On the transcendental Brauer group

Jean-Louis Colliot-Thélene and Alexei N. Skorobogatov
30th June, 2011

Abstract

For a smooth and projective variety X over a field k£ of characteristic zero
we prove the finiteness of the cokernel of the natural map from the Brauer
group of X to the Galois-invariant subgroup of the Brauer group of the same
variety over an algebraic closure of k. Under further conditions on k, e.g.
over number fields, we give estimates for the order of this cokernel. We
emphasise the role played by the exponent of the discriminant groups of
the intersection pairing between the groups of divisors and curves modulo
numerical equivalence.

Résumé

Soit X une variété projective et lisse sur un corps k de caractéristique zéro.
Le groupe de Brauer de X s’envoie dans les invariants, sous le groupe de
Galois absolu de k, du groupe de Brauer de la méme variété considérée sur
une cloture algébrique de k. Nous montrons que le quotient est fini. Sous des
hypotheses supplémentaires, par exemple sur un corps de nombres, nous don-
nons des estimations sur I’ordre de ce quotient. L’accouplement d’intersection
entre les groupes de diviseurs et de 1-cycles modulo équivalence numérique
joue ici un role important.

Introduction

Let X be a smooth, projective and geometrically integral variety over a
field k of characteristic zero. Let k be an algebraic closure of k. Let I' =
Gal(k/k) and X = X xj, k. The kernel of the natural map of Brauer groups

Br(X)—Br(X) is denoted by Bry(X) and is called the algebraic Brauer group
of X. The image of this map is called the transcendental Brauer group



of X; it is a subgroup of the group of invariants Br(X)". We thus have the
inclusion of groups Br(X)/Br;(X) C Br(X)'. One would like to compute
these groups, for example, in connection with applications to the Brauer—
Manin obstruction. The following question was recently discussed in [20]
and [2].

If k is finitely generated over Q, are these two groups finite?

In this paper we show that this double question reduces to a single one.
For an arbitrary ground field £ of characteristic 0 we prove that the cokernel
of the natural map

o : Br(X)—=Br(X)"
is finite. Under further conditions on the ground field, for instance over
number fields, we give estimates for the exponent and the order of this finite
group.

The main tool of the paper is a natural complex (see Subsection 1.3)

Br(X) -2 Br(X)" -5 H2(k, Pic(X))

which for X with a k-point or for k a number field is an exact sequence. We
have two approaches to the calculation of the (finite) image of § which give
closely related though not identical estimates.

The first method is presented in Section 2. The main idea is to use the
functoriality of the above complex with respect to morphisms of k-varieties
and the triviality of the Brauer group of curves over an algebraically closed
field (Tsen’s theorem). It follows that the image of 5 has trivial restriction
over any closed curve in X. This eventually leads to Theorems 2.1 and 2.2.

Our second approach exploits a general remark about differentials in the
spectral sequence of composed functors. Let Br? (X) be the maximal divisible
subgroup of Br(X), and let NS(X) be the Néron-Severi group. We interpret
the composed map

Br'(X)" — Br(X)" LN H?(k, Pic(X))—H?*(k,NS(X)/tors)

as the connecting homomorphism attached to a certain natural 2-extension of
[-modules provided by the Kummer sequence, see Corollary 3.4. A theorem
of Lieberman, recalled in Subsection 1.1, states that numerical and homo-
logical equivalences coincide on 1-dimensional algebraic cycles. (For surfaces
Lieberman’s result reduces to a classical theorem of Matsusaka.) Using this
we show in Proposition 4.1 that the image of the above composite map is
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annihilated by the exponent of either of the two discriminant groups defined
by the intersection pairing between the groups of divisors and curves on X
modulo numerical equivalence. The estimates for the cokernel of a: obtained
by this method are proved in Theorems 4.2 and 4.3.

In Section 5 we discuss K3-surfaces and products of two curves. For such
a surface with a k-point our result is particularly easy to state: the cokernel
of «v is annihilated by the exponent of the discriminant group defined by the
intersection pairing on NS(X)/iors, see Propositions 5.1 and 5.2.

T. Szamuely asked whether the finiteness result in Theorem 2.1 also holds
for smooth, quasiprojective varieties. In Section 6 we give a positive answer
in the case when the ground field £ is finitely generated over Q.

The authors are grateful to the organisers of the conference “Arithmetic
of surfaces” at the Lorentz Centre in Leiden in October, 2010, where the work
on this paper began. We would like to thank L. Illusie, B. Kahn, J. Riou and
T. Szamuely for useful discussions and their help with references.

1 Preliminaries

Let k be a field of characteristic 0 with an algebraic closure &k and the absolute
Galois group I' = Gal(k/k). Let X be a smooth, projective and geometrically
integral variety over k. Let X = X x; k. Let d = dim(X).

If A is an abelian group we denote by A[n| the set of elements a € A such
that na = 0. For a prime number ¢ we denote by A{¢} the set of elements
a € A such that /™a = 0 for some m > 1.

1.1 Algebraic cycles

Let CH(X), 0 < i < d, be the Chow group of codimension i cycles on X, i.e.,
the group of linear combinations of irreducible subvarieties of codimension ¢
with coefficients in Z modulo rational equivalence. We have CH'(X) =
Pic(X). Let NS(X) be the Néron-Severi group of X, defined as the quotient
of Pic(X) by its divisible subgroup Pic’(X).
Since X is projective, the intersection index defines the I'-equivariant
bilinear form
CH/(X) x CH*™/(X)—Z. (1)
Let N° = Num‘(X) be the group of codimension i cycles on X modulo
numerical equivalence, defined as the quotient of CH*(X) by the (left) kernel
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of the pairing (1). Write N; = N9~¢. We obtain a I'-equivariant bilinear form
N x N;—7Z (2)

with trivial left and right kernels. For every ¢ > 0 the abelian group N* is free
and finitely generated. This follows from the existence of a Weil cohomology
theory with coefficients in a field of characteristic zero, equipped with cycle
maps transforming intersections of cycles into cup-product in cohomology |9,
Thm. 3.5, p. 379].

The pairing (2) for i = 1 gives rise to the exact sequence of I'-modules

0—N'—Hom(Ny, Z)— D—0, (3)

which is the definition of the finite I'-module D. This group is one of the two
discriminant groups associated to the pairing N' x N, —Z.
For all + > 0 we have the cycle class maps

CH'(X) — HE (X, Z(i)),

see [12, Section VI.9] and [19, Cycle]. These maps transform cup-product in
(-adic cohomology into intersection of algebraic cycles, see [12, Prop. VI.9.5].
Let us define the I'-modules

Ni=N'®@Zy Nig=N®Z;, HF=HE(X,Z(i))/iors-

For any cohomological theory with cycle maps for which intersection on cy-
cles is compatible with cup-product on cohomology, homological equivalence
implies numerical equivalence. It is a part of the “standard conjectures” that
for any good cohomology theory, homological and numerical equivalences co-
incide. In the f-adic étale set-up the f-adic cycle map should factorise as

CH'(X) ® Zy—N|} — H{". (4)

This is true for i = 1 by a classical theorem of T. Matsusaka [11], who proved
that N' = NS(X)/ ors-

In the case of Betti cohomology, with cycle maps
CHZ (X)%H%Zetm(X(C)a Q(Z))a

where Z(i) = Z(2m/—1)®, for i = d — 1, this was proved by D. Lieberman
[10, Cor. 1]. A more algebraic version is given by Kleiman [9, Remark 3.10].
These references prove more results, some of which rely on the Hodge index
theorem. The case i = d — 1 is simpler, as we now explain.
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Proposition 1.1 Let X be a smooth, connected, projective variety over C
of dimension d. Define the homological equivalence on cycles via Betti coho-
mology with rational coefficients. Then the natural map

CHy(X)/hom — CH;(X)/num
s an isomorphism.

Proof. We may assume d = dim(X) > 3. Let L € CH'(X) be the class
of a hyperplane section. Multiplication by L2 € CH%2(X) induces a
commutative diagram of Q-vector spaces (where Ag := A ®z Q):

CH Y (X)g/num <+ CHY¥'(X)g/hom < Hdg??*(X,Q) — H**X,Q(d-1))

T ) T )
CH'(X)g/num <+ CH'(X)g/hom < Hdg*(X,Q) < H?(X,Q(1))

The leftward horizontal arrows are onto. All the rightward horizontal arrows
are by definition injective. The fourth vertical map is an isomorphism by the
hard Lefschetz theorem. The third vertical map, on Hodge classes, is then an
isomorphism, because of the Hodge decomposition of the groups H*(X,C),
and the fact that (p, ¢)-type classes go to (p+d — 2,q + d — 2)-type classes
for p = 0,1,2. The map CH'(X)g/hom — Hdg*(X,Q) is an isomorphism
by the Lefschetz (1,1)-theorem. All this implies that the second vertical
arrow is also an isomorphism. The left vertical arrow is thus surjective.
By definition, the two finite dimensional vector spaces CH'(X)gp/num and
CH% (X )g/num have the same dimension. The left vertical arrow is thus an
isomorphism. The left bottom arrow is an isomorphism by Matsusaka’s theo-
rem. We conclude that the map C H*(X)g/hom—CH* (X )g/num is an
isomorphism. This implies that the map C H*}(X)/hom—CH1(X)/num
is an isomorphism of finitely generated free abelian groups. QED

Let us now recall how several comparison theorems imply (4) for i = d—1,
where X is a smooth, projective and geometrically integral variety over a
field k of characteristic zero. Recall that for an algebraically closed field L
containing k the Néron—Severi group of X, = X X L does not depend on the
field L, because it is the group of connected components of the Picard scheme
Picx, ;1. So we can use the notation N I without the risk of confusion.

Let C be a 1-cycle on X which is numerically equivalent to zero. There
exist a subfield K C % finitely generated over Q, a variety X over K, and a
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1-cycle C on X such that X = X Xk and C = C X i k. Without loss of
generality we can assume that N! is generated by the classes of reduced, ab-
solutely irreducible, effective divisors Dy, ..., D, defined over K. We choose
an embedding K C C. Let K be the algebralc closure of K in C, and let
X =X xg K, Xe = X x, C. The cycle C goes to zero in Ny = Num, (X)
if and only if C' intersects trivially with Dy, ..., D,. But then C' goes to zero
in Numl(f((c). By Prop. 1.1 C' goes to zero in the Betti cohomology group
H*-2(X¢, Q(d — 1)).

The comparison theorem for étale and Betti cohomology ([18] XI, XVI,
see also [12, Thm. II1.3.12]) gives natural isomorphisms

HZ (Xc, Qe(d)) & i (Xe(C), Q1)) ®q Q.

The cycle class maps transform cup-product in cohomology into intersection
pairing of Chow groups.

Starting from this, one can prove that the Betti cycle map and the f-adic
cycle map with rational coefficients are compatible with these isomorphisms.
A proof of this is sketched in [3, p. 21]. J. Riou showed us how a formal proof
can be deduced from the uniqueness statement for cycle maps in [17, Prop.
1.2].

Since the natural map

HE (X, Qeld — 1)) — HZ(Xe, Qu(d - 1))

is an isomorphism of vector spaces over Qg (cf. [12, Cor. VI.4.3]), the cycle
class map sends C' to zero in H2¢"?(X%, Q,(d — 1)). Extending the ground
field from K to k we get (4) for i = d — 1.

As recalled above, the pairing (1) is compatible with the cup-product
pairing
HZ (X, Zo(i)) x H (X, Zo(d — i) =2
via the cycle class map. Hence we obtain the commutative diagram of pair-
ings of I'-modules
N x N — Z

¥ | ¥ (5)
Hf x H}™® — Z

with injective vertical maps. We shall use the following statement: the bot-
tom pairing in (5) is perfect, i.e., it induces isomorphisms

H} = Homyg, (H?*"2,7Z,), H}*? = Homy, (H},Zy).



L. Mlusie tells us that this Z,-version can be proved using Deligne’s Z,-adic
formalism [4, §1.1]. Poincaré duality for the complex RI'(X,Z/(") (see [18,
XVIII]) gives rise to a perfect duality for the perfect complex RI'(X,Z,).
Then one applies a universal coefficient theorem argument.

The exact sequence (3) gives rise to the exact sequence

0—>N51—>H0lez (Nl’g, Zg)—>D{€}—>0, (6)
where the second arrow factors as

N} —H}—=Homg, (H?*"2, Z;)—Homg, (N1 4, Zy).

1.2 The Brauer group

Let us recall Grothendieck’s description of the Brauer group Br(X) from [5,
I11.8, p. 144-147]. Let p = dimg(NS(X) ® Q) be the Picard number of X,
and let by be the second Betti number of X. Let us denote the maximal
divisible subgroup of Br(X) by Br’(X). There is an isomorphism of abelian
groups

Bi'(X) = (Q/2)".

The quotient Br(X)/Br’(X) is finite, more precisely there is an exact se-
quence of ['-modules

O%BFO(Y)%BI’(X)% Dy Hgt (Yy Zé(l))tors_}(—)a (7>

where ¢ runs through all prime numbers.

Let By be the ¢-adic Tate module of Br(X), defined as the inverse limit of

Br(X)[¢™] over m. Note that By is free as a Z;-module. The Galois module
By only controls the maximal divisible subgroup Br’(X) c Br(X), in the
sense that By is also isomorphic to the Tate module of Br’(X), and there is
a canonical isomorphism of I'-modules, cf. [5, I1.8.1, p. 144]:

Br'(X) = @(B, ®z, Qu/Zy).

The Kummer sequence

Tz

1=, —G,, — G,,—1 (8)
gives rise to exact sequences of I'-modules

0—Pic(X) /M —HZ (X, prem ) —Br(X) [(™]—0.
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Since the divisible group Pic’(X) goes to zero in HZ (X, jum) we obtain the
exact sequences

0—=NS(X) /6™ —HZ, (X, j1gm)—Br(X)[(™]—0.

Passing to the inverse limit over m gives the exact sequence (8.7) of [5,
I11.8.2]: B B
0—NS(X) ® Z—HZ, (X, Z(1))— By—0. (9)

The second arrow in (9) induces an isomorphism on torsion subgroups
(NS(X) @ Zg)sors = HE (X, Z(1) ) tons-
Thus we deduce the exact sequence of finitely generated Z,-free I'-modules
0— N} — H}— B;—0. (10)

As a sequence of Z,-modules, it is split. In particular, for any prime number ¢
the Z,-submodule N} C H} is primitive, in the sense that the quotient is
torsion-free. On tensoring (10) with Q,/Z, and taking the direct sum over
all primes ¢ we obtain an exact sequence of I'-modules

0—-N' @ Q/Z— @ (H? @z, Q¢/Z¢)—Br’(X)—0,
which gives rise to a 2-extension of I'-modules

0—>N1—>N1 &® Q—> Y (HEQ ®Zg Qf/Zg)—)BI‘O(Y)—}O. (11)

The following easy lemma will be used later on.

Lemma 1.2 Let F be a finite {-primary torsion group, and let n > 0. Let
A be a finite subquotient of (Qu/Z¢)™ @ F. If the exponent of A is (™, then
the order of A divides the product of ™ and the order of F[(™].

Proof. The group A is a quotient of (Qy/Z,)" ® F' C (Q¢/Zy)" ® F, where F’
is a finite group. Then A is a quotient of F”/¢™. The order of F'/{™ equals
the order of F'[¢™], which is a subgroup of (Z/¢™)" & F[(™]. QED



1.3 Basic exact sequence

Proposition 1.3 Let X be a (not necessarily smooth or projective) scheme
over a field k of characteristic zero.
(i) There is a complex that is functorial in X and k:

Br(X) -2 Br(X)" -2 H2(k, Pic(X)).

(ii) Assume that H% (X, G,,) = k. Assume, moreover, that the natural
map H2,(k,k)—H2(X,G,,) is injective, which is the case when X has a
k-point or when k is a number field. Then the above complex is an exact
sequence, and we have Im(a) = Ker(f) and Coker(a) = Im(f).

Proof. This follows from the Leray spectral sequence
E} = HP(k,HY (X, Gy)) = HE (X, Gyp,). (12)
Note that a k-point on X defines a section of the map H, (k, & )—H2, (X, G,,);

if k is a number field, then H2,(k, k) = 0. QED

1.4 Restriction and corestriction

The following lemma is certainly well known, and is proved here for the sake
of completeness.

Lemma 1.4 Let X be a scheme over a field k of characteristic zero, and
let L C k be a finite extension of k of degree n. There are restriction and
corestriction homomorphisms

res : Br(X)—Br(Xy), coresy, : Br(Xp)—Br(X)
such that coresy,(resy,(v)) = nx. The following diagram commutes:

I‘GSL/k COI‘eSL/k

Br(X) —— Br(X;) — Br(X)

| e

Br(X)l «—— Br(X)'* -2 Br(X)

Here T, = Gal(k/L), and o(x) = > 0y(x), where o; € T' are coset represen-
tatives of T'/T',.



Proof Let us recall the definition of resy,/;, and coresy .. Let f:Y—X be a
finite flat morphism of connected smooth k-schemes, of degree n. Then we
have morphisms of étale sheaves G,, x— f.G;, vy —G,, x defined on stalks by
a natural injection and the norm map, respectively. The composition of the
two maps coincides with raising to the power n. The functor f, from the
category of étale sheaves on Y to the category of étale sheaves on X is exact

(12, Cor. I1.3.6]. Thus the Leray spectral sequence gives an isomorphism
H (X, f.Gpy)—HE (Y, G,,y). Hence we obtain the desired maps

Hgt(Xa Gm,X) L> Hgt(y7 Gm,X) &) HEt(‘X? Gm,X)

whose composition is multiplication by n.

Now let X be a scheme over the field k. Let L C k be a field such that
[L: K] =mn,and let Y = X = X X, L. Clearly, we have the isomorphism
L@y, k=k", where the components correspond to the n distinct embeddings
of L into k. By changing the base from X to X we get a commutative
diagram

I‘GSL/]€ coresL/k

Hgt(Xﬂ Gm) - HJ;;(XL?GW) - H}éjt(Xﬂ GM)

| | |

H£t<77 Gm) — Hgt(7> Gm)n - Hlé)t(ya Gm)

where the maps in the bottom row are the diagonal embedding and the
product. The representation of the Galois group I in H, (X, G,,)" is induced
from the natural representation of 'y, in HE (X, G,,). Thus passing to I'-
invariant subgroups, and taking p = 2, we obtain the statement of the lemma.

QED

2 Approach via Brauer groups of curves

2.1 Finiteness

Theorem 2.1 Let X be a smooth, projective and geometrically integral va-

riety over a field k of characteristic zero. Then the cokernel of the natural
map o : Br(X)—Br(X)' is finite.

Proof. By Grothendieck’s computation of Br(X) recalled in Subsection 1.2,

for any prime power ¢" and any subquotient B of Br(X) the subgroup B[("]
is finite. Therefore, it is enough to show that Coker(«) has finite exponent.
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For this we can replace k by any finite extension. Indeed, if k C L C k,
[L : k| = n, then it follows from Lemma 1.4 that we have natural maps

Coker(a)—Coker(ay,)—Coker(a),

whose composition is the multiplication by n. It is therefore enough to prove
that Coker(cy ) has finite exponent.

In particular, we may assume that X has a k-point. By Proposition 1.3(ii)
we have Coker(a) = Im(f). Let us show that Im(5) has finite exponent.

If f: C—X is a morphism, where C' is a smooth, projective and geo-

metrically integral curve over k, then the maps f* : Pic(X)—Pic(C) and

f*: Br(X)—Br(C) fit into the commutative diagram

Br(X)" 2% H2(k, Pic(X))
\ {
Br(C)" 2% H2(k, Pic(C))

By a theorem of Tsen and Grothendieck ([5], Cor. 1.3, p. 90) we have
Br(C') = 0. Hence

(%) For any f : C—X, the group Im(Bx) is contained in the kernel of the
right vertical map in the diagram.

The degree map Pic(C')—NS(C') = Z defines the exact sequence of Galois
modules

0—Pic?(C)—Pic(C)—=NS(C)—0,

so that we have a commutative diagram with exact rows

H2(k,Pic’(X)) — H2(k,Pic(X)) — H2(k,NS(X))
Lo L LWy
0 — H2%(k,Pic°(C)) — H?(k,Pic(C)) — H?(k,NS(C))

The zero in the bottom row is due to the fact that H'(k, Z) = 0.

Over the infinite field k, the Bertini theorem [7] for hyperplane sections
of smooth projective varieties ensures that there exists a linear curve section
C C X, defined over k, which is smooth and geometrically connected. A
combination of the Bertini theorem and Zariski’s connectedness theorem (see
(6, Lemme 2.10, p. 210]) then implies that over an algebraic closure of k
the inverse image under C'—X of any connected finite étale cover of X is
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connected. In particular, the map of abelian varieties Picg(/k%PiCOC/k has
trivial kernel.

By the Poincaré reducibility theorem [15, §19, Thm. 1] there exists an
abelian subvariety A C Picy, s such that the natural map

PIC()](/k X A—>P1C%/k

is an isogeny of abelian varieties over k.
Since H2(k, Pic’(C))—H?2(k, Pic(C)) is injective, this implies:
(%) The kernel of the composite map

H?(k, Pic’(X))—H?(k, Pic(X))—H?(k, Pic(C))

has finite exponent.

Since N' = NS(X)/ors is a finitely generated free abelian group, we can
choose finitely many, say m, curves in X such that the intersection pairing
with the classes of these curves defines an injective group homomorphism
11 N1 < Z™. By taking normalisation we obtain m morphisms from smooth
projective curves defined over k to X. For the purpose of the proof we can
replace k by a finite extension over which all of these curves are defined.

We now have morphisms f; : C;—X, ¢+ = 1,...,m, from smooth, pro-
jective and geometrically irreducible curves to X defined over the ground
field k. The maps induce a map of ['-modules

NS(X)— @™, NS(C)) = Z™.

In view of (13), (*) and (*x), to complete the proof it is enough to show that
the kernel of the induced map H?(k, NS(X))—H?(k, Z™) has finite exponent.
This map is the composite of two maps:

H?(k,NS(X))—H?(k, NY)—H?*(k, Z™).

It is enough to show that the kernel of each of these maps is of finite exponent.
From the cohomology sequence attached to the exact sequence of I'-

modules o o
0—NS(X)iors—NS(X)—=N'—0

we deduce that the map

H?(k,NS(X))—H?(k, N")
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has its kernel annihilated by multiplication by the exponent of NS(X )ors.

There exists a homomorphism Z™— N1 such that the composition of ho-
momorphisms of abelian groups with trivial Galois action N* < Zm— N is
multiplication by a positive integer. The kernel of

H?(k, NY)—H?(k, Z™)

is annihilated by multiplication by this integer. QED

2.2 Upper bounds, I

Let 0y be the exponent of the finite group D defined in (3), and let 1

be the exponent of the finite group NS(Y)WS. Let a be the natural map
Br(X)—Br(X)'.

Theorem 2.2 Let X be a smooth, projective and geometrically integral va-
riety over a field k of characteristic zero. Let L/k be a finite field extension
such that the finitely generated abelian group N, = Num,(X) is generated by
the classes of integral curves on X defined over L. Let A = [L : k].

(i) If HY(X,O0x) = 0 and the map H3(k,G,,)—H*(X,G,,) is injective,
then the exponent of Coker(a) divides Adovyp.

(i) If k is a number field, the exponent of Coker(a) divides 2Xdpvy, and
it divides \ogvg if k is totally imaginary.

Proof. We follow the proof of Theorem 2.1 making necessary calculations
along the way. We first apply Proposition 1.3. For any number field £ we
have H3(k, k") = 0, thus in this case we always have Im(ar) = Ker(/3), hence
Coker(a) = Im(f). This also holds under the assumption that the map
H3(k,G,,)—H3(X,G,,) is injective.

We choose finitely many, say m, integral curves Cy,...,C,, in X whose
classes generate Ny, and then replace k by a finite extension L over which
all of these curves are defined. The restriction-corestriction argument at the
beginning of the proof of Theorem 2.1 shows that when we replace k by the
finite extension L, of degree A, the exponent of Coker(«) divides the product
of the exponent of Coker(ay) and A. To prove the theorem, we may now
assume k = L, that is A = 1.

Let Pic(X)—Z™ be the map given by restriction to the curves C;, followed
by the degree map on each curve. The proof of Theorem 2.1 shows that the
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image of 3 is contained in the kernel of the induced map

H?(k, Pic(X))—H?(k, Z™).

The map Pic(X)—Z™ factorises as follows
Pic(X)—NS(X)—N'—Hom(Ny, Z)—Z".

We shall bound the exponent of each induced map on H?(k, -).
Sending each curve C; to its class in V7 yields an exact sequence of trivial
[-modules
0—Z"—=7Z™— N;—0.

Dualising we obtain a split exact sequence of trivial I'-modules
0—Hom(Ny, Z)—Z"—7Z"—0.

The map
H?(k, Hom(Ny, Z))—H?(k, Z™)

is therefore injective. From the exact sequence (3) we conclude that the
kernel of
H?(k, NY)—H?(k, Hom(Ny, Z))

is annihilated by the exponent of H'(k, D), hence by &y, the exponent of D.
As we have seen in the proof of the previous theorem, the kernel of the
map

H?(k,NS(X))—H?*(k, N')
is killed by the exponent v of NS(X ). Finally we have the exact sequence

0—Pick . (k)—Pic(X)—NS(X)—0.

If H'(X,0x) = 0, then Pic%, = 0. When k is a number field and A is
an abelian variety, we have H?(k, A) = @®,H?(k,, A), where v runs through
the real completions of k [13, Thm. 6.26 (c), p. 92]. Hence the exponent of
H?(k, A) is at most 2. This completes the proof of the theorem. QED

Remark. An explicit bound for the order of Coker(«) immediately follows
from Theorem 2.2 via Lemma 1.2.
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3 Differentials

3.1 A general remark about differentials in spectral
sequences

Let us recall the standard set-up of the spectral sequence of composed func-
tors. Let A, B, C be abelian categories such that A and B have enough
injectives. Let G : A—B and F : B—C be left exact additive functors
such that G sends injective objects into F-acyclic. Then for every object
B € Ob(A) we have the spectral sequence

EP = (RFP)(R'G)B = RPM(FG)B. (14)

Let
Opq: (RPF)(RIG)B — (RPP*F)(RT'G)B

be the canonical maps in this spectral sequence.
Suppose we have an exact sequence in A:

0—A—B—C—0. (15)

Applying the right derived functors of G we get a long exact sequence in B.
Truncating it we obtain for any ¢ > 1 the exact sequence

0—B,—(RT'G)O—(RIG)A— By—0, (16)
together with the surjective map s : (R9"'G)B—B; and the injective map
i : Bo—(RIG)B. Let 0 : (RPF)By—(RP™F) By be the connecting homomor-
phism defined by (16). Let

s, = (RPT?F)(s) : (RPT*F)(RT'G)B—(RPF)B,
be the map induced by s, and similarly let
i. = (RPF)(i) : (RPF)By—(RPF)(R'G)B
be the map induced by 1.

Lemma 3.1 We have 0 = 5,0, 4is.
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Proof. There exists a short exact sequence
0—-A—-B—=C—0
of injective resolutions of A, B, C, respectively. Let a, : A"—A""! be the

differentials in A", and similarly for B- and C". We have the commutative
diagram

A Im(a, o) — BT '/Im(b,2) — C9'/Im(c,2) — 0
\ \ 3
0 — Ker(a,) — Ker(b,) — Ker(c,)

Applying the snake lemma we obtain the exact sequence
(RT'G)A—= (R 'G)B—(R"'G)C—(R'G)A—(RIG)B—(R'G)C.

Truncating it we get (16). Chasing the diagram one checks that (16) is
equivalent to the 2-extension

0— (R 'G)B—B" ! /b, (B ?)—Ker(b,)—(RIG) B—0 (17)

pulled back via i : By—(RIG)B and pushed out via s : (R1"'G)B—By. By
definition, the canonical map &, 4 is the connecting homomorphism

(RPF)(R'G)B — (RP™*F)(RT'G)B
defined by (17), hence 5,0, 41, = 0. QED

3.2 Applications to the Brauer group
The Kummer sequence (8) gives rise to the 2-extension of I'-modules
0—Pic(X)/Pic(X)[n]—Pic(X)—HZ (X, ) —Br(X)[n]—0,  (18)

where the second arrow is defined by multiplication by n on Pic(X).

Proposition 3.2 The following diagram commutes:
Br(X)[n]" -2 H2(k,Pic(X),/Pic(X)[n])
/]\
Br(X)r -5 H2(k, Pic(X))

<~

Here 0 is the connecting homomorphism defined by (18), and the vertical
arrows are the obvious natural maps.
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Proof. In the set-up of (14) and Lemma 3.1, let now A be the category of étale
sheaves on X, let B be the category of continuous discrete I'-modules, and
let C be the category of abelian groups. Let G = 7., where 7 : X—Spec(k)
is the structure morphism. Let F(M) = M". Let A = p, x, B=C = G,, x,
and let (15) be the Kummer sequence (8). Take p = 0 and ¢ = 2. The
associated sequence (16) is precisely the sequence (18). It remains to apply
Lemma 3.1: the left vertical map in the diagram is 7., the bottom horizontal
map is 3 = 02, and the right vertical map is s,.. QED

It is easy to check that the exact sequence
0—Pic?(X)—Pic(X)—NS(X)—0
gives rise to the exact sequence
0—Pic’(X)/Pic’(X)[n]—Pic(X)/Pic(X)[n]—+NS(X)/NS(X)[n]—0.

The divisible subgroup Pic’(X) C Pic(X) is contained in the kernel of
Pic(X)—HZ% (X, i,), hence (18) gives rise to the 2-extension of I'-modules

0—NS(X)/NS(X)[n]=NS(X)—=HZ (X, ttn)—Br(X)[n]—=0,  (19)
where the second arrow is induced by multiplication by n on NS(X).

Corollary 3.3 The following diagram commutes:

v 0

Br()i)[n]r — HQ(k,NS(Y%/NS(Y)[n])
Br(x)r % H2(k, Pic(X))

Here O is the connecting homomorphism defined by (19), and the vertical
arrows are the obvious natural maps.

Proof. This immediately follows from Proposition 3.2. QED

Corollary 3.4 The following diagram commutes:

BrY(X)' -%  H%(k,NV)

! T
Br(X)" -5 H2(k,Pic(X))
Here 0 is the connecting homomorphism defined by (11), and the vertical
arrows are the obvious natural maps.
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Proof. Let n be a positive integer divisible by vq, the exponent of NS(Y)WS.
For such an n the exact sequence (19) takes the form

0—N'—=NS(X)—HZ (X, tt,)—Br(X)[n]—0,

the map N!'—NS(X) being induced by multiplication by n on NS(X). Let
us write n = [[, ny, where n, is a power of the prime .
Let P, = NS(X){(}, and let Im(P) be the image of P, under the com-
posite map
NS(X) 12, (X, Zo(1) (K ).

We have the following commutative diagram of I'-modules, with exact rows:

0 - N' — N'®Q — @H?®zQ/Z) — B'X) —
0 — J\|/|1 Rt ]\; — @HE/W — Bro(;)[n] —
0 — J\|f|1 Rall J\|f|1 — @zHgt(Y,,iW)/Im(Pg) — Br(%)[n] —
0 — ]\|/|1 Rall NS%) — Hgt(;, [in) — Br(%)[n] —

The exact sequence in the first row is obtained by tensoring (10) with Q,/Z,
and then taking the direct sum over all primes ¢. To obtain the exact sequence
in the second row, tensor (10) with Z/n, and then take the direct sum over
all primes (. The vertical map N*—-N' ® Q sends = to  ® =. All other
vertical arrows are natural maps.

Using this diagram, we deduce from Corollary 3.3 that the restriction of
the composite map

Br(X)" -5 H2(k, Pic(X)) — H2(k, NY)
to Br’(X)I' ¢ Br(X)", is the connecting homomorphism defined by (11), the

top 2-extension in the diagram. QED

4 Approach via transcendental cycles

In this section X is a smooth, projective and geometrically integral variety
of dimension d over a field k of characteristic zero.
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4.1 Lattices of algebraic and transcendental cycles

Let ¢ be a prime. If M is a Z,-module, we write M* = Homg, (M, Z,). Re-
call from Subsection 1.1 the following commutative diagram of I'-equivariant
pairings

N 51 X N 1,0 — Zg

b J |

H? x HM? — 17,

with injective vertical maps (by Matsusaka’s and Lieberman’s theorems).
Moreover, the bottom pairing induces isomorphisms H; = (H?d_Q)* and
H?% = (H})*. By the exact sequence (6) and the remark after it we see
that the composition

N}—>H§%(H§d‘2)*—>]\fﬂ

is an injective map with cokernel D{¢}, where D is the finite abelian group
defined in (3). In particular, this is an isomorphism if ¢ does not divide
d = |D|, the order of D.

As we have seen in Subsection 1.2 the subgroup N; C HZ is primitive.
However, Kollar (see [22], Thm. 14) showed that N;, is not necessarily a
primitive subgroup of H, eQd_Q- This can be remedied as follows. First of all,
if ¢ does not divide 4, the natural map (H Ed’2)*%N1*7Z is surjective, hence
N, ¢ is primitive in Hfd_z. For every ¢ we define the I'-module M, as the
saturation of N, in H?d_2, in other words,

M, = H*? N Nyy®z,Q C H}*?®z Q.

If ¢ does not divide 6, then M, = N;,. Now we define the I'-module M as
the subgroup of N; ® QQ consisting of the elements that map to M, under the
natural map

Ni®Q— N ®Q = M, ®z, Qy,

for every prime ¢. Thus Ny C M C N; ® Q. We also obtain a I'-equivariant
bilinear form N! x M—Q. By tensoring with Z, for every prime ¢ we see
that this is actually an integral bilinear form

N'x M—2Z,

which extends the intersection pairing form on N! x N;. It gives the exact
sequence of I'-modules

0— N'—Hom (M, Z)— E—0, (20)
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which is the definition of the finite I'-module E, and for each ¢ it gives the
exact sequence
0— N} — M} — E{{}—0. (21)
It is clear that E is a ['-submodule of D, and D/E = Hom(M/N,,Q/Z),
hence |D/E| = |M/N;|. Note that if d = 2, i.e., X is a surface, then
Ny, = N} C H} is primitive, hence M = N; and D = E.
Let Sy C HZ be the orthogonal complement to Ny, (or to M,). We let
T, C H €2d—2 be the orthogonal complement to N} with respect to the cup-
product pairing. Dualising the exact sequence of finitely generated, Z,free,
[-modules
0—=Ty—HZ 2= (N} )*—0
we obtain the exact sequence of finitely generated, Z,—free, I'-modules
0— N, —H;—T;—0. (22)

It gives a canonical identification 7, = By, where By is the Tate module of
the Brauer group defined in Subsection 1.2.

Since M, C H fd’Q is a primitive subgroup, cup-product gives the following
exact sequence:

0—Sp— Hj— M;—0. (23)

The composite map N} C HZ->(HZ?)*—M;—(Ny,)* is injective. Thus
S¢ N N} = 0. Using (22) and (23) we see that for every prime ¢ we have
canonical isomorphisms of I'-modules

E{t} = My /Ny = H{/(N; & So) =T /Se.
We thus have a natural exact sequence
O%M;/Ngl—)(»gg ®Ze @g/Z@) e, (Nzl ®Zl @g/Zg)—)HEQ ®Z£ Qg/Zg—)O (24)

The following commutative diagram of I'-modules with exact rows and columns
will be useful to us:

0 0
1 Il _
0 — M;/N} - Si®z,Q/Z; — B(X){¢} — 0
I ! I
0 — Ngl ®ZZQK/Z£ — Hg@Z[Qg/Zg — BI"O(Y){K} — 0 (25)
\J )
M} ®z, Q/Zy = M; ®z, Qi/Zy
\J \:
0 0
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The middle row, respectively, column, here is (22), respectively, (23), ten-
sored with Q;/Z,. The rest of the diagram follows from (24).

Taking the direct sum over all primes ¢ we obtain from (25) the equiva-
lence of 2-extensions

0 — N' — Hom(M,Z) — &(S;®z,Q/Z) — B’(X) — 0

| 3 4 |
0 - N' = N'®Q — &©H?!®sQ/Z%Z) — B’X) — 0

The top extension is the Yoneda product of 1-extensions of I-modules (20)
and

0—=E— @ (S; ®z, Q¢/Z¢)—Br’(X)—0 (26)
Let us denote by 0; : Br®(X)' —H'(k, E) and 0, : H'(k, E)—H?(k, N') the
differentials defined by these 1-extensions.

Proposition 4.1 The composed map
Br(X)" < Br(X)" -2 H2(k, Pic(X))—H2(k, NY)
coincides, up to sign, with the composed map
Br’(X)" -2 H(k, E) -2 H2(k, NY).

In particular, the image of B(Br®(X)V) in H2(k,N') is annihilated by the
exponent of E.

Proof. We have seen that (11) is equivalent to the Yoneda product of (20)
and (26), so the proposition follows from Corollary 3.4. QED

4.2 Upper bounds, 11

Let us denote the order of the finite group @,HZ, (X, Z¢(1))iors by 7, and its
exponent by 7o. Let g9 be the exponent of the finite group E defined in (20).
The integer ¢y divides dg, which is the exponent of the finite group D defined
in (3). Recall that v is the order of the finite group NS(X )ior, and vy is its
exponent.

Ifd = 2,i.e., X is asurface, then H% (X, Z¢(1))iors is dual to HZ, (X, Z(1) ) ors,
hence v = v and 7y = 1. Here N' = Ny, and we have the symmetric bilinear
pairing

N' x N'57Z,
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with trivial kernel. The integer § = |D| is the absolute value of the de-
terminant of this pairing. The groups D and E coincide, hence § = ¢ and
(50 = £&p-

Here is our main result over a general field of characteristic zero.

Theorem 4.2 Let X be a smooth, projective and geometrically integral va-
riety over a field k of characteristic zero such that HY(X,Ox) = 0. Assume
that the canonical map H3(k,k )—H3,(X,G,,) is injective (for example, X
has a k-point). Then we have the following statements.

(i) The exponent of the cokernel of

o B1"(X)—>Br(7)F

divides Yoeovo. The order of Coker(a) divides y(gorp)" 7.
(ii) If X is a surface, the exponent of Coker(«) divides do13; the order of
Coker (o) divides v(ovg)?2~".

Proof. Under our hypotheses Coker(«) = Im(5) by Proposition 1.3, so we
only need to estimate the size of 3(Br(X)F). From (7) we deduce the exact
sequence

0—Br?(X)' =Br(X)'— @, H3, (X, Z(1))L,

tors*

This implies that |3(Br(X)")| divides ~|3(Br®(X )F)\, and the exponent of
B(Br(X)!) divides the product of 4y and the exponent of 3 (BrO(Y)F).

By Proposition 4.1, the group &¢.3 (BrD(Y)F) is a subgroup of
Ker[H?(k, Pic(X))—H?*(k, N1)].
We have the short exact sequence
H?(k, Pic’(X))—H?(k, Pic(X))—H?(k, NS(X))
and the short exact sequence
H?(k, NS(X )tors)—H?(k, NS(X))—H?(k, N').

Our assumption H!(X, Ox) = 0 implies Pic"(X) = 0, hence the exponent of
50.B(Br0(7)r) divides 1. Thus the exponent of B(BrO(Y)F) divides &.15.
The group B(BIO(Y)F) is a subquotient of (Q/Z)%*~*. Lemma 1.2 then gives
a bound for the order of 3 (BrO(Y)F), from which then follows the claimed
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bound for the order of 3(Br(X)") = Coker(a). The statement for a surface
then follows from the general facts recalled at the beginning of this subsec-
tion. QED

When £k is a number field, we have a result for arbitrary varieties.

Theorem 4.3 Let X be a smooth, projective and geometrically integral va-
riety over a number field k. Then we have the following statements.
(i) The exponent of the cokernel of

o : Br(X)—Br(X)"

divides 2vpeovp, and it divides Yoeovp if k is totally imaginary. The order
of Coker(a) divides v(2e014)"7°, and it divides v(eo1)*~* if k is totally
1maginary.

(ii) If X is a surface, the exponent of Coker(a) divides 260 and it divides
dovg if k is totally imaginary; the order of Coker(a) divides v(28o19)" ™", and
it divides v(5o14)27" if k is totally imaginary.

Proof. In this case H*(k, k) = 0. We follow the proof of Theorem 4.2. It is
enough to note that H2(k, Pic’(X)) is a finite group of exponent 2, and it is
zero when k is totally imaginary [13, Thm. 6.26 (c), p. 92]. The statement
for a surface then follows as before. QED

Remark We have the isomorphism
Ns(y>tors = EBZHgt (77 Zf(l))tors-

The Poincaré duality implies that the finite abelian groups H2. (X, Zo(1))tors
and Hgf_l(X, Zo(d — 1))4ors are dual to each other.

The following proposition is a useful complement to Theorem 4.3. For a
number field £ we denote by k, the completion of k£ at a non-archimedean
place v, and by E}' the maximal unramified extension of k,. If S is a finite
set of primes of k and E a finite [-module, we let Hi(k, E) be the subgroup
of H'(k, E) consisting of the elements unramified outside S, that is, the
intersection of kernels of the natural restriction maps H!(k, E)—H!(k™, E)
for all v ¢ S.

Proposition 4.4 Let X be a smooth, projective and geometrically integral
variety over a number field k with good reduction outside a finite set S of
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primes of k. Let E be the finite I'-module defined in (20). Let Ty be the set
of primes of k dividing the order of E. Then

01(Br’(X)") Cc Hyp, (K, E).

Proof. Let I, = Gal(k,/k,) be the inertia subgroup. It is well known that if v
is a prime of good reduction, and the residual characteristic of k, is different
from ¢, then the natural action of I, on HZ (X, jgm), m > 1, and hence on
H2, (X, 7Z,(1)), is trivial (by the smooth base change theorem, see [12, Cor.
V1.4.2]). This implies, by the Kummer sequence, that I, acts trivially on
Br(X){¢}. But I, also acts trivially on S, C HZ, hence the differential

0 : Bro(X){}» — HY(k™, E{(})
defined by the exact sequence of I,-modules (the top row of (25))
0—E{l}—=S; @7, Qu/Z—Br’(X){£}—0,

is zero. Hence, for v ¢ S U Tg the image of Br’(X)' in H'(k, E) is in the
kernel of the restriction map to H' (k™ E). QED

5 Applications to surfaces

Proposition 5.1 Let X be a K3 surface over a field k of characteristic zero,
such that the map H?(k,k )—H3 (X, G,,) is injective (for example, k is a
number field, or X has a k-point). Let a be the natural map Br(X)—Br(X)'.
Then, the exponent of Coker(a) divides &y, and the order divides 622

Proof. For a K3 surface, H'(X,Ox) = 0 and the Néron-Severi group NS(X)
is torsion-free, so v = 1. The statement is a special case of Theorem 4.2 (ii).
QED

Examples

1. Let X C P} be a diagonal quartic surface over a field of characteristic
zero. It is well known that § = 64 and dy = 8, see [16]. This already implies
that any element of odd order in Br(X)" comes from Br(X). Furthermore,
by = 22 and p = 20. If we follow the proof of Theorem 4.2, we see that
Coker(«) is a subquotient of (Qq/Z5)?. Since its exponent divides 8, Coker(«)
is isomorphic to a subgroup of (Z/8)2.
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2. Let k be a field of characteristic zero. Suppose X C PY is a ‘very
general’ K3 surface, that is, NS(X) = Z is generated by the hyperplane
section class H. We have 0 = (H.H) = 2g — 2. The exact sequence (3) now
becomes

0—Z—2Z—D—0,

where £ = D =7/(2g — 2) with trivial [-action. The proof of Theorem 4.2
gives an injection

Coker(a) < (Z/(2g — 2))*".
Since H'(k,Z) = 0, the map 8, : H'(k, D)=H?*(k,Z) = H?(k,NS(X)) =
H?(k, Pic(X)) is injective. If k is a number field, S is the set of bad reduction

primes for X, and T is the set of primes dividing 2g — 2, then Proposition
4.4 gives an injective homomorphism

Coker(a) — Hg (K, Z/(29 — 2)).

When X is a product of two curves we have a result similar to Theorem
4.2 (ii) but in a case when H'(X, Ox) # 0.

Proposition 5.2 Let X = C; x Cy be a product of two smooth, projective
and geometrically integral curves over a field k of characteristic zero. Let Jy
and Jy be the Jacobians of Cy and Cy, respectively. Assume X has a k-point.
Then we have the following statements.

(i) The exponent of the cokernel of Br(X)—Br(X)" divides d.

(ii) If Homg(Jy, J2) = 0, then Br(X)—Br(X)! is surjective.

Proof. The following facts are well known, see [14, §1; Cor. 6.2]. The natural
map of I'-modules

(p%, p3) : Pic(C1) @ Pic(Cy) — Pic(X)

is a split injection, a retraction of which is given by the choice of a k-point
M = (M, M,) € X (k) = Cy(k) x Cy(k). This induces an isomorphism of
[-modules

Pic’(C,) @ Pic’(Cy)—Pic’(X).
The cokernel of (p, p3) is the finitely generated Z-free I'-module Homg_, (J1, J2).
There is an induced exact sequence of finitely generated Z-free I'-modules

O—)NS(Ul) D NS(?Q)%NS(Y)—)HOHIE_grp(jl,72)—)0,
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that is o o
0—Z @® Z—NS(X)—Homg_,_(J1, J2)—0,

with a splitting associated to the point M. The k-point M € X (k) thus gives
rise to a commutative diagram

H2(k, Pic’ (X)) — H2(k, Pic(X))
> B R B (27)
H2(k, Pic’(C,) @ Pic’(Cy)) — H2(k, Pic(C,) @ Pic(Ch))

The injection in the bottom row is due to the fact that H'(k,Z) = 0.
We proceed as in the proof of Theorem 2.1. By Proposition 1.3, for
1 = 1,2, we have commutative diagrams of exact sequences

Br(X) — Br(X)' &% Mk Pic(X))
\ 1 \
Br(C;) — Br(C)F 2% H2(k,Pic(C)))
By Tsen’s theorem we have Br(C;) = 0. Thus
B(Br(X)") c Ker[H?(k, Pic(X))—H?(k, Pic(C}) @ Pic(Cy))].

Since NS(X) is torsion-free, we see (see the Remark after Theorem 4. .3) that
HZ, (X, Zy(1)) is torsion-free for any ¢, which implies Br’(X) = Br(X).
Proposition 4.1 the image of Br(X)" = Br(X)' in H2(k, N') = H2(k, NS(X))
is annihilated by &. Thus any element in dy.3(Br(X)F) c H?(k, Pic(X))
comes from H?(k, Pic’(X)) and goes to zero in H2(k, Pic(Cy) @ Pic(Cy)).
From (27) we conclude do.3(Br(X)") = 0. This proves (i).

If Homy grp(Jl,Jg) = 0, then NS(C;) @ NS(C3)——NS(X) and § = 1.
QED

Examples

1. In the case where C7; = F and Cy = E’ are elliptic curves not isogenous
over k, compare with [21, Prop. 3.3].

2. It ¢ = (5 is an elliptic curve E without complex multiplication over
k, then NS(X) is a free abelian group of rank 3, generated by the classes of
E x {0} and {0} x E and the diagonal A. We have § = 2, by = 6, p = 3,
hence the cokernel of o : Br(X)—Br(X)' is isomorphic to a subgroup of
(Z/2)3. See [21, Prop. 4.3] for an example with Coker(a) # 0.
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6 Open varieties
This section partially answers a question raised by T. Szamuely.

Proposition 6.1 Let k be a field of finite type over Q. Let U be a smooth,
quasiprojective k-variety. Then HL (U, Q/Z)" is a finite group.

Proof. This is a reformulation of a special case of a result of Katz and Lang
[8, Thm. 1, p. 295]. One may also give a proof along the following more
general lines. One may assume that U/k is geometrically connected. By
Hironaka’s theorem, there exists a smooth, projective, geometrically integral
k-variety X which contains U as a dense open set. Let Z = X \ U, and let
F C Z be the singular locus of Z. Let X = X\ F and Z° = Z \ F. Since
X% and F° are smooth, the localisation sequences for étale cohomology with
finite coefficients and purity give rise to the exact sequences of I'-modules

0—HL (X, Q/Z)—HL (T, Qr/Z)—HY(Z°, Qo) Zo(~1)).

Since F is of codimension at least 2 in X, the inclusion X°—X induces an
isomorphism

HL (X, Qu/Ze) = HY (X, Qu/Z).

We thus get an exact sequence
- — —0
0—Hg (X, Qe/Ze)" —H} (U, Qu/Ze)" —=H(Z", Qe/Z(—1))".

The smooth k-variety Z° decomposes as a disjoint union Z° = U, Z; of con-
nected smooth k-varieties. Let k; denote the integral closure of k in the func-
tion field k(Z;). We choose a k-embedding k; C k, and let T'; = Gal(k/k;).
The group H(Z", Q;/Zs(—1))' is the direct sum @;(Qc/Z¢(—1))". Each
group (Q/Z¢(—1))" is finite; moreover, it is zero for almost all £. Indeed,
this statement is immediately reduced to the following statement: if k is a
number field and I' = Gal(k/k), then (Qy/Z¢(—1)) is finite, and is zero for
almost all £. One is then reduced to checking that H}, (X, Q,/Z,)" is finite,
and is zero for almost all £. This follows from the proper base change theorem
and the Weil conjectures (cf. [1, Thm. 1.5]). QED

Theorem 6.2 Let k be a field of finite type over Q, and let U be a smooth,
quasiprojective, geometrically integral k-variety. Then we have the following
statements.
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(i) The quotient Br(U)' /Im(Br(U)) is a finite group.

(i) If U is a surface, and the (-adic Tate conjecture for divisors holds for
a smooth compactification of U, then Br(U){(}! is finite.

(iii) If the (-adic Tate conjecture for divisors holds for a smooth com-
pactification X of U, and if, moreover, the Galois module H2 (X, Q(1)) is
semisimple, then Br(U){(} is finite.

Proof. We follow the beginning of proof of Proposition 6.1 and use the
same notation. The localisation sequences for étale cohomology with finite
coefficients and purity give rise to the exact sequence of I'-modules

0—-Br(X)—=Br(T)—HL (F’,Q/Z).

Since the codimension of F' in X is at least 2, the purity theorem for the

Brauer group shows that the restriction map Br(X)—Br(X ") is an isomor-
phism. We thus have an exact sequence of I'-modules

0—Br(X)—Br(U)—HL (F',Q/Z).
Taking invariants under I', we get an exact sequence
0—Br(X)' =Br(U) =HL (F,Q/Z)".

By Proposition 6.1, the group Hét(FO,Q/Z)F is finite. Statements (ii) and
(iii) are then a consequence of the finiteness of Br(X){¢}", which holds under
the respective hypotheses of (ii) and (iii), see [2, Prop. 4.1].

Functoriality gives a commutative diagram of exact sequences

0 — Br(X)' — Br(0) — HL(F,Q/Z)F
oo

Br(X) — Br(U)

By Theorem 2.1, the quotient Br(X)'/Im(Br(X)) is finite. By Proposi-
tion 6.1, the group H, (FO, Q/7Z)" is finite. This implies that the quotient
Br(U)"/Im(Br(U)) is finite as well, which is statement (i). QED

Remark We do not know whether (i) still holds over an arbitrary field k& of
characteristic zero.
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