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The purpose of this paper is to give a general introduction to the methods of 

the stochastic calculus of variations, and to some of i ts applications. The subject 

being in fu l l  development, we have not tried to cover the whole thing, but we have 

essentially focused on the aspects of the calculus which may be of special relevance 

to control and f i l ter ing.  

The paper is organised around four essential topics. 

In section i ,  the theory of stochastic flows is reviewed. I t  has been known for 

a long time (see Gihman - Skorohod [19]) that the solutions of a stochastic diffe- 

rential equation depend smoothly on the in i t ia l  conditions in L2-sense. 

Blagoveschenskii and Freidlin [12] announced the stronger result that the solutions 

of such a stochastic differential equation could be modified so as to obtain an a.s. 

smoothness with respect to the in i t ia l  conditions. This result was rediscovered by 

Malliavin ~g ] who gave a new impetus to the f ield. The whole subject has been de- 

velopped in Ventzell [58], Rozovskii [48],Baxendale [1], Elworthy [17], Bismut [5 ] -  

[6], Ikeda-L~atanabe [26], Kunita [31]-[32]. The basic idea is that in many aspects 

a stochastic differential equation behaves l ike deterministic differential equations 

so that to such an equation, a flow ~t(~,.) of diffeomorphisms of R d onto i tse l f  may 

be associated, so that ~t(~,-) is a continuous stationary independent increment pro- 

cess with values in the group of diffeomorphisms of R d. A number of standard opera- 

tions may be performed on ~.(~,') l ike the l i f t i ng  of ~t(~,') to tensors, the deter- 

equation of~otl{~, -) etc . . .  The theory of flows extends to general ruination of the 

stochastic differential equations the results of Doss [15], Sussmann [56]. I t  can be 

applied to the Malliavin calculus of variations and to study conditional diffusions 

(Bismut-Michel [10]-[11], Kunita [33], [34], [35]). 

In section 2, the results of Haussmann [21]-[22] extending Clark [13] are 

presented. I t  has been known for a long time that a connection exists between the 

di f ferent iabi l i ty properties of functions and their behaviour as random variables. 

This is clearly illustrated by the well-known decomposition of functions of the 

Schwartz space S(R) into linear combinations of weighted Hermite polynomials [47]. 



Clark [13] and Haussmann [21]-E22] interpreted such relations in the setting of 

diffusions by relating the representation of certain random variables as martin- 

gales in terms of their differentials in the sense of Fr~chet. In [7], Bismut exhi- 

bited the relation between these results and integration by parts on the Wiener 

space, and used them to recover the integration by parts obtained by Malliavin [39] 

using the Ornstein-Uhlenbeck process. 

In Section 3, we give a brief exposition of the techniques of the Malliavin 

calculus. The papers of Malliavin [3g] -[40] have been the starting point of the 

development of the whole f ield. The basic idea of Malliavin was that i t  was possi- 

ble to use the construction of the solution of the stochastic differential equation 

by means of a Brownian motion as an efficient way of obtaining results on partial 

differential operators. The technique of Malliavin uses an auxiliary inf ini te di- 

mensional stochastic process to establish a key integration by parts formula. His 

ideas were simplified by Sh i~w~[49 ] ,  Kusuoka ~6] who used functional analysis 

techniques and the Ornstein U.~lenbeck operator. These aspects are fu l ly  developed 

and much extended in the pa~ers of Stroock [51] -[52] -[53], to which the reader 

is refered. We have chosen instead to follow the approach taken by us in [7]. Also 

note that the key estimates were obtained by Malliavin [40], and Ikeda -Watanabe 

[26] and have been recently considerably improved by Kusuoka and Stroock [37]. 

In Section 4, the main results of Bismut-Michel [10]-[11] extending Michel 

[44] on conditional diffusions are developped. In this application, the theory of 

flows and the Malliavin calculus are used in combination to obtain results which 

extend the results of Pardoux [46], Krylov- Rozovskii [28] - [29], Davis [14], 

Eliott-Kohlmann [16]. These results are apparently d i f f i cu l t  to obtain using more 

classical methods. For related developments, we refer to Kunita [33]- [34]-{35]. 

Another application of the Malliavin calculus is in Holley-Stroock [23],where the 

obtained results fa l l  out of the reach of classical methods. 

We have excluded of this survey some recent developments of the methods of the 

calculus of variations to jump processes [8] and boundary processes [9]. 



P.N INTROWCTION TO THE STOCHASTIC 

CALSUWS OF VARIATIONS 

a Stochast ic  f lows 

L e t  n be the s e t  ~ ( R ' ; R ~ )  whose standard element w i s  a  t r a j e c t o r y  

n i s  endowed w i t h  i t s  canonical f i l t r a t i o n  

which i s  even tua l l y  regu la r i zed  on the  r i g h t .  

P i s  the  Brownian measure on n, w i t h  P[wo=O] = 1 . 
d Xo(x), ... ,X,(x) a re  m t 1 vec to r  f i e l d s  def ined on R w i t h  values i n  Rd, which 

a re  bounded, C-, w i t h  bounded d i f f e r e n t i a l s .  

d  For xo E: R , consider the s tochas t i c  d i f f e r e n t i a l  equation w r i t t e n  i n  

S t ra tonov i t ch  form 

(1.1) dx = X,(x)dt + Xi (x )  .dw i 

x(0) = x, 

where dwi i s  t h e  S t ra tonov i t ch  d i f f e r e n t i a l  o f  wi. (1.1) can be w r i t t e n  i n  I t o ' s  form 
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where ~w i is the Ito differential of w i (the summation sign 

omitted). 

a) Ito calculus and Stratonovitch calculus 

m 

Z 
i=1 

wi l l  be generally 

In the whole paper, we wi l l  use as much as we can Stratonovitch integrals. I f  

H and X t are continuous semi-martingales,it is known [41] that the Stratonovitch 

t , t t 

integral | H s d X s can be expressed in terms of the Ito integral | H s 6 X s by the 
1 o J o 

relation 

t t 
(1.2) I Hs dXs= I Hs ~Xs +½<H,X> t 

o o 

where < H,X>t denotes the quadratic variation of H and X. 

In classical stochastic differential calculus, i t  is known [41] that the 

formal rules of the usual differential calculus are preserved in the Stratonovitch 

stochastic calculus. 

As a consequence, we see that Xo,XI...X m in (1.1) are in fact vector-fields 

in the sense of differential geometry, i.e. i f  equation (1.1) is expressed in a new 

i set of coordinates, the new fields X o . . . .  ,X~ are obtained through the standard rules 

of transformation of vector-fields. This is of course connected with the fact that 

the generator ~ of the diffusion (1.1) is given by 

m 
2 (1.3) ~=  x o + ½ [ x i 

I 

where Xo,X 1 . . . . .  X m are considered as first-order differential operators. The inva- 

riance of X o . . . . .  X m is also connected with the results of Stroock-Varadhan [55] which 

show that the probability law of x. is the l imi t  of the probability laws of x~ , 

where x~ is the solution of the differential equation (1.1) where w i is replaced by 

its continuous linear dyadic approximation. 

The reasons for using the Stratonovitch calculus are even more stringent here. 
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Since in fact we wi l l  deal with inf in i te dimensional diffusions, even i f  the 

Stratonovitch expressions are s t i l l  easy to write, the corresponding Ito calculus 

formulas become hairy. 

Ito's calculus wil l  of course be the essential tool through which the ana- 

lysis of the problems which we consider wil l  be carried over, but once the formulas 

are proved we wil l  come back to Stratonovitch calculus. 

b) Construction of the flow 

The idea is to associate to equation (1.1) a flow of diffeomorphisms ~ t ( , , . )  

of R d onto R d such that for any x o E R d, ~t(~,Xo) is exactly the solution of (1.1). 

The di f ferent iabi l i ty of the solutions of (1.1) on the variable x o in the 

L2-sense has been known for a long time (Gihman-Skorokhod [1)]) and is in fact suf- 

f icient to establish "elementary" properties of the diffusion (1.1) l ike the fact 

that the associated semi-group T t maps C~(R d) in C ~(Rd). 

The a.s. di f ferent iabi l i ty of the solution of (1.1) in the variable x o had 

been announced in Blagoveschenskii and Freidlin [12]. I t  has been studied by 

Malliavin [39], Elworthy [17], Baxendale [ i ] ,  Ikeda-Watanabe [26]. 

The complete properties of the flow ~t(~,-), namely the fact that a.s. i t  is 

one-to-one and onto for every t E R + were established in Bismut [5], [6J and 

Kunita [31] who showed these properties extend when w is replaced by a continuous 

semi-martingale. 

Namely, we have : 

_ R + x~with values in Theorem 1.1 : There exists a mapping ~t(~,xJ defined on x~ 

such that 

a) For any (t,z) E R + x~, ~ ~ ~t(~,x) i8 measurable. 

b) For an~ ~ E ~j (t,x) ÷ ~t~jx) is continuous. 
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c) For any (~,t) E ~ ×R +, x + ~t(~,x) is a C Siffeomor~hi~ of ~ onto R a . 

Bm~ t 
d) For an~ ~ E ~, and any multi-index m, St, x) + (~jz) is continuous. 

e) For any x ° E ~, t -~ ~pt(~,Xo) i_~s the (essentially) unique solution of 

Moreover properties a)-e) determine ~(m,.) uniquely (in the sense of essen- 

tial uniqueness). 

Proof : We only give here a sketch of the proof. The existence of mt(m,.) having 

properties a), b), d), e) is the "easy" part. In fact, i f  xf ° isthe solution of (1.1), 

i t  is elementary to show that for any T > O, p >i 2, Xo,Y o E R d, s,t,< T 

(1.4) ° Y°':P I I sl 
Taking p >~+l in  ( i  ,4~olmogorov's len~na implies the existence of an a.s. continuous 

x o 
mapping (t,xo) ~ x t (~). Using the dif ferentiabi l i ty of xf ° on x o in the L2-sense, 

x o 
i t  is not hard to prove the dif ferentiabi l i ty of x t on x o in the sense of distr i -  

butions. Using the classical form of the L 2 diffenential of x x° on x o given by the 

stochastic differential equation 

_ @Xo x o 
(1.5) dzx° Bx ( x t )  Zx° dt 

zX°(o) = I 

aX i x o 
+~-R- ( x t )  zx°" dwl 

i t  is not hard to prove (1.4) for Z x° and to deduce the a.s. dif ferentiabi l i ty of 

x o 
order 1 on x for x . .  The same rules give the C" dif ferentiabi l i ty. Set 

o 
x 

xt° = ~t(~,xo). Equation (1.6) permits the easy proof that a.s., for any 

~t (t,xo) E R + xR n, ~ (~,Xo) is invertible. The technical di f f icul ty is now to prove 

the a.s. inject ivi ty and the a.s. onto property of ~t(~,.). Note that i f  R d is repla- 

ced by a compact connected manifold, since ~o = identity, a homotopy argument gives 

B~t precise]y the required result (using the invert ib i l i ty  of B- R- (m,x)). In the case 
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of R d, the approximation of the flow m (=,.) by the flows n (~ , . )  of differential 

equations and a time reversal argument of Malliavin [39] were used in Bismut [5]-[6] 

to obtain Property c). In Kunita [31] a priori inequalities on (1.1) give this 

property, a 

For s E R +, let ~s be the standard translation operator in ~, i.e. i f  

= (wt), (~s = = (Ws+t). I t  is then easy to prove that for any stopping time S, on 

(S < + =), a.s., for any t ~0. 

(1.6) kos+t(= ,. ) = mt (O'S~) o ~S(~,.) . 

be the group of C ~ diffeomorphisms of R d onto R d, endowed with the C K Let G 

topology (which is the topology of uniform convergence of a function and its deriva- 

tives on compact sets). Theorem 1.1 and (1.6) say precisely that ~ot(~,. ) is a conti- 

nuous independent increment process with values in G. The l i f t ing of the diffusion 

(1.1) to an independent increment process with values in G will be essential in the 

sequel. 

® R d. Let ~ be the "Lie algebra" of C vector fields on ~ may be considered 

(at least formally) as the Lie algebra of the "Lie Group" G. ~ is then interpreted 

as the Lie algebra of the tangent vectors to G which areinvariant on the right. 

Equation (1.1) may be formally rewritten as 

(1.7) d~o = Xo(q))dt + Xi(~o).dw i 

~(o) = id 

(Xo(~) . . . .  Xm(~ ) is clearly the image of Xo(e) . . . . .  Xm(e ) through the action of ~ on 

the right). 

A case of special interest is the case where the Lie algebra go generated 

by Xo,XI...X m is f in i te dimensional, i.e. there exists a f in i te number of Lie 

brackets YI...Yr of the vector fields Xo,...,X m such that any Lie bracket of 

Xo...X m is a linear combination with constant coefficients of YI...Yr . In this case 

Theorem 1.1 becomes t r iv ia l ly  true, and no proof is even needed. In fact let G o be 
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a connected Lie group whose Lie algebra is ~o " The stochastic differential equa- 

tion (I.7) can be t r iv ia l l y  solved on G O , which is a f in i te dimensional manifold 

(the fact i t  remains 1"n G O follows t r iv ia l ly  from Stratonovitch calculus ; inf ini te 

l i fe time is t r iv ia l  by the group structure of G o . In fact 4o and G O may be iden- 

t i f ied to matrices, and everything is t r iv ia l ) .  Now G o can be identified to a f in i te 

dimensional group of diffeomorphisms of R d, so that the original equation (1.7) in G 

has in fact been solved. 

o • 
The case where Xo,XI...X m commute is in fact the easiest. I f  ~o t ,~o ...~o t 

are the one parameter groups of diffeomorphisms of R d associated to Xo,XI...X m , the 

previous argument shows that 

(1.8) ° I o . . .  

This is the basis of the papers of Doss [15] and Sussmann [56] (where in fact 

X o is not supposed to comute with X l...Xm). 

For other properties of stochastic flows, see Meyer [43]. 

c) The Ito-Stratonovitch formula on flows 

~t ( , , . )  is now a diffusion with values in G. I f  z t is a continuous semi-mar- 

tingale with values in R d, a natural question to ask is to know i f  ~t(=,zt) is a 

semi-martingale. Of course i f  mttakes its values in a f in i te dimensional Lie-subgroup 

G 0, the answer is t r i v ia l l y  positive, since ~t(=,zt) is the image of (~t,zt) through 

the C~mapping (~,z) ~ ~(z). 

In the general case, the problem was given a positive answer (without proof) 

by VentzelI [58]. The corresponding Ito formula was proved by Rozovskii in [48]. In- 

dependently, this result was reproved in Bismut [5], [6] and Kunita [32]. 

Let z t be a continuous semi-martingale with values in R d whose Ito-Meyer 

decomposition is 

(1.9) z t=  Z o + A t + / ~ H i . 6 w  i 
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where z o E R n, A t is a continuous adapted bounded variation process, such that A o =0 

and H i is an adapted process such that lHi 12 ds < + ~ a.s. Using the convention 
o 

in (1.2), we have : 

Theorem 1,2 : ~t(~,zt) is a continugH8 sem.i-m~.t/n~ale, whose Ito decom~ositlon i_ss 

given by 

(2.1o) ~tf~'zt) = z° + o x° ~s(~'~8) + ~ T~- xi (~'zs) + 

1 ((~,Zs) (H i ,H i ) + ~ ~s(~,Zs) ~ (~,ze)Hi, s 2 Bz2 8 8 

I t (~ )) It B(PS (~,ZS).~z ÷ "~ s (~'ze swi + ~ 8 
o 0 

In Stratonovitch form, (1.10) can be written a8 : 

(1.2Z) mtf~,z t) = z o + x o 8fro, z8 ds + ~ 8(m, zs . d ~  ¢ 
0 0 

i t ~s + ~ (~,z s ) . d z  s . 
0 

Proof : We follow the simple argument of Rozovskii [48]. Let g be a ~ 0 C~function 

on R d with compact support such that I g(x)dx = 1. Set g /x)  = - d  g(x/¢). defined 

Take y E R n. By Ito's formula, we have 

(1.12) t aX i 

(Zs - > + 

i@2g¢ ] I t Bg~ 
2BX-- ~ (Zs -Y) (Hi,Hi)ds ms(m,Y) + < ~ (Zs-Y)'H i > X i ~s(m,Y~ ds 

0 

Note that since both sides of (1.10) are continuous, we need to prove (1.10) at a 

fixed time t. Also note that formula (1.10) can be stopped at adequate stopping 
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times.lntegrate (1.12) in y. Integration in y and stochastic integration with respect 

to 6w i,  ~z can be t r iv ia l l y  interchanged on the R.H.S. of (1.12). Integrate by parts 

in the integrands of the R.H.S. of (1.12) in the variable y, so that only g¢(z s -y )  

appears and not its differential : th~s is possible using the smoothness of ~s(~,y) 

in y. Finally make ¢~ O. Convergence of the bounded variations terms is t r iv ia l .  For 

the stochastic integrals, stop (1.12) adequately. The proof of the L 2 convergence of 

these integrals is then elementary. 

d) The equation of the inverse flow 

In the case where ~•(=,.) takes its values in a f in i te dimensional Lie-group 

G O there is nothing to prove. In fact, in this case, let gx o, gx1...gx m be the cor- 

responding lef t  invariant tangent vectors. The equation of $ = ~-1 is then t r iv ia ] ly  

(1.13) de = - gXo(¢)dt - gxi($).dw I 

~ ( o )  = e.  

I f  G O is considered as a Lie transformation group of R d, note that for 

j = 0 ...  m 

a~ Xj gxj(¢) = ~-~ 

i.e. for any x E R n 

Now since BB-~X (x) 

(1.14) 

(gxj(~))(×) = ~ (x) xj(x) . 

= a[~ (~(x))]- I  we see that i f  Yt " ~1(~, , ) ,  then 

,,, ; ,,,r" (o,,,], • x, ,w'] 

Of course, in the general case, this argument does not make really sense. 

In fact the following is proved in Bismut [5]-[6](see also Krylov-Rozovskii 

[30] for a special case)• 
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Theorem 1.8 : Take z t ae in (1.9). Then Yt =~1(~'zt) is a continuous eemi-mar- 

tingale which i~sth___eeunique solution of the Ito stochaetic differential equatio n 

(I. 15) r dYt = L~-  (~'Yt) 

+ LBx ( ' 'Yt )  - ~ ~ (zt)Hi - -~ B-~- ~t(='Yt ) 

2 B=2 (~'Yt p \t~-~- 

y(O) = z ° 

In Stratonovitch fo~m, (1.15) is written as 

Proof : Since a.s., for t )O  ~tl(~,.)- exists, we know a prior i  that --~tl(~,zt ) is a 

continuous process. Consider equation (1.15). Since i ts  coefficients are C ~ in y, by 

Protter, Emery t Doleans - Dade [18], we know i t  has a solution on a stochastic inter- 

val [O,T[ , where T is a a.s. >0 stopping time. Now i t  is a simple exercise to check 

that (I.15) implies (1.16). Apply Theorem 1.2 using (1.11), and check that 

z~ = ~t(~,yt} is the solution of an Ito stochastic di f ferent ia l  equation, whose 

unique solution is z t . Then on [O,T[ , Yt = ~ t l (~ ' z t ) '  Deduce from this that 

T = + = a.s. For the complete proof, see [5]- [6] .  a 

Remark 2 : Except when XI...X m have compact support, there is no clear-cut argument 

proving that the solutions of (1.15) do not explode (except Theorem 1.3 i t se l f  !).  

When z t = x E R n, (1.16) is formally equivalent to (1.14), so that in fact 

Ct = ~1 is a solution of equation (1.13) on G. Note that in general, (1.13) is a 

" t ruly" in f in i te  dimensional equation, which is not at a l l  of the type of the equa- 
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is a martingale given by 

whi I e 

is a i.ocal martingale given by 

(in (1.19)-(1.20) the vector fields Xj are acting on f ( ,s(~,x)) as a function of 

x). 

e) The diffusion of tensors 

I f  g E G, we know that g acts on tensors. Namely, i f  X E Tx(R d), we may de- 

g.X £ Tg(x)(R d) by fine the vector 

g.X= ag (x) X 
BX 

*k I f  k is a l-form at g(x), the 1-form g at x is defined by 

g*k = ~  (x) k . 

tion (1.7) giving ~o. 

To see better the difference, let us remark that by Ito's formula, for any 

f £ C~(Rn), x E R n 
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From these rules, i t  is obvious how to define the action of g on tensors. 

However g, sends vectors at x into vectorsat g(x) while g* sends forms at g(x) into 

forms at x. We wil l  adopt a unified notation. Namely i f  K(x) is a tensor f ie ld,  

g*-I K(x) is the tensor f ield which for each x is obtained as the pull back of 

K(g(x)) through ~g (x). Namely, i f  X(x) is a vector f ield Bx 

(g*-lx)(x) =(~x) "1 (x)X(g(x)) 

I f  k(x) is a l-form 

(g,-I k)(x) (x) 

We now recall the definition of the L~e derivative of a tensor f ield. 

Definition I. 4 : If X(x) is a C ~a vector field, if gt is the (local) group of 

diffeomor~hisms associated to X, if K(x) is a C ea tensor field o__n_n B n, the tensor 

~£eld L X K i~8 defined by 

( i .  21) 

Of course i f  Y(z) i e a  ~ vector fie~.~ LxY = [XjY]. 

Theorem I.~ : Let K be a C ~ tensor field on B n. Then for any x £ B n 

S 0 0 

= K(X) + I t / ~-I/L 1 

Proof : The proof is elementary using Theorem 1.1 and the equations of ~ (~,x) , 
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[@~t I - I .  can ~R- (~,x) Approximation also be used (see Bismut [5]). o 

Of course i f  K is a (0,0) tensor f,~.e, a C~function,(l.22) is the classical 

Ito-Stratonovitch formula, it.22) l i f t s  this formu]a to tensors. Note that the Ito 

decomposition il.22) has a geometrical sense, since ~;-1 K (x) is a process valued 

in the vector space of the considered tensors at point x. 

The semi-group T t associated to the diffusion (1.1) which acts on functions 

can then be l i f ted to tensors (see Bismut [5], Kunita [32]). Of course this l i f t i ng  

depends expl ic i t ly  on X o . . . . .  X m and not only on the generator~. The generator of 

the l i f ted semi-group is given by 

+½L 2 
= LXo X i 

(~ Martingales and integration by parts 

Let f E C~(Rd), and T > O. Define h(t,x) by : 

(2.1) h(t,x) = E[f(~oT_ t ( , , x ) ) ]  t ~ T  

I t  is easy to see that h(t,x) E C~([O,T]x R d) , and moreover that 

Set 

I Bh -~'~+ ½ Xoh 
h ( T , . )  = f 

+ ~ X ~ h = O  

ki t ,x)  = d h i t ,x)  

where d is the iexterior) differentiationoperator in the variable x. k(t,x) is then 

a C'di f ferent ial  form. Use now the known fact that the operator d and the Lie di f-  

ferential commute so that LXj 
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k(T,.) = d f 

Using (1.22), (2.2) expresses the fact that (Ko; "1 k) (x) is a martingale valued 

n in Tx(R ). Since k(T,.) = dr, we have 

Note that this martingale property is true although the flow ~t(~,.) depends on 

Xo,XI...X m and not only through the generator ~ .  

Of course (2.3) can be obtained directly using (2.1). In fact by (1.6), 

h(t,~ot(~,x)l = E F t ~ ( ~ , x ) ] ]  

so that by differentiating in x, (2.3) holds t r i v i a l l y .  

The representation of k as in (2.3) has been noted by a number of authors l ike 

Stroock [50] ; Bismut [2]-[4] used a version of (2.3) in the setting of the genera] 

theory of stochastic processes to represent the solution of backward stochastic dif- 

ferential equations appearing in control theory. Haussmann used (2.3) in control 

theory for the same purpose in [20] to represent the adjoint process in a maximum 

principle. 

In fact using stochastic calculus, we see that 

Using (2.3), we get 

IT 
o 

i . e .  

6W 1 

< ( ~ - I  Xi ) (x), EFS(q~ "I df)(x) >. 6W i 

. i  ,sc 1 (2.5) f (•,x) = h(O,x) + < (~o s Xi)  ( x ) ,  E d f ) ( x )  > 6w i 
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The interpretation of (2.5) was that i t  was related with a sort of "multidimensional 

Girsanov transformation" (this was clear in [3]) connected with the martingale repre- 

sentation of certain random variables. Waussmann was then led in [21]-[22] to extend 

the result of Clark [13] expressing the representation of functionals of Brownian 

motion in terms of their differentials. 

Namely let g be a bounded function defined on ~([O,T] ; R d) with values in R, 

which is continuous and differentiable. For every y E ~([O,T] ;R d) dg(y) is an ele- 

ment of the dual of ~([O,T] ; Rd), i.e. is given by a bounded measure dgY(t) on 

[O,T] with values in R d, so that for z E ~([O,T] ;R d) 

t 
(2.6) < dg(y),z > = J | < zt, d~Y(t ) > . [O,T] 

From the point of view of differential geometry, since z t is a variation of 

Yt' zt is in Ty tR n , so that dpY(t) can be identified to a generalized element of 

* d Tyt(R ). I f  S t is a continuous function defined on [O,T] with values in T x R d , i t  

is feasible to set 

I d~. (~,x) I * ~o. (,.,,x) < St ,~;-1 (t) > = < ~ot(x ) S t , dp (t) > 
[O,T] [O,T] 

We now have~I~emain result of Haussmann [21]-[22] extending Clark [13]. 

~heorem 2.1 = If ~ .= (u I ..... u m) is a bounded predictable process, defined o._nn 

x R + With va~ue8 in ~, the n for a~y x E R cz 

• ~p. ( ~ x )  

o "o Is, T] 

Proof : The proof in Haussmann [21] is a beaut~"ful example of the use of the 

Girsanov transformation. We follow our presentation [7] of Haussmann's proof, as 

simplified by Williams [59]. 

For ~ E R, consider the martingale 
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I t' °''2dS}o £ = exp - ~ u  I 6w i - ½ (2.8) Z t 

£ 
Let Q~ be the probability measure on ~ whose density on each F t relative to P is Z t ,  

i.e. 

(2.9) dQ£ 
--dIF I F t = Zt 

£ 
Now by a c lassical  property of the Girsanov transformation [54],  under Q~, w t = 

t f 
+ [ ~u ds is a Brownian W t martingale. 

J 0 

Consider the stochastic differential equation 

(2.10) dx ~ = Xo(X£)dt + Xi(x ~) (dw i + ~u i ds) 

x ~ ( O )  = x . 

Theorem 1.3, we know that x~ = wt(w,y~) where y~ is the solution of the di f-  By 

ferential equation 

dy ~ = (W~'Ixi)(y~)~u i ds (2.11) 

y~(O) : x . 

Note that Theorem 1.3 only says that (2.11) has an a.s. non exploding solution, i.e. 

the a.s. can depend on ~. To avoid di f f icul t ies,  i t  is feasible to assume that 

XI,...,X m have compact support so that (2.11) is really a "standard" differential 

equation, and later to remove this assumption. Now under Q~, x~ has the same law as 

x. = w.(m,x) under P. This implies that 

(expectations are taken with respect to P). 

The differential of (2.12) in the variable P is then O. Now 
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dZt ~ I Tu i  ~ W i o  
- -  o (2.13) -6E- =0 = 

Moreover using (2.11), yg is seen to be dif ferent iable  and moreover 

(2.14) --d-g-~-0 I t (~° ; ' Ix i )  (x)ui ds 
0 

For any u £ ~ ~ ÷ x z is differentiable as a function from R into ~([O,T] ;R d) 

and then 

(2.15) ~ ~ =0 = ~°t ~o; X i 
0 

After checking that differentiation under E is feasible in the L.H.S. of (2.12), 

(2.7) follows. 
D 

We now give the main result of Haussmann [21]-[22]. 

Oorollar~ : The ~ollowin~ equality holds a.8. o_nn ~ : 

(~.. le) g(~. (=,x)) = E[g(~. (=,x))] + Ifo < ~Ps*-1 ~ (x), H s > . ~ w i 

where B is the predictable projection of U s glvenby 

(2. ~7) i ~. (¢o, z) = ~p;-1 d~ (v) 
u8 [s, 21 

Proof : We know by a result of Ito [41] that any square integrable FT-measurable 

random variable M T can be uniquely represented as 

IT ui . 
~ = a + 6w 1 

o 

IT 12 where a £ R, and u = (u1...u m) is adapted and such that E lu ds < + ®. Using 
0 

(2.7), i t  is not hard to deduce (2.16). u 
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Observe that the Corollary of Theorem 2.1 is the natural extension of (2.3). In 

fact Davis in [60] gave a proof of this result using a representation of the type 

(2.3). Also note that the theory of flows has been used to reduce differentiation 

in £ of (2.10) to a standard calculus of variations on a differential equation. When 

differentiation of tensors wil l be later needed, this wil l help us to keep track of 

the various computations. 

However, a superficial look at formula (2.7) shows that 9 appears on the L.H.S., 

and dg on the R.H.S., so that formula (2.7), has all the features of an integration 

by parts formula. Of course this fact was certainly obscured by the fact that the 

purpose of control theorists was to obtain a martingale representation result. 

In fact let g(x) dx be the standard gaussian law on the euclidean space R k, and 

f E C~(Rk). I f  a E R k, we have 

(2.18) I < df(x),a g(x)dx = | f(x) < a,x > g(x)dx 
f 

> 

R k : R k 

Of course (2.18) is t r iv ia l  because we can use the translation invariance of the 

Lebesgue measure and standard differential calculus on R k. An unnatural way of obtai- 

ning (2.18) would be to observe that under the probability law exp(-<£ a ,x >-½]~al 2) 

g(x)dx, the law of x+£a is equal to g(x)dx so that 

Rk L RR 

and so (2.18) follows by differentiation in the variable ~. 

I f  Y(x) is a C ~ vector f ield on R k with compact support, (2.18) extends to 

(2.20) I (Yf)(x)g(x)dx = I f (x)[  <Y(x) ,x>-(d ivY)(x)  1 g(x)dx . 
R k R k 

To obtain (2.20) from (2.18), i t  suffices to apply (2.18) to a = e i , replacing f 
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par fyi (1~ i ~ k) and to sum the formulas in 1~ i ~ k. 

The analogy of (2.7) and (2.20) can now be described. P may be considered as the 

gaussian cylindrical measure on the Hilbert space (L2(R + ; R)) m, which is in fact of 

D measure for P . Now an elementary property of gaussians shows P is quasi-invariant 

under constant (i.e. non random) translations in (L2(R + ; R)) m so that (2.19), and 

then (2.18) makes sense. However in (2.7), we have used the ful l  strength of the 

Girsanov transformation i.e. used the quasi-invariance of P under non anticipating 

random translations in (L2(R + ; R)) m, and so we obtain a formula very similar to 

(2.20) without having to do a necessarily inf inite summation to obtain i t .  

(~ The Malliavin calculus 

a) Finite dimensional calculus ' 

Consider the space R k endowed with a probability law g(x)dx where g E C~(Rk). 

Let ~ be a C~mapping from R k into R d, and let ~ be the probability law of ¢ on R d. 

A natural question to ask is to know i f  u is absolutely continuous with respect to 

the Lebesgue measure, and i f  the corresponding density is smooth. 

Natural assumptions are that k ~ d, and that at each x £ R k, the rank of 

¢'(x) = B~x ~ (x) is maximal i.e. equal to d. 

a) I f  ~ is proper, i.e. i f  for any bounded set B in R d, ¢'I(B) is bounded, 

then i t  is t r iv ia l  to see that p has a smooth density with respect to the Lebesgue 

measure using localization and the implicit function theorem. 

b) I f  ~ is not proper, the existence of a density for p is s t i l l  t r iv ia l ,  but 

smoothness is not guaranteed. (take k = i ,  g - ( l + ~ x )  , e(x) = Arctgx , 

dp(x) = I ~ ). In case b), a direct study is necessary. 

Take f E Cb~Rd). Let h(x) be a C~vector'field on R k with compact support. 

How using integration by parts as in (2.20) (where g was supposed to be gaussian) 
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we get 

f 
(3.1) I < f ' (~ (x ) ) ,  Q'(x) h(x) > g(x)dx + 

I R k 

IR k f ( ~ ( x ) ) ( ~ - ~ )  (x) g(x)dx = 0 

C = To prove that ~ is given by a density, i t  suffices to show that i ts  di f ferent ials 

in distribution sense are bounded measures. In fact this implies that i f  ~(¢) is the 

Fourier transform of p, for any m, I~I m ~(~) is bounded, and so the result follows 

t r i v i a l l y .  

I f  we want to show that the f i r s t  order di f ferent ials of ~ are bounded mea- 

sures, i t  suffices to prove that formula (3.1) s t i l l  makes sense i f  h can be chosen 

in (2.21) so that ¢'(x) h(x) = @ (1 ~< ~ ( d )  (of course h w i l l  not have compact 
By ~ 

support ! ). 

I f  R k is endowed with a natural Hilbert space structure (which is the case 

when g(x)dx is the gaussian law), a natural choice of h(x) is to take the element in 

H E R k $' H = B ~ is not of minimal (x) (which empty) norm namely 
By ~ J 

(3.2) h(x) = ¢'*(x) ~,~,, - l ( x )  ~y~ 

where ~'*(x) is the transpose of ~'(x) (which maps T~x~R k into the dual space of R k , 

identif ied to Rk). 

Of course i t  must s t i l l  be proved that this choice of h is feasible, i .e .  

that the integral in the second term in the L.H.S. of (3.1) makes sense (which is 

not the case in the one dimensional counterexample given before). 

When applying this procedure repeatedly, i .e.  by doing as many integrations 

by parts as needed, we can then prove that the derivatives of p are bounded measures 

and then that g has a C = density. 
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In his seminal papers [39], [40] Malliavin has shown this procedure could be 

applied to the solutions of stochastic differential equations. 

Namely for x o 

consider the mapping 

b) The Malliavin calculus 

£ R d, consider the solution mt(m,Xo) of (1.1). For a given T >0, 

(3.3) = ÷ ~OT(=,Xo) . 

In the previous argument R k is replaced by ~, g(x)dx by P and ~ by the mapping (3.3). 

Of course, to have a complete analogy with the argument of a), P should be regarded 

as the gaussian cylindrical measure on the Hilbert space[ LZ(R + ;R)] m 

In [39], Malliavin has developped a technique of integration by parts based 

on the use of the Ornstein-Uhlenbeck operator A which is an unbounded self-adjoint 

operator operating on L2(~,P ). This technique has been completely clarified and 

extended by Stroock [51]-[53], and Shigekawa [49]. 

In [40], Malliavin showed that the extension to this situation of the choice 

of h given by (3.2) was feasible in the sense made precise in a), in an argument 

later completed by Ikeda-Watanabe [26]. 

In [7], we suggested a different route to the integration by parts result, 

which was precisely what has been described in section 2. 

Since the approach taken by Malliavin [39]-[40], Stroock [51],[53], St~ge}cawa 

[49], Ikeda-Watanabe [26] to the integration by parts is completely described in 

these papers, we will focus now on our paper [7]. 

Before going into details, we feel that the essential contribution of 

Malliavin has been to show that the classical differential and integral calculus can 

be successfully extended on the probability space of Brovmian motion, by using the 

classical Ito calculus on diffusions to express the various quantities appearing in 

the integration by parts procedure. 
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We now develop as in [7] the f i r s t  application of the Malliavin calculus. 

c) An application : HB.rmander's theorem 

In his celebrated paper [24], H~rmander proved that i f  0 is an open set in 

R d such that at each x E O, the vector space spanned by Xo(X ) . . . . .  Xm(X ) and their Lie 

brackets at x is equal to R d, the operator~is hypoelliptic, i.e. i f  u is a distr i -  

bution such t ha t~u  E C~(O), then u E C~(O). 

I f  we apply this result to the differential operator~operating on C~(R x R d) 

' in we see that i f  0 is an open set in R d such that at any x E O, the vector space T x 

R d spanned by XI(X ) . . . . .  Xm(X ) and all the brackets of length ~ 2 of Xo,XI...X m at x 

span the whole space R d, ~ is hypoelliptic on R xO. 

Now i f  Pt(x,dy) are the transition probabilities of the diffusion (1.1), we 

know that i f  ~*  is the adjoint operator of ~ (w i th  respect to the Lebesgue measure), 

then for any x £ R n, 

) o o. ~;~y Pt(x,y) ]0 ,+ - [  R d 

By applying HBrmander's theorem, we see that under the previous conditions, for any 

x E R d, Pt(x,dy) = Pt(x,y) dy, where Pt(x,y) is C~in the variables (t,y) E 

]0,+~[ xO. In fact H~rmander's theorem has been used by Ichihara and Kunita [25] 

to prove the corresponding results on the transition probabilities. 

We will now try to show how the Malliavin calculus can be used to prove di- 

rectly that the Pt(X,~y~re smooth in it,Y). Note that using pseudo-differen- 

tial operators, Kohn [27] has simplified HBrmander's original proof (for a systema- 

t ic exposition, see TrOves [57]). 

We wi1~.~ot show how the hypoellipticity of ~ can be recovered from the 
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smoothness of Pt(X~y)but concentrate on a probabilistic proof of the smoothness of 

Pt(X, aF) • 

• d Let H be a continuous function defined on ~([O,T] ;R d) with values in Tx(R ) 

which is bounded, differentiable, with a uniformly bounded differential. For 

y £ ~{[O,T] ;Rd), dH(y) can be identified to a f in i te measure dvY(t) on [O,T] 

with values in Rd~R d, so that 

(3.5) z E ~([O,T] ;R d) ~ < dH(y),z > = I dvY(t) zt [O,T] 
dv~t) can be identified to a generalized linear raapping from Tyt(Rd ) into Tx(Rd). 

IT *-I 
I f  ~ 6 Tx(R d) we define the action of ~o t d~rY(t) on ~ by 

o 

We then have the following result in Bismut [71. 

3. I : Let f E 6~b(Rd). Then the following equalit~ holds Theorem 

+ Co "]- 
• -1 *-1 

T * - I  ~p (co,x) (h) 

d ek Proof : Write h = Z hK . Use then formula (2.7), where g is hk(X ) f(xT), and 
1 

u i = ~o; - I x  i (x) (which is adapted 1). Summing the corresponding formulas in k, 

we get (3.7). a 

Of course we have obtained (3.7) by analogy with (3.1). In fact using (2.15), 
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~'(~) can be interpreted as the mapping. 

u E L2([O,T] ;R m) ÷ 4  o 

The adjoint mapping ~'*(~) is clearly 

u i ds E T oT(=,x) R d 

p E T* R d *-1 ~S Xi ~F(~,x) ~ < 4  (x),p > E L2([O,T] ;R m) 

so that ¢' ¢'*(¢) is the mapping 

(3.8) p c r*~(~,x) Rd ~ I To ~-I xi (x) < ~;-1 xi ' ~-I p > ds 

Formula (3.7) is then the analogous of formula (3.1) with 

(3.9) h = ¢ ' * (~ )  q~-H 

The choice of h in (3.8) is of course justified ,by the argument leading to (3.2). 

Consider now the following assumption HI : x £ R d is such that the vector 

space spanned by X1(x ) . . . .  Xm(X ), and the brackets of Xo,XI...X m of length ~ 2 at x 

yenerate R d. 

Ds~inition 3.2 : 

Fivenb_E 

(3.10) I T ,-1 6 ,-1 P-" <% ~(=) 'e> ~s ~ )(=)cz8 , 
~=1 o 

* (Rd), and by (3.8) is clearly related CT(w ) defines a symmetric positive form on T x 

to ~' ~'*(~). 

Recall that in a), ~' was supposed to be of maximal rank d (here k = + ® ]). 

The f i rs t  spectacular result of Ralliavin [39] was that precisely HI implies 
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that @' @'* is a.s. invertible. Namely 

Proposition 3.3 : Under HIs a.s. j  ~oranyT ~ Os CT(=) iB invertible. 

Proof : We sketch the proof in [39]-[7]. I f  f , 0 is such that CT(= ) f = 0, clearly 

< ~ - 1  Xi(x), f > = 0 for s~  T. Using (I.22), i t  follows that <~ ; -1 [X j ,X i ] ( x ) , f  >=0 

(i 5 i , j  ~ m . . . .  s~  T) and so < ~ - 1  [X j , [X j ,X i ] ] (x) ,  f > = 0 (s ~ T), so that cance- 

ling the d r i f t  term in < ~ ; - I x i  (x) , f  >,< (~;-1Xo) (x) , f  > = 0 (s ~ T). Iterating 

the procedure, we find that in particular f is orthogonal to X1(x)...Xm(X ) and to the 

brackets considered in H1, so that f = 0. Of course negligible sets must be worked 

out [7]. [] 

As noted in Malliavin [39] (see Stroock [53]) Proposition 3.3 is enough to 

show that the law of tpT(~,x ) is given by a density Pt(x,y)dy. 

Recall that in a), i t  was underlined that a feas ib i l i ty  assumption was to be 

checked on the choice (3.2). 

Malliavin [40] and Ikeda-Watanabe [26] were able to prove that when HI is s t i l l  

verified excluding X o - i .e.  by considering only XI...X m and their brackets - this 

is the case. More recently, Kusuoka and Stroock [37]-[52] were able to prove that 

this is s t i l l  the case under HI. 

Namely 

~heorem 3.4 : 

belongs to all the Lp(Y ~< p < +~). 

Proof : I t  is out of question to give her~ the whole proof of Malliavin [40], Ikeda- 

Watanabe [26], Kusuoka and Stroock [37]-[52], so that we only give a brief sketch. 

Take u E R, and le t  b t be a one-dimenslonal Brownian motion such that b o = O. 

We have the easy equality 

ax2 h (aT)] T I x + bsl2 ds ]-- (chaT) -I /2 exp [ -  T t (3.11) E[exp - ~ I  0 
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Using (3.11) and ~eby~ev inequality, i t  can be shown that i f  X t is a continuous semi- 

martingale on a f i l tered probability space (R,{Ft} t ~0 ' P) whose Ito-Meyer decompo- 

sition is 

t 
(3.12) X t = X o + [ A sds + ti t 

0 

Where 

X o is  Fo-measurable 

• A i s  p r e d i c t a b l e  and such t h a t  IAI ~ M 

• N t i s  a Brownian mar t i nga le  such t h a t  N o = 0 

then f o r  anyc  > O, T > 0 

P[I  'xs'2 s  { 16<  + ¢)} I 

Now under the restricted assumptions of Malliavin [40], Ikeda-Watanabe I26], for 

f E R d, II f l l  = I, there is one bracket of XI...X m , which wi l l  be written X[I ] 

such that )<f, Xi(x)> I ) n>O. I f  I = i  (I,< i,< m), < Ctf ,  f > wi l l  be large enough. 

I f  X[I ] [Xi,X[j ]1 by using (1.22), we see that < f,~Os-1 = , X[ j ]  > is a semi-martin- 

gale such that i ts quadratic variation is given by 

m I t  ~o;-1 [Xk,X[j] ] 2 (3.14) ~ < f ,  > ds 
k=l o 

By doing a time change on < f ,~o; -1 X[j] > , we can then go back to the situation 

i t  - I  2 studied in (3.12)-(3.13) and find that the probability that < f ,~o; X[j] > ds 
0 

is "small" is i t se l f  small enough. By induction, we can prove that for any k E N 

The theorem follows easily from (3.15)as in [40]-[26]. In fact in [40]-[26], instead 
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of {3.11), an estimate on the variance of b s on [O,~was obtained using the Fourier 

series representation of the Brownian motion. 

In the case where X o is necessary to f u l f i l l  HI, Kusuoka and Stroock [37]-[52] 

use the fact that the dr~ft ter~ in the Ito-Meyer decomposition of (I.22) is a.s. a 

HBlder function. Combining this fact with the previous estimates, they obtain the 

Theorem in fu l l  generality. Q 

From Theorem 3.5, i t  is then possible to obtain : 

Theorem 3.5 : If_x E R d is such that H2 i__ss verified a_tt x, for any t > O, the ~aw 

of ~t(~,x) i_~s given by pt(x,y)dy, where pt(z,.) E Cb(~). 

Remark : Using the techniques of Stroock [51], the previous results can be localize~ 

so that the smoothness of Pt(x,dy) depends only on the behaviour of Xo,XI...X m on a 

neighbourhood of y. 

Horeover the techniques of Bismut [7] used in combination with Kusuoka- 

Stroock [37]-[52] give the existence of a smooth resolvent operator VL(x,y) (~ > O, 

y * x) associated t o ~ ,  when ~6 verifies H~rmander's conditions (the resolvent can 

be smooth while the semi-group is not !). 

(~) Application to f i l ter ing 

The Malliavin calculus has b~en applied to situations where standard analytic 

techniques do not work. 

In [23], Holley and Stroock have obtained results concerning the existence and 

smoothness of the finite-dimensional distr:l~tions of an inf in i te system of inte- 

racting diffusions. In this case, while inf in i te dimensional analogues of Partial 

Differential equations appear to be d i f f i cu l t  to use, the Malliavin calculus is an 

efficient tool to prove the indicated smoothness results. 

Here, we wi l l  concentrate on the results of Bismut-Michel I l l ]  extending Michel 

[44] on conditional diffusions. 
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a) A finite dimensional analo 9 

We start again with the situation studied in Section 3 a). Besides we assume 

, k' R k'' k' k" k) .  that x = (x ,x") where x' E R , x" E (of course + = 

We want to study the smoothness of the conditional law of @(x) given x". A 

! natural assumption is that k' ) d, and the partial differential Cx,(X',X") is of 

maximal rank d. 

Following the ideas of 3 a), i t  is natural to try to obtain a conditional 

formula of integration by parts. Namely let h(x) be a C ~ function defined on R k with 

valus in R k' which has compact support. Let U(x") be a measurable bounded function 

k" ~(Rd), on R . For f E C we have 

(4.1) IR k 
| U(x") < f '  (~(x)), ~x,(X) h(x) > g(x)dx 

(in (4.1) the divergence is taken with respect to the variable x ' ) .  Of course (4.1) 

is a consequence of (3.1), where instead of taking a general h, we chose h with 

values in R k' (the extension of (4.1) to a measurable U is t r iv ia l ) .  

Assuming that the choice 

, .  (~,  ,. )-1 (x) h(x) : ~x' ~x' 
By ~ 

is feasible in (4.1), we see that 

(4.2) I U(x") (aay~ f ) (~(x) )g(x)dx + I 
R k R k 

If Px" (dx) is the conditional law of x given x", we get from (4.2) 

U(x") f(¢(x)) K~(x) g(x)dx = 0 

I divx,( h g) 
+ U(x") f(~(x)) (x) g(x)dx = 0 

R k g 
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(4.3) IR k a-~f(~(x))Px,,(dx)=-IR k f(~(x))K£(x)Px,,(dx) a.s. 

By eliminating negligible sets adequately, i t  is clear that a.s., the differential 

of the law of ¢(x) given x" is a bounded measure. 

By iterating the procedure, we may obtain the smoothness of the conditional 

law of ~(x) given x". 

b) Application to diffusions 

From (2.7), we may obtain the analog of (4.1). Assume that w = (w',w") where 

w' = (wl...wm'), w" : (wm'+l..wm). Assume that in (2.7), g is replaced by 

U(w") g(~o.(~,x)), where we suppose (at the beginning I) that U verifies the same 

type of assumptions as g. 

If, in (2.7), we assume that (u m'+l . . . . .  u m) are all O, i t  is clear that on 

the r.h.s, of (2.7), no differential of U will ever appear, so that (2.7) can be 

extended by assuming that U is only bounded and measurable. 

Conditional expectations with respect to w" may then be taken on both sides 

of (2.7). 

c) The main results on conditional diffusions 

Consider the system of stochastic differential equations 

m d ,u n," 
7~ Xi(x,z).dwi + ~ Xj(x,z)(d~ + ~J(x,z)dt) 

i=l j=l 
dx = Xo(X,z)dt + 

x(O) = x o 
( 4 . 4 )  

dz = Zo(z)dt 
d 

+ jZ 1= Zj(z) (d~ j + J~J(x,z)dt) 

z(O) = z o 

where w = (wl...wm), ~ = (~l...w~d) are independent Brownian motions. Of course the 
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vector f ie lds and the functions appearing in (4.4) are supposed to be smooth with 

bounded di f ferent ia ls .  

x t E R n is supposed to be the state of the system and zt E R p the observation 

on the system. 

Set 

z=~ .< 
F t (Zs[S t )  

Using the results of Schwartz in the theory of prediction [42], i t  is easy to 

z with values in the set ~ of probability see that there exists a continuous process ~t 

measures on ~(R + ;R n) such that for every {F~} t ~o-stopping time T, on (T < + ®), 

z z 
CT is the conditional law of the process x given F T • 

In Bismut-Michel [11], the techniques of the calculus of variations have been 

applied to study in detail the process {T~}. 

Note that the technique br ie f l y  summarized in b) allows us not to make any 

z dist inct ion between smoothing, f i l te r ing ,and prediction, since the process z~ can be 

analyzed globally. 

The main results in Bismut-Hichel [11] are 

Theorem 4.1 : Assume that Yo = CXo'Zo) is such that the vector subspace of Rn x {o} 

spanned By ((Xl(Yo),O)... ((X(Yo),O)) an d al__~l the Lie brackets at Yo of the vectors 
((XI,0) ..... (Xn~O) , (XI, Z 1) ..... (Xm, Zm)) in which (XI, 0) ..... (Xm, O) appear at least 

z is once is equal t_~o Rnx{o}. Then a.s., for ever~ T >~ O, t > O, the ~aw of x t for ~T-- 

_ d equal to qt~T(y) y, where q~,T(y) 6 

This result extends the results of Pardoux [45] where x o was assumed to have 

i t se l f  a probabil i ty law given by a density - while here we assume that x o is f ixed-  

and moreover in [45] (4.4) was supposed to be par t ia l l y  e l l i p t i c  in the sense that 

XI...X m had to span R n . Theorem 4.1 is an extension of H~rmander's theorem, but is 

s t i l l  a probabi l ist ic result ( i .e .  there is a a.s. in i t ) .  
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~heorem 4.~ : A s s ~ e  t ~ t  p = a a~ t~t z 1 . . . z  d 8pan R d. Then ~ X1...X ~ ~l . . .~d 

have compact supportj a.s. ~ ~or ever~ T ~ O~ T~ is the law of a non homogeneous 

Feller process. 

The assumption on Z 1 . . .  Z d is standard. The compactness assumption is techni- 

cal, and can be weakened. 

Since in general for T~ , x t is not a semi-martingale, a change of variables 

is done in [11] with the help of a flow depending only on z so as to get a standard 

z 
diffusion process (under ~T). 

Under the same assumptions as Theorem 4.2, the unnormalized f i l t e r i ng  equation 

is reduced to a standard - i .e. with no diffusion term - partial d i f ferent ial  equa- 

tion, with coefficients very irregular in time. This is done in general by using the 

theory of stochastic flows inside the Girsanov density so as to perform an integra- 

tion by parts inside the Girsanov density (which is t r i v i a l  in the standard f i l t e -  

ring problem [38]).The results of E l io t t  and Kohlmann [16] and Davis [14] are then 

extended in fu l l  generality. 

Note that except in the par t ia l ly  e l l i p t i c  case where the f i l t e r i ng  equation 

can be solved "pointwise", under the assumptions of Theorem 4.1, i t  is not clear at 

all how could classical analysis techniques be applied, because of the non differen- 

t i ab i l i t y  of the coefficients of the equation in time, in order to obtain analytical- 

ly the same result. In the par t ia l ly  e l l i p t i c  case, the results of Pardoux [45] (on 

f i l ter ing)  can be reobtained using the f i l t e r i ng  equation of [ 2 ] .  
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