
JOURNAL OF MATHEMATICAL ANALYSIS AND APPLICATIONS 44, 384-404 (1973) 

Conjugate Convex Functions in Optimal Stochastic Control* 

JEAN-MICHEL BISMUT 

Ing.+zieur au Corps des Mines, Paris, France 

Submitted by J. L. Lions 

This paper is concerned with the applications of general methods of convex 
analysis to problems of optimal stochastic control. In particular we will 
define what dual problems are in optimal stochastic control, and what the 
coextremality conditions for dual optimums are. The problem that we solve 
here being more general than a purely deterministic one, the results which 
are given include the results of deterministic control. 

The methods and the exposition of the results are very similar to the 
corresponding methods used by Rockafellar in [13], to which we will refer 
constantly. 

One of the apparent shortcomings of the method is that, using strictly 
variational methods, it must suppose that the information u-fields are fixed. 
In some cases, where the information u-fields are generated by the state 
variable, it is possible to apply the duality methods to a modified problem. 
But they will not give us the strong results it is possible to obtain by studying 
more specialized problems, as existence of optimal Markov controls. We 
develop other methods in [2] for this type of problem. The obvious reason 
is that, by developing a formalism applicable to purely deterministic cases, 
as to stochastic cases, it does not use the stochastic features of the problem 
in some purely stochastic cases. 

Because of their very technical nature, existence results will not be given 
here, but are developed extensively in [l] and [2]. 

The results of probability theory which we use can be found in [7] and [8], 
which we will take as references. 

* This paper has been written after the second part of a thesis to be submitted at 
the FacultC des Sciences de Paris. It has been partially supported by I.R.I.A. (Institut 
de Recherches en Informatique et Automatique) 78 Rocquencourt, France. 
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CONJUGATE CONVEX FUNCTIONS 385 

1. NOTATIONS 

(Sz, 9, P) is a complete probability space. 
vJtcR+ is an increasing sequence of complete sub u-fields of CF, which 

has the following properties: 

(a) It is right-continuous [7, IV, 301. 

(b) It has no time of discontinuity [7, VII D.391. 

This last assumption is not strictly necessary, but we make it to simplify the 
results. 

Y is the u-field of 52 x [0, + cc[ of the well measurable sets [7, VIII D. 141. 
5* is its completion for the measure dP @ dt.l 

V is a n-dimensional vector space (n > 1). 
w is a m-dimensional Brownian motion on (Q, 9, P), nonanticipating 

relative to {Ft},,,+ . w may be defined equivalently as a square-integrable 
a.s. continuous martingale on (Sz, %, P) with values in Rm, such that, by 
writing w = (wr ,..., w,), we have, with the notations of [8], 

d(wi ) Wj) = 6ij dt. (1.1) 

This definition is correct by the result of Levy [S, p. 1101. Moreover, we 
extend the definitions for m = 0, by taking, conventionally, w as the one- 
dimensional null process. 

w having continuous paths, formula (1.1) and the results of [S] show that 
it is possible to define unambiguously the stochastic integral of a .Y* class of 
Y-measurable processes H such that for any t, we have: 

E tIHs12ds<+c0. 
s 0 

(1.2) 

We can use for that purpose the “classical” definitions of the stochastic 
integral of [S, Remark, p. 801 or the definition of [8, Theorem 7, p. 861. 

More generally, we could have supposed that w is only a square-integrable 
martingale, such that d(wi , wj) is a.s. absolutely continuous with respect to 
the Lebesgue measure on [0, + co[, by taking the “classical” definition of 
the stochastic integral for well measurable processes. The reader can do this 
extension easily. 

For any stopping time u, Lao is the space of square-integrable .%-measur- 
able random variables, with values in v. 

S is a a.s. nonnull stopping time, a.s. bounded by a finite constant T. 

1 For our purpose Y could have been only the o-field of nonanticipating sets. 

409/44/2-g 
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L,, is the space of the dP @ dt classes u of F*-measurable functions with 
values in V, such that 

E (jos I ut I df)’ -=c +@. U-3) 

We define a norm on L,, by 

(1.4) 

L,, is the space of the dP @ dt classes y of T*-measurable functions with 
values in V, such that 

E(sup ess 1 x1 1”) < +a. 
0<t<.S 

(l-5) 

We define then a norm on L,, by 

L,, is the space of the dP @ dt classes H of Y-*-measurable functions with 
values in P such that 

EIS/H,/2dt<+m. (1.7) 
0 

We define a norm on L,, by 

II H 1122 = (E lo’ I Ht I2 dt)li2~ U-8) 

By convention, we assume that the elements of L,, , L,, , L,, are equal to 0 
for t > S. 

Duality brackets are then defined: 

(a) between L,“ and L,o by the standard scalar product, 

(b) between L,, and Lzm by 

E os Cut 3 rt> & s 

(c) between L,, and L,, by 

w 

(1.10) E j-‘(H, , H,‘) dt. 
0 
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We consider on the previous spaces only locally convex topologies compa- 
tible with the duality previously defined. In particular, LtQ and La, being 
Hilbert spaces, the norm topology is compatible with the duality. 

& is the space of square-integrable martingales with values in V stopped at 
S, null at 0. L can be identified to a closed subspace of Lzs, on which we put 
the induced topology. 

W is the subspace of & generated by the stochastic integrals relative to w 
of elements of L,, . W is a stable space, in the sense of [8, p. 80, no. 41. Let 
WJ- be the orthogonal of W in L in the sense of [8, p. 81, Theorem 51. 

We suppose then that WL is decomposed in the sum of two orthogonal 
subspaces of martingales WI and W,: 

w-’ = w, @ w, . (1.11) 

Practically, WI will be either w-L or (0). This decomposition will be justified 
afterwards. In particular, if (.FJteR+ is the family of o-fields generated by w, 
a result of Ito [8, p. 1351 shows that WA = (0). 

PROPOSITION I-l. Let (x0, k, H, 44) and (p, ,b, H’, M’) be two elements 
of L,O x L,, x L,, x Wl. Then, if we define the right continuous processes 
x and p by 

t 

Xt = x0 + s 

t 

f, ds + 
0 s H, . dw, -I Mt , 

0 

Pt=Po+j-otAds+ jtWdws+W’, 
0 

(1.12) 

then the process N, defined by 

Nt = (pt , xt> - (~0, xo> - jot <A > xs> ds - jot (P, > 9,) ds (1 13J 

- s t (Hs > K’) ds - <Mt , Mt’) 
0 

is a martingale, null at the origin. 

Proof. The formula of change of variables in [8, p. 1111 on local semi- 
martingales proves that 

(Pt , xt) = (PO 3 xo> + jot (A, xs> ds + J',I <A, 2s) ds 

+ jot <Hs 3 4’) ds + jot d[M, , Ms’l + lot <xs , H,‘) - dw, 

+ jot (Pi 9 HJ * dwa + jot (x8- , dM8') + jot <~a- 9 dMs>. 
(1.14) 
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Moreover, we known that 

wt ? Mt’) - jot 4Ms > MS’1 

is a martingale. (1.14) proves, then, that N is a local martingale, stopped at S. 
What is left to be proved is that for any t in [0, T], {iV+ A ,y} s’ stopping time 
is a uniformly integrable family of random variables. 

Remark 2 of VI in [7] proves that 

Ec,gzT I Mt I”> < 4E I MS 12, 

“Cv, I Mt’ I”) < 4E I Ms’ I29 
(1.15) 

E (oszT 1 J’,’ Hs * deo, I”) ,< 4 II HII;2 , 

E (,:;T* 1 sot H,’ * dw, 12) < 4 II H II;2 - 
. . 

We deduce immediately that 

“by;, I xt I”> -=I +a 
. . 

(1.16) 

We have then 
(1.17) 

IS ot (P, , s> ds 

IS t Ws , 4') ds 
0 

KM, 9 Mt') 

j -i(~lW~)o~~~TIP.l~ 

j < (Jot 1 H, I2 ds)lia (j-f I H,’ I2 ds)lil, 
(1.18) 

I ~O~~TIMu/o~~~T!*~‘I~ 

The assumptions that we have made prove then that each of the random 
variables on the right side of (1.18) is integrable. (1.17) and (1.18) prove that 

(1.19) 

Thus, the result is proved. m 
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COROLLARY. Under the assumptions of Proposition I-l, one has 

E((Ps > x5+) = E(<Po t 0 I))+qoS(<P,> xt> + <Pt 7 4)) dt 

+ E 1” Wt , Hi’) dt + E(Ws > MS’)). 
0 

Proof. N, being a martingale, NT has a null mean, and Nr 
The result follows. 1 

2. THEPROBLEM OF CONTROL 

A. Preliminaries 

389 

N S’ 

Let L be a normal convex integrand in the sense of [lo], defined 
on (52 x [0, +co[) x V x I/’ x Vm, Q x [0, +cc[ being considered as 
the measured space: 

(f2 x [0, +a& 9-*, dP @I dt). 

Let L* be the dual integrand of L. L* is then normal, by [lo]. 
Let M be defined by 

M(w, t, p, s, H’) = L*(w, t, s,P, H’). (2.1) 

Let 1, and 1, be two convex lower semi-continuous functionals defined 
respectively on L,O and Lzs with values in R v (+ cc), and nonidentically 
+ 00. Let 1,” and 1,* be their duals. We define 1 and m on L$ x Lts by 

&o , cs> = lo(co> + Mcs), 

m(co, cs) = zo*(co) + b*(--4. 

We make the following assumptions on L and M. 

(2.2) 

ASSUMPTION II-l. One cun$nd (p, , so, H,,‘) inL,, x L,, x L,, such that 

E ’ 
1’ Mb, t, po(w, t), so(w, t), K,‘(w> 9) dt < +a, (2.3) 

0 

ASSUMPTION 11-2. One can find (x0 , y. , Ho) in L,, x L,, x L,, such 
that 

E I &J, t, xo(w, 0, yo’a(w, t), Ho+, t)) df < em. 
0 

(2.4) 
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Let us notice here that all the spaces of measurable functions which have 
been introduced are decomposable in the sense of [IO], and this will entitle 
us to use the results of Rockafellar in [lo] and [Ill. 

B. The Problem of Control 

We define R, RI and R2 by 

R=LSQxLS1 XL,, x WL, 

Rl=L,O XL,, xLzz x WI, 
R,=L,O xLzl xLzz x W,. 

To any (x0 , k, H, M) in R we associate the process xt by t t xt = x0 + s ks ds + s H, - dw, f M, . 
0 0 

(2.5) 

(2.6) 

The proof of Proposition I-l shows that 

x defines, then, an element of L,, . 
Moreover, the general properties of stochastic processes say that decompo- 

sition (2.6) is unique. We can identify, then, R to a space of right-continuous 
stochastic processes. 

In the same way, RI and R, will be identified to the stochastic processes 
that their elements define. 

DEFINITION II-I. aIBL is the functional defined on R by 

&o , xs) + E f L(w’ t, x(w 6, *‘(w 4, H(w, t)) dt 
if 3~4, 

+00 if x$R, - 
P-7) 

@ m.Iu is the functional defined on R by 

m(Po 7 PSI 
^ s 

+ E J,- M(w, t, P(W t>, I@, 0, H’b, t>> dt 
if PE%> 

+co if P&%. (2.8) 

Assumptions II-1 and II-2 prove that CD,,, and @m,M are defined unambigu- 
ously. Moreover, they are obviously convex on R. 
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DEFINITION 11-2. The problem of control consists in the minimization 
of Qi,,, on R. 

The dual problem of control consists in the minimization of @m,M on R. 1 

The distinction between a problem of control and its dual is arbitrary. 
The reader will see easily that the dual problem of the dual problem of control 
is the initial problem of control. 

EXAMPLE 11-l. We assume that (&}tGR+ is the family of o-algebras 
generated by w. The continuity of the martingales relative to {Si}tER+ 
[8, p. 1351 proves that the assumptions made in Section 1 are satisfied. 
Moreover, the same results show that w-L = (0). 

Let (A, B, C, 0) be a family of Y* measurable of matrices bounded on 
Q x [0, T]. Let U, be a compact convex set of a finite-dimensional 
space U. 

For u Y* measurable with values in U, , let 2 be the solution of 

(dZ = (AZ + Cu) dt + (BZ + Du) . dw, 
iz, = 0. 

(For general existence and uniqueness results see [ 11). 
Let K be a positive normal finite convex integrand on 

(Q x [0,+4) x vx u, 

52 x [0, +CQ[ being considered as the measured space 

(52 x [0, +m[, F*, dP @ dt). 

We want to minimize 

E 
s 

T K(w, t, Z(w, t), u(w, t)) dt. 
0 

Let (L, 1) be defined by 

I 

y===Ax+Bu,u~U~, 
L(w, t, *, y, H) = if H = Cx + Du, 

( + 00 elsewhere 
(2.11) 

It is then equivalent to minimize @r,L on R; this comes from the fact that it is 
proved in [l] that if Z is a solution of (2.8), then 

Consequently, (AZ + Cu) and (BZ + Du) are in L, and L,, , respectively. 
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EXAMPLE 11-2. In Example II-l, let us assume now that w is replaced 
by 7, where 77 is a square-integrable martingale such that 

4% , %> = rdt> dt. (2.12) 

By the adjunction procedure (generalized to the multidimensional case) 
given in [4, p. 4491, we can find Ho defined on [0, +a[, with values in 
P, and a Brownian motion w such that for any T > 0, 

(2.13) 

I 
t 

--rlt = H,O . dw, . (2.14) 
0 

We then change the definition of L into 

I 

qw, t, x, y, H) = K(w, t, x, 4 when 
I 

y = Ax + Cu, 
H=(Bx+Du)~Ho, 

+a elsewhere. (2.15) 

VT> tER+ will be the family of u-fields generated by w. 

EXAMPLE 11-3. Let f, o, and K be functions defined on 

Sz x [0, TJ x V x U 

with values respectively in V, Vm, and R. U is assumed to be a compact metri- 
cizable space. We assume, moreover, that for a.s. w(~(w, .), u(w, .), K(w, .)) 
are continuous on [0, T] x V x U; for every (x, U) in V x U, 
(f(*, X, u), u(., x, u), K(., x, u)) are F* measurable processes: 

One can find K 2 0 such that for every (x, U) in V x U, one has a.s. 

I./+, t, x, u)l + I u(w, t, x, u)l + I K(w, t, x, u)V2 < 41 + I x 12F2; (2.16) 

One can find k’ 3 0 such that for any (x, x’, u) in V x V x U, one has 
a.s. 

I f(w, t, x, u) - f(u, t, x, u)I + I +J, t, x, u) - u.(w, t, x, u)I < K’ I x’ - x I; 
(2.17) 

K is positive. 
For u $*-measurable, let x be the only solution of 

dx =f(q t, x, ut) dt + u(w, t, x, ut) dw, 

x(0) = x0 . 
(2.18) 
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By using the methods of Gikhman-Shorokhod in [5], existence and unique- 
ness of the solution of (2.18) follow immediately. Moreover we will have 

q sup I Xt I") < +a. 
O<t<T 

(2.19) 

Then (2.16) will prove thatf(w, t, x(w, t), u(w, t)), u(w, t, x(w, t), U(W, t)) are 
in L,, and L,, , respectively. 

The goal of the problem of control is to find u minimizing 

E = 
s 

K(W, t, x(w, t), +J, 0) dt. 
0 

(2.20) 

We change the problem in the following way (the method is very similar 
to the treatment of Example 3 in [I3]): Let L be defined by 

L(w, t, x,y, H) = inf K(oJ, t, X, u), 

f(w, t, x, 4 =y, 

u(w, t, x, u) = H, 

giving to this expression the value + co if there is no u such that 

f(w, t, x, 4 = y, 

u(w, t, x, u) = H. 

(2.21) 

(2.22) 

Then for any (w, t), L(w, t, .) is lower semicontinuous. Moreover, if (x, y, H) 
are F*-measurable functions, then L(w, t, x(w, t), y(w, t), H(w, t)) is 
F*-measurable. This follows from the fact that 

(w, t) 7 {u: fh 4 4% 9, 4 = Y(W, t), 

+J, t, x(w> $4 = H(w, 9, 

is a Y’*-measurable correspondence, by Theorem 2 of [ll], because its 
graph is Y* @ B(U) measurable. If u, is a countable family of F*-measur- 
able selections of r, such that (u,(w, t)} is dense in T(w, t) for any (w, t), 
then 

L(w, t, x(w, 9, Y(W) t), ff(w, t), = i;f K(w, t, x(w, t), u,(w, t)) (2.23) 

because of the continuity of K. 
Besides, 

(w, t) T {XT f(W, 4 3, u), u(w, 4 x, u); u E u,> 
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is a F*-measurable correspondence, because, if {x, , a,},,,,, is a dense 
countable family in V x U, 

is dense in d(w, t) for every (w, t). 
By writing: W, = {0}, the given control problem is equivalent to minimizing 

the integral: 

E s ‘L(w, t, x(w, t), *(co, t), H(w, t)) dt 
0 

(2.24) 

for the x of R, satisfying x(0) = x0. 
Indeed, the integral is well-defined, by the measurability of 

L(w, t, x(w, t), si.(w, t), H(w, t)) and its positivity. Moreover, by using the 
criteria of Theorem 2 of [ 111, it can be seen that the integral is finite if and 
only if one can find u Y*-measurable with values in U such that: 

dP @ dt a.s.: f(W, t, +J, t), 44 0) = $w, t) 

u(w, t, x(w, t), u(w, t)) = H(w, t). 
(2.25) 

If for dP @ dt almost every (w, t), L(w, t, *) is convex, then L is a normal 
convex integrand, by the measurability of d, because we can apply the criteria 
(a) and (b) of [ll] part I. 

In this case, the approach that we have taken can be used: one checks in 
particular that Assumptions 11-l and II-2 are satisfied; this follows from the 
inequalities, 

0 < L(w, t, x: y, H) < k( 1 + 1 x I”). (2.26) 

The first part of the inequality gives then 

flqw, t, 0, 0,O) < 0. (2.27) 

(2.26) and (2.27) prove that 11-l and II-2 are satisfied. 

3. PERTURBATION METHODS 

We define a duality between R (which we have identified to a space of 
right continuous stochastic processes) and R’ = L,, x L2s by 

@ = (x0 9 1 * H, W, (y, W--t E s” <*t , rt> dt + E(xs 9 6). (3.1) 
0 
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This duality defines on R and R’ a locally convex topology, which is Hausdorff. 
Indeed, if for any (y, b) in R’, (x, (y, b)) = 0 then obviously A = 0, X, = 0. 
Then X, being a martingale stopped at S, is null and x0 = 0, H = 0 and 
ICI = 0; if for any x in R, (x, (y, 6)) = 0, then y = 0. Moreover, the process 
E*tb is in R. Then, obviously, b = 0. 

DEFINITION III-l. For (y, b) in R’, we define the functional @F;i on R by: 

I 

4% 2 x&s - b) 
x -= (x,, ,3i, H, 111) -Ye + E lo% w, t, (x + Y) (w, t), +J, 9, NW, t>) dt 

Q1.L if x is in R, , 

\ 
+a elsewhere. (3.2) 

We define, in the same way, the functional @%plM on R by 

i 

4Po 3 Ps - b) 

P -(P,,~,H',~),~ 
+ E jos Jf(w, t, (P + Y) b, t), P(w th f+, t)) dt 

07&M if p is in R, , 

\ 
+a elsewhere. (3.2’) 

SpySb and cP’*~ 
R% y 

7&M are then convex functionals on R. We define ~r,~ and CJJ~,~ on 

%,L(YT b) = $l @XX>> 

%n,M(Ys b, = $& @k,bM(p)* 

THEOREM 111-l. ~r,~ and TV,+, are convex fun&n&s on R’, and their 
duals are de$ned by 

In the same way one has 

(3.5) 

except in the case whwe Qp,,, is identically + M, and where pnz,M is equal to + 00 
on a neighborhood of (y, 6) (the topology is any topology compatible with the 
duality (R, R’)). One has the corresponding result for @$& . 
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Proof. This result is closely related to Theorem 3 of [13]. We will prove 
only its first part, the second following from general convex analysis results 
as used in [13]. 

For p in R, we must calculate 

P&(P) = ,“;u~p E s,” <fit ,rt> dt + &PS , b) 
(G&R 

- E s ‘L(q t, (x + y) (w, t), *(w, 4, H(w, t)) dt (3.6) 
0 

- zo(xo> - Mxs - 6 

But, x defining an element of L,, , we have 

dL(P) = sup E t , xt> dt - E 
X-R, s s ,” Ot , xt> dt - E<PS , b’) 

W’)eL,mxL, 

+ KPS , xs> - E I ‘Lb t, x(w, t), *(w t), H(w, t)) dt 
0 

- &$) - W). 

(3.7) 

But x in RI and p in R may be written 

s 

t 

s 

t 

xt = x0 + it8 ds + H;dw,i-M,t WE WI, 
0 0 

pt = P, + s,tPs ds + It 4 - dw + M;, + M,t Ml’e Wl,M2’~ W,. 
0 

(38 

By Proposition I-l, and the definitions of R, RI , and R, , we have 

-%PS , xs> = WP, 7 xo> + E lo’ (bt > xt> dt + E sd’ <P, , *t) dt 

+ E I” <Ht , Ht’) dt + KM,, , ML). 
(3.9) 

0 

We deduce 

9&(P) = M”;g E<Ws 9 MIS> + (JE,H,z)EL,,XL,,XL,m E Jy (Pt ? zt) dt sup 
1 1 

+ESS(pt,dt)dt+EIS(Ht’,Ht)dt 
0 0 

- E 
s 

?+J, t, x(w, t), R(w, t), H(w, t)) dt 
0 

(3.10) 

+ sup 
(x,,,b’)~LaoXLzs 

E<P, , xo> - -VP, 2 0 - zo(xo> - Mb’). 
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But we have 

Moreover, the results of [lo], which can be applied because all the considered 
spaces are decomposable and because of Assumptions II-1 and 11-2, prove 
that 

sup E 
(~,H,zkL,,xL~~xLZ~ s os<bt > zt> dt + E j” Qt > kt) dt 

0 

+ E jos (Ht', H,) dt - E jos~(-, t, +J, t), 4w, 9, H(w, t>> dt 

= E 
s 

'L*(w, t, j(w, t), p(w, t), H'(w, t)) dt, (3.12) 
0 

and this last quantity is never - co. Finally, we have 

sup 
(xo,b’)eL20XL,s 

WJO , x0> - ws 9 0 - L(xo) - W’) = lo*(Po) + b*(-Ps) 

(3.13) 
and this last quantity is never -cc. 

By adding (3.11), (3.12), and (3.13) we find 

dL.(P) = @m.M(P)* (3.14) 

The second part of (3.4) will be proved in the same way. i 

Remark. This result proves that @l,L and @m,M are lower-semicontinuous 
on R for any topology compatible with the duality (R, R’). 

4. DUALITYOF~NFIMA 

When x is in R, and p in R, , we have 

4x0 , XS) + m(Po , Ps) 2 E(xo y PO> - E<XS , Ps). 

Moreover, we will have 

(4.1) 

E I“& t, x(w, t), *“(w, t), Ww, t)) dt 
0 

+ E jos J+J, t, p(w, t>, j(w, t), H’(w, t)) dt 

3 E l‘,’ <x(w, t), P(w t)> dt + E i,’ <*(w, t), P(w, t)> dt 
(4.2) 

+ E j” <H(w, t), ff’(w, 5)) dt. 
0 
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But this last quantity is by Proposition I-l precisely 

E(PS > xs> - E<P, 9 x0>- (4.3) 

Moreover, knowing that C& and @pn,M are respectively equal to + cc out 
of RI and of R, , we have the following. 

PROPOSITION IV- 1. For any couple (x, p) in R x R, we have 

In particular, 

(4.4) 

W%,,(x), x E RI> k --inf{QL,M(p): P E W (4.5) 

THEOREM IV-I. If Q or @m,M are not identically +a, the following 

assertions are equivalent: 

(4 g @p1.&) = -$gL&P), (4.6) 

(b) inf @J(X) = ,l$$fo, $L ~~;~(x), 
XER (4.7) 

(4 inf Qirn,~(P) = &$f, Ej %$4(P). PER (4.8) 

Proof. Each of the stated relations is equivalent to the lower semi- 
continuity at (0,O) of q’l,t and vmSM. 1 

Remark. All the proofs concerning purely convex analysis results are 
formally the same as the ones in the purely deterministic case. We refer to 
[13] for more detailed proofs of these points. 

DEFINITION IV- 1. x in R, and p in R, will be said to be coextremal if 

(a) dP @ dt a.s. 

(I+, t), p(w, t), H’(% t)) E %quJ, t, 4% t), +Jt t), fq4 t)), (4.9) 

lb) PO E alo( -Ps E ~&s). I (4.10) 

The conditions of coextremality may be written 

(a’) dP 0 dt a.s. 

(*(w, t), x(w, t), f&o, t)) E m@J, 4 Ph t>, I+, t), H’(w t>>, (4.9’) 

@‘I xo E BOO, --xs E ams(Ps)* (4. IO’) 

The definition of coextremality is then symmetric with respect to the two 
control problems. 
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THEOREM IV-2. The following assertions are equivalent: 

(a) x and p are coextremal; 

(b) x minimizes @l,L on R, p minimizes @m,M on R, and the equivalent 
conditions of Theorem IV-l are satisjed; 

(4 @l,,(X) = -RL.M(P)~ 

Proof. The conditions of coextremality are equivalent to 

qw, 4 4% t), +, t), fqw, t)) + M(% 4 P(% t), I%4 t), H’(w, t)) 

- (x(w, t),jqW, t)> - <qw, t>, P(o, t)> - (f&4 t>, H’(w, t)> = 0, 
dP @ dt a.s. (4.11) 

&%l 7 XS) + m(p, , PS) - E(x, , P,) + E(xsj PS> = 0. (4.12) 

By taking (4.11) and (4.12), and using the same argument as for Proposition 
IV-I, we have 

@l.L(X) + @m&f(P) = 0. (4.13) 

Q, E.L and @im.M taking nowhere the value --to, (4.13) proves that Q&(x) and 
Qm,&) are both finite, and Proposition IV-1 proves that x minimizes @r,L 
on R, and p minimizes dj,,, on R. Moreover, condition (a) of Theorem 
IV-l is satisfied. 

Conversely if condition (b) is satisfied, by Proposition IV-I and Theorem 
IV-l, we will have 

@l,LW = -@wdP)- 

The same proof as the one used to prove Proposition IV-l shows that (4.11) 
and (4.12) are satisfied. But (4.11) and (4.12) are precisely the coextremality 
conditions. 1 

EXAMPLE IV-l. We take again example II-l. For R in L,, , let p be the 
unique solution of 

dp=(k-A*p-B*H)dt+H.dw+dM, Ps =o, (4.14) 

with (pO , H, M) in L,O x L,, x Wl; existence and uniqueness are generally 
nontrivial in the multidimensional case and are proved in [l]. 

The dual problem consists, then, in the minimization of 

E 
s 

sL*(w, t, k(w, t), (C*p + D*H) (w, t)) dt. 
0 

(4.15) 

The coextremality conditions can be written 

(k(w, t), (C*p + D*H) (w, t)) E aL(w, t, x(w, t), ulw, t)) dP @ dt a.s. (4.16) 
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For an extensive analysis, especially of the linear-quadratic case with random 
coefficients, we refer to [I]. 

5. A PONTRYAGIN-TYPE PRINCIPLE FOR ITO EQUATIONS 

We consider again Example 11-3. In the same way as in [13], we are going 
to deduce a generalized Pontryagin principle for Ito equations. We assume 
that the convexity assumptions given in Example II-3 are satisfied. 

We have here 

WI = lo}, w, = wi. (5.1) 

Let us then write that x in R, and p in R, are coextremal. We will have 
dP @ dt a.s. 

But 

(x(w, t), qw, t)> + @(w, t), PkJt t)> + <f&J, 99 H’b% t)> 

- L(w, t, x(w, q, ‘qw, 0, fq4 4) 

= L”(% t, b(% 4, P(w th H’(w t)), p, = 0. 

L(w, t, x(w, q,+, t), fqw, t)) 

= inllK(“, t, x(w, t), 24) 
1 
f(W, t, x(w, t), u) = +, t), 
u(w, t, x(w, t), 24) = H(w, t). 

Then 
L*(w, 4 P(w, t), P(w 09 fw% t)) 

zzz xs~~;~~vmKx~ PbJ, 9) + (VP PbJt t)) 

+ (H, H’(w t)> - L(w 4 *, u, H)). 
Equivalently, 

L”(w, t, b(w, t), P(w 0, H’h t)> 

= :I Fey@, fi(w, t>> + <f(w 4 x9 4, P(w, 9) 

+ <a&J, t, x, u), H’(w, t)> - qw, t, x, u>- 

(5.2) 

(5.3) 

(5.4) 

(5.5) 

By comparing with (5.2), we see there must exist u(w, t) with values in U 
such that 

u is Y*-measurable. 

dP @ dt a.s. 

.qw, t) =f(w, t, x(w, t), 4% t)), 

H(w, t) = u(w, t, +J, t), 4~ 9, 

dP @ dt a.s. the “sup max” in (5.5) is attained at u(w, t). 

(5.6) 
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The possibility of a Y*- measurable choice of u follows from the -Y*- 
measurability of the set-valued function A’ defined by 

(w, t) 2 {u E u: <f(% t, x(w, t), 4, p(w t)> + (4% 4 4% 99 49 H’(w, m 

- K(w, 4 x(9 t), 4 = yo(, t)). 
(5.7) 

F(W, t) being the maximum in u of the lefthand member of the equality 
defining A’(w, t). q~ is then 3*-measurable, because we can take the “maxi- 
mum” on a countable dense subset of U. A’ is .Y*-measurable (with nonempty 
values), because its graph is measurable. We then apply Theorem 2 of [I 11. 

We will have, from (5.5) 

(.f(W, t, x(w, t), u(w, t)), P(w, t)> + <4w, 4 X(W> t), u(w, t)), H’(w 0) 

- qw, 4 x(w, t), u(w, t)) I= qJ(% t), (5.9) 

(4% t), P(w, q> + <f(W, 4 x(w, t),u(w t)), P(w, t)> 

+ <u(w, t, x(w, t), +J, t)), H’(fJJ, t)> - qw, t, $J, t), u(w, t)) 

= ~$a, j(w, t)> + (f(W, t, x, U(% t)), P(w, t)> 

+ (4% t, x, U(W, t), H’(w, q> - K(w, t, x, u(w t)). (5.10) 

Iff, u, K are differentiable in X, (5.10) implies 

PC% t) = - (-$f(w, 4 4% t), u(w, t)), P) 

- (; 4% 4 4% t), NW, t)), H’(w, 4) (5.11) 

+ g qw, t, x(w7 t>, U(% t>>* 

From (5.2), (5.9), and (5.11), we deduce 

THEOREM V-l. Under the assumptions of Example 11-3, let us suppose that 
(f, u, K) are d@rentiabb in x. Let 8 be the random functional be dejned by 

Z(% 4 x, u, P, H’) = (f ((4 t, 2, u), P> + (u(w, 4 x, u), H’) - qw, 4 x, g. 
(5.12) 

Then for x in RI and p in R, to be coextremal, it is necessary that one can find 
u Jr-*-measurable with values in U, H’ in L,, and M in Wl such that 

dx = f(~, t, x(w, t), u(w, t)) dt + u(w, t, x(w, t), u(w, t)) . dw, 
40) = x0 I 

(5.13) 

a2e dp=-- ax dt + H’ . dw + dM, 

PT = 0, 
(5.14) 

409/44/z-9 
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dP @ dt as. 

=qw, 4 x&J, t), u(w, 49 P(w, 4, H’h t>) 

= Tcy qw, 4 x(w, t), % P(w, t>, H’(w3 t>). I 
(5.15) 

This result allows us to make very clearly the connection between deter- 
ministic optimization and stochastic optimization. Moreover, all the various 
necessary and sufficient conditions for optimality of a given control derive 
from these conditions. For various applications of this principle, especially 
to the linear quadratic case with random coefficients, we refer to [I]. It is a 
remarkable feature of the dual problem that the duat state variable p can 
have jumps, corresponding to the jumps of M. 

Relation between the Stochastic Pontryagin Principle and the Dynamic 
Programming Equation 

We assume here that (f, a, K) do not depend on w, and that {flt}toR+ 
is the family of a-algebras generated by w. Moreover, to simplify the calcula- 
tions, we suppose that n = 1. 

If we assume (without having any justification other than a purely intuitive 
approach) that p(w, t) =p(t, x(w, t)), p b ein a sufficiently smooth function g 
of (t, x), then by the Ito formula, Theorem V-l can be written, knowing that 
here WL = (0). 

- dP @ dt a.s., 

(5.16) 

Without justification, we can write that, at least formally, p is a solution of the 
partial differential equation 

Moreover, we maximize in u the expression 

f (t, x, 4 P + c+, x, u) H’ - K(t, x, 4 (5.18) 

to get an optimal control u, . 
If we write (formally) the derivative of (5.18), we get 

(5.19) 
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But H’ is equal to (@/ax) a. (5.19) is th en a “formal” condition for Zs(t, X, U) 
defined by 

4 t, x, p, $) = f(t, x, u)p + + I 0 I2 (4 x, u> $ - qt, x, u), (5.20) 

to be extremum at no . 
If we consider now the dynamic programming equation (see, for instance 

F, P. 1051) 

we see that by comparing the right sides of (5.12) and (5.20), by writing 
formally 

8V 
z =P, (5.22) 

then (5.17) is the derivative in x of (5.21). 1 

These calculations are purely formal. In particular, we must remember 
that in the general duality approach, we optimize with respect to the controls, 
nonanticipating with respect to w, whereas in the partial differential equation 
approach, we optimize with pure Markov controls. More generally, it is in 
most cases not true that x generates the same u-fields as w; this prevents us in 
general from identifying the two problems. For a general case in which the 
actual solution is Markov, we refer to [2]. For existence results in the general 
case, we refer to [l]. 
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