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Abstract

We study the scaling limit of the volume and perimeter of the discovered regions in the Markovian
explorations known as peeling processes for infinite random planar maps such as the uniform infinite
planar triangulation (UIPT) or quadrangulation (UIPQ). In particular, our results apply to the metric
exploration or peeling by layers algorithm, where the discovered regions are (almost) completed balls,
or hulls, centered at the root vertex. The scaling limits of the perimeter and volume of hulls can be
expressed in terms of the hull process of the Brownian plane studied in our previous work. Other
applications include the metric exploration of the dual graph of our infinite random lattices, and
first-passage percolation with exponential edge weights on the dual graph, also known as the Eden

model or uniform peeling.

1 Introduction

The spatial Markov property of random planar maps is one of the most important properties of these
random lattices. Roughly speaking, this property says that, after a region of the map has been explored,
the law of the remaining part only depends on the perimeter of the discovered region. The spatial Markov
property was first used in the physics literature, without a precise justification: Watabiki [31] introduced
the so-called “peeling process”, which is a growth process discovering the random lattice step by step. A
rigorous version of the peeling process and its Markovian properties was given by Angel [3] in the case
of the Uniform Infinite Planar Triangulation (UIPT), which had been defined by Angel and Schramm
[6] as the local limit of uniformly distributed plane triangulations with a fixed size. The peeling process
has been used since to derive information about the metric properties of the UIPT [3], about percolation
[3, 4, 26] and simple random walk [7] on the UIPT and its generalizations, and more recently about
the conformal structure [15] of random planar maps. It also plays a crucial role in the construction of
“hyperbolic” random triangulations [5, 14].

In the present paper, we derive scaling limits for the perimeter and the volume of the discovered region
in a peeling process of the UIPT. Our methods also apply to the Uniform Infinite Planar Quadrangulation
(UIPQ), which was constructed independently by Krikun [21] and by Chassaing and Durhuus [13] (the
equivalence between these two consructions was obtained by Ménard [25]). By considering the special
case of the peeling by layers, we get scaling limits for the volume and the boundary length of the hull of
radius r centered at the root of the UIPT, or of the UIPQ (the hull of radius r is obtained by “filling in
the finite holes” in the ball of radius r). The limiting processes that arise in these scaling limits coincide
with those that appeared in our previous work [17] dealing with the hull process of the Brownian plane.
This is not surprising since the Brownian plane is conjectured to be the universal scaling limit of many
infinite random lattices such as the UIPT, and it is known that this conjecture holds in the special

case of the UIPQ [18]. We also apply our results to both the dual graph distance and the first-passage



percolation distance corresponding to exponential edge weights on the dual graph of the UIPT (this first-
passage percolation model is also known as the Eden model). In particular, we show that the volume
and perimeter of the hulls with respect to each of these two metrics have the same scaling limits as those

corresponding to the graph distance, up to explicit deterministic multiplicative factors.

For the sake of clarity, the following results are stated and proved in the case of the UIPT corresponding
to type II triangulations in the terminology of Angel and Schramm [6]. In type II triangulations, loops
are not allowed but there may be multiple edges. Section 6 explains the changes that are needed for the
extension of our results to other random lattices such as the UIPT for type I triangulations or the UITPQ.
In these extensions, scaling limits remain the same, but different constants are involved. In the case of

type II triangulations, the three basic constants that arise in our results are
2 2
pa2 = (5)2/3, VA2 — (5)7/3 and hAz = 1271/3 .

Here the subscript A? emphasizes the fact that these constants are relevant to the case of type II trian-
gulations.

So, except in Section 6, all triangulations in this article are type II triangulations. The corresponding
UIPT is denoted by To,. This is an infinite random triangulation of the plane given with a distinguished
oriented edge whose tail vertex is called the origin (or root vertex) of the map. If t is a rooted finite
triangulation with a simple boundary 0t, we denote the number of inner vertices of t by |t| and the
boundary length of t by |0t|. Furthermore, we say that t is a subtriangulation of T, and write t C T,
if T, is obtained from t by gluing an infinite triangulation with a simple boundary along the boundary of
t (of course we also require that the root of T, coincides with the root of t after this gluing operation).
If t C T and e is an edge of Jt, the triangulation obtained by the peeling of e is the triangulation t to
which we add the face incident to e that was not already in t, as well as the finite region that the union
of t and this added face may enclose (recall that the UIPT has only one end [6]). An exploration process
(T;)i>0 is a sequence of subtriangulations of the UIPT with a simple boundary such that T consists only
of the root edge (viewed as a trivial triangulation) and for every ¢ > 0 the map T;41 is obtained from T;
by peeling one edge of its boundary. If the choice of this edge is independent of T, \T;, the exploration is
said to be Markovian and we call it a peeling process. Different peeling processes correspond to different
ways of choosing the edge to be peeled at every step. See Section 3.1 for a more rigorous presentation.

Our first theorem complements results due to Angel [3] by describing the scaling limit of the perimeter
and volume of the discovered region in a peeling process. We let (S;);>¢ denote the stable Lévy process
with index 3/2 and only negative jumps, which starts from 0 and is normalized so that its Lévy measure
is 3/(4y/m)|z|~%/?1,<0, or equivalently E[exp(\S;)] = exp(tA3/2) for any A\,¢ > 0. The process (S;)i>0
conditioned to stay nonnegative is then denoted by (S;");>0 (see [, Chapter VII] for a rigorous definition
of (S;")¢>0). We also let &1, &, ... be a sequence of independent real random variables with density

We assume that this sequence is independent of the process (S;" )i>0 and, for every t > 0, we set Z; =

Ztigt & - (AS¥)2 where t1,t,... is a measurable enumeration of the jumps of ST.

Theorem 1 (Scaling limit for general peelings). For any peeling process (Tyn)n>0 of the UIPT, we have

the following convergence in distribution in the sense of Skorokhod
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The proof of Theorem 1 relies on the explicit expression of the transition probabilities of the peeling
process. It follows from this explicit expression that the process of perimeters (|0T,,|)n>0 is a h-transform
of a random walk with independent increments in the domain of attraction of a spectrally negative stable
distribution with index 3/2 (Proposition 6). This h-transform is interpreted as conditioning the random
walk to stay above level 2, and in the scaling limit this leads to the process (Sj' )i>0. The common
distribution of the variables &; is the scaling limit of the volume of a Boltzmann triangulation (see Section
2.1) conditioned to have a large boundary size. The appearance of this distribution is explained by the fact
that the “holes” created by the peeling process are filled in by finite triangulations distributed according
to Boltzmann weights (this is called the free distribution in [6, Definition 2.3]). As a corollary of Theorem
1, we prove that any peeling process of the UIPT will eventually discover the whole triangulation, i.e,
UT,, = Tw, no matter what peeling algorithm is used (of course as long as the exploration is Markovian),
see Corollary 7. We note that Theorem 1 can be applied to various peeling processes that have been
considered in earlier works: peeling along percolation interfaces [3, 1], peeling along simple random walk
[7], peeling along a Brownian or a SLEg exploration of the Riemann surface associated with the UIPT
[15], etc. In the present work, we apply Theorem 1 to three specific peeling algorithms, each of which
is related to a “metric” exploration of the UIPT. The first one is the peeling by layers, which essentially
grows balls for the graph distance on the UIPT, the second one is the peeling by layers in the dual map
of the UIPT and the last one is the uniform peeling, which is related to first-passage percolation with
exponential edge weights on the dual map of the UIPT.

Scaling limits for the hulls. For every integer r > 1, the ball B,.(Tw) is defined as the union of all
faces of T, whose boundary contains at least one vertex at graph distance smaller than or equal to r — 1
from the origin (when r = 0 we agree that By(Ts) is the trivial triangulation consisting only of the root
edge). The hull B?(T) is then obtained by adding to the ball B, (T,) the bounded components of the
complement of this ball (see Fig.1). Note that B?(Tw) is a finite triangulation with a simple boundary.
One can define a particular peeling process (T;);>0 (called the peeling by layers) such that, for every
n > 0, there exists a random integer H, such that B}, (Tw) C T, C By ,(Tw). Scaling limits for
the volume and the boundary length of the hulls can then be derived by applying Theorem 1 to this
particular peeling algorithm. A crucial step in this derivation is to get information about the asymptotic
behavior of H,, when n — oo (Proposition 10). Before stating our limit theorem for hulls, we need to
introduce some notation.

For every real u > 0, set (u) = u3/2. The continuous-state branching process with branching
mechanism ) is the Feller Markov process (X;)¢>o with values in R, whose semigroup is characterized

as follows: for every x,t > 0 and every A > 0,
-2
Ele™*t | Xg = 2] = exp ( - m()\_l/2 + t/2) )

Note that X gets absorbed at 0 in finite time. It is easy to comstruct a process (Ly);>0 with cadlag
paths such that the time-reversed process (L(_¢)—)i<o (indexed by negative times) is distributed as X
“started from +oo at time —oo” and conditioned to hit zero at time 0 (see [17, Section 2.1] for a detailed
presentation of the process £). We consider the sequence (§;);>1 introduced before Theorem 1, and we

assume that this sequence is independent of £. We then set, for every ¢ > 0

M= & (AL,
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where s1, So, ... is a measurable enumeration of the jumps of L.
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Figure 1: From left to right, the “cactus” representation of the UIPT, the ball B,(Tw), whose
boundary may have several components, and the hull B? (T ), whose boundary is a simple cycle.

Theorem 2 (Scaling limit of the hull process). We have the following convergence in distribution in the
sense of Skorokhod,
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A scaling argument shows that the limiting process has the same distribution as

P2 VA2
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but the form given in Theorem 2 helps to understand the connection with Theorem 1.

We note that the convergence in distribution of the variables r=2|0B® (T )| as 7 — oo had already
been obtained by Krikun [22, Theorem 1.4] via a different approach. The limiting process in Theorem
2 appeared in the companion paper [17] as the process describing the evolution of the boundary length
and the volume of hulls in the Brownian plane (in the setting of the Brownian plane, the length of
the boundary has to be defined in a generalized sense). The paper [17] contains detailed information
about distributional properties of this limiting process (see Proposition 1.2 and Theorem 1.4 in [17]). In
particular, for every fixed s > 0, the joint distribution of the pair (L, My) is known explicitly. Here we
mention only the Laplace transform of the marginal laws:

2
Ble] = (14 25)7,
2 1/4 2 1/4 —3/2
]E[e_/\MS] = 3%/2 cosh (7( A S) (cosh2 (7< Q) 5) +2) .

V8/3 V8/3

Note in particular that £, follows a Gamma distribution with parameter 3/2.

Metric exploration of the dual map. Consider now the dual map 77 of the UIPT, whose vertices
are the faces of the UIPT, and where two vertices are connected by an edge if the corresponding faces of
the UIPT share a common edge. The origin of T, or root face of T, is the face incident to the right
side of the root edge of To,. We equip T2 with the dual graph distance, and we let B?*(T) denote the

hull of the ball of radius r in T7%, i.e. the map made of all the faces of T, which are at dual graph distance



less than or equal to r from the root face, together with the finite regions these faces may enclose. Then

the techniques developed for the proof of Theorem 2 also give the following result.

Theorem 3 (Scaling limit of the hull process on the dual map). We have the following convergence in

distribution in the sense of Skorokhod,

_ % _4) pe,* (d)
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where h’, = ha2 + (pAz)_l.

First-passage percolation. Consider again the dual map T of the UIPT. We assign independently
to each edge of the dual map an exponential weight with parameter 1. For every ¢ > 0, we write F; for
the union of all faces that may be reached from the root face by a (dual) path whose total weight is at

most t. As usual, F} stands for the hull of F;, which is obtained by filling in the finite holes of F; inside

T. Then F} is a triangulation with a simple boundary. If 0 =79 <7 < --- < 7, ... are the jump times

of the process t — F}, it is not hard to verify that the sequence (F2 ),>0 is a uniform peeling process,

Tn

meaning that at each step the edge to be peeled off is chosen uniformly at random among all edges of

the boundary. See Proposition 15 for a precise statement. Then Theorem 1 leads to the following result:
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Figure 2: lllustration of the exploration along first-passage percolation on the dual of the UIPT.

We represented F} for some value of ¢ > 0. By standard properties of exponential variables, the

next dual edge to be explored is uniformly distributed on the boundary.

Theorem 4 (Scaling limits for first passage percolation). We have the following convergence in distri-
bution for the Skorokhod topology

(n=210F g, IF5.g) 9, (Par + Lpputsvar - My, .2t

t>0 T—00 tZO.

Set ¢; = h%2/haz =4 and ¢o = (pazhaz) ™! = 3. If we compare Theorem 2, Theorem 3 and Theorem
4, we see that the scaling limits of the volume and the perimeter are the same for B (Tw,), for Be;%(Tw)
and for F?_ .. This is consistent with the conjecture saying that balls for the dual graph distance or for
first-passage percolation distance grow like deterministic balls, up to a constant multiplicative factor (this

property is not expected to hold for deterministic lattices such as Z?, but in some sense the UIPT is more



isotropic). Informally, writing dg, for the graph distance (on the UIPT), dj, for the dual graph distance

and dgpp, for the first-passage percolation distance, our results suggest that in large scales,
dee () mer-dge()  dipp(s ) & 2 de( )

Note that dg, is a metric on the UIPT, whereas dg,, or dgr are metrics on the dual graph. Still it is
easy to restate the previous display in the form of a precise conjecture (see Section 5.3). This conjecture
is consistent with the recent calculations of Ambjgrn and Budd [1] for two and three-point functions in
first-passage percolation on random triangulations, and is the subject of the forthcoming work [16].

We finally note that our uniform peeling process can be viewed as a variant of the classical Eden
model on the (dual graph of the) UIPT. The same variant has been considered by Miller and Sheffield
[27] and served as a motivation for the construction of Quantum Loewner Evolutions. In fact the process
QLE(%7 0) that is constructed in [27] is a continuum analog of the Eden model on the UIPT. See Section
2.2 in [27] for more details.

The organization of the paper follows the preceding presentation. In Section 2, we recall some enu-
meration results for triangulations that play an important role in the paper, and we also give a result
connecting the UIPT with Boltzmann triangulations, which is of independent interest (Theorem 5). This
result shows that the distributions of the ball of radius r in the UIPT and in a Boltzmann triangulation
are linked by an absolute continuity relation involving a martingale, which has an explicit expression in
terms of the sizes of the cycles bounding the connected components of the complement of the ball.
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2 Preliminaries

Throughout this work, we consider only rooted planar maps, and we often omit the word rooted. We
view planar maps as graphs drawn on the sphere, with the usual identification modulo orientation-
preserving homeomorphisms. Recall that, except in Section 6 below, we restrict our attention to type II
triangulations, meaning that there are no loops, but multiple edges are allowed. We define a triangulation
with a boundary as a rooted planar map without loops, with a distinguished face (the external face)
bounded by a simple cycle (called the boundary), such that all faces except possibly the distinguished
one are triangles. If 7 is a triangulation with a boundary, we denote its boundary by dr. Vertices of 7
not on the boundary are called inner vertices. The size |7| of 7 is defined as the number of inner vertices
of 7. The length |97| of O (or perimeter of 7) is the number of edges, or equivalently the number of

vertices, in d7. Note that |07| > 2 since loops are not allowed.

2.1 Enumeration

We gather here several results about the asymptotic enumeration of planar triangulations, see [3, 6] and
the references therein. For every n > 0 and p > 2, we let 7, , denote the set of all (type II) triangulations
of size n with a simple boundary of length p, that are rooted at an edge of the boundary oriented so that
the external face lies on the right of the root edge. We have

4T 27t (2p — 3)!(2p + 3n — 4)!
TP (p—2)12n!(2p 4+ 2n — 2)! n—oo

4 (2p-3) 9Y .
C(p) = 37/2ﬁ (p—2)2 (4) p:w 547r\/§9 VP- (2)

The exact formula for #7,, , in (1) gives #7,, =1 for n = 0 and p = 2. This formula is valid provided

) (5)"n"” 1)

where

we make the special convention that the rooted planar map consisting of a single (oriented) edge between
two vertices is viewed as a triangulation with a simple boundary of length 2: This will be called the
trivial triangulation. It will be used in the sequel as the starting point of the peeling process, and also
sometimes to “fill in” holes of size two arising in this process.

The exponent 5/2 in (1) is typical of the enumeration of planar maps and shows that
(oo} 2 .
Z(p) == (—) n .
(p) nz:% 97 #Tnp < 00
The numbers Z(p) can be computed exactly (see [3, Proposition 1.7]): for every p > 2,
(2p—4)! (9\""
7 = —Q—7— | - . 3
(p) =2 \1 (3)

Triangulations in 7y, ,, for some n > 0, are also called triangulations of the p-gon. By definition, the
(critical) Boltzmann distribution on triangulations of the p-gon is the probability measure on Unzo Top



that assigns mass (2/27)"Z(p)~! to each triangulation of Ty, ,. This is also called the free distribution in
[6]. It follows from (3) that for every = € [0,1/9],

= 1 (1-9z)3/2 -1
Z(p+1) S Sl A
; (p+ =57 27z

From (3) and the last display, we get that

Z(p+ 1) p:oo tA2 . 9pp75/2, Where tA2 = m, (4)
= 1
Y Zp+1)9r = G (5)
p=1
_ 1
ZpZ(p—i—l)Q T= 3 (6)

Finally, we note that there is a bijection between rooted triangulations of the 2-gon having n inner
vertices and rooted plane triangulations having n + 2 vertices: Just glue together the two boundary
edges of a triangulation of the 2-gon to get a triangulation of the sphere. The Boltzmann distribution on
rooted triangulations of the 2-gon thus induces a probability measure on the space of all triangulations of
the sphere (including the trivial one). A random triangulation distributed according to this probability
measure is called a Boltzmann triangulation of the sphere. Equivalently, the law of a Boltzmann triangu-
lation of the sphere assigns a mass (2/27)"~2Z(2)~! to every triangulation of the sphere with n vertices

(including the trivial triangulation for which n = 2).

2.2 Boltzmann triangulations and the UIPT

In this section, we describe a relation between Boltzmann triangulations of the sphere and the UIPT.
This relation is not really needed in what follows but it helps to understand the importance of Boltzmann
triangulations in the subsequent developments.

Let Tgo be a Boltzmann triangulation of the sphere. As in the introduction above, for every integer
r > 1, let B.(Tno1) denotes the ball of radius r in Tge. So B,(Tgo1) is the rooted planar map obtained
by keeping only those faces of T, that are incident to at least one vertex at distance at most r — 1
from the root vertex. We view B, (Tpo1) as a random variable with values in the space of all (type II)
triangulations with holes. Here, a triangulation with holes is a planar map without loops, with a finite
number of distinguished faces called the holes, such that all faces except possibly the holes are triangles,
the boundary of every hole is a simple cycle, whose length is called the size of the hole, and two distinct
holes cannot share a common edge (the triangulations with a simple boundary that we considered above
are just triangulations with a single hole). In the case of B, (7o), holes obviously correspond to the
connected components of the complement of the ball, in a way analogous to the middle part of Fig. 1.
We write £1(r), l3(r),. .., Ly, (1) for the sizes of the holes of B, (Tpo1) enumerated in nonincreasing order.
We also write F,. for the o-field generated by B, (Tpo1) and we let Fy be the trivial o-field. Recall our
notation B, (T ) for the ball of radius r in the UIPT, which is also viewed as a random triangulation
with holes.

Theorem 5. Let f(n) =
(M,),>0 defined by

5 (n—1)-(2n—3) for every integer n > 3 and f(2) = 9. The random process

M, ::if(é,»(r)), forr>1,
i=1



and My = 1, is a martingale with respect to the filtration (F;)r>0. Moreover, if F' is any nonnegative

measurable function on the space of triangulations with holes, we have, for every r > 1,
E[F(Br(Tx))] = E[M, F(B(Tso1))]- (7)

The second part of the theorem shows that the law of a ball in the UIPT can be obtained by biasing the
law of the corresponding ball in a Boltzmann triangulation using the martingale M,.. This is an analog of
a classical result for Galton—Watson trees: In order to get the first k generations of a Galton—Watson tree
conditioned on non-extinction, one biases the law of the first k generations of an unconditioned Galton—
Watson tree using a martingale which is simply the size of generation k of the tree (see e.g. [24, Chapter
12]). In a sense, the UIPT can thus be viewed as a Boltzmann triangulation conditioned to be infinite.
This is related to the discussion in Section 6 of [6], which associates with a Boltzmann triangulation a
multitype Galton—Watson tree describing the structure of balls, in such a way that the tree associated

with the UIPT is just the same Galton—Watson tree conditioned on non-extinction.

Proof. Tt suffices to prove the second part of the theorem. Indeed, if (7) holds, we immediately get, for
every 1 < k < /¢, and every function F,

E[M; F(Bg(To1))] = E[My, F(By(Tso1))l,

and it follows that E[M, | Fi] = M.

In order to verify the second assertion of the theorem, we will provide explicit formulas for the
probability that the ball of radius r in Tge, resp. in T, is equal to a given triangulation with holes. Let
t be a fixed triangulation with holes. Note that P(B,(Ts,) = t) > 0 if and only if all vertices belonging
to the boundaries of the holes of t are at distance r from the root vertex, and all faces of t other than the
holes are incident to (at least) one vertex at distance at most » — 1 from the root vertex. Furthermore,
the preceding conditions are also necessary for P(B,(T) = t) to be positive.

Write n for the total number of vertices of t, m > 0 for the number of holes of t and py, ..., p,, for the
respective sizes of the holes of t — the holes are enumerated in some deterministic manner given t. Then,
for every integer ¢ > n, the number of triangulations with ¢ vertices whose ball of radius r coincides with

t is equal to
m

> (II#70m):

ni+--4+nm=q—n j=1
where the sum is over all choices of the nonnegative integers n1,...,n,, such that ny +---+n,, =q¢—mn,
with the additional constraint that n; > 0 if p; = 2. The reason for this last constraint if the fact that a
hole of size 2 cannot be filled by the trivial triangulation, because this would mean that we glue the two
edges of the boundary. Note that when there is no hole (m = 0) the quantity in the last display should be
interpreted as equal to 1 if ¢ = n and to 0 otherwise. The total Boltzmann weight of those triangulations

whose ball of radius r coincides with t is then
>(5) 2@ X (IT#7us).
q=n ni+-+nm=q—n j=1

where we impose the same constraint as before on the integers ny, ..., n,, in the sum. We set Z'(p) = Z(p)
if p>2and Z'(2) = Z(2) — 1. The quantity in the last display equals

) e > () #e) = () 7 T2
n1=I{p;=2} nm=l{py, =2} J= j=1



and so we have proved that

P(B, (Tpy) = t) = (237)"722(2)—1 H Z'(;). (8)

Next consider the UIPT To,. We can similarly compute P(B,(Ts) = t), using the fact that T is
the local limit of triangulations with a large size. If, for every integer ¢ > 3, T{,) denotes a uniformly
distributed plane triangulation with ¢ vertices, we have

P(B.(Te) = ) = lim P(B,(Ty) = 1)
Recalling that the number of rooted plane triangulations (of type II) with g vertices is #7;_2 2 the same

counting argument as above gives for ¢ > n,

P(B,(T(g) =t) = (#7:1_2,2) B Z ( ﬁ #Tn; ,pj> )

nite b nm=g—n \ j=1

where the sum is again over nonnegative integers ni, ..., n,, such that ny +--- + n,, = ¢ — n, with the
same additional constraint that n; > 0 if p;, = 2. From the asymptotics in (1), it is an easy matter to
verify that, for any € > 0, we can choose K sufficiently large so that the asymptotic contribution of terms
corresponding to choices of ny, ..., n,, where n; > K for two distinct values of i € {1,...,m} is bounded

above by e (compare with [0, Lemma 2.5]). Thanks to this observation, we get from the asymptotics (1)

that
9\ n—2 & L INEF
j=1 M1yeeesMG—13M 5415043 Tm =1
i#£j
where the second sum is over all choices of ni,...,15-1,741,...,Mm > 0 such that n; > 0 if p; = 2. It

follows that

Jj=

—

P(B,(Ts) = t) = (227)"20(2)‘120(%)( Z/(pi)>- 9)
oy
Comparing (9) with (8), we get

Q

j=

((Y;JJ ))) P(B,(Tho) = t).

N

Note that, for every integer p > 2,

Z(2) Cp)

~iov =J\P),

@) 7 7
and so we have obtained P(B,(Tx) = t) = g(t) P(B,(Tgo1) = t), where g(t) := Z;":l f(p;). Formula (7)
now follows since M. = g(B,(Tpo1)) by definition. O

Remark. Formula (9) is obviously related to Proposition 4.10 in [6]. We did not use directly that result
because it is apparently restricted to type III triangulations (the formula of Proposition 4.10 in [6] does

not seem to take into account the possibility of holes of size 2).
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3 Asymptotics for a general peeling process

3.1 Peeling

The peeling process is an algorithmic procedure that “discovers” the UIPT step by step. We give a brief
presentation of this algorithm and refer to [2, 3, 4, 7] for details.

Formally, the algorithm produces a nested sequence of rooted triangulations with a simple boundary
ToCc Ty C...C T, C...C Ty, such that, for every i > 0, conditionally on T;, the remaining part
Too\T; has the same distribution as a UIPT of the |0T;|-gon (see [3, Section 1.2.2] for the definition of
the UIPT of the p-gon).

Assuming that we are given the UIPT T, the sequence Ty, Tq,... is constructed inductively as
follows. First Tg is the trivial triangulation. Then, for every n > 0, conditionally on T,, we pick an edge
en on 0T, either deterministically (i.e. as a deterministic function of T, ) or via a randomized algorithm
that may involve only random quantities independent of To,. The triangulation T, is then obtained
by adding to T,, the triangle incident to e, which was not contained in T, (this is called the revealed
triangle) and the bounded region that may be enclosed in the union of T,, and the revealed triangle. We
sometimes say that T,,41 is obtained from T,, by peeling the edge e,,. Notice that, at the first step, there
is only one (oriented) edge in the boundary of Ty, but we can choose to reveal the triangle on the right
or on the left of this oriented edge.

The point is the fact that the distribution of the whole sequence Ty, T1,... can be described in a
simple way and provides a construction of Ty, (although this is not obvious, we shall see later that T, is
the limit of the finite triangulations T,,). Remarkably, the description of the law of T¢, Ty, ... is essentially
the same independently of the (deterministic or randomized) algorithm that we use to choose the peeled
edge at step n.

In order to describe the conditional law of T,,; 1 given T,, and the peeled edge e,,, we need to distinguish
several cases. Suppose that at step n > 0 the triangulation T,, has a boundary of length p. The revealed

triangle at time n may be of several different types (see Fig.3):

1. Type C: The revealed triangle has a vertex in the “unknown region”. This occurs with probability

@ _ 2CHE+1

(10)
2. Types L; and Ri: The three vertices of the revealed triangle lie on the boundary of T,. This
triangle thus “swallows” a piece of the boundary of 9T,, of length k € {1,...,p — 2}. These events
are denoted by Ry or Lg, depending on whether the edge of the revealed triangle that comes after
the peeled edge in clockwise order is incident or not to the infinite part of the triangulation (see

Fig. 3). These events have a probability equal to

(L | 0T, = p) = PRy | 9T, =) =) = 200+ )5, (1)

In cases Ry and Lj, we also need to specify the distribution of the triangulation with a boundary
of length k + 1 that is enclosed in the union of Ty and the revealed triangle. If by convention we root
this triangulation at the unique edge of its boundary incident to the revealed triangle, we specify its
distribution by saying that it is a Boltzmann triangulation of the (k 4+ 1)-gon. Note that when k = 1,
there is a positive probability that this Boltzmann triangulation is the trivial one, and this simply means

11



event Ly event C event Ry
q? q) g

Figure 3: lllustration of cases C, Lg, and Rg.

that the enclosed region is empty, or equivalently that the revealed triangle has two edges on the boundary
of T,,.

The preceding considerations completely describe the distribution of the sequence Ty, Ty, ... —modulo
of course the deterministic or randomized algorithm that is used at every step to select the peeled edge.
The choices of types C, Li, and Ry, and of the Boltzmann triangulations that are used (whenever needed)
to “fill in the holes” are made independently at every step with the probabilities given above.

At this point, we note that the geometry of the random triangulations T, depends on the peeling
algorithm used to choose the peeled edge at every step. On the other hand, it should be clear from the
previous description that the law of the process (|T,|,|0T,|)n>0 does not depend on this algorithm. In
the present section, we will be interested only in this process, and for this reason we do not need to
specify the peeling algorithm. Later, in Section 3 and 4, we will consider particular choices of the peeling
algorithm, which are useful to investigate various properties of the UIPT.

To simplify notation, we set, for every n > 0,
P,=|0T,| and V, =|T,|

In the remaining part of this section, we will prove Theorem 1 describing the scaling limit of the
process (P, Vi, )n>o0 (see [3] and [7, Theorem 5] in the quadrangular case for related statements). We will

also establish a few consequences of Theorem 1, which are of independent interest.

3.2 The scaling limit of perimeters

The description of the previous section shows that both processes (Py,)n>0 and (P, Vy,)n>0 are Markov
chains. The Markov chain (P,),>o starts from Py = 2 and takes values in {2,3,...}. Its transition

probabilities are given by

p—2
E[f(Pus1) | Pal = f(Pa+ 1) - ¢ 423 10— k) -4, (12)
k=1

Using (2), we may set ¢—1 = lim,_, q(f’l) = % and similarly g = limy, oo q,(f) = Z(k+1)97F for every

12



k > 1. From (5) and (6), it is an easy matter to verify that

q71+22qk=1 and q71—2quk=0,
k>1 k>1
so that the probability measure v on Z given by v(1) = ¢_1 and v(—k) = 2q, for every k > 1 is centered
(note that v is supported on {...,—3,—2,—1,1}). In fact, the weights ¢; describe the law of the one-step
peeling in the half-plane version of the UIPT, see [2, 4].
We write (W,,)n>0 for a random walk with values in Z, started from Wy = 2 and with jump distribution

v. Notice that the jumps of W are bounded above by 1. Furthermore, using (4) we have for every n > 0,
v(—k)=2qr ~ 2tp2k /2 (13)
k—o0

It follows that v is in the domain of attraction of a spectrally negative stable law of index 3/2. This

implies the convergence in distribution in the Skorokhod sense,

(o ) 9, (50 (14)

pPAZz - n2/3 >0 n—00

where

2/3
pao = (HEYE) = oy, (15)
and S is the stable Lévy process with index 3/2 and no positive jumps, whose distribution is determined
by the Laplace transform Elexp(\S;)] = exp(tA3/2) for every ¢, A > 0. Note that the Lévy measure of S
is ﬁ|x|—5/2 1z<0y d.

Our first objective is to get a scaling limit analogous to (14) for (P,),>0. To this end, recall from
[%, Section VII.3] that one can define a process (S; );>o with cadlag sample paths, which is distributed
as (S¢)i>o0 “conditioned to stay positive forever”. The scaling limit in the following result was suggested
in [3] before Lemma 3.1. To simplify notation we write [[k,oo[[= {k,k+ 1,k +2,...} and || — o0, k] =
{-..,k =2,k —1,k} for every integer k € Z.

Proposition 6. (i) The Markov chain (P,)n>o is distributed as the random walk (W, )n>0 conditioned
not to hit | — 0o, 1]. Equivalently, (Py)n>0 is distributed as the h-transform of the random walk (W,)n>0
killed upon hitting || — oo, 1]), where the function h defined on Z by

_ ) 9rClp) ifp=2,
h(p) .—{ 0 i<l (16)

s, up to multiplication by a positive constant, the unique montrivial nonnegative function that is v-
harmonic on [[2,00[ and vanishes on ]| — 0o, 1]].
(ii) The following convergence in distribution holds in the Skorokhod sense,

Pn
(5 ) % ()0 )
t>0 " -

pA?'nQ/B — 00

where we recall that pa> = (2/3)%/3.
Proof. (i) Let h be defined by (16). From the explicit formulas (10) and (11), one immediately gets that,
for every p > 2 and every k € {—1,1,2,...,p — 2},

o =M g, (18)

13



It then follows from (12) and the definition of v that, for every p > 2 and k € {—p+2,—p+3,...,—1,1},

hip+ k) B h(p + k)
i "= Th)

By summing over k, we get, for every p > 2,

SRy 2

2 )

P(Pn+1:p+k|Pn:p): P(Wn+1:p+k‘w :p)' (19)

so that h is v-harmonic on [[2, co[[. Note that the uniqueness (up to a multiplicative constant) of a positive
function that is v-harmonic on |2, oo and vanishes on ]| — 0o, 1] is easy, since, for every p > 2, the value
of this function at p + 1 is determined from its values for 2 < i < p. Furthermore, formula (19) precisely
says that (P,)n>o is distributed as the h-transform of the random walk (W,,),>0 killed upon hitting
] = 00, 1]]. The fact that this h-transform can be interpreted as the random walk W conditioned to stay
in [[2, 00 is classical, see e.g. [9].

(ii) This follows from the invariance principle proved in [12]. O
From (2), we have
1
h ~ ——./D.
() p—oo 54%\/3\/};

Still from (2), we can write, for p > 2,
B 1 2p—3)x(2p—5)x---x3x1
T 37/24/m (2p—4) x (2p—6) X --- x4 x 2’
so that h(p+ 1)/h(p) = (2p — 1)/(2p — 2), proving that h is monotone increasing on [[2, oo[. Then, for
every j > 1, and every p with p > j + 2,

h(p)

@ _ Mp—J)
= i 21
q; h(p) 45 = g (21)
and similarly, for every p > 2,
o _hetl) s 22
q_1 = h(p) -1 Z4-1 (22)

These bounds will be useful later.

3.3 A few applications

Let us give a few applications of Proposition 6. First, it is easy to recover from this proposition the
known fact (see [3, Claim 3.3]) that the Markov chain (P, ), >0 is transient,

P, %% 4oo. (23)

To see this, let p > 2 and write P, for a probability measure under which the random walk W with jump
distribution v starts from p. For every y € Z, set T, = min{n > 0 : W,, = y}. Note that T, < o0
a.s. because the random walk W is recurrent. Similarly, suppose that T, y is distributed under P, as the
hitting time of y for a Markov chain with the same transition kernel as (P, ),>0 but started from p. Then,

standard properties of h-transforms give for every p,y € [[2, oo,

P, (T, < o) = ZE;JJ;IP’,,(W;C > 2, Vk<T,).

Since h is monotone increasing on [[2, 0o, the right-hand side is smaller than 1 when p > y, giving the
desired transience.

The following corollary was conjectured in [7, Section 5.1].
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Corollary 7. Any peeling (Ty)n>0 of the UIPT will eventually discover To, entirely, that is

U T,=Ty, a.s.

n>0
Proof. 1t is enough to prove that, if ng > 1 is fixed, then a.s. every vertex of 9T, belongs to the interior
of T, for some n; > ng sufficiently large. Indeed, if this property holds, an inductive argument shows
that the minimal distance between a vertex outside T, and the root tends to infinity as n — oo, which
gives the desired result.

So let us fix ng and a vertex v of T,,,, and argue conditionally on T,,, and v. We note that, for every

n > ng, conditionally on the event that v is still on the boundary of T,,, the probability that v will be
“surrounded” by the revealed triangle at step n + 1, and therefore will belong to the interior of T, 1, is

at least
P,—2

>

k=[P, /2]+1
with the convention that the sum is 0 if [P, /2] + 1 > P, — 2. If P, is large enough, the latter quantity is

bounded below by
(3P /4] [3Pn /4]

h(P, —k
S = Y G

h(Py)
k=[P, /2]+1 k=[P, /2]+1

where ¢ is a positive constant and we used (4) and (20) in the last inequality. Recalling that P, — oo

a.s., we see that the proof will be complete if we can verify that the series

o0

Z P;3/2

n=1

diverges a.s.
To this end, we argue by contradiction and assume that we can find two constants M < oo and € > 0
such that the probability of the event

- -3/2
(S )

is greater than €. On this event, for any ¢ > 1 and any n > 1, we have

t P 32 1M po\ 32
[nu] 4 3
/1 du<n2/3) <n;(n2/3)

Using the convergence of Proposition 6 (ii), we obtain that, for every ¢ > 1, the probability of the event
{flt du (S;)=3/2 < (pa2)"3/2 M} is greater than e. Letting t — oo we get that

< du -3/2
P</1 (SJ)WQS(F)N) M>>€.

]
S PP <

i=

This is a contradiction because o g
u
——— =00 a.s.
/1 (Sj)3/2

as can be seen by an application of Jeulin’s lemma [20, Proposition 4 ¢)], noting that we have (S;")

u~'(S;)73/2 by scaling and that the law of S} is diffuse, for instance by [, Corollary VIL.16]. O

—3/2 (i)

The next lemma will be an important tool in the proof of Theorems 2 and 4.
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Lemma 8. There exist two constants 0 < ¢1 < cg < 0o such that, for alln > 1, we have
—2/3 1 —2/3
cn <E [—} < com .
P,
Proof. The lower bound is easy since Proposition 6 (ii) gives

2/3 2/3
E|X—|> E[” /\1} — ]E[
P, P, n—oo PA2

Al] > 0.

To prove the upper bound, we first fix k > 2 and n > 1, and we evaluate P(P,, = k). By Proposition 6 (i)

and properties of h-transforms, we have

h(k
P(P,=k) = hEQ; PHW, > 2,Vi < n}N{W, = k}).
We set WZ =W, — W, _; for 0 <i <n and note that we can also define WZ for 4 > m in such a way that
(W3)i>o is a random walk with the same jump distribution as W and Wy = 0. We have then
P(Tp_1 =n+1)

IP({WZ»22,V0§i§n}ﬂ{Wn:k}):P({Wn:k—Q}ﬁ{Wigkz—Q,Vign}):q—,

where we have set Tk_l =min{i > 0: Wi =k — 1}. Note that W has positive jumps only of size 1. We

can thus use Kemperman’s formula (see e.g. [28, p.122]) to get
P(T, +1) k_lIP’(W k—1)
1=n = nt1 =k —1).
o n+1 1
From the last three displays, we have
P(P, = k) = 3 h(k) k P(Wn+1 =k—1).
2 h(2) n+1
Using the local limit theorem for random walk in the domain of attraction of a stable distribution
(see e.g. [19, Theorem 4.2.1]), we can find a constant ¢” such that
P(W, =k) < ' n~2/3, (24)

for every n > 1 and k € Z. Then, for every n > 1,

1 1 1
E[F} = ]E |:P1{Pn>n2/3}:| +E |:P1{Pngn2/3}:|

/)

3 (k 11—~
-2/3 2 R - —k_
<n +ZQ o) kIP’(WnH_k 1)
2/3]
. C//
< nfz/sJr n-5/3 Z
The upper bound of the lemma follows using (20). O

3.4 The scaling limit of volumes

Our goal is now to study the scaling limit of the process (V,)n>0. We start with a result similar to [3,
Proposition 6.4] about the distribution of the size of a Boltzmann triangulation with a large perimeter.

For every p > 2, we let T®) denote a random triangulation of the p-gon with Boltzmann distribution.
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Proposition 9. Set bpz = %

1. We have E[|T®)|] ~ baz - p? as p — oc.
2. The following convergence in distribution holds:

p 2 |T®)| _@ baz - &,
p—00

—1/2z
e
where € is a random variable with density —7 = on R, .

x5/2\/27

Remark. We have E[¢] = 1 and the size-biased version of the distribution of ¢ (with density % on
R ) is the 1/2-stable distribution with Laplace transform e~ VA Consequently, for A > 0, we have

Ele ] = (14 V2X)e V2,

Proof. The first assertion follows from the formula E[|[T®|] = 1(p — 1)(2p — 3) for p > 2 which is
easily derived from the exact formula for the generating function of the sequence (#7, p)n>0 found in [6,
Proposition 2.4]. See also [29, Proposition 3.4].

For the second assertion, we proceed as in [3, Proposition 6.4]. From the explicit expressions (1) and

(3), an asymptotic expansion using Stirling’s formula shows that, for every fixed > 0, we have

2 (2/20%" ) 4Ty, 2e~1/()

Z(p) p—oo’ 335/24/37
and the convergence holds uniformly when z varies over a compact subset of Ry. Since the right-hand
side of the last display is the density of the variable 2£/3, the desired result follows. O

P*P(TP| = [p*a]) = p

We are now ready to prove Theorem 1.

Proof of Theorem 1. We will verify that

Pl Ving (d) +
(PAZ -n2/37ypa /3 o<t<1 " (St ’Zt)OStﬁl ’ (25)

The statement of Theorem 1 follows, noting that there is no loss of generality in restricting the time

interval to [0,1]. The constant va2 will appear below as
vaz = (paz)’bas. (26)

The convergence of the first component in (25) is given by Proposition 6. We will thus study the
conditional distribution of the second component given the first one, and Proposition 9 will be our main

tool. We first note that, for every n > 1, we can write
Vo =|Tul =V + V,,

where V¥ denotes the number of inner vertices of T,, that belong to 9T, for some i < n—1, and 17n is thus
the total number of inner vertices in the Boltzmann triangulations that were used to fill in the holes in the
case of occurence of events Ly or Ry at some step ¢ < n of the peeling process. Since #(0T;\0T;_1) <1
for 1 < i < mn, it is clear that V.* < n + 2 for every n > 0. It follows that (25) is equivalent to the same
statement where V], is replaced by ‘7[7”]-
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Next we can write, for every k € {1,...,n},

k
Vi=> Lper Ui, (27)
i=1
where, conditionally on (P, Py, ..., P,), the random variables U; (for ¢ such that P, < P;,_1) are inde-

pendent, and U; is distributed as |T(i-1=Fi+1)| with the notation of Proposition 9.
Fix € > 0 and set, for every k € {1,...,n},

k k
ngs = Zl{O<P¢_1—P¢§sn2/3} Uz 5 Vk>6 = Z]‘{Pq‘,—l—Pi>€n2/3} Ui . (28)
i=1 1=1
We first observe that n~*/ 3E[‘~/n§5] is small uniformly in n when ¢ is small. Indeed, it follows from
Proposition 9 that there is a constant C' such that E[|T®)|] < C p? for every p > 2, which gives

BV < CS E[(Pioy — P+ 1210 p ,picenziy).

i=1
On the other hand, from the bound (21) and (4), it is straightforward to verify that, for every ¢ > 1 and
every p > 2,

[en®/?]

E[(Pio1 = Pi+1)*1pocp, —picenzroy | Pic1=pl <C" > (G+ 1% <" Ven'l?,

Jj=1

with some constants C’ and C” independent of n and £. By combining the last two displays, we obtain,
for every n > 1,

n~ YBR[V < CC” Ve (29)
Let us turn to ‘~/n>5. We write s1, 89, ... for the jump times of ST before time 1 listed in decreasing
order of their absolute values. For every n > 1, let Eg"), . ,E,(C:) be all integers i € {1,...,n} such that

P,_1 — P; > 0, listed in decreasing order of the quantities P;_1 — P; (and in the usual order of N for
indices such that P;_y — P; is equal to a given value). For definiteness, we also set EE”) =1ifi>k, It
follows from (17) that, for every integer K > 1,

(nilggn), e nilég?),niz/g(P(n) - P(n) ), .. ,n72/3(P () — P ;?)_1))

65") Zg")—l 14 L
(d)
———)(51,...,SK,pA2 AS;,...,pAz AS:K), (30)
n—oo

and this convergence in distribution holds jointly with (17). Furthermore, using the conditional distribu-

tion of the variables U; given (FPp, ..., P,) and Proposition 9, we also get, for every integer K > 1,
(n) (n)
( Ve Vi ) (4) (b €1y bpz € ) (31)
— PRESEE] — D) , A2Gly,---,DA2GQK ),
(ngm Peg")—1) (P/z‘;) Pe§2>—1) e
where &1, &9, ... are independent copies of the variable £ of Proposition 9. This convergence holds jointly

with (17) and (30), provided that we assume that the sequence &, o, ... is independent of S*. Now note
that we can choose K sufficiently large so that the probability that [AST | < e/(2p2) is arbitrarily close
to 1. Recalling the definition of V¢, we can combine (30) and (31) in order to get the convergence

(n72/3P[nt],n74/3‘7[7>Lf]) ﬂ)‘% (PM S:rv (pA2)2bA2 Zte)

0<t<1l n—oo

(32)

0<t<1’
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where the process (Z7)o<i<1 is defined by

Zi =D o< |ast 5e/paay (AST) &

i=1

In agreement with the notation of the introduction, set, for every 0 <t < 1,

7, = Z 1< (ASH)? 6.

i=1

Then, it is easy to verify that, for every § > 0,

0<t<1

Furthermore, (29) also gives

supIF’( sup |n_4/31~/[m] — n_4/3‘~/[5t€]\ > 5) — 0.
n>1 No<t<1 £—0

The convergence (25), with V' replaced by V, follows from (32) and the preceding considerations. This
completes the proof. O

4 Distances in the peeling process

4.1 Peeling by layers

In this section, we focus on a particular peeling algorithm, which we call the peeling by layers. As
previously, we start from the trivial triangulation that consists only of the root edge. At the first step, we
discover the triangle on the left side of the root edge to get T;. To get T5, we then discover the triangle
on the right side of the root edge. Then we continue by induction in the following way. We note that
the triangle revealed at step n has either one or two edges in the boundary of T,,. If it has one edge in
the boundary, we discover at step n + 1 the triangle incident to this edge which is not already in T,. If
it has two edges in the boundary, we do the same for the right-most among these two edges (this makes
sense because in that case the boundary of T,, must contain at least 3 edges). See Fig. 5 for an example.

This algorithm is particularly well suited to the study of distances from the root vertex, for the
following reason. One easily proves by induction that, for every n > 1, one and only one of the two
following possibilities occurs. Either all vertices of 0T,, are at the same distance h from the root vertex.
Or there is an integer A > 0 such that JT,, contains both vertices at distance h and at distance h+1 from
the root vertex. In the latter case, vertices at distance h form a connected subset of 9T,,, and the edge
that will be “peeled off” at step n+ 1 is the only edge of the boundary whose left end is at distance h + 1
and whose right end is at distance h. In both cases we write H,, = h, so that the boundary 0T, does
contain vertices at distance H,, and may also contain vertices at distance H, + 1. We also set Hy = 0 by
convention.

Since the peeling algorithm discovers the whole triangulation T, (Corollary 7), it is clear that H,
tends to co as n — oo. Also obviously 0 < H, 41 — H, < 1 for every n > 1, hence we may set
o, :=min{n > 0: H, = r} for every integer r > 1. A simple argument shows that for n = o, all vertices
of 9T, are at distance r from the root vertex (this however does not characterize o, since there may

exist other times n > o, with the same property). Furthermore, any vertex lying outside T, must be
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Figure 4: The peeling by layers algorithm in a random triangulation drawn in the plane via

Tutte's barycentric embedding. The successive layers are represented with different colors. Cour-
tesy of Timothy Budd. See https://www.youtube.com/watch?v=afR9yolPIVE for the asso-

ciated movie.

at distance at least 7 + 1 from the root vertex, and any triangle of T, that is incident to an edge of the
boundary contains a vertex at distance r— 1 from the root vertex (indeed this triangle has been discovered
by the peeling algorithm at a time where the boundary still contained vertices at distance r — 1, and the
corresponding peeled edge had to connect a vertex at distance r to a vertex at distance r — 1). It follows
from the previous considerations that we have T, = B?(T) for every r > 1. Furthermore, for every
n > 1 such that H,, > 0, we have oy, <n < og, +1 and therefore

By (Teo) C Ty C By, 11(To)- (33)

This also holds for n such that H,, = 0, provided we define B§ (T ) as the trivial triangulation consisting
only of the root edge.

An important consequence is the following fact, which needs not be true for a general peeling algorithm.
If F,, stands for the o-field generated by Tg, Tq,..., T, then the graph distances of vertices of T,, from
the root vertex are measurable with respect to F,,. This is clear since (33) shows that a geodesic from
any vertex of T,, to the root visits only vertices of T,,.

At an intuitive level, the peeling algorithm “turns” around the boundary of the hull of balls of the
UIPT in clockwise order and discovers T, layer after layer. When turning around 9B (T ), the peeling

process creates new vertices at distance r+ 1 from the root vertex in a way similar to a front propagation.
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Figure 5: lllustration of the peeling by layers. When B?(T,) has been discovered, we turn

around the boundary B2 (Tw) from left to right in order to reveal the next layer and obtain
B (Te).

To simplify notation, we write By and 0By instead of By (Tw) and 0Bp(Tw) in this section. As (33)
suggests, the proof of Theorem 2 will rely on the convergence in distribution of a rescaled version of the
process H,,. Let us sketch some ideas of the proof of the latter convergence. Between times o, and 0,41,
the peeling process needs to turn around B¢, which roughly takes a time linear in |0B?| (see Proposition

11 below for a precise statement). We thus expect that, for some positive constant a,
L |0B?| 1 P, (34)
Opy1 — Op R — =-P,
r+1 r a r a "
and therefore
1 r—1
o R - z; P;,.
i=

A formal inversion now gives for k large,
"
Hk:sup{rzo:argk}zazﬁ,
=1 "

and the limit behavior of the right-hand side can be derived from the fact that (n*Q/ 3P[m])t20 converges in
distribution to (pa2 S;" )t>0 (Proposition 6). The following proposition shows that the previous heuristic
considerations are indeed correct with the value of a given by an2 = 1/3 (note that ha2 in Proposition
10 below is then equal to an2/paz, and see also Proposition 11).

Proposition 10 (Distances in the peeling by layers). We have the following convergence in distribution
for the Skorokhod topology

Pl Ving Hiny @, (s g7 / " du
paz - 12/3 v az -1A/3 s - nl/3 s Moo R >0

1/3

where haz = 127

Noting that |By| = V,,, and |0B;| = P,, , we will derive Theorem 2 from the last proposition via a time
change argument in Section 4.4. This derivation involves time-changing the limiting processes S;" and Z;
by the inverse of the increasing process fot g,ﬁi, which is clearly related to the Lamperti transformation
connecting continuous-state branching processes to spectrally positive Lévy processes. In the next section,
we state and prove Proposition 11, which is the key ingredient of the proof of Proposition 10. The latter

proof will be given in Section 4.3.
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4.2 Turning around layers

We write .Z for the set of all edges of T, that are part of 0B for some integer » > 1. Note that all these
edges belong to dT,, for some n > 1 (because we know that By = T, for every r > 1), but the converse
is not true. For every n > 0, we write A,, for the number of edges of .£ belonging to T, \0T,.

Clearly, (Ay)n>0 is an increasing process. Also, recalling our notation F,, for the o-field generated
by To,T1,..., Ty, the random variable A,, is measurable with respect to F,,. The point is that, on one
hand, the hulls BY,..., By are measurable functions of T,, and, on the other hand, edges of T,\0T,
which may be in .Z (i.e. which link two vertices at the same distance from the root) are at distance at
most H,, from the root (here it is important that we considered only edges of T,\OT,, in the definition
of A,, since the o-field F,, does not give enough information to decide whether an edge of 0T, linking

two vertices at distance H,, + 1 from the root belongs to .Z or not).

Proposition 11. We have
An (2 1
— —— — =:an:z.
n n—oo J

Proof. We use the notation AA,, = A,+1 — A, for every n > 0. We note that the inner edges of the

Boltzmann triangulations that are used to fill in the holes created by the peeling algorithm cannot be in

£, and it follows that we have
0<AA, <(AP,)-+1 (35)

for every n > 0, the additional term 1 coming from the fact that the edge that is peeled at time n could
actually be in .Z (this happens only at times of the form n = o). In particular E[AA,] < oo and
E[A4,] < co. We then set, for every i > 0,

ni = E[AA; | Fil,

so that M, := A,, — Z::Ol n; is a martingale with respect to the filtration (F,).

We first prove that M,,/n — 0 in probability. To this end, we use bounds on the second moment of
ADM,. Recall our bound AA, < (AP,)_ + 1, and note that, for every k¥ > 1 and every p > 2, (13) and
(21) give

hip—k
P(AP, = —k| P, =p) = (Z(m)P(AWn =—k) < Ck™/2,
for some constant C' > 0 independent of p and k. It follows that
p—2
E[(AA)? | Pa=p] <14+ C Y (k+1)%k~%% = O(Vp).
k=1

Since P, < n + 2, we deduce from the last display that
E[(AM,)?] = E[(AA, — n.)?] < 2 (E[(AA,)*] + E[E[AA, | F,]%]) <4E[(AA,)*] = O(V/n).
Since the martingale M has orthogonal increments, we get E[M?2] = O(n3/2) and it follows that M, /n — 0

in L2,
To complete the proof of Proposition 11, it is then enough to verify that
1 n—1 P)
LSUEL
n-
=0

1
n— oo §
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The idea of the proof is as follows. For most times n, the boundary 0T,, has both a “large” number of
vertices at distance H,, and a “large” number of vertices at distance H,, + 1 from the root. Then, except
on a set of small probability, the only events leading to a nonzero value of AA,, are events of type Ry for
which

AA, = —AP, = k. (37)

The conditional expectation of AA,, is thus computed using the probabilities of the events Ry.

To make the preceding argument rigorous, we introduce some notation. For every integer n > 0, write
U,, for the number of vertices in 0T,, that are at distance H,, from the root vertex. Note that the function
n +— U, is nonincreasing on every interval [0, 0,1[ where H,, is equal to r. We also set G,, = P,, — U,

which represents the number of vertices in 0T,, that are at distance H, + 1 from the root vertex.

Lemma 12. For every integer L > 1, we have

n

(P)
E lw,<r orci<ry — 0.
i=0

1
n
Let us postpone the proof of this lemma. To complete the proof of (36), we first use the bound (21)
to deduce from the inequality AA4,, <|AP,|+ 1 that, for every n > 0,

for some finite constant Cy. Furthermore, using (21) again, we have also, for every integer L > 1,
E[AA, 1ap, >0y | Ful SE[(JAP] +1) 1ap, >0} | Ful <cw) (39)

where the constants c(z) are such that ¢(;y — 0 as L — oo. Then, on the event {U, > L,G,, > L}, the
condition |AP,| < L ensures that the only transitions of the peeling algorithm at step n + 1 leading to
a positive value of AA,, are of type Ry for some k, and in that case AA,, = —AP, = k. It follows that,
still on the event {U,, > L,G,, > L},

L-1 e

1

E[AA, 1qap, <0y | Fn] = Z kq,(CP") < quk = 3 (40)
k=1 k=1

Note that we have P, > 2L on the event {U,, > L,G, > L}. Since q,gp) converges to qr as p — oo, the
preceding considerations and (39) entail that, for every e > 0, we can fix Ly > 0 so that, for every L > Lo
and every n, we have, on the event {U,, > L,G,, > L},

1 1
3¢ <E[AA, | Fu] < 3 +e. (41)

Finally, we have, using (38),
1 n—1 1 n—1

ZO m- Z; Liv,>r.¢,>01 E[AA; | Fi]

n “—

C n—1

1

< - z; lw,<rorci<rys
1=

and we can now combine (41) and Lemma 12 to get our claim (36). This completes the proof of Proposition

11, but we still have to prove Lemma 12. O
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Proof of Lemma 12. We start with some preliminary observations. From the definition of the peeling by
layers, one easily checks that the triple (P, Gp, Hp)n>0 is a Markov chain with respect to the filtration
(Fy), taking values in {(p,¢,h) € Z3 : p > 2,0 < ¢ < p—1,h > 0}, and whose transition kernel Q is

specified as follows:

(

Q((p. 6, h), (p+1,0+1,h)) = ¢*
Q((p,t,h), (p—k, L —k,h)) = ( for1<k<fl—1

Q((p, ¢, h), (p—k,L,h)) = q) for1<k<p—(-—1 (42)
Q((p, £, h), (p — k,0,h)) = ¢ for (<k<p—2

Q((p, 6, h), (p — k,0,h + 1)) = ¢’ forp—0<k<p—2.

The Markov chain (P, G, Hy)n>0 starts from the initial value (2, 1,0).

Obviously, the triple (P, U, Hy)n>0 is also a Markov chain, now with values in {(p,¢,h) € Z* : p >
2,1 < £ < p,h >0}, and its transition kernel Q' is expressed by the formula analogous to (42), where
only the first and the last two lines are different and replaced by

Q' ((p, 4, 1), (p+1,6,1)) = ¢%)
Q,((paéah%(p*kap*k’h‘i’l)):q](gp) forfﬁkSP*Q (43)
Q ((p, 6, h), (p—k,p—k, b)) = ¢ forp—(<k<p—2.

We now fix k € {0,1,...,L}. We will prove that

1 n

- > P(Gi=k) — 0. (44)
i=0

Let us explain why the lemma follows from (44). If ¥’ € {1,..., L}, a simple argument using the Markov

chain (P,,U,, H,) shows that, for every i > 1,

P(Gi1 =0 Fi) = 40 Lw,—iy Lpzrs2y

and therefore
P(Giz1=0) > BPU, =K ,P, >k +2),

with a constant 8 > 0 depending on &’. If we assume that (44) holds for k& = 0, the latter bound (together
with the transience of the Markov chain (P,)) implies that

1 . !
- ;P(Ui =k) — 0. (45)
Clearly the lemma follows from (44) and (45).

Let us prove (44). Let N > 1, and write 77V, T4, ... for the successive passage times of the Markov
chain (P,, Gy, Hy) in the set {(p,¢,h) : p > N,{ = k}. We claim that there exist two positive constants
¢ and « (which depend on k& but not on V) such that, for every sufficiently large N and for every integer
i>1,

PILY, — TN > aN | Fpa] > c. (46)

If the claim holds, simple arguments show that we have a.s.

N
liminf = > acN
Jj—o0 ]
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and it follows that, a.s.,

1
lim sup — Z lip>N,G=k) <

n—oo T acN’
=0

We can remove P; > N in the indicator function since the Markov chain (P,),>0 is transient. This gives
(44) since N can be taken arbitrarily large.

Let us verify the claim. Applying the strong Markov property at time T}V leads to a Markov chain
(ﬁn, Gn, H, ) with transition kernel @ but now started from some triple (pg, £o, ho) such that pg > N and
lo = k. We also set U,, = P, — G,,. The bound (46) reduces to finding two positive constants « and ¢
such that, for every sufficiently large N,

P(rx > aN) > ¢, (47)

Where TR = mm{j >1: G = k}. Weset T :=inf{n > 0: P, = Uy,}, and observe that we have either
=ho+1or H = ho.
By looking at the transition kernel @ and using the bounds (21) and (22), we see that we can couple
the Markov chain (P,, Gy, H,,) with a random walk (V) started from ¢, = k, whose jump distribution

p is given by u(1) = g—1, u(—j) = g; for every j > 1, and pu(0) =1 — p(1) — >°,5, pu(—7), in such a way
that
G,>2Y,, forevery 0 <n<T,

and on the event where Y; = k£ + 1 and min;>; Y; = k+ 1 we have ﬁf = ho + 1 (the point is that on the
latter event, the transition corresponding to the last line of (43) will not occur, at any time n such that
0<n< f) Since the random walk Y has a positive drift to oo, the latter event occurs with probability
co > 0. We have thus obtained that

P({Gp > k+1, for every 1 <n < T} N {flf =ho+1}) > co. (48)

Next we observe that there is a positive constant c¢; such that, for every € > 0, we have, for all
sufficiently large N,
PHT <ci(N —k)} N {Hz = ho+ 1}) <e. (49)

To get this bound, we now consider the transition kernel Q': We use (21) to observe that we can couple
(}Sn, Lan, PNIn) with a random walk Y’ started from N —k, with only nonpositive jumps distributed according
to pi'(—k) = qi, for every k > 1 (and of course p'(0) =137, '(—k)), in such a way that

U,>Y', forevery0<n<T,

and Y7 < 0 on the event {}le = ho + 1}. In particular on the event {IA{TT, = ho + 1} the hitting time of
the negative half-line by Y’ must be smaller than or equal to T. Since 1/ has a finite first moment, the
law of large numbers gives a constant ¢; such that (49) holds.

By combining (48) and (49), and recalling the definition of 75, we get

P(ry, > c1(N — k))
>P({Gy > k+1, for every 1 <n < T} N {Hz = ho + 1}) = P({T < 1 (N — k)} N {Hgz = ho +1})

260753

Our claim (47) now follows since we can choose € < c¢g. O
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4.3 Distances in the peeling by layers
We need another lemma before we proceed to the proof of Proposition 10.

Lemma 13. There ezists a constant C such that E[H,] < C’nl/?’, for everyn > 1.

Proof. Tt will be convenient to introduce a process H/, which coincides with H,, at times of the form o,
r > 1, but which “interpolates” H,, on every interval [o,,0.+1]. To be specific, we recall the notation

introduced in the proof of Lemma 12, and we set for every n > 0,

G
H =H,+ ="
n + P,
From the form of the transition kernel of the Markov chain (P, G, H,) (see the proof of Lemma 12),
we get, for every triple (p, ¢, h) such that P(P, = p,G,, = ¢, H, = h) > 0,

-2

l+1 0] % (t—k)yvo ¢
[| H p ] q-1 P+l p ;qk bk »
p—L—1 p—2
| ¢ t (p) L
WS S a ().
k=1 p_k p k=p—~ p

Then it is not hard to verify that each term in the right-hand side is bounded above by ¢/p, with some
constant ¢ independent of (p, ¢, h). Indeed, writing ¢ for a constant that may vary from line to line, and
using (21), we have

(p)

M_f'<1

e PR R R
and similarly,
S|k ] s k=) 1 ¢
P p
N R = I
—t =k pl = pe—k) T p
p—2 o
¢ 1 c
Sl S ha<t
k=0+1 p pk:£+1 p
p—~f—1 p—(—1 p—£—1
w| ¢ E‘ @ Lk mk _c
D P At D D <2 al, s
1 p*k p k=1 p(p k) k=1 p p
p—2 i
¢ Y YA - 4
> q” (1) < <1> Yooa< (1) xelp—0~=—(p—07"
k=p—¢ P L = P P

We conclude that there exists a constant C’ such that E[AH], | F,,] < C’'/P,,. By Lemma 8, we have then
E[AH!] < C"n~2/3 with some other constant C”. Tt follows that E[H’] < C"'n'/3, giving the bound of
the lemma since H,, < Hj,. O

Proof of Proposition 10. It follows from Theorem 1 and Proposition 11, together with monotonicity ar-

guments for the last component, that we have the joint convergence in distribution

_ _ _ d
(n 2/3P[nt]a n 4/3V[nt]7n lA[nt]) L (pA2 StJerAQ Zy,ane t)tZO (50)

t>0 n—oo

in the Skorokhod sense. We now need to deal with the convergence of the (rescaled) process H. We first

note that by construction we have A — A,, = P,, for every r > 1. More precisely, for every r > 1

Ort1
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and every n with o, <n < g,41, we have
AO'T+1 - An = Un < an
An*AUT:PUT*UnSPaT-

It easily follows that, for every 0 < n; < ng, we have
A, — A

_ttme T~ H, —H, 1, 51
maxnlgigng P)’L - 2 ! + ( )
and
A, — A
H, —H, <——2 ™M 11, 52
2 1 — minnlsiSnQ Pz + ( )
Fix 0 < s < t. By (50),
—-2/3 : (4) . +
" [ns]glkngl[nt] Pk n—o00 Paz S%Iifgt Su’

and the limit is a (strictly) positive random variable. Using also Proposition 11, we then deduce from the
bound (52) that the sequence n_1/3(H[m] — H[ns]) is tight. Hence we can assume that along a suitable
subsequence, for every integer k > 0, for every 1 < i < 2*, we have the convergence in distribution

~1/3 (d) (s,t)
n (H[n<s+i2*k<t7s>>]—H[n<s+(i71>2fk<t7s>>1) oo M (53)

where A,(j;t) is a nonnegative random variable. Moreover, we can assume that the convergences (53) hold
jointly, and jointly with (50). It then follows from the bounds (51) and (52) that, for every k and i,

EVN 2_k(t —5) < A;:’,t) < EVN 2_.]6(15 —5) .
P2 sup S it PA2 inf St
s+(i—1)2=k(t—s)<u<s+i2=k(t—s) s+(i—1)27k (t—s)<u<s+i27F (t—s)
Note that apnz/paz = 12713 =: hx2. By summing over i, we get
2 2R(t — s) : 2 2h(t — s)

h < AW <h :
a7 Z_:l sup St - o1 =742 2_; inf St

= s+(i—1)2=k(t—s)<u<s+i2=k(t—s) T s (i-1)2 R (t—s)Suls+i2 =k (t—s)

When k — oo, both the right-hand side and the left-hand-side of the previous display converge a.s. to
b du
s S

This argument (and the fact that the limit does not depend on the chosen subsequence) thus gives

has

(d) b du

nil/g(H[nt] - H[ns]) m hA2 Sja (54)

and this convergence holds jointly with (50).
At this point, we use Lemma 13, which tells us that E[n’l/ 3H[ns]] can be made arbitrarily small,

uniformly in n, by choosing s small. Also Lemma 13, (54) and Fatou’s lemma imply that

([ ]
du

is bounded above independently of s € (0, t], and therefore fot F <ooas. (we could have obtained this

more directly). Letting s — 0, we deduce from the previous considerations that

t
-1/3 (d) du
n H[nt] —)n_mo hAz A 7.5'{1_ 5 (55)

jointly with (50). The statement of Proposition 10 now follows from monotonicity arguments using the
fact that the limit in (55) is continuous in ¢. O
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4.4 From Proposition 10 to Theorem 2

In this section, we deduce Theorem 2 from Proposition 10 via a time change argument. We start with
some preliminary observations.
We fix x > 0 and write (I'7);>o for the stable Lévy process with index 3/2 and no negative jumps

started from xz, whose distribution is characterized by the formula
Elexp(—A(I¥ — z))] = exp(At®/?) At > 0.

Equivalently, 'Y = x — S; where S; is as in the introduction. Set 7, := inf{t > 0 : T = 0}. Then
vz < 00 a.s., and a classical time-reversal theorem (see e.g. [8, Theorem VIIL.18]) states that the law of
(I'f, —)—Jo<t<y, (with I'f_ = z) coincides with the law of (SH)o<i<p,, where p, :=sup{t > 0: S;" = z}.

On the other hand, consider the process £ of Section 1. If A, := sup{t > 0: £; < z}, then A\, < oo
a.s. and setting XJ = Ly, _¢— for 0 <t < A, (with Lo— = 0), the process (X[ )o<¢<x, is distributed

3/2 gtarted from z and

as the continuous-state branching process with branching mechanism ¥ (u) = u
stopped when it hits 0. See [17, Section 2.1] for more details.

The classical Lamperti transformation asserts that, if we set
. 5 du
T ::mf{szO:/ ﬁzt}
0 u

for0 <t< R, := fo - ‘Fl—;f, the time-changed process (Fftx)ogtSRz has the same distribution as (X7 )o<i<x, -

We can then combine the Lamperti transformation with the preceding observations to obtain that, if

) S du
ntzsz{SZO:/o szt},

(si0ses [7 )

u

for every t > 0, the process

has the same distribution as (£;)o<t<x, . Since this holds for every x > 0, we conclude that the processes
(5, )i>0 and (L4);>0 have the same distribution. It easily follows that we have also

(55:2n) @ (Lt Moo, (56)

ne?

with the notation of Section 1.

Let us turn to the proof of Theorem 2. We recall that, for every integer r > 1, we have |0B?| = P,
and |By| = V5., with o, = min{n : H, > r}. We use the convergence in distribution of Proposition 10
and the Skorokhod representation theorem to find, for every n > 1, a triple (P(”), v H (”)) having the

same distribution as (P, V, H), in such a way that we now have the almost sure convergence

(n) (n) (n)
P[nt] V[nt] H[nt} a.s. <S+ Z, /t du) (57)
paz - n2/3 vpz - nd/3 7 hpz - nl/3 oy MO D o S8 ) o

for the Skorokhod topology. For every n > 1, and every r > 1, set

of

™) = min{k : H,E") >r}

Then it easily follows from (57) that

1 .S,
(ﬁa[(sl)/%]) ~y (nt/hAz)tzo,

t>0 n—oo
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uniformly on every compact time set. By combining the latter convergence with (57) we arrive at the

a.s. convergence in the Skorokhod sense,

(n_2/3P§’2) ,n_4/3V((7f1)

)
(n1/34] Tnl/34

a.s.

—_— 2S+ Va2 Z, ) .
)1‘20 n—oo (pA CLICERE R VLY

Recalling the identity in distribution (56), we get the convergence in distribution of Theorem 2 since

@
)

(P V)0 = (P, Vo, )rz0 = (10B2 1B ]) 20,

This completes the proof.

5 Application to other distances

In this section, we apply our techniques to study other distances on the UIPT (in fact on the dual graph of
the UIPT) in order to get similar results for the scaling limits of the associated hull processes. Specifically,
we will consider the dual graph distance and the first-passage percolation distance with exponential edge

weights on the dual graph.

5.1 The dual graph distance

We consider the dual map of the UIPT, whose vertices are in one-to-one correspondence with the faces
of the UIPT, and each edge e of the UIPT corresponds to an edge of the dual map between the two faces
incident to e. This dual map is denoted by T%. By convention, the root vertex of T2 or root face is the
face incident to the right-hand side of the root edge of the UIPT. We denote the graph distance on T or
dual graph distance by dg,. For every integer r > 0, we let B2 (T ) denote the hull of the ball of radius
r for d,. This is the union of all faces of T that are at dual graph distance smaller than or equal to r
from the root face, together with the finite regions these faces may enclose.

Similarly as in the previous section we now design a peeling algorithm which discovers these dual hulls
step by step. In the first step (n = 0) we reveal the root face. In the second step (n = 1), we peel any
edge incident to the root face. Then inductively at step n 4+ 1 we peel the edge of the boundary of T,
which lies immediately on the right of the last revealed triangle (but not incident to that triangle). See

Fig. 6 for an illustration.

AL MNB NDA NADT

T

Figure 6: lllustration of the peeling by layers on the dual map. When B?*(T,) has been
discovered, we turn around the boundary 0B2*(Ts) from left to right in order to reveal the
next layer and obtain By (Tw).

As in the case of the peeling by layers for the graph distance on the primal lattice, one can prove by
induction that, for every n > 0, there is an integer h > 0 such that one and only one of the following two
possibilities occurs. Either all faces incident to 0T,, are at the same dual graph distance h from the root
face of the UIPT. Or 0T,, contains both edges incident to faces at dual distance h and edges incident to
faces at dual distance h + 1 from the root face. In the last case, these edges form two connected subsets

of the boundary and the edge that will be “peeled off” at step n + 1 is the only edge incident to a face
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in T,, at dual distance h such that the edge immediately on its left is incident to a face of T,, at dual
distance h + 1. In both cases we write H, = h. As in the previous sections, we let P, and V,, stand

respectively for the perimeter and for the volume of the triangulation discovered after n peeling steps.

Proposition 14 (Distances in the peeling by layers on the dual map). We have the following convergence
in distribution for the Skorokhod topology

P, Vin Hf tq
[ t]2/3’ [ t}4/37 ; [ t]1/3 @, <S§“,Zt,/ 1‘) :
PAZ T VA2 - T hi.-n >0 n—o0 0o Su >0

where b, = (1 +ap2)/paz = (16/3)1/3.

Theorem 3 is derived from Proposition 14 in exactly the same way as Theorem 2 is derived from
Proposition 10 in Section 4.4. Let us briefly discuss the proof of Proposition 14, which follows the same
lines as that of Proposition 10. The convergence of the first two components is again a consequence
of Theorem 1, and we focus on the convergence of the third component. As for the peeling by layers
on the primal lattice, the key idea is to consider the speed at which the peeling by layers (on the dual
map) “turns” around the boundary. More precisely we denote the set of all edges of T, that are part of
B?*(Tw) for some r > 0 by £*, and we let A} stand for the number of edges of T,\JT,, that belong to

L*. We aim at the following analog of Proposition 11:

A*
n P e+ 1 =4/3, (58)
n n—oo

The idea to prove this convergence is the same as before: For most times n, the boundary 0T, has both a
“large” number of edges incident to a face of T,, at dual distance H 4+ 1 from the root face, and a “large”
number of edges incident to a face of T,, at dual distance H;. Then, except on a set of small probability,

the only events leading to a nonzero value of AA? are events of type Ry, for which
AA,=-AP,+1=k+1.

Note the additional term +1 in the last display (compare with (37)) coming from the fact that we peel an
edge belonging to L* at every step. This additional term explains why we get the limit ap2 + 1 in (58),
instead of an2 in Proposition 11. Apart from this difference, the technical details of the proof of (58)
are very similar to those of Proposition 11. For the analog of Lemma 12, we introduce the number U} of
edges of 0T,, that are incident to a face of T,, at dual distance H; from the root face, and G}, = P, —U}.
Then (P, G}, H})n>0 is a Markov chain taking values in {(p,¢,h) € Z3 : p > 2,0 < ¢ <p—1,h > 0},

whose transition kernel Q* is specified as follows:

Q*((p, 4, h), (p+ 1,0+ 2,h)) = ¢} ife<p—2

Q" ((p,p—1,h), (p+1,0,h+1)) = ¢}

Q*((p, £, h), (p— k, £ — k + 1,R)) = ¢V for 1<k <¢ (59)
Q*((p, 6, 1), (p — k, £+ 1,h)) = ¢”) for 1<k<p—f—2

Q*((p, £.h), (p — k.1, h)) = g for (+1<k<p—2

Q*((p, £,h), (p — k,0,h + 1)) = ¢’ forp—l—1<k<p-2.

The analog of Lemma 12 then holds with G; and U; replaced respectively by G} and P}, with a very
similar proof. This provides the key technical ingredient needed to adapt the proof of Proposition 11 in
order to get the convergence (58). Finally, an analog of Lemma 13 also holds with E[H,,] replaced by
E[H}], and Proposition 14 can then be derived from (58) in the same way as Proposition 10 was derived

from Proposition 11 in Section 4.3. We leave the details to the reader.
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5.2 First-passage percolation

We now assign independent weights exponentially distributed with parameter 1 to the edges of T2 . The
weight of a path in T is just the sum of the weights of its edges. We let Fy consist only of the root
face and, for every ¢t > 0, we let F; be the union of all faces of the UIPT which are connected to the root
face by a dual path whose weight is less than or equal to t. We then let F} be the hull of F;. We set
To=0and welet 0 <7 <79 <--+ <7, <--- be the successive jump times of the process F} (a simple
argument shows that 7,, — oo as n — oo, which will also follow from the next proposition). Note that,

at each time 7, with n > 1, a new triangle incident to the boundary of F? _ is added to F} _ , together

1

with the triangles in the “hole” that this addition may create.
By convention we let Fo be the trivial triangulation, and we set, for every n > 1

F.=F°

Tn—1"

The following proposition shows that the process (ﬁn)nzo is a particular instance of a peeling process,
which is called the uniform peeling process or Eden model on the UIPT. See also [I, Section 6].

Proposition 15. The sequence (lzn)nzo has the same law as the sequence (Ty)p>o corresponding to a
peeling process where at step 1 we reveal the triangle incident to the right-hand side of the root edge,
and for every n > 2, conditionally on Tgy,..., Tp_1, the peeled edge at step n is chosen uniformly at
random among the edges of OT,,—1. Furthermore, conditionally on the sequence (Izn)nzl; the increments
T — To,To — T1,7T3 — Ta, ... are independent, and, for every k > 1, T, — T_1 s exponentially distributed

with parameter |OFy|.

Remark. Since |8|~:k| < k + 2, the last assertion shows that 7 1 oo a.s. as k — oo.

Proof. Let n > 1. Consider an edge e of OF,,. Then, e is incident to a unique face f. of F. _,, and we
write dpp (fe) for the first-passage percolation distance between f. and the root face (in other words, this
is the minimal weight of a dual path connecting the root face and f.). We also write w, for the weight of
e, or rather of its dual edge. Since f. is contained in F,, _,, we have dgpp(fe) < Tnh—1, With equality only
if fe is the triangle that was added at time 7,,_1. Also it is clear that

We > Tp—1 — dfpp(fe)

because otherwise this would contradict the fact that the other face incident to e is not in F,, ;.

Next the lack of memory of the exponential distribution ensures that, conditionally on the variables

(IEO7 Fiooo o FouTl, ..., Tn—1), the random variables

We — (Tn,1 - dfpp(fe))’

where e varies over the edges of OF,,, are independent and exponentially distributed with parameter 1.

Now observe that the next jump will occur at time
Tp, = Tn—1 + min{we — (Th—1 — dipp(fe)) : € edge of OF . }.

It follows that, conditionally on (IEO7 I~:1, R IEn, Ti,...,Tn—1), the variable 7, — 7,1 is exponential with
parameter |8|~:n\, and furthermore, the new triangle added to Fn corresponds to the edge attaining the
preceding minimum, which is therefore uniformly distributed over edges of OF,,. This completes the

proof. O
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Proof of Theorem 4. As in the previous sections, we use the notation V,, and P,, for the volume and the

perimeter of F,,. We will establish the following convergence in distribution for the Skorokhod topology

P[nt] V[nt] TInt] > (@) ( /t du)
; ) S+a Z 5 o+ . 60
(PA2 .n2/3 VA2 . na/3 (1/pa2) -nl/3 +>0 n—00 K ! 0 S:— t>0 ( )

Theorem 4 then follows from (60) by the very same arguments we used to deduce Theorem 2 from

Proposition 10 in Section 4.4.

The joint convergence of the first two components in (60) is given by Theorem 1. So we need to prove
the convergence of the third component and to check that it holds jointly with the first two. As in the
proof of Proposition 10, we fix 0 < s <t and we first consider 7,y — 7[,. Writing

[nt]

Tint] — Tins] = Z (1 — Tie1)

i=[ns]+1

and, using Proposition 15, we see that, conditionally on (Py)r>0, the variable 7y, — 7, is distributed

as
[nt]
> &
A Py’
i=[ns]+1
where the random variables ey, e, ... are independent and exponentially distributed with parameter 1,

and are also independent of (Py)i>0. By the convergence of the first component in (60), we have
[nt]

con §L LT w1t
P‘ n S 81—1_7

i=[ns]+1 " ° —1([ns]+1) n_2/3p[nu] n—oo pa2

and, on the other hand,

[t ]
e; 1\2
Bl 3 2 e S LY e
i=[ns]+1 ' i=[ns]+1 v
_ n_2/3 [it% 1 _ l /nl([nt]Jrl) du
i=[ns]+1 (F)? 1 Jam1(sl+r) (0723 Playy)?

converges to 0 in probability as n — oco. It easily follows that

@ 1 [tdu

n—1/3 du
+ b
n—oo paz J, Sy

(T[nt] - T[ns]) (61)

and the previous argument also shows that this convergence holds jointly with that of the first two
components in (60). We can complete the proof by arguing in a way similar to the end of the proof of
Proposition 10. It suffices to verify that

sup E[nfl/ST[ns]] — 0.
n>1 s—0

This is however very easy, since
[ns]

E[rng] = E[Z; %]

and we can use Lemma 8 to obtain that E[r),q] < C (ns)'/3, for some constant C. O
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5.3 Comparing distances

One conjectures that balls for the dual graph distance or the first-passage percolation distance grow
asymptotically like “deterministic” balls for the graph distance. More precisely, one expects that there
exist two constants c1,co > 0 such that, for every € > 0, one has

B(CII—E)T‘ - B;k - B(cfl+e)r’

B(cgl—e)r CcF,.C B(c;1+a)

T

with high probability when r is large (here B is the ball for the dual graph distance, that is the union
of all faces that are at dual graph distance less than or equal to r from the root face). The reason for
this belief is the fact that the UIPT is “isotropic”, in contrast with deterministic lattices such as Z¢. Our
results support the previous conjecture since the scaling limits for the perimeter and volume of hulls are
the same for any the balls B,, F, and B}, up to multiplicative constants. Note that, if the last display
holds, we must have also

B> C B C B

(cr—e)r (c1+e)r?

ch—s)r - B: - FECQ—&-E)T?
with high probability when r is large. By comparing the limits in distribution of |Bs| (Theorem 2), of
|B2*| (Theorem 3) and of |F?| (Theorem 4), we see that if the previous conjecture holds, the constants
c1 and ¢y must be equal to
hA=  1+a 1 1
= Azzﬁzél and cp=—"——= =3.
hAZ aAA2 PA2hA2 AA2

C1

See [1, Remark 5] for related calculations about two-point and three-point functions for first-passage
percolation on type I triangulations (in that case, the analog of the constant ax> is an1 = 1/(2v/3), as
we shall see below). The proof of the above conjecture is discussed, in the slightly different setting of

type I triangulations, in the forthcoming work [16].

6 Other models

Although we chose to focus on type II triangulations, our results can be extended to other classes of
infinite random planar maps. Roughly speaking, one only needs to replace the constants aaz,taz,baz
defined in (13), in Proposition 9 and in Proposition 11 by their appropriate values in the model in
consideration. All our results should then go through with the constants v.,p.,h., h* evaluated via the
same “universal” relations from the constants a.,t.,b.. In this section we carefully explain how to do this
in two particular cases, namely type I triangulations and quadrangulations. It may well be the case that
our techniques can be extended to even more general classes of random planar maps such as the (regular

critical) Boltzmann triangulations considered in [11].

6.1 Type I triangulations

Let us consider the case of type I triangulations, where both loops and multiple edges are allowed. The
construction of the UIPT in this case is not treated by Angel and Schramm [6], but the techniques of
[6] can easily be extended using the corresponding enumeration results (see below). Alternatively, the
construction of the type I UIPT follows as a special case of the recent results of Stephenson [30]. We

denote the UIPT for type I triangulations by To(é). Let us list the enumeration results corresponding to
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those of Section 2.1. These results may be found in Krikun [23] (Krikun uses the number of edges as the
size parameter and in order to apply his formulas we note that a triangulation of the p-gon with n inner
vertices has 3n + 2p — 3 edges).

For every p > 1 and n > 0, let 7}(11.) stand for the set of all type I triangulations with n inner vertices
and a simple boundary of length p, which are rooted on an edge of the boundary in the way explained in
Section 2.1. We have for (n,p) # (0, 1)

p(2p) (2p+3n_5)” ~ C(l)(p) (12\/§)nn—5/2’

(1) — gyn—1
#Top =4 Dl @p £ DI n 5o

where
372 p(2p)!

44/27 (p!)2 p oo 367r\f VP12
We then set Z(M) (p) = > >0 #T(l)(12\/§)’” and we have the formula (see [1, Section 2.2])

cW(p) =

D 2 2 _
ZW(p) = 67 (2p — 5! it p>2, zW(1) = 7\/5
C8V3pl 4
The generating series of Z1(p) can also be computed explicitly from [23, formula (4)] and an appropriate

change of variables (we omit the details):

1 (1-122)%2 -1
Y2V 1) =5
250 2 24+/32

In particular, the analog of (4) is

and similarly as in (4), we set

b= 2
8v/m
The peeling algorithm discovering To(; ) is then described in a very similar way as in Section 3.1. The
only difference is that we now need to consider the possibility of loops. With the notation of Section
3.1, and supposing that the revealed region has a boundary of size p > 1, events of type Ly or Ry, or
of type L,—1 or R,_1, may occur (the definition of these events should be obvious from Fig.3). The
respective probabilities of events C, Ly or Ry are given by formulas analogous to (10) and (11), where
2/27 is replaced by 1/(12v/3), the functions C' and Z are replaced respectively by C(1) and Z(), and
finally k is allowed to vary in {0,...,p — 1}.
An analog of Proposition 6 holds, and the constant pa2 has to be replaced by

= ()

Similarly, there is a version of Proposition 9 in the type I case, and the constant b2 is replaced by

4
bAlzg

whereas the limiting distribution remains the same. Finally, the analog of Proposition 11 involves the
new constant

1
a = —.
W
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The proofs of Theorems 1, 2, 3 and 4 can then be adapted easily to the UIPT Téol ). In these statements,

paz is replaced by par and the other constants vaz,haz and h, are replaced respectively by
- 1 + YN

a 1
VAL = (pAl)QbAl = 4-3_5/3, hat = pii = 53_1/6 and hi: = N

We note that pai/(ha1)? = paz/(ha2)?, which, by Theorem 2 and its type I analog, means that the
scaling limit of the perimeter of hulls is exactly the same for type I and for type II triangulations. This
fact can be explained by a direct relation between the UIPTs of type I and of type II, but we omit the
details.

6.2 Quadrangulations

Let us now consider the Uniform Infinite Planar Quadrangulation (UIPQ), which is denoted here by
@Qoo- This case requires more changes in the arguments. We first note that a quadrangulation with a
simple boundary necessarily has an even perimeter. For every p > 1, let Q,, , stand for the set of all
quadrangulations with a simple boundary of perimeter 2p and n inner vertices, which are rooted at an
oriented edge of the boundary in such a way that the external face lies on the right of the root edge. For
n >0 and p > 1, we read from [10, Eq. (2.11)] that

(3p)!(3p — 3+ 2n)!

_ qn—1 ~ O n, —5/2
#Qnp =3 nIp!(2p — 1)I(n 4+ 3p — 1)! nsoo ¢ p)12"n ’
h
whnere CD 8p71(3p)! 1 .
(p) = 3/mpl(2p — 1)! pooo 831 VP
We have also, for every p > 2,
- 87 (3p — 4)!
Z90p) = 3 #Qu 12" = L
= (p—2)!(2p)!
and Z9(1) = 4/3. Furthermore,
1
ZB(p+1) ~ ——paPp/2, ZB(k+1)547% = 3/2, kZB(k+1)547% = 1/2. (62)

The transitions in the peeling process of the UIPQ are more complicated than previously because of
additional cases. If at step n > 0 the perimeter of the discovered quadrangulation Q,, is equal to 2m,

then the revealed quadrangle at the next step may have three different shapes (see Fig. 3):

1. Shape C: The revealed quadrangle has two vertices in the unknown region, an event of probability

CB(m+1)

_ _ (m) _ 15-2
P(C|]0Qn| =2m) =q' 5y =12 CO(m)

2. Shapes L, and Ry, for k € {0,1,...,2m — 1}: The revealed quadrangle has three vertices on
the boundary of Q,,. This quadrangle then “swallows” a part of the boundary of 0Q,, of length k.
This event is denoted by Ly or R according to whether the part of the boundary that is swallowed
is on the right or on the left of the peeled edge. Note that the revealed face encloses a finite
quadrangulation of perimeter k + 1 if k£ is odd and k + 2 if k is even. These events have probability

P(Log | [0Qn] = 2m) = P(Logt1 | [0Qn| = 2m) = P(Rox [ [0Qn| = 2m) = P(Rop11 [ |0Qn| = 2m)

_om) _ my_ Z2(k+1)CT(m —k)
= Uopp1 = Ao = 12 CO(m)
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3. Shapes Ly, i,, Ri,k, and Cy, i, for ki, k2 > 1 odd and such that k; + ko < 2m: This last
case occurs when the revealed quadrangle has its four vertices on 0Q,,. It then encloses two finite
quadrangulations of respective perimeters k1 +1 and ko + 1 either both on the left side of the peeled
edge in case Lj, k,, or one on each side of the peeled edge in case Cy, x,, or both on the right side of
the peeled edge in case Ry, i,. These three events have the same probability: writing k1 = 2j; + 1
and ko = 2j5 + 1, with 77 +jo <m — 1,

P(Lk17k2 | |8Qn| = Qm) - ]P(Rkl,kQ | |8Qn| = 2m) = P(Ck17k2 | |8Qn| = Qm)
Co(m—j1—ja—1)

=a{"), = 291 + 1)Z5(js + 1)

CB(m)

c Ly for k odd Ry, for k even ™, with ky, ky odd

Figure 7: A few peeling transitions in the quadrangular case.

Furthermore, conditionally on each of the above cases, the finite quadrangulations enclosed by the
revealed face are independent Boltzmann quadrangulations with the prescribed perimeters. Let P,'l:I
stand for the half-perimeter at step n in the peeling process. Then, similarly as in the triangular case,
the Markov chain (PY) is obtained by conditioning a random walk X on Z to stay (strictly) positive,

and the increments of X are now distributed as follows:

Elf(Xn1) | Xu] = f(Xn+1) a2+ > f(Xn—k)- (2((12k +tami1) +3 Y le,kg),
k=0

= k1+ko=2k
k1,k2>1 odd

where q; = limy, 0 qg-m)

results, we get, for every k > 0,

and qg, k, = limy, oo qgln}ez as in the triangular case. From the enumeration

1
— k)= E ~ —5/2
P(AX k) = 2(qak + gok+1) + 3 ) . Qkey ko ol 2\/3?/%‘ . (63)
1+ko=2k
k1 ks >1 odd

The results of Sections 3.2 and 3.4 can then be extended to the UIPQ Q.. Comparing (63) with
(13), we see that the role of the constant taz is now played by tg = 1/(4v/37). Then the convergence in
distribution of Proposition 6 holds for PY, with the constant paz replaced by

n

PO = (8t53ﬁ)2/3 = ?

An analog of Proposition 9, where we now consider a Boltzmann quadrangulation Q®) of the 2p-gon,

also holds in the form 9
PEIQW]] — 2 = bo,

p—oo 2
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The peeling by layers requires certain modifications in the case of quadrangulations. As previously,
the ball B, (Q) is the planar map obtained by keeping only those faces of @, that are incident to at
least one vertex whose graph distance from the root vertex is smaller than or equal to » — 1, and the hull
B?(Q) is obtained by filling in the finite holes of B,(Qs). The boundary 9B (Qo) is now a simple
cycle that visits alternatively vertices at distance r and r + 1 from the root vertex. If we move around
the boundary of this cycle in clockwise order, we encounter two types of (oriented) edges, edges r+1 — r
connecting a vertex at distance r + 1 to a vertex at distance r, and edges » — r + 1 connecting a vertex
at distance r to a vertex at distance r + 1.

To describe the peeling by layers algorithm, suppose that, at a certain step of the peeling process,
the revealed region is the hull B?(Q ). Then we choose (deterministically or using some independent
randomization) an edge of the boundary of type r + 1 — r. We reveal the face incident to this edge that
is not already in By (Q ) and as usual we fill in the holes that may have been created. At the next step,
either the (new) boundary has an edge of type r + 1 — r that is incident to the quadrangle revealed
in the previous step, and we peel this edge, or we peel the first edge of type r + 1 — r coming after
the revealed quadrangle in clockwise order. We continue inductively, “moving around the boundary in
clockwise order”. See Fig. 8 for an example. After a finite number of steps, the boundary does not contain
any vertex at distance 7, and it is easy to verify that the revealed region is then the hull By, (Qx), so
that we can continue the construction by induction.

r—+2
r+1

Figure 8: lllustration of the peeling by layers in the quadrangular case: we choose an edge to

start discovering the new layer and then peel from left to right all the edges that contain a vertex
at distance r from the root vertex.

Proposition 11 is adapted as follows. For every r > 1, let .,?TD be the set of all vertices of B (Q)
that are at distance exactly r from the root vertex. Clearly the perimeter |0B2(Qu)| is equal to 2#.2.
We also denote the union of all XTD for r > 1 by &Y. Finally, for n > 1, we let A,EL’ be the number of
vertices of .ZH that are in the interior of the discovered region at step n. Then the analog of Proposition
11 reads

A, (» 1

7 m g =:ag.
The idea of the proof is the same but technicalities become somewhat more complicated (we omit the
details).

Versions of Theorems 1, 2 then hold for the UIPQ Q.. In these statements we now interpret the size
of the boundary as half its perimeter, the constant paz is replaced by pm and the other constants vaz
and ha2 are replaced respectively by

vo = (po)%bp = 2% and hg = Z£ _9-2/3
O

We observe that the convergence of volumes in the analog of Theorem 2 for the UIPQ was already
obtained in [17] as a consequence of the invariance principles relating the UIPQ and the Brownian

plane (see Theorems 5.1 and 1.3 in [17]). It would be significantly harder to derive the convergence of
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boundary lengths from the same invariance principles. On the other hand, Krikun [21] has a version of
the scaling limit for boundary lengths in the case of quadrangulations, but with a different definition of

hull boundaries leading to different constants.

It is also possible to adapt Theorems 3 and 4 to the setting of quadrangulations: the limiting process
in the analog of Theorem 3 (where we again consider the half-perimeter rather than the perimeter) is
(PO * Lishg ;v - Mejne )e0, with

. _1+ap

7 2pg
where af; = % is the mean number of edges “swallowed” on the right of the peeled edge in a peeling step for
the half-plane UTPQ (see [1, Eq. (8)] where this quantity is denoted by 6~ /2). The extra multiplicative
factor 2 in the time parameter comes from the fact that we are dealing with half-perimeters. Similarly,

the limiting process in the analog of Theorem 4 is (pg - Lopye, Vo - Mapot)e>0-
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