
space Z(w) pointed at py,(t), or equivalently for Z(w!") pointed at P, (0).

In the following developments, it will be convenient to write D} for a free pointed Brownian disk
with perimeter z and OD? for the boundary of D?. With a slight abuse of notation, we keep the notation
A? for the distance on D?. By definition, the height H, of D? is the distance from the distinguished
point to the boundary. From the preceding interpretation of Z(w) pointed at p,,(t) as a function of the
re-rooted snake trajectory wll, we get that, for any nonnegative measurable function ® on K®, for any
nonnegative measurable function A on R,

E[®(D?) h(H.)] = N (8(2* (")) h(@v))

using the same notation as in and noting that Bp(w)(U) (w) = Wy by definition. By , we can
rewrite this as

E[@(D2) h(H.)] = [ dap.(@) h() NP (@0 =) (32)

a

The next proposition readily follows from .

Proposition 14. The height H, of DY is distributed according to the density p,(a). Furthermore, the
conditional distribution of DY knowing that H, = a is the law of Z*(w) under Nﬁf). By definition, this
is the distribution of the free pointed Brownian disk with perimeter z and height a.
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At this point, we should note that the definition of =*(w) requires the continuous extension of the
mapping (u,v) — A%(u,v) from 7{‘;) X 7?:)) to T(w) X T(w)- Proposition 31 in [28] and Proposition

above give the existence of this continuous extension N[(f) (dw) a.s. for a.a. z > 0, for every fixed a > 0,

and then one can use scaling arguments and Corollary [10| to get the same result for every z > 0 and
a > 0 (this is used in Proposition . Similar considerations allow us to deduce the following property
from Proposition 32 (iii) in [28]: NG (dw) a.s., for every u,v € 07T ,, we have A%(u,v) = 0 if and only
if £,,(w) > 0 for every w €|u,v], or for every w €]v,u|. Finally, from [28, Proposition 30 (iv)], we also
get that, N{ (dw) a.s. for every u,v € T(oy> we have A%(u,v) = 0 if and only if A%°(u,v) = 0.

It will be useful to introduce the uniform measure on the boundary 0D?. There exists a measure
w> on OD? with total mass equal to z, such that, a.s. for any continuous function ¢ on D?, we have

o1
{pz, ) = lim = e Vol(dz) 1yaa(zope)<c} P()
where Vol(dz) denotes the volume measure on 9D (see [28, Corollary 37]). The preceding approximation
and the definition of p, are also valid for the free pointed Brownian disk with perimeter z and height
a: In fact, if this Brownian disk is constructed as Z*(w) under NE{Z) (as in Proposition , we define
1, by setting

Gier) = [ AL ol (s), (53)

where the exit local time ZNL(S) is defined under NEf) as explained at the end of Section Note that the
approximation formula for u, then reduces to formula , thanks to the interpretation of labels as
distances to the boundary.

For our purposes in the next sections, it will be important to consider a free Brownian disk (with
perimeter z and height a) equipped with a distinguished point chosen uniformly on the boundary. To
this end, we proceed as follows. We start from a triple (Y(z),Mv (z),Mv’ (Z)) distributed according to
éé‘z). As explained before Proposition the random snake trajectory Q(Y (?), M(z), M’(z)) is then
distributed according to N((f), and (Proposition we obtain a free pointed Brownian disk D$* with
perimeter z and height a by setting

D2 = 2* (Y, M), M), (34)

In this construction, D3¢ comes with a distinguished vertex of its boundary, namely the one corre-
sponding to the top of the spine of the tree coded by (Y(z), MV(Z), ﬂ'(z)). We denote this special point
by a.

In the next proposition, we verify that « is (in a certain sense) uniformly distributed over OD%®.
To give a precise statement of this property, it is convenient to introduce the doubly pointed measure
metric space D3** which is obtained by viewing « as a second distinguished point of D%*.

Proposition 15. Let F' be a nonnegative measurable function on the space of all doubly pointed
compact measure metric spaces, which is equipped with the Gromov-Hausdorff-Prokhorov topology.
Then,

E[F(D")] = %E{ / ns(dz) F (D2, a]) ],

2%, and we use the notation [DY*, x| for the doubly pointed

space obtained by equipping DY with the second distinguished point x.

where . is the uniform measure on 0D

Proof. Let (Y, M, M') be distributed as in Proposition (or in Section . As previously, let M
and M’ be obtained by truncating the atoms of M and M’ at level 0. Let us introduce the notation
| M| for the sum of the quantities o (w;) over all atoms (t;,w;) of M. Note that |M]| is the time at
which the clockwise exploration of the tree associated with the triple (Y, M, M’) (which coincides with
the genealogical tree of Q(Y, M, M')) visits the top of the spine. We start by observing that, for any
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nonnegative measurable function G on & x R, for any nonnegative measurable function h on R,

E[G/(v. MM, 1) h(2¥)] = Na( [T 420G (o). [ dstig, <nionn) HZ0))

- Na(/ooo dL G(tro(w), ) h(20))

where Z? is defined under N, as in formula . The first equality follows from Proposition [2| as in
the derivation of and above, and the second equality is just a time change formula. By
conditioning on Z¥ = z in the left-hand side and on Zy = z in the right-hand side, we get

. 1y
E[GO(YE, MO, M), | MEO)] = - N / AL Glw,r)).

Now recall that D3¢ = Z*(Q(Y ), M), M'(*))) and that D2* is obtained by assigning to D% a second
distinguished point equal to a@ = PQ(HM Z)H) where pg denotes the composition of the canonical
projection onto the genealogical tree of Q(Y, M, M ) with the projection from this genealogical tree
onto Z*(Q(Y ), M), M'(2))). Thanks to these observations, we obtain that

BIF@) = S NG ([ F(E),pal)]));

and the desired result follows since (33)) shows that p is the pushforward of the measure dig under
the mapping r — p,(r). O

In view of forthcoming limit results where the distinguished point of D3 is “sent to infinity”, it
will be convenient to introduce the random pointed measure metric space D¢ defined from the doubly
pointed space D2*® by forgetting the first distinguished point. So D$® is pointed at a point which is
uniformly distributed over its boundary.

4.4 Infinite-volume Brownian disks

For every z > 0 and a > 0, we keep the notation D%* for a pointed Brownian disk with perimeter
z and height a. We may and will assume that D%® is constructed from a coding triple distributed

according to (:),(za) as in formula , or equivalently, by time-reversal, from a coding triple distributed
according to @,(za). The idea is now to let a — oo and to use the “convergence” of @,(za) to ©, in order
to get the convergence of D3* as a — co. As we already mentioned, for a precise statement of this
convergence, it will be more convenient to replace D3* by D;’a. The limit, which will be denoted by
D°, is a random pointed locally compact measure metric space, which we call the infinite-volume
Brownian disk with perimeter z.

Let us start by explaining the construction of D$°, which follows the general pattern of Section
We consider a coding triple ((p¢)i>0, Q, Q) with distribution ©.. From ((pt)i>0, Q, Q'), Section
allows us to construct an infinite tree 72 equipped with nonnegative labels (A, )UET'L such that
labels on the spine are given by the process (pt):>0. Note that the assumptions in Section |4.1] E 1 hold in
particular thanks to Corollary [§]

We set T5° := {v € TL : A, > 0} and 972 = TI\TE® = {v € TL : A, = 0}. We define the
pseudo-metric functions A% (u,v) and A%(u,v) on T4° x T4° as explained in Section

Lemma 16. (i) The mapping (u,v) — Al(u,v) has a.s. a continuous extension to TL x TL .

(i) A.s., for every u,v € TL°, the property Al(u,v) = 0 holds if and only if A"°(u,v) = 0.

(iii) A.s., for every u,v € OTL, the property At(u,v) = 0 holds if and only if Ay > 0 for every w €]u,v|,
or for every w €|v,ul.

Proof. Thanks to Proposition [9] and Corollary [§] it is enough to verify that properties analogous to
(i),(ii),(iii) hold when TZ is replaced by the labeled tree associated with a coding triple distributed

according to 6(2‘1), for some fixed a > 0. But then this is a consequence of the similar results in [2§], as
it was explained in the discussion after the statement of Proposition [I4] O
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We let D denote the quotient space T2 /{A? = 0}, which is equipped with the metric induced by
A, The volume measure on D is (as usual) the pushforward of the volume measure on 72 . We also
distinguish a special point a, of D$°, which is the equivalence class of the root of 7Z.

Definition 17. The random pointed measure metric space (D, A?) is the infinite-volume Brownian
disk with perimeter z.

As in Section labels A, make sense for x € D$°, and A, is equal to the distance from z to the
“boundary” 0D°, which is defined as the set of all points of DZ® with zero label. From the scaling
properties of the collection (©.).>0, one also gets that A - D2 is distributed as DS, for every A > 0.

In Section[6]below, we will verify that this definition of the infinite-volume Brownian disk is consistent
with [8]. It then follows from [8, Corollary 3.13] that D$° is homeomorphic to the complement of the
open unit disk of the plane, so that the boundary 0DZ° can be understood in a topological sense. We
will not use this result, which may also be derived from our interpretation of complements of hulls of

the Brownian plane as infinite-volume Brownian disks in Section [5.1
Remark. We could have defined the infinite-volume Brownian disk without distinguishing a special
point of the boundary. The reason for distinguishing a, comes from the use of the local Gromov-
Hausdorff convergence in Theorem [21| below, which requires dealing with pointed spaces.

For the convergence result to follow, it is convenient to deal with the following definition of “balls”:

for every h > 0, ‘
Br(DX) = {v € D : A'(v,0D°) < h},

and B B -
Ba(D2") = {v € D : Al (0,dD%°) < h},

where we use the notation A(® for the metric on D%®. We view both By, (D) and By, (D$%) as compact
measure metric spaces, which are pointed at a and « respectively. The compactness of By, (D) is a
consequence of the fact that the set {u € T : A, < h} is compact, by Corollary

Proposition 18. Let z > 0 and h > 0. There exists a function (¢(a),a > 0) with e(a) — 0 as
a — 00, such that, for every a >0, we can define on the same probability space both the infinite-volume
Brownian disk D3° and the pointed Brownian disk D%, in such a way that

P(By (D) = By (D), for every 0 < A < h) >1—e(a).

In other words, when a large, one can couple the spaces D;’“ and DZ° so that their tubular
neighborhoods of the boundary (of any fixed radius h) are isometric except on a set of small probability.

Proof. Let a > 0, and consider a triple ((pﬁ“))0<t<L<a>, Q@ Q@) with distribution 0. As it was
explained before Proposition this triple allows us to construct the Brownian disk D% of perimeter z
and height a pointed at a boundary point. To be specific, the triple ((pga))o<t<L(Q), Q@ Q'(a)) codes a
random compact tree 7(®) equipped with labels (Aq(,a))veT(a). The pseudo-metric functions A(“)’O(u, v)

and A@ (u,v) are then defined as in Section for u,v € T(@) such that A&a) > (0 and Aq(,a) > 0. The
function (u,v) — A(@ is extended by continuity to 7(®) x 7@ and the resulting quotient metric space
pointed at the root of 7@ is the pointed Brownian disk ID);’“ — here we observe that the distinguished
point a corresponds to the root and not to the top of the spine of 7(®, because the effect of dealing

with the triple ((pﬁ“))ogtgw, Q@) Q@) instead of its image under the time-reversal transformation
interchanges the roles of the root and the top of the spine (see the comments after (g)).
Recall the restriction operator R, in .

Lemma 19. We can couple the triple ((pz(fa))ogtgL(ah Q@ Q%)) distributed according to @,(za) and the
triple ((pt)i>0, Q, Q') distributed according to ©, so that the property

((Pz(fa))ogtgL(a)a o) Ql(a)) = %a((pt)tzo, Q, Ql> (35)

holds with probability tending to 1 as a — oo.
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Proof. It suffices to verify that the variation distance between @i“) and R, (0.) tends to 0 as a — oo.
This is an easy consequence of Proposition @ Indeed, let A be a measurable subset of W x M,(R; xS )2.
Then,

0.(R;1(A) = O.(R, 1 (A) N{W, (o) > 0}) + O.(R; (A) N {W,.(s) = 0})
= 0.(W, () > 0) O (A) + 6.(R;(A) N {W, (o) = 0}),

by Proposition @ It follows that the variation distance between @é“) and MR, (0,) is bounded above by
1 — 0,(W, ) > 0), which tends to 0 as a — oo. O

It will be convenient to write 72'® for the (labeled) compact tree derived from 72 by removing
the part of the spine above height )\( 9. sup{t >0:p =a} (and of course the subtrees branching off
this part of the spine). We can also view 725" as the labeled tree coded by Ra((pt)i>0,9,9Q"). O
the event where holds, we can therefore also identify ,7_;'(,)((1) with the labeled tree 7@ coded by
((p,ﬁ“))OStSL(@, Q@ Q@) and this identification is used in the next lemma and its proof.

From now on, we assume that the triples ((pﬁ“))ogtgw, Q@ Q@) and ((ps)i>0, Q, Q') are coupled
as in Lemma and that D% and D3° are constructed from these triples as explained above.

Lemma 20. Let h > 0. Set
A = max{A'(z,y) : z,y € DX, A, < h,A, < h}.

On the intersection of the event where holds with the event where

inf{A, :v e TE\TEW} > A+ h+1 (36)
we have

Al(v, w) = A (v, w)

for every v,w € T such that A, < h and Ay < h.
Remark. The statement of the lemma makes sense because on the event where holds, the trees
T(@ and 75 are identified (as explained before the statement of the lemma), and so A (v, w) and

A’(v,w) both make sense when v,w € T(® = T,
The statement of the proposition follows from Lemma 20} Indeed, by Corollary 8]

inf{A, : u € TL\TZ@Y =2 too, as.

and so, When a is large, the property (36) . will hold except on a set of small probability. Also, by
Lemma we know that the property . holds outside an event of small probability. Note that,

when . holds, labels do not vanish on ’7';()\7'4 “) , and so the “boundary” (set of points with zero
label) of 72 is identified with the boundary of T (@) When and (| . ) both hold, the conclusion of
Lemma hows that By (D2°) and By (DY®) are isometric, for every 0 < h' < h.

Proof of Lemma[20. Throughout the proof we assume that both (35]) and (| . ) hold, so that 7(®) and
T2\ are identified. If u,v € T @ = 7 ), we use the notation [u, v]Tozo for the interval from u to v in

72, and similarly [u,v] 7 for the same interval in 7(¥. We note that either [u, vl C T2 | and
then [u, v]7: = [u, v] 7@, or [u,v]7: ¢ 732((1), and then [u, v]7: is the union of [u, v]r@ and Toio\ﬁ‘é(a)

We use the notation 75 = {u e TED A, > 0}. We first observe that, if u,v € TE@° e
have '
A@° (1) < A (u,v). (37)

Let us explain this bound. Since labels do not vanish on 7’&\7’;’5(&), it is immediate that A(®°(u,v) = oo
if and only if A%°(u,v) = co. So we may assume that both are finite and then directely follows
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from the definition of these quantities and the fact that we have always [u, |7 C [u,v]7: (and labels

are the same on 7(® and ng(a)).

Next suppose that u,v € ﬁ;(a)’o satisfy also A, < h and A, < h. Recall the definition of
A'(u,v) as an infimum involving all possible choices of ug, u, ... , Up in 7% such that ug = u and
up, = v. We claim that in this definition we can restrict our attention to the case when wug,u1,...,u,

satisfy Ay; < A+ h+1 for every 1 < j < p, and therefore ug,u,...,up € 7';;3(‘1), by . To see this,
suppose that A,, > A+ h+ 1, for some k € {1,...,p— 1}. Then, from the definition of A, we have
also Ay, > A%(u,v) + h+ 1. Hence, using the bound ([30]), we get

p
S0 A (1, 15) 2 [y = Al Z (A%, 0) + b 1) = b= A'u,0) + 1,
j=1

so that we may disregard the sequence ug, uy, . .., u, in the infimum defining A’(u, v).
By the previous considerations and , we get, for u,v € '7'025(“) *® such that A, < h and A, < h,

P p
A'(u,v) :uozuﬂ}}lﬁ.,up:v ;Al’o(uj_l,uj) Zug:u,qu{.f..,up:u ;A(“)’o(uj_l,uj) =A@ (u,0). (38)
ul,...,up,leng(a) = ul,...,upfleT(a) =

We now want to argue that we have indeed the equality A(®) (u,v) = A’(u,v). To this end it is enough
to show that, for any sequence ug = u, u1,...,up, = v in T(@ such that

A(a)’O(Uj_l, u;) < A(“)(u,v) +1, (39)
j=1

we have in fact A@°(u;_q1,u;) = A% (u;j_1,u;) for every j € {1,...,p} (this will entail that the two
infima in are equal). We argue by contradiction and suppose that A(“)’O(uj_l, uj) < A (uj—1,uj)
for some j € {1,...,p}. This means that we have

inf Ay < inf Ay,

weluj—1,u5] 75 WEUj—1,uj] (a)

or the same with [u;_1,u;] replaced by [uj,uj—1]. However, [uj_1,u;]7: can be different from

[wj—1, Uil only if [uj—1,u;]7: is the union of [u;—1,u;j]r@ and 7;\7?.@(‘1), and we get

inf Ay > inf  Ay,>A+h+1
we[uj',l,uj}T(a) weTg‘o\T;o!(a)

This implies in particular that A,, > A+ h + 1, and by the same argument as above this gives a
contradiction with . This completes the proof of the lemma. ]

In the next statement, we use the local Gromov-Hausdorff-Prokhorov convergence for pointed

3

locally compact measure length spaces, as defined in [2].

Theorem 21. We have .
by 19 pee
a—ro0

in distribution in the sense of the local Gromov-Hausdorff-Prokhorov convergence.

Proof. The statement of the theorem is an immediate consequence of Proposition [I8 In fact, it is
enough to verify that, for every A > 0, the closed ball of radius h centered at the distinguished point
a of Iﬁ);’“ converges in distribution to the corresponding ball in DJ° as a — oo, in the sense of the
Gromov-Hausdorff-Prokhorov convergence for pointed compact measure metric spaces. However, this
readily follows from the coupling obtained in Proposition since the closed ball of radius h centered
at a is obviously contained in B (D) and similarly in the limiting space. O
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We conclude this section with a couple of almost sure properties of the infinite-volume Brownian
disk D$° that can be derived from our approach. First, from the analogous result for the disk D3 (see
the remarks after Proposition and the coupling in Proposition one easily obtains the existence
of the uniform measure ;$° on 0DZ°, which is a measure of total mass z satisfying

1
(uZ°, ) = lim 2 Jo Vol(dz) 1{pi(z,0p50)<e} P(T),
for any continuous function ¢ on D$°, a.s. In particular the volume of the tubular neighborhhood of
radius ¢ of DX behaves like ze? when & — 0.
Our construction of DZ° is well suited to the analysis of geodesics to the boundary. Write (€!)ser
for the clockwise exploration of the tree 72, and set

so := min{s € R: Agi =0}, s1:=max{s € R: Az = 0}.

Also set xg = ITI1(E,) = TTH(Es, ).

Proposition 22. Almost surely, there exists hg > 0 such that, for every x € D with A'(z, D) > hy,
any geodesic from x to ODI° hits ODI° at .

The proof shows more precisely that all geodesics to JD° starting outside a sufficiently large ball
coalesce before hitting the boundary.

Proof. Recall the notation Too( ) in the proof of Proposmon By Corollary I, we may choose a large
enough so that labels A, do not vanish on T \TZ . Then we may take hg = max{A, : v € T } To

verify this, fix z € D° such that A’(z, dDL) > hg, then we may write z = IT*(v) with v € cho\Too ,
and we have A'(z,0D) = A,. Consider a simple geodesic ¥ = ()o<r<a, from z to D constructed
as in Section Then it is straightforward to verify that y5, = xg. To complete the proof, we just
need the fact that any geodesic from z to dDZ° is a simple geodesic. This follows via Theorem [29]
below from the analogous result in the Brownian plane, which is itself a consequence of the study of
geodesics in the Brownian map [24]. We omit the details. O

One may also consider geodesic rays in the infinite Brownian disk (a geodesic ray v = (7¢)¢>0 is
an infinite geodesic path). In a way analogous to the case of the Brownian plane (see [14, Theorem
18]) one obtains that any two geodesic rays in IDZ° coalesce in finite time. Again this can be deduced
from the Brownian plane result via Theorem but this also follows, with some more work, from the
alternative construction of the infinite Brownian disk presented in Section [6] below.

4.5 The Brownian half-plane

In this section, we define the Brownian half-plane and show that it is the tangent cone in distribution
of the free pointed Brownian disk at a point chosen uniformly on its boundary. Let us start with the
definition. We consider a coding triple (R, P,P’), where R = (R;);c[0,00) is @ three-dimensional Bessel
process started from 0, and, conditionally on R, P and P’ are independent Poisson point measures on
R x § with intensity 2 dt Ng,(dw). For every r > 0, we set L, := sup{t > 0: R; = r} (as in Section
, and we let P and 73’ stand for the point measures P and P’ truncated at level 0.

Following Section we can use the coding triple (R,P,P’ ) to construct a tree T equipped
with nonnegative labels (Av)v crhw- In contrast with the measures O, used to define the infinite-volume
Brownian disk, there is no conditioning on the total exit measure at 0, which is here infinite a.s., as it
can be seen from a scaling argument. There are subtrees carrying zero labels that branch off the right
side or the left side of the spine at arbitrary high levels, so that labels along the clockwise exploration
of TP vanish in both intervals (—oo, —K] and [K, c0), for any K > 0.

We then follow the general procedure of Section . We set TP := {v € TI? : A, > 0} and
OTIP .= TIP\Thre and we let A"°(u,v) and A" (u,v), for u,v € TIP°, be the pseudo-metric
functions associated with the triple (R, 75, P ) as in Section
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Lemma 23. (i) The mapping (u,v) — APP(u,v) has a.s. a continuous extension to TIP x TIP.

(i) A.s., for every u,v € TIP°, the property A" (u,v) = 0 holds if and only if AMP°(u,v) = 0.

(iii) A.s., for every u,v € OTLP, the property A" (u,v) = 0 holds if and only if Ay > 0 for every
w €lu, v], or for every w €lv,ul.

Proof. Property (i) can be derived by minor modifications of the proof of [28, Proposition 31], noting
that we may restrict our attention to the bounded subtree obtained by truncating 77 at height L,
for some r > 0. We omit the details. As for (ii) and (iii), there is an additional complication due
to the fact that it is not immediately clear why we can restrict our attention to a bounded subtree.
Let us explain the argument for (iii), which is the property we use below. The fact that A,, > 0 for
every w €|u, v[ implies AP (u,v) = 0 is easy and left to the reader. Suppose then that u,v are distinct
points of TP are such that A" (u,v) = 0. Without loss of generality we can assume that [u,v] is
compact, and we then have to check that A, > 0 for every w €]u, v][. Recall the notation [[u, co[ for
the unique geodesic ray from u in the tree 727, and JJu, oo[[= [[u, oo[[\{u}. We claim that, for every
d > 0, we can find points u’ €]ju, oo and v’ €]Jv, oo|[ such that A, < ¢ and A,y < 0 and there exist
wo =u,wr,...,wp, =0 € [u,v] such that

p
Z Ahp,o (wi_l, wl) < 9. (40)
=1

If the claim holds, we can use [28 Proposition 32 (ii)] to see that necessarily A,, > 0 for every w €|u,v|
(the point is the fact that all w;’s belong to [u, v], and thus we are dealing with a compact subtree of
T1P). So it remains to prove our claim. First note that we can find v/ €]Ju, oo[[ and v’ €]Jv, oo[[ such that
Ay < 8/2, Ay < §/2 and A" (u/,v') < §/2 and in particular there exist wq, w1, ..., w, € T2P° such
that holds with 6 replaced by d/2. It may happen that some of the w;’s do not belong to [u, 00), but
then we can replace v’ by wj;1, where j = max{i : w; ¢ [u, c0)}, noting that necessarily w; 1 €]Ju, oo
(otherwise A"P°(w;, w;41) would be 00) and Ay, < § by the bound [Ay, — Ay, _,| < A2 (w1, w;)
for 1 < i < j+ 1. Therefore we can assume that all w;’s belong to [u,o0), and then a symmetric
argument shows that we can assume that they all belong to [u,v] as desired. O

We set Hy, = 727 /{A" = 0}, and we let II"? denote the canonical projection from T/ onto H,.
We equip Hy, with the distance induced by A" and the volume measure which is the pushforward of
the volume measure on To}ép under the canonical projection. We observe that Hy, has a distinguished
vertex, namely the root p of T/ (or bottom of the spine). By Lemma [23| (iii), the equivalence class of
p in the quotient 777 /{ A" = 0} must be a singleton, since there are points of 77 with zero label
arbitrarily close to p, both on the left side and on the right side of the spine.

Definition 24. The random pointed locally compact measure metric space Hy, is called the Brownian
half-plane.

At the end of Section [0, we will explain why this definition is consistent with the one found in
[8] or in [19]. The Brownian half-plane enjoys the same scale invariance property as the Brownian
plane: Recalling the notation A - E introduced in Section A - Hy has the same distribution as
Heo, for every A > 0. The boundary 9H,, is defined by 9Hy, := II""(9T2P) (one can prove that He,
is homeomorphic to the usual half-plane and then dH, is also the set of all points of Hy, that have
no neighborhood homeomorphic to an open disk, but we do not need these facts here). As noted in
Section for any v € TIP, A, is equal to the distance from IT"?(v) to the boundary OH.

Let » > 0 and let 7'0’2}} be the closed subset of 7T/ consisting of the part [0, L,] of the spine and
the subtrees branching off [0, L,].

Lemma 25. We have

inf A"(p,v) >0, a.s.
vET,

Proof. We argue by contradiction and assume that there is a sequence (up)p>1 in the complement
of To’é{’r such that A" (p,u,) — 0 as n — oo. Suppose that infinitely many points of this sequence
belong to [p, o). Let v,y be the last point of To'éz,’r N OTIP visited by the exploration of 77, and note
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that TI"P(p) # II"P (v(r)), by Lemma [23| (iii). Then an argument very similar to the proof of Lemma
(iii) shows that we can find another sequence (vy)n>1 With v, € [v(,y, 00[[ and such that we still have
A" (p,v,) — 0 as n — oco. In particular, A,, — 0, and this implies that v,, — V() in TIP, and

thus Ahp(v(r), vp) — 0 as n — oo. Finally we get A"P(p, v(r)) = 0, which is a contradiction. The case
when infinitely many points of this sequence belong to (0o, p| is treated in a symmetric manner. [

It follows from Lemma, [25| that IT" (To’é?r) contains a ball of positive radius centered at p in Hy.
Then, by scale invariance, we have a.s.

lim ( inf Ahp(p,v)) = +o00.

700 h
vETor

This implies in particular that Hy, is boundedly compact (any ball centered at p is contained in the
image of a compact subtree of 7%? under II"P).

Our next goal is to prove that H, is the tangent cone in distribution of the pointed Brownian disk
at a point chosen uniformly on its boundary — this will eventually allow us to make the connection
with previous definitions of the Brownian half-plane. Recall from the end of Section the notation
D¢ for the pointed measure metric space obtained from D**¢ by “forgetting” the first distinguished
point (so ]ﬁ);’“ is pointed at a point chosen uniformly on its boundary).

Theorem 26. Let z > 0 and a > 0. We have
A-Dye Dom
A—00
in distribution in the sense of the local Gromov-Hausdorff-Prokhorov convergence.

We give below the proof of Theorem [26] for a = 1, but a scaling argument yields the general case.
Before we proceed to the proof of Theorem 26 we start with some preliminary estimates. We consider
again a triple (Y, /W, M ) distributed as explained at the beginning of Section with a = 1. Recall
that the random path Y is defined on the interval [0, TY], that Yy = 1 and TY = inf{t > 0:Y; = 0}.
For every € € (0, 1), we also set

T, :=inf{t > 0:Y; =¢}.
We let M#(dtdw), resp. M’8(dtdw), be the image of L7, 7vi(t) M (dtdw), resp. of L7 7v(t) M (dtdw),
under the mapping (t,w) +— (t — Tr,w). We also set Y := Y7y, for 0 <t < TV — T.. Recall that

z¥ = /M(dtdw)zo(w) —I—/M'(dtdw)zo(w),

and also set

ZYe .o / ME (dtdw) Zo(w) + / M= (dtdw) Zo(w).

Set ' := (Y&, ME, M’E), and observe that I'® is a coding triple in the sense of Section Moreover,

the conditional distribution of I'* knowing ZYe = 7 is (:),(f). Our first goal is to show that the conditional
distribution of I'* given ZY = z is close to its unconditional distribution when & — 0.

From , we have
-3 . -3
Ee 2] = (1+/23/3) *, Ele™7]= (1+e/2)/3) .

Furthermore, we may write Z¥ = Z¥¢ + ZYe , where ZY¢ and ZY¢ are independent (more precisely,
ZV# is independent of I'?). Hence

Sy,
E[e_’\z | =

3
1+¢ev/20/3 (41)
1+2)\/3 )~
The distribution of ZY can be written in the form
£ So(dy) + Te(dy),
where the measure Y. (dy) is supported on (0,0c). To simplify notation, we also write ¢(y) = y hyi(y)
for the density of ZY and ¢.(y) = y h-(y) for the density of ZY*.
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Lemma 27. We have Y‘g(dy) = ¢-(y) dy, where the functions ¢.(y) satisfy

lim @ (y) = ¢(y)

e—0

uniformly on every interval of the form [0,00), 6 > 0.
Proof. From , we have, for every A > 0,
3
© 1 \/2
/ T.(dy) e~ N — L)‘/?’ — &3,
0 1+ 273

Now observe that

(1 +5\FA>3 o (-2 432002014 V) 4 32(1 — <) (1 + VA
1+ a (1+v)3

where we have expanded (1 +ev/A)? = ((1 —¢) + (1 +v/\))3. It follows from formulas (A.1), (A.2),
(A.3) in the Appendix that the Laplace transform of the function (. defined by

(42)

X)) = (1 —e)*x3(y) +3e(1 — )*xa2(y) + 3% (1 — &) x1(y)-

is the quantity in . Consequently, we have TE(dy) = P:(y) dy with . (y) = gX(s)( 4). Furthermore,
the explicit formulas for x1, x2, x3 show that x(.)(y) converge to x3(y) as ¢ — 0, uniformly on every

interval of the form [§,00), § > 0. The result of the proposition follows since p(y) = 3 Xg( 4) by
definition. O

Lemma 28. Let z > 0. The total variation distance between the conditional distribution of I'® knowing
that Z¥ = z and the unconditional distribution of I converges to 0 as € — 0.

Remark. We have made a canonical choice for the conditional distribution éél) of (Y, M, MV’) knowing
ZY = 2, and so the conditional distribution of I'* knowing that Z¥ = z is also well defined for every z.

Proof. The equality ZY = ZV¢ + ZYe gives
xT
pla) = o) + [ pen)pelo =) dy (43)

for every > 0. Let G and g be measurable functions defined respectively on W x M,(R; x §)% and
on Ry, such that 0 < G <1 and 0 < g < 1. Then,

E[G(I¥)g(2")] = E[G(I*)g (Zy’s +27))

/ 4z 3-(2) E[G(T9)g(ZY< + 2)] + 3 B[G(T9)g(Z2Y)]

F@5£i®ﬂ> (= = 279)) +s/wg ) pe(2) E[G(T®) | 2Y¢ = 4]

= [ deg(e) (BIGI) L ze oy el = 279 + &2 ul2) EIG(T) | 27 = ).

Recalling that the density of ZY is ¢, it follows that we have dz a.e.,

EW@%MY=4=EFﬂﬂhy«4¢ LRl |2V = 2B

where we observe that E[G(I') | ZY¢ = 2] = C:),(f)(G) is well defined for every z. We now want to argue
that holds for every z > 0 and not only dz a.e. To this end, it is enough to consider the special
case G(w, u, i) = exp(—f(w) — (u, h) — (', h')) where, f, h, h’ are nonnegative functions, f is bounded
and continuous on W, h and b’ are bounded and continuous on R4 x S and both h and A’ vanish on
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{(t,w) : o(w) < 6} for some § > 0. In that case, using a scaling argument and Corollary [L0, one checks
that both sides of are continuous functions of z, so that they must be equal for every z > 0.
From ([12), we have ¢.(z) = O(g) as € — 0, hence, for every fixed z > 0,

. < e _ 905(2) _
lim SE[G(T?) | 2Y¢ = 2 o) =0, (45)

uniformly in the choice of G. On the other hand, using Lemma [27] and the fact that ZY* — 0 as
€ — 0, we have

. Pe(z — ZY’E) _
il_r% Lizveey 7@(2) =1 (46)
almost surely. Moreover, using (43]), we have
torecn 22 - L Py p.)pc - 1) = () — u(e)
Ye z—y) = z)—¢ z)),
{Z <z} (,0(2) Z) 0 Y Pe\Y)Pe Yy SD(Z) 2 Pe

which tends to 1 as ¢ — 0. By Scheffé’s lemma, the convergence also holds in L!. The statement
of the lemma then follows from and . O

Proof of Theorem [26. The proof is based on a coupling argument relying on Lemma If F is
a pointed metric space, we use the notation B,(FE) for the closed ball of radius r centered at the
distinguished point. The theorem will follow if we can prove that, for every K > 0 and every 0 > 0, if
) is large enough we can couple Hy, and D®! in such a way that the balls Bx (A -D®!') and Bx (H)
are isometric with probability at least 1 — 0 (with an isometry preserving the volume measure and the
distinguished point). Equivalently, recalling that X - Hy, has the same distribution as Hy, it suffices to
prove that, for > 0 small enough, Hy and D! can be coupled so that B, (D) and B, (H) are
isometric with probability at least 1 — § (again with an isometry preserving the volume measure and
the distinguished point).

As explained at the end of Section we may and will assume that ]fD;J is constructed from
a coding triple (Y&, ME M (2)) dlstrlbuted according to 6( ). The labeled tree associated with
(v(2), M), M’(Z)) is denoted by 7, and we write A®)° and A®) for the pseudo-distance functions
on 73, so that A® induces the metric on D!, The set of all points of T(#) with positive label is
denoted by 7 L

For ¢ € (0,1), let T(*):¢ be defined as I'* but replacing the triple (Y, M M) by (Y, ME)| M (Z))
(so T(*)# is distributed as I'* conditioned on ZY = z). Let ()€ resp. I'°, denote the image of ['(*)
resp. I'°, under the time reversal operation TR in . We fix § > 0 and claim that:

1. For ¢ € (0,1) small enough, the triples (Y*), M), M) and (R, P,P’) can be coupled in such
a way that the equality

v

I()e = ((Rt)ogtgs, 1,1 (t) P(dtdw), 1jp1,.1(t) ﬁ’(dtdw)) (47)

holds with probability at least 1 — g.
2. For € € (0,1) small enough, we can choose 19 > 0 so that for every 0 < n < 1y, we have
B, (D) = By(Hs)
on the event where holds, except possibly on an event of probability at most %

Clearly the theorem follows from Properties 1 and 2. Property 1 is a Consequence of Lemma
just note that the distribution of the coding triple in the right-hand side of ( is the (uncondltmnal)
distribution of I,

It remains to verify Property 2. We fix ¢ > 0 small enough so that we can apply Property 1. We
then assume that the triples (Y (*), M) M) and (R, P, P’) have been coupled in such a way that
the event where holds has probability greater than 1 — g, and we denote the latter event by F.
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We argue on the intersection F N F’, where F’ denotes the event where W, (w;) = 0 for at least one
atom (t;,w;) of M® or of M'®) such that t; < T = inf{t > 0: Yt(z) = ¢}. Clearly we can also
assume that 7’ has probability greater than 1 — % by choosing € even smaller if necessary.

Recall the notation TOZ{’,, introduced before Lemma From this lemma, we know that, for n > 0
small enough, the set {v € T : A" (p v) < 4n} will be contained in TO%{’E, except on an event of
probability at most g. Moreover, if the latter property holds, we claim that we have also, for every
u,v € TIP° such that A" (p,u) < n and A" (p,v) <n,

p
AP (y, v) = inf S A (w51, ;). (48)

UO=U,UT ..., Up =V 4
=1

h hp,o
UL, Up—1 67—001,75 m’Toop7

In other words, in formula applied to A" (u,v), we may restrict the infimum to the case where
all u;’s belong to 7'0]2,1?5. Let us justify (48). Assume that A" (p,u) < nand A"P(p,v) <7 (so that in
particular A" (u,v) < 2n) and up = u,u1, .. .,uy € TIP° are such that

q
DA (g ug) < AP (u,v) + 1,
i=1

It then follows that A" (u,ug) < 3n and A" (p,ug) < 4n which implies ug € TLE..

Furthermore, when applying formula to compute the quantities A"°(u;_1, u;) in the right-hand
side of ([48), it is enough to consider the case when the interval [u;_1, ;] (resp. [u;, u;—1]) is contained
in T2, because otherwise this interval contains 7P\ T2, and then the infimum of labels on [u;_1,u;]
is 0. To summarize, on the event where holds for every u,v € TP such that A" (p,u) < n and
AP(p,v) < n, we get that the value of A" (u,v) for such points u and v is determined by the tree
To}éf’g and the labels on this tree.

On the event where holds, we thus get that the ball B, (Hy) can be written as a function of

the coding triple
((Roosi<re, Lo () P(dtdw), 1o, (t) P'(dtdw))

since the tree TOZ{’S and the labels on this tree are functions of this triple (and also the distinguished
point of B, (Hs,) corresponds to the root of this coding triple). To complete the argument (recalling
that we assume ), we need to justify that Bn(ﬂj);’l) is given by the same function applied to the
triple [()e , except possibly on a set of small probability. To get this, recall that D! is obtained by
applying Z° to the snake trajectory Q(Y (*), ﬂ(z), M’(z)). With the coding triple ['®)€ we associate a
labeled tree 7}(2), which is identified to a subtree of the labeled tree 72), and, modulo this identification,
72(2) is rooted at the top of the spine of the tree 7(*), which corresponds to the distinguished point a
of D®!. We claim that the image of 72(2) (viewed as a subset of 7(*)) under the canonical projection
from 7(*) onto D! must contain a neighborhood of o.. As in the proof of Lemma this property
holds because the equivalence class of a in 7®)/{A() = 0} is a singleton, which is a consequence of
the fact that two points u and v of 7) with zero label are identified in D! if and only if labels stay
positive on the interval Ju, v, or on the interval Jv, u[ (see the discussion after Proposition [14]).

It follows from the preceding claim that, for n small enough, we have A(Z)(a, v) > 4n whenever
v ¢ 7;(2), except on an event of probability at most %. Discarding the latter event of small probability,
the same argument as above shows that the analog of holds for every u,v € T(*)° such that
A®) (o, u) < nand A®)(a,v) < n, provided we replace A" by AR Thee by T()° and To’éf’g by 7;(2).
Furthermore, the quantities A(*):° (ui—1,u;) appearing in this analog can be computed from the labeled
tree 7}(2) (here we use our definition of F’, which implies that T(z)\ﬁ(z) contains points with zero
label).

It follows from the preceding discussion that, on the event F that has probability at least 1 — %,
and except on an event of probability at most %, the ball B, (D) is obtained from the triple =) by
applying the same function that can be used to get the ball B, (Hs) from the triple in the right-hand
side of . The desired result follows. O
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5 Applications

5.1 Infinite Brownian disks in the Brownian plane

Recall the construction of the Brownian plane (BP, AP) from the coding triple (X, £, R) in Section
and note that the same triple was also considered in Section We use the notation (72, (Av)ye72)
for the labeled tree associated with the triple (X, £, R), and we write II? for the canonical projection
from 72 onto BP.,. The distinguished point p of BP, is the image of the root of 72 under II”.

To simplify notation, for every r > 0, we write B(r) = B;(BP) for the closed ball of radius r
centered at p in BP,. The hull B*(r) is then the subset of BPs, defined by saying that BP\B®(r) is
the unique unbounded connected component of BP,\B(r) (this component is unique since BP, is
homeomorphic to the plane [14]). Informally, B®(r) is obtained by filling in the (bounded) holes in
B(r). As in the introduction, it will be convenient to use the notation

B*(r) = BP,\B*(r).

One can give an explicit description of B*(r) in terms of the labeled tree (72, (Ay)ye7e). Forve T,
we recall that [[v, 0o[] is the geodesic ray from v in 72. Then, B*(r) = II?(F,), where

F.:={veTZ: A, >r for every w € [[v,00[}. (49)
Similarly, the topological boundary of B*(r) (or of B*(r)) is dB*(r) = dB*(r) = II?(JF,), with
OF, ={veT® : A, =rand Ay > r for every w €]Jv, oo[[}, (50)

with the obvious notation JJv, co[]. See formulas (16) and (17) in [I5]. We note that the intersection of
the set F, with the spine of 72 is just the interval (L,, c0), where we recall the notation L, in (as
in Section the spine is identified to R, ). Following [I5], we define the boundary size of B*(r) to
be |0B*(r)| = 2, where the quantity Z() is defined in (I9): Z) is the sum over all atoms (t,w) of
L and R such that ¢t > L, of the exit measures Z,(w) at level » — see formula (18) in [I5]. We write
cl(B*(r)) = B*(r) U B*(r) for the closure of B*(r), and similarly cl(F,) = F, U dF,.

Recall that the intrinsic metric on an open subset O of BP, is defined by declaring that the distance
between two points x and y of O is the infimum of the lengths of all continuous curves ~ : [0, 1] — O
such that v(0) = = and (1) = y. Here the lengths are of course computed with respect to the metric
AP of BP.

Theorem 29. Let r > 0. Then a.s. the intrinsic metric on B"(r) has a unique continuous extension
to cl(B*(r)), which is a metric on this set. We write (D°>("), A"} for the resulting random locally
compact metric space, which is equipped with the restriction of the volume measure on BPy, and pointed
at TIP(L,.). Then, conditionally on |0B*(r)|, (D), A (") s an infinite-volume Brownian disk with
perimeter |0B*(r)|.

Proof. Recall the notation (X (), E(T),ﬁ(r)) introduced in Section and the fact that, conditionally
on Z(") = z this coding triple is distributed according to ©, (Proposition @ The construction of
Section produces, from the triple (X(T),E(T),ﬁ,m), a random measure metric space (ID°(") A%(1))
such that, conditionally on Z(") = 2, (]D)"O’(T), AOO’(T)) is an infinite-volume Brownian disk with perimeter
z. Furthermore, D> (") is obtained as a quotient space of the labeled tree T coded by the triple
(X" £ R, Here we use the same notation 7 as in Section where we were dealing with a
different triple distributed according to ©,, but this should create no confusion. We write IT* for the
canonical projection from 7% onto Do),

It is easy to verify that the tree 7 can be identified with cl(F,.). The spine of T is identified
with the part [L,, 00) of the spine of 72, and we observe that, for each atom (¢;,w;) of £ or R such
that ¢; > L, (so that tr,(w;) shifted by —r corresponds to an atom of L) or ﬁ(r)), the genealogical
tree Tiir, (w;)) 18 identified with {v € T,,) : Ay > 7 for every w € [[p(,),v[[} (see the end of Section
. The identification of 72 with cl(F}.) preserves labels, provided labels on cl(F;) are shifted by —r.
With a slight abuse of notation, if u € T2, we will also write A, for the label of the point of cl(F})
corresponding to u in the identification of 7% with cl(F,) (so the label of v in TX is A, — 7).
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Furthermore, two vertices of cl(F,) are identified in the quotient space BP, if and only if the
corresponding vertices of T2 are identified in the quotient D>("): to check this property in the case
where the vertices belong to the boundary (the other case is immediate) we use the fact that two
vertices u and v of T with zero label are identified if and only if labels remain positive on one of the
two intervals Ju, v[ and v, u[ of the tree T2 (Lemma [16] (iii)). Thus we can identify D°*(") with the set
I1P(cl(F,)) = cl(B*(r)), in such a way that D> is identified with &B*(r), and this identification
preserves the volume measures.

Modulo the preceding identification, both assertions of the theorem follow from the next lemma.

Lemma 30. Let x and y be two points of ]D)OO’(T)\(?ID)OO’(T), and let 2’ and y' be the corresponding points
in B*(r). Then the intrinsic distance (relative to the open set B*(r)) between =’ and y' coincides with

A ().

Proof. Let A%("):°(y, 1) be defined as in for the labeled tree (T2, (A, — ")ues,) (vecall that the
label in T2 of a point u € TZ is equal to A, —r), so that A (") (p,w) is then given from AOO’(T)’O(U, w)
by formula .

We first prove that the intrinsic distance between z’ and 3’ is bounded above by A% (") (z,y).
To this end, let v and w be points of T such that II’(v) = = and ITI'(w) = y. We claim that, if
A0 (p, w) < oo, then A°("):°(y, w) is the length of a continuous curve in B*(r) that connects z’
to y'. Let us explain this. Without loss of generality, we may assume that

Aoo,(T)»O(U’w) =A,+Ay —2 inf A,

u€[v,w)

with inf,epy, ) Au > 7. Welet v' and w' be the points of F}. corresponding to v and w in the identification
of 75, with cl(F}) (in particular Ay = A, and Ay = Ay). We note that the condition inf, ¢, o) Ay > 7
implies that the interval [v,w] of 7% is also identified with the interval [v/, w’] of T2 (in particular we
have AP° (v, w') = A%():°(y, w)), and furthermore IT?([v/, w']) is contained in B*(r). By concatenating
two simple geodesics starting from IIP(v') = 2’ and IIP(w’) = y respectively up to their merging time,
as explained at the end of Section we construct a path from 2’ to ¥’ whose length is equal to
AP (v w'), and which stays in II?([v/,w']) € B*(r). This gives our claim.

From the definition of A° (") as an infimum, we now get that A (") (z,y) is bounded below by
the infimum of lengths of continuous curves connecting 2’ and 3’ that stay in B.(T). We thus obtain
that the intrinsic distance between ' and 3/ (with respect to the open set B*(r)) is bounded above by
AR ().

It remains to prove the reverse bound. To this end, we need to verify that, if v : [0,1] — B*(r)
is a continuous curve such that v(0) = 2/ and v(1) = ¢/, then the length of 7 is bounded below by
A1) (2, y). We write 5(t) for the point of D°*(") corresponding to (t) in the identification of cl(B*(r))
with D°*("). We may find § > 0 such that Ay > 7+ 0 for every t € [0,1] (recall that A, = AP(p, 2)
for every z € BPy). Then, we may choose n large enough so that AP(y(=1),~v(%)) < §/2 for every
1 < i < n. The length of v is bounded below by Y7 AP(y(=1),4(L)), and so to get the desired
result it suffices to verify that, for every 1 <i < mn,

() () = a0 G A())

Fix 1 <14 <n, and recall the definition of AP(y(=1),~(%)) as an infimum over possible choices of
Ug = ’y(%), u1,...,up = (%) in T2, where we may restrict our attention to choices of ug,u1, ..., u,

such that Ay, >r+d/2 (use AP(u,v) > |Ay — Ayl) and AP°(uj_1,uj) < 6/2 for every 1 < j < p. It
suffices to consider one such choice and to prove that

zp:Ap’o(ujflauj) > A% (7(2 . 1)’7@))' 51

=1 n n

For every 1 < j < p, the properties A,; > r + /2 and AP°(u;_1,u;) < 6/2 imply that the minimal
label on [uj_1,u;] is greater than r (or the same holds with [uj_1,u;] replaced by [uj, u;—1]). This
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n
of B(r), so that IT”(u;) belongs to B*(r) and u; must belong to F, which allows us to define @, as the
point of T corresponding to u;. Furthermore the fact that the minimal label on [u;_1,u;] is greater
than r also implies that the interval [uj_1,u;] in T2 is identified to the interval [@;_1,7;] in 72, and
then that AP°(uj_1,u;) = A2 (7;_1,7;). The bound follows, which completes the proof of
the lemma and of Theorem [5.1] O

shows in particular that there is a continuous curve from (%) to II”(u;) that stays in the complement

In view of applications to isoperimetric inequalities in the Brownian plane [36], we state another
result which complements Theorem [29| by showing that, in some sense, the exterior of the hull B*(r)
is independent of this hull, conditionally on its boundary size. We keep the notation introduced at
the beginning of this section, and in particular, we recall that the Brownian plane BP,, is constructed
from the labeled tree (7%, (Ay),c72) associated with the coding triple (X, £,R). We fix r > 0 and
write K, for the complement of the set F). defined in ,

K, :={veTZ:A, <r for some w € [[v,c0[}.
We have then B®(r) = IIP(K,) (cf. formulas (16) and (17) in [15]). Recall that, for every u,v € BPy,

AP (u,v) = Ay + Ay — 2max ( inf A, inf Aw). (52)

weE[u,v] wE [v,u]
We then set, for every u,v € K.,

p
AIL(T) (u7 U) = inf Z AP° (ui_l, Uz) (53)

UO=U UL ,...,Up=V 4 1
1=
u07U17---7uPEKr

where the infimum is over all choices of the integer p > 1 and of the finite sequence ug, u1,...,u, in
K, such that ug = u and u, = v. For every u,v € K, we have AP(u,v) < AP(")(u,v) (just note that
AP(u,v) is defined by the same formula without the restriction to uy,...,u, € K,) and we also
know that AP(u,v) = 0 implies A”°(u,v) = 0 and a fortiori A”(")(u,v) = 0. It follows that AP:(")
induces a metric on I1?(K,) = B*(r), and we keep the notation AP(") for this metric. For future use,
we also observe that, in the right-hand side of formula applied to u,v € K,, we may replace
the infimum over w € [u,v] by an infimum over w € [u,v] N K,: The point is that, if the clockwise
exploration going from u to v (or from v to u) intersects F;., then it necessarily visits a point with
label at most r, because otherwise u and v would have to be in F,.

Theorem 31. Conditionally on |0B*(r)|, the random compact measure metric space (B®(r), AP(")
and the space (]DOO’(T),AOO’(T)) n Theorem are independent. Furthermore, the restriction of the
metric AP(") to the interior of B*(r) coincides with the intrinsic metric induced by AP on this open set.

Proof. The general idea is to show that the space (B*(r), AP(")) can be constructed from random
quantities that are independent of (D°(") A%:(")) conditionally on |9B®(r)|. We start by introducing
the labeled tree 7P(") which consists of the part [0, L] of the spine of 72, and of the subtrees branching
off [0, L,]. Equivalently, 77(") is associated with the finite spine coding triple

X = ((Xo)oser, 1o, (t) L(Atdw), 1o, ) (£) R(dtdw)). (54)

Clearly, 77" viewed as a subset of T2 is contained in K,. If (&)ser is the clockwise exploration of
T2, TP(") corresponds to the points visited by (&,)ser during an interval of the form [—o,., o’], with
or, 0. > 0. We also let X() be the image of X" under the time-reversal operation and denote the
associated labeled tree by 77:() (replacing TP:(") by TP(") just amounts to interchanging the roles of
the root and the top of the spine).

We then consider all subtrees branching off the spine of 72 at a level higher than L,, and, for each
such subtree whose labels hit [0, 7], the “excursions outside” (r,00). To make this precise, write

L= 8w R=D 0w,

el ieJ
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where the indexing sets I and J are disjoint. In the time scale of the clockwise exploration, each w?
corresponds to an interval [ay, 3;] contained in (—oo, 0) if i € J, or in (0,00) if i € I, and o(w?) = B; — ;.
Set I, :={i € I : t; > L, and Wy (w') <7} and J, := {i € J : t; > L, and W, (w®) < r}. For each
i € I, U J,, we can make sense of the exit local time of w’ at level r, as defined in Section and we
denote this local time by (L?r)te[o’a.(wi)]. We then set, for every ¢t € R,

7 @,T
Lt - Z Lt/\ﬁi—t/\ai’
i€IuJ

so that, in some sense, L;"" represents the total exit local time accumulated at 7 by the clockwise
exploration up to time t. We note that

L= Y Lk, =20,
1eluJ

and |0B*(r)| = 2 by definition.

Then, for every i € I, U J,., we consider the excursions (w*).en of w' outside (r,00) (we refer
to [3, Section 2.4] for more information about such excursions). These excursions w®*, k € N are
in one-to-one correspondence with the connected components (a;x,b;%), k € N, of the open set
{s €[0,0(w)]: 7 (w?) < s(wh)}, in such a way that, for every s > 0,

w;‘?k(t) = wé“i,k+8)/\bi,k (Cai,k (wl) + t)v for 0 <¢ < (s (wik) = C(ai,k+s)Abi,k (wl) - Cai,k (wl)

In the time scale of the clockwise exploration, w®* corresponds to the interval [ iy Bi k], where

a;r = a; +a and B = a; + b; . In particular, the (labeled) tree ﬁwi,k) coincides with the subtree
of 7% consisting of the descendants of &, , = €, , (this set of descendants is {s : s € [a;k, Bikl})-

Recall the coding triple (X, £, R(") which is used to construct the space (D° (), A°:(")) An
application of the special Markov property, in the form given in the appendix of [27], shows that,
conditionally on Z("), the point measure

Ny (dtdw) == Z Zé(Lzzkwi,k)(dtdw)

1€l-UJr keN

is Poisson with intensity 1;, z(; (t) dt N, (dw), and is independent of (X ("), L), ﬁ(’")). Note in particular
that Z(") is a measurable function of MT). On the other hand, the coding triple X(") in is clearly
independent of the pair (N, (X ("), £ R(1)Y). So the first assertion of the theorem would follow if
we could prove that the space (B*(r), AP(") is a function of Ny and %2(". This is not correct, but
we will see that (B*(r), AP(")) is a function of (N Lo %), whose conditional distribution given
(2 L") only depends on Z(). This will suffice to get the first assertion of Theorem

Let us explain how the space (B*(r), AP(")) can be written as a function of (N, L") and X, To
begin with, we introduce the right-continuous inverse of the process (L )icr: for every s € [0, Z(")),

2" i=inf{t e R: L;" > s},

and we also make the convention that TZ,’(:) is the left limit of s+ 75" at s = Z("). Then one verifies
that (ITP(€,++))g<s<z( 18 an injective loop whose range is precisely 0B®(r). Let us briefly justify
this. Recall that 0B®(r) = IIP(OF,), with OF, given by . We first observe that the mapping
s + IIP(€,»r) is continuous. Indeed, we already know that the function s — IIP(€s) is continuous.
Furthermore, if 7" < 7", the support property of the exit local time implies that either all points
of the form &, with u € (7”7, 7°") are descendants of &+ and necessarily € «r = &+, or the labels
of all such points &, are greater than r. In both cases, we have HP(ET:,T) = IIP(£,+r). Then one
easily deduces from the same support property that any point of the form II? (€Tsw) belongs to 0B*(r).
Conversely, using , any point x of 9B®*(r), with the exception of the point L, of the spine, must be
of the form IIP(v) where v belongs to a subtree T(wiy with ¢ € I U J, and labels along the line segment
between v and the root of 7, are greater then r except at v. From the support property of the exit
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local time, it follows that v = & «r for some s € [ai, Bi]. The formula v = &,»r also holds for v = L,
with s = Ly". Finally, from the description of the distribution of A,y and the fact that A?(u,v) =0
holds if and only if AP°(u,v) = 0, one checks that, for every 0 < s < s’ < Z(")| the points [P(E,r)
and IIP(E,+r) are distinct, except in the case s =0 and s’ = Z),

We let .6 be derived from the disjoint union

0,277 u ( IUJ Tiwiiy) U TP
S

by identifying 0 with Z(), the root of 77(") with the point L™ of [0, Z(T)], and, for every i € I. U J,
and k € N, the root of 7(,ix) with the point L%, of [0, Z(M)]. We assign labels (Ag))xeﬁ to the points
of $: the label of any point of [0, Z(")] is equal to r, and points of the labeled trees T(wiky and TPr)

keep their labels. We also define a volume measure on $) by summing the volume measures of the trees
T(wiwy and of 77("). The total volume of §) is

) = 7P| 4 o> owt

el UJyr keN

using the notation |77(")| for the total volume of 7:(")

We need to define a cyclic clockwise exploration of §), which will be denoted by (SS(T)) s€[0,5]-
Roughly speaking this exploration corresponds to concatenating the clockwise explorations of the trees
T(wi,k) and 77() in the order prescribed by the exploration of 72. To give a more precise definition,
we first observe that we can write K, = K; U 0F,, where OF; is as in , and

K; :={veTZ:A, <rfor some w €]v, o[}

If v € OF,, we know that II”(v) € 0B®*(r), so that, by previous observations, there is a unique
s € [0, Z2(") such that v = [P (€ +r), and we set @(,y(v) 1= s.
We then define, for every s € }R,

= L dt 1{5t€Kr}'

Note that AL = S, We set ngr) = inf{s € R : AP > t} for every t € [0,%("). Then, for
every t € [0, »(r )), either £ e belongs to K, which implies that 57](@ is a point of one of the trees
t

7-(wi,k) or of TP , and we let Et( " be the “same” point in $, or Enm belongs to O0F,., and we set
t

& = o, (€,0) €[0,217). Finally we take £ =

557") = 0. Although this is not apparent in the
preceding presentation, the reader will easily check that this exploration process £ () only depends on
(N, Ly") and X (the reason why we need Lj" is because we have to rank the tree 77(") among
the trees 7(,ix) — of course the order between the different trees 7,y is prescribed by the point
measure N (r)-

The clockwise exploration of §) allows us to make sense of intervals on ). In turn, we can then
define the function D'(")°(u,v), for u,v € §, by the right-hand side of , where we simply replace A
by A). Similarly, we define D'(")(u,v), for u,v € §, by replacing AP° with D’'(")° in the right-hand
side of (and of course replacing ug, u1,...,u, € K, by ug,u1,...,u, € $). We now claim that
the quotient space $/{D'(") = 0}, equipped with the metric induced by D’(") and with the volume
measure which is the pushforward of the volume measure on $), coincides with (B*(r), AP(")). This
is a straightforward consequence of our construction (using the fact that one can replace [u,v] by
[u,v] N K, in the right-hand side of when u,v € K,), and we omit the details.

We also observe that the conditional distribution of the space $/{D'(") = 0} given (Z("), L5") does
not depend on Lj". This follows from the fact that the law of a Poisson point measure on [0, z] x S
with intensity d¢ N, (dw) is invariant under the shift ¢ — ¢ + @ mod. z, for any fixed a € [0, z].
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Finally, we can write (B*(r), AP(") = (§/{D'") = 0}, D'(")) = TNy, Ly, M) with a K-valued
function ¥, and we have for every nonnegative measurable function F' on K,

E[F(¥(Njy, L, X)) | (X0, 20, RO)] = E[F (RN, Ly, X)) | (20, L5")]
= E[F(U(Npy, L X)) | 20,

The second equality follows from the preceding observation, and the first one holds because ./\/(r)
and (X "), Z(”), ﬁ(T)) are conditionally independent given Z() (and Ly" is a measurable function of
(X0, £ RM)Y). Since (D), A" is a function of (X, £ R(")), this gives the first assertion
of Theorem [31]

The proof of the second assertion of Theorem [31]is very similar to the proof of Lemma and we
leave the details to the reader. O

Remark. The preceding proof gives a description of the distribution of the hull B*(r) equipped
with its intrinsic metric in terms of the space $). We note that the labeled tree 77(") has the same
distribution as the tree 7, under N,(dw|Wi(w) = 0) (see [26]). So the conditional distribution
of B*(r) knowing Z() = 2 could as well be defined from a Poisson point measure > il Oty w;) With
intensity 1y ,)(t) dtN,(dw) conditioned on the event {infie; Wi(w;) = 0}. In this form, there is a
striking analogy with the construction of the (free) Brownian disk with perimeter z found in [9] or
[11] — see Section [6] below for a presentation within the formalism of the present work. The essential
difference comes from the fact that the construction of the hull assigns constant labels equal to r to
points of § that belong to [0, z], whereas, in the construction of the Brownian disk, labels along [0, z]
evolve like a scaled Brownian bridge.

5.2 Horohulls in the Brownian plane

In this section, we explain how pointed Brownian disks with a given height appear as horohulls in the
Brownian plane. Let us first recall the definition of these horohulls. We consider the Brownian plane
(BPw, AP), with the distinguished point p. One can prove [14] that, a.s. for every a,b € BP, the limit
xll{go(Ap(av .%') - Ap(bv iC))
exists in R. Here the limit as x — oo means that x tends to the point at infinity in the Alexandroff
compactification of BP,,. Clearly, the limit in the preceding display can be written in the form
Ha — Hp, where the “horofunction” a +— H, is uniquely defined if we impose H, = 0. We interpret
H, as a (relative) distance from a to oo, and call H, the horodistance from a. Note the bound
’/Ha - ’Hb‘ < Ap(aa b)

For every r > 0, let 8°(r) be the connected component of the open set {x € BPy : H, > —r}
that contains p. So a point z belongs to B°(r) if and only if there is a continuous path from p to r
that stays at horodistance greater than —r. The horohull B°(r) is defined as the closure of B°(r).
We view B°(r) as a pointed compact measure metric space with distinguished point p. Note that the
compactness of B°(r) is not obvious a priori, but will follow from the description that we give in the
proof of the next statements.

We write Vol(+) for the volume measure on BPs,. In the following two statements, we fix r > 0.

Proposition 32. The limit

hﬁ)l e2Vol({z € B*(r) : Hy < —17 +€})
3

ezists a.s. This limit is called the boundary size of B*(r) and denoted by [0B*(r)|.

Theorem 33. The intrinsic metric on B°(r) has a.s. a continuous extension to B°(r), which is denoted
by Aloror. Then conditionally on |098°(r)| = 2, the pointed measure metric space (B°(r), Al is a
pointed Brownian disk with perimeter z and height r.
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The proof of both Proposition [32] and Theorem |33| relies on the construction of the Brownian plane
found in [14], which is different from the one given in Section Let us recall the construction of [14]
using our formalism of coding triples (the presentation therefore seems to differ from the one in [14],
but the relevant random objects are the same). We consider a coding triple (B, P,P’), such that:

e B = (B;)i>0 is a linear Brownian motion started from 0.

e Conditionally on B, P and P’ are independent Poisson point measures on R, x S with intensity
2dt Np, (dw).

Following Section we then consider the infinite labeled tree (732, (Ay,), ) associated with this
coding triple. We define the functions D*°(u,v) and D*(u,v), for u,v € TP, in a way similar to
Section (note however that labels are here of arbitrary sign):

D> (u,v) = Al, + A, — 2max ( inf Al inf A;U), (55)
wE[u,v] wE[v,u]
and
P
[e.9] _ : 00,0 . 3
D (uv U) = ug:u,z%lr}.f.,up:v z; D (uth uz) (56)
1=
where the infimum is over all choices of the integer p > 1 and of the finite sequence ug, u1, ..., u, in T2

such that up = w and u, = v. We have D*°(u, v) = 0 if and only if D*>*°(u,v) = 0 [14, Proposition 11].

We let BP/_ be the quotient space 722/{D> = 0}, which is equipped with the distance induced by
D (u,v) and the volume measure which is the pushforward of the volume measure on 727, and with
the distinguished point which is the equivalence class of the root of 77P. We also let II'” stand for the
canonical projection from 722 onto BP._.

Then the pointed measure metric space BP._ is a Brownian plane, that is, it has the same
distribution as BP., (see [I5, Theorem 3.4]). Therefore, we can replace BP,, by BP. in the proof of
both Proposition [32] and Theorem [33] The point of this replacement is the fact that the horodistance
from a point a of BP/ is now equal to its label A/, [I5, Proposition 17]. Indeed, we can summarize the
difference between the two constructions of the Brownian plane by saying that labels correspond to
distances from the distinguished point in the first construction, and to horodistances in the second
one. In the proofs below, we assume that 8°(r) and B°(r) are defined in BP._, and without risk of
confusion we use the notation p both for the root of 777 and for the distinguished point of BP._.

Proof of Proposition |39 and Theorem [35 The first step is to observe that we have 8°(r) = II'?(G,),
where
Gy ={veTPk: A, > —rforevery w € [[p,v]}, (57)

and B*(r) = B°(r) UIB°(r), with 9B°(r) = I'?(9G,), and
0G, ={ve TP : N =—rand A, > —r for every w € [[p,v[[}. (58)

Notice the similarity with and . Let us justify the equality B°(r) = II'”(G,). The inclusion
B°(r) D II'P(G,) is easy, because, if v € G, the image under ITI'? of the geodesic segment [[p, v]| yields
a continuous path from v to p along which labels (horodistances) stay greater than —r. The reverse
inclusion comes from the so-called “cactus bound” which says than any continuous path between p
and TI"’(v) must visit a point whose label is smaller than or equal to min,c,.q A, (see formula (4) in
[14] for a short proof in the case of the Brownian map, which is immediately extended to the present
setting). Once the equality B°(r) = II'P(G,) is established, the property 0%°(r) = II'"?(9G,) is easy
and we omit the details.

Write cl(G,) = G U 9G,, which we can view as a (compact) subtree of the tree 72. In a way very
similar to the proof of Theorem we may interpret cl(G,) as the (labeled) tree associated with a
coding triple derived from the triple (B,P,P’). To this end, we set

T, :=inf{t >0: B, = —r},
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and we note that cl(G,) consists of the union of the part [0, 7}] of the spine of 7P with the subtrees
branching off the spine between levels 0 and T, and truncated at label —r. To make this more precise,

if
P = Z Ot wi)s

el
we define

pr) — Z Ot tr_r(wi))

el t; <Ty

and we similarly define P'(") from P’. Let B(") stand for the stopped path (Bt)o<t<t,- Then cl(Gy) is
canonically and isometrically identified with the (labeled) tree coded by the triple (B, P p/(),
This identification preserves the labels and the volume measures. The fact that the limit in Proposition
exists, and is in fact given by

0% ()| = [ Z0(@) PO () + [ 2o () PO ()

now follows from the approximation formula for exit measures, using also Proposition [2| and @
Recall the notation ¥, introduced before Proposition[d] In order to derive the statement of Theorem
we now notice that the triple T = (B(T) +r,9_, P, 19_TP’(T)) has the same distribution as
the coding triple (Y, ./\7, /\7’) considered at the beginning of Section provided we take a = 7.
It follows that the conditional distribution of T(") knowing that [9B°*(r)| = z is ©%. Recall the
mapping {2 defined in Section Then Q(Z(")) is a random snake trajectory which, conditionally on

|0B°(r)| = 2, is distributed according to N, Furthermore, by Proposition the random metric
space D*" := Z*(Q(T("))) is a pointed Brownian disk with perimeter z and height r, conditionally
on [0B°*(r)| = z. To complete the proof, we just need to identify B°(r) (equipped with the intrinsic
distance) with D*".

By a preceding observation, cl(G,) is identified to the genealogical tree of Q(Z(")) (which is the
labeled tree associated with T(")) and this identification preserves labels, provided labels on cl(G,.) are
shifted by r. One then verifies that two points of cl(G,) are identified in II"?(cl(G,)) = B*(r) if and
only if the corresponding points of the genealogical tree of Q(T(T)) are identified in D*". It follows that
B°*(r) and D*" can be identified as sets. To complete the proof of Theorem it then remains to
show that the intrinsic distance between two points of B°(r) coincides with the distance between the
corresponding points of the interior of D*" (from the discussion in Section this will imply first that
the intrinsic distance on B°(r) can be extended to the boundary, and then that 2B°(r) is isometric to
D*" as desired). This is derived by arguments very similar to the end of the proof of Theorem and
we omit the details. O

We conclude this section with some explicit distributional properties of the process of horohulls.
It will be convenient to use the Skorokhod space D(R;,R) of cadlag functions from Ry into R. We
write (Z;)s>0 for the canonical process on D(R4,R), and (F;)t>o for the canonical filtration. We
then introduce, for every x > 0, the probability measure P, which is the law of the continuous-state
branching process with branching mechanism ® (in short, the ®-CSBP), where ®(\) = 1/8/3 A\3/2. We
refer to [I5), Section 2.1] for the definition and some properties of the ®-CSBP.

The ®-CSBP is critical, meaning that E,[Z;] = = for every ¢t > 0 and x > 0. Then, for every x > 0,
we can define the law P of the ®-CSBP started from = and conditioned to non-extinction via the

h-transform .
dP Z
LA — (59)
dPx Fi x

See [22], Section 4.1] for a discussion of continuous-state branching processes conditioned on non-
extinction. The preceding formula does not make sense for x = 0. However, |21, Theorem 2] shows
that the laws P converge weakly as x | 0 to a limiting law denoted by PT7 which is characterized by
the following two properties:
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i) for every t > 0, the law of Z; under Plis given by
0

Ejle %] = (1+ty2)/3) 7, A>0,

so that in particular Z; > 0, POT a.s.;

(ii) for every ¢t > 0, under POT, conditionally on (Z,)o<u<t, the process (Zis)s>0 is distributed
according to Pgt.

From , property (i) is equivalent to saying that the density of Z; is z hy(2).
In the next proposition, we take |9%8°(0)| = 0 by convention.

Proposition 34. The process (|0B°(r)|)r>0 has a cadlag modification, which is distributed according
to PJ.

Proof. As a preliminary observation, we recall from [I5, Section 2.2] that the exit measure process
(Z_;)r>0 is Markovian under Ny, with the transition kernels of the ®-CSBP. In other words, we can find
a cadlag modification of (Z_,),~0 such that, for every ¢t > 0, the conditional distribution of (Z_;_,),>0
under Ny and knowing (Z_,)o<u<t is Pz_,.

In order to get the statement of the proposition, it suffices to verify that the finite-dimensional
distributions of the process (|08B*(r)|),>0 coincide with the finite-dimensional marginals under ]P’g.

So we need to verify that, for every 0 < ¢t; < --- < t,, for every nonnegative measurable functions
®1,---,pp on Ry, we have
E|1(10B°(r))) - 91(10B°(ry))| = BJle1(Z0y) - 0p(Z0,)]: (60)

Now recall from the preceding proof that, for every j =1,...,p,

0% ()| = [ Lper,) oy @) Pt dw) + [ o, ) 2o, () P (dE o)
It then follows from that

E[1(10B°*(r1))) - 1 (10B°(rp)))] = No(Z-r, 01(Z-0) -+ 2p(2-1,))

=No (@1 (Z,Tl) Ezﬂ-l |:Z’f'p*7‘1 @2(Zr27r1) e ‘Pp(erfn)} >,

where we use the first observation of the proof in the last equality. Thanks to the h-transform relation
, the right-hand side is also equal to

No(91(Z-r)Z-n B}, [¢o(Zrar) 00 Zryor)] ) = | @2 2y (D1 (VB [2(Zrars) -+ 00l 2oy

since the density of Z_,, under No(-N{Z_,, # 0) is h,, (Proposition [3). Finally, properties (i) and (ii)
above show that the right-hand side of the last display equals Eg [01(Zry) -+ ©p(Zy, )], which completes
the proof. 0

In the next proposition, we compute the joint distribution of the boundary size and the volume of
the horohull B°(r).

Proposition 35. Let r > 0. We have, for every A >0 and p > 0,

(2 + 3/2/11) V2 sinh((2)/4r) + cosh((2) /)
3

((2+3v/275)Y/2 sinh((20)/47) + cosh((241) /7))

E[exp ( — \|OB*(r)| — Mvm(%‘(?«)))} =
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Proof. From the fact that B*(r) = I'’?(G, U dG,.), with G, and 9G, given by and , we easily
obtain that

Vol(B°(r))) = /1{t<T,«} o(tr_,(w)) P(dt dw) + / Loy o(tr—p(w)) P'(dt dw).
Thanks to the similar formula for |[08°(r)|, and to Proposition [2| we get
E| exp(—A[0B°(r)| — uVol(B*(r)))| = No(Z exp(-AZ_, — pY)),

where Y, = [ ds1{;_ (w,)=cc}- By Lemma 4.5 in [I5], we have, for A > /2y,

2

No(1—exp(-AZ_, — p¥,)) = \/g<3<coth ((2)47 + coth™ (/2 + gm))) - 2).

By differentiating with respect to A, we get the formula of the proposition. The restriction to A > /2u
can be removed by an argument of analytic continuation. O

Remark. Up to unimportant scaling constants, the formula of Proposition already appears in
[16, Proposition 4], which deals with asymptotics for the boundary size and volume of the (discrete)
horohulls in the UIPT. This should not come as a surprise since the Brownian plane is known to be
the scaling limit of the UIPT [I2]. Note however that it would not be easy to deduce Proposition
from the corresponding discrete result.

Our last proposition characterizes the distribution of the process (|0%8°(r)|, Vol(8°(r)))r>o. This
is an analog of [I5, Theorem 1.3], which is concerned with the usual hulls in the Brownian plane.

Proposition 36. Let U = (Up)i>0 be a random process distributed according to PJ, and let s1, s9, ...
be a measurable enumeration of jump times of U. Let £1,&a, ... be an independent sequence of positive
random variables distributed according to the density (2mz®)~1/2 exp(—1/2x). Assume that the sequence
(&1,&2,...) is independent of the process U. Then,

(1o* ()| Voume () @ (Um > & <AUsi>2) .
r>0

r>0 115, <1

From our presentation of the Brownian plane in terms of the triple (B, P, P’), and using Proposition
to relate this triple to the Brownian snake excursion measure, Proposition [36|follows as a straightforward
application of the excursion theory developed in [3] (see in particular Theorem 40 and Proposition 32
in [3]). We omit the details of the proof.

5.3 Removing a strip from the Brownian half-plane

In this section, we give an analog of Theorem [29 showing that, if one removes a strip of width 7 from
the Brownian half-plane, the resulting space equipped with its intrinsic metric is again a Brownian
half-plane. We let (Ho, Ahp) stand for the Brownian half-plane constructed from a coding triple
(R, 75, P ) as explained in Section Recall that H,, is obtained as a quotient space of the labeled
tree TP associated with (R, P, P ), and that every x € Hy, thus has a label A,, which is equal to the
distance from x to the boundary 0Hy.
We fix r > 0 and set
HY) = {z € Hyo : Ay > 7}

The interior H&)’O is {z € Heo : Ay > 7}. We distinguish a special point z(,) of the boundary of HC(,Z),

which corresponds to the point of the spine of To}ép at height L, = sup{t > 0: Ry = }.
(r) (r)

Theorem 37. The intrinsic metric on Hay'° has a unique continuous extension to Hes , which is a
metric on this space. Furthermore, the resulting random measure metric space pointed at x() is a
Brownian half-plane.
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Proof. This is very similar to the proof of Theorem and we only sketch the arguments. We first
introduce the process (Rir))tzo defined by

Rgr) = RLr-‘rt -,

and we note that N(Rgr))tzg is also a three-dimensional Bessel process started at 0. Recalling the point

measures P and P’ used in the construction of Hyo, we define two other point measures P) and P/
on Ry x § by setting, for every nonnegative measurable function ® on Ry x S,

(P, ) = / P(Atdw) 11, o0 (£) Dt — Ly, O (tr,0),

and similarly for P’, where we recall the notation 9, for the shift on snake trajectories. Then it
is straightforward to verify that the coding triples (R,P,P’) and (R™,P) P'(")) have the same
distribution.

Consequently, the construction of Section applied to the triple (R, P(") P'(") yields a pointed
measure metric space (Hg), A/ hp’(’”)) which is a Brownian half-plane. To complete the proof we just

have to identify ( /o(or), A’hp’(’")) with the space HC(Q equipped with its intrinsic metric. This is done in
the same way as in the proof of Theorem [29| and we omit the details. O

Remark. We could also have derived an analog of Theorem showing that the space Hé’;) in
Theorem is independent of the strip HOO\H&) equipped with its intrinsic metric. We leave the
precise formulation and proof of this result to the reader.

6 Consistency with previous definitions

In this section, we show that our definitions of the infinite-volume Brownian disk and of the Brownian
half-plane are consistent with the previous definitions in [8] and [19]. This is relatively easy for the
Brownian half-plane but somewhat more delicate for the infinite-volume Brownian disk.

We start by recalling the definition of the free pointed Brownian disk that can be found in [8, 9 [11].
Our presentation uses the notation introduced in the preceding sections and is therefore slightly different
from the one in the previous papers.

We fix z > 0 and consider a Poisson point measure N' = >, O(t;;) o0 Ry X & with intensity

2 1[07z] (t) dt No(dw).

We then introduce the compact metric space 7', which is obtained from the disjoint union

0,210 (U Tiwn) (61)
i€l
by identifying 0 with 2 and, for every i € I, the root p(,,) of T,,) with the point #; of [0, z]. The metric
on T’ is defined in a very similar manner to Section For instance, if v € T(,,) and w € T, with
j # 1, the distance between v and w is

d(wi)(v,p(wi)) + min{(¢; V tj) — (t; A tj), z—(t; Vv tj) + (ti A tj>} + d(wj)(p(wj),w),

and the reader will easily guess the formula in other cases. The volume measure on 7~ is just the sum
of the volume measures on the trees 7, i € I.

Set 0’ :=Y;cr0(w;). We can define a clockwise exploration (&])o<¢<, of T, basically by concate-
nating the mappings p(,,) : [0, 0(wi)] — T(.,) in the order prescribed by the ¢;’s. Note that, as in the
finite spine case of Section this exploration is cyclic (because 0 and z have been identified in T7).
The clockwise exploration allows us to define intervals in the space 77, exactly as in Section

We next assign real labels to the points of 77. To this end we let (8;)o<i<- be a standard Brownian
bridge (starting and ending at 0) over the time interval [0, z], which is independent of N/. For t € [0, z],
we set £, = /3 B, and for v € Ty, i €1,

0 =3B, + lo(ws),
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where £, (w;) denotes the label of v in 7, as in Section Then, min{¢, : v € T'} is attained at a
unique point v, of 7.
We may now define the pseudo-metric functions D’® and D’ exactly as in and ([56)),

D°(u,v) = €, + €, — 2max (_inf £, inf £,), (62)
wE[u,v] weE[v,u]
and
p
/ _ : 1o/, )
D'(u,v) = uo:u’dﬁf"up:v; D" (ui—1,u;) (63)
1=
where the infimum is over all choices of the integer p > 1 and of the finite sequence ug, uy, ..., u, in 7’
such that up = u and u, = v. It is immediate to verify that, for every u € 7', D'°(u,vy) = D'(u, vy) =
o, =1 .

Let D’ denote the space T'/{D’ = 0}, which is equipped with the metric induced by D', with the
pushforward of the volume measure on 7', and with the distinguished point which is the equivalence
class of v, (without risk of confusion, we will also write v, for this equivalence class). Then D? is a
free pointed Brownian disk with perimeter z whose boundary 9D is the image of [0, z] under the
canonical projection. This construction is basically the one in [IT), Section 2.3], and, as already noted,
it is consistent with Definition I3l We set

H! = D'(v,,0D?) = min{¢, : v € [0, 2]} — £, . (64)

A variant of the preceding construction yields the infinite-volume Brownian disk with perimeter
z as consideredﬂ in [8]. We keep the same notation as before, and we introduce an infinite labeled
tree T2, which has the same distribution as the tree 777 of Section (so this is the labeled tree
associated with a triple (B, P,P’) whose distribution is specified in Section . We assume that N
and 77, are independent, and we also consider a random variable U uniformly distributed over [0, z]
and independent of the pair (N, 7% ). Then we let 7/(>) be derived from the disjoint union

0,200 (1 T ) U T (65)
el

by the same identifications as in , and furthermore by identifying the root of 77 with the point
U of [0, 2]. The metric on 7' is defined as in the case of 7. The clockwise exploration (Et,(oo))teR
of T7(®) is then defined in much the same way as in the infinite spine case of Section We have
56(00) = 0 = z, and the points (St/(oo))Ko now correspond to the right side of the tree 77, , to the trees
T(w;) with t; > U and to the interval [U, z), and similarly for the points (St,(oo))bo. The labels f;(oo)
on T(®) are obtained exactly as in the case of 77, using the same Brownian bridge 3 and taking
0 = By + Al when v € T, where AJ stands for the label of v in 7Z.

We may now define the pseudo-metric functions D’°(>) (u, v) and D'(>)(u,v) on 77> by the very
same formulas as in and , just replacing the labels £/ by Ei,(oo) (and noting that the clockwise
exploration (8; ) er allows us to define intervals on 77(°) exactly as in Section .

We then define I/ as the quotient space 77(>) /{D'(>) = 0}, which is equipped with the metric
induced by D'(°®) with the volume measure which is the pushforward of the volume measure on 77(°°)
and with the distinguished point which is the equivalence class of 0. In the terminology of [8], D> is

an infinite-volume Brownian disk with perimeter z. The next proposition shows that this is consistent
with Definition

Proposition 38. The pointed locally compact measure metric spaces DX and D/*° have the same
distribution.

2Unfortunately, it seems that the definition given in [8] is slightly incorrect. We believe that the construction below is
the correct way to define the infinite-volume Brownian disk as it appears in the limit theorems proved in [§].
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We will deduce Proposition from Proposition below, which shows that D/ is a limit of
conditioned Brownian disks, in a way similar to Theorem [21| for D3°. We note that [§] proves that the
space D> is the limit in distribution of Brownian disks with perimeter z conditioned to have a large
volume, but it is not so easy to verify that this conditioning has the same effect as the one in Theorem
21, which involves the height of the distinguished point.

Let us start with some preliminary observations. Since D’ has the same distribution as D$, we
know from the discussion after Proposition [14] that there exists a measure p, on D’ with total mass
z, such that, a.s. for any continuous function ¢ on D’?, we have

<ﬂ;7 90> = gli)% gig /D/; VOl(dl') 1{D(x,8]D)fz‘)<5} (:0(‘%.)
where Vol(dz) denotes the volume measure on dD’?. For our purposes, it is important to know that
is also the pushforward of Lebesgue measure on [0, z] under the canonical projection from 7' onto D’.
This is proved in [29, Theorem 9.

We now note that, in addition to v, D’* has another distinguished point (belonging to its boundary)
namely the point vy which is the equivalence class of 0 in the quotient 77 /{D’ = 0}. We note that vy is
uniformly distributed over 9D’?, in the following sense. Similarly as in Proposition we introduce the
the doubly pointed measure metric space D?® which is obtained by viewing vy as a second distinguished
point of D’?. We have then, for any nonnegative measurable function F' on the space of all doubly
pointed compact measure metric spaces,

E[F(D2)] = B [ #do) (D2, a1)]. (66)

with the same notation as in Proposition The proof of is straightforward: For r,t € [0, z]
use the notation t ®r=t+rift+r<zandt@®r=t+r —zif t +r > z, and note that, for every
r € [0, 2], the point measure ;e d(4,@rw,) has the same distribution as N, whereas (Brqt — 8r)o<t<=
has the same distribution as (5;)o<t<-

Consider a random doubly pointed space D3* whose distribution is obtained by integrating the
distribution of D?*® with respect to the probability density p,(a) in Proposition [3| By integrating the
formula of Proposition [15| with respect to p.(a) da, we get

EFOL) = S E[ [ pado) P(D2,01)]. (67)

Since the pairs (D, i) and (D?, i) have the same distribution, we obtain by comparing and
that D/** and D2* have the same distribution. Let D2, resp. D/*, be the pointed space obtained
from D2, resp. from D'**, by forgetting the first distinguished point. Then (D2, H.) and (D’*, H.) also
have the same distribution.

Proposition 39. For every a > 0, let ]13),;’(“) be distributed as D'* conditioned on the event {H' > a}.
Then

D@ 1, pye

a—00

in distribution in the sense of the local Gromov-Hausdorff-Prokhorov convergence.

Before proving Proposition let us explain why the statement of Proposition [38] follows from
this proposition. Recall from Section [£.3] that H, denotes the distance from the distinguished point
of D? to the boundary. Since (D, H,) and (D', H.) have the same distribution, D@ has the same
distribution as ]I_)); conditioned on H, > a, whereas the pointed space D;’a in Theorem has the
distribution of D¢ conditioned on H, = a. Hence, by comparing the convergences in Theorem [21| and
in Proposition we conclude that D° and D/?° have the same distribution.

Proof of Proposition[39 Let E, stand for the event {H. > a}. The idea of the proof is to study the
effect on the pair (8, N') (which determines D’*®) of conditioning on E,. To this end, it will be useful
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to replace E, by another event for which the conditioning will be easier to study. We first note that,
by and the definition of labels on 77, we have

HL = xuin (V3 5:) = inf (V36 + W) (68)

0<t<z

Set ||B]] = sup{|B:| : 0 <t < z}, and consider the events
oo f ‘ _ 1. [ , o n._ [ 4 _
Ea:= {?5 Wolw) < —af, By i= {igﬁw*(wﬁ < —a—2v3|8|}, By = {gw*(wz) < —a+2v3|3ll}.

From , we have E! C E, C E!. On the other hand, it is an easy exercise to check that the
ratio P(Ey,)/P(Ey) tends to 1 as a — oo (in fact, it follows from that both P(E;) and P(E)
are asymptotic to 3z/a?). Since we have also E/, C E, C E!, we may condition on E, instead of
conditioning on E, = {H. > a} in order to get the convergence of the proposition.

Conditioning on E, does not affect 5. On the other hand, when a is large, the conditional
distribution of N knowing E, is close in total variation to the law of

Nl(a) + 6((7,“}(51))7

where (@) is a Poisson point measure with intensity 2 110,21 (t) Lw, (w)>—a} dt No(dw), w(@) is distributed
according to No(- | W, < —a), and U is uniformly distributed over [0,z] (and N, w® and U are
independent). When a is large, N and N’ (@) can be coupled so that they are equal with high probability.

We then want to argue that, when a is large, we can couple w® and the labeled tree T2, used to
define D/ so that T(w(a)) and T2, both viewed as labeled trees, are close in some appropriate sense.
Recall that 7., was constructed from a coding triple (B,P,P’) such that B = (By);>0 is a linear
Brownian motion started from 0 and, conditionally on B, P and P’ are independent Poisson point
measures on Ry x S with intensity 2d¢ Npg,(dw). On the other hand, the main results of [26] give the
distribution of w(®. If b € [a, 00), the conditional distribution of w(® knowing that W, (w(®) = —b is
that of the snake trajectory corresponding to a coding triple (V, M, M’) such that V- = (V/ = b),-,cpv',
where (V) q<;<pv’ is a Bessel process of dimension —5 started from b and stopped when it hits 0, and,
conditionally on V., M and M’ are independent Poisson measures on R, x S with intensity

215 vy (1) Lgw (w)>—b} dE Ny (dw).

From this description, we easily get that, for every h > 0 and € € (0, 1), we can for a large enough
couple the coding triples (B, P,P’) and (V, M, M’) in such a way that the following two properties
hold except on a set of probability smaller than e:

e V=B for0<t<h;

o the restriction of P, resp. of P’, to [0, h] x S coincides with the restriction of M, resp. of M’, to
[0,h] X S.

Now recall that the construction of D/ relies on the 4-tuple (3, N, U, TZ), whereas, up to an event
of small probability when a is large, the space D@ (which is D’® conditioned on {H, > a}) may
be obtained from the 4-tuple (8, N"(@, U, T(w(a)))' It follows from the preceding considerations that,
up to a set of small probability when a is large, we can couple these two 4-tuples in such a way that
their first three components coincide and moreover the labeled trees 77, and T(w(a)) with their spines
“truncated at height h” also coincide (in the case of T(w(a))’ the spine corresponds to the line segment
between the root and the vertex with minimal label). Given r > 0, we deduce from the preceding
observation (by choosing h large enough) that we can couple the spaces D> and Hj)/z"(a) so that the
balls of radius r centered at the distinguished point are the same in both spaces, except on an event of
small probability when «a is large. We omit the detailed verification of this last coupling, which is very
similar to the proof of Proposition [18 above or Theorem 1 in [14]. The convergence in distribution
stated in Proposition [39] follows. O
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Remark. The quantities H, and H_ have the same distribution, and thus the density of the random
variable in the right-hand side of is equal to p,(a). The reader is invited to give a direct proof of
this fact, as a verification of the consistency of our definition of the free pointed Brownian disk with
the one in [I1].

To conclude this section, we explain why our definition of the Brownian half-plane H is consistent
with the one given in [§] or [19]. We use the notation H/ for the Brownian half-plane as defined in [8].
Then, from [8, Corollary 3.9], we get that H/_ is the tangent cone in distribution of the Brownian disk
with perimeter z and volume r at a point uniformly distributed over its boundary — here “uniformly
distributed” refers to the analog of the measure p/, (the construction of D’® given above also works
for the Brownian disk with fixed volume r, just by conditioning > ;c; o(w;) to be equal to 7). By
randomizing the volume r, we infer that we have also

(d)

)\~>oo

)\ . ]]_)/0 H/

in distribution in the sense of the local Gromov-Hausdorff-Prokhorov convergence. On the other hand,
it follows from Theorem 26 that we have

(d)

A—00

A-DS -5 He.

Since DY and D’? have the same distribution, we conclude that Ho, and H/_ also have the same
distribution as desired.

Appendix: Some Laplace transforms

Recall the standard notation
erfe(x /
\/>
Then the function y; defined for x > 0 by
L i

xi(z) = ﬁfﬂ

satisfies, for every A > 0,

— e”erfe(y/z

-7 ewe”

/dme ATy (z) = (1+ V) (A1)

This is easily verified via an integration by parts which gives for A > 0,

> T —Ax _ 1
/0 erfc(v/z)e" e dx_ﬁ(quﬁ)'

From the last two displays and an integration by parts, one checks that the function xs = x1 * x1,
which satisfies

/ dze ™ yo(z) = (1 4+ V)72 (A.2)

is given for x > 0 by

x2(z) = e%erfc(v/z) — 22 x1(x) = (22 + 1)e”erfe(yv/z) — \/27?951/2.

Similar manipulations show that the function x3 = x1 * x1 * x1 satisfying
/ dz e ya(z) = (1 + V)~ (A.3)

is given by
2 3
x3(x) = ﬁ(a:‘g/2 +2'/?) — 22 (x + 5) e” erfe(y/x).

We observe that x1(z) > 0 for every x > 0 (this is obvious from (A.0)) and thus we have also x3(x) > 0
for every x > 0. Finally, we note that

/000 1—e z)dz —/ du/ " o (w) do = /OAd,Uz(l—l—\/ﬁ)_g — (A2 (A4)
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