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In a remarkable series of papers [10, 11], Malliavin has developped pro-
babilistic techniques to prove hypoellipticity for certain second order differen-
tial operators written in Hérmander’s form

L=Xy+3Y X7 0.1)
i=1
where X, X,,...,X, are a family of smooth vector fields on R These
techniques have been exploited by Stroock in a paper which also includes
various applications [12].

The reasoning in [10] proceeds in the following way. First, it is possible to
associate to the operator &% the diffusion given by the stochastic differential
equation .
dx=Xy(x)dt + X,(x)-dw'

(O 0.2)

where w=(w!...w") is a Brownian motion. The measure Q on %(R™;RY
associated to Eq. (0.2) is then the image measure of the brownian measure P on
%(R*; R™ by the mapping

w=Ww )—x (o).

At time ¢, the fundamental solution P(x,.) associated with the operator & is
then the probability law of x,(w).

The key idea in [10] is then to exploit the fact that P(x,.) is the image of
the gaussian measure P on 4(R*; R™) by the mapping w—x,(w). In fact, to
prove that P(x,.) is given by a smooth density, it suffices to prove that all the
differentials of P(x,.) in distribution sense are bounded measures, or equiva-
lently to show that there exists constants C,, such that for any function f in &
(which is the set of C* functions with compact support) then:
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To prove (0.3), an integration by parts argument is needed. In [10, 12], this
uses essentially a generalized Ornstein-Uhlenbeck operator &/ which is an
unbounded self-adjoint non negative operator on the Hilbert space L,({2;P)
and the associated Ornstein-Uhlenbeck process s—>w,e%(R*; R™) whose gener-
ator is precisely .o/, and for which the brownian measure P on the state space
#(R™;R™ is an invariant measure. It is then necessary to prove that all the
functions w—x,{w) are in the domain of the operator </, and to compute the-
Meyer decomposition of the process s—x,{e,) {at least in a generalized sense).
This in turn permits us to derive the needed integration by parts formula.

In this paper we will try to obtain this formula directly using a simpler
argument. The two key points are the following:

a) If x is given by (0.2), x is a very regular function of w, in the sense that if
ueL,(R*; R™) and if x* is the solution of the stochastic differential equation

dx*=Xy(xydt + X, (x*) - (dw' +u' dt)

(0)=x, (0.4)

it is possible to define a regular version of x* in such a way that, for a.e. w,

u—x*(w)e¥(R*; R% is smooth. This uses essentially the theory of stochastic

flows developped by Malliavin [10], Baxendale [1], Elworthy [8] and our-
selves {2-47.

b) The Brownian measure P possesses a strong quasi-invariance property in

the sense that if u=(u’,...,u™) is a bounded adapted process defined on

T

F(R™; R™), then the probability law P* of wt—l-juds is equivalent to P on any
g

o-field #(wys<t) and the density is explicity given by the Cameron-Martin-
Maruyama-Girsanov formula [13].

If g is a bounded differentiable function on the space ([0, T]; R, the
combination of a) and b) permits us to establish directly a formula of in-
tegration by parts relative to g(x (w)) where x (w) is given by (0.2). This
formula is in fact equivalent to the martingale representation result of Hauss-
mann [9-19] for general diffusions, which extends the result of Clark [6] for
the Brownian motion. Section 2 is in fact devoted to the proof of the result of
Haussmann [9-19] with a method of calculus of variations connected with
[19].

One of the main interests of the paper is to show that the infinite dimen-
sional aspect of the Malliavin calculus may be easily taken care of by the
Cameron-Martin-Maruyama-Girsanov transformation, while all the differential
analysis is in fact strictly finite dimensional.

Using these techniques, we are able to derive the existence of a density for
the resolvent operators of (0.1) under the general conditions of Hérmander
[15]. This requires the lifting techniques of Rothschild and Stein [17] (see also
Hoérmander and Melin [16]) and change of time. In the special case where the
distribution generated by X, ..., X,,, [X;, X Jo<; jcm--- (i€ all the brackets of
X5, Xy, ..oy X, except X, itself) generates a foliation of R? by immersed
submanifolds, the diffusion is shown to be factored in the “product” of a
deterministic motion along X, and transversal to the leaves of the foliation,
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and of a diffusion with a regular semi-group in the leaves. These results are
closely related to the results of Ichihara and Kunita [20] who classified some
hypoelliptic diffusions using Hérmander’s theorem [15].

The paper is divided into five sections. In Sect. 1, a few results on stochas-
tic differential equations and their flows are given. In Sect. 2, an integration by
parts formula is established which leads to the explicit martingale repre-
sentation of Haussmann [9-19] of random variables of the type g(x (w)) where
g is a differentiable function on ([0, T]; R%) and x (w) is given by (0.2). This
result is the key to Sect. 3, where the Malliavin formula of integration by parts
is established. For the sake of completeness, Sect. 4 rederives the existence of a
density of transition for the process given by (0.2) when & verifies restricted
Hérmander’s conditions, just as in Malliavin [10-11]. The integration by parts
formula is given in a completely explicit form which exhibits Lie brackets of
vector fields constructed via the flow associated to the stochastic differential
equation. ‘

Finally, Sect.5 is devoted to a probabilistic proof of the existence of a
density for the resolvents of (0.1) under general Hormander’s conditions.

1. A Few Results on Stochastic Flows

2 denotes the space € (R*; R™ of continuous functions defined on R* with
values in R™. The trajectory of a point o is written w,=(w;, ..., w™. The o-field
F, is defined by F,=%(w,;s=<t). P is the brownian measure on @ with the
condition P(w,=0)=1. {F*},., is the filtration obtained by completing
{F,};>0 with the negligible sets in F_ and by taking the right regularization of
this new filtration [7].

X0, X4,..., X, is a family of m+1 vector fields defined on R? with values in
R?, which are C*®, bounded with bounded differentials of all orders.

We consider the stochastic differential equation

dx=Xy(x)dt+X,(x) dw'
x(0)=x

1.1)

where dw' denotes the Stratonovitch differential of w', or the equivalent equa-
tion
10X,

dx= (X0+§ ax

Xi) (0)dt + X,(x)- Sw!

(0)—x 1.2)

where 6w’ is the Ito differential of w'.

For every xeR? (1.1) has an essentially unique a.s. continuous solution.
Moreover, using an argument of Kolmogorov, it is possible to prove elemen-
tarily that it is possible to define a mapping (w,t, x)—¢,(w, x) such that:

a) ¢,(w,x) is measurable in the variable w, and continuous in the variables

(t,x);
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b) For any xeR% t—¢ (v, x) is the essentially unique solution of (1.1).
Moreover the following is proved in [2] (see also Malliavin [10], Elworthy
[8], Baxendale [17]):

Theorem 1.1. A.s., for every t=0, ¢ (w,x) is a C* diffeomorphism of R onto R,
and the differentials Elgmﬂt(w, x) are continuous on R* x R% For any xeR’, Z,
do Jo -1 . , .
=at(a), x) and Z,= [E;t(w, x)] are the unique solutions of the stochastic

differential equations

deaXO(x,)Zdt—i—gg(—i(x,)Z-dwi
0x 0x
Z0)=1
© (1.3)
ox,

0x

X .
dZ'=-27 5x°(x,)dt—z' (x,)-dw'

Z(0)=1I

m

0
-—fg t{w, x) u
0x

t

sup (1.4)

0=t=T
|x] =R

w2

s
0 T

R

1A RS

2IA
1A,

>

For any T>0, R>0, p(1£p <+ w), m(0Z|m| < + o0) the random variables
F -1
(52 (e, )
arein L,

If L is an adapted locally integrable process with values in R®, if z,eR* and
z, is the continuous adapted process defined by

z
z,=24+[Lds
0
then @, (w,z,) is a continuous semi-martingale which may be written:

t ¢
q’z(wa Zt): 29 +_‘.X0(q0s(wa Zs)) ds+ in((ps(w’ Zs)) ’ dW;
] 0

t

+(§)g—(£s(co, z)-dz, (1.5)

or equivalently:
: 16X,
oi.z)=z20+] (X0 5 51X 0,200 ds

t . 3 a(p

+ [ X (@ (w,2))- dW.+ [ ——s(w,z)-dz,. (1.6)
) b 0x

Proof. These results are contained in Theorems .1.2, 1.2.1 and 1.5.1 of [2]. A
proof of (1.5) is also given in [4] (see [3]). O

We now give a result concerning the integration of a class of stochastic
differential equations obtained from (1.1) by a perturbation of the drift.
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Let u=(u',...,u™) be a bounded adapted process defined on @x R* with
values in R™ We then consider the stochastic differential equation:

dx=Xy(x)dt+X,(x)- [dw' +u'dt]

O a.7

which may be written equivalently as:

dx= [Xo(x)+1 Q&Xi(x)—l-Xi(x)ui] di+X,(x)- 5w

2 0x
x(0)=x. (1.8)

(1.7) has a essentially unique solution x*. We now have the following:

Theorem 1.2. The differential equation:

dz*= [Z—()/:I(Cl), Zu)] -1 [Xi(¢t(w, Zu)) ui] dt

19

Z*(0)y=x (1)

has one unique solution defined on a stochastic interval [0, T*[ where T" is a

stopping time which is equal to + oo, except on a negligible set (which may
depend on u). The process @,(w,z}) is the essentially unique solution x* of (1.7).

Proof. The coefficients of (1.9) are C*® in the variable z*. By standard results on
differential equations, (1.9) is easily proved to have a unique solution on a
stochastic interval [0, T%[, where T* is a stopping time such that on (T%< + o),
lim ||z¥||=+ 0. Let T* be a sequence of stopping times increasing to T* such
1 Tu

that (T < T") a.s. Applying (1.5), we see that on [0, 7;/]:

t

t
o, z)=x+ [ Xo(@ (@, 2) ds+ [ X (o (0, 20) - dw'
0 0
t

+] X (o (w, 2) u' ds. (1.10)
(4]
o,(w,z¥) is then equal on [0, 7] to the essentially unique solution x* of (1.7),
ie. z'=¢; Y w,x*) on [0,T*[. Since ¢ *(w,.) is also a continuous family of
diffeomorphisms of R? (for the topology of C® compact convergence), it
follows that a.s., ¢, !(w,x") is a continuous process, and consequently that T*
=400 as. O

Remark 1. For an extension of this result, see [2-4]. The difficulty here is that
. 0 -t . . .
there is no honest majoration of [%t(a), z)] by a linear function of z which
would permit a global integration of (1.9), without considering a stopping time
T
To overcome this slight difficulty, we will have to make a somewhat
restrictive assumption which will be dropped.
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Theorem 1.3. If the vector fields X |, ..., X,, have compact support, there exists a
negligible set A" in Q, such that for any w¢.N, xeR%, if t—v, is a Borel function
defined on [0,T] with values in R™ which belongs to L ([0,T],dt), then the
differential equation! ‘

dy=(pf "' X)) vidt

(1.11)
y(0)=x
has a unique solution y®(w); the mapping
veLy([0,T],d0)—y" (0)eB([0,T1;RY) (1.12)

is infinitely differentiable, and its differential at v=0 is given by the linear
mapping

veL, ([0, T1, dt)u»;"(gpf ~1X)(x)vids. (1.13)

i) -t
Proof. Let us first prove that, for a.e. w, for any T>0, [b«fg-t(w, x)] is
uniformly bounded on [0, 7] x R% Let k=sup|| X,(x)|. Then, it is clear that if
xeR4
R is taken large enough so that the ball of center 0 and radius R contains the
supports of X,,...,X,, if xeR? is such that |[x|| =>R+kT, for t<7T, the unique
solution of (1.1} is given by the ordinary differential equation:

dx=X,(x)dt
(1.14)
x(Oy=x.
p J¢ -t
From (1.3), we see that, for xeR?, |x|ZR+kT, t<T, [ﬁt(a), x)] is given by
the ordinary differential equation
X
dZ'=—-2'"L(x)dt
0x
1.15
Z'(0)=1. (1.13)
. aX{} . . agf) -t . .
Since e is uniformly bounded, {a—x-t(w, x)] is uniformly bounded on
((6.x);t< T, |x|=kT+R). By a continuity argument, [Z—i’t(a), x)] is uni-

formlty bounded on [0, 7] x R% The various functions in (1.11) satisfy the usual
sufficient conditions for the global existence and uniqueness of the solution of
(1.11) on [0,T7]. (1.12) is then an easy consequence of the implicit function
theorem. In fact, let F be the function defined on %([0,T];R%
x L,([0,T1,d0)—~% ([0, T]; RY:

(v, v)—>y,~£(¢§‘“Xi)(ys) v'ds. (1.16)

i ———————— & 1
L Y is a vector field, (pX ! Y)(x) is the vector field [% t{w, x)] Y{o,(w,x)
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Then, its partial differential F, at (y,0) is the identity and the partial
differential F, at (y,0) is given by:

L, ([0.T3.d0- = (gt~ X)) ds. (1.17)

(1.13) follows then from a differentiability result associated to the implicit
function theorem. [

Corollary. Under the assumptions of Theorem 1.3, if u is a bounded adapted
process defined on Q@ x R* with values in R™, then ¢, (w,y"®) is the essentially
unique solution of the stochastic differential equation:

dx=(Xo(x)+ X, (x)u)dt + X (x)-dw

O)—x. (1.18)

Proof. This is obvious from Theorems 1.2 and 1.3. []]

Remark 2. Tt must be noted that this corollary gives a stronger result than
Theorem 1.2 since the negligible set which is eliminated in Theorem 1.3 does
not depend on u.

2. Integration by Parts and Martingale Representation

This section is essentially devoted to the proof of an integration by parts
formula, which is closely related to the martingale representation of certain
random variables of Haussmann [9-19].

The assumptions are the same as in Sect. 1.

T is a positive real number.

g is a bounded function defined on % ([0, T7];R% with values in R which is
continuous and (strongly) differentiable. For every ye%([0,T]; RY) the differen-
ti'fjd dg(y) of g at y is defined by a finite measure d7(t) on [0, T] with values in
R% by

T
ze%([0, T};Rd)—+<dg(y),2>=(§)<Zt,du”(t)>- 2.1

From the point of view of differential geometry, we may identify du’(t) to a
generalized element of T*(RY).

We finally assume that g is uniformly Lipschitz, or equivalently that the
differentials d g(y) are uniformly bounded.

We have now the following key result, which is a consequence of a result of
Haussmann [9-197] which we rederive using ideas of the calculus of variations.
The proof given here is related to the proof given in [19]. For another proof
see Davis [21].

Theorem 2.1. If u=(u',...,u™) is a bounded adapted process defined on Q2xR*
with values in R™, then for any x in R?
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T . -
E [g(qo_(w, X))f - 5W‘]

—E[ju dsCX 00,9, | @¥0.0) 0! @x)du™ )| @2)

[s, 71
. X 0
Proof. Let us first note that the R.H.S. of (2.2) is well defined. In fact, a—(pt(cu, x)
—1 X
and [%ﬂt(co,x)] are given by Z and Z’ in (1.3) and we know by Theo-
rem 1.1 that for any p(1<p< +oo) sup |Z,| and sup |Z;| are in L,. It must

o=st=sT 0=<t=T
also be noted that formula (2.2) is geometrically invariant.

We may also assume that u is a step predictable process, since (2.2) is easily
extended to any u by density. We then suppose that there is neN such that on

. +1
any interval [k/2” [ u is constant, bounded and F,,. measurable. We may

k
even assume that on [k/2",2i1[ has the form

u,=u*[w,, ""W"k]’ 0t <t,<...<t, Sk/2"

where u* is a bounded C® function with bounded differentials of all orders
since such random variables are dense in Lf/2".

Let # be an element of ¥(R*;R™ which is null at 0. For leR, let us
consider the functional equation

t
Pt=”1t—jl”s(P)dS- (23)
0
Note that Eq. (2.3) is not considered as a stochastic differential equation,
but must be solved for each #. Now (2.3) is a trivial difference equation, which
+1
may be solved recursively on each dyadic interval [k/2" [ and its unique

solution is written pl_ (n). Obviously, for each #, p’_(n) isa dlfferennable function
of I.

Let v! be the adapted continuous process
t
vi=w,+ [lu(w)ds. (2.4)
o]

From what has been said previously, it follows that

w =p! (). (2.5)
In (2.4), u,(w) is then adapted to v, since we have
uy(w)=u(p! (V). (2.6)

Now, by the Cameron-Martin-Maruyama-Girsanov formula [13] we know
that the probability law Q' of v\ on ¥(R™;R™) is equivalent to the brownian
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measure on the o-field F;.. More precisely, if w denotes the generic trajectory in
% (R™;R™), we have

14

dQ T T
E—I;FT= exp {j ug(ptw), dwy =5 [ [Tu (o' (W))]? ds} i 2.7
0 0

Let Z% be the density (2.7).
Let us then consider the stochastic differential equation:

dx=(X,(x)+ X,(x) lu'(w)dt+ X,(x) - dw'

(2.8
x(O)=x )
which may also be written
dx=X,(x)dt+X,(x)-(dw' + ' (w)dt)
(2.9

x(0)=x.
From Theorem 1.2, we know that the essentially unique solution x** of (2.8)
is given by
xi= g, (w, 2% (2.10)
where z* is the solution of the differential equation
dz"=(* 1 X)) v’ (w)dt
(7 S ut(w) 2.11)
Z0)=x.

Using (2.7) and (2.9) it follows that

Ef[g(p (o, 2"(@)]=E"[g(p (@, %) Z7(0)]. (2.12)

We will now take the differential of both sides of (2.12) at [=0. We will first
assume that X,,..., X,, have compact support. By Theorem 1.3, we know that
[—z" is differentiable for a.e. w, and that the differential at /=0 is given by the
continuous function

i
[@¥~1X)(x)u' ds. (2.13)
0
The differential of I-g(¢ (o, z'%)) at [=0 is then given for a.e. @ by
T t
<@ (w, %) [ (0¥ X)(x)u'ds,d 2 (0)). (2.14)
[¢] 0

We now must prove that the differential of the L.H.S. of (2.12) is precisely
the expected value of (2.14). Using a uniform integrability argument, it suffices
to prove that for [<+0:

FElg(o, (0,2~ g(o (@, ) @13
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is uniformly bounded. Since g is Lipschitz, (2.15) may be bounded by:

C
zELle (o, 2= ¢ (0, %) %0, 13;re ] (2.16)

Now from (2.9)-(2.10), we know that ¢ (w,z"*)=x" is the unique solution of
the stochastic differential equation

10X, . . . .
u . ) Syl et i
dx! (XO 3 x X)(x Ydt+ X, (x")ow' + X, (x"™) lu' dt 217

X0y =x.

Knowing that ¢(w, x)= x is the solution of (1.2), using the uniform bound-
edness of X, X, ..., X,, and their differentials, we have:

t
E|xi“—xf|2§C{jElxi“—xglzderlzt}, t<T (2.18)
4]
From Gronwall’s lemma, we find:

E|x*—x}? <P ~1), (T (2.19)

Using Doob and Burkholder-Davis-Gundy inequalities [7], we get:

T
E[fx"—=x°Z g0, mire ] = C’ {jE |x’s"—xs°|2ds+l2T}
0
<C'P (2.20)

The boundedness of (2.15) is proved.
It follows immediately that the differential at =0 of the L.H.S. of (2.12) is
given by:

E} < : (o, X)ifpf “Ho, %) X (@, X)) uids,d#“"(“”x’(t)>~ (2.21)

We now differentiate the R.H.S. of (2.12).
First note that in (2.3), the differential K'(y) of p'(5) at [ is such that:

: d
Ki(n)= J(; u (p' (ﬂ))ds—f Loy L (p'(m)1ds (2.22)

and of course —[u (0'(n)] is given by:

D)1= (O K ), .2

Now (2.22)-(2.23) is still a recursive equation. Since the various functions u*
have bounded differentials of all orders, it follows that if |I| <L, the differential
K'(n) is uniformly bounded in €([0,77];R™) independently of #. It follows that
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for {{| £ L, the function

s—-%us(p’(n)) (2.24)

is uniformly bounded by a constant independent of #.
Now since u, is a step function, which is constant on the dyadic intervals

k1
[k/z ,»A*zn-[

T
g Cug(p' W), W) = Z1ugpnp (W), Wp AL =W g0 (2.25)

Sn

From (2.25), it follows clearly that, a.e. Z%¥ is a differentiable function of I
Morecover since the differential of I—lu (p'(n)) at [=0 is clearly given by

ug(n) (2.26)

because in particular p°(y)=n, we see that
dzlu T
'"&Z_Tz: o= E (ugw), dw). (2.27)
0
The differential at [=0 of I>g(¢ (o, x))Z* is then cqual to

T
(o (o, ‘))£ Cu(w), 6w). 2.28)

From (2.25), we see that
d T ; . -
ﬁidus(p W) 5W>:2<uk/2"(p (W), WT/\k——;—J:——WTAk/Z“>
d
+ 21 (7 (20 (0" (W), wTAk;_nl—-wuk;_nl>< (2.29)

It follows from what has been previously said that if |[{|<L, there is a
constant C, such that:

T

d .
E g <lus(pl(w))a 5W>| = CL(Z IWT ,\&2{;1‘ - WT/\k/an)' (230)

For the same reason, for (£ L:
T

ard

uy(p' (W))* ds (2.31)

1s uniformly bounded. Moreover, trivially, from (2.7) and (2.25), we see that for
=L

eruéeXP{DL(ZIWTA"—;}_WTAk/Z"D}' (2.32)
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From (2.31)-(2.32), we see that for |[{<L

d
_Zlu
‘dl ’

S[CLZNwy kr1—wy ke 1))+ CpJexp{Dy(Z|w, k+1—w, k+1])}. (2.33)
2" 2% 27 2n

The R.H.S. of (2.33) is trivially integrable. From (2.27), it follows that the
differential at /=0 of I->E(g(¢ (»,x)) Z'%) is equal to:

E [g(q)_(a), .))Eui : 5wi] . (2.34)

Equating (2.21) and (2.34), we obtain formula (2.2), at least when X,,..., X,
have compact support. We now extend (2.2) to the general case. Let {r,} be a
family of C* functions defined on R? with values in R such that:

a) For any n, 0=<r, <1, and the differentials of r, are bounded uniformly in
n;

b) r, is equal to 1 on the ball of center 0 and radius » and is 0 out of the
ball of center 0 and radius n+1.

Let ¢"(w,.) be the flows corresponding to the vector fields (X,, 1, X,

n

rX, ..., 1, X,). It is trivially proved that for any x, a.e. ¢"(w,x), ax -(w, x),
n -1 -1
[a;; (o, x)] converge uniformly to ¢ (w,x), g—;ﬂ-(a), X), [%] -(w,x) on
[0,T], and even coincide with these processes for n large enough.
Trivially
T T
E [g((p:‘(a), X)) [jui~5wi]] —E [g((p.(w, x)) l:jui-éwi]] . (2.35)
0 0

Moreover, noting that for n large enough, ¢"(w,x) and ¢ (w,x) coincide, it
follows that:

T
Julds (X (@@, %), | oi*(w,x) p3* ~Hw,x)du® " (v))
o [s,T]

- [ ds<X (oy(@,%), | ¥ x) e}~ (@,x)du® (). (2.36)
4] [s, T1

To prove that the expectations also converge, we need only to prove that the
random variables in (2.36) are uniformly bounded in L,. From the uniform
boundedness of dg, and a uniform bound for the L, norms of

(aa(f:) 1w, x)

which is trivial, we have proved the convergence of expectations in (2.36).
From equality (2.2) already proved for ¢"(w,.), we obtain equality (2.2) for a
general ¢ (w,.). [

n

0x

sup (2.37)

0=t=sT

t(w, x) sup

0Zt=T




Martingales, the Malliavin Calculus and Hypoellipticity 481

Remark 1. The key point in the proof is formula (2.12). The proof that both
sides are differentiable in [ is merely technical, but cannot be avoided. In
particular, it is absolutely necessary to choose first a process u which has a
simple form, in order that the discussion starting in (2.3) proceeds smoothly.
The denomination of “integrations by parts formula” for (2.2) comes from the
analogy of (2.2) with the finite dimensional gaussian case.

Formula (2.2) is directly connected with the martingale representation of
g(¢ (w,x)). We have in fact the fundamental result which is equivalent to
Theorem 2.1 and which was first proved by Haussmann [9-19] extending
Clark [6].

Theorem 2.2. Under the assumptions of Theorem 2.1, let M, be the continuous

martingale .
M,=E" g(p (w,%)). (2.38)

Then, if H, is the predictable projection of the process

U= | of(@,x) of (e, x)dp™ > (v). (2.39)

[t,T]

M, has the representation

M:%Z

{=

(H, X (o (0,x))) 0w+ E[g(¢ (»,x))]. (2.40)

oY

-

In particular,

] (Hy, Xi(o5(0,x))) 0w'+ E[g(e (@,x))]- (2.41)

INgE
Oty

g(e (o, x))=
Proof. From a fundamental result of Ito [13], we know that any square
integrable martingale for the canonical filtration of the brownian motion w
may be written as

i
{H; 6w +a. (2.42)
0

Identifying (2.42) to M, and applying the usual rules of Ito calculus, we find
that for any adapted bounded process u with values in R™

E [g((p.(co, ) w‘] _E[Huidt. (2.43)

Identifying the R.H.S. of (2.43) and the R.H.S. of (2.2), (2.41) follows. []

Remark 2. 1t must be noted that since U is left-continuous with right hand
limits, by Theorems VI-48 49 in [7], H is also left-continuous with right hand
limits. Moreover by [2-4], the flow ¢ (w,.) possesses a strong Markov multi-
plicative property, in the sense that if 6, is the canonical translation operator
on (R*;R™) defined by: 8,(w,)=(w,,,—w,), if S is a stopping time relative to
{F,*},50, then on (S < + o) as. for any (¢t,x)eR™ x R*:

@, s(@, %)= ,(050, pg(w, x)).
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If S is a constant time < T
| o¥(0,x)pF o, x)dp? D)= | @ §(0s0,05(w,x)du >3 (w).  (2.44)
[S, T1 [S,T]

Since ¢ (@,x) is given by ¢,(w,x) for t <8, and by ¢, (050, ps(w, x)) for =8,
noting that Fg and 8 F_ are independent, the conditional expectation of (2.44)
with respect to F; is then a function of {¢,(w,x); t <S}. Let then {G;"},., be the
family of o-fields generated by the process {¢ (w,x)}. By the previous argu-
ment, the predictable projections of U with respect to {F,*},., and to {G;'},~,
coincide at constant times. Since they are left-continuous, they coincide a.s. for
every time.

This is in agreement with the general results concerning the representation
of martingales for well-posed martingale problems of Dellacherie, Jacod and
Yor [14]. In fact we also have:

M,=E% g(¢ (»,x)) (2.45)
and (2.40) may be written

16X,

t
M,=[(H_, 0x,— X 4+= —
t g 5? xs ( 0+2 ax

x| (xs)ds> FEGg(c )] (246)
where x,(w) denotes the Markov process ¢,(w,x). (2.44) involves only the

process x itself and not the Brownian motion w which may contain more
information than x.

Remark 3. A question of interest is to know if the process H, may be defined
by functions H,(x.), where H, is smooth on %([0,T];R%. By (2.44), this
question may have an explicit answer.

3. The Malliavin Formula of Integration by Parts

We will now apply Theorem 2.1 to obtain the Malliavin formula of integration
by parts [10-12].

Let f be a bounded C* function defined on R? with values in R, whose all
differentials are uniformly bounded.

Let h be a continuous function defined on %([0, T];R% with values in the
cotangent plane T*(R?, which is bounded, (strongly) differentiable and uni-
formly Lipschitz, ie. its differentials dh(y) are uniformly bounded. If
ye€([0,T]); RY, the differential dh(y) may be identified to a finite measure
dv’(t) on [0, T] with values in R*® R".

2e4([0, T]; R)~dh(y)[z] = EE dv()(z,).

From the point of view of differential geometry, dv’(f) may be identified to
a generalized linear mapping from T, (RY) in T*(RY).
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In particular, if [eT,(R?), we define the action of ¢* ~*dv’(t) on I by:
T T
[Lof 1 dv'@)]()=[dv’ () of Ne TF(RY). (3.1)
0 0

We then have the fundamental

Theorem 3.1. The following equality holds
E (f(or(@x) <h(<p,(w, ), j(qo:‘“‘Xi)(x)éwf>)
T
=E (o (@,x), [ (9F ~1 X )(x) > Aoy~ X)) ds, (95~ df)(x))
0

+E[f(<oT(w x)§<(<o:= LX)00 [ [oF =" (@, %) dv™ @D W) (@F 1 X )(x )>ds].

[s, T]

(3.2)
Proof. Let us first note that (3.2) is coordinate invariant. Let (/,...,I;) be a
basis in T,(R?), (I, ...,1%) the dual basis in T*(R%. We may write
d
=th(')lk
1
(3.3)

<P§“1X,-(X)=;(<P;"_1Xi)"(X) -

A density argument proves that in (2.2) we may choose u adapted and such

that r

Ef|uPds< + . (3.4)
0

For a given k, we take in (2.2)

gW=hMfOr),  u=(pF ' X)) (3.5)

Using (2.2) and summing in k, we get (3.2). [
Equality (3.2) is the basis of the Malliavin formula of integration by parts.
Moreover it must be noted that from Theorem 1.1 and especially from (1.3),
0 0 -1
we know that for any xeRY, Zt=a—(pt(a),x) and Zgz[ggt(w,x)] are the
X
solutions of the stochastic differential Eqs. (1.3). We may add to Egs. (1.1) and

(1.3) the new stochastic differential equation:
dR=Z,X,(x,)- 0w
e (3.6)
R(0)=0.

The left hand side of (3.2) may then be written
E[f(@r(w,x)<h(p (@, x)), Rp]. (3.7
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The function: (x,Z ,Z,R)—f(x;)<h(x ),Ry) is still a differentiable function
on the set €([0,T]; R” % (R'@R%? x RY of continuous functions (x,Z,Z,R)
defined on R, with values in RYx (R*® R%?x R% This explains that formula
(3.2) may be applled to this new function. Similarly, if function h has two
differentials, the same can be said for the R.H.S. of (3.2). This possibility of
iterating (3.2) will be the key of the estimates obtained in Sect. 4, where h itself
will be a function of (x ,Z ,Z).

4. Application: Properties of the Semi-Groups
under Restricted Hormander’s Conditions

For the sake of completeness, we now rederive the argument of Malliavin [10]
to prove the existence of a density of transition under restricted Hormander’s
conditions. We will also have something to say about hypoellipticity.

We make the following assumption:

H,: For any xeR% the space in T,(RY) spanned by X,,X,,...,X,,
[Xi> Xj]ogi,jgms [Xi7 [Xj7 Xk]]ogi,j,kém“' is equal to T_;c(Rd)

Assumption H, is exactly assumption (E) in the work of Ichihara and
Kunita [20].

Proposition 4.1. For any x, a.s., for any T >0,

T
g(@3“1Xi)(x)><(<0§“_1Xi)(X)dS (4.0

is a positive definite form on T*(RY).
Proof. Let U, be the vector space in T,(R% spanned by ¢ ' X,(x),<;<,, and ¥,
be the vector space spanned by

U U). (4.2)

st

We define V,* by
Vr=V. (4.3)

By the zero-one law, we know that a.s. V' is a fixed space not depending on
w. Let us assume that V;" = T (RY).
Then, if S is the stopping time

S=inf{t>0; V,=V;'}; (4.4)

then a.s. S is >0. Let f be a non-zero element in T.*(R%) orthogonal to V.
Then

(@' X)(x))>=0 s=8. (4.5)
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Now it is easily proved that

Sl X))y =<, X,(x)) +£ Silgr ' [X o, X D(x)> ds

t

+HS (0F X XD - dw (4.6)

0
or equivalently

o X))

={/, Xg(x)>+£<f, (0F ([ Xo, XJ+3[X, [X;, XM ds

+ Lo XL XD L owl. (4.7)
0

Canceling the martingale term in (4.7), we see from (4.7) that
oo XL X1(x))=0, s<8, 1<i, j<m. (4.8)
Iterating (4.7) on (4.8), this implies in particular that
frof X, [X, X 1)) =0,  s<S, 15i, j<m. (4.9)
Canceling now the bounded variation process in (4.7}, we have also that
Lo ' [Xo, X1 =0, s=8§, I<ism. (4.10)

By iteration, we see that if X, is any of the brackets defined in H, then
a.s.

) ¢:<_1X[1](x)>:0 SSS. (4.11)

In particular, by taking s=0 in (4.11), we see that f is orthogonal to the
vector spaces spanned by these brackets at x. This is a contradiction of the fact
that this space is exactly T_(R%. ;

This implies that, a.s. V" = T_(R%. The Proposition is proved. [

Let now ¥ be a C™ function defined on R‘®@ R? with values in R, which
has bounded differentials of all orders and which is such that:

a) Osy <L

b) ¢ is equal to one on the set of invertible elements 4 in R¢® R? such that
A=Y <I (1>0), and zero on the set of invertible elements A in R*® R? such
that |A~!| =2] and on the set of non invertible elements.

T is a fixed real number >0.

We then have the following

Theorem 4.2. Let [ be a bounded C* function defined on R* with values in R
which has bounded derivatives, and let Y be a bounded C® vector field on R®
which has bounded derivatives. Then the following equality holds
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E{) (C@)(Yf) (@r(w, x)}
~E {w(C(w»f((pTw, x) <51Y, C1(@) | q);k—lxiaws}

{wc«») f<<pwa))§<c {0) g~ X, 0} 1'Y],<p;"”1Xi>ds}
+E{w (C) f(@rl, x»fds<c (@ ¢ X, 0511

e @or X 0t 1Xi],qo:—lxj>du}
+E{W(C@) f (or(o, x))y <c—1<w><o:<-1

Aot X; 051 X1, C"l(w)<0"r"1Y><Df_1Xj>dU}

O ey 2

~E [ st (LN, Tasortx (Lot X, 007 X
(C w0t Tt X

+]ds J(CTM@ 01 gt X [0 X, 02 X do<or X, ) |
(4.14)

where C(w) is the linear mapping from T*(RY in T (R%)
Clo)= j LX) L@F X ) (x)ds. (4.15)

Proof. We will show that (4.14) is a consequence of Theorem 3.1. We consider
the flow Y.(w,.) associated to the stochastic differential equation

dx=X,(x)dt+ X (x)-dw'
x(0)=x

d2=%(x)
* (4.16)
Z0)=2,
8%,

1 raX i
47/ =2 2 W de-2 T () dw

Z'(0)=Z25,
which takes its values in R?x (R?® R%?. By Theorem 1.1, we know that if Z,
=Z,=1, then:

_0p ,_[oe -t
2,="L (0, %, Z[-[Et(a),x)] :
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To make the computations easier, instead of applying Theorem 3.1 directly,
we will do some supplementary intrinsic computations in order to obtain an
intrinsic formula.

Let us temporarily take the assumptions of Theorem 1.3. By Theorem 1.3,
we know that for a given veL_(R*; R™), if y* is the solution of the differential

equation
dy'=(pF 1 X )y v dt
vy (o7 ) “17)
V(O)=x;

then, ¢,(w, y?) is the unique solution of the stochastic differential equation

dx"=(X o (x") + X (x*) v) dt + X (x*) dw! (4.18)
x"(O):x.

Let pi(w,x) be the flow associated to (4.17). Then the differential of the
mapping x—x;=@?(w, x) is given by

o7 * (o, x)= 0 (@, p(v, X)) p*(®,X) (4.19)

where Z?=p!*{w, x) is the solution of the differential equation

0 .
dZ°=—(¢* X, Zvvrdt
5 (0F T X)) 20)
Z°(0)=1.
Let T be a C® vector field on R% Let us compute the differential at s=0 of
the mapping

s= L7 * (0, )17 T(¢3* (e, x))- (4.21)
The R.H.S. of (4.21) is equal to -
[o;"* (o, )~ [of (e, ) T11(x). (4.22)

Trivially, from (4.20), we see that:
g SU% p g —1 {
A [p t(w> x)]s o j‘ Ay Xz) (X) v dS, (423)
ds o Ox

since in particular for v=0, p’(w, x)=x and p**(w, x)=1. Similarly from (4.17)
we get:

- , |
|55 @] _ =Tt xoeetas @24

and

0 —
55 [t (@, x)17 " T(}" (@, X))o

£ 0 ; —
=[] g (ot~ X0t ds | Lot TI

J — ! ;
35 @D (02 X)) ds. 4.25)
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The R.H.S. of (4.25) may be expressed via Lie brackets; we get
0 - ! . —
([0, 01 Tl (@9 o= | (0 X)v'ds, (o7 D9 (426
0

(4.14) is then exactly formula (3.2) computed on the flow ¥ (w,.) where h is
given by:

(x.,Z.,Z')e¥4([0,T]; R x (R'@ R%)?) —WUTZ;X XD <{Z X (x;) ds)

T (4.27)
(f ZL X (x )< Z X (x,) ds)~ 1 25 Yixg)

and initial point (x, I, I). It is easier to see this by using (4.26) and starting
again the computations leading to (2.2). Taking u as in Theorem 2.1, we have
that:

E [f(cp';(w, ([ o1, () <ol 1 X, ds) o D)
T T
U X0 (o X0 ds) | =E [flor(en) ([ o7 X0

T
H{oF 1 X (x)ds)" ot ! Y)(x)tﬁ(g : @?‘lXa(X)X@Z‘“1X;—(X)-dS)Z‘%‘(w)]-
(4.28)

Taking the differential at [=0 of the L.H.S. of (428) and using (4.26), we
get:

af T -1 i -1 — 1
E (L orlw, 2, 0% [ (02 X)uids) Clo)™ (03~ D) (C))
X 0
T 5
~E (f(cpT(w, X)) C(w)~* [ ds ([y o1 X ¢:-1Xi] dv(pF1X,,.
0 O
+or X< [f oF X 21X, | 45, C @)t V) U(C@) )

T
+E (f(qor(co, %) C~4(w) [g 017X ulds, 037 Y | x/f(C(w») +{} (429

where in (4.29) the differential of i appears in a trivial form left to the reader.
Similarly the differential at /=0 of the R.H.S. of (4.28) is

E [f(%(w, 0) € )¢t VI P(CE) ] - 5w'] . .30)

Extending the equality of (4.29) and (4.30) to any square integrable u, taking
ui:(q—’:‘”lX;’)k
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and summing in k the values of the k-components of both sides of the equality,
we obtain (4.14).

When X,...X, do not have compact supports, we may proceed as in
Theorem 2.1. [

As noted by Malliavin in [11], (4.14) is enough to see that the probability
law of @(w, x) has a density. In fact (4.14) shows in particular that

|ELY(Cla) (Y ) (@r(w, XD = Csup | f(x)]. (4.31)

From a result in harmonic analysis, this implies that the image of the measure
V(C(w))dP by the mapping w—¢@r(w, x)) has a density. Since by Proposi-
tion 3.1 C(w) is a.s. invertible, the same result is true for the image of measure
P by the mapping w— @r(w, x).

But more may be said. Namely, let Y’ be another C® vector field on R?
which is bounded with bounded differentials. Formula (4.14) may be applied to
function Y'f, and the R.H.S. of (4.14) will make function Y'f appear. Now the
same procedure as the previous one may be used to evaluate this R.H.S. in a
formula where f appears explicitly as such, by noting that all the objects in the
R.H.S. may be submitted to the calculus of variations. The only term for which

t

this is not entirely clear is the stochastic integral | (¢¥ =" X,)(x).0w’, but this is
0

in fact trivial since to the system (4.16) a new variable may be added which is
given precisely by '
dR=Z.X,(x,)ow

RO)—0 (4.32)

(incidently note that the Ito integrals are in fact Stratonovitch integrals).
By iteration, we find that if Q is any differential operator whose coefficients
are functions with bounded differentials, then

ELY(C()(@) (0, x))]|= Cy sup Lf (). (4.33)

By a classical result on Fourier transform, this implies that the image of
measure ¥ (C(w))dP by w—¢@1(w, x) is given by a C® density.

As noted by Malliavin [11], if [C(w)] ™! belongs to all the L,(1=p<+ ),
then formula (4.14) is still true by taking =1, since this will follow from a
trivial limit argument and from (1.4). The same can be said for the iterated
formulas of (4.14) taken with =1, since they will make appear higher powers
of C~*, which may be easily taken care of, since C~'is in all the L, spaces.
(4.33) is true with y =1, which implies that the probability law of ¢,(w, x) has a
C® density. For a non trivial example in the non elliptic case, we refer to
Stroock [12]. The complete proof when the vector space spanned by
X,,...,X,, and their brackets is full appears in Malliavin [11] and Ikeda and
Watanabe [22].

Remark 1. As noted by Stroock [12] all these results are of local nature. Since
we will use extensively this fact in Sect. 5, we repeat the argument of [12]. If
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xo€R* and if assumption H, is verified on a neighborhood B(x,, R), then if
xe R’ P(x,.) restricted to B(x,, R) has a density. To see this note first that if
x € B(xg, R), then P(x,.) has a density by what has been previously said.

Take 0<p<R, xeB(x,, R) and let £(x) be the stopping time

S(x)=inf{t 20; | (w, x)—x,|Z p}. (4.34)
Since for any Borel set I’

E(I(pt(w,x)er(é(x)zt))éE(lq)t(w,x)EF)=Pt(x7 F) (435)

the L.H.S. defines a measure B(x,.) which has a density. If y is taken such that
0<y<p, for xeR? define 7"(x) to be the sequence of stopping times defined by
induction by )
To(x)=inf{t 20; | (@, X)—xo| =7}
T,X)=inf{t=1,, ;|0 (0, x)—xo| =y} (4.36)
Tane1X)=f{t27,,; @, (@, x) = x| 2 p}.

Clearly 1,(x)— +o0 a.s. Now for I'e B(x,, 7), by the Markov property of the
diffusion ¢,(w, .), we have:

Pt(x: F)':ZE(lgat(w,x)eF(TZn(x)§t<1‘.2n+l(x)))
=Y. E[B_.,. (@0, (@ x) T). (4.37)

Since each of the terms in (4.37) has a density, the R.H.S. of (4.37) has a
density.

To work on a manifold, this procedure of Stroock may then be used in the
same way. If N is a metrizable connected C* manifold, assume that H, is
verified on N, ie. at each xeN, the vector space spanned in T,(R% by
Xy X [ X0, X1, [ X0, X, - 1s full. Take xo€N and assume that ¥7(x,)
is a neighborhood of x,, which is difftomorphic to B(0,2R) in R’. Extending
X,, ..., X,, as C® bounded vector fields on R? out of B(0, R), which is diffeo-
morphic to ¥ (x,), we see that if #(x) is defined by ’

n(x)=inf{r=20; ¢, (w, x)¢ ¥ (xo)} (4.38)

the measure
T'e V" (x0)=>E(l,, (0, xerf(X) 1) 4.39)

has a density. Repeating (4.37), we see that for each xe N, B(x,.) has a density
on ¥ (x,).

Since N is locally compact and countable at infinity, for any xe N, B(x,.)
has a density.

5. Application : Hypoellipticity under General Hormander’s Conditions

In this section we will apply the techniques of the previous parts to study the
hypoellipticity of a second order differential operator under general
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Hormander’s conditions [15] i.e. when, at each xe R the vector space gener-
ated by Xo, Xy, ..., X, [X;, XJo<ijzm--- is full. The difference with Sect. 4 is
that X, comes in explicity as a generating member of the family, and not only
via its brackets with X, ..., X,

A typical example is given by the generator of the non homogeneous heat

equation
! 6 iz o 5.1
FrREEr e (5.1)

In this case, the semi-group P(x,.) is not given by densities, but the fact of
integrating in dt to obtain the resolvent makes that the potentials or (5.1) have
a density. ‘

The main results contained in this section are the following:

a) If T is the vector space generated in T,(R%) by X,(x), X;(x), ..., X (%),
[X;, X 15%; j<m---» then if T" is nowhere full, the diffusion may be factored in
the product of a diffusion along the leaves which are the integral submanifolds
of T’, and a deterministic process transversal to the leaves. In each leaf, the
analysis done in Sect.4 may be used. Integration in ¢ explains why hy-
poellipticity holds.

b) If T is full, then the methods of Sect. 4 may be used.

¢) In the general case, where T’ is full on an open set 4 the methods of
Sect. 4 may be used when x is in the fine closure 47 of 4. On the com-
plementary set 47, it is not clear that the methods of a) may be used, since T”
does not necessarily generate a foliation. An alternative method is then used.
In fact, the process is lifted to a larger vector space and a time change is done
on the lifted process, which makes its distribution 7" full at least locally, so that
the methods of Sect. 4 apply on the lifted process. Going down to the initial
process, hypoellipticity is shown to hold. A consequence of this is to verify that
the distribution T is essential to understanding the semi-group P(x,.), but is
(fortunately) very unstable through time changes.

In subsection 5.1, a detailed analysis is done of the process of operators

g@s*”X,v(XD {oF~ ' X (x)ds. (5.3)

The importance of the fine closure 47 of A is explicited. In subsection 5.2
the complete analysis of the case when the distribution T’ fibrates is done. The
factorization theorem is proved, whose consequence is hypoellipticity in this
special case. In subsection 5.3, hypoellipticity is proved in the general case
using a lifting procedure.

The analysis done in Sects. 5.1 and 5.2 is closely related to the results of
Ichihara and Kunita [20].

5.1 Sweeping the Tangent Space

In the whole section, we make the general assumption of Hérmander [157:

H,: At each xeR% the vector space spanned by Xy X,,...,X,,
[Xi, X 1o<i jsm--- is equal to T,(R%).
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Definition 5.1. At xeR? T/ is the vector space spanned by X,,...,X,,
[X:, X do<i j<m--- in TR,

By H,, the codimension of T, is at most 1.
We have seen in Sect. 4 that it is essential to know if j e¥ 1 X ><o¥ 1 X, ds

is invertible. Under H,, this will not necessarily be the case. It is however of
key importance to know what the image of this operator is. We have:

Theorem 5.2. For any x€R? if H (w,x) is the subspace in T.(RY) which is the
image of T*(R% by the linear mapping C (o, x)

T
peTFRY) [ {p, (07 ' X)X (0¥ ' X)(x)ds, (5.4)
0
then a.s., for any T >0, the vector space in T,(R?) spanned by

U qD;k* l(a)a X) T,S(w, x)

s=T
is equal to H p(w, x).

Proof. The transpose of operator Cr(w, x) is equal to itself. Moreover Cr(w, X)
defines a positive symmetric form on T.*(R%. Since, for T <t

{p, Crlw, x)p> =<p, C,(w, x) P>, (5.5)

the kernels Ker C,(w, x) are decreasing with T, and moreover T—Ker Cr(w, x)

is left-continuous, ie. Ker Cp(w,x)= (| Ker Cy.(w, x). By orthogonality, this
T>T

>
implies that the images H;(w, x) are increasing with 7. The result stated in the

Theorem is clearly equivalent to proving that a.s., for every T >0

Ker Cr(w, x)= ﬂ (@3 (o %) T, 0, ) - (5.6)

Since, if X;, is one of the brackets generating T', (pf~ 1XU])(x) is a
continuous process, it is equivalent to prove that for any 7 >0

KerCylw, )= () [0 0.0 T 0T as. 5.7

For p to be in Ker C(w, x), it is necessary and sufficient that:
P, (@F " X)(x)>=0 s=T. (5.8)
(5.8) shows that since X, ..., X,, are in the distribution 77,

Ker Cr(w, )= QT L@~ (@, %) T; 0, 0)]- (5.9)

We now prove the reverse inclusion. Let ¢, ..., t, be an equipartition of [0, T]
such that

tiy1—t;=T/n  t,=0. (5.10)
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Let Iy, ..., I, be a fixed basis in T_(R%. In the sequel, we decompose the vectors
in T.(R% on this basis. Clearly, if Y}, ..., Y, are C* vector fields on R for any
b,b' (1=bh,b'<d) when n— + o0

Liev Tre+1
> f @Y ew [ (@F ! Y (x)wd
kot t
T
(@ Y (' Y(x)V ds  in probability. (5.11)
o]

By a measurable selection theorem, it is possible a family of bounded
random variables f, ..., f; with values in T*(R% so that for ae w,
filw), ..., fiw) generate Ker Cr{w, x) {they are not necessarily free). Now using
{4.6), we have that for any i (0<i<m)

o1 X =X, 0+ 0 DX, X IO+ 03~ X, X ]!
— X0+ [ 9 (DX, XL, [, XD ) ds
o1 DX, X0 W 5.12)
Using (5.11) and (5.12) it is then clear that for any I (1 £1=<d), when n—> +w
SICH) 0371 X =0t XD P
«»E I filw), @' [X,, X1(x)>|*ds  in probability (5.13)

((5.13) does not follow from stochastic calculus on {fj(w), o* ' X,(x)>!). Using
(5.13), we see that:

}Kf}(w),@of“l{Xj,Xi](x»fzds:O, t<T, 1<i, j<m as.  (5.14)
0

By continuity, we get:
o), @ X, X1(x)>=0, ST, 1<i, jSm as. (5.15)
Applying the same method to (5.15), we see that in particular:
o), 91X, (X, X 11())=0, s<T, 15i, jSm as.  (5.16)
Now we know that jt"q);“‘l [X;, X,] (x)dw/ is the uniform limit in probabili-
ty of 0
Y oE X X, e — W - (5.17)



494 J.-M. Bismut
From (5.15), we get:
t

<fz(w), !;(pf‘l [Xj,Xi](X)5W’>=0, t<T, 154, jSm as.  (5.18)

From (5.12), (5.15) and (5.18), we have

<fl(w),fq)j—l[xo,xi](x)ds>=o, 1ST, 1<i<m as.  (5.19)
0

or equivalently
(@), ¥ 1[Xo, X1(x))=0, s=<T, 1<i=m as. (5.20)
Now (5.14)-(5.20) are equivalent to
Siw), oF '[X,;, XJ(x)>=0, s<T, 0<jsm, 1<ism as. (521

Iterating the procedure, we find that if X, is any bracket in the distribution
T’, then

<ﬁ(w), P¥ ' X y(x)»>=0, s=T as. (5.22)
(5.22) shows that:
Ker Cr(w, x)= () He¥~Hw, x) T, o)1 (5.23)
The Theorem is proved. [ =

Another connected result is the following

Theorem 5.3. For any xeR?, a.s., for any s, T, s<T, then
@¥ ' Xo(x)— X (x)e Hp(w, x). (5.24)

Proof. Since H(w, x) increases with T, it suffices to prove the stated result for
s=T. Using the left continuity of T—Ker C,(w, x) and the continuity of the
process @F~'X,(x), this is equivalent to proving that for any T, as.
@1 X (x)— X ,(x) is orthogonal to Ker C(w, x). Now from (5.12), we have

OF 1 Xo(x)=Xo(x)+ [ oF ' [X, Xo](x)- dw
0

=X0(x)+jf%(p§‘1 [X,,[X;,X,]] (x)ds—i—i(p;‘“lXj(x)éwj. (5.25)
0 0

Using the notations of Theorem 5.2 and proceeding as in this Theorem, it
is clear that any fi(w) is a.s. orthogonal to ¢% ' X,(x)— X,(x). The result is
proved. []

Let T

(o2, )

be defined by

T, »=1nf{t=0; C/(w, x) is invertible}. (5.26)
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For every xeR%, T, ., is a {F*},,, stopping time. By the zero-one law either
T »=0as.or T, ,>0as. Let F be the set

F={xeR% T, ,=0 as}. (5.27)

Before identifying the set F, we give some of its properties.

Theorem 5.4. F is a G; set in R* which is finely closed for the fine topology of
R? induced by the strong Markov process (1.1). Moreover, for every xeR? such
that T! + T.(R%), the following identifies hold a.s.

Ty, o =Inf {t=0; ¢(o, x)eF}
=inf{t=0; @* ' X,(x)¢ T, for one of the i: 1 <i<m}
=inf{t20; ¢} (w,x) T, o+ T} (5.28)
Proof. Clearly

P(To,y=0)=P( QO {C,(e, %) is invertible}). (5.29)

For x to be in F, it is necessary and sufficient that, for any >0
P(C,(w,x) is invertible)=1. (5.30)

From Theorem 5.2, we know that a.s., for every ¢t>0, H,(w,x) contains T.
Since for t<7T, ., C.(x,») is not invertible, since the codimension of T is 1
when T, T, (R"’) necessarily, for t < T, t>0, we have:

(w,x)?
H,(w,x)=T,. (5.31)

Using Theorem 5.2 again, we see that for t< T, o, ¢F ~Y(0,X) T, is includ-
ed in T}. Since the dimension of T, ., ., 15 at least d—1, this is possible only if
equahty holds.

Note then that if ¢} ~'(w,x) T}, ,, *+ T, since the codimension of T} is one,
the union of these two spaces spans the whole space T,(R%. The third equality
in (5.28) is then an casy consequence of Theorem 5.2. Since from (5.8), H,(w, x)
is the space spanned by ¢* ~*' X,(x) (s=t,1 <i<m), the second equality in (5.28)
is also trivial.

From the strong multiplicative Markov property of ¢ (w,.) ([2, 3]), we
know that if 0, is the canonical translation operator on Q=%(R";R™

0, (wy)=(w,,,—w) (5.32)
if Sis a {F*},,, stopping time, then, a.s. on (S < + o), for any (z,x) in R* x R*
@, s(w, %)=, (050, @s(w, x)). (5.33)

We apply (5.33) with §=T, @, In the sequel, we write S instead of T
Knowing that on (S<+o0), @' T, , 4=
+o0):

w,Xx)*

=T/, using (5.33), we have on (S<

lnf{t> 0 q)t -1 (gsw (PS(CO7 )) (Bsw @s{w,x)) 4: (a) x)} 0 (534)
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Since on (S< + ), 5 ' F_ and F; are independent and g0 is still a Brownian
motion, necessarily on (S < + o), o4, x)eF. If D, is the stopping time defined
b

Y Dp=inf{t=0; ¢,(w, x)eF} (5.35)

we have proven that D, <T,, ., a.s. Now, on (D < + o), using (5.33) again with
S=Dg, we see that a.s., on (Dy< + c0)

inf{tZDp; 0}~ l(w’ x) Tq;t(m,x):f& QB?;; ! (o, x) T(;DF(w,x)} =Dp. (5.36)

For ¢ taken as in (5.36), ¢}~ '@, %) T, » and ¢} (@, x) T, ., generate the
whole T,(RY. Using Theorem 5.2, we see that T, ,<D; as. The first equality
in (5.28} is proved. '

For a.e. @, X=1¢,, xinvertivie 15 LS-C., since Cw,x) depends continuously
on x. This implies that the function g, defined by

x—P(C,(w, x) is invertible) (5.37)

is ls.c. Since g, <1, we have

{xeRd;gt(x)zz1}zﬂ{xeRd;gz(x)>1—%} ’ (5.38)

and the RHS. of (538) is clearly a G, set. From (5.30), we see that F is a
countable intersection of G; i.e. still a G set. F is trivially finely closed. [J

For the moment, F apparently depends on X4, X,,...,X,, and not only on
the generator ¥ =X,+%1Y X7, ie. on the Markov process defined by (1.1). We
1

now show this independence.
Let A be the open set:

 A={xeR% T, =T,(RY}.
It is easily shown that A depends only on %. We now have

Theorem 5.5. F is equal to the fine closure A7 of A. For every xeR?, we have:

YEm,x) = inf{t g O: Xo((ﬂr(&}, x)}eT(;t(m,x)}
=inf{120; Xo(x)epf ~H(@,2) Ty, 00} (-39

Proof. We first prove that if x belongs to the fine interior of °4, then x¢F. Let
S be the stopping time

S=inf{t=0;¢,(w,x)eA}. (5.40)
Clearly S>0 as. Let Y,,..., Y, be a family of brackets of the type X,..., X,
[Xo X1 ... in the distribution T’ which are free at x and generate T,. Let H be
a C® d-—1 differential form on R¢ such that at x, we have H(Y,,...,Y,_,)
=£>0. § is the stopping time

S'=inf{t=0; H(Y,,..., Y,_ M@, (@, x)=¢/2} AS. (5.41)
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Clearly, for t<§', the Yo (o, x)) are free. Since T, ,, is of dimension d—1,
they still generate T, . It follows that any bracket [X Y, (e, (w,x))

[X;,[X ;Y ])(e,(w,x)) may be written

[X;, V(@ x) =Y ¢}, (t) V(o dw, X)) 542
[X;, [X;, Yo, x) =) &3 (t) Y, (e 0, %)

where ¢, d%, are continuous adapted processes. This is true in particular

k>
because
X, Y jeT’ 0<j<m
(X, %] O=j=m) (5.43)
X, [X, Y IleT” (Osjsm)
We know that:
t
¥ 1Y) =Y (x)+ [ oF T HIX o, Y1+ 51X, [X;, V1D ds
0
t
-+ f(p;“ -1 [X;, Y] owl, (5.44)
0

Using (5.42), we get:

d}
1Y () =Y (x)+] (60k+ ;‘) p* Y ds+5cjkgo* Yy swl.  (5.45)
Since T+ T,(R%, there is pe T}(R)+0 such that {p, Y (x)>=0(15ksd-1). I
r, is the process defined by: r,(f)=<p, ¥ ~! Y,(x)), then the r, verify the system

t n t
rk(t)zg (c'(‘)k +6~l~2’-5> r,ds +£c}k r,owl. (5.46)
Clearly {5.46) has a unique solution which is 7,=0. This shows that for t<S',

T, =Ty Equivalently this means exactly that T, , =S Since § is
as >0, we have Ty >0 as., le. x¢F.

Moreover, if xe4, 7, is full and T, »=0 as, Le. xeF. This shows that the
fine closure A7 of 4 is aIso included in F, We have previously seen that Fo 47,
and so F=A4'.

From Theorem 5.4, we know that T, , is the hitting time of F. Since F is
the fine closure of A, the first equahty 1n (5.39) is proved. Since on A, T" is d-
dimensional, it is clear that T, . is 2inf{t=0; X,(x)ep} 1((» )T oy I
xeA, equality clearly holds. Moreover if x¢A, since X, (x)¢Ty, using the last
equality m (. 28) it is easy to see that T Zinf{t20;

(@, x)

Xo(x)e}  Hw,x) T, 4 o} The last equality in (5.39) is proved. [
Remark . The space R? has been divided in two regions:

a) If xed’, then for every t, P(x,.) has a density. This may be seen by the
techniques of Sect. 4.

b) If x¢A47, then a control of the differentials of P(x,.) may be obtained
only in the directions of T". There is however a tricky bifurcation problem
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when @,(w,x) goes from ‘4’ to A/, which makes the inversion of C,(w,X)
difficult, just after reaching 4 since the norm of the inverse may be arbitrary.

A natural idea would then to obtain a control in the X, direction by using
Ito’s formula, which allows us to express the action of X, by means of the
action of the X; (1 <i<m) up to order 2. In subsections 5.2 and 5.3, we will use
a much cleaner type of argument to overcome the bifurcation problem.

5.2. The Semi-Group F, in the Degenerate Case

If x is the topological interior of ‘4, we know [18] that since T’ is an
involutive distribution - ie. stable by Lie brackets - which is locally of
dimension d—1, T possesses integral submanifolds of dimension d—1. To
simplify the analysis, we will make in this subsection, besides assumption H,,
the following assumptions:

H,: A is empty, ie. for any xeR®, T, is of dimension d—1 (ie. X,¢T").

This assumption is assumption (P) in Ishihara and Kunita [20].

X, will then be transverse to T" at every point.

Note that by the Frobenius theorem in its general form [18], 1.2, the
involutive distribution T’ determines a foliation of R? by connected disjoints
maximal leaves L, which are integral submanifolds of 77, ie.

a) R? is the union of the L, For each xeL, there exists a system of
coordinates (4, y' ... y?~1) such that locally the foliation is given by {u=cst}.

b} For xeL,, considering L, as an immersed submanifold, T (L) is exactly
T

Clearly if xeR% if Y,,...,Y;_, are a family of brackets in T’ which generate
T,, an adequate system of coordinates describing the foliation at x is given by
the local diffeomorphism

d—1
(u,y)eR X R4~ - (expu X y) o exp (Z yi}’i>. (5.47)
1

However note that the L, are generally not embedded as submanifolds of
R ie. the natural topology on the leaves L_ is stronger than the induced
topology (see [18]).

For xeR?% L, is the unique leaf containing x. We consider the differential
equation:

dy=X,(y)dt

y(O)=y

and the associated flow of diffeomorphisms of R%,: y—y,. We then have the
following elementary result:

(5.48)

Proposition 5.6. For each t =0, the foliation L, is stable by ., i.e. the image of a
leaf by v, is still a leaf. In particular for each t=0, xeR?

¥oiTy =T (5.49)

+{x} x
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Proof. Let Y,,...,Y,_, be a family of brackets in 7" which generate T. They
are necessarily free at x, and then free on a neighborhood, ie. they still
generate T’ on a neighborhood. We have:

Y Y= Y,'(X)ﬂl"!//;“‘1 [X o, Yi1(x)ds. (5.50)

Since [ X, Y]eT’, for t small enough, we may write

[X o, YW, ()=} cf, Y;(, (x) (5.51)

where ¢/ are continuous functions. Let pe(T))*, p=+0. Then
t ;
pE Y (0> =[ el p ¥ V() ds. (5.52)
0

From (5.52), we see that for ¢ small enough {p,¢*~'Y;(x)>=0, ie. T
=y¥ T}, Define S by

S=inf{t20,y* ' T, . + T2 (5.53)

Clearly, if S<+ o0, sz*Tw’s(x) T!. Now reasoning as in the proof of Theo-
rem 5.4 and using the semi-group property of ¥,, we see that if t—S>0, for ¢
—8 small enough, we still have ¥}~ 'T; =T/, which contradicts the de-
finition of S. Hence S = + co.

Take xeR? and x'eL,. Since L, is connected, there is a C® curve
se[0,1]—x,eL, such that

Xo=X, Xx;=x. (5.54)

dx . .
Clearly d—eT’ which implies that lp, s eT,,jt(xs) s—¥,(x,) is then an integral

curve of the distribution T'. Necessarily it belongs to the same leaf which
contains ,(x) and ¥,(x'). The Theorem is proved. [

0
Note that at least locally we may take X, to be the vector ™ and T’ to be
the distribution

, 0 0
X4, ...,X, may be written

, 0
Xi=dwy)y,; (sism) (5.56)

The operator .# has then the form

a 1 n
F=ts ZXZ (5.57)
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We will now construct explicitly the solution of (1.1}. When ¢ is bounded by
a constant T, the vector fields yF ' X,(x) are clearly bounded with bounded
differentials in (t, x) of any order. We then have the key result:

Theorem 5.7. Let us consider the stochastic differential equation
dz=(F ' X)(z)-dw'

5.58
2(0)=z (:38)

and the associated flow t1,: z—1{w,z)=z, Then as., for any zeR% 120,
t,(w,2)eL,. Moreover, as., if L, is a leaf endowed with its natural topology, the
mapping (t,z)eR* x L,—1,(w,2z)eL, is continuous; 1,(w,.) is a family of diffeo-
morphisms of L, depending continuously on teR* (for the topology of uniform
convergence over the compact sets of L,).

Proof. First note that the fact that (5.56) is not time homogeneous is no
obstacle to the application of the results of Sect. 1, since the system can be
made homogeneous by adding a new variable. By [3, 4, 10], we know that
considered as a mapping from QxR* xR? into RY the flow 7.(w,.) is the
uniform limit in probability over the compact sets in R x R? of the flows
(e, .) associated to the differential equations

dz" =~ X)) wHndt

5.39
Q) =2z -9)
where

whr=2"[wH([2" €] + 1)/27) —wi([2"]/2")].

Since z" given by (5.59) is an integral curve of the distribution 77, it is clear
that for any teR*, z'eL,. Since L, is not necessarily closed in RY, we cannot
immediately conclude that z,(w, z)&L,.

Let n, be a subsequence of N so that the convergence previously defined
takes place a.s., ie. out of a negligible set .#. By Proposition IX-2 in {23], the
leaves L, are second countable (for their own topology). Fix (¢,z)eR* x R? and
w¢A. There is an open neighborhood V of t,(w,z) in R? and a coordinate
system (4, y'...¥*~*) on V such that the foliation in V is given by the slices (u
=cst) (two different slices may belong to the same leaf!).

Since the leaves L, are second countable, by [23] IX, we know that the
connected components for the topology of R? of L, ~V are given by slices (u
=cst), at least if L,nV=%@. For |¢'—t| small enough, and n, large enough, we
know that 7%(w, z)eV. Using the continuity of ' >t%(w, z)eR? and connexity, it
is clear that for [¢'—¢| small enough, t7*(w,z) remains in a slice (which may
depend on ny). It is then clear that for |¢'—¢| small enough, 7, (w, z) remains in
a slice, and then in a given leaf of the foliation. Now take T>0 and cover
[0,T] with a finite number of intervals such that on each interval, t{w,z)
remains in a given leaf L,. Since t4{w,z)=2z, for any te[0,T], 7,(w, z) remains
in the same leaf L. Moreover (t,z)eR* x L —1,(w,z)eR? is clearly continuous.
Using Proposition IX-1 in [23], it follows that (t,z)eR* x L,—,(w,z)eL, is
continuous. The same argument applies to the differentials of 7,(w,.). O

We now have the factorization result, which is essential in this section.
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Theorem 5.8. A.s., for any (t, x)eR™ x R®, we have

@, )=, (z(@, x)). (5.60)

Proof. From the Ito-Stratonovitch formula, we know that for every xeRY then
t t
Yo tlo, x)=x+ [ X o(Y 0 7, ) ds+ [ X 0 t(, x))-dw' (5.61)
o] 0

ie. Yo 1,{x} is a solution of {1.1), which is equal to ¢, {(w, x). Since ¥, o1 {w,x) is
obviously jointly continuous in (¢, x), the theorem follows. [

The diffusion (1.1) has then been factored as the “product” of a diffusion in
a fixed leaf L, and a deterministic motion in the direction X . This result is an
improvement of the result of Ichihara and Kunita {207, which is essentially of
a local nature.

For a given leaf L., we will consider 7, as a flow on this leaf, and T" to be
its tangent bundle.

We have now the key result to study P(x,.).

Theorem 5.9. For every xeR® a.s., for every T> 0, the quadratic form on TF(L,)

T
[y X, ) o g X (o d (5.62)
)

is positive definite.

Proof. We will do the same reasoning as in the proof of Proposition 4.1, with
the reservation that y*~* X, is depending explicitly on . For feT*(L,) to be
in the kernel of (5.62), it is necessary and sufficient that

S ET X (> =0, (ST (5.63)

Now using (5.50), we have:
i

YT X ) =X, () + [TE YR X, X 1(x)ds
0

+}T§"‘1w;‘“1 [X, X I(x)dw’
t (5.64)
=X (x)+[tF (X X J+3[X . [X, X D) ds
)

t
+~£"c§‘“1w;“*1[Xj,Xi]5wj.

Reasoning as in the proofs of Proposition 4.1 and of Theorem 5.2, we see that:
FrE Wi ' [X, X 1>=0, 0=Zj<m, 15j<m, s<t as. (5.65)

Iterating (5.65), we get in particular that f is orthogonal to all the brackets X
in T, which implies f is zero in T*(L,). [J

1
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Remark 2. The key fact is that X, has appeared only through the derivation in
t of the time dependent vector fields ¥* ! X,.
From Theorem 5.9 and Remark 4.1, we get immediately:

Theorem 5.10. For each xeL,, the probability law of t/(w,x) is given by a
density on the leaf L_.

From Theorem 5.8 and Theorem 5.10, we get:

Theorem 5.11. For xeR® the probability law P(x,.) of ¢,(w,x) is given by a
density on the leaf L, .

Proof. , is a diffeomorphism of the leaf L, on the leaf L, ). From this, we get
the Theorem. [J

Theorem 5.12. For any xeR®, T>0, the measure defined by

T
f—>E(§)f(<Pt(w, x))dt (5.66)
has a density.

Proof. Given a leaf L, since X is transversal to T", the mapping
(&,7)eR X L, ()eR’ (5.67)

is non singular. Let P(x,.) be the probability law of 7,(w,x) on the leaf L,.
Since (5.66) is the image of the measure 1,_..dt®dE(x,.) by the mapping
(5.67), it has a density. [

5.3. The General Case

We will now attack the general case where only H, is verified. We still want to
prove that the statement in Theorem 5.12 is true. If xeA, then clearly B(x,.)
has a density and the result is trivial.

We will then assume that x¢ A ie. T] is not full. By a result of Rothschild
and Stein {17] (see also Hormander and Melin [16]), we know that if the
brackets of X,,..., X,, of length<r span T,(RY, there exists p and C*® vector
fields X,,..., X, on R**? such that:

a) If = is the canonical projection of R?*? on R?, then n* X,=X,.

b) The brackets X ;, of X, ..., X, of length <r (i.e. [I|<7) span T, o, (R**?)
and moreover they are free of order r at (x,0), ie. the only algebraic de-
pendences between the X ;(x,0) (11| <) are the algebraic relations which exist
in a general abstract Lie algebra, like the Jacobi identities.

We may of course assume that X, ..., X, are still bounded with bounded
differentials of any order.

Since T/ is not full, T 4, is not full. We now claim

Proposition 5.13. There exists a uniformly positive bounded C*® function u on
R%*? such that if T’ is the distribution associated to the vector fields
WXy Xy, X,), T™is full at (x,0).
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Proof. From Proposition 2 in [16], we know there exists u C* bounded such
that 1f for a sequence of indices I=(,,...,i,), X, is the differential operator
X, » then:

i "

(X,u)(x,0)=0, [I|<r—1

5.68
(X" u)(x,0)=1. (-65)

By adding a constant, we may assume that u is uniformly positive. For any I,
it may be easily checked that if Xx* in are the brackets corresponding to
wX,X,,...,X,,), then:

Xiy=u X+ lJIZIIIBLX[J] (5.69)

where the B4 jr are linear combination of functions containing X (u for |K|<I.
Since u(x,0) is non zero, from (5.68), we see that for |[I|<r, the X[I](x 0) are
non zero multiples of the X %, 0). We now compute explicitly the bracket
[X,,[X,,....,[X,,uX,]]] where X, is repeated r times. A trivial computation
shows it is equal to

gci(fi wY,_; (5.70)

where Y,_. is the bracket calculated with u=1 which contains r—jX,. Using
(5.68), we get that at (x,0), it is equal to uY(x 0)+ X ,(x,0). Now since the
vectors X, ..., X, are free of order r at (x, 0), X ,(x,0) does not belong to the
vector space spanned by the other brackets X [,](x 0) with |I|£r, I+0, which is
necessarily of codimension 1. Since T”(x,0) is not full, it is exactly equal to this
space. In particular ¥,(x,0) may be written as a linear combination of X (%, 0)
with || <r, I+0. This shows in particular that X ,(x,0) is a linear combination
of X[I](x 0)(I|£7+1,1+0). T(x,0) is then necessarlly full. O

We now give the result of existence of a density for the potentials of
process (1.1).

Theorem 5.14. Under H,, for xeR% T=0, the measure

T
f~E[f(pfo,x)dt
0
has a density.

Proof. We may directly assume x¢A. Take Xo, ..., X,, u as in Proposition 5.13.
Now T’“O) is full. Let v=0 be such that v*=u. Let then ® (w,.) be the flow in
R4*? associated to (X, ..., X,). B, is the change of time defined by

ds
B, —1nf{ﬁ 0;| 5———— t}. 5.70
SoGiomo 70
Now if w}! is the process defined by
B ow

i
w, =

L. mom (571)
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(w'l,...,w'™ is trivially a brownian motion. Moreover V=0 (,(x,0)) is the

solution of the stochastic differential equation

1y=r'0) (R0 43 G R0 drrwXyow
y(0)=(x,0)
which may also be written
dy=("X,—10(X,0) X)) dt +©X)()-dw" 579
y(0)=(x,0)
¥, is then a new diffusion calculated with

Since v is uniformly positive, it is easily checked that the distribution T'*
corresponding to (X%,..., X*) is the same as the distribution T'* calculated for
X, ...,X,). The distribution T'* is necessarily full at (x,0). From the results
of Sect. 4, we know that for any T’ >0, the measure

-
g—E [g(y)dt has a density. (5.75)
0
Now clearly, we have:
T + o
E[g@(o,(x,0)dt=E | 15, g(y)v*(y,)dt (5.76)
0 o]

which implies that the measure defined by the L.H.S. in (5.76) has a density.
Since 7 (e, (x,0))=@,(w, x), the result is proved. [

Remark 3. The idea is of course to accelerate the process slightly so that the
random variables ¢, (w,x) have densities. Apparently, this accelaration in-
volves the building of the extra process §,(w, x).

The author is much indebted to two referees for very helpful remarks.
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