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Abstract

In this paper we establish an arithmetic Riemann-Roch~Grothendieck Theo-
rem for immersions. Our final formula involves the Bott—Chern currents attached
to certain holomorphic complexes of Hermitian vector bundles, which were pre-
viously introduced by the authors. The functorial properties of such currents are
studied. Explicit formulas are given for Koszul complexes.

In [BGS3] and in [GS3], the direct image by a submersion of an Her-
mitian vector bundle on an arithmetic variety was defined. One may won-
der [Ma], [GS3] whether a Riemann-Roch-Grothendieck formula holds for
'such direct images, which would involve the characteristic classes defined in
[GS2], with values in the arithmetic Chow groups of [GS1]. Such a formula
would be stronger than the corresponding Riemann-Roch—-Grothendieck
theorem with values in Chow groups [SGA6] and the Riemann-Roch-
Grothendieck theorem at the level of differential forms obtained in [BGS2,3]
for submersions, using Quillen metrics [Q2].

When proving his Riemann-Roch theorem with values in Chow groups,
Grothendieck used the factorization of any projective map between smooth
manifolds as a regular closed immersion followed by the projection attached
to a projective bundle [SGA6)]. The main step of the proof is then to study
the direct image by a regular immersion by blowing up the subvariety. It
seems that the same reduction to the immersion case will be necessary for
proving the arithmetic Riemann-Roch~Grothendieck theorem conjecture

of [Ma] and [GS3].

The purpose of this paper is to prove an arithmetic Riemann-Roch~
Grothendieck theorem for immersions, in which our datas are:

e an immersion #:Y — X of arithmetic varieties;

e a vector bundle 7 on Y, equipped with an Hermitian metric ¢7;

e a resolution of the sheaf 7,7 by a complex of vector bundles (¢, v) on
X, equipped with an Hermitian metric hf.

Our main result in Theorem 4.13 calculates the arithmetic Chern char-
acter of £ [GS2] in terms of the Chern character of 5, of the Todd genus of
the normal bundle N of Y in X which is equipped with a metric gV, and
of a secondary invariant T'(h¢) attached to the Hermitian chain complex
(¢, v) introduced in Bismut-Gillet-Soulé [BGS4] under the name of a Bott—
Chern singular current. In fact the current T'(h%) solves the equations of
currents on X
©1)  SLT() = T (N," eh(n, 4"y ~ ch(E, )
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where in (0.1), the various characteristic classes are calculated by Chern-
Weil theory using the holomorphic Hermitian connections associated with
the corresponding metrics. The construction of the current T'(h¢) given
in [BGS4] uses in an essential way Quillen’s superconnections [Q1], and a
result proved in Bismut [B2, Theorem 3.2] on the large parameter behaviour
of Quillen’s superconnection Chern character forms. When Y = 0, i..
when the complex (£,v) is acyclic, the currents T(h¢) have already been
introduced in Bismut-Gillet-Soulé [BGS1] and were shown to coincide with
objects considered earlier by Bott~Chern [BoC] and Donaldson [D].

An important intermediary result, proved in Theorem 2.7, concerns
the behaviour of the currents T'(h¢) under composition of immersions. In
fact any result of the type of the Riemann-Roch~Grothendieck theorem on
direct images implies that the considered objects behave functorially with
respect to the composition of maps. Here the functorial behaviour of the
currents T'(h¢) under composition of immersions is one of the key tools by
which we prove our Riemann-Roch-Grothendieck theorem for immersions.

A second key instrument is the explicit computation of the currents
T(ht) associated with Koszul complexes. This computation makes use
of the formalism of Mathai-Quillen [MQ] in a complex setting. We also
introduce Euler-Green currents in the sense of [GS1], and we relate them
to the currents T'(h¢) of Koszul complexes. Such Euler-Green currents are
obtained by a double transgression formula from the Mathai-Quillen-Thom
forms [MQ)}.

Let us here point out that Bott—Chern singular currents can be con-
structed in an enormous variety of ways, and that much of our work consists
in showing that two Bott—Chern currents which solve equation (0.1) differ
by 8 or 8 coboundaries, i.e. they represent the same class in Bott-Chern
theory.

A third instrument is the deformation to the normal cone described in
Baum~Fulton-MacPherson [BaFM], by which we show that our currents
T'(h®) are related to the arithmetic characteristic classes of Gillet-Soulé
[GS1).

A common technical feature of our proofs is that we use the properties
of the wave front set of the considered currents. In fact it was shown in
[BGS4], by using microlocal estimates of [B2], that the wave front set of
the current T'(h¢) is included in the conormal bundle to Y in X. By using
standard arguments in [H, Chapter 8], we can in particular multiply two
currents T'(h¢) associated with transversal submanifolds in X.

Our paper is organized as follows. In Section 1, we recall the main
results of [B2] and [BGS4] concerning the Quillen’s Chern character cur-
rents and the Bott—Chern singular currents. In Section 2, we study various
functorial properties of our Bott-Chern singular currents, including a tran-
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sitivity property under composition of immersions.

In Section 3, we calculate the Bott-Chern singular current associated
with a Koszul complex, and we compare this current with the Euler~Green
current, which is one component of the arithmetic Euler class defined in
[GS2]. Notice that this is one of the very few cases where an explicit formula
can be given for a Green current. The transitivity property established in
Section 2 is used here to check the multiplicativity of the Euler-Green
current of an orthogonal direct sum. Finally, in Section 4, we study the
deformation to the normal cone (a variant of Grothendieck’s blowing-up
introduced in [BaFM]) to prove our Riemann-Roch-Grothendieck theorem
for immersions. Notice however that our final formulas given in Theorem
4.13 does not lie in the arithmetic Chow group of the ambiant variety,
but rather is integrated down to a base on which both the variety and the
subvariety project smoothly (we do not define direct images for immersions
in arithmetic Chow groups and arithmetic Grothendieck groups).

The results obtained in this paper were announced in [BGS5].

The authors are indebted to G. Lebeau for helpful discussions.

1. A Bott—-Chern Singular Current

Let i: M’ — M be an immersion of complex manifolds. Let 5 be a
holomorphic vector bundle on M’, let (¢, v) be a holomorphic chain complex
of vector bundles on M which is such that there is an exact sequence of
sheaves

Om(§) — i.Om(n) — 0.

We assume that the vector bundles in £ are equipped with Hermitian met-
rics.

In this section, we recall the main results of Bismut [B2] and Bismut-
Gillet-Soulé [BGS4] which concern:

o The asymptotic behavior of the Quillen superconnection forms nat-
urally associated with the Hermitian complex (§,v) [B2].

e The corresponding construction of singular Bott-Chern currents
(BGS4].

This section is organized as follows. In a), we give our main assump-
tions and notations. In b), we introduce assumption (A) for the metrics on
the complex (§,v). In c), we briefly recall elementary properties of wave
front sets. In d), we review Quillen’s superconnections [Q1]. In ), we recall
the double transgression formulas of [BGS1]. In f), we state the results of
convergence of superconnection currents which were proved in [B2]. In g),
we recall our construction of Bott-Chern singular currents [BGS4].
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(a) A holomorphic chain complez. Let M be a compact connected
complex manifold of complex dimension £. Let M’ = J} M; be a finite
union of compact connected complex submanifolds of M, such that, for
J#J, M{NM], =0. Let i be the embedding M’ — M. Let N be the
normal vector bundle to M’ in M, and let N* be its dual.

Let

(1'1) (f’v):o —émn v &m-1-—v & — 0

be a holomorphic chain complex of vector bundles on M.

Let 7 be a holomorphic vector bundle on M’. We assume there is a
holomorphic restriction map r:€g s+ — 7 which is such that we have an
exact sequence of sheaves

(1_2) 0 hand OM(fm) -y OM(Em-l) — e =y, OM({O) —>p i*OM’(n) — 0.

In particular the complex (€, v) is acyclic on M \ M’.
Forz € M’, 0 < k < m, let Fi; be the kth homology group of the

complex (€,v);. Set Fy = @ Fi ¢
0

The following results are consequences of the local uniqueness of res-
olutions (see Serre [S, IV Appendix 1] and Eilenberg [E, Theorem 8§]) and
are proved in [B2, Section 1]

eFork=0,...,m, z € M’ the dimension of F , is constant on each
Mj, so that Fj is a holomorphic vector bundle on M’.

e Forz € M', U € T; M, let 3y v(z) be the derivative of the chain map
v calculated in any given local holomorphic trivialization of (¢, v) near z.
Then dyv(z) acts on F;. When acting on F;, dyv(z) only depends on the
image y of U in N,. So we now write d,v(z) instead of dyv(z).

e For any z € M', y € N, (8,v)%(z) = 0. If y € N, let iy be the
interior multiplication operator by y acting on the exterior algebra A(N*).
Let ¢, act like iy ® 1 on AN* ® . Then the graded holomorphic complex
(F, 0yv) on the total space of the vector bundle N is canonically isomorphic
to the Koszul complex (AN* ® 1, 1).

(b) Assumption (A) on the Hermitian meirics of a chain compler.
We now assume that &p,...,&, are equipped with smooth Hermitian met-
m
rics héo ... hém. We equip £ = @ & with the metric A€ which is the
k=0
orthogonal sum of the metrics h°,... h%=. Let v* be the adjoint of v with
respect to the metric h¢. Using finite dimensional Hodge theory, we get
the identification of smooth vector bundles on M’ for 0 < k< m

(1.3) Fr = {f €&;vf=0,0"f=0}.
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As a smooth subvector bundle of {, the right hand side of (1.3) inherits
a Hermitian metric from the metric hé*. Using the identification (1.3), we
find that for every k£ = 0,...,m, F} is a holomorphic Hermitian vector
bundle on M’. Let hf* denote the Hermitian metric on Fi. We equip

m
F = @ F; with the metric h¥ which is the orthogonal sum of the metrics
0

hFo ... hEm,

Let gV, g" be Hermitian metrics on the vector bundles N,75. We equip
the vector bundle AN* @ n with the tensor product of the metric induced
by g% on A(N*) and of the metric g".

Definition 1.1. Given metrics ¢g"V,¢" on N, 5, we will say that the
metrics hé°,... hé™ on &,...,&, verify assumption (A) with respect to
gV, g" if the canonical identification of holomorphic chain complexes on
the total space of N

(1.4) (F,0yv) = (AN* @ 1,1y)

also identifies the metrics.

Proposition 1.2. Given metrics gV, g", on N,n, there ezist met-
rics h¥o, ... hé™ on &y, ... ,Em which verify assumption (A) with respect to

gV,
Proof. This result is proved in [B2, Proposition 1.6]. a.

() Wave front sets. If v is a current on M, we note WF(y) the
wave front set of v. For the definition and properties of wave front sets, we
refer to Hérmander {H, Chapter VIII]. Let us just recall that WF(y) is a
closed conic subset of Ty M \ {0}. Also if p is the projection THM — M,
p(W F (7)) is exactly the singular support of v, whose complement in M is
the set of points z such that 4 is C*° on a neighborhood of z.

Let D}v;‘ be the set of currents ¥ on M which are such that WF(y) C
N7},. In particular currents in 'D}v;? are smooth on M\ M'. By [H, Definition
8.2.2), Djv‘.‘ has a natural topology which we now describe.

Let U be a small open set in M, which we identify with an open ball
in R%. Over U, we identify ThM with U x R%. Let T be a closed conic
set in R* such thatifz € U, I'N Nj . = 0. Let ¢ be a smooth current on
R? with compact support included in U and let m be an integer. If Tisa
current, let $y(£) be the Fourier transform of ¢y (which is here considered
as a current on R¥). If y € 'Djv'.!, set

(1.5) pu.r,e,m(Y) = sup [€]™1&7(€)]-
ger
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If v, is a sequence of currents on D/ +) We say that v, converges to
;.
7 € Dy, if
® 7, — 7 in the sense of distributions.

o If U,T, p, m are taken as before

(1.6) pU,[‘,tp,m(7n - 7) — 0.

Definition 1.3. PY, denotes the vector space of currents w on M which
have the following two properties:

e w is a sum of currents of type (p,p).
o The wave front set of w is included in Nj.

PAA;,'O is the vector space of current w € PAA}_, which are such that there
exist currents a, 8 € 'Dj\,'.i for which w = 8a + 8.

We equip P, with the topology induced by 'D;v;, (M).
If M' = 0, we will write PM, PM.0 instead of P}, PM,°.

(d) Quillen’s superconnections. We now assume that &,...,&, are
equipped with Hermitian metrics h%°, ... hé=. We otherwise use the nota-
tions of Section 1b).

Set
(1.7) G=P & =P

k even k odd

Then £ = €4 ® £ is a Zy-graded Hermitian vector bundle. End¢ is
naturally Z;-graded, the even (resp. odd) elements in End{ commuting
(resp. anticommuting) with the operator 7 = %1 on {4 which defines the
Zy-grading.

For 0 < k < m, let V¢* be the holomorphic Hermitian connection on
m

&x. Then V¢ = @ V¢+ is the holomorphic Hermitian connection on the
0

vector bundle €.

We now briefly recall the definition of a superconnection in the sense
of Quillen [Q1]. The algebra A(ThM) & End¢ is naturally Z,-graded. Let
S be a smooth section of (A(T3M) ® End£)°49. Then by definition V¢ +5
is a superconnection on the Z,-graded vector bundle £.

In the sequel V¢ will be considered as a first order differential opera-
tor acting on the set of smooth sections of A(Tj,M) @ End£. The curva-
ture (V¢ + )2 of the superconnection V¢ + S is then a smooth section of
(A(T;,M) & Endg)even.
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If A € End¢, we define its supertrace T'ry[A] € C by
(1.8) Tr,[A] = Tr{rA).

We extend T'r, as a linear map from A(TM) ® End € into A(TH M),
with the convention that if w € A(TgM), A € End¢§

Tr,lwA] = wTr,[A].
If B,B' € A(T{M) & End¢, let [B, B'] be the supercommutator
[B,BI] = BB - (__l)degBdegB’B/B.

Then by [Q1], T'r, vanishes on supercommutators. Let ¢ be the homo-
morphism of A®Ve*(T{M) into itself which to w € A%(TjM) associates
(278)~Pw.

Let S be an odd smooth section of A(T5;M) ® End €. The basic result
of Quillen [Ql] asserts that the form ¢ (T'r, [exp( (V€+85)?)]) is closed and
represents in cohomology the Chern character of fo &+ (1),

(e) Double transgression formulas. We make the same assumptions
as in Section 1b). Set

(1.9) V=v+v"

Then V is a smooth section of End°dd£. For u > 0, let A, be the
superconnection on &

(1.10) Au = VE+/uV.
Then the curvature A2 of A, is a smooth section of (A(TRM) &
End f)even.

Let Ny be the number operator of the complex (§,v). Namely Ny
acts on & (0 < k < m) by multiplication by k. We now recall a result of
[BGS1].

Theorem 1.4. The forms Tr,[exp(—A2)] and Tr, [Ny exp(—A2)] lie
in PM | and depend smoothly on u > 0. Moreover, for u > 0, the following
identities hold

—6— ryle 2 = - e
w11 377 lexp(40)] = —d T, [2\/. xp(~A )]

Tr, ["577 exp(-Af,)] = (8- O)Tr, [NT exp(-Ag)]
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In particular

2|

(1.12) -a—Tr, [exp(-A2)] =

™ 80 Tr, [Ny exp(—A2)).

Proof. These formulas are proved in [BGS1, Theorem 1.15], or in
[B2, Theorem 2.4]. Observe that signs have been changed with respect to
[BGSI1], since here v decreases the grading in £ by 1, while in [BGS1}, v
increases the grading in € by 1. a

(f) Convergence of superconnection currents. Set

F+=®Fk F_=®Fk.

k even k odd

F = F, ® F_ is a Hermitian Z,-graded vector bundle. If y € N, let § be
the conjugate element of y in N. Then y € N represents Y =y + § € Ng.
In particular if N is equipped with a metric gV, [Y|? = 2|y)°.

The superconnection formalism of Quillen can also be applied to the
Za-graded vector bundle F = Fy @ F_. Let (Gyv)* be the adjoint of dyv
with respect to the metric ¥ on F. Then (d,v)* is a antiholomorphic
function of y. Set

(1.13) By V = 8,v+ (Byv)".

Oy V is an odd section of End F. If we use the canonical identification
(1.4), then

(1.19) dyV =iy +il.

For 0 < k < m, let VF* be the holomorphic Hermitian connection on
m
the vector bundle Fi. Then V¥ = (&) VF* is the holomorphic Hermitian

k=0
connection on F. Let B be the superconnection on F

(1.15) B=vVFtoyv.
Then B? is the curvature of the superconnection B. B? is a smooth

section of (A(T{N) & End F)*'*".
Ny acts naturally on F,ie. if 0 < k < m, f € F, then

(1.16) Nuf = kf.
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By [Q1], for any u > 0, the form T'r,[exp(—AZ)] is closed and
(T, [exp(~A2)))

represents in cohomology the Chern character of §g ~ &1 + -+ - + (—1)™&pm.
6p1+ denotes the current of integration on the oriented manifold M’.
Let C!'(M) be the set of continuous differential forms on M which
have continuous first derivatives. Les || ||c1(p) be a norm on C!(M) such
that ||u"||c1(ar) — 0 if and only if " tends to 0 uniformly on M together
with its first derivatives.
We now recall the result of Bismut announced in [B1} and proved in
[B2, Theorem 3.2]

Theorem 1.5. As u — oo, we have the following convergence of
currents on M

Tr,[exp(-A2)] — [/N Tr, [exp(—Bz)]]6M: in PM,
(1.17)
Tr, [NH exp(—Aﬁ)] — [/1; Tr, [NH exp(—Bz)]]éM' in P,{‘f,.

There exists C > 0 such thal if p is a smooth differential form on M, then
foru>1

| /M p{Tr,[exp(-—Af‘)]— /N Tr,[exp(—Bz)]]éM:}‘

< ZHlllcrqary
’ '[” ,u{Tr,[NHexp(—A:‘:)]— /N Tr,[NHexp(—Bz)]]éM:}'

C
< ﬁll#llc*(m-

(1.18)

- IfU,T,p,m are taken as in Section Ic), there ezssts C > 0 such that
foru>1
(1.19)

DU (Tr, [exp(~42)] [ /N Tr, [exp(_Bz)]]aM,) <

PU,L,p,m (Tr, [Ny exp(—A2)] - [/N Tr, [Ny exp(—B’)]]éM:) <

Slodle
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Proof. (1.17), (1.18), (1.19) are proved in [B2, Theorems 3.2 and 4.3].
O

Recall that the Todd polynomial is an ad-invariant polynomial on ma-
trices which is such that if C is a diagonal matrix with diagonal entries
zi,...,Zp, then

Zi
1—e%'

(1.20) Td(C) = fI

Let (Td~!) be the ad-invariant polynomial which is such that if C is
taken as before then

P(] — e=(z:+b)
(1.21) (Td-l)r(c)=_g_b_{n1(lxi+b + )}b_o.

Let E be a holomorphic vector bundle of dimension k on M. Let Q
be an ad-invariant polynomial on (k,k) matrices. If hF is a Hermitian
metric on E, and if Q is the curvature of the corresponding holomorphic
connection, we use the notation

Q
By —_—
(1.22) Qr")=Q ( 22,7r> .
Recall that ch is the polynomial A — T'rlexp(A)].
Our definition of ¢ extends to an arbitrary manifold and in particular

to the total space of N.
Another result of [B2] is as follows.

Theorem 1.6. The form on M Tr,[Ngexp(—A3)] is closed. The
form on M’ [, Tr,[Ny exp(—B?)] is closed.

If the metrics hé,... h™ verify assumption (A) with respect to met-
rics gV, g" on N, 7, then

/ng(Tr, [exp(—~B?)]) = Td~ (g")ch(g")

(1.23)
/N o (Tr, [Ny exp(~B)]) = ~(Td""Y (g )eh(g").

Proof. Clearly

m

(1.24) Tr, [NH exp(—Ag)] = E(-—I)"k Trs [exp(_(vf»)'l)]
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and so the form (1.24) is closed on M. The form [, Tr,[Ny exp(—B?)] is
closed by [B2, Theorem 4.3]. The first line of (1.23) is a result of Mathai-
Quillen [MQ, Theorem 4.5) of which a related proof is given in [B2, Theorem
3.2]. The second line of (1.23) is proved in [B2, Theorem 4.3]. O

(g) A singular Bott-Chern current. We make the same assumptions
as in Section 1f). We now recall our definition [BGS4] of a singular Bott—
Chern current associated with the Hermitian chain complex (¢,v).

Definition 1.7. For 0 < Re(s) < 2, 1 <A< +00, let C& (s) be the
even current on M defined by the formula

0= 15 /0 w 7r, [N exp(-47)]
- [/NTr,[NHexp(—Bz)]]5M'}dU-

By Theorem 1.5, it is clear that the current Cé“(s) is well-defined. Also
one verifies easily in [BGS4] that Cg‘ (s) extends into a current depending
holomorphically on s near 0.

6(?(0) .

In particular by [BGS4, Section 2a)], the current Cé“'(O) = —g5 is
given by
(1.26)

& © = [ Tra [V erp(- A7) — oxp(-a)] 2
+ /IA{Tr,[NHexp(—Ai)]
- [ / Tr, [Ny exp(— 32)]]6,”,}‘1“
- ) {Tr, [Ni exp(~A2)] - [ / Tr, [Ny exp(—B2)]] aM,} .

Of course in the case where (£,v) is acyclic, i.e. if M’ is empty, for
A = +o00, the current {A'(0) coincides with the smooth current defined in
our earlier work [BGS1, Section 1c)].

Remember that the metric h¢ on ¢ is the orthogonal sum of the metrics
hfo,‘ ..,hf"‘ onég,...,én-

Note that the map ¢ extends to even currents in the obvious way.

(1.25)

Definition 1.8. For 1 < A < +o00, let T4(h¢) be the current
(1.27) TA(h¢) = p(¢2' (0)).
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Set
(1.28) T(h¥) = T (h¥).

We define ch(hf) by the formula

(1.29) ch(h€) = f:(—-l)"ch(hf").
0

Theorem 1.9. For1 < A < 400, the current TA(RE) lies in PY,. In
particular T(h€) € PYf,, so that WF(T'(h€)) C N}. As A — +o0

(1.30) TA(h®) — T(h%) in PY,.

Also the current T(h¢) verifies the equation of currents
9o
(1.31) i T(h¢) = [ /N o(Tr,[exp(—B?)]) | 6p+ — ch(h).

In particular, if the metrics ho ... hém verify assumption (A) with
respect to the metrics gV, g" on N, 1, then

(1.32) ‘93 5 T(h) = Td™ (g™ )eh(g" ) — ch(h).

Proof. Theorem 1.9 is proved in [BGS4, Theorem 2.5].

Let M be a compact complex manifold, let f: M — M be a holomor-
phic map. We assume that f is transversal to M, i.e. if M’ = 1(M' ), if
z € M', then Im[df(z)] + Tyo)M' = To M. Then M'is a ﬁmte union of
complex submanifolds of M.

Let z be the embedding M’ — M. We still denote by f the restriction
of f to M’. Using the local uniqueness of resolutions, we find that we have
the exact sequence of sheaves

(133) 0— OM(f'Em) g AL RS £ 1V OM(f*EO) —fer 5*01@:)”77 — 0.

Let T(f*h¢) be the current on M constructed as before, which is as-
sociated with the Hermitian chain complex ( f‘(f ,v), f*RE).

Since WF(T(h*)) C N}, and since f is transversal to M’, by [H,
Theorem 8.2.4], the pulled-back current f*T(h¢) on M is well deﬁned
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Theorem 1.10. The following identity holds
(1.34) T(f*h¢) = F*T(h?).

Proof. This result is proved in [BGS4, Theorem 2.7]. O
2. Metric and geometric properties of Bott—Chern currents

The purpose of this section is to establish the behaviour of the singular
Bott-Chern currents T'(h¢) considered in [BGS4] and in Section 1g) under
natural modifications of our datas, which are here an immersion of complex
manifolds, a chain complex of holomorphic vector bundles, and metrics on
these vector bundles.

In particular, we establish in this section a key transitivity property,
which describes the behaviour of the singular Bott—-Chern currents under
composition of immersions.

Note that in the whole section, the microlocal properties of the con-
sidered currents play a key role in the formulation of the results and in the
proofs themselves.

This section is organized as follows. In a) we study the dependence
of the current T'(h¢) on the metrics h¢. In b), we establish a transivity
formula for Bott-Chern currents associated with a commutative diagram

of immersions. In c), we assume that our vector bundles are themselves
replaced by acyclic complexes, and we study the corresponding Bott—Chern

currents.
In this section, we make the same assumptions as in Section 1, and we

use the same notations.

(a) The current T(h%) as a function of h¢. Let E be a holomorphic
vector bundle on M of dimension k. Let Q be an ad-invariant polynomial
on (k,k) matrices. We now use the same notations as in (1.22). Let hZ,
hE be two Hermitian metrics on E. By (BGS1, Theorem 1.29], there is a
well-defined class of smooth forms Q(hE, hF) € PM /PM0 such that

(2.1) 22 G(E 1) = QUAE) - Q(AE).

Q(hE, hE) is the axiomatically defined Bott-Chern class of [BGS1, Section
1f)] associated with the exact sequence 0 — (E, hf) — (E,hF) — 0.

We now make the same assumptions as in Section 1a). Let M¢ (resp.
MF) be the set of Hermitian metrics h¢ = (hfe,... h¢m) (resp. ¥ =
(hFe,...,hFm)) on the vector bundles &, ... ,&m (resp. Fo,..., Fn).
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If BS = (h%, ..., k™), BS = (hf°,..., h{™) are elements of M¢, set
— m S~
(2.2) SR(h, KE) = S (=¥ ah(hgy, hE¥).
0
Then by (2.1)
00 ~ ¢ 4 ¢ ¢

Take now h¥ = (he,... hf») € MF. We equip F with the orthogo-
nal sum of the metrics (h* Jo<k<m.

Let gV, g" bc Hermitian metrics on the vector bundles N,7. We equip
AN* @ i with the tensor product of the metric induced on AN* by g% and
of the metric g".

Definition 2.1. We will say that the metrics h¥ = (hfe ... hFm)
verify assumption (A) with respect to the metrics ¢V, ¢" on N,7 if the
identification of Z-graded complexes (F,8,v) = (AN*Q®1, ;) also identifies
the metrics.

Let VF be the holomorphic Hermitian connection on F. For y € V,
let (8yv)* be the adjoint of d,v. Set as in (1.13)

(2.4) oV = 6yv + (3yv)'.
Let B be the superconnection

(2.5) B=VF 1+ 8yv.

Definition 2.2. Let 8(hF) be the smooth form on M’

0hF) = [ p(Tr exp(=B7)).

The form 0(hF) is closed. By [BGS1, Proposition 1.8], §(hF) € PM’,
Also if the metrics AT = (h%o,..., hfm) verify assumption (A) with respect
to the metrics gV, g7, then by Theorem 1.6

(2.6) O(KF) = Td~2(g™ )ch(g").
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If ¢ € R— hf = (hf°,...,h{™) € MF is a smooth map from R into
MF let £ € R — B, be the corresponding family of superconnections on
the graded vector bundle F. For any £ € R

Fo Fm
en oL =((hf‘°>"‘9§—;—, (1 2 )

is a smooth section of End F'.

Definition 2.3. Let x be the smooth form

2.8) /de / (Tr, [(h{)- Oh” exp(~ B,)D

Theorem 2.4. The form x lies in PM' and its class in PM'/PM"0
only depends on hf, h¥. Moreover

60

aiX = () = (k).

(2.9)

If the metrics hY and hf verify assumption (A) with respect to metrics
(98',93) and (g7',9]) on N, 1, then

(2.10) x =Td~*(gd,g¥)ch(g]) + Td~(g¥)ch(gl,g7) in PM'JPM"0,

Proof. The proof of (2.9) follows from the extension to supercon-
nections of a formula of Bott and Chern [BoC, 3.28]. This extension was
proved in Bismut [B2, Theorem 2.1]. Using this formula, the proof of (2.9)
is strictly identical to the proof of [BGS1, Theorem 1.27]. The fact that
the class of x in PM'/PM"? only depends on Af and AF follows from the
analogue of the formulas in [BGS1, Theorem 125] for superconnections
which was proved in (B2, Theorem 2.2]. Of course the formulas in [B2]
must be integrated along the fibre N. We can then proceed as in [BGS]1,

Section 1e)].

If hY, hf verify assumption (A) with respect to (g2, g7) and oV, 9]),
we can find a smooth family of metrics £ — (gt ,97) on N, n which inter-
polates between (go ,90), and (g%, ¢7). If ht is the metric on F associated
w}xpth the metric (g}’ 197 ), the family £ — h{ interpolates between h% and
hi
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The operator (g, )‘la—gi— acts naturally on the exterior algebra AN".
One verifies easily that since F = AN* ® 1,

1 3hz

ey o2 )8 o110 L

Let (V})2, (V])? be the curvatures of the holomorphic Hermitian con-
nections on the holomorphic Hermitian vector bundles (N, g), (n,47). By
proceeding as in Mathai-Quillen [MQ, Theorem 4.5], Bismut (B2, Theorem
3.2], we find that

- [ 2|65 o) = @imypn S ma (o
1)~ o) ZE ) Trexp(~(o2y7)]
+ 1 (@)oo (007 - D ZE )|}

Using (2.8), (2.12) and also [BGS1, Remark 1.28, Corollary 1.30 and
Remark 1.31] we find that

i pM' ypM'0
(2.13) x=Td ®@ch((g0,97), (g1, 97)) in PM /PMO,

Our theorem is proved. O

We now will write x(h{,hY) instead of x the class of forms in
PM'/pM'0 defined in (2.8).

Let h§ = (hS°,.. hE"‘) hS = (ﬁj“, iﬁ"‘) be two elements of M¢.
Let Af = (hF0 . ho"‘) hf = (h{°,...,h{™) be the elements of MT

respectively assocxa,ted with ho, h€ by the construction of Section 1b).
Theorem 2.5. The following identity holds

(214)  T(h§) — T(h§) = x(hE ,hY)op — ch(h§, hS) wn P/ Py,

Proof. Let P! be the complex projective plane equipped with the
meromorphic coordinate z and the two distinguished points {0} and {oco}.

The complex (€,v) lifts naturally to M x P1. On M x P!, we equip
(€°,...,6™) with Hermitian metrics h¢ = (hfe,... hém) which restrict to
the metrics (AS°,...,h§™) and (A%°,...,h$™) on M x {0} and M x {oo}
respectively.
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The vector bundle N} on M’ lifts naturally to M’ x P!. By Theorem
1.9, the wave front set WF(T(h%)), of the current T(h¢) on M x P! is
included in N}. Also the wave front set W F(Log|z|?) of the distribution
Log|z[? on P! is equal to (T3P \ {0}), U (T#P* \ {0}) . The current
Log|z|? lifts to M x P!, and its wave front set W F(Log|z|?) also lifts in the
obvious way.

Since WF(T(h¢))N(—W F(Log|z[?)) = 0, by [H, Theorem 8.2.10], the
product of currents Log|z|*T(h¢) is well defined. Also the usual rules of
differential calculus can still be used. In particular

56 2 6 _ 256 £y 5 2 13
(2.15) o7 (LoglzP)T(h) — Logle| ST (h¢) = 5= (0(Loglz[*)T (1))
. F;) ~

+ ;- (Logl2|*dT(hY)).

It is well-known that
1 4 2
(216) ﬁaa Loglzl = 60 - 600.
Let hF = (hF°, ..., hF=) be the metrics on the vector bundles Fy, ...,
Fp on M’ x P! induced by the metrics h¢ = (hée, ..., h$™). Using Theorem

1.9, and (2.15), (2.16) we find that

T(h€)6nx 10} — T(A€)6ax (oo} — Loglz|2(O(hF Yo prxpr — ch(hf))

= 5 (8(LoglzIT(K) + o= (Loglel?3T(A¢)).

(2.17)

We now integrate (2.17) along the fiber of M x P! — M. By [H,
Theorem 8.2.10], the wave front sets of the currents (Log|z|?)T(h¢) and
Log|z|20T(h¢) are included in the sum of the duals of the real normal
bundles to M', M x {0}, M x {oo} in M x P!. By [H, Theorem 8.2.13},
the wave front set of their integral along the fibers is included in N}. Also
0 and 0 commute with integration along the fiber.

From (2.17), we deduce in particular that

(2.18) T(h§)-T(hS)- [ / Log|z|20(hF)] ppr+ / Log|z|?ch(h) € PM°.
P P!
By [BGS1, Theorem 1.29], we know that

(2.19) / Log|z[2ch(h€) = —ch(hE,hS) in PM/PMO.
Pl



COMPLEX IMMERSIONS AND ARAKELOV GEOMETRY 267

The metric A lifts into a Hermitian metric on the vector bundle F
on M’ x PL, Clearly

90 N F L F 200 . p .F
o, (Loglzl)x (ko ,h") - Loglz| i, X(ho , 1Y)

0
(2:20) = 5;- (0 Loglz["x(hg ,A"))
) _
+ m—(LoglzPaX(hg',hF)).
By Theorem 2.4, we know that

%}

(2.21) S X(hE HF) = O(hF) - 6(hE).

Observe that since hf coincides Witlll kY on M x {0}, the restriction
of x(h§,hT) to M’ x {0} vanishes in PM /PM'.0_ Using (2.16), (2.21) and
integrating (2.20) along the fiber of M’ x P! — M', we get

(2.22) x(h, hT) + / Log|z[?0(hT) € PM'0,
Pl

From (2.18)—(2.22), we deduce (2.14). 0

(b) A transitivity property of Boti—Chern singular currents. We make
the same assumptions as in Section la).

Let M' = U}',;l M;,, be another finite union of compact connected
complex submanifolds of M such that if j # j', M nM;, = 0. Let 7 be the
embedding M’ — M. i

We otherwise assume that to the pair M, M’, we have associated the

analogue of the objects which were associated with the pair M, M’. These
objects will be denoted with a ~. In particular:

e (£,7) is a complex of holomorphic vector bundles on M
(2.23) (€,9):0 = &n —5 -+ =3 €0 = 0.

o 7j is a holomorphic vector bundle on M’

e There exists a holomorphic restriction map F:fOI s — 7 such that
we have the exact sequence of sheaves on M

(2.24) 0 — Ou(ém) =5 -+ — Om(€0) = 1o Oy, (i) — 0.
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N denotes the normal bundle to M’ in M.

We now make the fundamental assumption that M’ and M’ intersect
transversally, i.e. if t € M' N M’, then T,M' + T, M' =T, M.

Let M" be the complex submanifold of M M"” = M’ N M’. Then if
zeM' T,M"=T,M NT,M'. Let i" be the embedding M" — M. Let
7, j be the embeddings j: M” — M', j: M" — M’.

We will denote with a ” the objects naturally associated with the pair
M, M". In particular, N” is the normal bundle to M" in M. Observe that
since M’ and M’ are transversal, the vector bundle N” splits holomorphi-
cally into

(225) N” = N]MH®N|M:I.

Also Ny (resp. IV| Mn) is exactly the normal bundle to M” in M’ (resp.
in M").
Let (¢”,v") be the double complex

€)= (€6Evd1+187).

Then

_ o &" is the graded tensor product of the graded vector bundles ¢ and
§,andsofor0<k<m+m

(2.26). &= D E&é)

j+i'=k
ev®lactsoné® §~ like v ® 1, and moreover, if f € §;, fe fj,, then
(2.27) 1S f=(-)*8/fR5f.

One easily verifies that v'2=0. To simplify our notations, we will
consider v and ¥ as odd anticommuting elements in End £”, acting on ¢”
like v ® 1 and 1 ® © so that v’ = v + 9.

Let 7} be the holomorphic vector bundle on M" "' = fyprn @ fjpu. In
the sequel, it will be convenient to consider 7, 7j as even vector bundles, so
that o' = UG ® MM

Let r” be the restriction map

(2.28) € = (€0 ® €0) [pg0 — .
r@r’
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Using again the local uniqueness of resolutions (see Serre [S, Chapter
IV, Appendix 1], Eilenberg [E, Theorem 8]) one verifies easily that we have
the exact sequence of sheaves

0 - OM(EH,’U”) gt i:lOM"(T’”) — 0
(229) 0— OMI ((5,’0)“"{,) —yp 3...0MH(17|MM) —0
0 — Oprr ((€,8)ypar) =+ 52O (npgn) = 0.

By [B2, Section 1b)], we know that if F (resp. F, F") is _the di-
rect sum of the homology groups of the complex (£, v)[a (resp. (€ » )

(€",v")mn), then F (resp. F, F") is a Z-graded holomorphic vector bun-
dle. Moreover we have the identification of holomorphic vector bundles

(2.30) F' = Fimn ® FIM"-

In the sequel, we always equip the direct sum of Hermitian vector bun-
dles with the orthogonal sum of the considered metrics, and tensor products
of vector bundles with the tensor product of the Hermitian metrics.

Let now h¢ = (hfo,... hém) € ME, hé = (hbo, ... hén) € ME. Let
B = (hfg peoe ,hfz'M) € M be the corresponding family of Hermitian
metrics on &g ... ,ém - Let hF (resp. AE, hF") be the family of metrics
on F (resp. F, F") induced by h¢ (resp. h€, h¢”). Then (2.30) is an
identification of holomorphic Hermitian vector bundles.

Note that if the metrics h¢ and k€ verify assumption (A) with re-
spect to metrics (g%, ¢7) and (¢V, ¢7) on N,7n and N,#, then ht" verifies
assumption (A) with respect to the metrics (gNeBgﬁ, 9"®g") on (N”,n").

We now construct the currents T'(h¢), T(hé ),~T(h5”) associated with

the holomorphic Hermitian chain complexes (€, v), (£, ?), (§”, v"). By [BGS4,
Theorem 2.5] or by Theorem 1.9, we know that

(2.31)  WF(T(h)) C Njyy WF(T(K)) € Niy; WF(T(hE")) € Np*.

Recall that M’ and M’ are transversal. Using (2.31) and [H, Theorem
8.2.4], we know that the pulled back currents #*T(h¢) and *T(h¢) on M’
and M’ are well-defined. i

By (2.29), the complex (§,v);; provides a resolution on M’ of the
sheaf of holomorphic sections of masw. Therefore, if we denote by i*h¢
the family of Hermitian metrics induced by A¢ on fl a1+, We can define the
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current T'(:*h¢) on M. Similarly, we also consider the current T'(i* h€) on
M.
By [BGS4, Theorem 2.7] or by Theorem 1.10, we know that
T(*hE) = *T(hY)

(252 T(i*h€) = i*T(hS).

The push-forward of a current by a smooth map is always well defined.
Then using the fact that M’ and M’ intersect transversally, (2.31) and [H,

Theorem 8.2.10], we find that the product currents T'(h¢)ép, and T(h)6y,
are well defined. One easily verifies that

T(h€)6pgr = i (i T(hE))

Note the commutative diagram of immersions

MY .

(2.34) e
M — M

i
We now will prove that to (2.34), we can associate a corresponding
transitivity result for singular Bott-Chern currents.
Ifze M' UM, set

(NL+ N} = Np ifze M'\ M"
(2.35) =N}, ifze M\ M"
= Ng* ifzeM".
» ,
Definition 2.6. D < 42 e
wave front set is included in Nj + Np. P}“;,U s+ 18 the set of currents w on
M which have the following two properties.

(M) denotes the set of currents on M whose

e w is a sum of currents of type (p,p).

e The wave front set of w is included in Np + N R

M,0 . .
PM'U i 18 the set of currents w € PAI‘;,U i which are such that there

exist currents o, 8 € D’ . b Re (M) for which w = da + 5.
R R
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Theorem 2.7. The following idenlities hold
T(hE") = ch(hEYT(hE) + ia (B(WF)T(*HE)) in PY, - /PMO

T(h€") = ch(h)T(hE) + %, (O(hF)T(I*hE)) in PY, . /PMO

(2.36)

Proof. We first show that the equalities in (2.36) make sense. By
[BGS4, Theorem 2.5] or by Theorem 1.8, we know that the wave front set

of the current i*T(h€) = T(i*h€) is included in the real conormal bundle
N} to M" in M'. The current (hF) on M’ is smooth. By [H, Theorem

8.2.13], we find that the wave front set of the current i, (§(hF) "T(hf ) is
included in Nj + Nj. So the wave front set of the current ch(hE)T(hE) +
is (O(hF)z‘T(hf)) is included in N} + Nj. Therefore this current lies

in PM'u i+ The first line in (2.36) is then an identity of currents in
M M,0 . o
Pytiogr! Pagiusp The same is true for the second line in (2.36).

We now prove (2.36). To the Hermitian chain complexes (¢,v), (£,7),
(€",v ”) we associate linear maps V, V, V" as in (1.9). For u > 0, let A,,
Ay, A, be the superconnections on the vector bundles ¢, €, "

A = V4 uV
(2.37) A, =VE4 Jul
A, =V + av,

Let Ny, Ny, N ;, be the operators defining the Z-grading of the com-
plexes (€, v), (5, v), (€”,v"”). Clearly

(2.38) Nji=Ng ®1+1& Ny.
For 0 < u < 400, set

ay =Tr, [exp(—f}ﬁ)] ;i Bu=Tr,[Nyexp(—A2)]
(2.39) Gy = Tr,[exp(—A2)] ; Bu=Tr,[Ng exp( -A2)]
ol =Tr,[exp(=4,2)] ; B =Tr, [N} exp(-A.2)].

By the construction of the metrics h¢" € M&” and by (2.38), one finds
easily that

"
Q’u = Qy Oy

(2.40) PR
ﬂu = oy fu + ufu.
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By [B2, Theorems 3.2 and 4.3}, or by Theorem 1.5, we know that as
u — 400, the currents ay, By, Gy, By, o, ﬂ have limits oo, Boos Foos Poo,
o, ﬂm which are explicitly known. By [B2, Theorem 4.3], or by Theorem

"

1.6, we know that the currents Gy, 8w, B0, Boo, ﬂo s By, are closed. Set

eforu<l ﬁu:‘/o(ﬁv_ﬁo)_t_:f

(2.41) . .
~ ~  d ~ -

ofor1<u<+o0 ﬁu=/0(ﬂv-—ﬁo)—v3+/1 (ﬁv"‘ﬁoo)%g'

By Theorem 1.9, for any u € [0, +c0), flu € Djg, (M) and the map
R
u € [0, +00] — 7l € Dy, (M) is continuous.
R
By [BGS1, Theorem 1.15], [B2, Theorem 2.4] or by Theorem 1.4, we
know that

8 . ls »
(2.42) 3o = =00/,

Since fp and B are closed currents, we deduce from (2.42) that for
0<u< 400

(2.43) &y = Gg + 00 fy.
Also by (2.40) we have
(2.44) B — By = G&uPu — Gofo + otufu — cofo.
Using (2.43), (2.44), we find that
Bu = Bo = Go(Bu = Fo) + b — @0o
(245 + (uai’;au) fiu =~ 8(8(Bu)iu) ~ O(Budih).

Therefore from (2.45), we deduce that
1 " du 1 d
/(; (ﬂu Bo )— = 00/ (Bu - ﬂo)Tu + a1
1
~ d
+ ﬂo/ (au—ao)—u
0 u
e . du
-5 [ sy
[} u

v du
- a‘/o :BuanuT

(2.46)
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Clearly, the integrals in (2.46) define smooth currents on M.
We can define currents 7, associated to the family of currents S, by a
formula similar to (2.41). In particular the analogue of (2.43) is

(2.47) oy = ap+ 00 7,.

Since f, is closed, we deduce from (2.46), (2.47), that
(2.48)

1
/(,3 - Bo) du—ao (ﬁu ﬂo)——+a1171+33 (ﬂo/ ﬂudu)

- 5/0 aﬂu)nu———a/ pudn L.

Remember that by [H, Theorem 8.2.10}, ifw € D} - (M), & € D, (M),
R

since N N N;ﬂM" = {0}, we can form the product w@ € D’ o (M),

and the map (w,&) € Dy. (M) x Dy (M) — wd € D;v'+N'(M) is con-
R

tinuous. Also the usual rules of dxfferentlal calculus can be used on such

products.

In view of (2.30), it is clear that

"
Qoo = Qoo Ao

(2.49) " .
,Boo = Qoo foo + GooPoo-

Remember that by Theorem 1.5, as u — +00, ay, By converge to oo,
B in 'DN. (M), &y, By converge to Goo, oo in Dy (M) So (2.49) can be

considered as a consequence of (2.40) and of the prev1ous considerations on
the products of currents.

By proceeding formally as in (2.44) and using (2.43) and (2.47), we
find that

ﬂ;l - ﬂ;lo = &O(ﬂu - ﬂoo) + auﬁu - O‘oo.[;oo
(2.50) + u (%au) fiu + (&0 — @oo)foo
- 5((6ﬂu)7~)u) - a(ﬂugﬁu)

Remember that by Theorem 1.6, the current B, is closed, so that
using (2.43)

(&0 = @o0)Boo = —(80 7o) oo = A((8 fieo)Boo)

(2.51) 5((8Bu)iu) = 8(3(Bu — Boo)i)-
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From (2.50), (2.51), we deduce that for any A € [1,+o0]
A w odu _ [A du . . . .
/ (Ba ~ ﬁm)—g = & /1 (Bu - ﬁm)—uli + & afia — @1
1
A
= d
+ / (au - aoo)ﬂoo";:i
(2.52) b J
5. 5. \du
- 6/ (ﬂua"u "‘ﬂooanoo)‘;‘—
1
~ [ . du
-0 [ oo - i
1 u

Using (2.47) and the fact that the current B, is closed, we find that
if A €[1,+oo]

A ~ du s, (A = d
I N e
1 u 1 u
We make A — +00 in (2.52). By Theorem 1.9, we have
" d " d
/ (B = ) T ~ i) in Dl (M)

(2.54)
]l(ﬂu ﬂoo)-——*ao/ (Bu = o) in Dy, ().

Also, again using Theorem 1.9 and the properties of the product of
currents explained after equation (2.48), we find that as A — +o0

QATA = Qoofloo iN DN'+N‘ (M)-
/ (0w — aw)ﬂw —_ , (ay ~ (Jz.-,.c,)ﬁ,:,o in 'D;V. +R: (M).
In the sequel, the constant C' may vary from line to line.

Using (1.18) and (2.41), we find that if p is a smooth differential form
on M,thenifu>1

) / P = 7700)|< Cllsllc / ,,3/2

or equivalently that if © > 1

(2.56) I/M (1 = noo)l < CM!—C\/%’—)-
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From (2.56), we get

400
o) [ u-n2 s [T in o),

Also if U, T, ¢, m are taken as in Section 1c) with respect to the
submanifold M’, using (1.19), we find that

pUT‘.(P.M(’?u 1’°° < C/ 1)3/2

or equivalently

(258) pUI‘qpm( 7700) S W

From (2.57), (2.58), we deduce that

(2.59) / (1 — 1700)—— -*/+°° = 7o) —E in Dy. (M).

Since M’ and M’ are transversal, we deduce from (2.59) that

4 = du oo < du ,
(2.60) /1 (7 = 11000 — —>/1 (s = 1100 )foo— 0 Dy, 5 (M).
From (2.60), we get
(2.61)
5o [ 32l g [ D, o (M
[ =B 80 [ (=)o in Dl (0).
Clearly, since B is closed
(2.62) Bud ity = BooBico = (Bu = Boo)iu + 8 (Boo (il — Tleo))-
The same arguments as in (2.60) show that
A . +000 du ,
(2.63) ‘/l ,Boo(ﬂu - 1700)— - 1 ﬂoo(nu - )-;l— ln DN' +N‘ (M)'
and so
(2.64)
du 66 +oo L du .,
33/ Boo (s = 7700)"‘— — Boo(flu — '700)—“‘ n 'DN;I.,.ﬁ;‘(M)-
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We now study the behaviour of A — 400 of the current

A
. d
(265) [ - i

Here the situation is slightly more involved because the current 8,
depends on u. As u — oo, the current 7, converges as a smooth current
on M\ M’. Using the estimates in Theorem 1.5, it is clear that difficulties
in the convergence of the currents (2.65) may occur only near M".

Take zo € M”. Let U be a small open neighborhood of zg, let T, ¢,
m as in Section lc) with respect to the submanifold M’. Similarly, given
U, and replacing M’ by M’, we choose T, @, 7 as in Section 1c).

Then by Theorem 1.5, we know that if u > 1

N
(B — Boo (€)| (1+ 1)

(2.66) PU,To,m(Bu — Boo) < _\/_ﬂ

1687 ()] < C(1L+ )
pU‘f‘,zﬁ‘rh(ﬁ“) < C.

By proceeding as in Hormander [H, Theorem 8.2.4] and using the
transversality assumption NR]M' N NRIM' = {0}, we can easily prove the
following estimates.

e There exists k € N such that for u > 1
/\
(2.67) |9(Bu ~ Boo)p 01u(€)| < (1 +IED*.

From (2.67), we immediately deduce that as A — 400, the currents
(2.65) converge, i.e.

du +°° =. du
RN R L AT R N )
o If # is a smooth current with compact support in U, if A is a closed

cone in R? such that AN (Nj}+1\~l§) = {0} on (M'UM')NU, if m" is an
integer, then for u > 1

(2.69) bu,A8,m" ((,Bu - ﬂoo)é flu) <

3o
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To prove (2.69), we break a convolution integral in the £ variable into
three pieces, which are separately estimated using (2.66). Here again it is
crucial that Nppru N N; Riven = {0}

From (2.68), (2.69), it is now clear that

du +eo 5. d
(2.70) / (Bu = B0 —u-—+/l (ﬁu"ﬂoo)aﬁu: in Dy i e (M)

and so

(2.71)
A +oo
6/1 (Bu — ,Boo)an,.—- — 6/ ﬁoo)c?n.,—— in D;v;,+N— (M).

We can prove in the same way that as A — 400
(2.72)

A d 400 d
J 06— i = [ 006 - B i Dl (1)
- A +oo . du ,
5 [ o ~ B Yiu e — 8 [0 in Dl ().

From (2.53), (2.54), (2.55), (2.61), (2.71), (2.72) we deduce that we
can take the obvious limits in (2.52).

Now note that the currents which appear in (2.46) after the operators
3, 8 or 99 are smooth. Similarly as we saw in (2.60), (2.63), (2.70), (2.72),
we find in particular that the wave front sets of the currents which appear
after operators 9, 9 or 88 in (2.52) for A = +0co are included in N}, + N},
From (2.46), (2.52), we get
(2.73)

[e-a® + [Ter-n
=a{ [6u- ﬂo)—+/+°° - p) 2}
+am{/(ﬂu o) /1 (..—ﬁoo);“}

M M,0
in PM'UM’/PM'uM'

Also using (2.40), (2.49), we know that

(2 74) ,5 = 0'0(,300 ",30)‘*'000(,300 _,30)+,Boo(aoo“‘a0)+ﬂ0(aoo_ao)
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Remember that the currents By and B, are closed. Therefore using (2.42),
(2.47), we find that

(2.75) Boo (&oo - &0) = 56(ﬂoo ﬁoo)
The currents Bo fjoo and Bo oo lie in 'D;v_ 7 (M). From (2.74), (2.75),

we find that

(2.76) B = &p(fo — Po) + aw(ﬂoo - lBO) in PM'uM'/PAAl{'gM‘

Using now formula (1.26), together with (2.73), (2.76), we deduce the
first line of (2.36). By interchanging the roles of M’ and M’, we also obtain
the second line of (2.36). O

Remark 2.8. It is much easier to prove dlrectly that the right hand
sides of both lines of (2.36) coincide in P M'u o JPM M,U - In fact

88(T(h¢))T(hE) - T(hE)HOT(KE) =

(2.77) ] | . o
(0T (R*)T(hE) + O(T(h)AT(h*)).

Using now equation (1.31) for %‘:—T(hf ) and its analogue for %T(hé )
we get from (2.77) that
T(hE)O(hT Yopr — ch(hE)T(hE) — T(hE)O(hF )b,

+ch(KE)T(h) € PO

(2.78)

which is equivalent to the equality of the right-hand sides of (2.36). Note
that in (2.78), only equation (1.31) and the wave front set properties of the
currents T'(h€) and T(h¢) have been used. The identities (2.36) are much
deeper since they involve the explicit form of the currents T(hf), T(hf ),
T(hE").

Theorem 2.7 plays a fundamental role in the sequel, in particular in
our construction of singular currents associated with Koszul complexes.
Also as pointed out in the introduction, it should be deeply related to a
version with metrics of the Theorem of Grothendieck-Riemann-Roch.

(¢) Bott-Chern currents and double complezes. Let now (&7,v)1<;<p
be p holomorphic chain complexes of vector bundles &, ...,¢&, on M, which
provide resolutions of the sheafs Op(n°),...,On:(7P), where 1°,... 7P
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are holomorphic vector bundles on M’. Let r denote the restriction map
f'(’)“w - ’7] (1<5< p).

We also assume that there are holomorphic chain maps #:¢/ — {j-l,
7 — =1 (1 < j < p), which are such that the following diagram com-
mutes

(2.79) 0 0 0
1 1 T
0 — E?n —ry  vee —y 68 —p 170 — 0
(K] [ T
0 — f'ln —y e —y f& —p r]l — 0
T T
[ 14
0 — 55, —ry v 68 —y Ui — 0
1 T T
0 0 0

Let (ém,?),...,(€0,7), (n,7) denote the vertical holomorphic com-
plexes of vector bundles in (2.79).
We now make the fundamental assumption that the complexes
(émy D), ..., (Lo, D), (1, D) are acyclic.
We equip the (£]) 1<i<m, and the (v'), <j<p With Hermitian metrics
1<i<p ==

(h€) 1<i<m , and g™ (1 < j < p), and we equip the normal bundle N with
1<j<p

a Hermitian metric gN. Let hé | k€ be the induced Hermitian metric on
&, &7, and let g" be the induced Hermitian metric on 7.

We also make the assumption that for every j(1 < j < p), the metrics
h¢’ verify assumption (A) with respect to the metrics gV, ¢g"’.

For any j(1 < j < p), we can define the currents T(h¢’), whose wave
front sets are included in Np. Similarly, since the complexes (&;, #)o<i<m
and (7,7) are acyclic, we can construct the associated smooth currents
T(h¢+) and T'(g") on M and M’ respectively. Note that such smooth cur-
rents were already constructed in [BGS1, Section 1c)].

Theorem 2.9. The following equality holds

(2.80) jé(—l)" T(h) = g(—l)‘T(hf') — i (Td" (g™)T(g"))

in PAA,{I/PAA;/,O.
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Proof. Let P! be the one dimensional projective plane with distin-
guished points 0 and 0o, and let z be the canonical meromorphic coordinate
on P1. By [BGS1, Section 1f)] or by the Grassman graph construction of
[BaFM, Chapter II} which will be explained in more detail in Section 4,
one finds easily that there exist a double complex on M x P! which will be
noted as in (2.79), having the following three properties.

e The restriction of the new complex to M x {0} coincides with the
complex (2.79).

e The rows in the double complex provide resolution of sheaves of
holomorphic sections of vector bundles on M’ x P!, and the columns are
acyclic.

¢ On M’ x {00}, the new double complex splits vertically. In particular
if p = 2, on M’ x {00}, there is an identification of holomorphic chain

complexes
€'n') = (%) @ (¢,9°)

and ¥ acts as the obvious map. If p > 2, the complex breaks vertically into
short exact sequences of complexes which are split vertically.
Let (hf )0<s<m be Hermitian metrics on the (E )o<.<m on M x P!
035<

<r
which have the Toﬂowmg two properties:

o They restrict to the given metrics (k%) on M x {0}.

e On M’ x {oo}, the Hermitian chain complexes (£;, ¥)o<i<m are split
in the sense of [BGS1, Section 1f)]. If p = 2, this means that £} = €0 @ &2
(0 < i < m), and that the previous splittings are orthogonal.

For 0 < j < p, let T(R¢’) be the current on M x P! associated with
the Hermitian chain complex &/ equipped with the metrics (h¢’).

The wave front set of the current Log|z|? was calculated in the proof of
Theorem 2.5. By Theorem 1.9, the wave front set of the current T(hf ) is
included in the normal bundle to M’ x P! in M x P!, which is the natural
lift of N to M’ x P1. As in the proof of Theorem 2.5, we deduce that
the product of currents Log|z|?T (h¢’) is well defined. Then we have the
analogue of (2.15) i.e.

%%(LogIZI"’)T("I") — Loglz|* o~ 9 =T (k%)
(2.81) - —2?—7;(6(Log|z|2)T(i_x€' )

9 2 A
+ m(Loglzl T (h*")).
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For 0 < j < p, let AT J' be the metric induced on the direct sum Fi of
the homology groups of (¢7,v);a+ by the metrics h¢’
Using Theorem 1.9 and (2.81), we get

p 14 .
Log|z|? E(—l)’lé’()—ﬁ’“)cSM,x.:l — Log|z? Z(—I)jch(fzf’)
j=o0 j=0
P P
+ I (1P TRE Yopx oo} = (=LY T(AE )6prx (o)
j=0 j=0
(2.82) 5 » o
=5 (3(LOgIZI2) (Z(—l)’ T(he’)))
i=0
0 < [ & .
- 5 | (Loglz3 | Y (-1YT(Re)
j=0
We claim that
P . -
(2.83) D (=1YT (R ) 6prx oo} = 0.
i=0

In fact by the analogue of (2.32), the current T(l-zfj)éMx{oo} is the im-
age of the restriction to M x {co} of T'(h¢’) by the embedding M x {co} —
M x P!, By [BGS4, Theorem 2.7] or by Theorem 1.10, the restriction of

T(h¥') to M x {00} is the Bott-Chern current associated with the chain
complex (§7,v)|Mx {0} Since on M x {oo}, for 1 < i < m, the Hermitian
chain complex (&;, ¥) splits, it is elementary to verify that for any u > 0,
if A§ is the superconnection (1.10) associated with the Hermitian chain
complex (¢7,v) and if Nf; is the corresponding number operator, then the
restriction to M x {oo} of the form

D (=1)Tr, [Nl exp(-45)’]
j=0

vanishes identically. (2.83) is now obvious using formula (1.26).
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We now integrate (2.82) along the fiber of the projection map M x
P! — M. Taking (2.83) into account, we get

14 14
STy == [ Logl 3 (-1 eh(A)
i=0 P! i

+ [ Loglel? 3 (-1 8(R)buprees

j=0

(2.84) 5 o
+ o [ a(Logle)Z:o(—l)’T(h‘ )

p
+ -2%/'" Log|z|?8 (E(-l)jT(I—tf’)) .

j=0

By [BGS1, proof of Theorem 1.29], we know that

(285) S (-1)T(¢) = - / Loglz[? S (~1)ich(hé) in PM/PM.
i=0 P i=0
Note the trivial relation
(2.86) Z( 1) ch(R€) = Z( 1)ich (h).
i=0

Let (3" )0< <, De Hermitian metrics on the (77")0<,<p on M’ x P!

which have the followmg properties:
7

e They coincide with the metrics (g7 )OSJ'SP on M’ x {0}.

e On M’ x {00}, the Hermitian chain complex (n,7) splits.

For 0 < j < p, let (EF’)(K.K? be the metric on F/ = AN* @
associated with the given metric ¢V on N and with the metric §7. Note
that

(2.87) ¥’ ="’ on M'x {0}.

In Theorem 2.4, a class of forms x(ilp’,fzp’) € PM"""/PM'XP‘,O was
constructed such that

(2.88) 90 (7 B = 0(R) - 0 (i),
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Using (2.87), we find from Definition 2.3 that x(hF’, AF’) restricts to
the zero class of forms on M’ x {0}. For 0 < j < p, let X (EF’,EF’) be the
restriction of y (A", Af") to M’ x {co} which we identify with M’, so that

Xoo (AF” ,RF") is now a form on M’. By proceeding as in (2.15)—(2.19), we
get

/PlLoglzP(z:;) 1Y6(R%) ) / Log|z|2<z( Yo" )
(2.89) zi: (=1 xeo (B, BF) in PM'/PM"0,

By (2.6), we know that

(2.90) 8(RF’) = Td= (g™ )eh (57).
Using Theorem 1.9, (2.16), (2.90), we find that
(2.91)
/ Log]z/? (Z( 1)’6 hF’)) = ~Td~'(gV)T(g") in PM'/PM",
j=0

Using (2.84), (2.85), (2.86), (2.89), (2.91) and proceeding as in the proof
of Theorem 2.5, we get

P m
DT (AE) = D (1) T(hE) — inTd~* (g™ )T (")
j=0 1=0

4 .
= D (~1isxeo (A, A7) in PI/BpE°.
j=0

(2.92)

To prove Theorem 2.9, we only need to show that
£ 2] ) 4 1
(2.93) > (=1 xo (A7’ ,AF') =0 in PM'/PM'0,
j=0

We now use the notations of Section 1a). Note that since v + v = 0,
if y € TM, then

(2.94) Oyv + 90yv + v0y ¥ + Oy v = 0.
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Clearly # acts on the F/’s and maps F7 into F/~! (0 < j < p). Using
(2.94), we find that if y € N, we have the identity of operators acting on
the FJ’s

(2.95) 8,5 + 50,v = 0.

Also remember that for any j (0 < j < p), we have a canonical iso-
morphism of Z-graded complexes

(2.96) (F1,8,v) = (AN* ® 7, 4,).

In particular r provides the canonical isomorphism Fg = . Tautologically,
the action of ¥ on the F}’s coincides with the action of # on the 7i’s, i.e.

(2.97) (Fo, ) = (n,9).

Using the canonical isomorphism (2.96), (2.95) can be rewritten in the
form

(2.98) t, ¥+ vy = 0.
From (2.96) and (2.98), we deduce easily that ¢ acts on AN* @ n like 1 ® o.
N P
Let h¥ AT be the metrics on F = @ FJ which are the orthogonal
j=0
sums of the metrics A¥’, Af” respectively. Remember that on M’ x {0},
the holomorphic Hermitian complex (2.79) splits vertically. Therefore on
M' x {co}, when equipped with the metric A¥, the complex (AN* & 7,
iy + ¥) also splits vertically. On the other hand, since on M’ x {co} the
Hermitian complex (#,¥) is split, on M’ x {00} the complex (AN*, iy + ?)
equipped with the metric A% is also split. For 0 < £ < 1, set

(2.99) B = (1 - AT + (hF.

Then the complex (AN* ® 7, iy+i3) still splits vertically as a Hermitian

complex when equipped with the metric iz{' . Using the notations in Section
2a), we thus find that for £ € [0,1]

1 (1T, | () 2
(2.100) j};a(— YTrs |(he") " —;

and so from (2.8) and (2.100) we get (2.93).
Our Theorem is proved. 0
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3. Bott—Chern currents,
Euler—Green currents and Koszul complexes

Let M be a complex manifold, let E be a holomorphic Hermitian
vector bundle on M. If M% is the total space of M, if i is the embedding
M — ME| the Koszul complex on ME(AE*,i,) provides a resolution of
the sheaf 1,0y,

If gF is the metric of E, and if hF is the metric induced by g% on AE*,
we first calculate the Bott-Chern current T'(g®) = T(h®) on ME. If e(¢)
is the Chern—Weil representative of the highest Chern class of E, then

99 = g -1/ E E
(3.1) 57 1(97%) = Td™(g")(6m — e(g")).

A simpler equation of currents on MZ is given by

98 .

(9%) = bur — e(97),

so that —&(gF) is a Green current in the sense of [GS1].

By extending the formalism of Mathai~Quillen [MQ] in a complex
geometric framework, we exhibit an explicit locally integrable current (¢%)
on ME which solves equations (3.2). If dimE = 1, &(¢%) coincides with
the obvious solution Log|y|?.

This section is organized as follows. In a), we recall results of [BGS4]
which express the currents T'(h¢) as a principal part of a nonintegrable
current. In b), we calculate the Bott—-Chern current of a Koszul complex. In
c), we briefly develop a differential geometric setting for the de Rham theory
of ME. In d), we give a double transgression formula for the canonical
Thom form of (E, g¥) constructed in the Mathai-Quillen [MQ). In e), we
study the asymptotic behaviour of Mathai~Quillen currents, which here
depend on a parameter u > 0. In f), we explicitly construct a Green
current —&(g¥). In g) we compare T(¢g€) with &gF). In h), we describe
€(¢F) as a function of ¢€. Finally in i), we study the behaviour of &(g%)
in direct sums.

This section relies on the formalism of Mathai-Quillen [MQ], to which
the reader is referred when necessary.

(a) The current T(h¢) as a finite part. Our assumptions are the same
as in Section 1g).

Let w(h¢) be the restriction of the current T'(h¢) to the open set M\ M.
Then by [BGS4, Theorem 2.5, we know that w(hf) is a smooth current
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on M\ M'. By [BGS4, Theorem 3.3], we know that, in general, w(hf) is
nonintegrable on M \ M’. We now briefly recall a result of [BGS4].

Let g™ be a Hermitian metric on TM. We identify N with the vector
bundle orthogonal to TM' in TM. Then g™ induces on N a metric gV.
Let g" be a Hermitian metric on 7.

For € > 0, let M, be the set of points of M whose Riemannian distance
to M’ is larger than €.

Theorem 3.1. Let u be a smooth differential form on M. Then
(3.3)

[ ey = imf [ i
+ 2Loge/£w i*u/Nw(Tr, [NH exp(——Bz)])}

= [ [ (2Log(lyn) = T'W)p(Tr, [N exp(~ )
M! N

If the metrics h¢ = (hée,... hfm) verify assumption (A) with respect
to the metrics g7V, g", then

[ TN exp(-B)]) = ~(T4 (6" eniy")

Ga) [ @LesYIp) ~ T W)e(Tr, [Nir exp(-B))

dim N-—-1 1
=- ( 2. L°g2) (Td™1) (g™ )ch(g").

k=1

Proof. This result was proved in [BGS4, Theorem 3.4]. a

(b) The singular Bott-Chern current of a Koszul complez. Let now
M be a complex compact connected manifold of dimension £, Let E be
a holomorphic vector bundle on M of dimension k. Let MZ be the total
space of E. Let p be the projection ME — M. We embed M in M% as
the zero section of MZ. Let i be this embedding.

k
Let E* be the dual of E, and let AE* = @ A’E* be the exterior
j=0
algebra of E*. AE* is a Z-graded vector bundle on M, which lifts to ME.
If y € E, the interior multiplication operator ¢, acts naturally on

(AE")py. Then the Koszul complex (AE*,4,) provides a resolution of the
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sheaf 7,0y, 1.e. we have the exact sequence of sheaves
0 — Ope(AE*) =, -+ =, Ops = i.0p — 0.

Assume now that g% is a Hermitian metric on E. Then ¢F induces
metrics A = (RA°E" .. WA'E") on AOE*,... A¥E*. For y € E, the
adjoint 7y of 7y is given by iy = gA.

The normal bundle N to M in MZ is exactly E. Note that since E is
equipped with the metric g%, assumption (A) of Section 1b) is verified.

The manifold M¥ is noncompact. Still currents on MZ are paired
with smooth compactly supported forms on ME. It is then quite easy to
verify that all the results of [B2], [BGS4] and of Sections 1 and 2 are still
valid on ME.

In particular, let T(h%) be the current on MZ associated with the
holomorphic Hermitian chain complex (AE*,i,). To note that T'(hZ) de-
pends only on g%, we will use the notation T(g%) = T(hE).

Let e be the ad invariant polynomial on (k, k) matrices e: A — det A.
Then using the notations of Section 1f), e(¢%), Td(g%) are smooth forms
on M. When lifting such forms to M€ we omit the notation p*.

Theorem 3.2. The current T(gF) lies PﬂE. Also

80

AL

(3.5) T(¢®) = Td™'(¢%)(6nm — e(57)).

Proof. Theorem 3.2 is a consequence of Theorem 1.9 and of the
classical relation

ch(hF) = e(g®)Td ™ (¢"). 0

Let now w(g®) be the restriction of T(¢%) to ME/M. Then w(gF)
is smooth on MZ/M. Also by Theorem 3.1, w(g®) entirely determines
T(g").

Let VE be the holomorphic Hermitian connection on (E, gF), and let
QF = (VE)? be its curvature.

Before we proceed, we will explain the notations and conventions of
Mathai-Quillen [MQ), which will be used in the sequel. First observe that
the connection VE defines a horizontal subspace 77 MZ in TM¥ so that

(3.6) TME=THME @ E.
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IfY € TRE, let YV be its component in Er with respect to the
splitting (3.6). If A is an antisymmetric tensor in End ER, we identify A
with the two form on T ME

(3.7) Y,Z € TRME — (YV, 42").

The two form (3.7) will still be noted A, and its exterior powers A2, ..., A*.
Note that we omit the wedge product sign.

We now follow Mathai-Quillen [MQ)]. Namely assume temporarily that
A is invertible. Then we can define the forms A~!, (A71)%,...,(A~)*
which are the powers in A(E}) of the two form A~t. If Pf(A) is the
Pfaffian of A, the forms Pf(A)A™Y,...,Pf(A)(A™!)F are in fact rational
functions of A, which can be extended by continuity to an arbitrary A. We
will still note them this way, even if A is noninvertible.

If A€ EndE, A induces the (1,1) form on MZ, (Y,2) € TODME x
TLOME — (YV, AZY) which we still note A. Therefore, we can extend to
any such A the previous considerations. In particular, if Ig is the identity
map of E, we identify Ig with the (1,1) form on MZ defined by (Y, Z) €
T(O,I)ME X T(I,O)ME — (YV,ZV).

Let Jg be the complex structure of Eg. Then, with the previous
conventions Jg = vV/—1Ig.

If like in usual Chern-Weil’s theory, we replace formally A by the
(1,1) form QF on M which takes values in End E, we get a form on M
with values in forms on ME. By antisymmetrization in all the indices, we
finally get a differential form on the manifold ME.

Observe that the formal forms (2%)-1,..., ((QE)‘I)’c should be con-
sidered as forms of total degree 0. '

Similarly if A € End Eg, and Y € Epg, we identify AY with the one
form Z € TRME — (AY,Z"). Then the form Pf(QZ)(QF)~1Y is well
defined. Note that the formal degree of the form (2%)-'Y is —1.

In the previous constructions, for any b € C, we can replace QF by
QF 4+ bJg, and we still get a meaningful form on ME,

For instance if det(B) is the determinant of B € End E, then

OE OE -j '
det(é;r--‘-bIE) (Er—-l-bJE) (0_<_]_<_k)

is a well defined series of forms on ME.

If y € E, y represents Y = y + § € ERg, so that [Y|? = 2|y|2.

Let ¢ be the homomorphism from A®Ve"(Tj M) into itself which to
o € A% (T} MEg) associates (2mi)~ a.
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Theorem 3.3. On ME\ M, we have the following identity of differ-
ential forms

E
w(gE) = —% det (IE — exp (22— + bIE))

(3.8) Log (IY2|2 (21r (2—13 + bJB)) _1)]&0.

Equivalently
i} QF
E — e — — ——
w(g”®) = T [det <IE exp <2i7r +bIE))
I |2 dim E 2]
(9) (e (%) + X 7w
i=1

(coe (o))

Let v(gF) be the current on ME

(3.10) 10" = & ("’ "’):f(yE).

f.

2w

Then v(g%) is a locally integrable current on ME given by the formula
(3.11)

7(gE)~—det (IE—exp (§E>)( QF)- 1Y(IY| - (@®)- >-1

or equivalently

(3.12)

E dim E i
7(9E) = %det (IE — exp (;—%)) E) 'Y Z DflzJ ((_ E)-I)J -
Also

(3.13) dy(9%) = Td™(g%)(e(s%) - bm).

Proof. Let Ny be the operator acting on AJ(E*) (0 < j < k) by
multiplication by j. We still denote by V¥ the holomorphlc Hermitian
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connection on AE*. Set V =iy + §A. For u > 0, set A, = VZ +,/uV. By
[B2, equations (3.142), (4.21) and (4.22)], we know that

9
ab

-exp{-—u (1};—]2 +(QF + bIE)‘1> }Lﬂ.

From (3.14), we deduce that on MZ\ M, if s € C, Re(s) > 0
(3.15)

1 oo s—-1 2
F—(S/o w1Tr, [Ny exp(~A2)]du

Tr,[Ng exp(—A2)] = [det(I — exp(QF + bIg))

(3.14)

= -53— [det(] - exp(QE + bIE)) {l—}—;l—z + (QE + bIE)_l}—’]

o

=0

and so

(316) ,
[f{ls_) /0 w=\Tr, [Ny exp(—Aﬁ)]du] (0)

2
= -—-(% [det(I —exp(QF + bIg))Log (l—);l +(QF + bIE)—l)]

b=0

Using (3.16) we obtain (3.8). Note here that as a two form, QF gets
rescaled by a factor 7}-;, and that as a two form of partial vertical degree 2,
(QF 481 E)—l is also rescaled by the same factor. By expanding the Log in
(3.8), we obtain (3.9). Note that the expansion terminates at k¥ = dim E,
since this corresponds to the highest possible power of a two form on Epg.

By [BGS4, Theorem 3.3}, we know that the current y(g%) is locally
integrable. We temporarily fix an arbitrary square root of i = \/=1. We
extend the map ¢ to the whole A(TME) so that if a € A¥(ThME), then
p(a) = (2m)~*/%a. Set

+o0 u
(3.17) n= /0 Tr,[VuV exp(—A2)] 52%

Then by [BGS4, Theorem 2.5, 1 defines a locally integrable current ME,
and moreover

(3.18) 58~ YT (s") = (2ir) ()
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By [B2, equations (4.9) and (4.11)], we know that

Tr,[VuV exp(-A2)] = —iy Tr, [exp(—A2)].

Using [MQ, Theorem 4.5}, or [B2, equations (3.138), (3.139)] we find
that

iyTr, [exp(-A2)] = iy det(I - exp(QE )

oo (I o).

Clearly, iy (2F)~! = —(2F)~'Y, and so from (3.19), we find that

iy Tr, [exp(—A2)] = udet(I — exp(QE))(QF)- 'Y
3.20 2
(3.20) - exp {_u (%4_(93)-1)}.

Using (3.17) and (3.20) we find that
1 Y -
n=-3 det(I — exp(QE))(QE)~1y ( (QE)-1> :
Since the form (Q%)~!Y is of formal degree ~1, we then get

E

o(n) = —% det (I-— exp (;2 )) (2im)2(QE)y
2 -1
(lgl +(QF)- ) .

From (3.18), (3.21) we obtain (3.11). By expanding (3.11), we get
(3.12). (3.13) now follows from (3.5) and (3.10).

(3.21)

Remark 3.4. By formula (3.9), it is clear that in general the current
w(g%) is not locally integrable, since its singularity near M is of the form
|Y|~2dimE_ The singularity of v(g¥) near M% is controlled by |Y|~2dim E+1
which is integrable near 0.

Remark 3.5. Let s be a holomorphic section of £ on M which is
transversal to M in MZ. Namely we assume that if z € M is such that
s(z) = 0, if ds(z) is the differential of s at z, then Im[ds(z)] = E. Set

(3:22) M'={z € M;s(z) = 0}.
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Then on M’, ds identifies Ejp; with the normal bundle N to M. Let i be
the embedding M’ — M.

The chain complex (AE*,i,) = s*(AE",i,) provides a resolution of
the sheaf i,0pg, i.e. we have the exact sequence of sheaves

Om(AE*, i) = 1.0p0 — 0.

Let hE be the metric induced by g% on AE*. Let T(g%,s) = T(hE,s)
be the singular Bott—Chern current on M associated with the complex
(AE*,i,). Remember that W F(T(g¥)) C Er. By [H, Theorem 8.2.4], the
pulled-back current s*T(¢%) on M is well-defined. It follows from [BGS4,
Theorem 2.7] or from Theorem 2.10 that

(3.23) T(gE,s) = s*T(¢F).

(c) Equivariant cohomology and differential forms. We make the same
assumptions as in Section 3b), and we use the same notations.

Clearly if p is the projection MZ — M, then T# ME = p*T M. In the
sequel, we will generally omit the notation p*. From (3.6), we deduce an
isomorphism of smooth vector bundles

(3.24) A(THRMEY = A(THM) & A(ER).

If B is a smooth section of A(E}) on ME, VEp is a smooth section of
ANTEME)Y & A (Eg). We denote by *VZ 3 the corresponding j + 1 form
on M¥ which is obtained by using (3.24) and antisymmetrization in the
indices of VES.

If a and B are smooth sections on M% of A(TM) and A(E},) respec-
tively, set

(3.25) s7E(apf) = (da)B + (—1)38=a(*VER).

From (3.24), we deduce that V% acts on the smooth sections on MF
of A(TMFE).

QfY is a two form on M with values in vectors in Er C TrRME.
Therefore the operator igey acts on A(TpME) and increases the total
degree in A(TpME) by 1.

In the sequel d denotes exterior differentiation acting on smooth sec-
tions of A(TRMF) on ME.

Proposition 3.6. The following identity holds
(3.26) d= °V® 4 igey.
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Proof. Let VM be any torsion free connection on TpM. VM lifts
into a connection on TH ME, which we still note V™. Using the splitting
(3.6) of TME, the connection V = VM @ VZ defines a connection on
TrME. Let T be the torsion of V. One verifies easily that if Y € ME,
U, U € (TEME)y, then

(3.27) Ty (U,U") = QE (p,U, p U"Y.

The connection V maps smooth sections of A/(THME) into smooth
sections of AN(TEME) & A (TLMF). By antisymmetrization in all the
indices, we obtain an operator *V which map smooth sections of A/ (T, M E)
into smooth sections of AT+ (T ME). Classically
(3.28) d= °V +ir.

Using (3.27), we get
(3.29) d= °V +igey.

We now take a,f as in (3.25). Since QFY takes its values in Eg,
ineya = 0 and so

(3.30) *Va = da.
Similarly using (3.29), we get
(3.31) (*V +igsy )8 = dp.
From (3.30), (3.31), we obtain (3.26). O

Remark 3.7. Equation (3.26) is the differential geometric counterpart
to the algebraic considerations in [MQ, Section 5).

(d) Double transgression formulas for the Mathai-Quillen Thom form.
We now recall the basic result of Mathai-Quillen [MQ, Theorem 4.10] in

the context of complex geometry.

Theorem 3.8. For any u > 0, let a, be the form on ME

(3.32) ay = det (‘2?:) exp {—u (l—’;‘—z + (QE)-I) } :

Then for any u > 0, the form a, is closed and lies in PM® It is tniegrable
on ME and represents the Thom class of Eg.
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Proof. As a two form on M with values in End E, QF is of type (1, 1).
Also since QF is a complex endomorphism of Ep, for any U,V € TrM,
QF(U,V) induces a two form on Eg of type (1,1). It is now clear that ay
is a form of type (k,k).

By Bianchi’s identities, *VZQF = 0. We now use the rotations (QE )~
with the conventions described before. We find that ¢V(QF)~! = 0.
(RF)-1Y is a form of degree —1 taking values in E. Using Proposition
3.6, we find that

(3.33) d(QE)-y = —2(QF) ! - |y |?
and so

Y2
(3.34) ( 5+ (QF)- )

We thus find that da, = 0. By proceeding as in [MQ, Theorem 4.10],
we find that the integral along the fiber [ Eg Gu is equal to 1. Therefore a,
represents the Thom class of Eg. 0

In [MQ, Theorem 7.6}, Mathai~Quillen gave a formula for the Euler
form of a real oriented Euclidean vector bundle, by transgressing their
formula (3.32) for a,. We will here reprove this result, and besides obtain
a double transgression formula.

Definition 3.9. For u > 0, let b, and ¢, be the forms on ME

b det ( 2?3) (-QF)~1Y exp {—u (P;—'z + (QE)'1> } .
0 gb e (- (2 402))
o (o)) ).

Theorem 3.10. The form b, is of total degree 2dim E — 1, and the
form c, is of complez type (dimE — 1, dim E — 1). For any u >0
i}

—ay = —db,

]
(3.36) * | /50
by = — ( )cu.
2u
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In particular for u> 0

(3.37) -a%a., _% (fu‘i) :

2w

Proof. Equation (3.36) is proved in Mathai-Quillen [MQ, Section 7].
In fact using (3.33), we have

(3.38) ay = det (-;2—:;> exp (%d(QE)"Y>

and so

5% = 5 det (—9—) d(QF)- lYexp{ ('—Y?—li + (QE)-I)}
=d <2(QE)-1Ya,,) :

Let @ be the Kahler form of Eg. If X,Y € Ep, then 6(X,Y) =
(X,JEY). If X € Ep, the element of E}, which corresponds to X by the
metric is given by

(3.39)

V=1(~ix©n +ixa0)f.

Let A be an invertible skew-adjoint matrix in End E. Let 84 be the
(1,1) form on E

(U, V) = 64U, V) = 0(AU, A"V) = —0(A™2U, V)

(3-40) = —8(U, A"?V).

From (3.40), we deduce that if Y € Eg, if A~'Y € Ep is identified with
the corresponding element in E%, then

(3.41) ATYY = V=1 (iapon) = iayae )il

If dF = OF 4 OF is the exterior differential on one fiber E, set
(3.42) 8% = 0F + i p0m; 05 = 8% +iayan.
Clearly

(3-43) (0%)* = 0; (6%)* = 0.
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Also the Lie derivative with respect to AY is given by

(3.44) Lay = (d° +iay)*.
Using (3.43), (3.44), we get
(3.45) Ly = 0505 +050E.
Clearly Lay64 = 0, and so
(3.46) 50504 = —05 5504,
Since the form 84 is 8F and 5% closed, we obtain from (3.41) that
(3.47) Vv=1(85 - 65)84 = A~1Y.
Also
(3.48) LA S B g

2
From (3.46), (3.48), we get

'Y' + A7l = —/Z1650E04.

2

(3.49)

In particular
2
(3.50) oF (";’ +A” ) =55 (P;—' +A‘1)
We deduce from (3.47), (3.50) that
1 e
zdet(2m>( —-A)” Yexp{ ( 5 + A~ )}
2
= (6F —BA)[d t( )GAexp{ u(m— '1)}].

~4Y g4 Y 41
In general, the form det oo 64 exps —u —2—-+A cannot be

extended by continuity into a well-defined form when A is noninvertible.
On the contrary the form
(3.52)

o (- (g ) oo (5 (5 +00)) )
=gl () )| (5+47))
— udet (2:1)2#}‘ exp{ u(_lY2_|2 + A") }

0.

(3.51)
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extends by continuity to arbitrary A. Also it is clear that the first form in

the right-hand side of (3.52) is 8% and 0% closed. From (3.51), (3.52), we
find that

e e )
o BBl

+ (e(germ) ) )L

and both sides of (3.53) extend to arbitrary A. Using Proposition 3.6 and
(3.53), we obtain (3.36). (3.37) follows from (3.36).

Since (—QF€)~1Y is of degree —1, the form b, is of degree 2dim E — 1.
If we give the degree two to the variable b, the form

du(t) = det - ('?—i i) oo o (2
o(B) )

has total degree 2 dim E. When differentiating this form with respect to b at
b = 0, we get a form of total degree 2dim E—2. Since dy(}) is a sum of forms
of type (p,p), ¢y is of type (dim E — 1, dim E — 1). Our theorem is proved.

]

(3.54)

Remark 3.11. (3.36), (3.37) can also be derived from Theorem 1.4 and
from equalities (3.14), (3.17), (3.20). Also it is no accident that the Kéhler
form 6 appears in (3.40), (3.51). For the role of Kahler forms in double
transgression formulas, we refer to [BGS2] and to [B3]. In particular the
computations in (3.42)-(3.51) are related to complex equivariant cohomol-
ogy and appear in another form in [B3], in relation with Quillen metrics
and analytic torsion.

(e) Convergence of Mathai-Quillen currents. We make the same as-
sumptions as in Section 3d), and we also use the same notations.

Theorem 3.12. Take n € N. Then there exists a constant C > 0
such that if p is a smooth differential form on ME with compact support
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included in B, = {Y € ME; |Y| < n}, foru>1
|, o= )| < Tllullcws)

v /M b —f—uuncw)
[ pee] < Hllerars)

Moreover, if U, T, p, m are taken as in Seclion 1c) with respect to the
embedding i: M — ME | there ezists C' > 0 such that for u > 1

(3.55)

pU,F,w,m(au 6M) < —\/—_-
(3.56) UL om(uby) < %

C
pur w,m(cu) < “ﬁ

Proof. Let 7, be the map Y — \/uY. Then a, = 7}a;, ub, = 72b;,
ey =Thcy. If oy = 7771 then

/ #au=/ (oam)ay

ME ME

/ yubu=/ (ogup)by
ME ME

[ me=[ (@we
ME ME

We thus deduce easily that as u — oo

[ore= [ @0 [a
(3.57) /Mayubu—»‘/M(i‘y)/Ebl
Aﬂycu ﬁA{(i'p)/}gcl.

Moreover, it is clear from (3.32) that [, a; = 1. Alsosince iy (QF)~! =
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_(QE)—IY’ we find that bl = —%—iyal and so fE bl =0. Finally

im0 QF
_ —dmE ¥ _
Lcl = (27) 5% [det( (——-2“_ + bIE))
E -1
-det(-— (9,_ +sz)) ] =0,
2ir b=0

The estimates in (3.55) obviously follow from (3.57). Finally the es-
timates in (3.56) follow easily from the methods of [B2, proof of Theorem
3.3]. a

(3.58)

(f) An Euler-Green current. Note that the form ¢y is clearly closed.

Definition 3.13. For s € C, 0 < Re(s) < 1, let p(s) be the current on
ME

+00
(3.59) p(s) = F(lg)_/o v le,du.

By (3.55), one verifies that the current p(s) is well defined. Also p(s)
extends into a meromorphic function of s € C which is holomorphic at
s=0.

Let &(g%) be the current

(3.60) &%) = '(0).
Equivalently
1 400
3.61)  &(gF) = / (cu — co) T 4 / e M(1)co.
0 u 1 u

Finally, let ¥(g%) be the current

(3.62) ¥(gF) = / e budu.

By (3.55), the current y(g¥) is also well-defined.
Remember that E is the normal bundle to M in ME,

Theorem 3.14. The total degree of the current Y(g®) is 2dimE — 1.
The current €(gF) is of complez type (dimE — 1, dim E — 1). The wave
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front sets of the currents E(gF) and Y(gF) are included in Ey,. In particular
ég8) € PA‘}E. The following equations of currents hold on ME

w0 =3 (52) e
dy(g%) = e(9”) - bu.

(3.63)

In particular

9o

T i(e®) = b — e(®).

(3.64)

Proof. The degree of the currents ¥(gF) and &(g%) can be calculated
by using Theorem 3.10. The wave front set properties of our currents follow
easily from Theorem 3.12. The first line of (3.63) follows from (3.36), (3.61),
(3.62) and from the fact that the form g is closed. The second line of (3.63)
also follows from: the same equations. a

Theorem 3.15. The currents é(gF) and ¥(g%) are locally integrable.
Also we have the formulas

") = - [d t ( (gf’_ ; ,,,E» Log(n;v
s () )
1/)(9E)‘-det( ;fr)( QF)- IY('YP-}-(QE) )‘1'

Egquivalently
(3.66)

o) = - [t (- (7 +1))
{Log(I Iz) + d"é_l jl}zfjlzj ((—%(_{22_; + bJE))_l)]}]tmo

J

dim E

2 i1

Ey- -

'/’(gE) = —det(__>( Q ly Z lylzJ QE) 1)1
In particular, if dim E = 1, then

(3.67) &(9”) = Log(lyl*).
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Proof. Using formula (3.61), it is clear that in order to prove that the
current &(g¥) is locally integrable, we only need to show that the current

1+°° cu8¥ is locally integrable. From (3.35), we get

Cy = exp( uyp det 0
b 2 3b %r

s bIE))Z"""E(( 27 (98 /27) +bJg)) ") w ]b-.

7!

(3.68)

Let us now again make the key observation (which was already made
in another form in (3.58)) that in (3.68), the last index in the sum is in
fact dimE — 1 and not dimE. Also for £ > 0

e uIYP) k-1 ( 1)
- Tdu<C|1+4+Log— ) ifk=0
(3.69) /1 exp( 3 U u< + olel 1
<|Y|"%* if k> 0.

Now the function Log|Y| is locally integrable on MZ. Similarly for
1 < k < dim E — 1, the function |Y|~?* is locally integrable. From (3.69),
we deduce that the current é(g%) is locally integrable on ME. The explicit
calculation of é(g¥) can then be done as in (3.16). The properties of the
current 9(gF) can be proved in the same way.

Remember that |Y|> = 2|y|2. If dim E = 1, again using (3.58), we find
that

o (QF
o(s%) = |5 (3= +3)| _ Loglol = Loglu
b=0

Our theorem is proved. 0O
Remark 3.16. We make the same assumptions as in Remark 3.5. Then
for essentially the same reasons as in Remark 3.5, the current &(¢F) can be

pulled back by the section s. s*&(g¥) is now a current on M which lies in
PM, and also

(g) Comparison of the currents T(g%) and &g%).

Theorem 3.17. The following equation holds

(3.70) T(g") - Td™ (¢%)é(s) € P °.
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Proof. We use the notations of the proof of Theorem 3.3. By (3.14),
we know that

@(Tr, [Ny exp(-A2)]) = 6ab Td™! ( (;)—E + bIE))
(3.711) - det (— (;—i + bIE)) exp{—u (D%E
+ (o (Gro) DL

(3.72) @(Try [Ny exp(—A2)]) = Td"(¢5)cu = ~(Td Y (¢7)a.

Therefore

For s € C, 0 < Re(s) < 1, let 6(5) be the current

1 [t
8(s) = T‘B-)-/o w'~Ho(Tr, [Ny exp(—A2)])
+ (Td™YY(g%)6m — Td~Y(g5)ecy }du.

(3.73)

By Section 1g) and by Theorem 3.12, we know that §(s) is a well-defined

current on ME | which extends into a current which is a meromorphic func-
tion of s € C. This function is holomorphic near s = 0. In particular

(3.74) 8'(0) = T(g®) - Td~*(¢%)é(¢F).
On the other hand, by (3.72), we find that if s € C, 0 < Re(s) < 3, then

+o0

(3.75) 8(s) = —(Td™ 'Y (¢5) = u*"Yay ~ 6pr)du.

P( ) Jo
By Theorem 3.10, we know that

1 ., [t dv

(376) ay — 6M = —maa/“ Cu—v—.
Using (3.75), (3.76), we find that if 0 < Re(s) < 3, then

(3.77) 5(s) = (Td~ V(g E) {r(s—+1) /Jmu* c.,du]
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Clearly

+o0 s
(378) T‘G}EL u"lcudu = &

8§

On the other hand, p(0) = ¢o and ¢ is a closed form. So from (3.77),
(3.78), we deduce that

(379) 59 = (0 (o) g (=20,
From (3.79), we get
(3.80) 50 = o2 { ey 22}
Using (3.74), (3.80), we find that
B8) TP -Ta PP = 2 {@eyen 22},

Also, it is easy to verify that the wave front set of the current p"(0) is
included in E. From (3.81), we deduce (3.70). O

_ Remark 3.18. It should be pointed out that although the current
T(g®) is in general not locally integrable, the current T'd~*(g%)é(¢%) is
locally integrable.

(h) The current é(g®) as a function of gE. Let now g&, ¢’F be two
Hermitian metrics on E. In [BGS1, Theorem 1.29], we have defined a
unique class &(¢%Z, ¢'?) € PM /PM0 which is such that

8o

(3.82) 5

é(9%,9'%) = e(g'") — e(®).
(g%, ¢'F) lifts naturally to ME.
Theorem 3.19. The following wdentity holds

(3.83) &(g'F) - &(g%) = —&(¢%,¢'") in PY"/PY""

Proof. The proof of Theorem 3.18 is closely related to the proof of
Theorem 2.5. In fact we lift E to M x P!, and we consider a metric g on
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E which restricts to g%, ¢'’F on M x {0}, M x {oo} respectively. We then
use equation (3.64) for &(g%) on M x P! in the obvious analogue of (2.15).
To obtain (3.83), the key fact is that [,, Log|z|?6p = 0. Details are left to
the reader. O

(i) A transitivity property of the currenis é(g®). Let now E and E’
be two holomorphic vector bundles on M. E and E’ are vector subbundles
of E@® E'. Then the manifolds ME and ME' are vector submanifolds of
ME®E’ which intersect transversally, and ME N ME = M.

The vector bundles £ and E’ lift naturally to ME®E' If z = (y,y') €
EoFE, set

o)=y; )=y

Then o and ¢’ are holomorphic sections of E and E’, which exactly vanish
on ME" and ME respectively. On ME®E'  the sections o and o clearly
possess the transversahty properties which were described in Remark 3.5.
Let gZ and g&' be Hermitian matrics on E and E'. We equip £ @ E'
with the metric g¥®E’ which is the orthogonal sum of the metrics g% and
g%'. By Remark 3.16, the currents & e(gE) and ""‘e(g ) are well-defined

currents on ME®E'  Also the forms e(gF) and e(gF') lift naturally to
ME®E,

Theorem 3.20. The following identities of currents hold

E97OF') = (9" )" &(9") + E(97 V6 pr
E®E' E@E’,0
lﬂ PMsuME’/ AA{!EuME’.
-~ 4 U -~
&97®F") = e(g%)o"e(¢"') + &(9%)op=
MEQE Msez-:‘,o
in MEUME'/ MEUME'"

(3.84)

Proof. Our Theorem can be given a direct proof by using formula
(3.61) and by proceeding as in the proof of Theorem 2.7. We will instead
use our previous results. Namely by Theorem 3.17, we know that

(3.85)  &(¢"OF) = Td(g"OF YT(gPOF') in PMgor e/ Pl ror.

and that corresponding equalities hold for the currents &(g%) and é(g%').
Also we have the obvious

(3.86) Td(g®F') = Td(¢")Td(g"").
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Finally, by Theorem 2.7, we know that
(3.87)
El

T(gFPE') = det (I — exp ((221_7«')) a*T(s%) + (Td"l)(gE)T(gE')6ME,

. oF' ‘s
i PI{;’:U;E'/PAA;::;;' .
Using (3.85)—(3.87), the first line of (3.84) follows. The second line is
obvious by interchanging the roles of E and E’. O

Remark 3.21. Let s, s’ be holomorphic sections of E, E/ on M. Set

M= {z € M;5(z) = 0}
M' = {z € M;s'(z) = 0}.

Assume that s, s’ both verify the assumptions of Remark 3.5 and that M’
and M’ intersect transversally. Then the section s” = (s,s’) of E® E’' also
verifies the assumptions of Remark 3.5. Set M” = M’ N M’. From (3.84),
we deduce

(3.88)

s *&(g70F") = e(g™)s" (8(9™)) + 5™ (&% ))omr in PY, o /PIO .

(i) The arithmetic Euler class. We first recall some definitions from
[GS1] and [GS2]. Let (A4, X, Fe,) be an arithmetic ring i.e. A is an excellent
regular noetherian integral domain, ¥ a finite nonempty set of monomor-
phisms 0: A — C, and F,, a conjugate linear involution of the C-algebra
C® which fixes A (embedded diagonally into CF).

Let X be an arithmetic variety over A, i.e. a regular quasi-projective
flat scheme over Spec A. Denote by X, = X ®, C the complex variety
obtained by extending scalars from A to C by ¢ € I, and by X, the
analytic space Xoo = [],¢5 Xo(C).

For any integer p > 0, let AP?(Xg) (resp. DPP(Xr)) be the real vec-
tor space of real forms (resp. currents) a of type (p,p) on X such that
F} (a) = (—1)Pa. We also introduce the quotient spaces

APP(Xg) = APP(Xg)/(Imd + Im )

3.89 ~ <
(3.89) DPP(Xg) = DPP(Xg)/(ImO + Im ).

Let now X? be the set of points of codimension p of the scheme X and
Z?(X) the group of codimension p cycles on X, i.e. the free abelian group
generated by X?. Given Z € ZP(X), let Z., be the analytic cycle on Xo
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attached to Z, and 67 € DPP(Xg) the current given by integration on Z:
if Z =% ,naZa, with Z, C X and n, € Z, for any smooth form w on
Xoo,

(3.90) bz(w) = Zna/ w.

-

A Green current for Z € ZP(X) is an element g € DP~1?~1(Xg) such
that
—dd°g =67 —w,

with w a smooth form (here, as usual, d = 3 + 8 and d¢ = (0 — 0)/(4i7)).
The pair (Z,g) is called an amthmetic cycle. The arithmetic Chow group

CH p(X ) is the group generated by codimension p arithmetic cycles with
the relation (div(f), —Log |f]?) = 0, for every nonzero rational function
f on a closed irreducible subscheme Y of codimension p — 1 on X, where
log | f|? is the current defined by the formula

(3.91) Log l//%w) = | _ Log IfP,

Y2-* denoting the smooth locus of Yoo. We refer to [GS1] for the study of
these groups. Let
CH(x) = CH" (X).

p20
If F is the fraction field of A, Xp = X @ F the generic fiber of X and
A

CH_’,’(X) the Chow group of X with support in special fibers, we may view
CH p(X ) as a subquotient of

CHY(X) @ Z°(Xr) & DP~1*~1(Xp)

(see [GS1)).

Now let (E, h) be an Hermitian vector bundle on X, i.e. E is an alge-
braic vector bundle on X and A is an Hermitian metric on the holomorphic
vector bundle Fo on Xo attached to E; furthermore h is invariant by
Fy. Let r be the rank of £ and ®(Ty,...,7,) a symmetric polynomial in
r variables with coefficients in a ring B. In [GS2] a characteristic class

$(E,h) € CH(X)p = CH(X)Q) B
Y 4
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is defined. In particular we get Chern classes é,(E,h) € CH (X) where
¢p(T1,...,T;) is the p-th elementary symmetric polynomial.

Even if E is generated by its global sections, we do not know in general
an explicit arithmetic cycle representing (i>(E, h) (see [GS2], §5). However,
we shall give below a description of the Euler class (i.e. the top Chern
class) & (E, h) € CH (X).

For this, let us assume we are given an algebraic section s of F over X
which satisfies over X, the conditions of Remark 3.5. Call Zr € Z"(XF)
the zero set of s on the generic fiber. Using Remark 3.16 we see that
g = —s5(€(h)) is a Green current for Zp. On the other hand, viewing
s as a morphism from X to the total space X% of E, we may consider

ey = s*([X]) € CH}(X), where [X] € CH}(XF) is the part of the zero
section supported on special fibers. The triple (ey, Zr,g) defines a class
é(E,h) in CH (X).

Theorem 3.22. Under the above hypotheses,

(3.92) §(E,h) =¢.(E,h) inCH (X).

Proof. Let hg, k1 be two Hermitian metrics on E. We will first prove
that
(393) é(E,ho)—é(E,hl) = ér(E,ho)—ér(E,hl).

Let &(hg,h;) € A~17=1(Xg) be the Bott-Chern class of forms con-
structed in [BGS1] associated with the polynomial e(A) = det(A) and the
metrics hg and h;. In particular, we know that

-Q-aj{?—r‘é(ho, hl) = C(hl) - C(ho).

Let X be the total space of E. Let p be the projection X¥ — X.
By Theorem 3.19, we know that

(394) E(h]) - E(ho) = —p*é(ho,hl).
By using Remark 3.5, we get from (3.94)
5*é(hy) — s*é(ho) = —€(ho, hy).

By using [GS2, Theorem 4.8], we obtain (3.93).



308 BISMUT, GILLET AND SOULE

We now prove that é(E,h) does not depend on the choice of s. On
XE, the element &(p*E, p*h) of CH(XF) is the class of the arithmetic
cycle (so(X), —é(h)). Using (3.93) we shall prove in 4e) below that

(3.95) é(E,h) = s3(e(p* E, p*h))
where s on CH is defined as in [GS1). Therefore we conclude that
é(E,h) = s* (é(p"E,p"h)) = s3(é(p*E,p*h))

does not depend on the choice of s. The definition of the class é(E, h) =
s4(é(p* E,p*h)) makes sense for any Hermitian vector bundle (E,k) on X
(without assuming that E has a good global section). We shall see that
this class é(E, k) has the same properties as é.(E, k) ([GS2, par. 4]).

Property 1: the class é(E, k) is functorial. That is, given a morphlsm
f:Y — X of arithmetic varieties,

fre(E,h) = &(f*E, f*h).

To see that, we first consider the commutative diagram

vrr® L, xE

l l

so that we may replace f by f. The functoriality follows from the formula
for € in Theorem 3.15.

Property 2: é(E,h) is multiplicative under direct sum. Let (E,h)
and (E',}h’) be two hermitian vector bundles on X, and (£ & E’',kh & h’)
their orthogonal direct sum. Then EDE, R h @ h’ ) = é(E, h)e(E’ h') in
CH (X). By the definition of the product in CH (see [GS1]) this follows
from Remark 3.21.

Property 3: The image of é(E,h) into the (classical) Chow group
CH"(X) is the Euler class of E. This is clear since it is given as the
self-intersection of X in XE.

Property 4: Let w:CH — A" (Xg) be the map sending the class of
(Z,9) to the smooth form 6z + dd°g. Then w(é(E,h)) = e(E,h) is the
Euler form of (E, k). Indeed, this follows from (3.64).
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Property 5: When (L,h) is an Hermitian line bundle, é(L,kh) =
s3(div(y), —Log |y|?), where y is the tautological section of p*L on XZL.
This follows from (3.67) and the definition of é given above.

From [GS2] we know that é.(E, k) enjoys also the properties 1, 2, 3, 4,
5. From this we shall conclude that é(E, h) = é.(E, h). Since X has ample
line bundles, any bundle on X is the pull-back of a bundle on the product
of a Grassmannian by a projective space over A, hence, using Property 1,
we may assume that X is a complete variety. Let then

H™=17=}(Xg) = Ker(dd®: A™=1"~1(Xg) — 4™ (Xg)).

Since X is Kahler, this group is the subspace of the real cohomology of
Xoo of degree (r — 1,r — 1) where F% is (—1)"~!. We define a map

a: H™V=1(Xg) — CH (X)

by sending the element 7 to the class of (0,7). From Properties 3 and 4
and the exact sequence of [GS1, Theorem 3.3.5] we conclude that

8(E) = é(E,h) — é,(E, h)

lies in the image of a.
Let
0-S—=E—-Q—0

be an exact sequence of vector bundles on X with metrics h’, h, h” respec-
tively. We shall prove that

(3.96) 8(E) = 6(S) + 6(Q).

From Property 2 we know that (3.96) holds when (E, k) is the orthogonal
direct sum of (S, k') with (Q,h”). In general, on X x P! there is an Her-
mitian vector bundle (F,h) whose restriction to X x {0} (resp. X x {o0})
is (E,h) (resp. (S,h’) ® (Q,h")) (see [BGS1, Theorem 1.29]). Since the
restriction maps 4§ and 3%, from H™= " =1((X x Pl)g,) to H™= 1 =1(X,)
coincide, we get

8(E) = 6((S,h) @ (Q,h")) = 6(S) + 8(Q).
In particular §(E) does not depend on A.

(6) From Property 5 we know that §(E) = 0 when E has rank one. By
induction on the rank of E we shall conclude that é(E) = 0. Indeed let P(E)
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be the projective space of E and p:P(E) — X the projection. Since p* is
injective on CH(X) ([GS2]3) we just need to check that p*(6(E)) = é(p*E)
vanishes. Using the standard exact sequence

0-S—=p'E-=0(1)—0

we get §(p*E) = 8(0(1)) + 6(S) = 0 by induction hypothesis. This con-
cludes the proof of Theorem 3.22. O

4. Deformation to the normal cone

In this paragraph we study the deformation W to the normal cone of
a closed immersion i:Y — X of complex manifolds. This construction is
due to MacPherson [BaFM]. The variety W maps onto P! and all its fibers
Wi, t € PL, except the fiber at infinity, are isomorphic to X. We prove in
Theorem 4.8 that, given a bundle n on Y and a resolution € of i,n on X,
there exists a complex € of bundles on W such that £ restricted to Wy = X
is £ and £ restricted to P(N @ C) C Wy (where N is the normal bundle
to Y in X) maps onto the Koszul resolution of the direct image of 5, with
acyclic kernel. We then show in Theorem 4.11 how T(h¢), for appropriate
choices of metrics, relates to the singular Bott-Chern current T'(A¢) and
an Euler-Green current é(g¥"). In ¢) we use deformation to the normal

cone to end the proof of (3.95), which had been delayed in the previous
paragraph. Finally, with Theorem 4.13, we get a version of an arithmetic

Riemann-Roch-Grothendieck Theorem for immersions. The proof relies
upon essentially all our previous results.

(a) Projective bundles and Koszul complezes. This section and the
next one is a brief review of material from [SGA6], [Ha], and [BaFM]. If
Y C X is a closed imbedding of complex manifolds we write Zy, x for the
sheaf of ideals of Y in X; if Y is a divisor we also write Ox(-Y). Note
that Ox(nY) = Ox(=Y)®~", that Ox is a subsheaf of Ox(Y), and that
Ox C Ox(Y) canonically.

The conormal sheaf N,‘,/ x = Iyix /1}2,/ x is the dual of the sheaf of
sections of the normal bundle Ny,x. (Here we follow [Ha] rather than
[SGA6].) Note also Ny, x = i*Ty;x where i:Y — X is the inclusion. More
generally, if Y is a submanifold of X, there is an isomorphism

Tor?*(Oy,0y) = AiNy/x.

of sheaves on Y [SGA6].
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If p: E — X is a vector bundle with sheaf of holomorphic sections &,
there is a canonical homomorphism ¢: p*£* — Of dual to the tautological
section of p* E. This homomorphism vanishes along the zero section s: X —
E, and the associated Koszul complex K (i) = (A*p*£*) is a resolution of
5.0x. If p:V — Ox is a homomorphism with V locally free, the differential
in the associated Koszul complex K(y) shall be

df: A'Y — A1y

i
e1A---Aej — Z(—l)k'lga(ek)el Ao Aép A~ Ae;
k=1
so that the chain map dY is interior multiplication by ¢.
Let P = P(E @ C). This parametrizes lines in E & C or, equivalently,
rank one quotients of £*®Ox. On P we have the universal exact sequence:

0—-H—p"®0p—0p(l)=0

(p:P(E®C) — X is the projection). P(E) embeds as a divisor in P(E®C),
given by the vanishing of the map Op — Op(1) induced by the inclusion
Op Cp*&* @ Op.

Equivalently, P(E) is the locus on which Op C H. The complement
of P(E) is canonically isomorphic to E, since a line L C E @ C which maps
surjectively to C is equivalent to a homomorphism C — E. Specifically a
homomorphism ¢:C — E' determines an injective homomorphism é:C —
E® C, by {(z) = ({(z),z) i.e. we embed E C P(E ®C) by z — (z,1).

The map §: H — p*E* induced by the projection from p*E* @ Op is an
isomorphism on E, and if, on E, we compose §~! with the homomorphism
induced by minus the second projection, we obtain . Let ¢: H — Op be
the homomorphism induced by minus the projection p*£* @ Op — Op.
Since it is surjective on P(E) and equal to ¢ on FE, the associated Koszul
complex K (¢p) is a resolution of s,Ox, where s: X — E C P(E & C) is the
zero section.

(b) Deformation to the normal bundle. Let i:Y — X be a closed em-
bedding of complex manifolds. We suppose that Y is of pure codimension
nin X.

Let W = Wy, x be the blow up of X x P! along Y x {co}. Since Y and
X x P! are manifolds, W is itself a manifold. The map m: W — X x P! is
an isomorphism away from Y x {co}; we shall write P for the exceptional
divisor in W of the blow up. Recall that

P F,(N}'x{oo}/Xxl")-
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Since Ny x {o0}/xxP? = Py Nyyx ®Poo Neoyp1, Where py:Y x {00} — Y and
Poo:Y X {00} — {00} are the projections, we may also write

PEP(NY/X®N /P1 @C)

Note that the bundle Ny /p1, while trivial, is not canonically trivial. Hence
Pis the projective completion of Ny, x®N:1 /P with divisor at oo, P(Ny/ x®

NZjp) = P(Nyx).
The map gw : W — P!, obtained by composing = with the projection
¢: X x P! = P! is flat, and for z € P!

_1 . z # [0 ¢]
(2) = P UX z=o0.
|
Here X is the blow up of X along Y, and }__’ﬂ}? is the divisor at oo on P,
identified with the exceptional divisor on X.
We shall use the following notations:

P L w

Wpl lw

Y x{o} 2=  XxP!

1Y = X
W = 7~}(o0) =PUX.

¢ X xPlp! the projection,

w =4q-,
pXxPl o X the projection,

pbw =p-m,
gy:Y x P! - P! the natural projections
pr:Y xPl oY the natural projections

Note that the proper transform of Y x P! ¢ X x P! is isomorphic to Y x P1,

We write
Y xP oW

for the induced map.

(¢) Deformation of resolutions. Now suppose that 7 is a locally free
sheaf on Y and that £ — i, is a resolution of by a bounded complex of
locally free sheaves on X. We shall deform ¢ through a complex € on W to
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a Koszul type resolution of s,n on P, where s:Y — Ny, x ® N;)P, CPis
the zero section.
First observe that there is an exact sequence of sheaves on P!:

(43) 0— Opl(—OO) and Opl g Ooo — 0.

Hence if we write K for the complex Opi(—00) — Op1, with Op: in
degree zero, p*{ @ ¢* K is a resolution of ioo-7). Let us write G = 7*(p*{®
¢* K*°) which is a bounded complex of locally free sheaves on W.

Lemma 4.1. Let H be the locally free sheaf on P which is the kernel
of the map
15 Ny x © Noypr) — Op ().
Then
Hp(G) 2 fu(APH @0, 7h7).

Proof. This follows immediately from [SGAS6, exp. VII, lemma 3.2].
O

The sheaves f, (AP’H®0 »Tp n) are locally direct sums of copies of f,Op
hence, since P is a divisor in W, they are locally of projective dimension
one. Therefore if

a:& — f. (A"’ o, 7pn)
is an epimorphism, with &£ a locally free Ow- module the kernel of « is
again locally free. It follows, by induction on 7 > 0, that Ker(d,-g )is a
locally free sheaf on W.

Definition 4.2. For i > 0, &; is the locally free Oy module ker(d?)@ow
Ow (i00). Here Ow (00) = gjy Op1(00) and O (i00) = Oy (00)®* contains
Ow naturally as a subsheaf.

Observe that G; = ply & @ ply &~1(—00), and that df (z,y) = (df(z) +
(-1'y, df_l(y)), where we identify y € py&i—1(—o0) with its image in
Ply & under the natural inclusion. The projection G; — &; identifies Ker(d)
with the subsheaf of pjy €; consisting of those sections z such that dz lies in
Piy€i—1(—00). Hence &; is isomorphic to the fibre product of the diagram:

& —  péi-1((i—1)oo)

¢
dn

Pyéi(icc)  — Py i-1(ioo)
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Remark. (i) §; contains Py &i as asubsheaf, the inclusion being induced
by the “graph” map
P& — Piw&i(i00) ® piy€i-1((i — 1)oo)
z— (z,(—l)‘dg(z)).

1

Clearly &lw-w.. = Piy&ilw-we. 5 ‘

(ii) There is an epimorphism of locally free Op modules f*§; — A* (’H®
151 ® f*Ow(0)).

(iil) There is an exact sequence

(44) 0 Ker(piydf)(ioo) — & — Im(piy ) ((i — 1)o0) — 0.

Lemma 4.3. The differential pjy di: piy & — piy&i-1 extends lo a ho-
momorphism df:é,- — €,_1 which makes (f.,df) a complez of Ow modules.

Proof. pj, d, extends trivially to the homomorphism
Pwdi ® Idow(;oo)ipivfz(ioo) — py&i-1(io0).

By definition this homomorphism, restricted to &, has image lying in
Piy&i-1((i —1)o0). Since d¥* = 0, the image is contained in &, T pjy ((i —

1)oo). Since df lwow. = pw(df), df’ vanishes on W — W, and hence on
w. ~ a

Remark 4.4. The construction of the complex o = (E., ) is local on
X and is compatible with finite sums since both twisting by Ow (00) and
fibre products are local operations compatible with finite sums.

Lemma 4.5. If§, is acyclic (i.e. n = 0 orY 15 empty), then £, is the
pullback, ma m, of a complez on X x P! which becomes split acyclic when
restricted to X x {o0}.

Proof. If £, is acyclic, then

0— Im(d,+1) and f,‘ - Im(d,) — 0

is an exact sequence of locally free sheaves. Hence the fibre product of the
diagram

¢*Im(d;)(~o0)

l

&) 2 ¢"Im(d;)
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is already locally free on X x P!, and is preserved under 7. As discussed
in [BGS1, Theorem 1.29] this pullback has the property that over X x {co}
it splits as the direct sum ¢*Im(d;;;) ® ¢*Im(d;)(—00). O

Corollary 4.6. If U = X - Y, the restriction of EtoUxPCW
restricts to a split acyclic complez on U X {00} C X C Woo.

Since j,Oyypr and Ow,, are Tor independent, the formation of £
commutes with restriction to Y x P C W. The restriction of & to Y has
locally free homology:

Hp(i*€s) = Torg * (O, 1)
> TOTPOX(O}',O}/) ®oy 1
= A”N}‘,/X ®0y 1.
Hence *¢, breaks up into short exact sequences of locally free sheaves:

0= Z; - —-B;—0
0_'Bi+1 — 2, ""'Hz(itfo) —0

Therefore £’|Y><Pl is obtained by pulling back the extension (or rather
its inverse image under p} ) by the inclusion B;j(—oc0) — B, and twisting
by O(ioco). On restricting to Y x {0} C Y x P!, we find that, since
Opx(oo)l oo/pl

(4.5) Eilyxes = (Zi @ Niyyp1) @ (Bi @ NGp)-
The differential df. restricts to the map d,:(z,y) — (7i(y),0), where
Yi: Bi ® Nogppr = Z{Z1 @ N
is the natural inclusion. If we set £ equal to the split acyclic complex with:

(4.6) Li= (Bis1 ® Nog/p1) @ (Bi @ N /rl)

[oc]

with differential d;(z,y) = (y,0), then there is an obvious inclusion £, —
lex{oo} with cokernel the direct sum € H;(i*é,) @ V¢ /P viewed as a
>0

complex with zero differentials. Hence we have an exact sequence:

(47) 0—L, _’éle{oo} '—’@A’(N}:/X ®N°°/P1) ®o, n — 0.
i>0
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Suppose that i:Y — X is defined by equations z; = ... = z,, = 0 with
the z; part of a system of coordinates on X. Let § = K,(z) be the
Koszul complex associated to the map O% — Ox sending a to a -z, where
z = (21,...,2,). Then K,(z) is a resolution of i,0y. On W we have an

;pimorphism
Ow & Ow (-o0) — Ow (- P)
(g,0) —a-z+b.

Since Ow (—P) is invertible, the kernel Z of this map is a locally free sheaf.

Lemma 4.7. There is a canonical isomorphism of complezes §~. —
Ko () where p:p},I(00) — Ow is the map induced by minus the projection
map Of, & Ow(—00) — Ow(—00). Furthermore

(i) f,])-( is split acyclic.

(ii) G:lNle®N;}'cP 1s the tautological Koszul complexz.
(iii) €, is a resolution of j.Oyxpar.
Proof. The complex py, & ® K¢° is the Koszul complex associated

to the map of sheaves Of, ® Ow(—o0) — Ow induced by the inclusion
Ow(—P) C Ow. Hence the Koszul differential

A (O & Ow (—00)) — A*"H(OF, & Ow (—o0))
is the composition of the canonical map
A (O ® Ow(—00)) — A" (O} & Ow (—P))
which has kernel A*Z, the injective multiplication map
A"HT) ® Ow(=P) — A*7}(T)
and the natural inclusion
A=HZ) — AHO}, @ Ow (—00)).
Hence the inclusion A*(Z) — A* (O}, & Ow(—00)) identifies A*(Z) with
Ker(df) and therefore, equivalently, identifies A*(Z(c0)) with ;.
Minus the projection O}, ® Ow (—00) — Ow (—00) induces a surjective
map Ow (—o0) & Ow — Ow and hence a map Z(o0) — Ow. There is an

induced map between Koszul complexes A*(Z(00)) — A*(O%, (c0) ® Ow)
which gives a commutative diagram

A(O) =& — A(Z(0))  — A(OR(0)®Ow) = A (Of(c0)) ® A*} (O (c0))

l l

A" OR) = &imty— A1 (I (00))— A*~H(O(00) & Ow) = A~} (O, (c0)) © A~ 2(OF (e0))
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I (a,(~1)'di(a))
da (di(a),0)
(n.b. The Koszul differential induced by msnus the projection O}, (c0)®
OW —)OW is €1 A---Aeg-}-el A"'Aei—-l /\f—* (—l)i“zfel /\~"/\6,‘_1
for e1,...,eq, € Oy (c0) and f € Ow.
We turn now to items (i), (ii), and (iii). 3
Observe that Ow(—P) @ Ow(—00) = Ow(X), so that we have an
exact sequence
(4.8) 0 — Z(00) — O (00) ® Ow — Ow(X) — 0.

Hence if we restrict to X, the map Owix C (03 (0) ® OW)IJ'( to

Ow (X )| 4 vanishes. Therefore, on restricting to X, T(co) splits as a direct
sum

The Koszul complex associated to Z(oo) — Ow therefore restricts to the
Koszul complex for minus the projection Z; & O3 — Oy, which is split
acyclic.

Turning to (ii) observe that on P = P(Ny,x ® N;}P, & C),Z(o0)
restricts to the kernel of the map

W}(N;}/X ®N°°/p1) ®0p — OP(X N P)

Le. to the analogue of the locally free sheaf H of Lemma 4.1; (ii) now follows
from the discussion of loc.cit. .

Finally, to prove (iii), we need only show that the map &, — j,Oyxp1,
induced by the map & = Ow — jiOyxpr, is a quasi-isomorphism of
complexes. We know that E.lw_ww = pi & is a resolution of j,Oyxc,
and we know that f.l ¢ is acyclic; it suffices therefore to verify (iii) in a
neighbourhood U of Y x {co} C W. If we choose a local equation t = 0

forcoin P!, then 21 = ... =z, =t = 0 is a local system of equations
for Y x {oo} C X x P!. Hence T is isomorphic to the kernel of map
O{,‘V“ — Ow sending (ay,...,a,,b) to E?=1 a;z; + bt. We can choose U so
that ZL,..., & ¢ is part of a system of coordinates on U, with Y x P! c U
given by the equations Z+ = ... = Z» = (. (This is a part of the standard

description of coordinates on a blow up.) The locally free sheaf Z(co) is
the kernel of the map

Optt - Ow
n

(a1,...,Gn,b) — Za;z;/t+b.

i=1
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Therefore the map Of — 0{,“,“ sending (ay,...,a,) to (al,...,a,,,

— Y a;z;/t)) is an isomorphism onto Z(c0). Composing with minus the
projection (’)"“ = Oy & Ow — Ow, we identify the Koszul complex
A*Z(o0) with the Koszul complex K, (%%, ..., %), which is a resolution of
JxOyxp1. O

We return now to the general case of a resolution £, — #,7. Note that
there is a natural map & — j.7.

Theorem 4.8.

(1) & s a resolution of j.py .

(2) E.|X is split acyclic.

(3) There is a natural exact sequence of complezes of locally free sheaves
on P:

(4.9) 0—7pLy — f*€ = K (p) @77 — 0

where K,(p) is the Koszul complez on P = P(Ny;x®NZ)} /Pt ®C) described
in a), and L, ts the sphit acyclic complez described in (4.6).

Proof. (1) is a local question on X, so we may suppose that &, =
Ce®(Ko(2)®V) where (, is acyclic, K,(z) is the Koszul complex associated
to equations £; = ... =2, =0 0of Y C X and V is locally free on X such
that j*V = 5. Then &, = (o @ I{':.(’g) ® piyV. By Lemma 4.5, ¢o is
acyclic. By Lemma 4.7 K,.\(;:) is a resolution of j,@Oyxp1, and hence &,
is a resolution of Oy xp: ® piyV = ju(pyn), thus proving part (1). Next,
observe that by C.!W is split acyclic, and hence C'Ix is split acyclic too,

while K, (:1:1, ey z,,)|)-{ is split acyclic by part (i) of Lemma 4.7. Hence (, li’
is split acyclic, at least locally on X. However f | %_%np 18 split acyclic by
Lemma 4.5, and the local splittings described above are compatible with
this splitting, and hence uniquely determined, and patch together into a
global splitting.

Finally, to prove (iii), we start by observing that by Remark 4.2 (ii),
there is an epimorphism of locally free sheaves on P:

(4.10) & f*6 — H; (Pwée ® (Ow(—00) — Ow))(ioo) = AN(H) @ 7p1.

Here H is the kernel of the map Ny x © Neoypr ® Op — OP(X) In
order to show that this map is compatlble with differentials, we can work
locally on X, and write §& = (s & (I\ (z) ® V) as above. Then =

r* (C) & K, (m) ® 757, and since ¢ is acyclic, the map ¢ factors through
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the projection onto the second factor in the direct sum. But by Lemma 4.7,
the map f* I(T(}_)@‘rr}‘,r/ — A*(H)®7p(n) is an isomorphism of complexes.
Hence € is a map of complexes, and its kernel is, locally on X, 5. | p There
is a map of complexes f*rpn — f* (E~. ® (Ow — Ow(00))) given by the
inclusions

75 (Birs @ Niyyps) C 75 (16 © Opa (00)) = £*° (i(ioo)).

It suffices to show that the image of this map is contained in £,, and
equals the kernel of £. Again this is a local question, and writing, as usual,
£0 2 (@ (Koo(2) ®V), we see that £, = CIYx{oo} = Ker ¢ as desired. The
complex €, on W constructed above coincides (if 7 #£ 0) with the complex
obtained by MacPherson’s Grassmannian graph construction, which is de-
scribed in [BaFM]. In [BaFM] it is shown that the parameter space for the
Grassmannian graph construction applied to &, is locally isomorphic to W.
It then follows from the fact that the map from the Grassman bundle to
X x P! is separated, that the two constructions are globally isomorphic.

O

Lemma 4.9. The normal bundle of Y x P!, 1n W,

Ny xpyyw = py Ny x ® ¢y Opi(—o0).

Proof. (This also follows directly from description N'* as I/I?; see
1.1).
N;;XPI/W = TOTIOW(OY,OY).

Let £, — i,Oy be a resolution; then
Tor?" (Oy,0y) = H1(5€w) = Hi(py &) © a3 Opa (o)
and by the discussion after Corollary 4.6
= py Ny x ® gy Ops (c0). O

Remark 4.10. All the results of a), b), ¢) remain valid for arithmetic
varieties over any base instead of the complex numbers.

(d) Bott-Chern currents and deformation to the normal cone. We
keep the notations of the previous paragraph, except that we denote by
N = Ny;x the normal bundle of Y in X, and by N’ = Nyypi/w the
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normal bundle of Y x P! in W. We also call ¢ the projection pw: W — X,
and ¢ = wp: P — Y its restriction to P.

We now put metrics on the bundles considered so far: We fix metrics
g™ g" on N, n, and h¢ on £&. We assume that h¢ satisfies assumption (A)
with respect to gV, ¢".

On Op:1(—0c0) we put the standard metric, and on N’ the metric gV’
coming from the isomorphism of Lemma 4.9.

Oné we choose a metric h€ which satisfies assumption (A) with respect
to g" and gV, whose restriction to Wy = X x {0} coincides with h¢, and
whose restnct.lon to the blow up X C W of X along Y is split acychc
(these assumptions are compatible since (£, h) satisfies assumption (A) and
X does not meet Y x {o0}).

On the bundle H on P whose sheaf of sections is 1, we put the metric

H induced from its inclusion into P* (Ny/ x D N /P.) (see Lemma 4.1).
Note that H restricted to Y is isometric to N*. Let ¢ be the canonical
section of H* and o*(é(g¥")) the corresponding Euler-Green current on P
(see Remark 3.16).

For each j > 0 consider the exact sequence of sheaves

Aj:0 = 7hl;i — € S Ki(p) @ 7pn — 0
defined in Theorem 4.8 (3). On the bundle L; corresponding to
Ly = (Bj+1 ® NL 1) @ (B ® Nisies)

we put the orthogonal direct sum of the induced metrics, so that the com-
plex L, attached to £, becomes split acyclic as a complex of Hermitian
holomorphic vector bundles. On K;(y) = AJ H we put the metric induced
from g¥. Let g4» be the correspondmg metric on the complex A;. Then
T(g47) is a smooth current on P.

Finally, let z be the standard coordinate on P! and Log|z|? the function
on W obtained by pulling back Log|z|? on P! via py: W — P!. Notice
that Log|z|? is integrable on W, since near P(N) we have the equations

~1 Zo
z =Y
Ti
(where y; = 0 are local equations of Y in X and zy,...,z, are coordinates

in N & 1). Therefore

2

z
(4.11) Loglz|* = ~Log|u|* ~ Log
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is locally integrable.

Theorem 4.11. Let C be the current defined by
(4.12)

C=Th)+ o [Loglzgzch(hf')] — P [Td-l(gﬂ*) g*(a(g”‘))] ch(g")by

- [i(—l)"T(g‘f)] by.

j=0

Then C € PQ. Furthermore the integral %,[Td=}(¢%" )o*(&(¢%"))]
along the fibers of 1 is a smooth closed differential form on Y, whose co-
homology class does not depend on the choice of the metric gV.

Proof. By Theorem 1.9 the wave front set WF(T(hf)) in TgW of

the current T(hf) is included in Ng'. Also the projection gy : W — Plis a
submersion near Y x P! C W. In particular we deduce from [H, Theorem
8.2.4] that

W F(T(h€)) N W F(~Log|2|?) = 0.

By [H, Theorem 8.2.10], the product of currents Log|z|2T(hf) is well-
defined, and we can use on this product the usual rules of differential
calculus. In particular

511,—7;56(Log|z|2)T(h5 ) — Log|z|22aTiT(hf)
(4.13) 5 - _
=g ((dLog|z)?)T(h¥)) + % (Loglzlz(é_)T(hf)))

and so _
15 2y (k) — 299 11
=00 (Logle ) T(h€) ~ Loglz? - T(h¢)

lies in P™:0. Using (2.16) and (4.11) (which is of special interest where qw
is not a submersion), we find that

5.
(4.14) mLoglzl = bw, — bw,, -

It follows from our previous considerations on wave front sets that the
restrictions of the current T'(H €) to Wop and W, are well-defined. Also,
by construction T'(h¢ )Iwo = T(h%*). We deduce from Theorem 1.9 and
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equations (4.13) and (4.14) that
(4.15) ) )
T(h®)éw, — T(h)6w,, — Log|z|>(Td~* (g™ )ch(g"))by xpr — ch(£))

= o= (O LogleP)T(R) + 5 (Logl=f)BT(A))

lies in PY”. Using Lemma 3.10, we find easily that,

' _R
416 1Y) =Ta )+ (o) (5R),
where R denotes the curvature of the holomorphic Hermitian connection
on O(-1). By integrating (4.15) along the fibers of p: W — X and using
(4.16), we find that

T(hE) — @, [T(hE)éw.. ] + p. [Loglz[2ch(hf)]

) é%% (0(Logl:TH)) + 22; . ((Log|2|*)AT (k%))

We now calculate o, (T(h¢)éw.__ ).

Let A, be the superconnection (1.10) associated with the chain com-
plex of Hermitian vector bundles (¢, 7). Let k be the imbedding W, — W.
Note that P(N) is of measure zero in Wo,. Near P(N), W,, is the union
of two smooth manifolds intersecting transversally along P(N). Therefore,
if o is a smooth form on W, the form k"« is unambiguously defined on
W \P(N), and defines an integrable current on W.. Also, as a current on
M, k*(a)déw,, is exactly the product of the currents o and Sw., .

Note that Y is a submanifold of W,,. Also, by Section 4b) and our
choice of metrics, the normal bundle to Y in W, coincides—as a holomor-
phic Hermitian vector bundle—with N.

For 0 < Re(s) < 1 let C69°(s) be the current on W,

1 [t i
(@)= == [ w |k Tr, [Ny exp(=42)]
(4.18) f r(e) L [ )
+ so-‘[(Td'l)'(g”)ch(n)]éy]du-

Note that since the forms T'r, [N H exp(—-/iﬁ)] decay exponentially fast
as u — +00 on compact subsets of W, \ Y, and in particular near P(N),
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the arguments of [BGS4] can be used verbatim to prove the existence of
Cé-”(s). Furthermore this function of s extends holomorphically at s = 0.

Let

(4.19) T (W) = [¢'(0)).
We claim that
(4.20) T(h)sw,, = T (h¢)sw.. .

In fact, we can replace in both sides of (4.20) integration in u from
0 to 400 by integration from 0 to T (0 < T < +00), and then equality
is an obvious consequence of the previous considerations. We now make
T — +4o00. Since by Theorem 1.9, the truncated integrals approximate
T(hf ) in D, (W), and since multiplication by 6w, maps continuously

D! ,,(W) in D’(W) we obtain (4.20).

We claim that on W, \ P the smooth current T® (hf ) vanishes iden-
tically. In fact, on Wy \ P the complex (E,v) splits as a holomorphic
Hermitian complex. We can now use the argument of [BGS1, Corollary

1.30]. On W, \ P we have
= £\ 2
(4.21) A% = (V8) +ul;
Using (4.18) and (4.21), we find that on Wy, \ P, (é-’°(s) is the smooth

form Tr; [Ny exp(—(V¢)?)], which does not depend on s, so that
T (h€) = 0 on We \ P. )

Therefore the support of the current 7% (h¢) is included in the mani-
fold P. More precisely the restriction of the current T°°(hg ) to the manifold
P is exactly the singular current associated with the holomorphic complex
£ | P of Hermitian vector bundles, which provides a resolution of the direct
image s.7 of 7 by the immersion s:Y — P. We now consider T (h£ )Jasa
current on P.

By (4.9) we have on P an exact sequence of complexes of sheaves

0—7ply — fES Ke(p)®7pn—0

where £ is split acyclic, and ¢ is a map of resolutions of s,7. The Hermitian
metrics on K,(¢) ® 7bn and € both verify assumption (A) with respect to
the same couple of metrics on N and 5. Finally, the holomorphic Hermitian
complex L, defined from L, splits. It now follows from Theorem 2.9 that

(420 T=() = T(K.(p) @ 7pn) = J_(-1YT(s*) in PF/PL".
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By Theorem 3.17 we know that
(423)  T(Ki(p)® mpn) — Td (" )o" (E(s™")) ch(g")
lies in P°. From (4.20), (4.22), (4.23) we deduce that

0 [T(hE)ow,o) = 9 [T (g7 )o™ (9" ))] ch(g")8y

— % [E(—I)"T(y")} Sy in P /Py

j=0

(4.24)

Also
/ Log|z|?R =0
pl

(map z to 1/2).

The conormal bundle to Wy, in W is well defined out of P(N). Near
P(N), W is made of two smooth submanifolds intersecting transversally
along P(N). On P(N), we define the conormal bundle to Wy, to be the
union of the conormal bundles to these two submanifolds.

Using [H, Theorem 8.2.13] and the fact that the map of ¢ can be
expressed as the composition of an immersion and a submersion, we find
that if w is a current on W

WF(pw) C {p € TRY \ {0}; ¢"p € {0} UWF(w)}.

Now by .[H, Theorem 8.2‘9],_ the wave front sets of the currents
d(Log|z|*T(h%)) and Log|z|?0T(h¢) are included in the sum of the conormal
bundles to W, and to Y x P! in W. Using the local form of the map ¢
given in the proof of Lemma 4.7 (iii), it is clear that

W F (. 8(Logl=/)T(hS)) C Nj
WF (. ((Loglz[?)3T(h%))) C Np.

From (4.17), (4.24) and from the previous considerations, we find that C
lies in P{f 9,

We now prove that the form ¢, [Td=1(g¥" )o*(¢(g¥"))] is closed. Let
@ be the bundle of unitary frames in the vector bundle N. Then Q is a
U (e)-principal bundle (e = codim(Y)) which we equip with the connection
VN We equip C* with its canonical Hermitian metric. Then U(e) acts on
C¢ and it also acts on P(C°®1) as a group of holomorphic transformations.
One then immediately verifies that

P=P(N®1)=Q xy)P(C°®1).
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Also we can form on the single “fiber” P(C°@®1) the holomorphic Hermitian
vector bundle Ho, with a morphism ¢o:Hyp — Op(ceg1) and the holomor-
phic Hermitian Koszul chain complex AHo = K(ipo). The group U(e) acts
naturally on Hy as a group of holomorphic unitary transformations, which
preserve the map ¢g. One has

H =Q xy() Ho

and
K(p) = Q xy(e) K(po).

The connection V¥ induces a connection on the fibration P — Y. In
particular the curvature T of the fibration P — Y is obtained by lifting
the action of (VV)? on the fibers N to P; it is a two form on Y with values
in vector fields along the fibers. .

The previous considerations show that T lifts to a two form T on Y
with values in infinitesimal unitary transformations of H along the fibers.
Let To be the horizontal part of 7' with respect to the connection V¥,
Then T is a two-form on Y with values in skew-adjoint endomorphisms of
H, so that . _

T=-VE+T,

The connection V¥ induces a splitting
TaP = ¢v*TrY © Ty P.

Let R be the restriction of the curvature (VH#)? to vectors of Ty P.

Then we find that _
(VY =R+ T

ie.

e on vectors of Ty P, (VH)? coincides with R.

e on horizontal vectors, (VH)? coincides with Tp.

o if U € ¥* TrY, and V € T{ P, then (VH)*(U,V) =

In the Chern-Weil formula for Td(g¥), we now replace ( VH): by R+
Tp. Similarly in the formula for &(g™), we also replace (V¥)? by R + To.
Remember that Tj can be canonically expressed in terms of (VM2

Let ug be a unitary frame in N. We consider ug as a linear isome-
try from C® into N. Let U(e) be the Lie algebra of U(e). The previous
considerations show that for A € U(e) there exists a smooth form w(A) on
P(C¢ & 1) with the following properties:

o the map A — [p(ceq1)w(4) is ad-invariant.
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* 9. [Td—l(gH* )0"'l (E(gH*))] = fP(C‘@]) w(ugl(VN)zuo).
Using the standard Chern-Weil theory, it is now clear that

¥ [Td ™Y (g7 ) 0" (E(g""))]

is a closed form.

The fact that the cohomology class of 1, [Td 1(g¥ ’ Yo (é(gF *))] does
not depend on the metric g is now obtained by the usual argument in
Chern—Weil theory.

(e) Proof of (3.95). We use the notations from (3.95). In partic-
ular X is an arithmetic variety, (¥, h) an hermitian vector bundle over
X, pXE > X the canonical projection from its total space to X, and

é(p*E,p*h) € CH (XE) the Euler class defined before Theorem 3.22. Let
s be an algebraic section of E such that the corresponding holomorphic
section s, satisfies the hypotheses of Remark 3.5. Using [GS1] and the
fact that s is transverse to so(XF), we get

é(E,h) = s*(é(p*E,p*h)).
We want to show that this class is also equal to
sy (é(p*E,p*h)).

Let £ @ 1 be the direct sum on X of F with the trivial line bundle,
and P(E & 1) the associated projective space. Consider the map

¥: X x Al = XE

sending (z,t) to (z,ts(z)). On X x {0} ¢ coincides with sq, and with s on
X x {1}. The closure of the image of 4 in P(E@® 1) is the variety W studied
in paragraph (b) above. Let H be the kernel of the map E* "o 1 — O(1) on

P(E & 1), endowed with the induced metric, and let « € CH' (W) be the
restriction of é(H*). By the argument of [GS1, Theorem 4.4.5] (see also
Lemma 4.12 below), and using the fact that the functlon Loglz/(z — 1)]?

vanishes at infinity, we get the following equation in CH (X):
(4.25) iger — ifa = —a(pw- ((Loglz/(z ~ 1)Pe(H"))

where py is the projection from W to X, e(H*) is the Euler form of the
dual of H, and #;: X ~— P(E @ 1) maps z to (z,ts(z)) € XE CP(E®1).
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When restricted to XZ, the bundle H* becomes isomorphic to p*E,
and its canonical section becomes the tautological section of p*E, but its
metric is not p*h. Let ¢, be the corresponding Bott-Chern class. From
(3.93) we get

(4.26) oo —ija = (sg — s*)(é(p* E,p*h) + &).
On the other hand, the restriction 8 of é.(H*) to W satisfies
(4.27) iy — 118 = —a(pw- (Loglz/(z — 1)’e(H"))

by the same argument as above, since e(H*) is the r-th Chern form of H*.
We also have

(4.28) 1B — 118 = (sg — s")(é-(p"E,p"h) + &).
But the functoriality of é, implies
(4.29) (sg — ") (p*E,p*h)) = é.(E,h) — é.(E,h) = 0.

Using (4.25), (4.26), (4.27), (4.28), (4.29) we conclude that (3.95)
holds. ]

(f) Immersions and the arithmetic Chern character.

1. Let (A, X, Fo) be an arithmetic ring as in 3 j) and

Y — X
X :/
B
a diagram of morphisms between arithmetic varieties over A. We assume

that the morphisms f and g are smooth and projective, and that i is a
closed immersion. Let 7 be an Hermitian vector bundle on Y and

§o — )

a resolution of its direct image on X. We choose a metric on the normal
bundle N to Y in X and a metric on £ such that hypothesis (A) is satisfied.

Let ¢: W — X be the deformation of 7 to the normal cone, j:Y x
P! — W the immersion extending i, py:Y x P! = Y the first projection,
1 = py (1) and €s — jui} a metrized resolution such that, on Wy = g (0),
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€, coincides with &, (we denote ~by gw:W — P! the projection). We
also assume that the metric on ¢ is compatible with the metric on the
normal bundle N(-1) of Y x P! in W as in 4d). As we saw in 4b) above,
Weo = g¢j (00) has two components, the blow up X of X along Y and
the projective space P = P(N @ 1) over Y. Let y:P(N® 1) — Y be
the projection and £ the restriction of £, on P. We also assume that
&, restricted to X is split acyclic as complex of hermitian vector bundles
[BGS1]. We shall consider the Chern character

h(€) = Y (~1)Peh(§)

p20

in CH(W)q [GS2).

Let a: A(Xg) —» CH(X) and w = CH(X) — A(Xr) be defined as in
the proof of Theorem 3.22. Finally let ch(h¢) be the Chern character of &
and

g = / ch(hé)Log]z[?

its mtegral against the integrable function Log|z|? (defined via qw: W —
P1). We view £ as a current in D(Xg).
We refer to [GS1] for the definition of f. and i* on CH.

" Lemma 4.12. For any a € CH(X), the following identity holds:
£ (Ch(€0)a) = gu ($a (Ch(Ee0))i" (@) + afu(Bw(a)).

Proof. The proof below will imply that dd° f. (Bw(«)) is smooth, hence
the current f.(ﬂw(a)) lies in A(Bn) and its image by a makes sense.

Let us represent ch(f.) by an arithmetic cycle (Z, ). Since £, is acyclic
outside Y x P! we may assume (up to linear equivalence) that Z is supported
onY x P!, and moreover that Z = p}(T) + S x {1}, with S and T two
cyclesonY. .

By definition of CH (W) we have cﬂ:/(z) = (div(z),~Log|z|*) = 0 in
this group. Therefore

(4.30) fopu (ch(£)div(2)a) = 0.
Now ch(£,)div(z) is the class of
(Z,9)(div(z), ~Log|z[*) = (T x {0} = T x {00},

(4.31) .
9lw, — 9lw_ — ch(h¢)Log|z[)
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since S x {1} does not meet div(z) = Wy — We. On the blow-up X of X
along Y the restriction of £, is split acyclic, therefore we may assume that
g'f = 0. Using (4.30) and (4.31) we get
0= fup. (ch(€)div(2)e)
= fu(ch(€)a) = g. (Yo (ch(€)))i* (@) — futpu (0, ch(h¢)Log|z|*w(a))

and we get the lemma since, by definition,

B =¢. (ch(hg)Log[zl"’). a

Let now ﬂ(N ) € CH (Y)q be the Todd class of the normal bundle

to Y in X (defined in [GS2]; T'd is not to be confused with the arithmetic
Todd genus Td4 of [GS3)).

Theorem 4.13. For any o in EI\J(X), the follounng identity holds in
CH(B)g

f(ch(&)e) = g. (Td(N) " eh(n)i*(a)) ~ afe (T(hE)w(a)).

Proof. From Lemma 4.12, we have

(432)  fu(ch(€)a) = g ($u(ch(Eeo)i* (a))) + afu(Buw(a)).
From Theorem 4.11
~fu(Bw(@)) = fu (T(hE)w(a))
(4.33) = 94 (¥a (Td 7} (g™ Yo" (g™ ))eh(g")i"w()))
+ 3 (=1 g (9 (T(g) )i w(a)).

j20

From [GS2, Theorem 4.8(ii)] and the fact that L, is split acyclic, we know
that

(4.34)  ch(Ew) = ch(K(p) ® 7pn) + > (=LY a(T(g*7)).
ji=0

Combining (4.32), (4.33), and (4.34) we obtain
£ (ch(€s)a) = g4 (¥ (ch(K () @ Tpn))i*a)
(4.35) + ag. (. (Td™Y (g )o* (&(g™"))ch(g")i*w(a)))
- afs (T(A)w(ar)).
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Since #pn = P*(n) we get

(4.36) ¥ (ch(K (p) @ 7pm)) = ¥4 (ch(K () ch(n)
and by a standard formula

(4.37) ch(K(9)) = & (H*)Td(H*)™,

where r is the rank of H. From Theorem 3.22 we know that é,(H*) = é(H*)
is the class of (Y x {o0}, —o*(&(¢¥")) in CH(P). Since the restriction of
H* to Y x {00} coincides with N, we conclude from (4.36) and (4.37) that
(4.38)

getu (Ch(K () ® 7p7)) = g. (TA(N)~'ch(n))
— agu ¥, (Td™ (9" )o* (&(g™"))ch(g")).

From (4.35) and (4.38) we conclude that

fo(ch(€0)e) = 9. (Td(N) " eh(n)i* (@) — afu(T(hEw(@)).
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