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In a remarkable series of papers [10, 11], Malliavin has developped pro- 
babilistic techniques to prove hypoellipticity for certain second order differen- 
tial operators written in HSrmander's form 

2 Z = X o +  �89 ~ X 2 (0.1) 
i = l  

where X o ,  X 1 , . . . , X  m are a family of smooth vector fields on R e . These 
techniques have been exploited by Stroock in a paper which also includes 
various applications [12]. 

The reasoning in [10] proceeds in the following way. First, it is possible to 
associate to the operator ~ the diffusion given by the stochastic differential 
equation 

d x  = X o (x) dt  + X i ( x  ) . d w  i 
x(0)=x (0.2) 

where w = ( w l . . . w  m) is a Brownian motion. The measure Q on (g(R+;R d) 
associated to Eq. (0.2) is then the image measure of the brownian measure P on 
(g(R + ; R") by the mapping 

(o=(w.)~x.(co). 

At time t, the fundamental solution Pt(x, .) associated with the operator 2~0 is 
then the probability law of xt((o ). 

The key idea in [10] is then to exploit the fact that Pt(x, .) is the image of 
the gaussian measure P on (g(R+; R m) by the mapping co~xt(co ). In fact, to 
prove that Pt(x, .) is given by a smooth density, it suffices to prove that all the 
differentials of Pt(x, .) in distribution sense are bounded measures, or equiva- 
lently to show that there exists constants C m such that for any function f in 
(which is the set of C ~ functions with compact support) then: 

g ~ ( t )  sup I/(y)l- (0.3) 
y ~ R  d 
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To prove (0.3), an integration by parts argument is needed. In [10, 12], this 
uses essentially a generalized Ornstein-Uhlenbeck operator ag which is an 
unbounded self-adjoint non negative operator on the Hilbert space L2(O;P ) 
and the associated Ornstein-Uhlenbeck process s--+co s ~ (g (R+;R  m) whose gener- 
ator is precisely d ,  and for which the brownian measure P on the state space 
(g(R+; R m) is an invariant measure. It is then necessary to prove that all the 
functions (o--+xt(co) are in the domain of the operator ~r and to compute the ~ 
Meyer decomposition of the process s-+xt(oo,) (at least in a generalized sense). 
This in turn permits us to derive the needed integration by parts formula. 

In this paper we will try to obtain this formula directly using a simpler 
argument. The two key points are the following: 

a) If x is given by (0.2), x is a very regular function of w, in the sense that if 
u e L 1 (R + ;R  m) and if x" is the solution of the stochastic differential equation 

dx= = Xo(xU)dt  + Xi(xU) . (dwi + ui dt) 

x"(O) = x,  
(0.4) 

it is possible to define a regular version of x" in such a way that, for a.e. w, 
u--+xU(w)ECg(R+; R d) is smooth. This uses essentially the theory of stochastic 
flows developped by Malliavin [10], Baxendale [1], Elworthy [8] and our- 
selves [2-4]. 

b) The Brownian measure P possesses a strong quasi-invariance property in 
the sense that if u = ( u l , . . . , u  ") is a bounded adapted process defined on 

(g(R+; R"), then the probability law P" of % + i u d s  is equivalent to P on any 
0 

a-field YJ(wslsNt  ) and the density is explicity given by the Cameron-Martin- 
Maruyama-Girsanov formula [13]. 

If g is a bounded differentiable function on the space ga([0, T]; Rd), the 
combination of a) and b) permits us to establish directly a formula of in- 
tegration by parts relative to g(x.(co)) where x.(co) is given by (0.2). This 
formula is in fact eqtfivalent to the martingale representation result of Hauss- 
mann [9-t9]  for general diffusions, which extends the result of Clark [6] for 
the Brownian motion. Section 2 is in fact devoted to the proof of the result of 
Haussmann [9-19] with a method of calculus of variations connected with 
[19]. 

One of the main interests of the paper is to show that the infinite dimen- 
sional aspect of the Maltiavin calculus may be easily taken care of by the 
Cameron-Mart in-Marwama-Girsanov transformation, while all the differential 
analysis is in fact strictly finite dimensional. 

Using these techniques, we are able to derive the existence of a density for 
the resolvent operators of (0.1) under the general conditions of H/Srmander 
[15]. This requires the lifting techniques of Rothschild and Stein [17] (see also 
H/Srmander and M d i n  [16]) and change of time. In the special case where the 
distribution generated by X1,  ..., X, , ,  [Xi,  Xj]o<=i.jz,,... (i.e. all the brackets of 
Xo,  X 1 . . . .  , X , ,  except X 0 itself) generates a foliation of R d by immersed 
submanifolds, the diffusion is shown to be factored in the "product" of a 
deterministic motion along X 0 and transversal to the leaves of the foliation, 
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and of a diffusion with a regular semi-group in the leaves. These results are 
closely related to the results of Ichihara and Kunita 1-20] who classified some 
hypoelliptic diffusions using H6rmander's theorem [15]. 

The paper is divided into five sections. In Sect. 1, a few results on stochas- 
tic differential equations and their flows are given. In Sect. 2, an integration by 
parts formula is established which leads to the explicit martingale repre- 
sentation of Haussmann I-9-19] of random variables of the type g(x.(co)) where 
g is a differentiable function on cd([0, T]; R a) and x.(co) is given by (0.2). This 
result is the key to Sect. 3, where the Malliavin formula of integration by parts 
is established. For the sake of completeness, Sect. 4 rederives the existence of a 
density of transition for the process given by (0.2) when gr verifies restricted 
H6rmander's conditions, just as in Malliavin 1-10-11]. The integration by parts 
formula is given in a completely explicit form which exhibits Lie brackets of 
vector fields constructed via the flow associated to the stochastic differential 
equation. 

Finally, Sect. 5 is devoted to a probabilistic proof of the existence of a 
density for the resolvents of (0.1) under general Hiirmander's conditions. 

1. A Few Results on Stochastic Flows 

~2 denotes the space <d(R+;R m) of continuous functions defined on R + with 
W m values in R m. The trajectory of a point co is written w t - - ( w ] , . . . ,  t ). The a-field 

F t is defined by F~=gC(ws; s<t  ). P is the brownian measure on ~2 with the 
condition P (w0=0)= l .  {Ft+}t>o is the filtration obtained by completing 
{Ft}t>__ o with the negligible sets in F~o and by taking the right regularization of 
this new filtration [7]. 

X0, X j , . . . ,  X,, is a family of m + 1 vector fields defined on R a with values in 
R d, which are C ~, bounded with bounded differentials of all orders. 

We consider the stochastic differential equation 

d x  =Xo(x ) dt  + X i ( x ) .  d w  i 
(1.1) 

x(0)=x 

where dw i denotes the Stratonovitch differential of w i, or the equivalent equa- 
tion 

d x = ( X ~  ~ X '  ] 

x(0)=~ (1.2) 

where 6w i is the Ito differential of # .  
For every x ~ R  a, (1.1) has an essentially unique a.s. continuous solution. 

Moreover, using an argument of Kolmogorov, it is possible to prove elemen- 
tarily that it is possible to define a mapping (co, t ,x)~got(co, x) such that: 

a) got(co, x) is measurable in the variable co, and continuous in the variables 
(t,~); 
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b) For any x E R  a, t--+cpt(co , x) is the essentially unique solution of (1.1). 
Moreover the following is proved in [2] (see also Malliavin [10], Elworthy 

[8], Baxendale [1]): 

Theorem 1.1. A.s., for every t >O, ~ot(oo, x ) is a C ~ diffeomorphism of  R a onto R a, 

and the differentials om~t(~O,X) are continuous on R + x R  a. For any x e R  a, Z t Ox m 

[  ,Ioq ' O~P t(co, x) and Z'  t are the unique solutions of  the stochastic 
Ox 

differential equations 

d Z = ~ ( x t ) Z d t  + ~ - ( x t ) Z ' d w  i 

Z(0) = I (1.3) 
, ct X o ,c~ X i 

d Z ' =  - Z  ~s ( x t ) d t - Z  ~-x (xt) .dwi 

z'(o)=i. 
For any T > O, R > O, p (1 <p  < + oo), m(0__< [m[ < + oo) the random variables 

sup Om~~ x) ,  sup (0(p )-1 
O<~t<-T ~ X  m O<-t<-T ~xt(Co, x) (1.4) 
]x~ <s ]x~ ~ R  

are in Lp. 
I f  L is an adapted locally integrable process with values in R d, i f  z o e R  a and 

z t is the continuous adapted process defined by 
t 

z t= Zo + ~ Ld s 
0 

then qot(oo, zt) is a continuous semi-martingale which may be written: 

t t 

q,,(~,, zO = Z o + S X o (q,~(co, z~)) d s + ~ X,  (% (~o, Zs)). d w'~ 
0 0 

[~(P s(co, zs) .dzs,  (1.5) + ~  

or equivalently: 

  ozt,=zo+i(xo+lTex,t  sto.,ds 
+ ~Xi(eps(co, z~)).6wis+ s(co, z~).dz~. (1.6) 

0 0 U X  

Proof. These results are contained in Theorems 1.1.2, 1.2.1 and 1.5.1 of [2]. A 
proof  of (1.5) is also given in [4] (see [3]). [] 

We now give a result concerning the integration of a class of stochastic 
differential equations obtained from (1.1) by a perturbation of the drift. 
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Let u=(u l , . . . , u  m) be a bounded adapted process defined on ~?xR + with 
values in R m. We then consider the stochastic differential equation: 

dx = X o (x) d t + X i(x). [d w i + u i d t] 
(1 .7)  

x (0) = x 

which may be written equivalently as: 

d x =  [ X o ( x ) + l  ~ x i ( x ) +  X,(x)u'] dt + X,(x) .&w ' 

x(0)=x.  (1.8) 

(1.7) has a essentially unique solution x". We now have the following: 

Theorem 1.2. The differential equation: 

z"(0)=x (1.9) 

has one unique solution defined on a stochastie interval [0, T"[ where T" is a 
stopping time which is equal to + 0% except on a negligible set (which may 
depend on u). The process ~ot(co, z~) is the essentially unique solution x" of (1.7). 

Proof The coefficients of (1.9) are C ~ in the variable z". By standard results on 
differential equations, (1.9) is easily proved to have a unique solution on a 
stochastic interval [0, T"[-, where T u is a stopping time such that on (T" < + ~),  
lim [[z~']r = + ~ .  Let T," be a sequence of stopping times increasing to T" such 

t ~  T u 

that (T," < T u) a.s. Applying (1.5), we see that on [0, T,"] : 

t t 

u u i ~o,(co, z~)= x + ~ Xo(~(co, Zs)) ds + ~ Xi(~os(co, zs)). dw 
0 0 

t 

+ ~ Xi(cp~(co, z~)) u i ds. (1.10) 
0 

q)t(co, z~') is then equal on [0,T,"] to the essentially unique solution x" of (1.7), 
i.e. z~=~o," -t(co, x,), on [0, T"[. Since cpt-l(co,.) is also a continuous family of 
diffeomorphisms of R a (for the topology of Coo compact convergence), it 
follows that a.s., (p~-l(co, x~') is a continuous process, and consequently that T" 
= + o e  a.s. [] 

Remark 1. For an extension of this result, see [2-4]. The difficulty here is that 

there is no honest majoration of t(co, z) by a linear function of z which 

would permit a global integration of (1.9), without considering a stopping time 
Z u. 

To overcome this slight difficulty, we will have to make a somewhat 
restrictive assumption which will be dropped. 
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Theorem 1.3. I f  the vector r i d &  X 1 . . . . .  X,, have compact support, there exists a 
negligible set ~ in s such that for any co(i~,, xER a, if t-~vt is a Borel function 
defined on [0, T] with values in R" which belongs to Lt([O,T],dt), then the 
differential equation 1 

d y=(q~* - ~ X,)(y~)v{ dt 
y(O)=x (1.11) 

has a unique solution y}V)(o)); the mapping 

veL  1 ([0, T], d t)-~ y(V) (co) Ecg ([0, T]; g a) (1.12) 

is infinitely differentiable, and its differential at v=0  is given by the linear 
mapping 

t 

v~L~ ([0, T], dr)-* ~ ((p* -1X,)(x) v~ ds. (1.13) 
0 

Proof Let us first prove that, for a.e. co, for any T>0, t(co, x) is 

uniformly bounded on [0, T] x R a. Let k=supllX0(x)l[. Then, it is clear that if 
xER  d 

R is taken large enough so that the ball of center 0 and radius R contains the 
supports of XI,. . . ,X,,,  if xER a is such that l]xtl>R+kT, for t<T, the unique 
solution of (1.1) is given by the ordinary differentia1 equation: 

dx=Xo(x )  dt 
x(O)=x. (1.14) 

From (1.3), we see that, for x e R  a, [Ixll >=R+kT, t<=T, t(co, x) is given by 

the ordinary differential equation 

d Z ' =  - Z '  Oo-~(xt) dt 

Z'(0)=I. (1.15) 

Since ~ is uniformly bounded, t(oo, x) is uniformly bounded on [. ]1 
{(t ,x);t<T, l lxH>kr+R}.  By a continuity argument, ~-~xt(Co, x) is uni- 

formly bounded on [0, T] x R a. The various functions in (1.11) satisfy the usual 
sufficient conditions for the global existence and uniqueness of the solution of 
(1.11) on [0, T]. (1.12) is then an easy consequence of the implicit function 
theorem. In fact, let F be the function defined on ~([0, T] ;R d) 
x L 1 ([0, T], d t)~cg([0, T]; Ra): 

t 

(y, v)-+ y, - S (q)* - 1 x~)OQ v ~ ds. (1.16) 
0 

t I f  Y is  a vec to r  f ie ld ,  ( (o* -  1 Y ) ( x )  is t h e  v e c t o r  f ie ld  t (o~,x) Y((o~(cn, x))  
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Then, its partial differential Fy at (y,0) is the identity and the partial 
differential F~, at (y,0) is given by: 

t 
, __+ ~ - i  / i  veL1([O,T],dt ) -~(q~ Xi)(Ys)V ds. (1.17) 

0 

(I.13) follows then from a differentiability result associated to the implicit 
function theorem. [] 

Corollary. Under the assumptions of Theorem 1.3, if u is a bounded adapted 
process defined on f2xR + with values in R m, then q~t(co, Yt (~~ is the essentially 
unique solution of the stochastic differential equation: 

d x = (X0 (x) + X~ (x) u ~) d t + Xi(x) - d ~,,~ 
(1.18) 

x(0) = x .  

Proof This is obvious from Theorems 1.2 and 1.3. [] 

Remark 2. It must be noted that this corollary gives a stronger result than 
Theorem 1.2 since the negligible set which is eliminated in Theorem 1.3 does 
not depend on u. 

2. Integration by Parts and MartingaLe Representation 

This section is essentially devoted to the proof of an integration by parts 
formula, which is closely related to the martingale representation of certain 
random variables of Haussmann [9-19]. 

The assumptions are the same as in Sect. 1. 
T is a positive real number. 
g is a bounded function defined on cd([0, T]; R d) with values in R which is 

continuous and (strongly) differentiable. For every ysCg([0, T]; R d) the differen- 
tial dg(y) of g at y is defined by a finite measure d/ :( t)  on [0, T] with values in 
R e by 

T 
zeCC ([0, T];  Re)~ (d g(y), z) = ~ <zt, d #'(t)). (2.1) 

o 

From the point of view of differential geometry, we may identify d#Y(t) to a 
generalized element of Ty*(Rd). 

We finally assume that g is uniformly Lipschitz, or equivalently that the 
differentials dg(y) are uniformly bounded. 

We have now the following key result, which is a consequence of a result of 
Haussmann [9-19] which we rederive using ideas of the calculus of variations. 
The proof given here is related to the proof given in [19]. For another proof, 
see Davis [21]. 

Theorem 2.1. I f  u=(u 1, . . . ,u m) is a bounded adapted process defined on f2 x R + 
with values in R", then for any x in R d 
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T 

0 

= E  uids(Xi(q)s(CO, x)), ~ (,o*(co, x)q)*-*(co, x)d#~~ . (2.2) 
[s, T] 

Let us first note that the R.H.S. of (2.2) is well defined. In fact, ~ t ( c o ,  x) Proof. 
f i x  

and t(oo, x) are given by Z and Z' in (1.3) and we know by Theo- 

rem 1.1 that for any p(l__<p< +oo) sup Iz, I and sup IZ'tl are in Lp. It must 
O<=t<=T O<~t<_T 

also be noted that formula (2.2) is geometrically invariant. 
We may also assume that u is a step predictable process, since (2.2) is easily 

extended to any u by density. We then suppose that there is n~N such that on 
rk 2" k + l r  any interval [ / , ~ 7 - [ ,  u is constant, bounded and Fk/2~ measurable. We may 

rk 2" k + l r  even assume that on [ / , ~ 7 - [ ,  has the form 

Ut=Uk[Wtl,...,Wt~k], O<=tl <t2<...<tl~<=k/2" 

where u k is a bounded C ~~ function with bounded differentials of all orders 
since such random variables are dense in L~ k/2~. 

Let t/ be an element of Cg(R+;R m) which is null at 0. For leR,  let us 
consider the functional equation 

t 

P,=*I , -  ~ lus(P) ds. (2.3) 
0 

Note that Eq. (2.3) is not considered as a stochastic differential equation, 
but must be solved for each t/. Now (2.3) is a trivial difference equation, which 

rk 2" k + l r  may be solved recursively on each dyadic interval [ / , ~ 7 - [ ,  and its unique 

solution is written P*OI). Obviously, for each 7, p~(*/), is a differentiable function 
of I. 

be the adapted continuous process Let v, 

t 

v', = w t + ~ lus(w ) ds. (2.4) 
0 

From what has been said previously, it follows that 

w = p'.(v'.). (2.5) 

since we have In (2.4), us(w ) is then adapted to v,, 

us(w ) = us(p l. (vl.)). (2.6) 

Now, by the Cameron-Martin-Maruyama-Girsanov formula [-13] we know 
l cff(R+;R m) is equivalent to the brownian that the probability law Q~ of v t on 
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measure on the o--field F r. More precisely, if w denotes the generic trajectory in 
Cg(R+;Rm), we have 

d P  Fr=exp  (lus(p~(w)),6w)-~-~llu~(pZ.(w))lZ ds  . (2.7) 
0 

Let Z~ be the density (2.7). 
Let us then consider the stochastic differential equation: 

d x = (Xo(x )  + X i ( x  ) lui(w)) d t + X i ( x  ) �9 d w  i 

x ( O ) = x  (2.8) 

which may also be written 

d x = X o (x) d t + X i(x).  (d w i + l u i(w) d t) 
(2.9) 

x ( 0 ) = x .  

From Theorem 1.2, we know that the essentially unique solution x tu of (2.8) 
is given by 

z.  _ l .  ( 2 . 1 0 )  x~ - ~ot(co, zt ) 

where z ~u is the solution of the differential equation 

d z ~" = (q~* - 1 X l ) ( z Z . )  lug(w)  d t 
(2.11) 

z'U (0) = x. 

Using (2.7) and (2.9) it follows that 

E I" [g(ep,(co, zlU(co)))] = Ee[g(~o.(co, x)) Z~(co)]. (2.12) 

We will now take the differential of both sides of (2.12) at /=0.  We will first 
assume that X 1 . . . .  , X  m have compact support. By Theorem 1.3, we know that 
l ~ z  ~" is differentiable for a.e. co, and that the differential a t / -=0 is given by the 
con(inuous function 

t 

~ ((p, - 1 X i ) ( x ) u  i ds. (2.13) 
0 

The differential of l--,g(~o.(co, z~")) a t / = 0  is then given for a.e. co by 

T t 

(q)*(co, x)~(cp* - 1 X i ) ( x ) u i d s ,  d#~.(~,~(t))" (2.14) 
0 0 

We now must prove that the differential of the L.H.S. of (2.12) is precisely 
the expected value of (2.14). Using a uniform integrability argument, it suffices 
to prove that f o r / + 0 :  

1 
~ E  Ig(~o. (co, ztU)) - g(q). (co, x))l 2 (2.15) 
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is uniformly bounded. Since g is Lipschitz, (2.15) may be bounded by: 

C v E[It% (~,Z~.")--q~.(~,x)ll~<to,rm;g~r (2.16) 

Now from (2.9)-(2.10), we know that (p.(C0, Zl")=Xl." is the unique solution of 
the stochastic differential equation 

(2.17) 

x l "  ( 0 )  = x .  

Knowing that q(co, x ) = x  ~ is the solution of (1.2), using the uniform bound- 
edness of X o, X1, . . . ,  X m and their differentials, we have: 

I x~-x~ l  ds+12t , t ~ T .  (2.18) 

From Gronwall's lemma, we find: 

Elx~,"-x~ t<T.  (2.19) 

Using Doob  and Burkholder-Davis-Gundy inequalities [7], we get: 

E[[[xz,_ 0 2 = C t lu 0 2 
x ]l~g([O,Tl;Ra)] ( E x~ --x,  ds+12T 

C "  12. (2.20) 

The boundedness of (2.15) is proved. 
It follows immediately that the differential a t / - - 0  of the L.H.S. of (2.12) is 

given by: 

* - i  E!  *(o9, x)!qo~ (o),x)Xi(q)s(CO, x))u~ds, dl~~ . (2.21) 

We now differentiate the R.H.S. of (2.12). 
First note that in (2.3), the differential K~(t/) of p~(t/) at I is such that: 

0 
(2.22) 

d 
and of course ~ [u~(pz(t/)] is given by: 

d 
~-  [us(pt(q))] = (dus(pZ01)), Kz(~)). (2.23) 

Now (2.22)-(2.23) is still a recursive equation. Since the various functions u k 
have bounded differentials of all orders, it follows that if I/I <L,  the differential 
KZ(t/) is uniformly bounded in ~([0, T ] ; R ' )  independently of I/. It follows that 
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for Ill < L ,  the function 
d S-~d-l-U~(f (tl)) (2.24) 

is uniformly bounded  by a constant  independent  of  ~I. 
Now since G is a step function, which is constant  on the dyadic  intervals 

T 

5 ( l u ~ ( p Z ( w ) ) , a w ) = Z l ( u k / a . ( f ( W ) ) , W r ^ ~ _ + 1  --WT^k/2,~ ) .  (2.25) 
0 2~ 

F r o m  (2.25), it follows clearly that, a.e. Z~". is a differentiable function of 1. 
Moreover  since the differential of l~IG(f(tl)) a t / = 0  is clearly given by 

us(r/) (2.26) 

because in part icular  p~ we see that 

dI l= o = ~ (G(w), 6w). (2.27) 
o 

The differential at 1=0 of l~g(cp(co, x))Z~ is then equal to 

T 

g(qo.(~o, .))y (G(w), c~w). (2.28) 
o 

F r o m  (2.25), we see that 

d r 4 

d z q-~I (~(Uk/2~(P (W)),WT^k;1--WTA~) (2.29) 

It follows from what  has been previously said that  if Ill<L, there is a 
constant  C L such that:  

d i(lG(p'(w)),fw)l<C,.(SlWr^s (2.30) 

For  the same reason, for I<=L: 

IJ~ i',lus(f (w))lZ d s (2.31) 

is uniformly bounded.  Moreover ,  trivially, f rom (2.7) and (2.25), we see that  for 
III<L 

ZlU < r ---- exp {DL(S [Wr ̂  k+ 1 - w r ~ k/2-1)}. (2.32) 
2 n 
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From (2.31)-(2.32), we see that for Ill < L  

d~z~ F <ECL(SIw~ k+l k+II)+C'Llexp{DL(ZIWr~ - -wT^  2~ k+ 11)}. (2.33) dl 1= 1^~ x - -wr^  z" 

The R.H.S. of (2.33) is trivially integrable. From (2.27), it follows that the 
differential at l=  0 of l~E(g(q).(co, x))Z~) is equal to: 

T 

E[g(q).(co,.))Sui.fwi]. (2.34) 
0 

Equating (2.21) and (2.34), we obtain formula (2.2), at least when X1, . . . ,X m 
have compact support. We now extend (2.2) to the general case. Let {r,} be a 
family of C ~ functions defined on R e with values in R such that: 

a) For any n, 0 < r , <  1, and the differentials of r~ are bounded uniformly in 
n; 

b) r, is equal to 1 on the ball of center 0 and radius n and is 0 out of the 
ball of center 0 and radius n + 1. 

Let ~o."(co,.) be the flows corresponding to the vector fields (X0, r, X1, 

r, X2,...,rnXm). It is trivially proved that for any x, a.e. ~o~(co, x), .(co, x), 

0x (co, x) converge uniformly to ~o.(co, x), ~-x  .(co, x), ~-x  -(co, x) on 

I-0, T], and even coincide with these processes for n large enough. 
Trivially 

T T 

Moreover, noting that for n large enough, q~.~(co, x) and q0.(co, x) coincide, it 
follows that: 

T 

Sui ds(Xi(~(co, x)), ~ ~2*(co, x)~*-l(co, x)d#~'~'~(v)) 
0 [s, T] 

T 

--,~uids(X~(%(co, x)), ~ q)*(co, x)~o*-~(co, x)d#~~176 (2.36) 
0 [s, T] 

To prove that the expectations also converge, we need only to prove that the 
random variables in (2.36) are uniformly bounded in L e. From the uniform 
boundedness of dg, and a uniform bound for the L 4 norms of 

sup sup t(co, x) -1 t (co, x) (2.37) 
O<_t<_T O<=t<T 

which is trivial, we have proved the convergence of expectations in (2.36). 
From equality (2.2) already proved for q).~(co, .), we obtain equality (2.2) for a 
general ~o.(co, .). [] 
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Remark 1. The key point in the proof is formula (2.12). The proof tha t  both 
sides are differentiable in l is merely technical, but cannot be avoided. In 
particular, it is absolutely necessary to choose first a process u which has a 
simple form, in order that the discussion starting in (2.3) proceeds smoothly. 
The denomination of "integrations by parts formula" for (2.2) comes from the 
analogy of (2.2) with the finite dimensional gaussian case. 

Formula (2.2) is directly connected with the martingale representation of 
g(q~.(co, x)). We have in fact the fundamental result which is equivalent to 
Theorem2.1 and which was first proved by Haussmann [9-19] extending 
Clark [6]. 

Theorem 2.2. Under the assumptions of  Theorem 2.1, let M t be the continuous 
martingale 

Mt = e F: g(~o. (co, x)). (2.38) 

Then, if H t is the predictable projection of  the process 

U t = ~ p* (co, x) (p* - 1 (co, x) d,u 'e. (,o,:,)(v). (2.39) 
[t, TI 

M t has the representation 

t 

M t = ~, ~ <Hs, X i(qos(co, x))) 6 w i + E [g(~0. (co, x))]. (2.40) 
i = 1 0  

In particular, 
m T 

g(q).(co, x))= 2 ]<Hs, Xi(p~(co, x)))bwi+E[g(q~ x))] �9 (2.41) 
i = l O  

Proof. From a fundamental result of Ito [13], we know that any square 
integrable martingale for the canonical filtration of the brownian motion w 
may be written as 

t 

H i (3 w i + a. (2.42) 
0 

Identifying (2.42) to M t and applying the usual rules of Ito calculus, we find 
that for any adapted bounded process u with values in R" 

I- T "3 T 

E/g(q~.(co, x)) [u i. ~wil  = E [. H i u i dt. (2.43) 
I_ 0 d 0 

Identifying the R.H.S. of (2.43) and the R.H.S. of (2.2), (2.41) follows. [] 

Remark 2. It must be noted that since U is left-continuous with right hand 
limits, by Theorems VI-48 49 in [7], H is also left-continuous with right hand 
limits. Moreover by [2-4], the flow q~.(co, .) possesses a strong Markov multi- 
plicative property, in the sense that if 0 t is the canonical translation operator 
on ~(R + ;R") defined by: Ot(w~)=(ws+t-w~), if S is a stopping time relative to 
{Ft+}t__>o, then on (S< + oe) a.s. for any ( t , x ) cR  + x Rd: 

% + s(O~, x )= ~o~( Osco, q~s(co, x)). 
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If S is a constant time < T 

qo~(co, x)q)*-l(co, x)d#e.(~ ~ (p*-~(Osco,~Os(co, x))d#~~176 (2.44) 
[S, T] [S, T] 

Since (p.(co, x) is given by cpt(co, x ) for t<S, and by (pt_s(Osco, q)s(co, x)) for t>=S, 
noting that F s and 0 s_ 1F~ are independent, the condit ionalexpectation of (2.44) 
with respect to F s is then a function of {oPt(co, x); t < S}. Let then {G + }t>= o be the 
family of a-fields generated by the process {~o.(co, x)}. By the previous argu- 
ment, the predictable projections of U with respect to {Ft+}t__>0 and to {Gt+}t__>0 
coincide at constant times. Since they are left-continuous, they coincide a.s. for 
every time. 

This is in agreement with the general results concerning the representation 
of martingales for well-posed martingale problems of Dellacherie, Jacod and 
Yor [143. In fact we also have: 

M r = Ea: g(cp. (co, x)) (2.45) 

and (2.40) may be written 

Mt=i ~Its,6xs- (Xo + l  ~x-  X,) (xs)d@ + E[g(x.(co))] (2.46) 

where xt(co ) denotes the Markov process ~0t(co, x ). (2.44) involves only the 
process x itself and not the Brownian motion w which may contain more 
information than x. 

Remark 3. A question of interest is to know if the process H t may be defined 
by functions Ht(x. ), where Hr is smooth on c~([0, T];Rd). By (2.44), this 
question may have an explicit answer. 

3. The Malliavin Formula of Integration by Parts 

We will now apply Theorem 2.1 to obtain the Malliavin formula of integration 
by parts [10-12]. 

Let f be a bounded C ~~ function defined on R e with values in R, whose all 
differentials are uniformly bounded. 

Let h be a continuous function defined on cg([0, T]  ;R d) with values in the 
cotangent plane T*(Rd), which is bounded, (strongly) differentiable and uni- 
formly Lipschitz, i.e. its differentials dh(y) are uniformly bounded. If 
y~Cg([O,T]);Rd), the differential dh(y) may be identified to a finite measure 
drY(t) on [0, T] with values in Rd| d. 

T 

z ~cg ([0, T]  ; Rd)~dh(y) [z] = S d vY(t)(zt). 
0 

From the point of view of differential geometry, drY(t) may be identified to 
a generalized linear mapping from Tw(R d) in T*(Rd). 
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In particular, if lsTx(Re), we define the action of o * - 1  d ur(t) on 1 by: 

T T 

S [Ot~ -1  doY(t)]( l  ) = f d o y ( t  ) Ot~(l)eTx~(Rd). ( 3 . 1 )  
o o 

We then have the fundamental 

Theorem 3.1. The following equality holds 

T 
= E (h (o .  (co, x)), ~. (O* -~ X~)(x)) ((O* -~ Xi)(x)ds,  (O*- 1 d f ) (x ) )  

0 

( . _ 1  , + E  f(OT(CO, X))S (Os Xl)(x), ~ [Ov-l(co, x)d~176 d S .  
o Is, T] 

(3.2) 

Proof  Let us first note that (3.2) is coordinate invariant. Let (ll , . . . , ld) be a 
basis in Tx(Ra), (l 1, ..., P) the dual basis in T*(Rd). We may write 

d 

h( . )=Y 'hk ( . ) l  k 
1 
d (3.3) 

o*~ _1 X~(x)= Y , (o* -  i x~)k(x) lk. 
1 

A density argument proves that in (2.2) we may choose u adapted and such 
that r 

E ~ [ul2 ds < + oe. (3.4) 
0 

For a given k, we take in (2.2) 

g(y) =hk(y)f(yT) ' i__ u s - ( o * -  l x~)~(x). (3.5) 

Using (2.2) and summing in k, we get (3.2). [] 

Equality (3.2) is the basis of the Malliavin formula of integration by parts. 
Moreover it must be noted that from Theorem 1.1 and especially from (1.3), 

we know that for any x ~ R  d, Z t =  t(co, x) and Z t=  ~-xxt(co, x) are the 

solutions of the stochastic differential Eqs. (1.3). We may add to Eqs. (1.1) and 
(1.3) the new stochastic differential equation: 

dR  = Z'tXi(xt). 6w i 

R(0)=0. (3.6) 

The left hand side of (3.2) may then be written 

E [ / (O T(CO, x))(h(o.(co , x)), RT)']. (3.7) 
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�9 t ----> . . . . .  The function: (x ,Z  , Z , R )  f ( xT) (h (x ) ,Rr> is still a dlfferentlable funchon 
on the set ~([0, ~Y] ;'R a'x (/~d | Ra)2 • Rai of continuous functions (x , Z ,  Z' ,  R ) 
defined on R+ with values in Rd•174 2 •  a. This explains tlaat Formula 
(3.2) may be applied to this new function. Similarly, if function h has two 
differentials, the same can be said for the R.H.S. of (3.2). This possibility of 
iterating (3.2) will be the key of the estimates obtained in Sect. 4, where h itself 
will be a function of (x., Z., Z'.). 

4. Application: Prop~erties of the Semi-Groups 
under Restricted Hiirmander's Conditions 

For the sake of completeness, we now rederive the argument of Malliavin [10] 
to prove the existence of a density of transition under restricted HSrmander's 
conditions. We will also have something to say about hypoellipticity. 

We make the following assumption: 

Hi :  For any x e R  a, the space in Tx(R a) spanned by X 1 , X e , . . . , X m ,  
[Xi,  Xj]o<i,j<m, [Xi, [Xj ,  Xk]]O<i,j,k<=m ... is equal to Tx(Rd). 

Assumption H 1 is exactly assumption (E) in the work of Ichihara and 
Kunita [20]. 

Proposition 4.1. For any x, a.s., for any T > O, 

T 
S (q)* - 1X,)(x)> ((~o* -~ X~)(x) ds (4.1) 
0 

is a positive definite form on T*(Re). 

Proof. Let U s be the vector space in Tx(R a) spanned by (p*-lXi(x)l<i< m and V~ 
be the vector space spanned by 

U (Us). (4.2) 
s < t  

We define Vt + by 

V, +=  ("] V s. (4.3) 
s > t  

By the zero-one law, we know that a.s. Vo + is a fixed space not depending on 
co. Let us assume that V~- 4= Tx(Ra). 

Then, if S is the stopping time 

S = i n f { t > 0 ;  Vt ,  Vo+}; (4.4) 

then a.s. S is >0.  Let f be a non-zero element in T*(R a) orthogonal to Vo +. 
Then 

( f ,  (q~*- 1X~)(x)> =0  s<S .  (4.5) 



Martingales, the Malliavin Calculus and Hypoellipticity 485 

Now it is easily proved that 

t 

( f ,  (cp,* - ' Xi)(x)) = <f, X~(x)) + S <f, (cp*-' [Xo, X,]) (x)) ds 
0 

t 
_1_ ~ <f,  ((t9,-1 [ X  j, X / ] ) ( x ) ) .  dwJ ; 

o 
or equivalently 

<f, (q~ ,  - I .X , )  (x)) 

(4.6) 

t 
=<f ,x , (~)>+~ *-~ x <f,(e, ([ o, X3+�89  x-,]]))(x)>ds 

0 

+ S ( f ,  (cp*-1 [X j, X,])(x)).  a w y. (4.7) 
0 

Canceling the martingale term in (4.7), we see from (4.7) that 

<f, ~0*-l[Xi, Xi] (x))=0,  s<_S, t<=i, j<=m. (4.8) 

Iterating (4.7) on (4.8), this implies in particular that 

( f ,  ~0 *-1 [X~, [Xj, Xi ] ] (x) )=0 ,  s<S ,  1 <=i, j<=m. (4.9) 

Canceling now the bounded variation process in (4.7), we have also that 

( f ,  cp *-1 [Xo, X J ( x ) ) = 0 ,  s<=S, 1 <_i<_m. (4.10) 

By iteration, we see that if X m is any of the brackets defined in H1, then 
a . s .  

( f ,  (p*-~ Xm(x)) =0  s<=S. (4.11) 

In particular, by taking s = 0  in (4.11), we see that f is orthogonal to the 
vector spaces spanned by these brackets at x. This is a contradiction of the fact 
that this space is exactly T~(Ra). 

This implies that, a.s. V~ = Tx(Ra). The Proposition is proved. [] 

Let now O be a C oO function defined on Ra@R a with values in R, which 
has bounded differentials of all orders and which is such that: 

a) 0_-<0-<1; 
b) ~ is equal to one on the set of invertible elements A in Ra@ R e such that 

llA-~II <l  (l>0), and zero on the set of invertible elements A in Re@R e such 
that IIA-111 ~21 and on the set of non invertible elements. 

T is a fixed real number > 0. 
We then have the following 

Theorem 4.2. Let f be a bounded C | function defined on R a with values in R 
which has bounded derivatives, and let Y be a bounded Coo vector field on R d 
which has bounded derivatives. Then the following equality holds 
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E {r x))} 

-1 ~-1 =E O(C(co))f(q)T(OAX))<~o*-iY, C (o))[(p~ XiSw' > 
0 

- E  ~,(C(@)f(~or(oo, x)) ~ <C-l(co)[~o*-lXi, ~o *-1Y], q*-i Xr 
0 

+E r x)) S ds<C-l(co) ~0 sc~-l x i  ' q)~-- i  y> 
o 

i < c - '  ,-1 ,-1 x , -  } �9 (@E% x;,q~ 3,~oo 1xj>clv 
0 

+ E qJ( C(oo)) f (or(co, x)) j ds C-l(o))~o*-lxi, 
0 

-E[f(er(OO, x)) (C(co)), j a s r 1 6 2  
0 0 

(< c -  '(co) q,*-' Y, q~*- 1 x j>) dv 

" )] , _ 1  o , wv i5 [(P,, Xj, cp*-lXi] dv<q~*-lXi, .  , 

(4.14) 

where C(co) is the linear mapping from T*(R a) in Tx(R a) 

T 

C(@ = j" (r -1X,)(x)5 <(~t-  1Xi ) (x) ds. (4.15) 
o 

Proof. We will show that (4.14) is a consequence of Theorem 3.1. We consider 
the flow T.(co,.) associated to the stochastic differential equation 

dx= Xo(x )dt + Xi(x ). dw i 

x(O)=x 

dZ= ~ - ( x )  Z dt + ~ - ( x )  Z . dw i 

Z(O)--Zo (4.16) 

dZ'= - z '  OX~ ~x-x (x )d t -  z '  C~Xi (x)" 

z'(o) =z ; ,  

which takes its values in Rax (Ra| 2. By Theorem 1.1, we know that if Z o 
= Z~ = I, then: 

z , = ~  t(co, x), 
•(p ] -1 

z ' , =  ~ t(oJ, x) . 



Martingales, the Malliavin Calculus and Hypoellipticity 487 

To make the computations easier, instead of applying Theorem 3.1 directly, 
we will do some supplementary intrinsic computations in order to obtain an 
intrinsic formula. 

Let us temporarily take the assumptions of Theorem 1.3. By Theorem 1.3, 
we know that for a given v e L ~ ( R + ; R ' ) ,  if yV is the solution of the differential 
equation 

d S = ((p*- * X~) ( / )  v ~ dt 
(4.17) 

S ( 0 )  = x;  

then, ~0t(co, YD is the unique solution of the stochastic differential equation 

d x ~ = (X o ( x~ ) + X i( x~ ) v i) d t + X i(x ~) d w i 
x~(0) =x .  (4.18) 

Let p[(co, x) be the flow associated to (4.17). Then the differential of the 
_._> v v mapping x xt - q~t (co, x) is given by 

v *  co  X - -  * c o  ~0t ( , )-q~t ( , p[(co, x))p[*(co, x) (4.19) 

~-~'*~co x) is the solution of the differential equation where Z t  - -  ]o t \ 

dZ~= ~---~ (cp*- l X~) ( / )  Z%~ dt 
(4.20) 

Z~(0)=I. 

Let T be a C ~~ vector field on R d. Let us compute the differential at s = 0  of 
the mapping 

s--, [~o~*(co, x)]-~ g((p~(co, x)). (4.21) 

The R.H.S. of (4.21) is equal to 

Ep~O,(co, .)-1 , co [~o t ( , . )-  * T]]  (x). (4.22) 

Trivially, from (4.20), we see that: 

[p~,t(co,  x)]~=o=i c3 * tXi) (x)v ids ,  (4.23) 
~s o ~ (~o~ - 

since in particular for v=0,  p](co, x ) = x  and pv,(co, x ) = I .  Similarly from (4.17) 
we get: 

p]"(co, x) = I (qo* -1 Xi)(x) v i ds (4.24) 
s = O  0 

and 
0 

(~, (co, x)))s=o Ys (Eq'~v*(co' x)2-1 T ~~ 

= - [ i  a * &][~o* T](x) ~7x (~O ~ -1X i ) (x )  v' -1 

a 
+ ~ ;  (~o* - * g ) ( ~ )  j (~o* -* x,) (x) ,; as. 

0 
(4.25) 
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The R.H.S. of (4�9 may be expressed via Lie brackets; we get 

O ~v, o2, -~ T)(x)] (4.26) ~s ([opt ( x ) ] - i  T(- (Pt*~(,c~ x))s= o-- [i(q)*-lXi)(x) vi ds, ((p~* 

(4�9 is then exactly formula (3�9 computed on the flow T.(co, .) where h is 
given by: 

T 

(x., Z., Z'.) e c~([O, T] ; R d x (R e | Re) 2) ~ ~(~ Z'~Xi(xs) ) (Z'sXi(x~) ds) 
o (4.27) 

T 

�9 (j Z'sXi(x~) ) (Z'~Xi(x~) ds)- 1 ZT Y(Xr ) 
0 

and initial point (x, I, I). It is easier to see this by using (4.26) and starting 
again the computations leading to (2.2). Taking u as in Theorem 2.1, we have 
that: 

lu (D l u *  -- 1 E (~o~(o),x))(j'., X,(x))<q,~ "*-~ -~ '"*-~ Xi(x)ds) (q)r  Y)(x) 
0 

�9 .~, X~(x) ) (~p ,  ~ X & ) . d s )  = E  ((p~(co, x))( l ~p]-~X~(x) )  
0 0 

T 

�9 < ~ , _ i  x,(~) d~)- 1 ( ~ -  1 r)(x) ~ (!. ~* -1 x,(~)> <~*-~ x,(x) ,  d~) Z~(~) ]. 
(4.28) 

Taking the differential at / = 0  of the L.H.S. of (4.28) and using (4.26), we 
get: 

af ~ ui ds) C (0.)) - 1  Y)(x) gJ( C(co))) E (I~X (CPT(CO, X)), Cp, S (q),- i xi ) (q),-1 

( ([i ] - E  f(Cpw(CO, x))C(co)-l!ds cp*-lXju'i, cp*-iX i dv(q)*-ixi, .  

1 x u i ~,- +q~,-1Xi ( [i (p*- j ,tes I xi ldv,  C-l(co)(~o *-~ Y(x)} O(C(cg)))) 

+E (f((pT((,o,x))C-l(co)[i~o*-lXjuJds,(p*-lY] O(C(e))))+{ } (4.29) 

where in (4.29) the differential of 4J appears in a trivial form left to the reader�9 
Similarly the differential at I= 0 of the R.H.S. of (4.28) is 

E [f(q)r(og, x))C-l(co)(~o~-l Y)(x)tk(C(cg)) iui.bw']. (4.30) 
0 

Extending the equality of (4.29) and (4.30) to any square integrable u, taking 

u -(q~ Xi) 
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and summing in k the values of the k-components of both sides of the equality, 
we obtain (4.14). 

When X 1 . . . X  m do not have compact supports, we may proceed as in 
Theorem 2.1. [] 

As noted by Malliavin in [11], (4.14) is enough to see that the probability 
law of Or(co, x) has a density. In fact (4.14) shows in particular that 

IE[O(C(co))(Yf)(~OT(co, x))]l < Csup [f(x)l. (4.31) 
x ~ R  d 

From a result in harmonic analysis, this implies that the image of the measure 
~(C(co))dP by the mapping co-~q~r(co, x)) has a density. Since by Proposi- 
tion 3.1 C(co) is a.s. invertible, the same result is true for the image of measure 
P by the mapping co-~q~r(co, x). 

But more may be said. Namely, let Y' be another C a vector field o n  R d 

which is bounded with bounded differentials. Formula (4.14) may be applied to 
function Y' f ,  and the R.H.S. of (4.14) will make function Y ' f  appear. Now the 
same procedure as the previous one may be used to evaluate this R.H.S. in a 
formula where f appears explicitly as such, by noting that all the objects in the 
R.H.S. may be submitted to the calculus of variations. The only term for which 

t 

this is not entirely clear is the stochastic integral ~(q~*-lXi)(x).~wl , but this is 
0 

in fact trivial since to the system (4.16) a new variable may be added which is 
given precisely by 

dR =Z'sXi(xt) ~w i 
g(0) - -0  (4.32) 

(incidently note that the Ito integrals are in fact Stratonovitch integrals). 
By iteration, we find that if Q is any differential operator whose coefficients 

are functions with bounded differentials, then 

IE[~(C(co))(Qf)(q~r(co, x))]l < CQ sup If(x)l. (4.33) 
x ~ R  d 

By a classical result on Fourier transform, this implies that the image of 
measure O(C(co))dP by co~q0r(co, x) is given by a C ~ density. 

As noted by Malliavin [11], if [C(co)]- 1 belongs to all the Lp (1 __<p < + oe), 
then formula (4.14) is still true by taking 0 =  1, since this will follow from a 
trivial limit argument and from (1.4). The same can be said for the iterated 
formulas of (4.14) taken with 0 =  1, since they will make appear higher powers 
of C -  1, which may be easily taken care of, since C-  1 is in all the Lp spaces. 
(4.33) is true with 0 = 1, which implies that the probability law of oPt(co, x) has a 
Coo density. For a non trivial example in the non elliptic case, we refer to 
Stroock [12]. The complete proof when the vector space spanned by 
X~, . . . , X  m and their brackets is full appears in Malliavin [11] and Ikeda and 
Watanabe [22]. 

Remark 1. As noted by Stroock [12] all these results are of local nature. Since 
we will use extensively this fact in Sect. 5, we repeat the argument of [12]. If 
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x o ~ R  d and if assumption H 1 is verified on a ne ighborhood  B(xo,  R), then if 
x ~ R  a, Pt(x, .) restricted to B(xo, R) has a density. To  see this note  first that  if 
x ~ B ( x  o, R), then Pt(x, .) has a density by what has been previously said. 

Take  0 < p < R ,  x ~ B ( x o ,  R) and let ~(x) be the stopping t ime 

~ ( x ) = i n f { t > 0 ;  Iq)t(co, x)-Xo[>=p}.  (4.34) 

Since for any Borel set F 

E(l~t(~ ' x)~r (~ (x) __> t)) __< E(l~a~, x)~r) = Pt( x, F). (4.35) 

the L.H.S. defines a measure /~(x , . )  which has a density. If 7 is taken such that  
0 < 7 < P, for x ~ R e define z"(x) to be the sequence of  stopping times defined by 
induct ion by 

Zo(X)=inf{t>=O; lOt(co, x)  - xo l  _-__ 7} 

z2 , (x )= in f{ t  >'can_ 1 ; lot( co, x)-xol-<-7} (4.36) 

%,+  l (x) -- inf {t > % , ;  lOt(co, x ) - X o l > p } .  

Clearly z ~ ( x ) ~ + o c  a.s. Now for F ~ B ( x  o, 7), by the Markov  proper ty  of  the 
diffusion q~t(co, .), we have: 

Pt(x, F) = ~ E (1 et(o,, ~)~r (z2,(x) < t < z2, + 1 (x))) 
n 

= ~ E [/~ . . . .  (x) (q)~,(~)(co, x)), F). (4.37) 
n 

Since each of the terms in (4.37) has a density, the R.H.S. of  (4.37) has a 
density. 

To  work on a manifold,  this procedure  of  St roock may  then be used in the 
same way. If N is a metr izable connected C ~ manifold, assume that  H~ is 
verified on N, i.e. at each x ~ N ,  the vector  space spanned in T~(R d) by 
X i , . . . , X m ,  [ X o , X 1 ]  , [Xo,Xm] ... is full. Take  x o E N  and assume that  ~U(Xo) 
is a ne ighborhood  of x o, which is diffeomorphic to B(0, 2R) in R a. Extending 
Xo,  ..., X m as C ~ bounded  vector  fields on R a out of B(0, R), which is diffeo- 
morphic  to ~tF'(xo), we see that  if t/(x) is defined by 

t/(x) = inf {t > 0; ~o t(co, x) r ~ '  (Xo)} (4.38) 

the measure 
F E ~/~'(Xo)--,E(l~ao~,~)~r~(X ) >= t) (4.39) 

has a density. Repeat ing (4.37), we see that  for each x e N ,  Pt(x, .) has a density 
on ~'(Xo). 

Since N is locally compact  and countable  at infinity, for any x e N ,  Pt(x, .) 
has a density. 

5. Application: Hypoellipticity under General H~rmander's Conditions 

In this section we will apply the techniques of the previous parts to study the 
hypoell ipt ici ty of a second order  differential opera tor  under  general 
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H6rmander 's  conditions [15] i.e. when, at each x ~ R  d, the vector space gener- 
ated by Xo, X1, ..., X,,, [X  i, Xj]o__<i.j=< m ... is full. The difference with Sect. 4 is 
that X o comes in explicity as a generating member of the family, and not only 
via its brackets with X 1 . . . .  , X,,. 

A typical example is given by the generator of the non homogeneous heat 
equation 

Ot ox " 

In this case, the semi-group Pt(x, .) is not given by densities, but the fact of 
integrating in dt to obtain the resolvent makes that the potentials or (5.1) have 
a density. 

The main results contained in this section are the following: 

a) If T~ is the vector space generated in Tx(R d) by Xl(x), X2(x), ..., Xm(x), 
IX Y l(x) ... then if T' ~,~Jo__<~,j~m , is nowhere full, the diffusion may be factored in 
the product of a diffusion along the leaves which are the integral submanifolds 
of T', and a deterministic process transversal to the leaves. In each leaf, the 
analysis done in Sect. 4 may be used. Integration in t explains why hy- 
poellipticity holds. 

b) If T~ is full, then the methods of Sect. 4 may be used. 

c) In the general case, where T'  is full on an open set A the methods of 
Sect. 4 may be used when x is in the fine closure AJ of A. On the com- 
plementary set ~s ,  it is not clear that the methods of a) may be used, since T' 
does not necessarily generate a foliation. An alternative method is then used. 
In fact, the process is lifted to a larger vector space and a time change is done 
on the lifted process, which makes its distribution T' full at least locally, so that 
the methods of Sect. 4 apply on the lifted process. Going down to the initial 
process, hypoellipticity is shown to hold. A consequence of this is to verify that 
the distribution T' is essential to understanding the semi-group P,(x, .), but is 
(fortunately) very unstable through time changes. 

In subsection 5.1, a detailed analysis is done of the process of operators 

~ , - 1 X i ( x ) )  (q~*- 1 Xi(x ) ds. (5.3) 
0 

The importance of the fine closure Af of A is explicited. In subsection 5.2 
the complete analysis of the case when the distribution T' fibrates is done. The 
factorization theorem is proved, whose consequence is hypoellipticity in this 
special case. In subsection 5.3, hypoellipticity is proved in the general case 
using a lifting procedure. 

The analysis done in Sects. 5.1 and 5.2 is closely related to the results of 
Ichihara and Kunita [20]. 

5.1 Sweeping the Tangent Space 

In the whole section, we make the general assumption of H/Srmander [15] : 

H 2: At each x e R  e , the vector space spanned by Xo, X1 . . . .  ,Xm, 
[Xi, X~]o_<id~m... is equal to T~(Rd). 
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Definition5.1. At x e R  d, Tj is the vector space spanned by X1, . . . ,X,, ,  
[Xi, Xj]o_<i,j_<m... in Tx(Rd). 

By H2, the codimension of T~' is at most 1. 
t 

1 , -  W e  have seen in Sect. 4 that it is essential to know if S q)*- X~>(~~ 1X~ ds 
o 

is invertible. Under H2, this will not necessarily be the case. It is however of 
key importance to know what the image of this operator is. We have: 

Theorem 5.2. For any x ~ R  d, if HT(CO, x ) is the subspace in Tx(R d) which is the 
image of T*(R d) by the linear mapping CT(CO, x) 

T 
p e T* (R e) --+ ~ <p, (~o* -1 Xi ) (x)> ((p* -1 Xi ) (x) d s, (5.4) 

0 

then a.s., for any T > 0 ,  the vector space in Tx(R d) spanned by 

U T' ~o~ (e), x )  
s < T  

is equal to HT(a) , x). 

Proof. The transpose of operator Cr(~o, x) is equal to itself. Moreover Cr(cO, x) 
defines a positive symmetric form on T* (Rd). Since, for T__< t 

<p, Cr(co, x)p> < <p, Ct(o), x)p>, (5.5) 

the kernels Ker Cr(co, x) are decreasing with T, and moreover T ~ K e r  Cr(co, x) 
is left-continuous, i.e. KerCr(co, x)= ~ KerCr,(Co, x). By orthogonality, this 

T> T" 
implies that the images Hr(co, x) are increasing with T. The result stated in the 
Theorem is clearly equivalent to proving that a.s., for every T >0  

KerCr(co, x)= ~ [(~*-l(co, x) ' • ~'s T;,(~, x)) ]. (5.6) 
s < T  

Since, if X m is one of the brackets generating T', ((p*-lxm)(x) is a 
continuous process, it is equivalent to prove that for any T > 0 

KerCr(co, x)= ~ [((p~ i(co, x) ' • (5.7) *- T;,(~, ~)) ] a.s. 
s < T  

For p to be in Ker CT(CO, X), it is necessary and sufficient that: 

<p,(p*-aX,)(x)>=O s<=r. (5.8) 

(5.8) shows that since X1 . . . . .  X,, are in the distribution T', 

Ker CT(O)  , X ) ~  ( ~  [(q)~s - 1((/), )r T{.(,o,~))• (5.9) 
s<=T 

We now prove the reverse inclusion. Let t~, ..., t, be an equipartition of [0, T] 
such that 

t j+ ~ -- tj = T/n t o = 0. (5.10) 
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Let  11 . . . .  ,1 d be a fixed basis in Tx(Rd). In the sequel, we decompose  the vectors 
in Tx(R d) on this basis. Clearly, if ~1, . . . ,  Y,, are C ~ vector  fields on  R d, for any 
b,b' (l<b,b'<d) when n--, +oo  

tk + 1 tk + 1 
E f (~o~*-l~(x)) b~w~ f (q~*-'~(x)) b'~wj 
k tk tk 

T 

--,.[ (~o*- 1 y~(x))b (~o*-~ Y~(x)) b' ds in probabil i ty.  (5.11) 
o 

By a measurable  selection theorem, it is possible a family of  bounded  
r andom variables f l , - - - , f e  with values in T;*(R e) so that  for a.e. co, 
fl(c~ . . . .  , fd(co) generate Ker  Cr(09, X) (they are not  necessarily free). N o w  using 
(4.6), we have that  for any i (O<i<m) 

t t 

'fit* X i  ( x ) =  X i ( x  ) -}- ~ (t?* s -1  [ X o ,  X i  ] ( x ) d s  -]- ~ ~o* s - 1 I X  j ,  X i ] ,  d w  j 
o o 
t 

= X i (x) ~v ~ (PSs - 1 ( [ S o ,  X , ]  -~- l, I X  j,  I X  j ,  X i ] ] ) ( x )  ds  
o 

t 
+ j ~o*-i [x~, xi] (x) ~wZ (5.12) 

0 

Using (5.11) and (5.12) it is then clear that for any l (1 <=l<_d), when n ~  + 

E I(./i (co), q,*j i x ,  (x) - ~ * j '  x i  (x)51 ~ 
k 

T 

~ I(f~(co), (o*-~ [Xj ,  Xi](x))12ds in probabil i ty (5.13) 
0 

((5.13) does not  follow from stochastic calculus on (f~(co), ~o*-lXi(x))!). Using 
(5.13), we see that:  

i l(ft(co),  q~*-l[Xj, Xi](x))I 2ds=O, t<T, l<i, j<m a.s. (5.14) 
o 

By continuity,  we get: 

(fz(co), cP*-~[Xj, Xl](x)) =0, S<T, l<i, j<m a.s. (5.1.5) 

Applying the same method  to (5.15), we see that in part icular:  

(fz(co),cp*-a[X~, [X~,XJ](x))=O, s<T, l<i, j<m a.s. (5.16) 

t 

Now we know that j cp*-~ IX j, X~](x)c~w~ is the uniform limit in probabili-  
ty of o 

E q~,-1 [X j, X~] (x)(w{,+, ̂  ~- w{~ ̂ ,). (5.17) 
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From (5.15), we get: 

@(co),icp*-~[Xj, X~J(x)cSwJ)=O, 

From (5.12), (5.15) and (5.18), we have 

(fl(oo),icP*-l[Xo, Xi](x)ds)=O, 

or equivalently 

(L(co), ~O*s- ~ [Xo, x~3 (~15 = 0, 

Now (5.14)-(5.20) are equivalent to 
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t<T, 1<i, j<m a.s. (5.18) 

t<T, l<<_i<m a.s. 

s<T, l<_i<m a.s. 

(5.19) 

(5.20) 

(ft(co),cp*-l[Xj, Xi](x))=O, s<=T, O<=j<=m, l<_i<_m a.s. (5.21) 

Iterating the procedure, we find that if X m is any bracket in the distribution 
T', then 

(fl(co), ~o*- lXm(x))=0,  s < T  a.s. (5.22) 

(5.22) shows that: 

Ker Cr(co, x) c (~ [(qo*- 1(o~, x) T~s(,o,x))• (5.23) 
s<=T 

The Theorem is proved. [] 

Another connected result is the following 

Theorem 5.3. For any x ~ R e, a.s., for any s, T, s <= T, then 

(p,- a Xo (x) - X o (x) ~ HT(CO, x). (5.24) 

Proof. Since Hr(co, x) increases with T, it suffices to prove the stated result for 
s=  T. Using the left continuity of T--,Ker Cr(c~, x) and the continuity of the 
process ~o*-lXo(x), this is equivalent to proving that for any T, a.s. 
cp*-lXo(x)-Xo(x) is orthogonal to Ker Cr(co, x). Now from (5.12), we have 

t 

~,*- lXo(x)=Xo(X)+~* s ~[xj, Xo](X).aw~ 
0 

t t 
1 , -  =Xo(x)+j~o~ 1 [xj,  [xs, Xo]](x)ds+j~*- lXs(x)6w ~. (5.25) 

0 0 

Using the notations of Theorem 5.2 and proceeding as in this Theorem, it 
is clear that any f(co) is a.s. orthogonal to (p}-ZXo(x)-Xo(x). The result is 
proved. [] 

Let T(o~, x) be defined by 

T(~,~) = inf {t > 0; C,(co, x) is invertible}. (5.26) 
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For every x ~ R  a, T(o,x ) is a {F~+}t~0 stopping time. By the zero-one law either 
T(~o,x)=0 a.s. or T(,o,~)>0 a.s. Let F be the set 

f = { x ~ R e ;  T(~,x)=0 a.s.}. (5.27) 

Before identifying the set F, we give some of its properties. 

Theorem 5.4. F is a G~ set in R a which is f inely closed for the fine topology of  
R e induced by the strong Markov process (1.1). Moreover, for  every x e R  a such 
that ' a Ts 4= T~(R ), the following identifies hold a.s. 

T(,o,~)=inf{t>0; tot(co, x ) ~ f }  

= i n f { t > 0 ;  t o * - l X i ( x ) r  x for one of the i: l<_i<_m} 

= i n f { t > 0 ;  to*-i(co, x) T~(~,,x) ~= Tx}. (5.28) 

Proof. Clearly 

P(T(o, x)= 0) = P( ~ { Ct(co , x) is invertible}). (5.29) 
t$~.O 

For x to be in F, it is necessary and sufficient that, for any t > 0 

P(C,(co, x) is invertible) = 1. (5.30) 

From Theorem 5.2, we know that a.s., for every t>0,  H t ( o , x  ) contains Td. 
Since for t<_T(,ox), Ct(x, co ) is not invertible, since the codimension of T d is 1 
when T~ 4: ~(Rei, necessarily, for t < T(,o,~), t > 0, we have: 

Ht(co, x) = T~. (5.31) 

Using Theorem 5.2 again, we see that for t <  T(o,~), , - 1  p~ (e), x) T~(~,,~) is includ- 
ed in T~. Since the dimension of T~(~,,~) is at least d - 1 ,  this is possible only if 
equality holds. 

Note then that if ~t*-1( to, x)T~(~,~)+ 7~, since the codimension of T~ is one, 
the union of these two spaces spans the whole space T~(Ra). The third equality 
in (5.28) is then an easy consequence of Theorem 5.2. Since from (5.8), Ht(a~, x) 
is the space spanned by to*-iXi(x)(s<= t, 1 < i<m), the second equality in (5.28) 
is also trivial. 

From the strong multiplicative Markov property of to.(~0,.) ([-2, 3]), we 
know that if 0 t is the canonical translation operator on t2=~(R § ;R m) 

O,(w~) = (w,+, - wt) (5.32) 

if S is a {Ft+}teo stopping time, then, a.s. on (S< + oo), for any (t ,x) in R + x R e 

to,+s(CO, x) = q),(Osco, tos(e), x)). (5.33) 

We apply (5.33) with S=  7}(,o ~). In the sequel, we write S instead of T(~,,~r 
Knowing that on (S< + oo), to~-i T~o~(,o,x) = Ts using (5.33), we have on (S< 
+oo): 

inf{t > 0; (p* - 1(0sO9 , tos(Og, x)) r '  ~(o~,,~o~(o~,~)) 4= T~t,o,x)} = 0. (5.34) 
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Since on (S<  + co), 0 s 1fc~ and ~ are independent  and Osco is still a Brownian 
motion,  necessarily on (S < + oo), (ps(co, x)~F.  If D e is the stopping t ime defined 
by 

D F = inf{t > 0; (Pt(co, x )eF}  (5.35) 

we have proven that  Dr-< T(~,~) a.s. Now, on ( D r <  + oo), using (5.33) again with 
S=DF,  we see that  a.s., on (De<  + ~ )  

inf{t > D~; q)* - 1 (co, x) T/~a~ ' x)4:q)*7 1 (co, x) T~,r(o, ' x)} = DF. (5.36) 

Fo r  t taken as in (5.36), , - 1  , , - 1  x ' ~o~ (co, x)Ts ~ and ~o~ (co,)Ts .... ) generate the 
whole T~(Rd). Using Theo rem 5.2, we see that  T(,o,~)<D F a.s. T h e  first equali ty 
in (5.28) is proved.  

Fo r  a.e. co, X~tcao~,~)i . . . .  tiblo is 1.s.c., since Cr(co, x) depends cont inuously  
on x. This implies that  the funct ion gt defined by 

x~P(Ct(co ,  x) is invertible) (5.37) 

is 1.s.c. Since gt < 1, we have 

and the R.H.S. of  (5.38) is clearly a Ga set. F r o m  (5.30), we see that  F is a 
countable  intersection of  Ga i.e. still a G o set. F is trivially finely dosed.  [ ]  

For  the moment ,  F apparent ly  depends on Xo,  X ~ . . . .  , X  m and not  only on 
m 

the generator  ~ W = X o + � 8 9  ~, i.e. on the Markov  process defined by (1.1). We 

now show this independence.  
Let  A be the open  set: 

, A = {xeRe;  T / =  T~(Ra)}. 

It is easily shown that  A depends only on ~ge. We now have 

Theorem 5.5. F is equal to the f ine  closure ~ I  o f  A. For every x e R  d, we have: 

T(,o,~) = inf{t > 0; X 0 (q~,(e), x)) e Ts 

= i n f { t > O ; X o ( x ) e ~ , _ ~  , (5.39) (co, x) T;,(o~, x)}- 

Proof  We first prove that  if x belongs to the fine interior of  CA, then x(~F. Let  
S be the stopping t ime 

S = inf{t > 0; (Pt (co, x)eA} .  (5.40) 

Clearly S > 0 a.s. Let  I11 . . . . .  Ye-1 be a family of  brackets of the type X~ . . . . .  X m, 
[Xo, X~] ... in the distr ibution T' which are free at  x and generate Tj. Let  H be 
a C ~ d - 1  differential form on R e, such that  at x, we have H(Ya . . . . .  Yd-~) 
= s > 0. S' is the s topping t ime 

S' = inf{t => 0i H ( Y  1 . . . . .  t~_ ~)((Pt (co, x)) = e/2}/x S. (5.41) 
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Clearly, for t<_S', the }~.(G(co, x)) are free. Since T' is of dimension d - l ,  - -  ~ t ( o ~ , x )  

they still generate 7-~(~,,~). It follows that any bracket [X~,Y~](q~(o,x)), 
[X~, [X~, Y~]](~o~(o, x)) may be written 

Ix j, L] (+,(o), x))= Y~ c~(t) L(,p,(co, x)) 
(5.42) 

, d ~ where cjk, jk are continuous adapted processes. This is true in particular 
because 

We know that: 

[x), ~ ] s T '  (0_<_j__<m) 

[xj, [Xj, Yk]] ~ T' (O<=j<=m). 
(5.43) 

t 

~o*-1 ~ ( x ) :  ~ ( x ) +  I~o~ - 1(Ix o, Yk] + �89 [xj ,  ~ ] l )  ds 
0 

t 

+ ~o* ~1 [X j, Yk] 6wS. (5.44) 
0 

Using (5.42), we get: 

t r 

~ r  ds+$c~o, Yo~wJ. (5.45) 
0 0 

Since 7" + T~ (Rd), there is p ~ T~* (R d) 4:0 such that (p, ~ (x)) = 0 (1 -< k-< d -  1). If 
r~ is the process defined by: rk(t)= (p, r 1 Y~(x)}, then the r k verity, the system 

t ~  dn, ,  t 
Cok +---  r, ds+ ~c~.kr,~w ~ 2 ) o " (5.46) r~(t)= ! " jk 

Clearly (5.46) has a unique solution which is r k = 0. This shows that for t < S', 
> ' S' cO,-1 T'o,(~,~)= T'~. Equivalently this means exactly that T(,o,~)_S._ Since is 

a.s.>0, we have T(,~.~)>0 a.s., i.e. xCF. 
Moreover, if x~A, T~ is full and T(,o,x)=0 a.s., i.e. xsF. This shows that the 

fine closure Af of  A is also included in F. We have previously seen that F m Af, 
and so F = ~ I .  

From Theorem 5.4, we know that T~o,~, ~ is the hitting time of F. Since F is 
the fine closure of A, the first equality in (5.39) is proved. Since on A, T' is d- 

X dimensional, it is clear that T~o,~) is > i n f { t > 0 ;  Xo(x)eq~*-l(m, )T~(~,~)}. If 
x~A, equality clearly holds. Moreover if x(EA, since Xo(x)r using the last 
equality in (5.28), it is easy to see that T~, 0 , ~) <___ inf{t __> 0; 
Xo(x)~rp*-~(m, x)7~,~)}.  The last equality in (5.39) is proved. []  

Remarl~ I. The space R e has been divided in two regions: 
a) If x e A  I, then for every t, ~(x, .) has a density. This may be seen by the 

techniques of Sect. 4. 
b) If xCfU, then a control of  the differentials of Pt(x,.) may be obtained 

only in the directions of T'. There is however a tricky bifurcation problem 
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when q)r x) goes from ~AJ" to A~, which makes the inversion of Ct(co, x) 
difficult, just after reaching A~ since the norm of the inverse may be arbitrary. 

A natural idea would then to obtain a control in the X 0 direction by using 
Ito's formula, which allows us to express the action of X 0 by means of the 
action of the X i (1 <i<__m) up to order 2. In subsections 5.2 and 5.3, we will use 
a much cleaner type of argument to overcome the bifurcation problem. 

5.2. The Semi-Group P~ in the Degenerate Case 

If x is the topological interior of CA, we know [18] that since T' is an 
involutive distribution - i.e. stable by Lie brackets - which is locally of 
dimension d - l ,  T' possesses integral submanifolds of dimension d - 1 .  To 
simplify the analysis, we will make in this subsection, besides assumption H 2, 
the following assumptions: 
H3: A is empty, i.e. for any x e R  d, T j, is of dimension d - 1  (i.e. Xo(~T' ). 

This assumption is assumption (P) in Ishihara and Kunita [20]. 
X 0 will then be transverse to T' at every point. 
Note that by the Frobenius theorem in its general form [18], 1.2, the 

involutive distribution T' determines a foliation of R d by connected disjoints 
maximal leaves L~ which are integral submanifolds of T', i.e. 

a) R e is the union of the L~. For each x~L~, there exists a system of 
coordinates (u, y l . .  yd-1) such that locally the foliation is given by {u = c s t}. 

b) For x~L~, considering L~ as an immersed submanifold, ~(L~) is exactly 
r;. 

Clearly if x ~ R  d, if Y1 . . . . .  Ye- 1 are a family of brackets in T' which generate 
Tj, an adequate system of coordinates describing the foliation at x is given by 
the local diffeomorphism 

) (u ,y )eRxRd- l__ , (expuXo)oexp  yiy~ . (5.47) 

However note that the L~ are generally not embedded as submanifolds of 
R e, i.e. the natural topology on the leaves L~ is stronger than the induced 
topology (see [18]). 

For x ~ R  e, L x is the unique leaf containing x. We consider the differential 
equation: 

d y = X ~  dt  (5.48) 

y(0)=y 

and the associated flow of diffeomorphisms of Rd~t: Y~Yt. We then have the 
following elementary result: 

Proposition 5.6. For each t >= O, the foliation L~ is stable by ~ ,  i.e. the image of a 
leaf by ~t is still a leaf In particular for each t>=O, x ~ R  ~ 

~* -~ T~(~)= T x. (5.49) 
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Proof Let Y~ . . . . .  Yd-1 be a family of brackets in T'  which generate Tj. They 
are necessarily free at x, and then free on a neighborhood, i.e. they still 
generate T'  on a neighborhood. We have: 

t 

~t t$ - 1  Yi ( x ) = Yi ( x ) _~ S I/l $s - 1  [ N o ,  Yii ] ( x ) d s . 
o 

(5.50) 

Since [Xo, YJeT' ,  for t small enough, we may write 

[Xo, YJ (Or(x)) = ~ c~t Yj(~,(x)) (5.51) 

where c i are continuous functions. Let pe(Tj,) • p :4:0. Then 

t 

(P, 0 " - 1  Y~(x)) = Ices(p, 0 " - 1  Yj(x)) ds. (5.52) 
0 

From (5.52), we see that for t small enough (p, 0 * - l Y / ( x ) ) = 0 ,  i.e. T" 
= O*-  1T~a~). Define S by 

S = inf{t > O, if* - 1  T~t(x):~= Ts (5.53) 

Clearly, if S < + oe, 0~ - 1 T~(x) = Tj. Now reasoning as in the proof  of Theo- 
rem 5.4 and using the semi-group property of 0t, we see that if t - S  > 0, for t 
- S  small enough, we still have ~ , - 1  T],t(~)=Tx ' which contradicts the de- 
finition of S. Hence S = + oe. 

Take x ~ R  d and x '~L  x. Since L~ is connected, there is a C ~ curve 
s~[0, l ] ~ x ~ L ~  such that 

Xo=X, x~ =x'.  (5.54) 

dx , 
Clearly ~ss eTs which implies that O* ET~axs).s--,tPt(x~) is then an integral 

curve of the distribution T'. Necessarily it belongs to the same leaf which 
contains 0t(x) and 0t(x'). The Theorem is proved. [] 

Note that at least locally we may take X 0 to be the vector ~uu and T' to be 
the distribution 

a_ } 
(Oyl  . . . .  ,8yd-  1 

X 1 . . . . .  X m may be written 

�9 0 
X,=cl(u,y)~jy  j (1 < i < m ) .  

The operator  s has then the form 

1 m 
~e = ~ + g Z x ~ .  

(5.55) 

(5.56) 

(5.57) 
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We will now construct explicitly the solution of (1.1). When t is bounded by 
a constant T, the vector fields ~*-1X~(x) are clearly bounded with bounded 
differentials in (t,x) of any order. We then have the key result: 

Theorem 5.7. Let us consider the stochastic differential equation 

dz=(~J~-  ~ X 3 ( z , ) . d w  ~ 
(5.58) 

z (0) = z 

and the associated f low vt: z-~z~(o),z)=zt. Then a.s., for any z e R  a, t>O, 
zt(o~, z)sL,_. Moreover, a.s., if L~ is a leaf endowed with its natural topology, the 
mapping (t,z)~R+ x L ~ z t ( o ) , z ) e L  ~ is continuous; zt(o~,.) is a family of  diffeo- 
morphisms of L~ depending continuously on t s R  + (for the topology of uniform 
convergence over the compact sets of L~). 

Proof. First note that the fact that (5.56) is not time homogeneous is no 
obstacle to the application of the results of Sect. 1, since the system can be 
made homogeneous by adding a new variable. By [3, 4, 10], we know that 
considered as a mapping from f 2 x R  + x R e into Re, the flow ~.(c0,.) is the 
uniform limit in probability over the compact sets in R + x  R e of the flows 
~".(co,.) associated to the differential equations 

dz" = ( ~ * -  1X~)(z") w ~'" d~ 
(5.59) 

z " ( 0 ) = z  
where 

w ~'" = 2" [w * (([2" t] + 1 )/2") - w i ([2" t]/2")3. 

Since z" given by (5.59) is an integral curve of the distribution T', it is clear 
that for any t eR  +, z~eL=. Since L= is not necessarily closed in R e, we cannot 
immediately conclude that "c,(c0, z)eL~. 

Let n k be a subsequence of N so that the convergence previously defined 
takes place a.s., i.e. out of a negligible set A<. By Proposition IX-2 in [23], the 
leaves L= are second countable (for their own topology). Fix (t, z)eR + x R e and 
me.A<. There is an open neighborhood V of "ct(co, z ) in R d and a coordinate 
system (u,y 1 ... yd-1) on V such that the foliation in V is given by the slices (u 
= cst) (two different slices may belong to the same leaf!). 

Since the leaves L= are second countable, by [23] IX, we know that the 
connected components for the topology of R d of L= c~ V are given by slices (u 
=cst),  at least if L=c~V+O. For I t ' - t i  small enough, and n k large enough, we 
know that -c~,~(co, z)~V. Using the continuity of t'~z~,~(o~, z)~R e and connexity, it 
is clear that for [t '-t[ small enough, z~,~(co, z) remains in a slice (which may 
depend on nk). It is then clear that for I t ' - t[  small enough,-c~,(co, z) remains in 
a slice, and then in a given leaf of the foliation. Now take T > 0  and cover 
[0 ,T]  with a finite number of intervals such that on each interval, "ct(o,z ) 
remains in a given leaf L~. Since z0(c0,z)=z, for any t~[0 ,T] ,  ~t(o,z) remains 
in the same leaf L~. Moreover  (t, z )eR + x L~ : t ( co ,  z)~R d is clearly continuous. 
Using Proposition IX-1 in [23], it follows that ( t ,z)eR + x L~--,zt(o),z)eL~ is 
continuous. The same argument applies to the differentials of z,(co,,). []  

We now have the factorization result, which is essential in this section. 
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Theorem 5.8. A.s., for any (t,x)~R + • R a, we have 

(at(co, x) = ~,(z,(co, x)). (5.60) 

Proof From the Ito-Stratonovitch formula, we know that for every xeR  a, then 

t t 

~,oz,(co, x)=x+jXo(O~o~(co, x))ds+IX~(~o~(co, x)).dw i (5.61) 
0 0 

i.e. Otoz~(x) is a solution of (1.t), which is equal to cpt(co, x ). Since Oeozt(co, x) is 
obviously jointly continuous in (t, x), the theorem follows. [] 

The diffusion (1.1) has then been factored as the "product" of a diffusion in 
a fixed leaf L x and a deterministic motion in the direction X o. This result is an 
improvement of the result of Ichihara and Kunita [20], which is essentially of 
a local nature. 

For  a given leaf Lx, we will consider z t as a flow on this leaf, and T' to be 
its tangent bundle. 

We have now the key result to study Pt(x, .). 

Theorem 5.9. For every x~R a, a.s., for every T>0 ,  the quadratic form on T*(Lx) 

T 
f T~ --1 ii1. t -1  X i (X ) )  (T,~ -1  @*t -1  X i  ( x ) d t  ( 5 . 6 2 )  

o 
is positive definite. 

Proof We will do the same reasoning as in the proof of Proposition 4.1, with 
the reservation that ~ * - t X  i is depending explicitly on t. For  f~T*(L:~) to be 
in the kernel of (5.62), it is necessary and sufficient that 

(f, 'c*-~O*-~Xi(x))=O, t<T. (5.63) 

Now using (5.50), we have: 

t 

~*-~ ~ * - ~ x ~ ( ~ ) = X ~ ( x ) + j ~ * - ~  ~*-~[Xo, XJ(x) ds 
0 

t 

+ j ~*-~ ~,~*-~ I x  j, x d  (x) d w~ 
0 (5.64) 

t 

= X~(x) + j ~* -~ ,~,I,* - ~rx,~ o, x J  + �89 j, IX j, x~]])(x) ds 
0 

t 

+ jr~*- ~ 0~*- ~ [xj,  x~] c~wJ. 
0 

Reasoning as in the proofs of Proposition 4.1 and of Theorem 5.2, we see that: 

*-~O*-~[Xj,  Xi])=O, O<j<m, l N j < m ,  s<t  a.s. (5.65) 

Iterating (5.65), we get in particular that f is orthogonal to all the brackets X m 
in Ys which implies f is zero in T*(L~). [] 
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Remark 2. The key fact is that X o has appeared only through the derivation in 
t of the time dependent vector fields 0* - 1Xi" 

From Theorem 5.9 and Remark 4.1, we get immediately: 

TheoremS.10. For each x~Lx, the probability law of zt(co, x ) is given by a 
density on the leaf Lx. 

From Theorem 5.8 and Theorem 5.10, we get: 

TheoremS.11. For xER d, the probability law Pt(x,.) of ~ot((o,x ) is given by a 
density on the leaf L~(x ). 

Proof tpt is a diffeomorphism of the leaf L x on the leaf Lot(x ). From this, we get 
the Theorem. [] 

Theorem 5.12. For any x~R  ~, T>0 ,  the measure defined by 

T 

f ~ E ~ f (q)t(co, x)) d t (5.66) 
o 

has a density. 

Proof Given a leaf Lx, since X o is transversal to T', the mapping 

(t, y )eR x Lx---,Ot(y)eR d (5.67) 

is non singular. Let ~(x, .) be the probability law of z~(co, x) on the leaf L~. 
Since (5.66) is the image of the measure l t<=rdt|  by the mapping 
(5.67), it has a density. [] 

5.3. The General Case 

We will now attack the general case where only H E is verified. We still want to 
prove that the statement in Theorem 5.12 is true. If xEA, then clearly Pt(x,.) 
has a density and the result is trivial. 

We will then assume that x~A  i.e. T" is not full. By a result of Rothschild 
and Stein [17] (see also H~Srmander and Melin [16]), we know that if the 
brackets of X o, . . . ,X  m of l eng th<r  span Tx(Re), there exists p and C ~ vector 
fields 20,  ...,J~m on R d+v such that: 

a) If ~ is the canonical projection of R d+p o n  R d, then re* J ( i = X  i. 
b) The brackets J(m of )?o, "",J?m of length __<r (i.e. [II __<r) span T(x,o)(R a+p) 

and moreover they are free of order r at (x, 0), i.e. the only algebraic de- 
pendences between the Xm(x,0)(1I[ =r)  are the algebraic relations which exist 
in a general abstract Lie algebra, like the Jacobi identities. 

We may of course assume that J~o,---,)~m are still bounded with bounded 
differentials of any order. 

Since T j is not full, ~' T(x,o ) is not full. We now claim 

Proposition 5.13. There exists a uniformly positive bounded C ~ function u on 
R a+p such that if ~,u is the distribution associated to the vector fields 
(uXo, J(t .... ,Y;m), ~,u is full at (x,O). 
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Proof From Proposition 2 in [16], we know there exists u C ~ bounded such 
that if, for a sequence of indices I=(i 1 .... ,i,), )71 is the differential operator 
3711 -" 3?i,, then: 

(21u)(x,O)=O, II[<=r-1 
(5.68) 

(37~ u)(x, o) = 1. 

By adding a constant, we may assume that u is uniformly positive. For any I, 
- u  

it may be easily checked that if X m are the brackets corresponding to 
(u 3?0, )~ 1, -.., 37,~), then: 

~ u _ _  5 1  ~ X[I ] - u  X[I] + 2 u ~ flji Xtjl (5.69) 
[Jl<lll 

where the flj~ are linear combination of functions containing 3?KU for IKI <I .  
Since u(x,O) is non zero, from (5.68), we see that for IIl<r, the ~" Xm(x, 0) are 
non zero multiples of the 3?m(x,0). We now compute explicitly the bracket 
[371, [371, ..., [371,U37o]]] where X 1 is repeated r times. A trivial computation 
shows it is equal to 

C,(X "J u) ~_ j (5.70) 
0 

where ~_ j  is the bracket calculated with u=  1 which contains r-j3? 1. Using 
(5.68), we get that at (x,0), it is equal to u~(x,O)+3?o(x,O ). Now since the 
vectors 3?o, " ' ,Xm are free of order r at (x,0), 37o(x,0) does not belong to the 
vector space spanned by the other brackets 3?re(x,0) with III <r,  I + 0 ,  which is 
necessarily of codimension 1. Since T'(x, 0) is not full, it is exactly equal to this 
space. In particular ~(x,0) may be written as a linear combination of 3?re(x,0) 
with [I[ <r,  I + 0 .  This shows in particular that 37o(x,0) is a linear combination 
of ~u Xm(x,O)(lIl<_r+l,I+O ). ~'"(x,O) is then necessarily full. [] 

We now give the result of existence of a density for the potentials of 
process (1.1). 

Theorem 5.14. Under H2, for xER ~, T> O, the measure 

T 
f ~ E  ~ f (~ot(co, x)) dt 

0 
has a density. 

Proof We may directly assume xCA. Take 3?0 ... .  ,37m, U as in Proposition 5.13. 
N o w  ~ ,u Tcx, o ~ is full. Let v>O be such that v2=u. Let then ~.(co,.) be the flow in 
R a+p associated to (370,'",37m)" fit is the change of time defined by 

P ds tt" 
fl'=inf {fi>--O; ! v2((Os(~O,(x,O))) = (5.70) 

. I  

Now if w't ~ is the process defined by 

'~ b W i f (5.71) ~o ~(r (x, 0))) 
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(w' l , . . . ,w '") is trivially a b rownian  motion.  Moreover  yt=t~&(c~,(x,0)) is the 
solution of  the stochastic differential equat ion 

/ 2  1 c~X i ~ ( y ) )  dt+(v~i)(y)6w, i 
dy=v2(Y) ~ o(Y)+~ ~ - x  (5.72) 

y (0) = (x, 0) 

which may  also be written 

d y = (v 2 )(o - �89 Xi)(Y) dt + (v Xi)(y) �9 dw 'i 
y(0) = (x, 0) (5.73) 

Yt is then a new diffusion calculated with 

X* = v X  i. (5.74) 

Since v is uniformly positive, it is easily checked that  the distr ibution T'* 
corresponding to (X*, ... , X*) is the same as the distr ibution T'" calculated for 
(u J(0 . . . .  ,Jfm)" The distribution T'* is necessarily full at (x,0). F r o m  the results 
of  Sect. 4, we know that  for any T ' > 0 ,  the measure 

T '  

g ~ E  ~ g(Yt) d t has a density. (5.75) 
0 

N o w  clearly, we have:  

T + c o  

E~g((ot(oo,(x,O)))dt=E ~ l&<=rg(yt)vZ(y,)dt (5.76) 
0 0 

which implies that  the measure defined by the L.H.S. in (5.76) has a density. 
Since 7cq?t(co,(x,0))=q)t(co, x), the result is proved. [ ]  

Remark 3. The idea is of  course to accelerate the process slightly so that  the 
r a n d o m  variables (p~(co, x) have densities. Apparently,  this accelarat ion in- 
volves the building of  the extra process q?t(co, x). 

The author is much indebted to two referees for very helpful remarks. 
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