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PROBABILITY THEORY METHODS IN ZERO-SUM
STOCHASTIC GAMES*

JEAN-MICHEL BISMUTf

Abslract. The purpose of this paper is to apply the methods of optimal stochastic control
introduced by the author to a class of zero-sum stochastic games.

1. Introduction. The purpose of this paper is to apply the methods used by
the author in his previous work on the optimal control of diffusions [1] to a wide
class of stochastic games.

Let us consider two compact metrizable spaces U and U’.
f is a bounded function defined onR+ Rd U U’ with values inR, Borel

on R+xRd for a given (u, u’) Ux U’, and continuous on Ux U’ for (t,x)
R+xR d. We consider the diffusion process

dx f(t, xt, u(t, x), u’(t, x,)) dt +tr(t, x) d
(1.1)

Xs =X,

where u and u’ are Borel functions defined onR/ xR’ with values in Uand U’.
A is a Borel set in R / xR d.
TA is the stopping time:

(1.2) TA =inf {t>s; (t, xt)A}.

p is a constant >0.
We consider the criterion

(1.3) eN e-K(t, x,, u(t, x), u’(t, x)) dt,

where K is a bounded function satisfying the same assumptions as f.
The purpose of this paper is to prove the existence of a minimax couple of

strategies where the minimum corresponds to u and the maximum to u’.
This problem has been considered by Friedman in [5], where partial differen-

tial equation techniques are used.
Friedman assumes that A may be written as Or ]0, T[ x 1 where f is an

open domain of R e, whose boundary is sufficiently regular. Differentiability
assumptions are also done in [5] on the matrix a o-o-*.

Then Friedman proves in Theorem 3 of [5] that if H, X,X are defined by

H(t, x, u, u’, p)=K(t, x, u, u’)+(p, f(t, x, u, u’)),

(1.4) Xl(t, x, p)= inf sup H(t, x, u, u’, p),
uU u’U’

XE(t, x, p)= sup inf H(t, x, u, u’, p),
u’U’ uU
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then under Isaac’s condition h =-X1 ---22, the partial differential equation

OV+lot.. (-x on-4
, a,(t, x) Vxm h t, x, V,

O

(1.5)

V=0 on (]0, T[xoII)Id({T}xf)

has one unique solution, which is the cost function of the game. Vis then proved to
be continuous on OT, and VxV is proved to be H61der continuous on OT.
Moreover, Theorem 4 of [5] shows that a solution of the game exists.

In this paper we consider the case where f and K may be written

(1.6)
f(t, x, u, u’) b(t, x, u) + b’(t, x, u’),

K(t, x, u, u’)=L(t, x, u)+L’(t, x, u’).

We do not have any differentiability assumptions on a, and we acceptA to be
any Borel set in R/xRa. The partial differential equation (1.5) is then not well
defined.

A solution of the game is proved to exist by using the results of [ 1]. The main
interest of the method is the use of the deep convex structure of some problems of
stochastic control. Moreover, the method is extendable to games on processes
other than diffusions [2].

Finally, we come back to the more general system (1.1)-(1.3), and derive
conditions for existence of solutions of this game. The reader is referred to [5] for a
precise comparison of theses results with the results of Friedman.

In a different framework, Duncan and Varaiya have examined in [3] the
problem of existence in the general nonanticipating case, where f and K depend
on the entire trajectory of x and where (u, u’) are taken as nonanticipating
functions of x. They also assume that K does not depend on (u, u’), and that the
first equality holds in (1.6) with bib O(i 1, , d). They also have a convexity
condition on {b(t, x, u)[u U} and {b’(t, x, u’)lu’ U’}. In [4] Elliott has extended
the results of Duncan and Varaiya and obtains an existence result under Isaac’s
condition. However, the techniques used in [3] and [4] are rather different from
the method used here which applies more directly to Markov processes.

2. Definition of the problem, a is a continuous function defined on R + xRd

with values in R d(R)R a such that:
a is bounded,
a is positive definite.
b is a Borel bounded function defined on R+xRd with values in R d.
Q(b, is the unique measure on the space of continuous functions defined on

R / with values in R, which is a solution of the martingale problem defined in [7],
with (s, x) as the starting point.

Eb
(s, is the expectation operator for Qb(s,x).

tr is the positive square root of a.
p is a strictly positive constant.
A is a Borel set in R+ xR d.
L is a real-valued bounded Borel function defined on R/xRd.
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For c (b, L), we define the function Vc as

(2.1) V(s, x) .=b l
T*

rs.x e-PtL(t, x,) dt.

K and K’ are two bounded Borel set-valued mappings defined on R/xRd

with nonempty compact values in Rd x R.. (resp. ’) is the set of Lebesgue equivalence classes of the Borel selections
of K (resp. K’).

(resp. ’) has the topology cr(Lo(R + Rd),Lx(R + x Rd)), which is metriz-
able.

and

DEFINITION 2.1. Problem R is defined as the search of

Co= (bo, Lo).
such that for (c, c’) s ’,

(2.2)

C’o= b’o, L’o).
Vco+’ <= Vco+c <-- Vc+c

The relation between this formulation of problem R and the formulation
given in 1 is derived in the same way as in [1, Chap. IV, Part 1].

THEOREM 2.1. Problem R has a solution.
Proof. The next parts are devoted to the proof of the theorem.

3. The convex ease. We define first two measures and v on R+Rd.
/z is a probability measure on R/ R d mutually absolutely continuous with

the Lebesgue measure.
v is the measure on R+Ra defined by

(3.1) v(o) E,eps e-V’o(t, x,) dt.

v is then absolutely continuous relative to the Lebesgue measure of R+Rd, by
Theorem 8.1 of [7].

We assume in this part that K and K’ have convex values.
For c (resp. c’ ’), we define F’ (resp. Fc,) by

(resp.

(3.2’)

F’ {c’ ’; V(s, x) R + xRa, V+,(s, x) sup V,+e,(s, x)}
’.o’

rc,={c; V(s,x)R+xRa V+c,(s,x)= inf Ve+,(s,x)}).

PROPOSITION 3.1. F’ (resp. F,) has nonempty compact convex values.
Proof. The nonemptiness and the compactness of F’ (resp. F,) follow from [1,

Thin. V-l]. Moreover, Theorems IV-5 and IV-8 of [1] applied to Part V of [1],
prove that one can find a Borel functionH (resp. H,) such that a necessary and
sufficient condition for c’ (b’, L’) to be in F’ (resp. c (b, L) to be in F,) is that,
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(3.3)

(resp.

(3.4)

u-a.e., the following relation holds"

L’(t,x)+(Hc(t, xl, tr-l(t, xlb’(t,x)) $nax f_.’+(Hc(t,x),tr-(t,x)’)
(b’,L’)K’(t,x)

L(t, x)+(H,(t, x), o’-l(t, x)b(t, x))= jnin +(H,(t, x), r-x(t, x)))
(b,L)K(t,x)

K and K’ having convex values, the result follows.
PROPOSITION 3.2. The set-valued mapping defined on x’ with values in

x’

(3.5) (c, c’) r, x r’
is upper semicontinuous.

Proof. We have to prove that if

(c., c) (c, c’)

and if

then

(, e’) G, x F’.
We know that, for any y’ ’,

(3.6) V,+_-> Vc.+,.
By Theorem V-1 of [ 1], which proves the continuity of c - Vc, we find that,

for y’ ’,

(3.7) Vc+e, V+v,
and ’ F’. Similarly, we find that F,, and then

(, ?’)F,xF. U

We then have:
THEOREM 3.1. Problem R has a solution.
Proof. The set-valued mapping

(c, c’) G, x r
has nonempty compact convex values and is upper semicontinuous. By Kakutani’s
theorem, it has a fixed point (Co, c). This point has the property that

if y’ ’, Vo+b Vo+v,,
if y , Vo+b V+b.

It is then a solution of problem R.
If (Co, c) is a solution of problem R, it is easy to check that, for (s, x)

R+xRd,

(3.8) Vo+b(s, x) inf sup V+,(s, x)= sup inf V+,(s, x).
cc’’ c’’c
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The function Vo+b does not depend then on the particular solution of
problem R which is considered.

DEVNTON 3.1. q is the function defined by

(3.9) q(s, x) inf sup Vc+,(s, x) sup inf V/,(s, x).-c’.’ c’’
THEOREM 3.2. It is possible to find a Borel function Hsuch that ]’or

(Co, c)= ((bo, Lo), (b’o, L’o))

to be a solution of problem R, it is necessary and sufficient that, t,a.e., the
following relations hoM"

(3.10) Lo(t, x)+(.H(t, x), tr-(t, x)bo(t, x))= .rnin +(n(t, x), r-(t, x)),
(b,L)K(t,x)

(3.11) L’o(t, x)+(H(t, x), o.-(t, x)b’o(t, x))= max ’ +(H(t, x), cr-(t, x)b’).
(b’,L’)K’(t,x)

Moreover, a choice of (Co, C’o) verifying (3.10)-(3.11) ,-a.e., is possible.
Proof. The method is the same as in [1, Thm. IV-5, Cor. of Thm. IV-7 and

Thm. IV-8].
With the notations of [1], we know from [1, (5.28)], that for c=(b,L)

Lo(R / Rd), we can find a Borel function Hc and an additive functional A such
that:

(3.12) Vc(t, x,) V(s, x,)+ (pV-L)(u, x) du + H(u, x). dflb, + dA

(by using the results of Annex 1 in [ 1] we cancel the term Mt M in [ 1, (5.28)]).
If (Co, c) is a solution of Problem R,

Vo+ q.

We can then write

q(t, xt)=q(s,x)+ (pq-(Lo+L’o))(u,x) du

(3.
dlTtb+b’ -]- dAo+’o+ Ho+(u, x,) .-.u

By (3.13), Ho/c,o does not depend on a particular solution of the game
(.Co, c).

By reasoning as in [1, Cor. of Thm. IV-7], we take for H the fixed function
Ho/b, where (Co, c) is a solution of Problem R.

The result follows from [1, Thm. IV-5 and Thm. IV-8].

4. The general ease. We now prove Theorem 1.1.
Proof. Let t(t,x) and/’(t, x) be the closed convex hulls of K(t, x) and

K’(t,x).
/ and/’ are bounded Borel set-valued functions by Corollary 3.3 of [6].

They satisfy the assumptions of 2.
Problem/ associated to/ and/’ has a solution. Let H be the function

defined in .Theorem 3.2 associated with/.
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Then, as in [1, Chap. IV-5], it is possible to find Borel selections c ofK and c’
of K’ such that (3.10) and (3.11) hold u-a.e., because K(t, x) and/(t, x) (resp.
K’(t, x) and K’(t, x)) have the same extremal points.

By Theorem 3.2, (c, c’) is a solution to problem R. It is then seen immediately
that it is also a solution to problem R. [3

5. Extensions. By using the methods of [1], the previous results can be
extended to criteria of the type

(5 1) (s.x exp- (m+m’)(o-,x)dtr (L+L’)(t, xt)dt,

where:
we ask (b, L, m) and (b’, L’, m’) to be Borel selections of K and K’ which are
bounded Borel compact-valued functions from R / xRd in Rd xR xR /.
we can find p >0 such that if (b,L, m)K(t, x), m >p.
The results can be also extended to diffusions with boundary conditions [8]

with the same methods.
Finally, in the time-homogeneous case, the solutions can also be taken to be

time-homogeneous.
Another point of interest is to know if the previous methods apply to the

more general systems (1.1)-(1.3).
DEFINiTiON 5.1. If V is a bounded finely continuous Borel function on

R/xR d, and if h and H are Borel functions on R/Rd, we say that

V= h(t, x),
(5.2)

OV=H

if:
(a) V(s, x) 0 if (s, x) is regular for A (i.e., O(s.x(TA 0) 1).
(b) For any (s, x) R/ xR d,

(5.3) lt<T, V(t, x,)- ls<T, V(s, x)- (h +pV)(u, Xu) du
"S TA

is a local martingale for oQ(s,x).
(c) There is a predictable additive functional A such that

(5.4) v(t, x,)- V(s, x) (h +pV)(u, x,) du + dA, + H(u, x) dB.

Let q, , h be defined by

(t, x, v) inf {L(t, x, u)+(v, b(t, x, u))},
uU

(5.5) (t, x, v)= sup {L’(t, x, u’)+(v, b’(t, x, u’))},
U’ U’

h(t, x, v)= q(t, x, v)-d/(t, x, v).

Then Theorem 3.2 implies that for a bounded Borel finely continuous
function V to be the cost function associated to the problem (1.6), it is necessary
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and sufficient that

(5.6) .’V= h(t, x, r-1 a V(t, x)).

Equation (5.6) is then obviously the weak extension of (1.5). For each (t, x)6
R / R a, h(t, x, v) is the difference of two bounded uniformly Lipschitz convex
functions’. As a function of v, h(t, x,. has a very general form, because the
difference of Lipschitz convex functions is dense in the space of continuous
functions for the uniform convergence on compact sets of R a.

Let us assume that in (1.4), h -X1 -X2. Then if h can be written as in
(5.5), equation (5.6) has one unique bounded Borel finely continuous solution, by
the results of 1-4.

By proceeding as Friedman in [5], we know then that for each (t, x) in
R+xRd

(u, u’)->L(t, x, u, u’) +(O V(t, x), r-(t, x)b(t, x, u, u’))
has a saddle point.

By using a measurable selection theorem, it is then possible to derive an
existence result for the nonseparable case.
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