QUADRA TIC FORMS OVER FRA CTION FIELDS OF TW O-DIMENSIONAL HENSELIAN RINGS AND BRA UER GR OUPS OF RELA TED SCHEMES

J.-L. Colliot-Th él ène, M. Ojanguren and R. Parimala

Intr oduction

Let A be an excellent henselian two-dimensional local domain (for the definition of excellent rings, see [EGA IV_2], 7.8.2). Let K be its field of fractions and k its residue field.

Assume that k is separably closed (of arbitrary characteristic). We show that the unrami fied Brauer group of K (with respect to all rank 1 discrete valuations of K) is trivial.

Under some more restrictiv e conditions such a result was obtained by Artin [Art_2] in 1987. We actually prove a generalization of Artin’s result for the case of an arbitrary residue field k, following ideas of Artin and Grothendiec k, as developed in Grothendiec k’s 1968 paper [GB III]. The situation considered by Grothendiec k (op. cit., §3) is that of a two-dimensional regular scheme proper and flat over a discrete valuation ring. What we discuss here is the parallel situation of a twodimensional regular scheme proper over a two-dimensional henselian local ring.

Assuming further that 2 is a unit in A, we deduce from the above result that if k is separably closed or finite, then every quadratic form of rank 3 or 4 which is isotropic in all completions of K with respect to rank 1 discrete valuations is isotropic.

If k is separably closed of characteristic p ≥ 0, we prove that any division algebra over K whose order in the Brauer group is n prime to p is cyclic of degree n. For A the henselization or the completion at a closed point of a normal surface over an algebraically closed field of characteristic zero, this result was first obtained by Ford and Saltman [FS]. For k the separable closure of a finite field, the result was obtained by Hoobler ([Ho], Thm. 13), who used higher class field theory à la Kato-Saito.

Let A,K,k be as in the beginning of this introduction, with k separably closed of characteristic different from the prime l. The l-cohomological dimension of K is then equal to 2 (M. Artin, O. Gabb er, K. Kato).

Combining this result and the above cyclicity statemen t, we prove that any quadratic form over K of rank at least 5 is isotropic.

Most of the work for this pap er was done while J.-L. Colliot-Th élène and R. Parimala were visiting each other’s institutions, thanks to the supp ort of the Indo-F rench Centre for the Promotion of Advanced Researc h (IF CPAR/CEFIPRA, Pro ject 1601-2 “Geometry”). These authors also thank l’Universit é de Lausanne for its hospitalit y. We thank Ofer Gabb er and Philipp e Gille for their commen ts.

Typeset by AM S-TEX 1

The special case where K is the fraction field C((X,Y)) of A = C[[X,Y]] had been considered earlier. In that case, the local-global principle for quadratic forms of rank 3 is easy. For rank 4, see the paper of Jaworski [Ja]; special cases had been obtained by Hatt-Arnold [HA]. That quadratic forms of rank at least 5 over C((X,Y)) are isotropic was proved in [CDLR] using the Weierstra ß preparation theorem.

Assume now that k is real closed. In §4 we show that every rank 4 quadratic form over K which is torsion in the Witt group of K and is isotropic in all completions of K with respect to rank 1 discrete valuations is isotropic. We also show that every quadratic form of even rank ≥ 6 which is torsion in the Witt group of K is isotropic. In particular, the u-invariant of K, as defined by Elman and Lam [EL], is 4.

When the residue field k is algebraically closed, the results obtained in the present paper suggest a number of obvious generalisations to homogeneous spaces of connected linear algebraic groups over K (these are the analogues of well-known results over number fields). These are addressed in Section 5. For k of characteristic zero, and G/K semisimple and simply connected, our results combine with known results (Merkurjev-Suslin, [BP], [Gi]) to establish that any principal homogeneous space under G is trivial. For principal homogeneous spaces under adjoint groups, a local-global principle holds. Section 5 also records two conjectures.

In the whole paper, we shall only consider rank 1 discrete valuations, and we shall simply call them discrete valuations.

Given an integer n > 0 and an abelian group A, we let_n A = {x ∈ A,nx = 0}.

1. The unramified Bra uer gr oup.

We first recall a few definitions and theorems from Grothendiec k’s exposés on the Brauer group [GB I], [GB II], [GB III]. Given a scheme X, we denote its cohomological Brauer group H^2_{ét} (X,G_m ) by Br(X). We let Br_{Az} (X) denote the Azumaya Brauer group. This is a torsion group. There is a natural inclusion Br_{Az} (X) ⊂ Br(X).

Given a discrete valuation ring R with field of fractions K, and a class α ∈ Br(K), one says that α is unrami fied with respect to R, if it is in the image of the natural embedding Br(R) → Br(K). This property can be checked by going over to the completion of R. Given a field K we denote by Br_{nr} (K) the unrami fied Brauer group of K, consisting of all classes of Br(K) which are unrami fied with respect to all discrete valuations of K.

We recall a result which was recorded in [OPS], although it was never used in that paper.

Lemma 1.1. Let X be a noetherian reduced scheme and U an open subscheme containing all singular points and all generic points of X. Then the restriction map Br(X) → Br(U) is injective.

Proof. See [OPS], Theorem 4.1.

Lemma 1.2. (a) For a noetherian scheme X of dimension at most one, and for a regular noetherian scheme X of dimension at most two, the inclusion Br_{Az} (X) ⊂ Br(X) is an equality.

(b) For X a reduced, separated, excellent scheme of dimension at most two such that any finite set of closed points is containe d in an affine open set, the natu- 2

ral inclusion Br_{Az} (X) ⊂ Br(X) identi fies Br_{Az} (X) with the torsion subgroup of Br(X).

(c) For any regular integral scheme X of dimension at most two, with field of fractions K, there are natur al inclusions Br_{nr} (K) ⊂ Br(X) ⊂ Br(K).

Proof. (a) This is Cor. 2.2 of [GB II].

(b) Since X is excellent and reduced, the singular locus is closed of dimension at most one. One may thus find two affine open sets U and V such that their union W contains the generic points of all components of X, and the complement of W in X consists of finitely many points whose local rings are regular of dimension two. By Lemma 1.1, the restriction map Br(X) → Br(W) is injective. By a theorem of Gabb er [Ga], the map Br_{Az} (W) → Br(W) identifies Br_{Az} (W) with the torsion in Br(W). Since all points of the complement of W are regular on X, the proof of Cor. 2.2 of [GB II] shows that the map Br_{Az} (X) → Br_{Az} (W) is surjectiv e. Thus the map Br_{Az} (X) → Br_{Az} (W) is an isomorphism and (b) follows.

(c) This is Thm. 6.1.b of [GB III].

Let A be an excellent henselian two-dimensional local domain , let k be its residue field. A model of A is an integral scheme X equipp ed with a projective birational morphism X → Spec(A). According to Hironaka, Abhyankar and Lipman (see [Li_1], [Li_2]) there exist regular models of A. The fibre X_0 of X → Spec(A) at the closed point of Spec(A) is a projective variety of dimension at most one over k. Given any one-dimensional reduced closed subscheme C ⊂ X, there exists a further projective birational morphism π : X^′ → X, with X^′ regular integral, such that the support of the curve π^{− 1}(C) is a union of regular curves with normal crossings ([Sh], Theorem, page 38 and Remark 2, page 43; note that blow-ups of excellent schemes are excellent and so are closed subschemes of excellent schemes).

Theorem 1.3. Let A be a henselian local ring. Let k be its residue field and p ≥ 0 be the characteristic of k. Let π : X → Spec(A) be a proper morphism and assume that the fibre X_0 → Spec(k) of π over the closed point of Spec(A) is of dimension at most one. For any prime l different from p, the restriction map Br(X) → Br(X_0) induces an isomorphism on l-primary torsion subgroups. If the scheme X is regular, the restriction map is an isomorphism up to p-primary torsion.

Proof. Let n be an integer, prime to p if k is of characteristic p. The Kummer sequence of étale sheaves

1 → μ_n → G_m → G_m → 1 ,

where G_m → G_m is given by x → x^n , induces a commutativ e diagram with exact rows

0 �P ic(X)/n � � H^2_{ét} (X,μ_n ) � � n Br(X) � � 0

0 �P ic(X0)/n �H^2_{ét} (X0,μn ) �n Br(X0) �0

The vertical maps are induced by the inclusion X_0 → X. Since X_0 is of dimension at most one, and A is henselian, this implies ([EGA IV_4], 21.9.12) that the map P ic(X) → P ic(X_0) is surjectiv e. Since the morphism π : X → Spec(A) is proper and the ring A henselian, the proper base change theorem ([Mi], VI.2.7) implies 3

that the restriction map H^2_{ét} (X,μ_n ) → H^2_{ét} (X_0,μ_n ) is an isomorphism. Thus the map_n Br(X) →_n Br(X_0) is an isomorphism.

If X is regular, then Br(X) is torsion. The group Br(X_0) is torsion because X_0 is a curve. The last statemen t of the theorem follows.

Using a rather elaborate machinery, one may also get hold of the p-part. One first discusses the case where A is complete. Here one essentially follows [GB III], §3. We start with a series of lemmas.

Let A be a noetherian local ring, let π : X → Spec(A) be a proper map such that the fibre X_0 → Spec(k) of π over the closed point of Spec(A) is of of dimension at most one. Let m the maximal ideal of A and X_n the fibre of π over Spec(A/m^{n +1} ). Lemma 1.4. For n ≥ 1, the natur al map

P ic(X_n ) → P ic(X_{n − 1})

is surjective. Proof. We have the exact sequence of Zariski sheaves

0 −→ m^n O_X m^{n +1} O_X −→ � O_X m^{n +1} O_X

�_∗ −→ � O_X m^n O_X

�_∗

−→ 1 ,

where the left map is given by x → 1 + x. We have

H^2 � X, m^n O_X m^{n +1} O_X � = H^2 � X_0, m^n O_X m^{n +1} O_X � = 0 because X_0 is of dimension at most one. Hence the map

H^1(X_n ,O^∗_{X n} ) → H^1(X_{n − 1},O^∗_{X n − 1} )

is surjectiv e. Lemma 1.5. Assume that A is complete. Then the canonical homomorphism

Br_{Az} (X) → lim_{← −} Br_{Az} (X_n )

is an isomorphism. Proof. Let A be an Azumaya algebra over X. Denote by A_n the algebra obtained from A under base change from X to X_n and suppose that it is trivial for each n. Let u_n : A_n^∼→ End(V_n )

be an isomorphism, where V_n is a locally free sheaf on X_n . The sheaf V_n is determined by A_n up to a line bundle. By Lemma 1.4 we can successively modify each V_{n +1} in such a way that V_n is isomorphic to V_{n +1} ⊗_{O X n +1} O_{X n} and the u_n ’s build up a projective system. By [EGA III_1], Scholie 5.1.7, the projective system (V_n ,n ∈ N) gives a locally free O_X -module V and an isomorphism

u : A^∼→ End(V) 4

of locally free sheaves such that u induces u_n on X_n . Since each u_n is an algebra homomorphism, so is u.

We now prove the surjectivit y. We first show that there exists an open covering X_0 = U_0 ∪ V_0 with U_0, V_0 and U_0 ∩ V_0 := W_0 affine. Let X_0 be the reduced scheme associated to X_0 and f : Y → X_0 its the normalization. By [EGA II], Corollaire 7.4.6 the morphism f is finite. We remark that, by the assumption that X is proper over Spec(A), the scheme X_0 is separated and therefore Y is a projective regular curve (see [EGA II], Corollaire 7.4.10). Let Y^∘ ⊂ Y be the open set on which f is an isomorphism. Choose two disjoint sets of closed points {P_1,...,P_r } and {Q_1,...,Q_s } on Y^∘ such that U^∘ = Y \ {P_1,...,P_r } and V^∘ = Y \ {Q_1,...,Q_s } are affine. Then U^∘ ∩ V^∘ is affine too. The restriction of f to these three open sets is finite, hence, by Chevalley’s theorem ([EGA II], Théorème 6.7.1) their images under f are affine open subsets of X_0. Since a scheme is affine if and only if its associated reduced scheme is affine ([EGA I], Corollaire 5.1.10) the open sets U_0 = X_0 \ f ({P_1,...,P_s }), V_0 = X_0 \ f ({Q_1,...,Q_s }) and U_0 ∩ V_0 are affine.

There are open sets U, V in X such that U ∪ V = X, U ∩ X_0 = U_0 and V ∩ X_0 = V_0. Let U_n and V_n be the intersections of U and V with X_n . Since the maps U_0 → U_n , V_0 → V_n and W_0 → W_n are finite, the sets U_n , V_n and W_n := U_n ∩ V_n are affine. We now show that any Azumaya algebra over X_n may be lifted to an Azumaya algebra over X_{n +1} . Let A_0 be an Azumaya algebra over X_0. Let B_0 and C_0 be the restrictions of A_0 to U_0 and V_0. By [Ci], Theorem 3, we can find, for any n, Azumaya algebras B_n over U_n and C_n over V_n which restrict to B_0 and C_0. The algebra A_0 defines an isomorphism φ_0 : B_0|_{W0} → C_0|_{W0} . Following the proof of Prop osition 5 of [Ci], we construct successively isomorphisms φ_n : B_n |_{Wn} → C_n |_{Wn} such that, for n ≥ 1, φ_n |_{Wn − 1} = φ_{n − 1}. Using [EGA III_1], 5.1.4, we obtain a vector bundle A on X and a homomorphism A ⊗ A → A which restricts to the multiplication on A_n for each n. Hence A is an Azumaya algebra over X.

Lemma 1.6. Let C be a one-dimensional noetherian scheme and let C_{r ed} ⊂ C be the associated reduced scheme. The natur al map

Br_{Az} (C) = Br(C) → Br_{Az} (C_{r ed} ) = Br(C_{r ed} )

is an isomorphism.

Proof. There exists a sequence of closed immersions

C_{r ed} = C_0 ⊂ C_1 ⊂ ···⊂ C_n = C

together with ideals I_j ⊂ O_{C j} such that O_{C j − 1} = O_{C j} /I_j and I^2_j = 0. On each C_j , we have the following exact sequence of sheaves for the étale topology:

0 → I_j → G_{m,C j} → r_∗G_{m,C j − 1} → 1,

where the coherent ideal I_j is viewed as a sheaf for the étale topology, r is the closed immersion C_{j − 1} → C_j and the map I_j → G_{m,C j} is given by x → 1 + x. For any i, we have H^i_{ét} (C_j ,I_j ) = H^i_{Z ar} (C_j ,I_j ) (these properties would hold for any noetherian scheme C).

Because the C_j ’s are curves, for i ≥ 2, these last groups vanish. Thus

H^2_{ét} (C_j ,G_m ) → H^2_{ét} (C_j ,r_∗G_{m,C j − 1} ) 5

is an isomorphism. We have R^1r_∗(G_m ) = 0 because r is a closed immersion and H^1_{ét} (A,G_m ) = P ic(A) = 0 for any local ring A. We also have R^2r_∗(G_m ) = 0, because H^2_{ét} (A,G_m ) = 0 for any one-dimensional strictly henselian local ring A (combine [GB I], Cor. 6.2 and [GB II], Cor. 2.2). The Leray spectral sequence for the immersion C_{j − 1} → C_j and the sheaf G_m now yields

H^2_{ét} (C_j ,r_∗G_{m,C j − 1} ) ∼→ H^2_{ét} (C_{j − 1},G_m )

Thus H^2_{ét} (C_j ,G_m ) ∼→ H^2_{ét} (C_{j − 1},G_m ).

We may now state:

Theorem 1.7. Let A be a complete noetherian local ring and k its residue field. Let π : X → Spec(A) be a proper morphism whose special fibre X_0 is of dimension at most one.

(a) The natur al map of Azumaya Brauer groups Br_{Az} (X) → Br_{Az} (X_0) is an isomorphism.

(b) If X is of dimension two, reduced, excellent and such that any finite set of closed points is containe d in an affine open set, then the natur al map Br(X) → Br(X_0) induces an isomorphism of the torsion group of Br(X) with Br(X_0).

(c) If X is of dimension two and regular, then the natur al map Br(X) → Br(X_0) is an isomorphism.

Proof. By Lemma 1.6 Br(X_n ) = Br((X_n )_{r ed} ) = Br((X_0)_{r ed} ) = Br(X_0); together with Lemma 1.5, this yields (a). Statemen ts (b) and (c) follow from (a) and Lemma 1.2.

We now extend the theorem to the case of an arbitrary henselian noetherian local ring. The key ingredient here is Artin’s approximation theorem [Art_1], a theorem which was not available at the time when Grothendiec k wrote [GB III].

Theorem 1.8. Let A be henselian noetherian local ring and k its residue field. Let π : X → Spec(A) be a proper morphism whose special fibre X_0 is of dimension at most one.

(a) The restriction map Br_{Az} (X) → Br_{Az} (X_0) is an isomorphism. (b) If X is of dimension two, reduced and excellent, and any finite set of closed points is containe d in an affine open set, then the natur al map Br(X) → Br(X_0) induces an isomorphism of the torsion group of Br(X) with the torsion group Br(X_0).

(c) If X is of dimension two and regular, then the natur al map Br(X) → Br(X_0) is an isomorphism.

Proof. Let us first prove (a). As pointed out to us by O. Gabb er, one may reduce the general case to the case of a henselization of a finitely generated Z-algebra at a prime ideal. Write A = lim_{−→} A_λ , where the λ run through a filtering set and where the rings A_λ are henselizations of a local ring of a finitely generated Z-algebra and the A_λ → A are local homomorphims ([EGA IV 18.6.14). Let k_λ be the residue field of A_λ . There are induced embeddings k_λ ⊂ k, and k = lim_{−→} k_λ . Since A is noetherian, π : X → Spec(A) is a morphism of finite presentation. 6

By [EGA IV 8.8.2] and [EGA IV 8.10.5], the proper morphism X → Spec(A) comes from a proper morphism X_λ → Spec(A_λ ) for some λ, and

X_0 = lim_{← −} X_λ ×_{Aλ} k_λ .

Since Br_{Az} commutes with filtering limits, we may now assume that A is the henselization of a local ring of a finitely generated Z-algebra.

Given a commutativ e ring A, a covariant functor F from commutativ e A-algebras to sets is said to be of finite presentation if it commutes with filtering direct limits, i.e. given a filtering system A_i of commutativ e A-algebras, the natural map lim_{−→} F (A_i) → F (lim_{−→} A_i) is an isomorphism. For A a henselization of a local ring of

a finitely generated Z-algebra, k the residue field of A, and Â the completion of A, a special case of Artin’s approximation theorem ([Art_1]) says that for any element ξ̂ ∈ F (Â) there exists an element ξ ∈ F (A) which has the same image as ξ̂ in F (k) under the obvious reduction maps. In particular, if F (Â) is not empty, the same holds for F (A).

Given X → Spec(A) as above, and any smooth A-group scheme G over A, the functor from commutativ e A-algebras to sets which sends an A-algebra B to H^1_{ét} (X ×_A B,G_B ) is of finite presentation (see [SGA 4], Tome 2, VII 5.9 and Remark 5.14; this also follows from [EGA IV_3], Thm. 8.8.2.).

For any n > 0, we have an exact sequence of group schemes over Z

1 → G_m → GL_n → P GL_n → 1

which induces an exact sequence of group schemes and of étale sheaves

1 → G_{m,Y} → GL_{n,Y} → P GL_{n,Y} → 1

over any scheme Y. This sequence in turn induces an exact sequence of pointed Čech cohomology sets (see [Mi] p. 143)

H^1_{ét} (Y,GL_n ) → H^1_{ét} (Y,P GL_n ) → Br_{Az} (Y).

Note that Â is noetherian since A is. By Theorem 1.7, the reduction map Br_{Az} (X ×_A Â) → Br_{Az} (X_0) is injective. To prove injectivit y in (a), it is thus enough to prove that the restriction map Br_{Az} (X) → Br_{Az} (X ×_A Â) is injective. Let c be an element in the kernel of that map. There exists an integer n > 0 and a class ξ ∈ H^1_{ét} (X,P GL_n ) such that the boundary map H^1_{ét} (X,P GL_n ) → Br_{Az} (X) sends ξ to c ∈ Br_{Az} (X). Let us introduce the functor F_ξ from commutativ e Aalgebras to sets which to an A-algebra B associates

F_ξ(B) = {η ∈ H^1_{ét} (X ×_A B,GL_n ) | η → ξ_B ∈ H^1_{ét} (X ×_A B,P GL_n )}.

One again checks that this functor is of finite presentation. From the exact sequence of sets

H^1_{ét} (X ×_A Â,GL_n ) → H^1_{ét} (X ×_A Â,P GL_n ) → Br_{Az} (X ×_A Â) 7

we conclude that ξ_Â is in the image of the first map. Thus F_ξ(Â) ≠ ∅ . By Artin’s theorem, this implies F_ξ(A) ≠ ∅ . From the exact sequence of sets

H^1_{ét} (X,GL_n ) → H^1_{ét} (X,P GL_n ) → Br_{Az} (X)

we conclude c = 0 ∈ Br_{Az} (X).

Let us now show that the map Br_{Az} (X) → Br_{Az} (X_0) is surjectiv e. By Theorem 1.7, the reduction map Br_{Az} (X ×_A Â) → Br_{Az} (X_0) is an isomorphism. Let ĉ ∈ Br_{Az} (X ×_A Â) and let ξ̂ ∈ H^1_{ét} (X ×_A Â,P GL_n ) be a lift for some n > 0. Since the functor B → H^1_{ét} (X ×_A B,P GL_n ) from commutativ e A-algebras to sets is of finite presentation, by Artin’s theorem there exists ξ ∈ H^1_{ét} (X,P GL_n ) such that the images of ξ and of ξ̂ in H^1(X_0,P GL_n ) coincide. Thus the image c of ξ under the boundary map H^1_{ét} (X,P GL_n ) → Br_{Az} (X) has same image as ĉ when pushed into Br_{Az} (X_0). This completes the proof of (a).

From Lemma 1.2 we get (b) and (c).

Remark 1.8.1. In a letter dated Octob er 20, 2000, O. Gabb er showed us how to get rid of the noetherian hypothesis. A key ingredient in his proof is the Absolute Noetherian Approximation result of Thomason-T robaugh.

We apply the previous theorems in the case where the residue field k is either separably closed or finite.

Corollary 1.9. Let A be a noetherian henselian local ring and k its residue field. Assume that k is separably closed of characteristic p ≥ 0. Let π : X → Spec(A) be a proper map whose special fibre X_0 → Spec(k) is of dimension at most one. Then:

(a) The group Br_{Az} (X) is trivial, and the torsion subgroup of Br(X) is a pprimary torsion group.

(b) If X is regular, then Br(X) = 0. (c) If A is excellent, two-dimensional and integral, with quotient field K, then the unramified Brauer group Br_{nr} (K) is trivial.

Proof. For any proper curve X_0 over a separably closed field, Br(X_0) = 0 ([GB III], Cor. 5.8, p. 132), hence Br_{Az} (X_0) = 0 (Lemma 1.2 (a)). Statemen ts (a), (b) and (c) then follow from Theorem 1.3 , Theorem 1.8. and Lemma 1.2 (for statemen t (c), one uses a regular model X of Spec(A)).

Corollary 1.10. Let A be a noetherian henselian local ring. Assume that its residue field k is finite of characteristic p. Let π : X → Spec(A) be a proper map whose special fibre X_0 → Spec(k) is of dimension at most one. Then:

(a) The group Br_{Az} (X) is trivial, and the torsion subgroup of Br(X) is a pprimary torsion group.

(b) If X is regular, then Br(X) = 0. (c) If A is excellent, two-dimensional and integral, with quotient field K, then the unramified Brauer group Br_{nr} (K) is trivial.

Proof. It suffices to show that, for any proper curve X_0 over a finite field, Br(X_0) = 0. Then the rest of the proof is as in Corollary 1.9. Now, by Lemma 1.6 we may assume that X_0 is reduced and by Prop osition 1.14 we may assume that it is smooth. In this case the result is well-known ([GB III], p. 97).

Remark 1.10.1. It would be worth comparing this result with those of [Sai_1].

We now consider the case in which the residue field of A is real closed. 8

Lemma 1.11. Let A be a regular local ring, K its field of fractions and k its residue field. Let α ∈ Br(A). If α vanishes in Br(R) for every real closed field R containing K, then its restriction to Br(k) vanishes when pushed over to any real closed field containing k.

Proof. If k is not formally real, the statemen t is empty. We therefore assume k formally real, hence in particular 2 invertible in A.

The first, well-known, step is the reduction to the case of a discrete valuation ring. Let d = dim(A) ≥ 2. Asssume the theorem has been proved for rings of dimension at most d − 1. Let t be a regular parameter in the maximal ideal of A. Let L be the residue field of the discrete valuation ring A_{(t)}. Applying the theorem to A_{(t)}, we see that the image of α in Br(L) vanishes in each real closed field containing L. The ring A/t is a (d − 1)-dimensional regular local ring and its fraction field is L. Applying the theorem to the image of α in Br(A/t) yields the result.

To prove the statemen t when A is a discrete valuation ring, it is enough to prove it when A is complete. Since k is assumed formally real, its characteristic is zero, hence A is isomorphic to k[[t]]. But any embedding of k in a real closed field R may be extended to an embedding of k((t)) into a real closed field R_1 with R ⊂ R_1. The natural map Z/2 = Br(R) → Br(R_1) = Z/2 is an isomorphism, which completes the proof.

Prop osition 1.12. Let C be a reduced quasi-projective curve over a field k. Let f : C^′ → C be its normalization and D the closed subscheme of C defined by the conductor of f . The canonical homomorphism

Br(C) → Br(C^′) × Br(D)

is injective.

Proof. Since C is of dimension 1 and D is of dimension 0, the statemen t is equivalent to: Br_{Az} (C) → Br_{Az} (C^′)× Br_{Az} (D) is injective. Let S ⊂ C be a finite set of closed points containing at least one point of each component of C and containing all the points whose local ring is not regular. Let A be the semilocal ring of C at S and let A^′ be its inverse image under f . We have a Milnor patching diagram (see [Ba], Chapter IX, §5 and in particular Example 5.6) A � � A^′ � A/c �A^′/c

where c = {a ∈ A | aA^′ ⊆ A} is the conductor of A^′ in A. Let A be an Azumaya algebra over A which becomes trivial over A^′ and over A/c. We may assume that A is of constan t rank n^2. In this case A is obtained by patching M_n (A^′) and M_n (A/c) with an automorphism α of M_n (A^′/c). Since A^′ is semilocal, the canonical map GL_n (A^′) → GL_n (A^′/c) is surjectiv e and thus α is induced by an automorphism of M_n (A^′). This implies that A ≃ M_n (A) and proves the injectivit y ofBr_{Az} (A) → Br_{Az} (A^′)× Br_{Az} (A/c). The proofnow follows from the commutativ e 9

diagram Br_{Az} (C) � � Br_{Az} (C^′) × Br_{Az} (D) � Br_{Az} (A) �Br_{Az} (A^′) × Br_{Az} (A/c)

in which the left vertical map is injective by passing to the limit in Lemma 1.1 and where the bottom map is injective by the above discussion.

Prop osition 1.13. Let C be a quasi-projective curve over a real closed field k. If α ∈ Br(C) vanishes at all k-rational points of C, then it vanishes.

Proof. By Lemma 1.6 we may assume that C is reduced. By Prop osition 1.12 it suffices to show that the images of α in Br(D) and in Br(C^′) are trivial. For Br(D) this is clear by a zero-dimensional variant of Lemma 1.6 because the reduced scheme underlying D is just a set of closed points of C. Since every real point of C^′ maps to a real point of C, the image of α in Br(C^′) is trivial at every real point of C^′, thus we are reduced to the case of a smooth curve. In this case the proposition was proved by Witt for k = R and can be deduced from Remark 10.6 in [Kn] for an arbitrary real closed k.

Remark 1.13.1. For affine singular curves over R this result was proved by Demeyer and Knus ([DK]). For affine varieties of arbitrary dimension there is a generalization for suitable higher cohomology groups ([Sch] Thm. 20.2.11 p. 235).

Theorem 1.14. Let A be a henselian local domain, K its quotient field and k its residue field. Assume that k is a real closed field. Let π : X → Spec(A) be a proper birational map, where X is regular integral and the special fibre X_0 → Spec(k) has dimension at most one. Let α ∈ Br(X). Assume that for any real closed field R with K ⊂ R, the image of α in Br(R) vanishes. Then α = 0.

Proof. Since X is regular, Lemma 1.11 implies that, for any real closed field R and any morphism Spec(R) → X, the inverse image of α on Spec(R) vanishes. Let α_0 be the image of α in Br(X_0). It vanishes at all rational points of X_0. Therefore, by Prop osition 1.13, α_0 vanishes. By Theorem 1.3, the restriction map Br(X) → Br(X_0) is an isomorphism. Hence α = 0 in Br(X).

2. Ever y algebra is cyclic

Let X be an integral scheme with function field K and let n > 0 be invertible on X. Given a regular codimension 1 point x ∈ X with residue field κ(x), there is a natural (and classical) residue map

∂_x : H^2_{ét} (K,μ_n ) =_n Br(K) → H^1_{ét} (κ(x),Z/n) .

A class α ∈_n Br(K) is unrami fied at x if and only if ∂_x (α) = 0 ([GB II], Prop. 2.1).

Given a class ξ ∈_n Br(K), the ramification divisor of ξ on X is by definition the sum ram_X (ξ) = � x {x} , 10

where x runs through the codimension 1 points where ∂_x (ξ) ≠ 0 and {x} is the closure of x in X.

Let us recall the following special case of a very general fact (Kato, [Ka], §1). On any excellent integral scheme X with field of functions K, given an integer n > 0 invertible on X, there is a natural complex

H^2_{ét} (K,μ^{⊗ 2}_n )^∂−→ � x∈ X^{(1)}

H^1_{ét} (κ(x),μ_n ) → � x∈ X^{(2)}

Z/n (C) .

The set X^{(i)} is the set of points of codimension i on X. Assume x is a regular point of codimension 1 on X. For any a, b ∈ K^∗ with cup-pro duct (a, b)_n ∈ H^2_{ét} (K,μ^{⊗ 2}_n ), the first map in (C) is given by the tame symbol formula

δ_x ((a, b)_n ) = (− 1)^{vx (a).vx (b)}(a^{vx (b)}/b^{vx (a)}) ∈ κ(x)^∗/κ(x)^{∗n} .

If y is a regular point of codimension 1 on X and x is a point of codimension 2 on X which is a regular point on the closure Y ⊂ X of y, then the map κ(y)^∗/κ(y)^{∗n} = H^1(κ(y),μ_n ) → Z/n associated to y and x in (C) is simply the valuation modulo n associated to the discrete valuation ring O_{Y,x} .

Suppose we are given an isomorphism Z/n ≃ μ_n over X. Then for any regular codimension 1 point x ∈ X, the map

H^2_{ét} (K,μ^{⊗ 2}_n ) → � x∈ X^{(1)}

H^1_{ét} (κ(x),μ_n )

is identified with the residue map ∂_x mentioned above.

Theorem 2.1. Let A be an excellent henselian two-dimensional local domain , K its field of fractions and k its residue field. Assume that k is separably closed. Let Δ be a central division algebra over K whose class in the Brauer group of K has order n, prime to the characteristic of k. Then Δ is a cyclic algebra of index n.

Proof. The assumptions on A allow us to choose an identification of Z/n with μ_n over Spec(A).

Let ξ ∈_n Br(K) be the class of Δ . As recalled in §1, just before Theorem 1.3, there exists a regular model X → Spec(A) of A. After suitable blow-ups the ramification divisor of ξ is of the form C + E where C and E are (not necessarily connected) regular closed curves on X, and C + E has normal crossings (see [Li_1] and [Sal_1]). If C + E is empty, i.e. if ξ is unrami fied on X, since_n Br(X) = 0 (Cor. 1.9), then ξ = 0 and the theorem is clear. We thus assume C + E not empty.

Let S be a finite set of closed points of X including all points of intersection of C and E and at least one point of each component of C+ E. Since X is projective over Spec(A), there exists an affine open U ⊂ X containing S. The semi-localization of U at S is a semi-local regular domain, hence a unique factorization domain. Thus there exists an f ∈ K^∗ such that the divisor of f on X is of the form div_X (f ) = C + E + G, where the support of G does not contain any point of S, hence in particular has no common component with C + E. Let L be the cyclic field L = K(f^{1/n} ). At each generic point of a component of C + E, the extension L/K is totally ramified of degree n. In particular, L/K is of degree n. To prove the theorem, it suffices to show that the image ξ_L of ξ in_n Br(L) is zero. 11

Let X^′ be the normalization of X in L and let π : Y → X^′ be a projective birational morphism such that Y is regular and integral. Let B be the integral closure of A in L. The ring B is an excellent henselian two-dimensional local domain with the same residue field k. By the universal property of the normalization the composite morphism X^′ → X → Spec(A) factorizes through a projective birational morphism X^′ → Spec(B), hence induces a birational projective morphism Y → Spec(B). By Corollary 1.9,_n Br(Y) = 0.

It is thus enough to show that ξ_L is unrami fied on Y. Let y ∈ Y be a codimension 1 point. We show that ∂_y(ξ_L ) = 0. Let x ∈ X be the image of y under the composite map Y → X^′ → X.

Suppose first that codim(x) = 1. If {x} is not a component ofC+ E, then ∂_x (ξ) = 0, hence ∂_y(ξ_L ) = 0. Suppose that D = {x} is a component of C + E. Then f is a uniformizing parameter of the discrete valuation ring O_{X ,x} . The extension L/K is totally ramified at x. The restriction map Br(K) → Br(L) induces multiplication by the ramification index on the character groups of the residue fields. Hence ξ_L is unrami fied at y.

Suppose now that codim(x) = 2. If x does not belong to C or E, then ξ belongs to Br(O_{X ,x} ), hence ξ_L is unrami fied at y. Suppose x belongs to C but not to E. Let π ∈ O_{X ,x} be a local equation of C at x. Since C is regular we can choose a δ such that (π,δ) is a regular system of parameters of O_{X ,x} . Since the ramification of ξ in O_{X ,x} is only along π, using the complex (C), or rather its restriction over the local ring O_{X ,x} , one finds that ∂_π (ξ) ∈ κ(π)^∗/κ(π)^{∗n} has image zero under the map κ(π)^∗/κ(π)^{∗n} → Z/n induced by the valuation defined by x on the field κ(π), which is the fraction field of the discrete valuation ring O_{X ,x} /π. Thus ∂_π (ξ) is the class of a unit of O_{X ,x} /π, and such a unit lifts to a unit μ of O_{X ,x} . Now the residues of ξ − (μ, π)_n at all points of codimension 1 of O_{X ,x} are trivial. Since O_{X ,x} is a regular two-dimensional ring, this implies that ξ− (μ, π)_n is the class of an element η ∈ Br(O_{X ,x} ). Now

∂_y(ξ_L ) = ∂_L ((μ, π)_n ) = μ^{vy (π )} modulo κ(y)^{∗n} , where κ(y) is the residue field of y and μ is the class of μ in κ(y). This class comes from κ(x), which is a finite extension of k, hence is separably closed of characteristic prime to n, therefore μ is an n-th power and ∂_y(ξ_L ) = 0.

Suppose now that x belongs to C∩ E. There exists a regular system of parameters (π,δ) defining (C,E) such that f = uπδ, with u ∈ O^∗_{X ,x} . Since the ramification of ξ on Spec(O_{X ,x} ) is only along π and δ, ∂(ξ) = (α,β) ∈ κ(π)^∗/κ(π)^{∗n} ⊕ κ(δ)^∗/κ(δ)^{∗n} .

Since ∂(ξ) maps to zero in Z/n we must have α = μδ^r and β = νπ^{− r} with r ∈ Z and μ, ν ∈ O^∗_{X ,x} . If we put

η = ξ + (π,μ)_n + (δ,ν)_n + r(π,δ)_n , and compute its image by ∂we see that ∂(η) = 0, hence η ∈ Br(O_{X ,x} ). Since f = uπδ, we get (π,δ)_n = (π,f u^{− 1}π^{− 1})_n = (π,f )_n + (π,− u)_n .

The symbol (π,f )_n vanishes over L and the other symbols, as in the previous case, become unrami fied at y.

Remark 2.1.1. The technique used in the proof is essentially the one used in the papers [FS], [Sal_1] and [Sal_2]. 12

Theorem 2.2. Let A be an excellent henselian two-dimensional local domain , K its field of fractions and k its residue field. Assume that k is algebraically closed of characteristic zero. Then the maximal abelian extension of K is of cohomological dimension at most one. Proof. Let K be an algebraic closure of K and let K^{ab} ⊂ K denote the maximal abelian extension of K inside K. The field K contains all roots of unity. Hence the maximal abelian extension of K is the compositum of all fields of the shap e K(f^{1/N} ) for f ∈ K^∗.

We shall first prove: over any finite field extension of K^{ab} (inside K) which is Galois over K, any central simple algebra is split. Such an algebra comes by base change from a central simple algebra D/L, where L/K is a finite, Galois field extension of K. It is thus enough to show that such an algebra D/L may be split by a field extension L(f^{1/N} )/L, for some f ∈ K^∗ and some natural integer N.

Let B be the integral closure of A in L. This is an excellent henselian twodimensional local domain , and the map on residue fields is an isomorphism of k with the residue field of B. Let Δ be a Weil divisor on Spec(B) containing all singular points of Spec(B) and all points of codimension 1 where the algebra D ramifies. We may and shall take Δ to be G-invariant, where G = Gal(L/K ).

As Abhyankar pointed out ([Ab]), equivariant resolution of singularities of surfaces produces a proper integral regular model p : X → Spec(B) (the map p is projective and birational, L is the function field of X) such that the reduced divisor p^{− 1}(Δ)_{r ed} on X is a (nonempt y) G-invariant divisor with normal crossings, of the shap e C + E. Here is the procedure. Let S_0 be the union of the set of singular points of Spec(B) and the regular points of Spec(B) where (Δ)_{r ed} does not have normal crossings. The finite set S_0 is G-invariant. Let X_1 be the normalization of the blow-up of Spec(B) at S_0 and let Δ_1 be the reduced total inverse image of Δ on X_1. The action of G clearly extends to X_1 and Δ_1 is G-invariant. Iterating this procedure a finite number of times yields the required p : X → Spec(B) (see [Li_2], Theorem B, p. 155).

Let S be a finite, G-invariant set of closed points of X including all points of intersection of C and E and at least one point of each component of C + E.

Pro ceeding as in Theorem 2.1, we may find a function g ∈ L^∗ such that div_X (g) = C + E + J where J is a divisor whose support does not contain any point of S. Let N_{L/K} denote the norm from L to K, and let f = N_{L/K} (g) ∈ K^∗. Let d = [L : K]. The divisor of f ∈ K^∗ ⊂ L^∗ on X is of the shap e:

div_X (f ) = d ·(C + E) + � σ∈ G

σJ .

Note that no component of any σJ is a component of C + E.

Let n be the exponent of D in the Brauer group of L. Let N = nd. Let M = L(h) be a (Galois) field extension with h^N = f (thus L is one of the factors of the L-algebra L[T]/(T^N − f )). Let B_1 be the integral closure of B in M, and let Y → Spec(B_1) be a regular integral proper model, which one may assume is equipp ed with a projection map q : Y → X compatible with Spec(B_1) → Spec(B).

Let y be a codimension 1 point on Y. Let x = q(y). If x does not belong to C + E, then D is unrami fied at x, hence D_M is unrami fied at y. Assume that x is of codimension 1 on X and belongs to C + E. From h^N = f ∈ M^∗ we deduce

nd ·div_Y (h) = N ·div_Y (h) = div_Y (f ) = d ·q^{− 1}(C + E) + q^{− 1}( � σ∈ G

σJ ) , 13

hence n divides the ramification index of y over x. Since the residue of D at x belongs to H^1(κ(x),Z/n), this implies that the residue of D_M at y vanishes.

Let us now assume that x is of codimension 2 on X. If x is not an intersection point of C and E, we may argue exactly as in the proof of Theorem 2.1 and conclude that D_M is unrami fied at y. If the codimension 1 point y ∈ Y projects down to an intersection point x ∈ C ∩ E ⊂ X, a further argumen t is required. Let π,δ be a regular system of parameters of O_{X ,x} , where C is defined locally by π and E by δ. We have f = uπ^dδ^d ∈ O_{X ,x} , with u ∈ O^∗_{X ,x} . Following the argumen t of Theorem 2.1, to see that D_M is unrami fied at y, we see that we only have to prove that the symbol (π,δ)_n becomes unrami fied at y. Consider the map O^h_{X ,x} → O^h_{Y,y} induced on henselizations. We shall show that the symbol (π,δ)_n , viewed as an element of the Brauer group of the fraction field M_y of O^h_{Y,y} , vanishes. Units in the multiplicativ e group of O^h_{X ,x} are infinitely divisible. We may thus pretend that f = π^dδ^d. In O^h_{Y,y} , we have h^{nd} = π^dδ^d. The group of roots of unity in O^h_{Y,y} is isomorphic to the group of roots of unity in the algebraically closed residue field k, hence is divisible. Thus πδ = ρ^n for some ρ ∈ M_y. In_n Br(M_y) = H^2_{ét} (M_y,μ_n ) ≃ H^2_{ét} (M_y,μ^{⊗ 2}_n ), we now have (π,δ)_n = (π,π^{− 1})_n + (π,ρ^n )_n = 0 + 0 = 0.

Thus D_M is unrami fied at each codimension 1 point of Y, and by Corollary 1.9 this surface has trivial Brauer group. Hence D_M has trivial class in the Brauer group of M.

We have thus proved: if E is a finite field extension of F = K^{ab} which is Galois over K, then Br(E) = 0. Let now E be an arbitrary finite extension of F . Let M ⊂ K be the smallest field containing E and Galois over K. This is a finite extension of E. From Br(M) = 0 we conclude [M : E]Br(E) = 0. Thus on the one hand the Brauer group of E is killed by a positive integer. On the other hand, because E contains all roots of unity, the choice of an isomorphism Q/Z with the roots of unity and the Merkur’ev-Suslin theorem gives an isomorphism K_2(E) ⊗ (Q/Z) ≃ Br(E), hence Br(E) is divisible. Now Br(E) = 0, because a divisible group killed by a positive integer is trivial.

Remark 2.2.1. As pointed out by Saltman, in this last step one need not appeal to the theorem of Merkur’ev and Suslin. One may argue as in the classical paper by Brauer, Hasse and Noether. Let M/F be a finite Galois extension, with E ⊂ M. Let p be a prime number, let H ⊂ Gal(M/E) be a p-Sylow subgroup, and let N = M^H . By a transfer argumen t, the group_pBr(E) injects into the group pBr(N). The group H being nilpotent, the extension M/N is a tower of cyclic extensions N_{i+1} /N_i of degree p, with N = N_0 and N_r = M. We have_pBr(M) = 0. If_pBr(N) ≠ 0, there exists an integer i with_pBr(N_i) ≠ 0 and_pBr(N_{i+1} ) = 0. Any p-primary element in Br(N_i) is killed by the cyclic extension N_{i+1} /N_i, of degree p. This implies that any such element is a symbol (a, b)_p ∈ Br(N_i). But since the p^2-roots of unity are in K ⊂ F ⊂ N_i, we may write (a, b)_p = p.(a, b)_p2 ∈ Br(N_i). But (a, b)_p2 ∈ KerBr(N_i) → Br(N_{i+1} ), hence is killed by p. We conclude that pBr(N) = 0, hence_pBr(E) = 0. This holds for all p, hence Br(E) = 0.

Saltman’s argumen t is even more general. Here is his statemen t, which we leave as an exercise for the reader. Let p be a prime and F a field. If p = 2, assume that either F has characteristic 2 or that − 1 is a norm from F ( √ − 1)/F. Let L/F be a Galois extension, which contains a primitive p^2-root of one if F has characteristic 14

not p, and is arbitr ary otherwise. Suppose that_pBr(L) = 0. Then_pBr(K) = 0 for any finite separable extension of F containe d in L.

3. Quadra tic forms

In this section we shall use the standard notation in the algebraic theory of quadratic forms ([La]).

Theorem 3.1. Let A be an excellent henselian two-dimensional local domain in which 2 is invertible, K its field of fractions and k its residue field. Assume that k is either separably closed or finite. Every quadratic form φ of rank 3 or 4 over K which is isotropic in all completions of K with respect to discrete valuations is isotropic.

Proof. The isotrop y of the rank 3 form < a, b,c> is equivalent to the isotrop y of the rank 4 form < a, b,c,abc> . Thus we may assume that φ is 4-dimensional and after scaling that φ = < 1,a, b,abd > with a, b,d ∈ K^∗. If d is a square, then φ is the norm form of a quaternion algebra A. The condition that φ is isotropic at all completions implies that A is split at all completions of K. In particular A is unrami fied in Br(K) and hence, by Corollaries 1.9 and 1.10, is trivial. In particular, φ is hyperbolic.

Suppose now that d is not a square. Let L = K( √ d). The field L and the integral closure B of A in L satisfy the same assumptions as K and A. The form φ_L over L has trivial discriminan t and is isotropic at all completions of L at discrete valuations. By the previous case, φ_L is hyperbolic. By [La], Ch. 7, Lemma 3.1, the form φ contains a multiple of < 1,− d> and, being of discriminan t d, also contains a rank 2 subform of discriminan t 1. Hence it is isotropic.

Remark 3.1.1. For A as in Theorem 3.1, any discrete valuation ring R on the fraction field K is centered on A, i.e., A is contained in R. Indeed, since k is separably closed or finite, there exists a prime l different from the characteristic of k such that k^∗ = k^{∗l}. Hence, since A is henselian, A^∗ = A^{∗l}, hence A^∗ = A^{∗ln} for any n > 0. For any x ∈ A^∗, the valuation v(x) ∈ Z is thus divisible by arbitrarily high powers of l, hence v(x) = 0 and A^∗ ⊂ R^∗ ⊂ R. Now A = A^∗ + A^∗, hence A ⊂ R.

Remark 3.1.2. Theorem 3.1 does not in general hold for quadratic forms of rank 2 (this was also observed by Jaworski [Ja]). Let A be as in the theorem, with k algebraically closed of characteristic not 2. Let X → Spec(A) be a regular model, and let X_0 be the special fibre. By the proper base change theorem ([Mi], VI.2.7), there is an isomorphism H^1_{ét} (X,Z/2) ≃ H^1_{ét} (X_0,Z/2). P. Wagreich ([W], 6.3) has produced examples where X_0 is the union of smooth projective curves of genus zero C_i, with i ∈ Z/n (n ≥ 3), C_i intersecting C_{i+1} transv ersally in one point, and C_i ∩ C_j = ∅ for j /∈ {i− 1,i, i+ 1}. We then have H^1_{ét} (X,Z/2) = H^1_{ét} (X_0,Z/2) = Z/2.

Let ξ ∈ H^1_{ét} (X,Z/2) be the nontrivial class. Since X is regular hence normal, the map H^1_{ét} (X,Z/2) → H^1_{ét} (K,Z/2) = K^∗/K^{∗2} given by restriction to the function field is injective, hence the image ξ_K ∈ K^∗/K^{∗2} is nontrivial. On the other hand let v : K^∗ → Z be a discrete valuation on K and let R be the associated valuation ring. Let K_v be the completion of K at v. By Remark 3.1.1, we have A ⊂ R. Since X → Spec(A) is proper, there exists a point x of the scheme X on which R is centered, i.e. the local ring B = O_{X ,x} is contained in R and the inclusion is a 15

morphism of local rings. We claim that ξ_K has trivial restriction to each K^∗_v /K^{∗2}_v . This will produce an anisotropic quadratic form of rank 2 over K which is isotropic over each completion K_v. To prove the claim, it is enough to show that the image ξ_κ of ξ under the composite map

H^1_{ét} (X,Z/2) → H^1_{ét} (B,Z/2) → H^1_{ét} (κ(x),Z/2) → H^1_{ét} (κ, Z/2)

is trivial. If x is of codimension 2 on X, then the residue field κ(x) coincides with k, hence H^1_{ét} (κ(x),Z/2) = 0 and the result is clear. Suppose x is a codimension 1 point of X which is not on X_0. Let Y ⊂ X be the Zariski closure of x in X. This is a connected one-dimensional scheme which is proper and quasi-finite, hence finite over Spec(A), hence Y = Spec(T) where T is a one-dimensional henselian local ring with residue field k. Hence H^1_{ét} (T,Z/2) = 0. The map H^1_{ét} (X,Z/2) → H^1_{ét} (κ(x),Z/2) factors through H^1_{ét} (T,Z/2), hence is trivial. Let us now assume that x is the generic point of one of the components of X_0. By assumption, any such component is isomorphic to the projective line P^1_k . The map H^1_{ét} (X,Z/2) → H^1_{ét} (κ(x),Z/2) factors through the group H^1_{ét} (P^1_k ,Z/2) = 0, hence is zero.

Theorem 3.2. Let A be an excellent henselian two-dimensional local domain , K its field of fractions and k its residue field. Assume that k is separably closed. Then, for every prime l ≠ char(k), cd_l(K) = 2.

When K and k have the same characteristic, this is a theorem of M. Artin ([SGA 4 XIX], Cor. 6.3). Artin’s theorem is a statemen t for excellent henselian local rings of arbitrary dimension, but it depends on the resolution of singularities, hence when the characteristic is positive has to be restricted to small dimension.

When the characteristic of K is zero but that of k is positive, analogues of M. Artin’s results in [SGA XIX] have been obtained by O. Gabb er (some of his work is being written up by L. Illusie and K. Fujiwara). In the case under consideration here, an ad hoc proof, due to K. Kato, is describ ed by S. Saito in [Sai_1], Theorem 5.1.

Corollary 3.3. For A, K and k as in Theorem 3.2, if char(k) ≠ 2 any 3-fold Pfister form over K is split. The group I^3(K) ⊂ W(K) vanishes.

Proof. For any field F of characteristic ≠ 2 and any a, b,c ∈ F^∗ the form

<< a, b,c>> = < 1,− a> ⊗ < 1,− b> ⊗ < 1,− c>

is split if and only if the element (a) ∪ (b) ∪ (c) of H^3_{ét} (F,Z/2) vanishes (Merkurjev, see [Ara_2], Prop osition 2). In our case, H^3_{ét} (K,Z/2) = 0, whence the first result. We then have I^3K = 0, since I^3(K) is spanned by multiples of 3-fold Pfister forms.

Theorem 3.4. Let A be an excellent henselian two-dimensional local domain , K its field of fractions and k its residue field. Assume that k is separably closed and of characteristic ≠ 2. Then every quadratic form of rank at least 5 over K is isotropic.

Proof. It suffices to prove the theorem for a form φ of rank 5. In this case the form ψ = φ ⊥ < − det(φ )> , having discriminan t 1, is similar to a so called Albert form < a, b,− ab,− c,− d,cd > . We refer to [KMRT], §16 for the theory of Albert forms. We recall that an Albert form < a, b,− ab,− c,− d,cd > is isotropic if and only if the biquaternion algebra (a, b) ⊗ (c,d) is not a division algebra. In our 16

case, by the cyclicity result (Theorem 2.1) no such algebra is a division algebra and therefore ψ is isotropic. This means that φ represen ts det(φ ) and hence is of the form < det(φ ) > ⊥ φ_0, where φ_0, having determinan t 1, can be written as det(φ )·< u, v,w,uvw> for some u, v,w ∈ K^∗. This shows that

φ = det(φ )·< 1,u, v,w,uvw>

is similar to a subform of << u, v,w >> . But a 3-fold Pfister form over K, by Corollary 3.3, contains a 4-dimensional totally isotropic space, which intersects the underlying space of φ in a nontrivial space. This proves that φ is isotropic.

Remark 3.4.1. The same argumen t would yield a local-global principle for the isotrop y of 5-dimensional forms over the field of fractions of an excellent henselian two-dimensional local domain with finite residue field, if the following question over such a field K had a positive answer:

Let D be the tensor product of two quaternion algebras over K. Assume that D ⊗_K K_v is similar to a quaternion algebra over each completion K_v of K at a rank one discrete valuation. Is D similar to a quaternion algebra over K?

Prop osition 3.5. Let Y be an irreducible algebraic surface over a finite field F and let A be a local domain which is the henselization of Y at a closed point. Let K be the fraction field of A. For any integer n prime to the characteristic of F, the map H^3_{ét} (K,μ^{⊗ 2}_n ) → � v H^3_{ét} (K_v,μ^{⊗ 2}_n ), where v runs through the discrete valuations of K, is injective.

Proof. We shall prove an a priori stronger statemen t. Let X → Spec(A) be a regular model of A. Let H^3(μ^{⊗ 2}_n ) denote the Zariski sheaf associated to the presheaf U → H^3_{ét} (U,μ^{⊗ 2}_n ). We claim that the group H^0(X,H^3(μ^{⊗ 2}_n )) vanishes.

Note that since X is regular and essentially of finite type over a field, the Bloch- Ogus theory applies (see [BO], [CT]). We therefore have an exact sequence

H^3_{ét} (X,μ^{⊗ 2}_n ) → H^0(X,H^3(μ^{⊗ 2}_n )) → CH^2(X)/n

(see [CT] (3.10)). The only codimension 2 points on X are the closed points of the special fibre X_0. Given any such point M, one may find an integral curve Y ⊂ X which is not contained in X_0 and on which M is a regular point (indeed the local ring at M is a two-dimensional regular local ring). This regular integral curve Y is proper and quasifinite, hence finite over Spec(A). Thus Y is affine, Y = Spec(T). By one of the definitions of a henselian local ring, T is local, hence is a discrete valuation ring. Hence on this curve M is rationally equivalent to zero, hence also on X.

The above exact sequence now reduces to a surjectiv e map

H^3_{ét} (X,μ^{⊗ 2}_n ) → H^0(X,H^3(μ^{⊗ 2}_n )).

Going over to multiples of n prime to the characteristic of F, and passing to the direct limit, we obtain a commutativ e diagram

H^3_{ét} (X,μ^{⊗ 2}_n ) � � H^0(X,H^3(μ^{⊗ 2}_n )) � H^3_{ét} (X,Q/Z^′(2)) �H^0(X,H^3(Q/Z^′(2)))

Here for any j ≥ 0, we let Q/Z^′(j) be the direct limit of all μ^{⊗ j}_n for n running through the integers prime to the characteristic of F. The map H^0(X,H^3(μ^{⊗ 2}_n )) → H^0(X,H^3(Q/Z^′(2))) is injective: indeed, the map H^3_{ét} (K,μ^{⊗ 2}_n ) → H^3_{ét} (K,Q/Z^′(2)) is injective by the Merkurjev-Suslin theorem. To prove our claim, it is enough to show that the group H^3_{ét} (X,Q/Z^′(2)) vanishes. By the proper base change theorem ([Mi], VI.2.7), we have H^3_{ét} (X,Q/Z^′(2)) ≃ H^3_{ét} (X_0,Q/Z^′(2))) . The Hochschild-Serre spectral sequence for the curve X_0 over the finite field F yields an isomorphism H^3_{ét} (X_0,Q/Z^′(2)) ≃ H^1_{ét} (F,H^2_{ét} (X_0,Q/Z^′(2))) . Because the Brauer group of the (possibly singular) proper curve X_0 is trivial ([GB III], Cor. 5.8, p. 132), we have

P ic(X_0) ⊗ Q/Z^′(1) ≃ H^2_{ét} (X_0,Q/Z^′(1))) .

Thus H^1_{ét} (F,H^2_{ét} (X_0,Q/Z^′(2))) = H^1_{ét} (F,P ⊗ Q/Z^′(1)) for P = P ic(X_0). Now for any discrete Galois module P over F, we have H^1_{ét} (F,P ⊗ Q/Z^′(1)) = 0. Let us recall the proof of this well-known lemma: reduce to P finitely generated, use the fact that F is of cohomological dimension 1 to reduce to the case where P a permutation lattice, use Shapiro’s lemma and finally use H^1_{ét} (F_1,Q/Z^′(1)) ≃ F^∗_1 ⊗ Q/Z^′ = 0 for any finite extension F_1 of F.

Remark 3.5.1. Proposition 3.5 should be compared with Theorem 5.2 of Saito [Sai_2]. When A is normal, Saito’s theorem computes the kernel of the map

H^3_{ét} (K,μ^{⊗ 2}_n ) → � v H^3_{ét} (K_v,μ^{⊗ 2}_n )

when the product is restricted to the valuations given by primes of height one on A. That kernel need not be zero.

Theorem 3.6. Let Y be an algebraic surface over a finite field F of characteristic different from 2. Let A be a local domain which is the henselization of Y at a closed point. Let K be the fraction field of A. The map I^2(K) → � v I^2(K_v), where v runs through the discrete valuations of K, is injective.

Proof. By Merkurjev’s theorem, the classical invariant e^2_K : I^2(K) → H^2_{ét} (K,Z/2) has kernel I^3(K). By Corollary 1.10, the map H^2_{ét} (K,Z/2) → � v H^2_{ét} (K_v,Z/2) is an injection. Hence the kernel of I^2(K) → � v I^2(K_v) is contained in the kernel of I^3(K) → � v I^3(K_v). The field K is a C_3-field, hence I^4(K)=0. By Prop.

3.1 of [AEJ], this implies that the Arason invariant e^3_K : I^3(K) → H^3_{ét} (K,Z/2) is injective. Prop osition 3.5 shows that H^3_{ét} (K,Z/2) → � v H^3_{ét} (K_v,Z/2) is an injection. Therefore the kernel of I^3(K) → � v I^3(K_v) is zero and the theorem follows.

4. The real case

A quadratic form φ over a field K is said to be torsion if, for some integer n, the form n ·φ = φ ⊥ ···⊥ φ is hyperbolic. By a well-known theorem of Pfister, φ is torsion if and only if φ_R is hyperbolic for every real closed extension K ⊂ R.

By a result of Arason (see [AEJ], Lemma 2.2), for an element ξ ∈ H^n_{ét} (K,Z/2), ξ_R is zero in H^n_{ét} (R,Z/2) for all real closed extensions K ⊂ R if and only if there exists a natural integer i such that the cup-pro duct ξ∪ (− 1) ∪ ···∪ (− 1) is zero in H^{n + i}_{ét} (K,Z/2); here (− 1) denotes the class of − 1 in K^∗/K^{∗2} = H^1_{ét} (K,Z/2). We say that such a class is (− 1)-torsion. 18

Theorem 4.1. Let A be an excellent henselian two-dimensional local domain , K its field of fractions and k its residue field. Assume that k is real closed. Every (− 1)-torsion element ξ ∈ H^2_{ét} (K,Z/2) is the class of a quaternion algebra.

Proof. Let K = K( √ − 1). By Theorem 3.2, the field K has cohomological dimension 2. Consider the long exact cohomology sequence

···→ H^i_{ét} (K,Z/2)^{C or K /K}−−−−−→ H^i_{ét} (K,Z/2)^{∪ (− 1)}−−−−→ H^{i+1}_{ét} (K,Z/2) → ···

(see [Ara_1], Corollary 4.6) where Cor_{K /K} denotes the corestriction map. Since H^i_{ét} (K,Z/2) = 0 for i ≥ 3, the group H^3_{ét} (K,Z/2) is (− 1)-torsion free. This implies ξ ∪ (− 1) = 0, hence from the same sequence we conclude that there exists a ~ξ ∈ H^2_{ét} (K,Z/2) such that Cor_{K /K} (~ξ) = ξ .

Resolution of singularities and uninhibited blowing up yield an integral regular scheme X and a projective birational morphism π : X → Spec(A) such that the ramification locus ram_X (ξ) of ξ on X is contained in C + E with C and E regular curves with normal crossings ([Sh], Theorem, page 38 and Remark 2, page 43). Similarly, one can ensure that ram_X (~ξ) ⊂ C + E on X = X ×_Z Spec(Z( √ − 1)), where C and E are the preimages of C and E. Since the projection X → X is étale, C and E are also regular, with normal crossings. As in the proof of Theorem 2.1, we can find an f ∈ K^∗ such that, ~ξ_{K (}^√_{f )} is zero in Br(K( √ f )). From the commutativ e diagram

H^2_{ét} (K,Z/2) � � H^2_{ét} (K( √ f ),Z/2) � H^2_{ét} (K,Z/2) �H^2_{ét} (K( √ f ),Z/2)

we see that ξ_{K (}^√_{f )} = 0. This proves that ξ is the class of a quaternion algebra.

Theorem 4.2. Let A be an excellent henselian two-dimensional local domain , K its field of fractions and k its residue field. Assume that k is real closed. Then every 4-dimensional torsion form over K which is isotropic in each completion with respect to a discrete valuation of K is isotropic.

Proof. Let φ be such a form and let d be its discriminan t. Let L = K( √ d). It suffices to show that φ_L is isotropic (see [La], chap. 7, Lemma 3.1). Scaling φ_L we may assume that it is of the form < 1,− a, − b,ab> , hence it suffices to show that the associated quaternion algebra (a, b)_L is trivial. Let B be the integral closure of A in L and π : X → Spec(B) a projective birational morphism, with X regular and integral. The quaternion algebra (a, b) is unrami fied at each codimension 1 point of X because it is trivial in all completions with respect to the discrete valuations of L. By Lemma 1.2(c), it comes from a class α ∈ Br(X). If X_0 is the closed fiber of π, by Theorem 1.3 we have Br(X) ∼→ Br(X_0); thus, to show that α = 0 it suffices to show that its restriction to X_0 is trivial. By Prop osition 1.13 it suffices to show that α vanishes at all real points of X_0. Now, the torsion assumption on φ implies that (a, b)_L vanishes at all real closures of L. By Lemma 1.11 this implies that it also vanishes at all real closed points of X, in particular at all rational points of X_0.

Prop osition 4.3. Let A be an excellent henselian two-dimensional local domain , K its field of fractions and k its residue field. Assume that k is real closed. Then every 6-dimensional torsion form over K is isotropic.

Proof. Let φ = < a, b,c,d,e,f > be a 6-dimensional torsion form. For any real closed extension R of K the discriminan t of φ_R is − 1, hence ψ = < a, b,c,d,e,− abcde> is torsion as well. Now, ψ is a scalar multiple of a torsion Albert form. By Theorem 4.1 and the basic property of Albert forms, such forms are isotropic pver K, hence ψ is isotropic over K. As in the proof of Theorem 3.4, this implies that the form < a, b,c,d,e> is similar to a subform of a 3-fold Pfister form χ. This Pfister form becomes isotropic hence hyperbolic when going over to any real closure of K, hence it is torsion over K. But, as we already saw in the proof of 4.1, H^3_{ét} (K,Z/2) is torsion free and thus χ is trivial. This implies that < a, b,c,d,e> is isotropic, hence also φ .

Theorem 4.4. Let A be an excellent henselian two-dimensional local domain , K its field of fractions and k its residue field. Assume that k is real closed. Then every torsion form φ over K of even rank ≥ 6 is isotropic.

Proof. By Prop osition 4.3 we may assume that φ is of rank at least 8. Let d ∈ K^∗ be the (signed) discriminan t of φ . Then < − 1,d> is a torsion form, and φ ⊥ < − 1,d> is an even dimensional form which is in I^2K and is torsion. Its Clifford invariant is torsion, hence, by Theorem 4.1, this Clifford invariant is represen ted by a torsion 2- fold Pfister form ψ. The form φ ⊥ < − 1,d> ⊥ − ψ is a torsion form in I^3(K). Since K( √ − 1) has cohomological dimension 2, we have I^3(K( √ − 1)) = 0 (by Merkurjev’s theorem). By Prop. 1.24 of [AEJ], this implies that I^3(K) is torsion free hence φ ⊥ < − 1,d> ⊥ ψ is hyperbolic and φ , being of rank at least 8, must be isotropic.

5. Beyond quadra tic forms: some resul ts and conjectures

In this section, we let A be an excellent henselian two-dimensional local domain , K its field of fractions and k its residue field. We assume that k is algebraically closed of characteristic zero. We let Ω = Ω_K be the set of all discrete valuations on K. For v ∈ Ω , we let K_v denote the completion of K at v. By the theorem of Gabb er and Kato (Theorem 3.2 above), the cohomological dimension of K is two.

Recall a conjecture of Serre: for any semisimple simply connected linear algebraic group G over a perfect field F of cohomological dimension two, H^1(F,G) = 0.

Theorem 5.1. Let G be a semisimple simply connected linear algebraic group over K. Then H^1(K,G) = 0.

Proof. Since any finite field extension of K is the field of fraction of an excellent henselian two-dimensional local domain whose residue field is algebraically closed of characteristic zero, a standard argumen t allows us to assume that G/K is absolutely almost simple. Since the cohomological dimension of K is two, the statemen t follows for groups of type A^1_n (Merkurjev –Suslin, see [BP]) and for all groups of classical type and of type G_2 and F_4 (Bayer–Parimala [BP]).

By theorem 2.1, the field K has the additional property that a division algebra over K of exponent n has index n. Gille’s results ([Gi], §IV.2, Théorèmes 8, 9, 10) then yield H^1(K,G) = 0 for exceptional groups not of type E_8. Theorem 2.2 and Gille’s Théorème 11 give H^1(K,G) = 0 for G of type E_8. 20

Remark 5.1.1. V. Chernouso v tells us that the (imaginary) number field metho d ([PR], Chap. 6), together with Theorems 2.1, 2.2 and 3.2 of the present paper, can be adapted to yield a more “ classical” proof for the exceptional groups.

Theorem 5.2. Let G be a connected linear algebraic group over K. Assume that G is adjoint. Then the diagonal map

H^1_{ét} (K,G) → � v∈ Ω

H^1_{ét} (K_v,G)

is injective.

Proof. The group G is a direct product of Weil restrictions of scalars R_{K i /K} (G_i) of absolutely simple groups G_i/K_i. Replacing K by a finite field extension and A by its integral closure in such an extension, one is reduced to proving the injectivit y property for an absolutely simple K-group G. Let

1 → μ → G̃ → G → 1

be the isogeny defined by the universal covering. Let L be the field of definition of the character group of μ. Inspection shows that all Sylow subgroups of Gal(L/K ) are cyclic (cf. [San], Cor. 5.4). This implies that there exists an exact sequence of K-groups of multiplicativ e type

1 → μ → P → Q → 1

where P is a quasi-trivial torus (products of Weil restriction of scalars R_{K i /K} G_m ) and Q is a direct factor of such a quasi-trivial torus (use [CS],Lemma 0.6, p. 155 and the theorem of Endo and Miyata mentioned on the same page). Taking the Galois cohomology sequence associated to the above exact sequence, and using Hilbert’s theorem 90 (and Shapiro’s lemma), one reduces the injectivit y of the diagonal map

H^2_{ét} (K,μ) → � v∈ Ω

H^2_{ét} (K_v,μ)

to that of Br(L) → � w∈ Ω_L Br(Lw ) for all finite field extensions of K, which is a

consequence of Corollary 1.9 (this corollary holds over all finite extensions of K).

Comparing the exact sequence of pointed sets

H^1_{ét} (K,G̃) → H^1_{ét} (K,G) → H^2_{ét} (K,μ)

with the same sequences over each K_v yields the result.

The results of the present paper and analogy with the well-studied case of homogeneous spaces of linear algebraic groups over a number field (see [Bo], in particular Corollary 7.5 and its proof) lead us to two (related) conjectures:

Conjecture 5.3. Let X/K be a smooth, connected, projective variety which is a homogeneous space of a connected semisimple group G/K. If for each v ∈ Ω the set X(K_v) of K_v-points is not empty, then the set X(K) of K-rational points is not empty.

The case of Severi-Brauer varieties is covered by the results of §1. That of smooth quadrics of dimension at least one is covered by the results of §3. Gille points out that Theorem 5.2 implies Conjecture 5.3 in the case where the geometric stabilizers are Borel subgroups. 21

Conjecture 5.4. Let G̃ → G be the quotient of a semi-simple simply connected K-group by its centre μ. Then the non-commutative boundary map H^1_{ét} (K,G) → H^2_{ét} (K,μ) is surjective.

In the special case of the isogeny SL_n → P GL_n , Conjecture 5.4 is a consequence of Theorem 2.1.

References

[Ab] S. S. Abh yankar, Equivariant resolution of singularities of surfac es, Priv ate comm unication, Mum bai 2001.

[Ara_1] J. Kr. Arason , Cohomo logische Inva rianten quadr atischer Formen , J. Algebra 36 (1975), 448–491.

[Ara_2] J. Kr. Arason , A proof of Merkurjev’s theorem, Quadratic and hermitian forms , Canadian Mathematical Society Conference Pro ceedings , vol. 4, Amer. Math. Soc., Pro vidence, RI, 1984, pp. 121–130.

[AEJ ] J. Kr. Arason, R. Elman and B. Jacob , The graded Witt ring and Galois cohomology, I, Quadratic and hermitian forms , Canadian Mathematical Society Conference Pro ceedings , vol. 4, Amer. Math. Soc., Pro vidence, RI, 1984, pp. 17–50.

[Art_1] M. Artin , Algebraic appr oximation of structur es over complete local rings , Publ. Math. I.H.E.S. 36 (1969), 23–58.

[Art_2] M. Artin , Two-dimensional orders of finite representation type, Man uscripta mathematica 58 (1987), 445–471.

[SGA 4] M. Artin, A. Grothendiec k, J.-L. Verdier , Théorie des Topos et cohomolo gie étale des schémas , Lecture Notes in Mathematics , vol. 269, 270, 305, Springer-V erlag , Berlin , 1972-1973 .

[Ba] H. Bass , Algebraic K-The ory, Benjamin , New York-Amsterdam , 1968. [BP ] E. Bayer-Fluc kiger and R. Parimala , Galois cohomolo gy of the classic al groups over fields of codimension ≤ 2, Inventiones math. 122 (1995), 195–229.

[BO] S. Bloch and A. Ogus , Gersten ’s conjectur e and the homolo gy of schemes , Ann. Sci. Ec. Norm. Sup., 4. sér. 7 (1974), 181–202.

[Bo] M. V. Borovoi, Abelianization of the second nonab elian Galois cohomolo gy, Duk e Math. J. 72 (1993), 217–239.

[CDLR ] M. D. Choi, Z. D. Dai, T. Y. Lam, B. Reznic k, The Pythagor as numb er of some affine algebr as and local domains , J. reine angew. Math. (Crelle) 336 (1982), 45–82.

[Ci] M. Cip olla, Remarks on the lifting of algebr as over Henselian pairs , Math. Z. 152 (1977), 253–257.

[CS] J.-L. Colliot-Th élène and J.-J. Sansuc , Princip al Homo geneous Spaces under Flasque Tori , Journal of Algebra 106 (1987), 148–205.

[CT ] J.-L. Colliot-Th élène, Cycles algébriques de torsion et K -théorie algébrique , Arithmetical Algebraic Geometry , C.I.M.E. 1991, ed. E. Ballico, Lecture Notes in Mathematics , vol. 1553, Springer-V erlag , Berlin , 1993, pp. 1-49.

[DK] F. R. Demey er and M.-A. Knus, The Brauer group of a real curve , Pro c. Amer. Math. Soc. 57 (1976), 227-232 .

[EL] R. Elman and T.-Y. Lam , Quadr atic forms and the u-invariant I, Mathematisc he Zeitsc hrift 131 (1973), 238-304 .

[FS] T. J. Ford and D. J. Saltman , Division algebr as over Henselian surfac es, Ring Theory 1989 (Ramat Gan and Jerusalem, 1988/1989) , Israel Math. Conf. Pro c., vol. 1, Weizmann , Jerusalem , 1989, pp. 320–336.

[Ga] O. Gabb er, Some theorems on Azumaya algebr as, Ph. D. Thesis, Harv ard Univ ersit y, 1978, Group e de Brauer , Lecture Notes in Mathematics , vol. 844, Springer-V erlag , Berlin , 1981.

[Gi] P. Gille, Cohomolo gie galoisienne des groupes quasi-d éployés sur des corps de dimension cohomolo gique ≤ 2, Comp ositio Mathematica 125 (2001), 283–325.

[EGA I] A. Grothendiec k (avec la collab oration de J. Dieudonn é), EGA I, Publ. Math. I.H.E.S. 4 (1960).

[EGA II] A. Grothendiec k (avec la collab oration de J. Dieudonn é), EGA II, Publ. Math. I.H.E.S. 8 (1961). 22

[EGA III_1] A. Grothendiec k (avec la collab oration de J. Dieudonn é), EGA III, Pr emière Partie , Publ. Math. I.H.E.S. 11 (1961).

[EGA IV_2] A. Grothendiec k (avec la collab oration de J. Dieudonn é), EGA IV, Seconde Partie , Publ. Math. I.H.E.S. 24 (1965).

[EGA IV_3] A. Grothendiec k (avec la collab oration de J. Dieudonn é), EGA IV, Troisième Partie , Publ. Math. I.H.E.S. 28 (1966).

[EGA IV_4] A. Grothendiec k (avec la collab oration de J. Dieudonn é), EGA IV, Quatri ème Partie , Publ. Math. I.H.E.S. 32 (1967).

[GB I] A. Grothendiec k, Le groupe de Brauer , Dix exp osés sur la cohomologie des schémas , Masson and North-Holland , Paris and Amsterdam , 1968, pp. 46–66.

[GB II] A. Grothendiec k, Le groupe de Brauer II, Dix exp osés sur la cohomologie des schémas , Masson and North-Holland , Paris and Amsterdam , 1968, pp. 67–87.

[GB III] A. Grothendiec k, Le groupe de Brauer III , Dix exp osés sur la cohomologie des schémas , Masson and North-Holland , Paris and Amsterdam , 1968, pp. 88–188.

[HA] D. Hatt-Arnold , Le problème de Minkowski-Hasse pour les quadriques définies sur C((X,Y)), thèse n^∘ 2181 (1986), Gen ève.

[Ho] R. T. Hoobler , Gener alized class field theory and cyclic algebr as, K -theory and algebraic geometry: connections with quadratic forms and division algebras (San ta Barbara, CA, 1992) , Pro c. Symp os. Pure Math. , vol. 58, Part 2, Amer. Math. Soc., Pro vidence, RI, 1995, pp. 239–263.

[Ja ] P. Ja worski , On the strong Hasse principle for fields of quotients of power series rings in two variables , Math. Z. 236 (2001), 531–566.

[Ka] K. Kato , A Hasse principle for two-dimensional global fields , J. für die reine und ang. Math. (Crelle) 366 (1986), 142–181.

[Kn] M. Knebusc h, On algebr aic curves over real closed fields II, Math. Z. 151 (1976), 189–205.

[KMR T] M.-A. Knus, A. S. Merkurjev, M. Rost, J.-P . Tignol , The book of involutions , Amer. Math. Soc. Collo quium Publications , vol. 44, American Mathematical Society, Pro vidence, RI, 1998.

[La] T.Y. Lam , The algebr aic theory of quadr atic forms , Benjamin , 1980. [Li_1] J. Lipman , Intr oduction to resolution of singularities , Pro c. Symp. Pure Math. 29 (1975), 187–230.

[Li_2] J. Lipman , Desingularization of two-dimensional schemes , Ann. Math. 107 (1978), 151–207.

[Mi] J. S. Milne , Étale Cohomolo gy, Princeton Mathematical Series , vol. 33, Princeton Univ ersit y Press , Princeton, New Jersey , 1980.

[OPS ] M. Ojanguren, R. Parimala and R. Sridharan , Ketu and the second invariant of a quadr atic space, K -Theory 7 (1993), 501–515.

[PR ] V. P. Platono v and A. Rapinc huk, Algebraic Groups and Number The ory, vol. 139, Academic Press , 1994.

[Sai_1] S. Saito , Arithmetic on two-dimensional local rings , Inventiones math. 85 (1986), 379–414.

[Sai_2] S. Saito , Class field theory for two-dimensional local rings , Galois Represen tations and Arithmetic Algebraic Geometry , Advanced Studies in Pure mathematics , vol. 12, 1987, pp. 343-373 .

[Sal_1] D. J. Saltman , Division algebr as over p-adic curves , J. Raman ujan Math. Soc. 12 (1997), 25–47.

[Sal_2] D. J. Saltman , Division algebr as over p-adic curves: corr ections , J. Raman ujan Math. Soc. 13 (1998), 125–129.

[San ] J.-J. Sansuc , Groupe de Brauer et arithm étique des groupes algébriques linéair es sur un corps de nombr es, Journal für die reine und angew andte Mathematik (Crelle) 327 (1981), 12–80.

[Sch] C. Scheiderer , Real and Étale Cohomolo gy, Lecture Notes in Mathematics , vol. 1588, Springer-V erlag , Berlin , 1994.

[Sh] I. R. Shafarevic h, Lectur es on Minimal Models and Bir ational Transformations of Two Dimensional Schemes , Tata Institute of Fundamen tal Researc h, Bombay, 1966. 23

[W] Ph. Wagreic h, Elliptic singularities of surfac es, Am. J. Math. 92 (1970), 419–454.

J ean-Louis Col l iot -T hél ène, C.N.R.S., UMR 8628, Mat hémat iques, Bât iment 425, Univer sit é de Par is-Sud, F-91405 Or say Fr ance

Manuel Ojangur en, Inst it ut de mat hémat iques, Univer sit é de Lausanne, CH-1015 Lausanne Suisse

Raman Par imal a, Tat a Inst it ut e of Fundament al Resear ch, School of mat hemat - ics, Homi Bhabha Road, Mumbai 400005 India