SIAM REVIEW
Vol. 20, No. 1, January 1978

AN INTRODUCTORY APPROACH TO DUALITY IN
OPTIMAL STOCHASTIC CONTROL*

JEAN-MICHEL BISMUTY

Abstract. The purpose of this paper is to compare the results which have been recently obtained in
optimal stochastic control. Various maximum principles are shown to derive from a general Pontryagin
principle for Ito equations. Other applications of duality to optimal stochastic control are given.

Duality is an essential tool in optimization theory. Its use has been sys-
tematized by Rockafellar in a large variety of situations: in finite dimensional
spaces and in infinite dimensional spaces in duality. Rockafellar has applied in
[25] the instruments of convex analysis to deterministic control. Lions applies
them in [22] to the control of partial differential equations. All of these
approaches give maximum principles for the considered optimization problems
which, in deterministic control of differential equations are equivalent to the
Pontryagin principle. It is then quite natural to apply this approach to optimal
stochastic control. Already Kushner, in [17], [18], [20], has introduced stochastic
Lagrange multipliers. Rishel in [24] and Davis and Varaiya in [10] use the
stochastic process theory to give necessary and sufficient conditions for a control
to be an optimum. More recently, Haussmann used Neustadt’s theory of extrem-
als in [15] to derive necessary conditions of optimality for stochastic control.

Our purpose in this paper is to give an account of the duality methods which
we have developed in our previous work [2]-[9] on optimal stochastic control and
to compare it systematically to the results which have been given on the subject by
Davis and Varaiya [10]. Kushner [17], [18], [20], and Wonham [28]. This paper
does not directly treat the topics covered in the review of Fleming [14], which is
concerned with the control of Markov processes. The methods used here apply to
more general processes than the Markov processes, but do not give the strong
results which are obtainable only for Markov processes.

In the first section we describe the general system which we consider to be
defined by an Ito evolution equation, in which the control enters in stochastic
open-loop form and where the state is observable.

In the second section we discuss various problems related to the observation
problem and prove that it is legitimate to consider a fixed information pattern not
depending on the control. In particular, we prove that the separation principle of
Wonham [28], who describes a system where the state is not completely observed,
and the control of Girsanov densities of Benes [1] can be put in the general
framework of § 1.

In the third section we give the main results on duality which were obtained in
[2] and [3], and discuss the generalized stochastic maximum principle for Ito
equations, and its connections with Kushner’s maximum principle [17]-{20], the
dynamic programming equation, Davis and Varaiya’s necessary and sufficient
conditions [10]. In particular it is shown in a worked example that the dual state
variable p is itself a solution of a dual stochastic control problem: this last result is
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classical in general duality theory. Finally a case is discussed where it is possible to
define two distinct dual problems associated with a given stochastic control
problem and the relations between the dual state variables is exhibited.

The proofs of the main results are not given. The reader is referred to the
referenced papers.

1. A description of the system. In this section we briefly describe the general
form of the stochastic system which we are going to control. More specifically, our
equation will be an Ito stochastic differential equation of the form (1.1) below.
The justification for considering an Ito equation and not a system in its Girsanov
transformed form (see § 2.3 below for a definition of this term)asin [1],[10], [11],
[12] will be given in the next sections.

We now introduce the standard probability framework commonly used in
current probability literature. (), &, P) is a complete probability space, endowed
with an increasing sequence of complete sub-o-fields %, which we assume to be
right-continuous, i.e.,

Fo=N F,.
t'>t
%, represents the information at time ¢.

w is an m-dimensional Brownian motion on (2, %, P) adapted to %,. U is a
compact metric space.

(L, b, o) are functions defined on Q X R* x R* x U with values respectively in
R, R? and R? ® R™, measurable in (w, t, x) and continuous in u, and such that:

(a) b and o are uniformly Lipschitz in x.

(b) |L| grows at most |x|* when |x| > + 0, and this uniformly in (w, , ).

(c) band o grow at most as |x| when |x| > +00, and this uniformly in (w, ¢, u).

(d) For each (x, u), these functions define adapted measurable processes,

ie., (w,t)>(,b,0) (w,t,x,u) is measurable, and for each ¢, w >
(L, b, o)(w, t, x, u) is F,-measurable.

u is now taken to be measurable and adapted to {#,},=o with values in U. u
will then be a stochastic process. We will not discuss here some of the technical
points of measurability given in [3]. The only important thing is that we will not
have a problem with the choice of the measurable version which we will take for u.

We consider then the equation:

dx =b(w, t,x,u)dt+o(w,t,x,u) - dw,
x(0) =xo,

where x, is ¥, measurable and square integrable.

u is not taken here in feedback form, but is supposed directly to be adapted to
{#}i=o(u is then a function of (w,t).) Then, by standard approximation
methods, equation (1.1) has one and only one solution adapted to {%},=o, in the
sense of Ito, i.e., for each w, which also defines a trajectory of the Brownian
motion w, there is one and only one trajectory of x corresponding to this w.

We want to find ¥ minimizing

1.1)

T

1.2) EL Lo, 1, %, u,) dt +E (®w, x1)).
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where @ is a function Fr-measurable in w and continuous in x, growing with x
at most as |x|*.

2. The observation problem. The formulation given previously seems to be
quite unsatisfactory. First, it deals with Ito equations, and this seems to be a severe
limitation if we think that the Girsanov transformation (see § 2.3) allows us to
control equations which do not have solutions in the Ito sense, but only in a
weaker sense specified later in § 2.3.

A second aspect of the problem is the way in which information enters the
system and the way the controller takes it into account. First we assume that the
o-fields %, do not depend on the choice of the control, i.e., the information
available at time ¢ does not vary with the control u. This is clearly counterintuitive,
as many examples of stochastic control have shown. Second, we take control in
“stochastic open-loop” form. We follow Lindquist’s terminology in [21], i.e., we
do not allow u to depend explicitly on x, if only because, unless we put strict
Lipschitz conditions on u, equation (1.1) would no longer make sense, or only in
the Girsanov sense (see § 2.3), and this is a situation which we do not want.

2.1. A first justification. It is quite obvious mathematically that the variation
of the o -fields with u makes sense intuitively: the “observation’ time ¢ of a driver
driving his car clearly depends on the past controls—here, the past speeds.
However, a strong variation of these o -fields makes the problem hopeless in the
mathematical sense. The o -fields are a very fragile mathematical construction and
the technical problems would be untractable. We have shown in [7] that in
nonclassical information patterns where information depends on control, an
optimal control may well not exist. Moreover, the formulation given in § 1 has the
advantage of defining the problem of optimal control as a problem of minimiza-
tion of a functional on a well-defined set of measurable functions.

However, to prove that our definition of the problem makes sense, we will show
that many classical problems of optimal stochastic control can be put in this form.

2.2. The separation principle. The separation principle, proved by Wonham
in [28], for the standard linear regulator with a noise on the observation, gives the
important result that the optimal control can be taken as a function of the best
estimate of the state variable. We show here very simply that the model (1.1)-(1.2)
with full observation applies also in this case.

We consider an equation:

dx = (Ax +Bu) dt +dw,

2.1
@1 x(0) = xo,

where
e w is a d-dimensional white noise of covariance Q, dt. We assume [|Q;] to
be bounded uniformly.
e xois a Gaussian vector, independent of w'. X is the mean of xo.
The observation process z is

dz = Cx dt +dn,

2.2
( ;) z(0)=0,
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where z isin R", 1 is an n-dimensional Brownian motion, independent of (w, xo).

We want to minimize
T

E L K(t, x,u)dt
with u, a function only of (z,; s =t).

Then let (x;, x,) be defined by
dx,=Ax,dt+dw,
x1(0) =xo,
dx,=(Ax,+Bu) dt,
x2(0)=0,

(2.3)

and (z, z,) be defined by
dz,=Cx,dt+dn,

ZI(O) = O,
2.4)

de = CX2 dt,

22(0) =0.

At time ¢, the controller knows the past values of z and the past controls. He
knows then the past values of (z, z,) and, because z, =z — z,, he knows also the
past values of z;.

We take as an assumption that the only information the controller has about
the system is the past values of z,. This information does not depend on the
control.

Let us write the Kalman-Bucy filtering equation for £;, which is the best
estimate of x;:

d.f] =Af1 dt+K,dM,
£1(0) = %o,

where M, is the innovation process

(2.5)

t
Z1, —J' Cflsds
0

which is a Brownian motion (for this result, we refer to [16] or [19]).
All the processes being jointly Gaussian, x;, —X1, is independent of the
o -field generated by (z1,|s =t). Moreover, because we have:

dZ] = C.fl dt+dM,
ZI(O)=O,

the o-fields generated by M and z, are identical.
Finally, if £ is given by

di = (A% +Bu) dt +dM,

£(0) = %o,

(2.6)

(2.7)
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we can write

T

T
2.8) E J' K, %, u) dt =E I K(t, %+ x— %0 ) dt.
0 0

x, — X, being independent of £, and w,, and not depending even implicitly on u, the
criterion (2.8) can be written as

T

2.9) E f Lt £ u) dt.
0

The system (2.7), (2.9) is precisely the type considered in § 1. The facts had
been pointed out by Wonham in [28] under the name of separation principle. Let
us insist on the fact that the reason why the separation principle works is
essentially that the information does not depend on the choice of the control.

If we take u directly in feedback form relative to z, then we can use the
Girsanov transformation, defined in § 2.3, to treat the problem as a stochastic
open loop problem. The admissible controls are generally not the same in both
cases.

2.3. The Girsanov transformation. We now come to the classical problem
where weak diffusions are considered in the formalism of Benes [1].
We take an equation of type

dx =b(t,x,u)dt+dw,

(2.10) £(0)=0,

where w is a d dimensional Brownian motion.

€ is the space of continuous functions x defined on R " with valuesin R 4 such
that x(0)=0. %, is the o-field B(x,|s =t T), to which the negligible sets of
B (xs|s = T) for the Brownian measure are added.

b is a function defined on [0, T] X € X U which is continuous in u for a given
(¢, x)in[0, T] X €, and which defines, for u € U, a measurable adapted process. We
assume that b is uniformly bounded (we could accept that |b| grows at most
linearly as |x,|).

u is taken here in adapted feedback form relative to x.

We want to minimize

T

2.11) EJ' Lt x,u) dt
0

where L verifies the same assumptions as b.

To simplify, we assume that L does not depend on u. We are then going to
make a transformation of the problem which will make the control u, which is
feedback relative to x, an open loop control relative to a new state variable X.

First of all we must make sense of (2.10). We will then use the results of
Stroock and Varadhan [27, Part 6]. Let P be the Brownian measure on €. The
Brownian motion is then noted x.

u is taken directly in feedback form relative to the state variable x (i.e., u, is
adapted to the o-field %,). Generally, (2.10) does not have a solution in the sense
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of Ito, i.e., it is not possible to construct x from a given Brownian motion w.
However, (2.10) has a unique weak solution, i.e., there is a unique measure Q"% on
%, such that

X —I b(s,x,u)ds
0

is a Brownian motion for Q” (x is the generating element of €). Q" has a density
X, relative to P on each o-field &, given by

b

u

., _dQ
2.12) %= P

tAT 1 tAT
—exp| [ (bGsxw) dmy =3 [ (s, 5wl ds)
F, 0 2 0

(see [27], Thm. 6.2.). %, is the Girsanov density of Q" relative to P on %,
Moreover, we have, by Ito’s formula [23, Thm. 4, p. 111]

dx=xb(, x, u) dx,

2.13
@13 x0)=1,

and the criterion (2.11) can be written as
(2.14) Ef%rAr

where Ar is the random variable [y L(z, x) dt.

Now (2.13) is a true o equation of type (1.1). £ becomes the true state
variable. u is in feedback form relative to x, and is stochastic open-loop relative to
X. Finally, the criterion is of type (1.2). We are precisely in the situation of § 1.

Itis clear now that the distinction between stochastic open-loop and feedback
controls is intuitively founded, but can be mathematically side-stepped in many
“classical” problems.

3. Duality in optimal stochastic control: The maximum principle. We come
back to the problem defined in § 1 by Ito’s equation (1.1) and the criterion (1.2). In
deterministic control there is, under stringent conditions, an adjoint state variable
which is a solution of a differential equation with terminal condition. This last fact
does not raise any special difficulty. In stochastic control, we want to introduce a
dual variable. However, for a dual variable to make sense, it should be observable,
i.e., adapted to {%},;=o. But, a terminal condition will again appear, and this fact
makes the problem more difficult than it is in deterministic control.

In [2] and [3] we have introduced duality methods in optimal stochastic
control.

3.1. The maximum principle. Under very stringent convexity assumptions
the generalized maximum principle for Ito equations can be written in the
following way, as given in [2] and [3].

e 3 is defined by

(3.1) #(w,t,x,u,p, H)=(p,b(w, t,x,u))+{H, 0w, t,x,u))—L(w,t,x,u).
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¢ The maximum conditions can be written as

a%’ ¥4
_—— +—-
dx dt PTT; dw,
x(0) = xo,
KE4 oH
. =——dt+—- +dM,
(3.2) dp Py dt Py dw+d
__®
pr= axr

max, #(w, t, x, u, p, H),

where
e p is an adapted right-continuous process,
e H is an adapted measurable process such that E jo |H.|? dt <400,
e M is a square integrable martingale' such that Mwy, - - -, Mw,, are
martingales.
The existence of (x, p) satisfying (3.2) is a sufficient condition for x to be
optimal when L defined by

I:(w, tx,y, H= inf L(w, t,x,u)
{fw,t,x,u)=y
o(w,t,x,u)=H}
(where L is 4+ 00 when there is no u such that f(w, t, x, u),o(w, t, x,u)) = (y, H))is
convex in (x, y, H). This follows from Example II-3, Theorem IV-2, and Theorem
V-1 in [3]. The existence of (x, p) satisfying (3.2) for x to be optimal is necessary
under conditions specified in [2].

3.2. Relation with Kushner’s maximum principle [20]. If all the randomness
comes from w, then we know by aresult of Ito (see [23, p. 135]) that M in (3.2) is 0.
We assume here that f, o, ® have bounded derivatives in x, do not depend on

w, that L = 0 and that o- does not depend on u. The dual state p is then a solution of
dp =—((p, b (t, x, u))+(H, ox(t, x))) dt + H - dw,
__®
pPr ax’["
with E [y |H,|* dt < +co.
Moreover, if u is optimal, dP ® dt a.s. for any u’ in U, we have
(3'4) (pt, b(t’ x, ut)) §<pt’ b(t’ xy u ’)>

We will now formally prove that conditions (3.3) and (3.4) are precisely the
necessary conditions given by Kushner in [20]. A simplified version of Theorem 3
in [20] can be stated in the following way:

(3.3)

! A martingale M is an integrable stochastic process such that for ¢’ = ¢, M, = E**M,.. In this paper,
M, will always be assumed to be 0.
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For 0=7=t let p(7,t) be the stochastic matrix given by the stochastic
differential equations

(3.5) do(t,7)=b.(t,x,u)p(t,7)dt +o.p(t,7) dw,
p(r,7)=1

Then if g, is the process
0P
(3.6) 4= —p *(T,0)——(xr)

a necessary condition for u to be optimal is that dP® dt a.e., for any u' in U:
(3.7 <E3t' o b(t, X, u)) = (Eg;'qt, b(t, x,, u)).

To prove the equivalence between (3.5)-(3.7) and the system (3.3)—(3.4), we will
show that the process

(3.8) p.=E%q,

is a solution of (3.3) when the state space is one dimensional. This last restriction is
useful to avoid matrix manipulations.
From (3.5) we have

(3.9) p(T, 0)=p(T, t)o(t,0)
or, equivalently,
(T, 1)=p(T, 0)p (1, 0)
(p can be proved to be >0). By Ito’s formula [23, Thm. 4, p. 111]if p, = p (¢, 0), we
have
1 1 1 2 2
dp, = —;zdp +;(0‘x) p” dt,
(3.10) »
p (0)=1,

or, equivalently,

dp;'=p '(0i—b,) dt—o,dw),

3.11)
p (0)=1

The process p, = E*'q, can then be written as
_ P
(3.12) pi=—pi ETpr——(xr).

From (3.5), pr can be proved to be square integrable, because f, and o, are
bounded. (pr(6®/dx))(xr) is then square integrable. Let M, be the square
integrable martingale:

o

(3.13) M, = —E%pr— (x1).
ox
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Then by the quoted Ito representation result [23, p. 135], M may be written as
t

(3.14) M,=I H.-dw+a
0

H' being an adapted measurable process such that:

T
(3.15) EJ |H? ds < + 0.
0

Then, p, =p; 'M,. By again applying Ito’s formula, we have:

(3.16) dp=p 'dM+Mdp ' —H'p o, dt,

or equivalently,

(3.17) dp=p 'H'dw+Mp '(¢2—b,) dt —o,dw)—p 'H'o, dt,

equation (3.18) is equivalent to

(3.18) dp = —(pb, +p 'H'oy, —po2) dt+(p 'H'—poy) dw.
Then, if H is defined by
(3.19) H=p 'H'-po,,

equation (3.18) is equivalent to
dp = —(pb, + Ho,)) dt +H - dw,

(3.20)
pr= —0®/oxr.

It can then be proved that supos.=r |07 '|* and [g |H}[? dt are both square-
integrable. H is then such that E [, |H,|> < + . (3.20) is precisely (3.3).

We have now proved that Kushner’s maximum principle derives from the
generalized maximum principle.

3.3. Relation with the dynamic programming equation. We now show the
relationship between the maximum principle stated in (3.2) and the dynamic
programming equation. The material presented here will be extremely formal. Its
purpose is mainly to explain the deep relations between the two approaches.

We assume that all the randomness comes from w and that %, is B (w,|u =1).
We suppose that p, can be written formally as p(¢, x,). Then by Ito’s formula we
have, in the one dimensional case

2
p, p, 1 3_1;|0|2= _ﬁ‘i

ot ox 2 ox ox
(3.21)

a—p0'=H.

ox

This equation is equivalent to

o op, 18p, » b do op oL
. PPy Pipp= 2, 9T P, %
(3.22) prauenl gt d o Jurnl ruse
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Moreover, # is maximum in u, i.e., formally.

ob do dp oL
.23 —p+—oc———=0.
(3.23) aup Buaax ou

But, this is equivalent to saying that
9 1, » ap )

. — += ——L}=0.

(3.24) ™ (pb(t, X, u) 2|o-| @ x, u)ax 0
Let us now consider the dynamic programming payoff function:
T
(3.25) V(t, x) = —inf, E, I L(s, x5, us) ds.
t

Then, by [19, p. 105], we have

av v 1, , % )
. — _+.— —_—— .
(3.26) = sgp (b(t, X, U) P 2|cr| @ x, u) py=: Lt x,u)

If we compare (3.22), (3.24), and (3.26), we see that, formally, p is equal to § V/ox.
This is quite compatible with the idea that p is associated with the infinitesimal
variations of the criterion when the state variable is perturbed by the addition of
an adapted process. However, let us remember again that the control in § 1 is
obtained in stochastic open-loop and that our problem cannot be directly com-
pared with the problem that the dynamic programming equation is related to
because a control in feedback form u(t, x,) is not necessarily in stochastic
open-loop relative to u.

3.4. Relation with Davis and Varaiya maximum principle. We now compare
(3.1)—(3.2) with the results of [ 10]. We again take problem (2.10), (2.11), which we
change into (2.13) and (2.14). Let us apply (3.2). It is proved in [2] that the
convexity assumptions which are necessary for rigorous application of the max-
imum principle are precisely verified for this case.

Then the maximum principle equations are

H =(H, xb(t, x, u)),

dp=—(H,b(t,x,u))dt+H - dx,

T
(3.27) pr= —I L(t, x,) dt,
0
T
EJ |H,|? dt < + o0,
0

max (1;1, b(t’ X, u))’

(the term M is null by [23, p. 135]). Then, one can check that p,X, is a martingale,
ie.,

~ &, ~
px, = E”'prir.
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This implies
E”%, [o L(s, x,) ds
D= - =
Xt
t Fa (T
(3.28) = —J’ L(S, xs) ds _E XT It xf’(SQ xs) dS
Y t

q = —(p,+Lt L(s, xs) ds)

is then nothing else than

T T
(3.29) q,=Efff;j L(s,xs)ds=infEf‘I L (s, x,) ds,
u t

t

where the expectation E,*is taken with respect to the process defined by (2.10).
Moreover, by taking H' = — H, for the optimal u,, we derive from (3.27);

t t
(3.30) 4 =do— j L(s,x) ds+J' (H', dx—b(s, x, uo) ds)
0 0

and (H', b(t, x, u)) is minimum at the optimum.
But dx —b(t, x, uo) dt is a Brownian motion w for the measure defined by
X dP. Then

(3.31) q,=q0—j L(s, x5) ds+j H; - dw.
0 0

We find then the Davis and Varaiya maximum principle [10], when L does not
depend on u.

3.5. A worked example. We consider the equation

dx =(Ax+Cu+f)dt+(Bx+Du+g)-dw,

3.32
( ) X (O) =Xo,
and the criterion
(3.33) %(E I (M + (N ) di + E|M ez )
0

where A, C, B, D, M, N b, g are measurable adapted processes, where xo is %o
measurable and square integrable, M, is #r measurable, N, positive definite and
uniformly elliptic, and where w is an m-dimensional Brownian motion. This
example is completely treated in [8].

The growth conditions of § 1 are not verified, because u is taken to vary in a
non compact vector space U. However, the maximum principle can be applied by
an argument given in [8].

J is given by

(3.34)  H=—3(Mx|*+(Nu, u))+{p, Ax + Cu+f)+(H, Bx + Du +g).
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Then the maximum principle equations are
dp = (M*Mx —-A*p—-B*H) dt+H - dw +dM,

= —M¥Mxr,
(3.35) br PR

T
EJ |H,|” dt < + 0,
0

Nu=C*p+D*H.

The questions of existence and uniqueness of solutions for (3.35) are solved in [8].
If we assume formally that p, can be written as — Px, —r, we find in [8] that P
and r solve formally the following system of equations

dP+{PA +A*P+B*PB+B*# +%B —(B*PD + PC+%D)
(N+D*PD)"(D*PB +C*P+D*%)+M*M} dt — % dw—dM
(3.36) =0,
Pr= MTMI,
Mw; (i=1,---,m)is amartingale.
dr={(PC+B*PD +%D)(N+D*PD)™'C*— A*}r dt
+[{(PC+B*PD + ¥D)(N + D*PD) ' D* — B*}
(3.37) (Pg+h)—Pf—3gldt+h -dw+dM’,
rr=0,
M'w; i=1,---,m)is amartingale.
Conditions for existence and uniqueness of the solution of these equations

are given in [8].

3.6. A second worked example. We assume that in § 3.5 M and M, have an
inverse, and that |M, || stays bounded. All the other terms are defined as in
§ 3.5. We consider equation

dp=pds+H -dw+dM,
(3.38)

14 (0) = Po,
where E [ (|p|*+|H.[?) ds < +c0, and where M is a square integrable martingale
such that Mw,, - - - , Mw,, are martingales, and we want to minimize

T
E((po, xo)+% J (IM*'(p+A*p+B*H)|?
(3.39) ° » L
+(N"(C*p+D*H), C*p+D*H)) dt +|M¥ 'pr| )

The control variables are then p, H, and M.
The growth conditions of § 1 are not verified, because p and H vary in
noncompact spaces. Moreover there is a new term M appearing in (3.38). It is
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proved in [2] and [3] that the maximum principle is applicable, except that there is
no term M appearing in the dual equation.

Let us use equation (3.2) where x is the dual state variable, p and H are the
control variables. # is then defined by

I =—YM* " (p+ A*p + B*H)]> +(N~(C*p + D*H), C*p + D*H))
(3.40) +(p, x)+(H', H)
If we maximize # in p, we have
(3.41) p=M*Mx—A*p—B*H.
If we maximize 7 in H we get
(3.42) H'=BM 'M*'(p+A*p+B*H)+ DN '(C*p+D*H),
and this may be written as
(3.43) H'=Bx+DN (C*p+D*H).
Finally, x will be the solution of

dx =(Ax + CN"'(C*p + D*H)) dt + (Bx + DN~ (C*p + D*H)) dw,
(3.44) x(0)=x,,

xr=~Mi'M{ 'pr,
(as previously indicated, there is now no term M in (3.44)). System (3.38), (3.41),
(3.44) is nothing else than (3.32) and (3.35) (with f =0 and g =0).

We have found that, as in classical duality theory, the dual state p of the

problem of § 3.5 is itself a solution of an optimization problem whose dual state is
x. This point has been completely developed in [3].

3.7. Duality and dualities. We take again the example of § 2.3, but we now
assume that L depends on the control variable also. In 1], Benes changes the
initial formulation of the problem. If 7, is a one dimensional Brownian motion
independent of z, criterion (2.11) may be written as:

T

(3.45) E( L L(t,x,u)dt+ nr)

because nr has a null mean.
Benes then introduces a new state variable x’ given by

dx'=L(t x,u)dt+dn,

(3.46)

x'(0)=0.
The control problem is then equivalent to the minimization of
(3.47) ExT.

By applying the Girsanov transformation on the new state (x, x") variable, we
come back to a problem of the kind treated in § 2.3. However, we have introduced
a new random term 7, and the strategies are now mixed: they are not feedback
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strategies relative to x but to the enlarged state (x, x’). However, we side-step this
difficulty here.
We will consider a special case of the system considered in § 3.5:

dx =(Ax +Cu) dt +dw,
x(0) =xo,

where x varies in m-dimensional vector space, w is an m-dimensional Brownian
motion, and A, C, x, are constant.
The criterion is given by

(3.48)

T
(3.49) -;-EI (|Mx, | +(Nu,, u.)) dt
(0]

where M and N are constant.
We apply (3.35):

dp =(M*Mx—A®*p)dt+H - dw,
(3.50) pr=0,
Nu = C*p.

In this case we find p in the form — Px, where P, is a solution of a classical Riccati
equation, and u, is — N~ 'C*Pyx,.

However, we may look at (3.48) and (3.49) as a special case of (2.10), (2.11),
(3.46) and (3.47), by eventually randomizing the strategy. We will then use a
second duality method for the standard linear regulator problem.

u is now taken in feedback form relative to (x, x'). Generally (2.10)—(3.46)
does not have solutions in the Ito sense, but only in the Girsanov sense. The class
of admissible controls is then completely changed: if a control u is adapted to
(w, m) it is not necessarily adapted to (x, x’) and conversely, if a control u is
adapted to (x, x"), it is not necessarily adapted to (w,n). However, if u is a linear
function of x, (3.48) has a solution in the sense of Ito, and u is also adapted to w.
The linear feedback is, in this case, also a stochastic open-loop feedback relative
to w. This fact will ensure that the optimal # found previously is also optimal in the
class of feedback controls. Let us prove this fact.

The new state variable x’ as in (3.46) is defined by:

dx' =3(Mx|* +(Nu, u)) dt +dn,
x'(0)=0.

We take u in feedback form relative to (x, x’). To ensure the existence of the
Girsanov density, we suppose that u(x, x’, ¢) is such that there is k and k' = 0 with

(3.52) luCx, x', £)| Sk|x,|+k'.
Let X be the solution of
di = % ((Ax + Cu) dx +3(|Mx [>+(Nu, u)) dx),
x0)=1,

(3.51)

(3.53)
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where (x, x') is a Brownian motion. Then it is possible to prove that E(x;) = 1 for
t =0 and that X, is the Girsanov density associated to (3.48)—(3.51) (the only
difficulty is that here |Mx|* and (Nu, u) may grow as |x|* and not as |x|, as is usually
required).

We then minimize

(3.54) E(%rx7).
Let us apply the maximum principle to (3.53)-(3.54) where u is restricted to verify
(3.52), for a given (k, k') with
k> sup [N"'C*P|
O=t=T

and k' > 0. It is proved in [2] that for systems (3.52), (3.53), (3.54), the maximum
principle is sufficient to ensure the optimality of a given control, although the
growth conditions of § 1 are not verified.

Let # be the Hamiltonian

(3.55) %= ((Hl, Ax +Cu )+I—;3(|Mxlz+(Nu, u >))f.

Then, for u to be optimal, it is sufficient that u verifies (3.52) and that
H,=0,
C*Hl +H2Nu = 0,

dp = -—(Hl(Ax +Cu)+%3(|Mx|2+(Nu, u)) dt+H, -dx+H,-dx',
(3.56)

~ !
Pr=—Xm

1Bl = Al + x|+,
T
B[ (Hu+H) di <+,
0

(the growth condition on p, ensures the uniform integrability of p.X, and the
applicability of the maximum principle, although the growth conditions of § 1 are
not verified). Let g, be the process

1 T
(3.57) Q= —zEﬁ’ ‘ I (IMx, > +(Nus, u.)) dt,
t

where u, is equal to — N~'C*P,x,, and where the conditional expectation is taken
relative to the process defined by (3.48). Then it is classical that

(3.58) q: = —3(Pxy, x;).
We prove now that p, = g, —x. is a solution of (3.56) with H; = —Px and H,= — 1.
By (3.57),

t
q,—é [ (MxP+(Nu, u)) dt
0
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is a martingale relative to the process (3.48). By Ito’s formula, and (3.58) we have
(3.59) q:=qo +-;— J: (IMx,|* +(Nug, u,)) ds — LIPx - dw.

By (3.48) we also have
(3.60) ¢ = q0+% L' (M, + (Nt ) dt + L Px - (Ax +Cu) dt — J'O' Px dx.

It is then easily checked that p, satisfies the required equations. Moreover, we
have

3.61) C*H,+H,Nu =0.

u is then optimal among the feedback controls such that (3.52) holds for k large
enough. (We have also proved that the optimal control does not depend on k!)
This discussion underlines a simple example of some of the most difficult aspects
of optimal stochastic control.

3.8. The term M. We have seen in (3.1) that, in general, there is a term M
which appears in the equation for p. When the only randomness.comes from w, M
can be taken to be 0. However, in the general case there may be other random
elements coming into the system: the final time 7" may be random, the matrices in
(3.32) may change at random times, etc. At each of these changes, there is, then, a
reevaluation of predictions, which is registered by M. For the study of M, we refer
to [2].

4. Conclusion. This paper gives only a brief review of the implications of
duality of optimal stochastic control. The previous methods are readily extended
to jump processes. This follows basically from the fact that it is the quadratic
variation (w, w) of w which explains the working of the maximum principle more
than the other properties of w ((w, w) is a predictable, right continuous increasing
processs such that wi—(w, w), is a martingale.)

But (w, w), =t and this is also true for a Poisson martingale. Then, the
functional framework will be exactly the same.

A basic difficulty in the formulation of problems of optimal stochastic control
is to find the control in pure feedback form, i.e., the control must depend on the
present value of the state and not on all the past states. This requires use of
potential theory methods which fit a very large class of problems of control of
diffusion processes, jump processes, jumping diffusions, etc. These results are
given in [4] and [5].

Game situations are studied in [5], [6], [10], [12], [13]. An economic
interpretation of the maximum principle has been given in [9].
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