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c© Birkhäuser Verlag, Basel 2000

GAFA Geometric And Functional Analysis

HOLOMORPHIC EQUIVARIANT ANALYTIC
TORSIONS

J.-M. Bismut and S. Goette

Abstract
The purpose of this paper is to construct and compare two natural
definitions of the equivariant holomorphic torsion. The comparison
formula is shown to be compatible with the embedding formulas ob-
tained by the first author for analytic torsion forms and equivariant
analytic torsion.
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Introduction

The purpose of this paper is to establish a formula relating two natural
versions of equivariant Quillen metrics. These Quillen metrics are global
spectral invariants, and the formula relating them is a local formula.

The equivariant Quillen metrics refine two versions of the Lefschetz
formulas, the Lefschetz fixed point formulas of [AB1], and the Kirillov like
formulas of [BV]. Namely, let (X,ωX) be a compact Kähler manifold,
let (E,hE) be a holomorphic Hermitian vector bundle on X. Let G be a
compact Lie group acting holomorphically on X,E, and assume the action
preserves ωX , hE . Then G acts of H ·(X,E). Let L(g) = Trs

H·(X,E)[g] be
the virtual character of the action of G on H ·(X,E). Then the Lefschetz
formulas of Atiyah–Bott [AB1] assert that if g ∈ G, if Xg is the fixed point
set of g, then

L(g) =
∫
Xg

Tdg(TX)chg(E) . (0.1)

In (0.1), Tdg(TX) and chg(E) are equivariant versions of the Todd genus
of TX and of the Chern character of E. These are cohomology classes on
Xg, which depend explicitly on the angles of the action of g on the normal
bundle NXg/X and on E|Xg .

There is another cohomological expression for the Lefschetz trace. In
fact let g be the Lie algebra of G. Then if K ∈ g, for |K| small enough, we
have a Kirillov like formula

L(eK) =
∫
X

TdK(TX)chK(E) . (0.2)

In (0.2), TdK(TX) and chK(E) are the Todd genus of TX, and the Chern
character of E in equivariant cohomology. More generally, if g ∈ G, if
Z(g) ∈ G is the centralizer of g, and if z(g) is its Lie algebra, when
K ∈ z(g), for |K| small enough, a similar formula expresses L(geK) as
the integral over Xg of a characteristic class in equivariant cohomology. As
explained by Atiyah–Bott [AB2] and Berline–Vergne in [BV], the equality
of the right-hand sides of (0.1) and (0.2) can be proved directly by using a
localization formula, whose proof in differential form version was given by
Duistermaat–Heckman [DuH] and Berline–Vergne [BV]. In [Bi3], formula
(0.2) was proved by a heat equation method.

Let λG(E) be the inverse of the equivariant determinant of H ·(X,E),
introduced in [Bi12]. If G is trivial, then λG(E) is just the inverse of
the determinant of the cohomology. More generally, λG(E) is the di-
rect sum of the inverses of the determinants of the irreducible represen-
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tations of G which appear in H ·(X,E). In [Bi12], a Quillen metric was
constructed on λG(E). In fact let | |λG(E) be the L2 metric on λG(E)
one obtains by identifying H ·(X,E) with the corresponding harmonic el-
ements in the Dolbeault complex (Ω·(X,E), ∂X). If DX = ∂

X + ∂
X∗, if

θ(ωX , hE)(g)(s) = −Trs[Ng(DX,2)−s], s ∈ C, Re(s) � 0, this function
extends to a meromorphic function of s, which is holomorphic at s = 0.
Then ∂

∂sθ(ω
X , hE)(g)(0) is the equivariant Ray–Singer torsion. In [Bi12],

the equivariant Quillen metric ‖ ‖λG(E) is defined by the formula

log
(
‖ ‖2λG(E)

(
g) = log

(
| |2λG(E)

)
(g)− ∂

∂sθ(ω
X , hE)(g)(0) . (0.3)

For a precise interpretation of (0.3), we refer to section 1.4. When G is
trivial, ∂

∂sθ(ω
X , hE)(0) is just the standard Ray–Singer analytic torsion

introduced in [RS], and ‖ ‖λG(E) is the Quillen metric [Q2], [BiGS1] on the
inverse of the determinant of the cohomology.

Standard Quillen metrics have remarkable properties, which were estab-
lished by Bismut–Gillet–Soulé [BiGS1] and Bismut–Lebeau [BiL]. Namely
their variation in terms of (ωX , hE) can be evaluated in terms of Bott–Chern
classes [BoC], [BiGS1]. There is a curvature theorem for Quillen metrics
[BiGS1], which refines the theorem of Riemann–Roch–Grothendieck at the
level of differential forms. Also their behaviour under complex immersions
has been studied in [BiL]. Namely, let i : Y → X be an embedding of com-
plex manifolds. Let F be a holomorphic vector bundle on Y , and let (E, v)
be a holomorphic complex of vector bundles on X which is a resolution
of i∗F . Let λ(E), λ(F ) be the determinants of the cohomology of E,F .
Then by [KnM], there is a canonical isomorphism λ(E) ' λ(F ). In [BiL], a
local formula has been given for the ratio of corresponding Quillen metrics
in terms of the Bott–Chern currents of [BiGS2,3] and of the Gillet–Soulé
additive genus [GilS3] associated to the formal power series R(x) given in
terms of the Riemann zeta function ζ(s) by the formula

R(x) =
∑
n≥1
n odd

( n∑
j=1

1
j
ζ(−n) + 2

∂ζ

∂s
(−n)

)
xn

n!
. (0.4)

Using the main result of [BiL], Gillet and Soulé [GilS4] proved a Riemann–
Roch formula in Arakelov geometry for the first Chern class. They had
conjectured such a formula in [GilS3]. In this formula, the genus R appears
as a correction to natural arithmetic characteristic classes. In [Bi13], the
main result of [BiL] was extended to the analytic torsion forms of [BiK], and
Gillet–Soulé [GilS5] extended their conjectural Riemann–Roch formula to
arbitrary Chern classes. In [F], Faltings suggested an alternative strategy
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to the proof of this Riemann–Roch formula for arbitrary Chern classes.
Also Roessler [Ro] has given a K-theoretic version of this result.

In [Bi11,12], the results of [BiGS1], [BiL] were extended to equivari-
ant Quillen metrics. In particular the immersion result of [BiL] was ex-
tended to the equivariant setting. The natural extension of the R genus of
[GilS3] to the equivariant setting has been constructed in [Bi11]. In fact
let L(y, s) =

∑+∞
n=1 e

iny/ns be the Lerch series, let ζ(y, s), η(y, s) be its real
and imaginary parts. Set

R(θ, x) =
∑
n≥0
n even

i

{ n∑
j=1

1
j
η(θ,−n) + 2

∂η

∂s
(θ,−n)

}
xn

n!

+
∑
n≥0
n odd

{ n∑
j=1

1
j
ζ(θ,−n) + 2

∂ζ

∂s
(θ,−n)

}
xn

n!
. (0.5)

Observe that R(x) = R(0, x). A Riemann–Roch formula in equivariant
Arakelov geometry has been conjectured in [Bi11, Section 7e)], in which the
genus R(θ, x) would appear as a correction to not yet constructed arith-
metic characteristic classes. In [Bi12], the behaviour of equivariant Quillen
metrics under immersions was studied. As anticipated in [Bi11], the genus
R(θ, x) appears in the comparison formula.

In [KöR1], Köhler and Roessler have established the Riemann–Roch
formula conjectured in [Bi11], under the natural assumption that X is an
arithmetic variety, equipped with a projective action of Spec (Z[t]/(1− tn)).
Various applications of this formula have been given by Köhler and Roessler
[KöR2] and Kaiser–Köhler [KK].

A by-product of the above considerations is that the equivariant Ray–
Singer analytic torsion and the associated Quillen metrics provide a re-
finement on the Lefschetz fixed point formulas of [AB1] at the level of
differential forms.

Now let p : P GC−→ S be a GC principal bundle. By [GuS], GC acts
holomorphically on X and the action lifts to E. Put

V = P ×GC X . (0.6)

Let q : Q G→ S be a G-reduction of P to a G-principal bundle. This
reduction induces a connection on P , and therefore a connection on the
fibration π : V X→ S. Assume that G acts on (X,ωX) with a moment
map µ. One shows easily that the the Kirillov like formulas give a form of
the theorem of Riemann–Roch–Grothendieck for the map π. It is also easy
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to see that π : V X→ S is a Kähler fibration in the sense of [BiGS1]. Namely
the form ωX is the restriction to the fibres X of a closed (1, 1) form on V .

To the above data, one can then associate the analytic torsion forms
T (ωX , hE) of Bismut–Köhler [BiK]. These are real forms on S, which are
sums of forms of type (p, p) one can attach naturally to any Kähler fibra-
tion. Over S, they solve a ∂∂ equation, which is a transgression in any
degree of the Riemann–Roch–Grothendieck formula at the level of differen-
tial forms. The component of degree 0 in T (ωX , hE) is just the Ray–Singer
analytic torsion of the fibres X. It turns out that in the above situation,
the forms T (ωX , hE) are closed. More precisely, let g be the Lie algebra
of G, let Θ be the curvature of the given connection on q : Q G→ S. Then
we show in section 2.6 that there is an ad-invariant formal power series
θ̃(ωX , hE)(K)(s),K ∈ g,Re(s)� 0 such that

T (ωX , hE) = ∂
∂s θ̃(ω

X , hE)
(
− Θ

2iπ

)
(0) . (0.7)

In section 2, we prove that ∂
∂s θ̃(ω

X , hE) (K) (0) makes sense as an an-
alytic function defined on a neighbourhood of 0 in g. The proof involves
nontrivial estimates, established in section 7. More generally, given g ∈ G
we construct ∂

∂s θ̃(ω
X , hE) (g,K) (0), with K lying in a neighbourhood of 0

in z(g). Using this function, in section 2, we define an equivariant Quillen
metric in infinitesimal form, and we prove corresponding anomaly formulas
and comparison formulas under embeddings.

The infinitesimal equivariant Ray–Singer torsion and the corresponding
Quillen metrics provide a refinement on the Kirillov like formulas at the
level of differential forms.

As explained before, the purpose of this paper is to compare the equiv-
ariant Quillen metric and the equivariant Quillen metric in infinitesimal
form.

In [Bi9], Bismut constructed equivariant Bott–Chern currents which
refine the formulas of Duistermaat–Heckman [DuH] and Berline–Vergne
[BV]. Given K ∈ g with |K| small enough, if XK is the zero set of the
associated vector field KX , a current SK(X,ωX) on X is constructed such
that

∂K∂K
2iπ

SK(X,ωX) = 1− δXK
cmax,K(NXK/X , h

NXK/X )
. (0.8)

In (0.8), ∂K , ∂K are equivariant refinements of the ∂, ∂ operators, and
cmax,K(NXK/X , h

NXK/X ) is an equivariant Euler form of the normal bundle
NXK/X . Also anomaly formulas were established in [Bi9] in terms of equiv-
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ariant Bott–Chern classes, and the behaviour of SK(X,ωX) under complex
immersions was studied. More precisely, if θ ∈ R∗, x ∈ C, put

Rθ(x) =
1

x+ iθ

(
2Γ′(1)− log(θ2)− log

(
1 +

x

iθ

))
. (0.9)

In the main formula in [Bi9], the additive genus associated to Rθ(x) appears
as a defect in an embedding formula.

To state our main result, we still need to introduce one piece of data,
namely the function I(θ, θ′, x) given by

I(θ, θ′, x) =
∑
k∈Z

2kπ+θ 6=0

log
(
1 + θ′

2kπ+θ

)
i(2kπ + θ + θ′) + x

. (0.10)

We identify I(θ, θ′, .) with the corresponding additive genus, as explained
below.

Now take g ∈ G, K0 ∈ z(g). For z ∈ R∗, put K = zK0. Set Xg,K =
Xg ∩ XK . Let ∇TX be the holomorphic Hermitian connection on TX.
Then g and ∇TX. KX act on NXK/X |Xg,K as locally constant commuting
operators, and ∇TX. KX is invertible. Let eiθ, 0 ≤ θ ≤ 2π, iθ′, θ′ ∈ R∗, be
the corresponding distinct eigenvalues of g,∇TX. KX . Then NXK/X |Xg,K
splits as a direct sum of eigenbundles indexed by θ, θ′. Let Ig,K(NXK/X)
be the characteristic class on Xg,K which is the sum, indexed by (θ, θ′), of
the corresponding additive genera.

Recall that K = zK0. The main result of this paper is as follows.
Theorem 0.1. For z ∈ R∗, if |z| is small enough, the following identity
holds

log
(
‖ ‖̃

λG(E)(g,K)

‖ ‖λG(E)(geK)

)2

=
∫
Xg

Tdg,K(TX, hTX)chg,K(E,hE)SK(Xg, ω
Xg)

−
∫
Xg,K

TdgeK (TX)Ig,K(NXK/X)chgeK (E) . (0.11)

We will now put the main result in perspective from the point of view
of Quillen metrics and Arakelov geometry. We will also give its relation
to results of Goette [Go] on equivariant η-invariants, and finally, we will
explain the main techniques used in the paper.

1 Compatibility of Theorem 0.1 to known results on Quillen
metrics. In [Bi8], it was shown that, formally, the Ray–Singer torsion
can be thought of as the integral over the loop space LX of a current
SK(LX,ωLX). This is an elaboration on ideas of Witten and Atiyah [A],
who showed that by viewing a manifold X as the submanifold of the loop
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space LX where the canonical vector field defining the obvious action of
S1 on LX vanishes, at least formally, the Atiyah–Singer index theorem
could be obtained from the McKean–Singer formula [MS] by a localization
formula in equivariant cohomology.

In [Bi10], it was shown that at least formally, the embedding formula
for Quillen metrics [BiL] is an infinite dimensional version of the embedding
formula for the currents SK(X,ωX) established in [Bi9], this assertion being
also valid for the intermediate steps of the proof. The analogy remains valid
for the immersion result of [Bi12]. In particular, in [Bi11], extending results
in [Bi10], the following formula was given for R(θ, x),

R(θ, x) =
∑
k∈Z

2πk+θ 6=0

R2πk+θ(x) . (0.12)

The fact that the genus R(θ, x) is a special case of the genus which appears
in [Bi9] is an indication which makes the similarity between the results of
[Bi9] and [BiL], [Bi12] plausible.

In connection with the above facts, we show in section 4 that if θ /∈ 2πZ,

I(θ, θ′, x) = R(θ, x+ iθ′)−R(θ + θ′, x) , (0.13)

and also that

I(0, θ′, x) = R(x+ iθ′)−R(θ′, x) +Rθ
′
(x) . (0.14)

Equations (0.13), (0.14) allow us to show in section 5 that Theorem 0.1 is
compatible with the embedding formulas of [BiL], [Bi12,9].

Also since the embedding formulas of [BiL], [Bi12] are one of the blocks
leading to the proof of a Riemann–Roch–Grothendieck formula in Arakelov
geometry in [GilS4,5] and in [KöR1], in section 5, we are led to speculate on
an evaluation of the current SK(X,ωX) in terms of arithmetic characteristic
classes.

2 Equivariant eta invariants and equivariant analytic torsion.
In [Go], Goette arrived at a similar class of problems on equivariant eta
invariants from a different point of view. In [D], extending earlier work
by Atiyah–Patodi–Singer [APS] on the index theorem for manifolds with
boundary, Donnelly proved a Lefschetz formula for manifolds with bound-
ary. The contribution of the boundary is expressed as the equivariant
η-invariant of the boundary. On the other hand, in [BiC], Bismut and
Cheeger proved a families index theorem for even dimensional manifolds
with boundary. The contribution of the boundary is an even form η̃, whose
component in degree 0 is just the eta invariant of the boundary.
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Assume now that the family of manifolds with boundary comes from a
G-fibration. Along the lines given above, one then obtains two formulas for
L(eK), the first formula being the one given in [D], and involving the equiv-
ariant eta invariant of the boundary, the second one coming from [BiC], and
involving an infinitesimal version of the eta invariant. These two formulas
being equal tautologically, one then obtains a formula only involving the
boundary, relating the equivariant eta invariant to its infinitesimal form in
terms of a Chern-Simons current on the boundary.

In [Go], this relation was extended to manifolds which are not equivari-
antly cobordant, but only as an identity of formal power series in K, when
the corresponding vector field is nowhere vanishing.

Our work can be considered as an extension of [Go] in the sense that
the group G always has fixed points, since it acts on X with a moment
map, and also because we deal with a more complicated sort of invariant,
the analytic torsion. In principle our techniques should lead to a general
proof of the result established in [Go]. No exotic class like I(θ, θ′, x) should
appear in the final formula.

Our results do in fact bear some direct relation to corresponding results
on eta invariants via the holonomy theorem of Bismut–Freed [BiF].

3 The analytic techniques used in the proof. Now we explain
briefly some of the analytic difficulties in our proof of Theorem 0.1. The
general outline of the proof is similar to the proof of corresponding results
in [BiL], [Bi12,13]. Namely, in section 6, we produce a closed 1-form γt,v
on R∗+ × R∗+, whose integral on a lower triangular contour gives 0. By
pushing the boundary of the contour to +∞ in the v-direction and to 0 in
the t-direction, we obtain our formula.

Some analytic techniques are inspired by [BiL], [Bi12]. Namely we
combine the Getzler rescaling in local index theory [G], [BGV] with Lax–
Milgram and commutator techniques to obtain the required estimates. As
in [BiL], [Bi12], finite propagation speed of solutions of hyperbolic equations
[CP], [T] plays an important role, in order to show that the required esti-
mates can be adequately localized, and to obtain Gaussian decay of certain
rescaled kernels in directions normal to submanifolds like Xg or Xg,K .

Still there is a new difficulty with respect to the above references. In
fact, observe that the Kirillov like formula given in (0.2) only makes sense
for |K| small enough. Also our main formula (0.11) in Theorem 0.1 is true
only for |z| small enough. More ominously, (0.11) only makes sense for |z|
small enough. This already indicates that the proofs themselves, and more
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precisely the required estimates, will only be valid for |z| small enough.
Now, we will explain where the difficulty appears in the proof. Let

DX = ∂
X +∂

X∗ be the Hodge–Dolbeault operator acting on the Dolbeault
complex Ω·(X,E) = C∞(Λ(T ∗(0,1)X)⊗E). Recall that Λ(T ∗(0,1)X)⊗E is
a TRX-Clifford module. Let c(KX) be the Clifford multiplication operator.
Then DX is a self-adjoint operator, and c(KX) is a skew-adjoint operator.
For T ∈ R, put

DX
T = DX + T c(KX)

2
√

2
. (0.15)

Then
DX,2
T =

(
DX,2 − T 2 |KX |2

8

)
+ T

[
DX , c(K

X)
2
√

2

]
. (0.16)

In (0.16), DX,2−T 2 |KX |2
8 is a second order self-adjoint elliptic operator with

a lower bound which tends to −∞ as |T | → +∞, and T [DX , c(KX)/2
√

2]
is a first order skew-adjoint operator. These two facts work against us in
the course of the proof.

To make the difficulty more concrete, consider the following toy model,
which appears in a limit situation, after adequate rescaling of the co-
ordinates. Let A be a skew-adjoint matrix acting on C ' R2, with
eigenvalue iθ, with θ ∈ R∗. Let Z be the generic element of R2. Let
e1, e2 be an orthonormal basis of R2. For x ∈ R, y ∈ R∗+, consider the
differential operator

L = −1
2

(
∇ei + x 〈AZ,ei〉2

)2
+ y

2 |AZ|
2. (0.17)

Then

Re(L) = −1
2

∆ +
(

4y − x2

8

)
|AZ|2 , (0.18)

Im(L) = −x
2
∇AZ .

By (0.18), we see that if x2−4y > 0, the operator Re(L), while having a
self-adjoint extension, is not lower bounded. In this case, it is not possible
to define a priori a honest heat kernel for e−L. A natural way to overcome
the difficulty is to replace A by zA, with z ∈ C. When z = i, the operator
L becomes a honest self-adjoint operator, which has a lower bound. Its heat
kernel p1(Z,Z ′) with respect to dZ ′/(2π) depends analytically on z ∈ C on
a neighbourhood of 0. For z ∈ C and |z| small enough, it is then possible
to define p1(Z,Z ′) as an analytic function of A, for |A| small enough. In
particular,

p1(0, 0) =

√
x2 − 4yθ/2

sin
(√

x2 − 4yθ/2
) , (0.19)
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which is well defined for θ small enough.
In our geometric context, the analogue of the condition x2 − 4y > 0 is

always verified. However we are not allowed to change A into iA as we did
before, this transformation destroying the geometry of the situation. In our
paper, we use another method, which we briefly describe on the toy model
we just considered. The idea is to express the function exp(−a2) as an
infinite sum of functions whose Fourier transform have compact support.
Using finite propagation speed for solutions of hyperbolic equations [CP],
[T], we write the heat kernel p1(Z,Z ′) as an infinite sum of kernels which
only see the operator L on a bounded domain, on which L has a lower
bound. The question is then to prove that the above infinite sum converges.
This last fact can be proved by abstract functional analytic methods, for
|θ| small enough. The point is that the above method can still be used in
our geometric context. This is why we often express our kernels as infinite
sums of kernels evaluated on truncated operators.

In [Go], where equivariant η-invariants were considered, the above dif-
ficulties were overcome using an involved power series argument partly
inspired from [BGV].

Our paper is organized as follows. In section 1, we recall the con-
struction in [Bi12] of the equivariant holomorphic torsion and of the corre-
sponding Quillen metrics, and we state its main properties. In section 2,
we construct the equivariant infinitesimal analytic torsion forms, and we
describe the properties of the corresponding Quillen metrics. The proof
of the estimates which are needed in the construction is deferred to sec-
tion 7. In section 3, we recall the construction in [Bi9] of the equivariant
Bott–Chern currents SK(X,ωX).

In section 4, we introduce the genus I(θ, θ′, x), which we will obtain
through evaluations of characteristic classes involving harmonic oscillators.
In the proof of our main formula, the genus I(θ, θ′, x) will appear precisely
via these characteristic classes. This section is closely related to earlier
work in [Bi7,11], where the genera R(x) and R(θ, x) were also obtained as
characteristic classes involving harmonic oscillators.

In section 5, we verify the compatibility of Theorem 0.1 to the immersion
formulas for Quillen metrics, and also to the immersion formula of [Bi9] for
Bott–Chern currents. We also speculate on an expression of SK(X,ωX) in
terms of arithmetic classes, in connection of the Riemann–Roch formula of
Köhler and Roessler [KöR1].

In section 6, we prove Theorem 0.1. The proof relies on two intermediate
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results, the proofs of which are deferred to sections 8–9.
In section 7, we prove the estimates which are needed to show the

existence of the infinitesimal equivariant torsion. The proof is given in
much detail, since most arguments will be used in a more complicated
context in sections 8 and 9.

Sections 8 and 9 are devoted to the proof of the intermediate results
mentioned above. We have tried to give as many details as necessary, still
referring when necessary to [BiL], [Bi12] to avoid tedious repetitions.

We assume the reader to be somewhat familiar with the superconnection
formalism of Quillen [Q1]. In particular, if A is a Z2-graded algebra, if
A,B ∈ A, then [A,B] denotes the supercommutator of A and B. Also Trs
is our notation for the supertrace.

The results contained in this paper have been announced in [BiG].

Acknowledgment. The authors are indebted to P. Gérard, K. Köhler
and D. Roessler for useful conversations.

1 The Equivariant Holomorphic Analytic Torsion

In this section, we recall the main results in [Bi12,13] on the equivariant
Quillen metrics. In particular, we introduce the R(x) genus of Gillet–Soulé
[GilS3,4] and its equivariant extension R(θ, x) introduced in [Bi11].

This section is organized as follows. In section 1.1, we briefly recall
various properties of Clifford algebras. In section 1.2, we introduce the
equivariant Quillen metrics. In section 1.3, we give the asymptotics of cer-
tain supertraces. In section 1.4, we state the anomaly formulas for equiv-
ariant Quillen metrics. Finally in section 1.6, we state the main result of
[Bi12], which describes the behaviour of the equivariant Quillen metrics
under complex immersions.

1.1 Complex vector spaces and Clifford algebras. Let V be a
finite dimensional complex Hermitian vector space of dimension `, let VR be
the underlying real vector space. We denote by 〈 〉 the Hermitian product
on V or the associated scalar product on VR. Let J ∈ End(VR) be the
corresponding complex structure. Then J is antisymmetric, and J2 = −1.
Let c(VR) be the Clifford algebra of VR, i.e. the algebra spanned over R
by 1, X ∈ VR and the relations for X,Y ∈ VR,

XY + Y X = −2〈X,Y 〉 . (1.1)
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Then Λ(V ∗,(0,1)) is a c(VR)-Clifford module. Namely if X ∈ V , let X ∈ V
be the conjugate of X, and let X∗ ∈ V ∗ correspond to X by the Hermitian
product 〈 〉. If X ∈ V , set

c(X) =
√

2X∗∧ , c(X) = −
√

2iX . (1.2)

Then the operators in (1.2) act on Λ(V ∗(0,1)). We extend (1.2) to a linear
map from VR ⊗C into End(Λ(V ∗(0,1))). This map extends to a map from
c(VR)⊗C into End(Λ(V ∗(0,1))), i.e. Λ(V ∗(0,1)) is now a c(VR) module.

If A ∈ End(V ), then A acts naturally as a derivation on Λ(V ∗,(0,1)).
More precisely, let e1, . . . , e2` be an orthonormal basis of VR. Then

A|Λ(V ∗,(0,1) = 1
4〈Aei, ej〉c(ei)c(ej) + 1

2Tr[A] . (1.3)

1.2 Equivariant Quillen metrics. Here we follow [Bi12]. Let X be a
complex manifold of dimension `. Let E be a holomorphic vector bundle
on X.

Let G be a compact Lie group, and let g be its Lie algebra. We assume
that G acts on the left on X by holomorphic diffeomorphisms, and that
this action lifts holomorphically to E. Then G acts on H ·(X,E).

Let (Ω·(X,E), ∂X) be the Dolbeault complex of smooth sections of
Λ(T ∗(0,1)X)⊗E on X. Then

H ·
(
Ω·(X,E), ∂X

)
' H ·(X,E) . (1.4)

Clearly G acts on (Ω·(X,E), ∂X) by the formula
(gs)(x) = g∗s(g−1x) , (1.5)

and (1.4) is an identity of G-spaces.
Let hTX , hE be smooth G-invariant Hermitian metrics on TX,E. Let

dvX be the corresponding volume form on X. Let 〈, 〉Λ(T ∗(0,1)X)⊗E be the
corresponding Hermitian product on Λ(T ∗(0,1)X) ⊗ E. If s, s′ ∈ Ω·(X,E),
put

〈s, s′〉 =
∫
X
〈s, s′〉Λ(T ∗(0,1)X)⊗E

dvX
(2π)dimX

. (1.6)

Then (1.6) is a G-invariant Hermitian product on Ω·(X,E).
Let ∂X∗ be the formal adjoint of ∂X with respect to (1.6). Put

DX = ∂
X + ∂

X∗
. (1.7)

Then DX is a first order elliptic operator. By Hodge theory,
kerDX ' H ·(X,E) . (1.8)

Also DX commutes with G, so that G acts on kerDX . Then (1.8) is an
identification of G-spaces. Also kerDX inherits a G invariant Hermitian
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product from the Hermitian product (1.6) on Ω·(X,E). Let hH
·(X,E) be

the corresponding Hermitian metric on H ·(X,E).
Let Ĝ be the set of equivalence classes of irreducible representations

of G. If W ∈ Ĝ, let χW be the character of G associated to W . Then we
have the isotypical decomposition

H ·(X,E) = ⊕W∈ĜHomG

(
W,H ·(X,E)

)
⊗W , (1.9)

which is orthogonal with respect to hH
·(X,E). If W ∈ Ĝ, put

λW (E) =
(

det(HomG(W,H ·(X,E))⊗W )
)−1

. (1.10)

Then λW (E) is a complex line. Set

λG(E) = ⊕W∈ĜλW (E) . (1.11)

Let | |λW (E) be the metric induced by hH
·(X,E) on λW (E).

Definition 1.1. Set

log
(
| |2λG(E)

)
=
∑
W∈Ĝ

log
(
| |2λW (E)

) χW
rk(W ) . (1.12)

The symbol | |2λG(E) will be called an equivariant L2 metric on λG(E).
Let ker(DX)⊥ be the orthogonal vector space to ker(DX) in Ω·(X,E).

Then DX,2 acts as an invertible operator on ker(DX)⊥. Let (DX,2)−1 de-
note the inverse of DX,2 acting on ker(DX)⊥.

Take g ∈ G. Let Xg be the fixed point set of g in X. Then Xg is a
complex totally geodesic submanifold of X.

Let N be the number operator of Ω·(X,E), i.e. N acts by multiplication
by k on Ωk(X,E). By standard heat equation methods [Gi], [BGV], we
know that as t→ 0, for any k ∈ N,

Trs
[
Ng exp(−tDX,2)

]
= a`

t`
+ . . . a0 + a1t+ . . . akt

k + o(tk) . (1.13)

Definition 1.2. For g ∈ G, s ∈ C, Re(s) > `, put

θ(ωX , hE)(g)(s) = −Trs
[
Ng(DX,2)−s

]
. (1.14)

By (1.13), θ(ωX , hE)(g)(s) extends to a meromorphic function of s ∈ C,
which is holomorphic at s = 0. In particular, g∈G 7→ ∂

∂sθ(ω
X , hE)(g)(0)∈C

is a central function. When g = 1, it was introduced by Ray and Singer
[RS]. This function is called the Ray–Singer equivariant analytic torsion.

Definition 1.3. For g ∈ G, put

log
(
‖ ‖2λG(E)

)
(g) = log

(
| |2λG(E)

)
(g)− ∂

∂sθ(ω
X , hE)(g)(0) . (1.15)

The symbol ‖ ‖λG(E) will be called an equivariant Quillen metric
on λG(E).
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1.3 The asymptotics of certain supertraces. Let JTX be the com-
plex structure of TRX. Let ωX be the Kähler form associated to the metric
hTX , so that if U, V ∈ TRX,

ωX(U, V ) = 〈U, JTXV 〉 . (1.16)

In this subsection, we assume that the metric hTX is Kähler, i.e. the form
ωX is closed. In the sequel TX will denoted the complex tangent bundle
to X, and TRX the corresponding real tangent bundle. A similar notation
will be used for other complex vector bundles.

Let ∇TX ,∇E be the holomorphic Hermitian connections on (TX, hTX),
(E,hE), and let RTX , RE be their curvatures. Let ∇Λ(T ∗(0,1)X)⊗E be the
corresponding connection on Λ(T ∗(0,1)X)⊗E. By [H], since hTX is a Kähler
metric,

√
2DX is a Dirac operator. In fact recall that by section 1.1,

Λ(T ∗(0,1)X) ⊗ E is a c(TRX)-Clifford module. Let e1, . . . , e2` be an or-
thonormal basis of TRX. Then DX is given by the formula

DX =
2∑̀
1

c(ei)√
2
∇Λ(T ∗(0,1)X)⊗E
ei . (1.17)

Take g ∈ G. Then

TXg = {U ∈ TX|Xg , gU = U} . (1.18)

Let NXg/X be the normal bundle to Xg in X. Then g acts on NXg/X .
Let eiθ1 , . . . , eiθq (0 < θj < 2π) be the locally constant distinct eigenvalues
of g acting on NXg/X , and let Nθ1

Xg/X
, . . . ,N

θq
Xg/X

be the corresponding
eigenbundles. Then NXg/X splits holomorphically as

NXg/X = ⊕1≤j≤qN
θj
Xg/X

. (1.19)

Also we have the holomorphic splitting

TX = TXg ⊕NXg/X . (1.20)

Moreover the splittings (1.19) and (1.20) are orthogonal. Let hTXg , hN
θ1
Xg/X...

be the Hermitian metrics induced by hTX on TXg,N
θ1
Xg/X

.... Then ∇TX |Xg
induces the holomorphic Hermitian connections ∇TXg ,∇N

θ1
Xg/X . . . on

(TXg, h
TXg), (Nθ1

Xg/X
, h

N
θ1
Xg/X ).... Let RTXg , R

N
θ1
Xg/X . . . be their curva-

tures.

Definition 1.4. Let PX be the vector space of smooth forms on X,
which are sums of forms of type (p, p). Let PX,0 be the subspace of the
ω ∈ PX such that there exist smooth forms α, β on X with ω = ∂α+ ∂β.
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If A is a (q, q) matrix, put

Td(A) = det
(

A

1−e−A

)
, ch(A) = Tr[exp(A)] , cmax(A) = det(A) .

(1.21)
The genera associated to Td, ch and cmax are called the Todd genus, the
Chern character and the maximal Chern class.

Definition 1.5. Set

Tdg(TX, hTX) = Td
(
−RTXg

2iπ

) q∏
j=1

(
Td
cmax

)(
−R

N
θj
Xg/X

2iπ + iθj

)
,

Td′g(TX, h
TX) = ∂

∂b

[
Td
(
−RTXg

2iπ + b
)

q∏
j=1

(
Td
cmax

)(
−RTXg

2iπ + iθj + b
) ∣∣∣

b=0

]
,

(Td−1
g )′(TX, hTX) = ∂

∂b

[
Td−1

(
−RTXg

2iπ + b
)

(1.22)

q∏
j=1

(
Td
cmax

)−1 (−RNθjXg/X
2iπ + iθj + b

)∣∣∣
b=0

]
,

chg(E,hE) = Tr
[
g exp

(−RE |Xg
2iπ

)]
.

The forms in (1.22) are closed forms on Xg and lie in PXg , and their
cohomology class does not depend on the G-invariant metrics hTX , hE . We
denote by Tdg(TX),Td′g(TX), . . . , chg(E) these cohomology classes, two
of which appear in the Lefschetz formulas of Atiyah–Bott [AB1]. In fact, if
g ∈ G, put

L(g) = Trs
H·(X,E)[g] . (1.23)

Then the Lefschetz formulas of [AB1] assert that

L(g) =
∫
Xg

Tdg(TX)chg(E) . (1.24)

Now we state a result from [Bi12, Theorem 8.3].

Theorem 1.6. There exist D−1(g),D0(g) . . . such that as t→ 0,

Trs
[
N exp(−tDX,2)

]
= D−1(g)

t +D0(g) + . . .+Dk(g)tk +O(tk) . (1.25)

In particular,

D−1(g) =
∫
Xg

ωX

2π Tdg(TX)chg(E) ,



1304 J.-M. BISMUT AND S. GOETTE GAFA

D0(g) =
∫
Xg

Tdg(TX)
(

dim(X)−
(

Td′

Td

)
g

(TX)
)

chg(E) . (1.26)

Moreover there is c > 0 such that as t→ +∞,
Trs
[
Ng exp(−tDX,2)

]
= Trs

H·(X,E)[Ng] +O(e−ct) . (1.27)
Proposition 1.7. The following identity holds,

∂

∂s
θ(ωX , hE)(g)(0) = −

∫ 1

0

(
Trs
[
Ng exp(−tDX,2)

]
−D−1(g)

t
−D0(g)

)
dt

t

−
∫ +∞

1

(
Trs[Ng exp(−tDX,2)]− Trs

H·(X,E)[Ng]
)dt
t

+D−1(g) + Γ′(1)
(
D0(g)−Trs

H·(X,E)[Ng]
)
. (1.28)

Proof. This follows easily from (1.25), (1.27). 2

1.4 Anomaly formulas for equivariant Quillen metrics. Let
(h′TX , h′E) be another couple of G-invariant metrics on TX,E. We denote
by ′ the objects which we just considered which are attached to h′TX , h′E.

By [BiGS1, Part I], there are uniquely defined classes T̃dg(TX,hTX ,h′TX)
and c̃hg(E,hE , h′E) in PXg/PXg,0 such that

∂∂
2iπ T̃dg(TX, hTX , h′TX) = Tdg(TX, h′TX)−Tdg(TX, hTX) ,

∂∂
2iπ c̃hg(E,hE, h′E) = chg(E,h′E)− chg(E,hE) . (1.29)

Now we recall a result in [Bi12, Theorem 2.5].
Theorem 1.8. Assume that the metrics hTX and h′TX are Kähler. Then

log
(
‖ ‖′

λG(E)

‖ ‖λG(E)

)2

=
∫
Xg

T̃dg(TX, hTX , h′TX)chg(E,hE)

+
∫
Xg

Td(TX, h′TX)c̃hg(E,hE, h′E) . (1.30)

1.5 The R genera.
Definition 1.9. For θ ∈ R∗, x ∈ C, put

Rθ(x) =
1

x+ iθ

(
2Γ′(1)− log(θ2)− log

(
1 +

x

iθ

))
. (1.31)

Let ζ(y, s), η(y, s) be the real and imaginary parts of the Lerch series,

ζ(y, s) =
+∞∑
n=1

cos(ny)
ns

,

η(y, s) =
+∞∑
n=1

sin(ny)
ns

. (1.32)
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Then if y /∈ 2πZ, s 7→ ζ(y, s)(y, s) extends to a holomorphic function of
s ∈ C, if y ∈ 2πZ, s 7→ ζ(y, s) extends to a meromorphic function on C
with a simple pole at s = 1. Also s 7→ η(y, s) extends to a holomorphic
on C.
Definition 1.10. For θ ∈ R, x ∈ C, |x| < 2π if θ ∈ 2πZ, |x| <
infk∈Z |θ + 2kπ| if θ /∈ 2πZ, set

R(θ, x) =
∑
n≥0
n even

i

{ n∑
j=1

1
j
η(θ,−n) + 2

∂η

∂s
(θ,−n)

}
xn

n!

+
∑
n≥0
n odd

{ n∑
j=1

1
j
ζ(θ,−n) + 2

∂ζ

∂s
(θ,−n)

}
xn

n!
. (1.33)

By [Bi11, Theorems 7.2 and 7.8], the series (1.33) is uniformly conver-
gent on its domain of definition. Now we recall the definition of the series
R(x) by Gillet and Soulé [GilS3]. Let ζ(s) =

∑+∞
n=1

1
ns be the Riemann zeta

function.
Definition 1.11. For x ∈ C, |x| < 2π, set

R(x) =
∑
n≥1
n odd

( n∑
j=1

1
j
ζ(−n) + 2

∂ζ

∂s
(−n)

)
xn

n!
. (1.34)

Clearly
R(0, x) = R(x) . (1.35)

Definition 1.12. For x ∈ C, |x| < 2π, set

ρ(x) =
∑
n≥1
n odd

2ζ ′(−n)x
n

n! . (1.36)

Now we recall results from [Bi11, Theorems 7.9, 7.10 and 7.13].
Theorem 1.13. For θ ∈ R, x ∈ C, |x| < 2π if θ ∈ 2πZ, |x| <
infk∈Z |θ + 2kπ| if θ /∈ 2πZ, then R(θ, x) is given by

R(θ, x) =
∑
k∈Z

2kπ+θ 6=0

R2kπ+θ(x) . (1.37)

If θ ∈ ]− 2π, 2π[ \{0}, if x ∈ C, |x| < infk∈Z |θ + 2kπ|, then

R(θ, x) = R(x+ iθ)−
∑
k∈Z∗

log(1 + θ/2kπ)
2ikπ + iθ + x

+Rθ(x) . (1.38)

Also for θ ∈ R,
R(θ, 0) = 2i∂η∂s (θ, 0) ,
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R(θ, 0) = ρ(iθ) +
2Γ′(1)− log(θ2)

iθ
. (1.39)

In the sequel, we identify R(θ, x), R(x) with the corresponding additive
genera.

1.6 Equivariant immersions and Quillen metrics. Let i : Y 7→ X
be an embedding of complex manifolds, let NY/X be the normal bundle to
Y in X. We assume that G also acts holomorphically on Y . Let F be a
holomorphic vector bundle on Y , let

(E, v) : 0→ Em →
v
Em−1 . . .→ . . .→

v
E0 → 0 . (1.40)

be a G-complex of holomorphic vector bundles on X, which, together with
a holomorphic restriction map r : E0|Y 7→ F provides a G-equivariant
resolution of i∗(OY (F )), i.e. we have the exact sequence of sheaves

0→ OX(Em)→
v
OX(Em−1) . . .→ . . .→

v
OX(E0)→ i∗OY (F )→ 0 .

(1.41)
In particular, the complex (E, v) is acyclic on X \ Y .

Let NY/X be the normal bundle to Y . If y ∈ Y , let Hy(E, v) be the
homology of the complex (E, v)y. If y ∈ Y , u ∈ NY/X , let ∂uv be the
derivative of v in any holomorphic trivialization of E near y. Then using
the local uniqueness of resolutions [S], the following results were proved
in [Bi6].
• The Hy(E, v) are the fibres of a holomorphic Z-graded vector bundle

H ((E, v)) on Y . The map ∂uv acts on Hy(E, v) as a chain map, and
this action does not depend on the trivialization of (E, v) near y, and
only depends on the image z of u in NY/X . From now on, we will
write ∂zv instead of ∂uv.
• Let π be the projection NY/X 7→ Y . Then over NY/X , we have a

canonical identification of Z-graded chain complexes(
π∗H (E, v), ∂zv

)
'
(
π∗(Λ(N∗Y/X)⊗E),

√
−1iz

)
. (1.42)

Let H ·(X,E) be the hypercohomology of E. Then by [Bi12, Section 3],
we have the canonical isomorphism of G-spaces

H ·(X,E) ' H ·(Y, F ) . (1.43)

If, given W ∈ Ĝ, λW , µW are complex lines, if λ = ⊕WλW , µ = ⊕W∈ĜµW ,
put,

λ−1 = ⊕
W∈Ĝλ

−1 , λ⊗ µ = ⊕
W∈Ĝ(λW ⊗ µW ) . (1.44)

Now, we construct the λG(Ei), 1 ≤ i ≤ m, λG(F ) as in section 1.2. Put

λG(E) = ⊗1≤i≤m (λG(Ei))
(−1)i . (1.45)
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Then in [Bi12, eq. (3.15)], using in particular (1.43), one shows easily that
we have a canonical isomorphism

λG(E) ' λG(F ) . (1.46)

Let hE = ⊕1≤i≤mhEi , hF be G-invariant Hermitian metrics on E =
⊕≤i≤mEi, F . Let hNY/X be a G-invariant Hermitian metric on NY/X . By
finite dimensional Hodge theory , the Z-graded vector bundle H (E, v) in-
herits a G-invariant metric hH (E,v) from the metric hE. Also the metrics
hF , hNY/X induce a Hermitian metric on Λ(N∗Y/X)⊗ F .

We will say that the metric hE verifies assumption (A) with respect to
the metrics hF , hNY/X if the identification (1.42) is an isometry. By [Bi6,
Proposition 1.6] and [Bi12, Proposition 3.5], given G-invariant Hermitian
metrics hF , hNY/X on F,NY/X , there exist a G-invariant Hermitian metric
hE = ⊕1≤i≤mhEi which verifies assumption (A) with respect to hF , hNY/X .

Now let hTX , hTY be G-invariant Kähler metrics on TX, TY . We iden-
tify the normal bundle NY/X with the orthogonal bundle to TY in TX|Y .
Then the metric hTX induces a G-invariant Hermitian metric hNY/X on
NY/X . Let hE = ⊕1≤i≤mhEi , hF be G-invariant Hermitian metrics on E,F .
We assume that hE verifies assumption (A) with respect to hF , hNY/X .

Take g ∈ G. Then Yg ⊂ Xg. Let δYg be the current of integration
on Yg. In [BiGS2, Section 6], and following earlier work by Bismut–Gillet–
Soulé [BiGS2] in the case g = 1, a current Tg(Xg, h

E) on Xg is constructed,
which is a sum of currents of type (p, p), whose wave front set is included
in N∗Yg/Xg ,R, which verifies the equation of currents

∂∂
2iπTg(Xg, h

E) = Td−1
g (NY/X , h

NY/X )chg(F, hF )δYg − chg(E,hE) . (1.47)

Clearly g acts on TX|Xg . If eiθj , 0 ≤ θj < 2π, 1 ≤ j ≤ q, are the
locally constant distinct eigenvalues of g, and if TX|θjXg , 1 ≤ j ≤ q, are the
corresponding eigenbundles, then

TX|Xg = ⊕TX|θjXg . (1.48)

Definition 1.14. Put

Rg(TX) =
∑

R(θj , TX|θjXg ) . (1.49)

Then Rg(TX) is a cohomology class on Xg. Similarly we can define the
cohomology classes Rg(TY ), Rg(NY/X) on Yg.

Consider the exact sequence of holomorphic Hermitian vector bundles
on Yg,

0→ TY |Yg → TX|Yg → NY/X |Yg → 0 . (1.50)
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Let T̃dg(TY |Yg , TX|Yg , hTX|Yg ) ∈ P Yg/P Yg,0 be the Bott–Chern class of
[BiGS1] such that

∂∂
2iπ T̃dg(TY |Yg , TX|Yg , hTX|Yg )

= Tdg(TX|Yg)−Tdg(TY |Yg) Tdg(NY/X |Yg) . (1.51)
Now we state the main result in [Bi12].

Theorem 1.15. For g ∈ G, the following identity holds,

log
(
‖ ‖

λ̃G(E)

‖ ‖λG(F )

)2

(g) = −
∫
Xg

Tdg(TX, hTX)Tg(Xg, h
E)

+
∫
Yg

Td−1
g (NY/X , h

NY/X )T̃dg(TY |Yg , TX|Yg , hTX|Yg )chg(F, hF )

−
∫
Yg

Tdg(TY )Rg(NY/X)chg(F ) , (1.52)

log
(
‖ ‖

λ̃G(E)

‖ ‖λG(F )

)2

(g) = −
∫
Xg

Tdg(TX, hTX)Tg(Xg, h
E)

+
∫
Yg

Td−1
g (NY/X , h

NY/X )T̃dg(TY |Yg , TX|Yg , hTX|Yg )chg(F, hF )

−
∫
Xg

Tdg(TX)Rg(TX)chg(E) +
∫
Yg

Tdg(TY )Rg(TY )chg(F ) .

2 The Equivariant Infinitesimal Analytic Torsion Forms

In this section, we construct the equivariant analytic torsion in infinitesimal
form, and we establish its main properties. As explained in the introduc-
tion, it is here crucial that the given Lie group G acts on the manifold X
with a moment map.

This section is organized as follows. In section 2.1, we introduce the
moment map 〈µ,K〉 which is associated to the action of G. In section 2.2,
as a motivation for our construction, we introduce a new metric on the triv-
ial bundle, which depends on T ∈ R, and we construct the corresponding
Dirac operator. In section 2.3, we recall the Lefschetz fixed point formulas
of Atiyah–Bott [AB1] and the corresponding delocalized Kirillov formulas,
relating them through the localization formulas of Duistermaat–Heckman
[DuH], and the equivariant cohomology formalism of Berline–Vergne [BV].
In section 2.4, we recall the heat equation proof of the Kirillov formula
given in [Bi3]. In section 2.5, we briefly recall the construction by Bismut–
Köhler [BiK] of the analytic torsion forms, in the case where the structure
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group of the considered fibration reduces to a compact Lie group G. In sec-
tion 2.6, we construct the infinitesimal equivariant analytic torsion forms,
and the associated infinitesimal equivariant Quillen metric. In section 2.7,
we give the corresponding anomaly formulas. Finally in section 2.8, we
give a formula which describes the behaviour of these Quillen metrics by
immersion.

2.1 Complex manifolds and moment maps We make the same as-
sumptions as in section 1.2. Let ωTX be a closed G-invariant real 2-form
on X which is of complex type (1,1), which is the Kähler form of a Her-
mitian metric hTX on TX. If JTX is the complex structure of TRX, if
U, V ∈ TRX ,

ωX(U, V ) = 〈U, JTXV 〉hTX . (2.1)
Then ωX is a symplectic form on X, and G acts on X by symplectic
diffeomorphisms.

If K ∈ g, let KX be the corresponding vector field on X. If K,K ′ ∈ g,
then

[KX ,K ′X ] = −[K,K ′]X . (2.2)
Let µ : X 7→ g∗ be a smooth moment for the action of G on (X,ωX).

Namely µ is such that
• If g ∈ G, x ∈ X,

µ(gx) = g .µ(x) . (2.3)
• If K ∈ g, then

d〈µ,K〉+ iKXωX = 0 . (2.4)
In particular, if K,K ′ ∈ g,〈

µ, [K,K ′]
〉

= −ωX(KX ,K ′X) . (2.5)
Recall that∇TX is the holomorphic hermitian connection on (TX, hTX).

Since (X,ωX) is Kähler, ∇TX induces on TRX the corresponding Levi–
Civita connection.
Definition 2.1. If K ∈ g, set

mTX(K) = ∇TX· KX . (2.6)
The vector field KX is Killing and holomorphic, and the connection

∇TX induces the Levi–Civita connection on TRX. Therefore mTX(K) is
a skew-adjoint section of End(TX), which is also the vertical part with
respect to ∇TX of the lift KTX of KX to TX. The Lie derivative operator
LK is given by

LK = ∇TXKX −mTX(K) . (2.7)
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Let KE be the vector field induced by the action of K on E. Let
mE(K) ∈ End(E) be the vertical part ofKE with respect to theG-invariant
connection ∇E in E. Then mE(K) is a skew-adjoint section of End(E).
Moreover since the connections ∇TX and ∇E are G-invariant, by [BGV,
Section 7],

∇TX· mTX(K) + iKXRTX = 0 ,

∇E· mE(K) + iKXRE = 0 . (2.8)

Let ∇Λ(T ∗(0,1)X)⊗E be the connection on Λ(T ∗(0,1)X) ⊗ E induced by
∇TX ,∇E . Then the operator LK defined in (2.7) extends to an operator
LK acting on Ω·(X,E), given by

LK = ∇Λ(T ∗(0,1)X)⊗E
KX −mTX(K)−mE(K) . (2.9)

2.2 A new metric on the trivial line bundle. Let (C, | |) be the
trivial hermitian line bundle.
Definition 2.2. If K ∈ g, T ≥ 0, let | |T be the metric on the trivial
bundle

| |T = e−T 〈µ,K〉/2| | . (2.10)
Now, we equip the trivial line bundle with the metric | |T . Equivalently,

the hermitian product on Ω·(X,E) in (1.6) is now given by

〈s, s′〉T =
∫
X
〈s, s′〉Λ(T ∗(0,1)X)⊗Ee

−T 〈µ,K〉 dvX
(2π)dimX

. (2.11)

Let ∂X∗T be the formal adjoint of ∂X with respect to (2.11). Then

∂
X∗
T = eT 〈µ,K〉∂

X∗
e−T 〈µ,K〉 . (2.12)

Proposition 2.3. The following identity holds

∂
X∗
T = ∂

X∗ − T
√
−1iKX(0,1) . (2.13)

Proof. By (2.12),

∂
X∗
T = ∂

X∗ + Ti(∇·〈µ,K〉)(0,1) . (2.14)
By (2.1), (2.4), we get(

∇·〈µ,K〉
)(0,1) = −

√
−1KX(0,1) . (2.15)

Then (2.13) follows from (2.14) and (2.15). 2

Put
δXT = e−

T
2 〈µ,K〉∂

X
e
T
2 〈µ,K〉 ,

δX∗T = e
T
2 〈µ,K〉∂

X∗
e−

T
2 〈µ,K〉 , (2.16)

AT = δXT + δX∗T .
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Then δX∗T is the adjoint of δXT with respect to the standard hermitian prod-
uct 〈 〉 on Ω·(X,E).

Proposition 2.4. The map

s ∈ Ω·(X,E) 7→ e−
T
2 〈µ,K〉s ∈ Ω·(X,E) (2.17)

is an isomorphism between the hermitian complexes (Ω·(X,E), ∂X , 〈 〉T )
and (Ω·(X,E), δXT , 〈 〉).

Proof. This is a trivial result, whose proof is left to the reader. 2

Proposition 2.5. The following identities hold,

δXT = ∂
X + T

2

√
−1KX(1,0)∧ ,

δX∗T = ∂
X∗ − T

2

√
−1iKX(0,1) , (2.18)

AT = DX + T
√
−1 c(K

X)
2
√

2
.

Proof. The second identity was already proved in Proposition 2.5. The
proof of the remaining identities is similar. 2

Clearly, the objects which have been defined in (2.18) also make sense
for T ∈ C. In particular

A−
√
−1T = DX + T c(KX)

2
√

2
. (2.19)

However, for T 6= 0, the operator A−√−1T is not self-adjoint.

2.3 Lefschetz and Kirillov formulas. Recall that by (1.23),

L(g) = Trs
H·(X,E)[g] . (2.20)

Then L(g) is the character of the representation of G on the Z-graded
vector space ker(DX). The McKean–Singer heat equation formula [MS]
asserts that for any t > 0,

L(g) = Trs
[
g exp(−tDX,2)

]
. (2.21)

By making t→ 0 in (2.21), and using local index theory [ABP], [Gi], [Bi1],
[BGV], one obtains the Atiyah–Bott–Lefschetz formula [AB1],

L(g) =
∫
Xg

Tdg(TX, hTX)chg(E,hE) , (2.22)

which can also be written as in (1.24) in the form

L(g) =
∫
Xg

Tdg(TX)chg(E) . (2.23)

Let (DR(X), d) be the de Rham complex of smooth complex differential
forms on X, equipped with the de Rham operator d. Let (DRG(X), d) be
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the subcomplex of the G-invariant forms. The de Rham operator d splits
as

d = ∂ + ∂ . (2.24)
Now we follow Berline–Vergne [BV], and Bismut [Bi8,9].

Definition 2.6. Set
dK = d− 2iπiKX ,

∂K = ∂ − 2iπiKX(0,1) , (2.25)

∂K = ∂ − 2iπiKX(1,0) .

Clearly,
dK = ∂K + ∂K , (2.26)

dK2 = −2iπLKX .

In particular when acting on G-invariant forms,
d2
K = 0 . (2.27)

The cohomology classes of (DRG(X), dK) are called equivariant cohomol-
ogy classes.

Since KX is a holomorphic vector field,

∂2
K = 0 , ∂

2
K = 0 . (2.28)

By (2.26), (2.28),
[∂K , ∂K ] = −2iπLKX , (2.29)

[LKX , ∂K ] = 0 , [LKX , ∂K ] = 0 .

In particular when acting on G-invariant forms, the operators ∂K and ∂K
anticommute.

Put
RTXK = RTX − 2iπmTX(K) , REK = RE − 2iπmE(K) . (2.30)

Then RTXK and REK are called the equivariant curvatures of TX and E.
Take g ∈ G. Let Z(g) ⊂ G be the centralizer of g, and let z(g) be its

Lie algebra. Then
z(g) = {K ∈ g, g.K = K} . (2.31)

In the sequel, we always take g ∈ G, K ∈ z(g). Put
XK = {x ∈ X, KX(x) = 0} . (2.32)

Then XK , which is the fixed point set of the group generated by K, is a
complex totally geodesic submanifold of X. Set

Xg,K = Xg ∩XK . (2.33)



Vol. 10, 2000 HOLOMORPHIC EQUIVARIANT ANALYTIC TORSIONS 1313

Then Xg,K is a complex totally geodesic submanifold of X. More precisely,
if K0 ∈ z(g) and, for z ∈ R, K = zK0, for z small enough,

Xg,K = XgeK . (2.34)
Observe that mTX(K)|Xg acts on TXg and on NXg/X . Also it preserves

the splitting (1.19) of NXg/X . Let mTXg(K) and m
N
θj
Xg/X (K), 1 ≤ j ≤ q,

be the restriction of mTX(K)|Xg to TXg,N
θj
Xg/X

. Then mTXg(K) and the

m
N
θj
Xg/X (K) are just analogues of mE(K). We define the corresponding

equivariant curvatures RTXgK , R
N
θj
Xg/X

K .
Definition 2.7. For K ∈ z(g) with |K| small enough, set

Tdg,K(TX, hTX) = Td
(
−RTXgK

2iπ

) q∏
j=1

(
Td
cmax

)(
−R

N
θj
Xg/X

K
2iπ + iθj

)
,

Td′g,K(TX, hTX) = ∂
∂b

[
Td
(
−RTXgK

2iπ + b
)

(2.35)

×
q∏
j=1

(
Td
cmax

)(
−R

N
θj
Xg/X

K
2iπ + iθj + b

)]
|b=0 ,

chg,K(E,hE) = Tr
[
exp

(
− REK

2iπ

)]
.

The restriction on K is needed because the denominator of Td(x) van-
ishes for x ∈ 2iπZ.

The forms Tdg,K(TX, hTX) and chg,K(E,hE) are forms on Xg, which
lie in PXg . They are G-invariant. Moreover by [BV], [BGV, Theorem 7.7],

dK Tdg,K(TX, hTX) = 0 , dKchg,K(E,hE) = 0 , (2.36)
and their equivariant cohomology classes do not depend on the G-invariant
metrics hTX and hE.

The localization formulas in equivariant cohomology of Duistermaat–
Heckman [DuH], Berline–Vergne [BV] imply that∫
Xg

Tdg,K(TX, hTX)chg,K(E,hE) =
∫
Xg,K

TdgeK (TX, hTX)chgeK (E,hE) .

(2.37)
From the Atiyah–Bott–Lefschetz formulas in (2.23) and from (2.37), we re-
cover the Kirillov formulas in the manner of Berline–Vergne [BV]. Namely,
if K ∈ z(g) is small enough,

L(geK) =
∫
Xg

Tdg,K(TX, hTX)chg,K(E,hE) . (2.38)
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2.4 The heat equation proof of the Kirillov formulas. Now, we
will briefly explain the direct heat equation proof of (2.38) given in [Bi3],
which is an analytic analogue of the heat equation proof of the Atiyah–
Bott–Lefschetz formulas outlined in (2.21),(2.22).

Definition 2.8. For t > 0, put

CK,t =
√
tDX + c(KX)

2
√

2t
. (2.39)

Equivalently
CK,t =

√
tDX

1/t . (2.40)

A first trivial step in the heat equation proof of (2.38) is an obvious exten-
sion of the McKean–Singer formula

L(geK) = Trs
[
g exp(−LK − C2

K,t)
]
. (2.41)

For g = 1, one then shows in [Bi3] that ‘fantastic cancellations’ still occur
in supertrace of the kernel of the operator g exp(−LK −C2

K,t), and that for
K small enough, the limit as t → 0 exists, and is given by the right-hand
side of (2.38). We thus get a direct proof of (2.38) in the case g = 1. The
general case will be dealt with in section 7.

2.5 Analytic torsion forms and compact Lie groups. In this sec-
tion, we assume that G is connected. Then by Guillemin–Sternberg [GuS,
Proposition 4.1], G has a unique complexification GC. Namely GC is a
connected Lie group, whose Lie algebra gC is the complexification of g,
and G is a maximal compact subgroup of GC. By [GuS, Theorem 4.4],
the holomorphic action of G on X extends to a holomorphic action of GC
on X. Similarly, by proceeding as in [GuS, Theorem 5.1], this action of
GC lifts to a holomorphic action on E. Let Z(g)C be the centralizer of g
in GC.

We will assume that Z(g) is connected. By [Bou, Corollaire 5.3.1], this
is always the case if G is simply connected. Needless to say, if g = 1,
Z(g) = G is connected.

Let GC = PG be the Cartan decomposition of GC. If h = pq is the
Cartan decomposition of h ∈ Z(g)C, then p, q commute with g. Therefore
Z(g)C is connected, and is the complexification of Z(g).

Let S be a complex manifold. Let p : P
Z(g)C−→ S be a Z(g)C holomorphic

principal bundle over S. By [GuS, p. 527], Z(g)C/Z(g) is contractible.

Therefore the Z(g)C-bundle P can be reduced to a Z(g)-bundle q : Q
Z(g)−→ S.

Then the Z(g)-bundle Q is canonically equipped with a connection which
lifts to a holomorphic connection on the Z(g)C-bundle P , to which g is
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parallel. Let θ be the connection form on Q, and let Θ be its curvature.
Then Θ is a (1, 1) form with values in the vector bundle Q×Z(g) z (g).

Put
V = P ×Z(g)C X . (2.42)

Then π : V X→ S is a holomorphic fibration with compact fibre X. Also g
acts fibrewise on V . Moreover

V = Q×Z(g) X (2.43)
Therefore V is also equipped with a connection, i.e. we have a splitting

TV = THV ⊕ TX , (2.44)
and g is parallel with respect to this connection.

Let P TX : TRV → TRX be the obvious projection with respect to the
splitting (2.44). If U ∈ TRS, let UH ∈ THV be the horizontal lift of U . If
U, V ∈ TRS, put

T (U, V ) = −P TX [UH , V H ] . (2.45)
One verifies easily that T is a tensor.
Proposition 2.9. The tensor T is a (1, 1) form on S with values in vector
fields along the fibres X. More precisely

T = ΘX . (2.46)
Proof. Equation (2.46) follows from (2.45). 2

Observe that by (2.3), 〈µ,ΘX〉 is a well-defined differential form on S.
Definition 2.10. Let ωV be the 2-form on V

ωV = ωX + π∗〈µ,ΘX〉 . (2.47)
Proposition 2.11. The 2-form ωV is a real closed (1, 1) form on V .

Proof. This follows easily from equation (2.4). 2

Observe that:
• The restriction of the form ωV to the fibres X is just the Kähler form

along the fibres.
• The vector bundle THV is the orthogonal bundle with respect to ωV .
By [BiGS1, part II, Definition 1.4], we find that (π, hTX , THV ) is a

Kähler fibration, and that ωV is an associated (1,1) form. If ωH is the
restriction of ωV to THV , then

ωH = 〈µ,ΘX〉 . (2.48)
It is a general fact for Kähler fibrations that if U,V ∈TRS, then ωH(UH ,V H)
is a Hamiltonian for the vector field T (U, V ), which is of course the case
here.
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The vector bundle P ×Z(g)C E is a holomorphic vector bundle on V .
We still denote it by E. Clearly it is also given by Q×Z(g) E. Therefore E
is now a holomorphic hermitian vector bundle on V . Similarly Z(g)C acts
on Ω·(X,E). So Ω·(X,E) descends to a ‘holomorphic’ vector bundle on S,
given by P ×Z(g)C Ω·(X,E), which is also Q ×Z(g) Ω·(X,E), i.e. Ω·(X,E)
is now a holomorphic hermitian vector bundle on S.

The given connection on Q induces the holomorphic hermitian connec-
tion ∇E on (E,hE), and the holomorphic hermitian connection ∇Ω·(X,E)

on (Ω·(X,E), hΩ·(X,E)).
The operator ∂X being Z(g)C-invariant descends to an operator acting

on the vector bundle Ω·(X,E). Therefore (Ω·(X,E), ∂X) is a a holomorphic
complex of infinite dimensional vector bundles on S. The adjoint ∂

X∗

being Z(g)-invariant descends to the corresponding adjoint. Then DX =
∂
X + ∂

X∗ acts along the fibres Ω·(X,E).
Now, we recall the definition of the Levi–Civita superconnection [Bi4,

Section 3].

Definition 2.12. For t > 0, let Bt be the Levi–Civita superconnection

Bt =
√
tDX +∇Ω·(X,E) − c(T )

2
√

2t
. (2.49)

Clearly, if

B′′t =
√
t∂
X +∇Ω·(X,E)′′ − c(T (1,0))

2
√

2t
, (2.50)

B′t =
√
t∂
X∗ +∇Ω·(X,E)′ − c(T (0,1))

2
√

2t
,

then

Bt = B′′t +B′t . (2.51)

By [BiGS1, part II, Theorem 2.6],

B′′2t = 0 , B′2t = 0 , (2.52)

B2
t = [B′′t , B

′
t] .

By [BiGS1, part II, Theorem 2.6] or [Bi13, eq. (2.35)]

B′′t = exp
(
−i 〈µ,Θ

X〉
2t

)
tN/2

(
∇Ω·(X,E)′′ + ∂

X)
t−N/2 exp

(
i 〈µ,Θ

X〉
2t

)
, (2.53)

B′t = exp
(
i 〈µ,Θ

X〉
2t

)
t−N/2

(
∇Ω·(X,E)′ + ∂

X∗)
tN/2 exp

(
−i 〈µ,Θ

X 〉
2t

)
.

Recall that if K ∈ g, the operator LK was defined in (2.9). One verifies
easily that

∇Ω·(X,E),2 = −LΘ . (2.54)



Vol. 10, 2000 HOLOMORPHIC EQUIVARIANT ANALYTIC TORSIONS 1317

Therefore, by proceeding as in [Bi4, Remark III.2], we get
B2
t = −LΘ + C2

−Θ,t . (2.55)
Definition 2.13. For t > 0, put

Nt = N + i 〈µ,Θ〉t . (2.56)
Let ϕ ∈ End(Λ(T ∗R(S))⊗R C) be given by

α 7→ (2iπ)−deg(α)/2α . (2.57)
Definition 2.14. Let αt, γt be the forms on S,

αt = ϕTrs
[
g exp(−B2

t )
]
, γt = ϕTrs

[
Ntg exp(−B2

t )
]
. (2.58)

Theorem 2.15. The forms αt and γt are real and closed, and lie in PS.
More precisely,

αt = L
(
g exp

(
− Θ

2iπ

))
, (2.59)

γt = Trs

[ (
N + 〈µ,Θ〉

2πt

)
g exp

(
LΘ
2iπ −

(√
tDX − c(ΘX)

2
√

2t

)2 )]
.

Proof. By (2.55),

αt = ϕTrs

[
exp

(
LΘ −

(√
tDX − c(ΘX)

2
√

2t

)2 )]
. (2.60)

Using (2.41), (2.60), we get the first equation in (2.59). The proof of the
second equation in (2.59) is similar. Finally Chern–Weil theory shows that
the forms αt and γt are closed. The proof of our theorem is completed. 2

Remark 2.16. By (2.38) and (2.59), it follows that

αt =
∫
Xg

Tdg exp(−Θ/2iπ)(TX, h
TX)chg exp(−Θ/2iπ)(E) , (2.61)

This is a form of the theorem of Riemann–Roch–Grothendieck, but also a
special case of the local families index theorem [Bi4], where the forms αt
remain constant.

Remark 2.17. In a more general context, it is shown in [BiGS1, part II,
Theorem 2.9] that

∂
∂tαt = −0

t
∂∂
2iπγt . (2.62)

This equation is here tautologically verified.
Clearly GC acts on H ·(X,E), and G acts isometrically on (H ·(X,E),

hH
·(X,E)). Therefore (H ·(X,E), hH

·(X,E)) descends to a holomorphic her-
mitian vector bundle on S.

By [BiGS1, part II, Theorems 2.11 and 2.16] in the case where g = 1
and by [Bi12, Theorem 8.3] in the general case, we know that as t→ 0,

γt =
C−1

t
+ C0 +

k∑
j=1

Ckt
k , (2.63)
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and, as t→∞,
γt = Trs

H·(X,E)[Ng exp(−Θ/2iπ)
]

+O(1/
√
t) . (2.64)

Definition 2.18. For s ∈ C, 0 < Re(s) < 1/2, put

R(s) = − 1
Γ(s)

∫ +∞

0
ts−1(γt − γ+∞)dt . (2.65)

By (2.63), (2.64), R(s) extends to a meromorphic function, of s ∈ C,
Re(s) < 1/2, which is holomorphic at s = 0.
Definition 2.19. Set

T (ωX , hE)(g) = ∂
∂sR(s)|s=0 . (2.66)

Then T (ωX , hE)(g) is an even form on S which lies in PS.
Theorem 2.20. The form T (ωX , hE)(g) is closed. Its cohomology class
does not depend on the reduction of P to Q.

Proof. By Theorem 2.15, the forms γt are closed. Therefore the form
T (ωX , hE)(g) is also closed. The same argument shows that the cohomology
class of T (ωX , hE)(g) does not depend on Q. The proof of our theorem is
completed. 2

2.6 The equivariant infinitesimal analytic torsion. We make the
same assumptions as in sections 2.1–2.4, the results of section 2.5 being
only intended as a motivation for what follows.
Definition 2.21. For t > 0,K ∈ z(g), put

αt(g,K) = Trs
[
g exp(−LK − C2

K,t)
]
, (2.67)

γt(g,K) = Trs

[(
N − i 〈µ,K〉t

)
g exp(−LK − C2

K,t)
]
.

Clearly the above definitions extend to the case where K ∈ z(g)C.
Theorem 2.22. For t > 0,K ∈ z(g)C,

αt(g,K) = L(geK) . (2.68)
If K ∈ z(g) and if |K| is small enough, there exist γ ∈ ]0, 1] and C1(g,K), ...,
C0(g,K) ∈ C such that for t ∈ ]0, 1],

γt(g,K) =
C−1(g,K)

t
+ C0(g,K) +O(tγ) . (2.69)

Moreover

C−1(g,K) =
∫
Xg

(
ωX

2π − i〈µ,K〉
)

Tdg,K(TX, hTX)chg,K(E,hE) , (2.70)

C0(g,K) =
∫
Xg

Tdg,K(TX)
(

dim(X)−
(

Td′
Td

)
g,K

(TX)
)

chg,K(E) .
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Finally, if K ∈ z(g), as t→ +∞,

γt(g,K) = Trs
H·(X,E)[NgeK ] +O(1/

√
t) . (2.71)

Proof. The fact that αt does not depend on t was already stated in (2.41).
Equations (2.70) and (2.71) will be proved in section 7. 2

Remark 2.23. Needless to say, one can also show that for any k ∈ N, as
t→ 0, γt(g,K) has a Taylor expansion to arbitrary order k ∈N.

Definition 2.24. For K ∈ z(g), with |K| small enough, for s ∈ C,
0 < Re(s) < 1/2, set

θ̃(ωX , hE)(g,K)(s) = − 1
Γ(s)

∫ +∞

0
ts−1(γt(g,K)− γ+∞(g,K)

)
dt . (2.72)

By (2.69), (2.71), θ̃(ωX , hE)(g,K)(s) extends to a holomorphic function
of s near s = 0.

By comparing (1.14) and (2.72), we find that

θ(ωX , hE)(g)(s) = θ̃(ωX , hE)(g, 0)(s) . (2.73)

One then verifies easily that with the notation in (2.66),

T (ωX , hE)(g) = ∂
∂s θ̃(ω

X , hE)
(
g,− Θ

2iπ

)
(0) , (2.74)

where (2.74) is now an equality of power series which contain only a finite
number of terms. Also (2.74) makes clear that the cohomology class of
T (ωX , hE) does not depend on the choice of the reduction Q of P .

More generally, the considerations in section 7 show that if K ∈ z(g), for
z ∈ C and |z| small enough, ∂

∂s θ̃(ω
X , hE)(g, zK)(s) depends analytically

on z.

Proposition 2.25. For K ∈ z(g) and |K| small enough, the following
identity holds,

∂

∂s
θ̃(ωX , hE)(g,K)(0) = −

∫ 1

0

(
γt(g,K)− C−1(g,K)

t
− C0(g,K)

)
dt

t

−
∫ +∞

1
(γt(g,K)− γ+∞(g,K))

dt

t

+ C−1(g,K) + Γ′(1)
(
C0(g,K)− Trs

H·(X,E)[NgeK ]
)
. (2.75)

Proof. This follows easily from (2.69), (2.70). 2

In the sequel, ∂
∂s θ̃(ω

X , hE)(g,K)(0) will be called the equivariant in-
finitesimal Ray–Singer torsion.

Now we imitate Definition 1.3.
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Definition 2.26. Put
log
(
‖ ‖̃ ,2

λG(E)
)
(g,K) = log

(
| |2λW (E)

)
(geK)− ∂

∂s θ̃(ω
X , hE)(g,K)(0) .

(2.76)

The symbol ‖ ‖˜λG(E) will be called an equivariant infinitesimal Quillen
metrics. By (2.73)

log
(
‖ ‖2λG(E)

)
(g) = log

(
‖ ‖̃ ,2

λG(E)
)
(g, 0) . (2.77)

The main purpose of this paper is to compare log(‖ ‖2λG(E))(ge
K) and

log(‖ ‖̃ ,2

λG(E))(g,K).

2.7 Anomaly formulas for equivariant infinitesimal Quillen met-
rics. Let ω′X be another G-invariant Kähler form on X, and let h′E be a
second G-invariant hermitian metric on E. We denote ‖ ‖′λ̃G(E) the corre-
sponding families Quillen metric. By [BiGS1, part I], for |K| small enough,
we can define Bott–Chern classes T̃dg,K(TX, hTX) ∈ PXg/PXg,0 which
verify the obvious analogue of (1.29). Similarly the class c̃hg,K(E,hE, h′E)
was already considered in (1.29).
Theorem 2.27. For K ∈ z(g) and |K| small enough, the following
identity holds

log
(
‖ ‖′ ˜

λG(E)

‖ ‖
λ̃G(E)

)2

(g,K) =
∫
Xg

T̃dg,K(TX, hTX , h′TX)chg,K(E,hE)

+
∫
Xg

Tdg,K(TX, h′TX)c̃hg,K(E,hE, h′E) . (2.78)

Proof. When K = 0, our theorem is just Theorem 1.8. The general case
can be proved by using the methods of [BiGS1, part III], [Bi12]. 2

2.8 Equivariant immersions and equivariant infinitesimal Quillen
metrics. Now, we suppose that besides the above assumptions, the as-
sumptions of section 1.6 also hold. Let K ∈ z(g). Then one can easily
modify the construction of the current Tg(E,hE) on Xg given in [Bi12,
Section 6], and, for |K| small enough, construct a current Tg,K(Xg, h

E) on
Xg which verifies the equation of currents
∂K∂K

2iπ Tg,K(Xg, h
E) = Td−1

g,K(NY/X , h
NY/X )chg,K(F, hF )δYg − chg,K(E,hE).

(2.79)
In fact in [Bi12], one needs just to replace the considered curvatures by the
corresponding equivariant curvatures. Similarly Rg,K(NY/X , h

NY/X ) is the
analogue of Rg(NY/X , h

NY/X ), where the curvature RNY/X is replaced by
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the equivariant curvature R
NY/X
K . Let Rg,K(NY/X) be the corresponding

equivariant cohomology class on Xg.
Theorem 2.28. For K ∈ z(g), |K| small enough, the following equivalent
identities hold,

log
(
‖ ‖

λ̃G(E)

‖ ‖
λ̃G(F )

)2

(g,K) = −
∫
Xg

Tdg,K(TX, hTX)Tg,K(Xg, h
E)

+
∫
Yg

Td−1
g,K(NY/X , h

NY/X )T̃dg,K(TY |Yg , TX|Yg , hTX|Yg )chg,K(F, hF )

−
∫
Yg

Tdg,K(TX)Rg,K(NY/X)chg,K(F ) ,

log
(
‖ ‖

λ̃G(E)

‖ ‖
λ̃G(F )

)2

(g,K) = −
∫
Xg

Tdg,K(TX, hTX)Tg,K(E,hE)

+
∫
Yg

Td−1
g,K(NY/X , h

NY/X )T̃dg,K(TY |Yg , TX|Yg , hTX|Yg )chg,K(F, hF )

−
∫
Xg

Tdg,K(TX)Rg,K(TX)chg,K(E)+
∫
Yg

Tdg,K(TY )Rg,K(TY )chg,K(F ) .

(2.80)
Proof. When K = 0, the above result is just the result of [Bi12], which
was stated in Theorem 1.15. In infinitesimal form, i.e. in the context of
section 2.5, the above result was proved in [Bi13] when g = 1. One minor
observation with respect to [Bi13] is that the identity proved there (which is
an identity in PS/PS,0) becomes here an identity of complex numbers. Es-
tablishing (2.80) in full generality requires some nontrivial analysis, whose
necessity is best revealed by the fact that it only makes sense for |K| small.
Most of the extra analysis which is needed with respect to [BiL], [Bi12,13]
is done in section 7. Finally, an alternative method is to notice that both
sides are analytic in K near K = 0. Using [Bi13] is then enough to establish
(2.80). The proof of our theorem is completed. 2

3 Equivariant Bott–Chern Currents

In this section, we recall the construction of the equivariant Bott–Chern
currents SK(X,ωX) given in [Bi8,9] and we state the main results which
have been obtained on these currents. These Bott–Chern currents are an
essential ingredient in the formula which is the main result of this paper.

This section is organized as follows. In section 3.1, we construct the
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currents SK(X,ωX). In section 3.2, we state the main result of [Bi9], which
gives a formula describing the behaviour of such currents by a complex
immersion. Finally, in section 3.3, we specialize the construction to the
case where the group G acts on X with a moment map.

3.1 Construction of the Bott–Chern currents. Let X be a com-
pact complex manifold. Let ωX be the Kähler form of a Kähler metric
on TX. Let G be a compact connected Lie group acting holomorphically
on X and preserving ωX . Let g be the Lie algebra of G. Otherwise, we
keep the notation of sections 1 and 2, and in particular the notation of sec-
tion 2.3. The major difference is that, for the moment, we do not assume
that a moment map is attached to the action of G on X.
Definition 3.1. Let PXK be the vector space of the smooth KX-invariant
forms on X, which are sums of forms of type (p, p). Let PX,0K be the vector
space of the α ∈ PXK which can be written in the form α = ∂β+ ∂γ, where
β, γ are smooth KX -invariant forms on X.

If K = 0, we will write PX instead of PXK . By (2.29), when acting on
PXK , the operators ∂K and ∂K anticommute.

We will now prove an identity already established in [Bi8, eq. (14)] and
in [Bi9, eq. (2.12)]. Let K ′X ∈ T ∗RX be the 1-form which is dual to KX by
the metric hTX . Since ∇TX induces the Levi–Civita connection on TRX
and since KX is a Killing vector field, if U, V ∈ TRX,

dK ′X(U, V ) = 2〈∇TXU KX , V 〉 . (3.1)
Proposition 3.2. The following identity holds

∂K∂K
2iπ

ωX

2π
= dK

K ′X

4iπ
. (3.2)

Proof. By (2.1),
K ′X = i(iK(1,0) − iK(0,1))ωX . (3.3)

Since ωX is closed, we can rewrite (3.3) in the form
K ′X = 1

2π (∂K − ∂K)ωX . (3.4)
Using (2.29), (3.4), we get (3.2). The proof of our proposition is comp-
leted. 2

Definition 3.3. For t > 0 , let bt, dt be the even forms on X,

bt = exp
(
∂K∂K
2iπt

ωX

2π

)
, (3.5)

dt =− ωX

2πt
exp

(
∂K∂K
2iπt

ωX

2π

)
.
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We define ϕ ∈ End
(
Λ(T ∗RX)⊗R C

)
as in (2.57). With the notation in

[Bi9, Definition 2.2],
bt = ϕ−Kαt , dt = 1

2iπϕ
−Kγt . (3.6)

Now we state a result in [Bi8, Proposition 5], [Bi9, Theorem 2.5].
Theorem 3.4. For t > 0, the forms bt and dt lie in PXK . For t > 0 ,
the forms bt are dK closed, and their dK cohomology class does not depend
on t. More precisely

∂

∂t
bt =

∂K∂K
2iπt

dt . (3.7)

Definition 3.5. Let PXK,XK be the set of KX -invariant currents on X
which are sums of currents of type (p, p), whose wave-front set is included
in N∗XK/X,R. Let PX,0K,XK

be the set of currents α ∈ PXK,XK such that there
are KX -invariant currents β, γ on X, whose wave-front set is included in
N∗XK/X,R, with α = ∂Kβ + ∂Kγ.

Let hNXK/X be the hermitian metric induced by ωX on NXK/X , which
is identified to the orthogonal bundle to TXK in TX|XK .

By [Bi5, Theorem 1.3], [Bi9, Theorem 2.5 and Remark 2.6], there are
currents ρ1, . . . , ρk, . . . in PXK,XK such that if η is a smooth form on X,∫

X
ηbt =

∫
XK

η

cmax,K(NXK/X , h
NXK/X )

+
k∑
j=1

∫
X
ηρjt

j + o(tk) . (3.8)

By (3.8), we see that as t→ 0,∫
X
ηdt = −

∫
XK

ηωX/2π
cmax,K(NXK/X , h

NXK/X )
1
t
−

k∑
j=0

∫
X
η
ωX

2π
ρj+1t

j + o(tk) .

(3.9)
If A is an invertible (q, q) matrix, put

c′max(A) = ∂
∂b det(A+ b)|b=0 , (3.10)

c−1,′
max(A) = ∂

∂b

[
det(A+ b)

]−1∣∣
b=0 .

Let δXK be the current of integration on XK . The following result was
proved in [Bi8, eq. (40)–(49)] and in [Bi9, Theorem 2.7].
Theorem 3.6. The following identity holds
−ωX

2π ρ1 = (cmax)−1,′
K (NXK/X , h

NXK/X )δXK in PXK,XK/P
X,0
K,XK

. (3.11)
Let η be a smooth form on X. By (3.9), the function of s ∈ C,

Re(s) > 1,

F 1
η (s) =

1
Γ(s)

∫ 1

0
ts−1

{∫
X
ηdt

}
dt , (3.12)
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extends to a meromorphic function, which is holomorphic at s = 0. Also,
for s ∈ C, Re(s) < 1,

F 2
η (s) =

1
Γ(s)

∫ +∞

1
ts−1

{∫
X
ηdt

}
dt (3.13)

is holomorphic
Definition 3.7. Let SK(X,ωX) be the current on X, such that∫

X
ηSK(X,ωX) = ∂

∂s(F
1
η + F 2

η )(0) . (3.14)

Using (3.6), with the notation in [Bi9, Definition 2.9],
SK(X,ωX) = 1

2iπϕ
−KSωX . (3.15)

Now we state a result in [Bi9, Proposition 2.11].
Proposition 3.8. The following identity holds∫

X
ηSK(X,ωX) =∫ 1

0

{∫
X
η

(
dt +

(ωX/2π)δXK
cmax, K(NXK/X , h

NXK/X )
1
t

+
ωX

2π
ρ1

)}
dt

t

+
∫ +∞

1

{∫
X
ηdt

}
dt

t
+
∫
XK

η
ωX/2π

cmax,K(NXK/X , h
NXK/X )

+Γ′(1)
∫
X
η
ωX

2π
ρ1 .

(3.16)
Proof. This follows from (3.9), (3.12), (3.13). 2

Now we state the result of [Bi8, Theorem 6], [Bi9, Theorem 2.12].
Theorem 3.9. The current SK(X,ωX) lies in PXK,XK . Moreover

∂K∂K
2iπ

SK(X,ωX) = 1− δXK
cmax,K(NXK/X , h

NXK/X )
. (3.17)

Let ω′X be another G-invariant Kähler form on X. Let h′NXK/X be the
corresponding metric on NXK/X . Let c̃−1

max,K(NXK/X , h
NXK/X , h′NXK/X ) ∈

PXK/PXK ,o be the Bott–Chern class such that
∂∂
2iπ c̃

−1
max,K(NXK/X , h

NXK/X , h′NXK/X ) = c−1
max,K(NXK/X , h

′NXK/X )

− c−1
max,K(NXK/X , h

NXK/X ) . (3.18)
The following result was established in [Bi8, Theorem 7].
Theorem 3.10. The following identity holds,

SK(X,ω′X)− SK(X,ωX) = −c̃−1
max,K(NXK/X , h

NXK/X , h′NXK/X )δXK
in PXK,XK/P

X,0
K,XK

. (3.19)
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3.2 Bott–Chern currents, excess normal bundles and immersion
formulas. Let (H,hH) be a holomorphic Hermitian vector bundle on X.
Suppose that G acts on (H,hH) . Let σ be a G-invariant holomorphic
section of H. Put

Y = σ−1(0) . (3.20)

Assume that ∂σ|Y is surjective, so that Y is a complex G-invariant subman-
ifold of X, and that ∂σ : NY/X 7→ H|Y identifies the vector bundles NY/X

and H|Y . Let hNY/X be the corresponding Hermitian metric on NY/X . Let
i : Y 7→ X be the obvious embedding. Put ωY = i∗ωX .

We will use for Y the same notation as for X. Since Y is G-invariant,
the vector field KX restricts on Y to the vector field KY . We still denote
by i the embedding YK 7→ XK .

Consider the short exact sequence of vector bundles on YK ,

0→ NYK/Y → NXK/X → Ñ → 0 . (3.21)

Equation (3.21) defines the vector bundle Ñ . Observe that for reasons of
dimension, Ñ is in general nonzero. This vector field appears as an excess
normal bundle. It measures the defect of transversality betweenXK and Y .

Observe that we have the holomorphic splitting of vector bundles on YK ,

NY/X |YK = NYK/XK ⊕ Ñ . (3.22)

In fact, observe that K acts on NY/X |YK . Then NYK/XK is the eigenbundle
associated to the eigenvalue 0, and Ñ is the direct sum of eigenbundles
associated to nonzero eigenvalues. Also the splitting (3.22) is orthogonal
with respect to the metric hNY/X .

Let c̃−1
max,K(NYK/Y ,NXK/X , h

NXK/X ) be the Bott–Chern class on YK
such that

∂∂
2iπ c̃

−1
max,K(NYK/Y ,NXK/X , h

NXK/X ) = c−1
max,K(NXK/X , h

NXK/X )−

c−1
max,K(NYK/Y , h

NYK/Y )c−1
max,K(Ñ , hÑ ) . (3.23)

Clearly, the vector bundle Ñ splits holomorphically as

Ñ = ⊕θ′
j′
Ñ
θ′
j′ , (3.24)

so that ∇TXKX = mTX(K) acts on Ñ
θ′
j′ by multiplication by iθ′j′ . Of

course the splitting is orthogonal. Let hÑ
θ′
j′ be the corresponding metric

on Ñ
θ′
j′ .



1326 J.-M. BISMUT AND S. GOETTE GAFA

Definition 3.11. Let RK(Ñ , hÑ be the closed form

RK(Ñ , hÑ ) =
∑

R
θ′
j′ (Ñθ′

j′ , hÑ
θ′
j′ ) , (3.25)

and let RK(Ñ) be its cohomology class.

We define PXK,Y as in Definition 3.5, by replacing XK by Y . By [Bi9,
Section 2e)], there is an Euler–Green current ẽK(X,hH) on X, which lies
in PXK,Y , such that

∂K∂K
2iπ

ẽK(X,hH) = δY − cmax,K(H,hH) . (3.26)

The construction of ẽK(X,hH) extends the construction of standard Euler–
Green currents (with K = 0) given in [BiGS3, Section 3f)].

We define PXKYK
as before. By [Bi9, Section 2e)], there is a current

eK(XK , h
H) on XK , which lies in PXKYK

, such that

∂K∂K
2iπ

ẽK(XK , h
H) = cmax,K(Ñ , hÑ )δYK − i∗cmax,K(H,hH) . (3.27)

Note that since KX vanishes on XK , in (3.27), we may replace ∂K , ∂K
by ∂, ∂.

Let PXK,XK∪Y be the set of K-invariant currents on X which are sums
of currents of type (p, p), whose wave front set is included in N∗XK/X,R +

N∗Y/X,R. Let PX,0K,XK∪Y be the set of currents γ in PXK,XK∪Y such that
there exists K-invariant currents α, β, whose wave front set is included in
N∗XK/X,R +N∗Y/X,R, such that γ = ∂Kα+ ∂Kβ.

Now we recall the main result given in [Bi9, Theorem 3.2].

Theorem 3.12. The following identity of currents on X holds,

− ẽK(X,hH)− SK(X,ωX)cmax,K(H,hH) + SK(Y, ωY )δY

+
ẽK(XK , h

H)
cmax,K(NXK/X , h

NXK/X )
δXK

− cmax,K(Ñ , hÑ )c̃−1
max,K(NYK/Y ,NXK/X , h

NXK/X )δYK
+ c−1

max,K(NYK/Y )RK(Ñ)δYK = 0 in PXK,XK∪Y /P
X,0
K,XK∪Y . (3.28)

Equivalently

− ẽK(X,hH)− SK(X,ωX)cmax,K(H,hH) + SK(Y, ωY )δY

+
ẽK(XK , h

H)
cmax,K(NXK/X , h

NXK/X )
δXK
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− cmax,K(Ñ , hÑ )c̃−1
max,K(NYK/Y ,NXK/X , h

NXK/X )δYK
+ c−1

max,K(NXK/X)RK(NXK/X)cmax,K(H)δXK
− c−1

max,K(NYK/Y )RK(NYK/Y )δYK = 0 in PXK,XK∪Y /P
X,0
K,XK∪Y . (3.29)

Remark 3.13. In section 5, we will show that Theorem 3.12 is compat-
ible with a conjectural Riemann–Roch like formula, in which the current
SK(X,ωX) can be expressed as as the difference of two ‘exotic’ classes.

3.3 Bott–Chern currents and moment maps. Now we make the
same assumptions as in sections 1 and 2. In particular we assume that G
acts on X with a moment map µ.

First we establish a modification of Proposition 3.2.
Proposition 3.14. The following identity holds

∂K∂K
2π
〈µ,K〉 = dK

K ′X

4iπ
. (3.30)

Proof. By (2.4),
dK
(
ωX − 2iπ〈µ,K〉

)
= 0 . (3.31)

From (3.2),(3.31), we get (3.30). 2

Definition 3.15. For t > 0, let d̃t be the even form on X,

d̃t = −i〈µ,K〉
t

exp
(
∂K∂K

2πt
〈µ,K〉

)
. (3.32)

Now we give an analogue of Theorem 3.4.
Proposition 3.16. The following identity holds

∂

∂t
bt =

∂K∂K
2iπt

d̃T . (3.33)

Proof. Equation (3.33) follows easily from (3.30). 2

Clearly, when replacing dt by d̃t, the analogue of (3.9) holds, when
replacing ωX/2π by i〈µ,K〉.
Theorem 3.17. The following identity holds,

−i〈µ,K〉ρ1 = (cmax)−1,′
K (NXK/X , h

NXK/X )δXK in PXK /P
X,0
K . (3.34)

Proof. We give two proofs of (3.34). First one can reproduce word for word
the proof of [Bi8, eq. (40)–(49)] and of [Bi9, Theorem 2.7], and still get
(3.34). Another indirect proof is to observe that the dK cohomology class
of t(dt− d̃t) is constant. Therefore one deduces easily (3.34) from (3.11). 2

By replacing dt in (3.12)–(3.13) by d̃t, one constructs a current
S̃K(X,ωX) as in Definition 3.7. Equation (3.16) still holds for S̃K(X,ωX),
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when replacing dt by d̃t and ωX by 2iπ〈µ,K〉. Also Theorem 3.9 still holds
for S̃K(X,ωX).

An explanation for the above results is as follows.
Theorem 3.18. The following identity holds

SK(X,ωX) = S̃K(X,ωX) in PXK,XK/P
X,0
K,XK

. (3.35)
Proof. Clearly

dt − d̃t =
(
− ωX/2π + i〈µ,K〉

)
bt
/
t . (3.36)

Now, we can reproduce the construction of the current SK(X,ωX) in
(3.12)–(3.14), by replacing dt by bt/t. Let TK(X,ωX) be the corresponding
current. We claim that

TK(X,ωX) = 0 in PXK,XK/P
X,0
K,XK

. (3.37)
In fact, this follows from the identities in s, which are valid in the obvious
domains of definition

1
Γ(s)

∫ 1

0
ts−2dt =

1
Γ(s)(s−1)

,
1

Γ(s)

∫ +∞

1
ts−2dt = − 1

Γ(s)(s−1)
.

(3.38)
From (3.31), (3.36) and (3.37), we get (3.35). The proof of our theorem is
completed. 2

Observe that by the analogue of (3.16), if η is a smooth form on X,∫
X
ηS̃K(X,ωX) =

∫ 1

0

{∫
X
η
(
− i〈µ,K〉

)
exp
(
t
∂K∂K

2π
〈µ,K〉

)}
dt

+
∫ +∞

1

{∫
X
η
(
− i〈µ,K〉

)(
exp
(
t
∂K∂K

2π
〈µ,K〉

)
− δXK
cmax,K(NXK/X , h

NXK/X )
− ρ1

t

)}
dt

+
∫
XK

η
i〈µ,K〉

cmax, K(NXK/X , h
NXK/X )

+ Γ′(1)
∫
X
ηi〈µ,K〉ρ1 . (3.39)

Equation (3.39) is interesting. In fact let (C, | |) be the trivial hermitian
line bundle. Then

c1,K
(
C, eT 〈µ,K〉/2| |

)
= i

∂K∂K
2π

T 〈µ,K〉 . (3.40)

Clearly, onX, we can define equivariant Bott–Chern currents by the method
of [BiGS1, part I], by simply replacing the operators ∂, ∂ by the operators
∂K , ∂K . They will be also marked with a .̃ Also by [BiGS1, part I, Theorem
1.27], we have the identity
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c̃hK
(
C, | |, eT 〈µ,K〉/2| |

)
= −

∫ T

0
〈µ,K〉 exp

(
ti∂K∂K2π 〈µ,K〉

)
dt

in PXK /P
X,0
K . (3.41)

Of course the left-hand side of (3.40) still makes sense when replacing 〈µ,K〉
by −i〈µ,K〉. By (3.39),(3.40), we see that the current S̃K(X,ωX) is a nor-
malized limit as T → +∞ of Bott–Chern currents −c̃h(C, | |, e−iT 〈µ,K〉/2| |).

4 Harmonic Oscillator and the Genus I

In this section, we construct the genus I which will appear in our main
formula. The genus I appears as the integral of an auxiliary genus Φ,
which itself appears in a computation involving the heat kernels of semi-
groups which are associated to an harmonic oscillator. As explained in the
Introduction, this harmonic oscillator is not lower bounded, because the
corresponding quadratic potential is in general negative. The associated
heat kernel is then defined via analytic continuation. This is a strong sig-
nal of difficulties to come, the estimates in the proof of our main result
being made more difficult because the quadratic potential has the ‘wrong’
sign.

This section is organized as follows. In section 4.1, we introduce the
function I(θ, θ′, x), and in section 4.2, the function Φs(θ, θ′, x). In sec-
tion 4.3, we define the associated additive genera Φs,g,B and Ig,B. In sec-
tion 4.4, using Mehler’s formula, we compute the kernel of the semigroup
associated to a harmonic oscillator. In section 4.5, we obtain the genus
Φs,g,B as the supertrace of the heat kernel associated to an harmonic oscil-
lator. Finally in section 4.6, under the assumptions of sections 1 and 2, we
construct the characteristic classes Ig,K(NXK/X) and Φs,g,K(NXK/X).

4.1 The function I.
Definition 4.1. For θ ∈ R, θ′ ∈ R, |θ′| small enough, and x ∈ C, |x|
small enough, set

I(θ, θ′, x) =
∑
k∈Z

2kπ+θ 6=0

log
(
1 + θ′

2kπ+θ

)
i(2kπ + θ + θ′) + x

. (4.1)

Recall that the function Rθ(x) was introduced in Definition 1.9.
Theorem 4.2. The function I(θ, θ′, x) is periodic in θ of period 2π. If
θ /∈ 2πZ,

I(θ, θ′, x) = R(θ, x+ iθ′)−R(θ + θ′, x) . (4.2)
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Moreover I(θ, 0, x) = 0. For θ′ ∈] − 2π, 2π[\0, x ∈ C, |x| < inf |θ′ + 2kπ|,
then

I(0, θ′, x) = R(x+ iθ′)−R(θ′, x) +Rθ
′
(x) . (4.3)

Proof. First we consider the case θ /∈ 2πZ. We may and we will assume
that θ ∈ ]0, 2π[ . Clearly

I(θ, θ′, x) =
∑
k∈Z∗

log (1+(θ+θ′)/2kπ)− log (1+θ/2kπ)
i(2kπ+θ+θ′)+x

+
log(1+θ′/θ)
i(θ+θ′)+x

.

(4.4)
Using (1.38), (4.4), we get (4.2). Clearly I(θ, 0, x) = 0. We will now assume
that θ′, x are taken as indicated before (4.3). Then

I(0, θ′, x) =
∑
k∈Z∗

log (1 + θ′/2kπ)
i(2kπ + θ′) + x

. (4.5)

From (1.38), (4.5), we get (4.3). The proof of our proposition is comp-
leted. 2

4.2 The function Φs.

Definition 4.3. For θ /∈ 2πZ, and |θ′|, |x| small, or for θ ∈ 2πZ, |θ′|, |x|
small, with x+ iθ′ 6= 0, and s ∈]0, 1], set

Φs(θ, θ′, x) =
1
2

[
coth

(
iθ+siθ′

2

)
− coth

(
iθ+iθ′+x

2

)]
siθ′

(1−s)iθ′+x .

(4.6)
Observe that even if x + (1 − s)θ′ may vanish, the expression (4.6) is

still well-defined by analytic continuation. In particular Φs(θ, θ′, x) depends
smoothly on s ∈ ]0, 1]. Also Φs(θ, θ′, x) is periodic in θ of period 2π. Finally
if θ /∈ 2πZ,

Φs(θ, 0, x) = 0 . (4.7)
Proposition 4.4. As s ∈ ]0, 1]→ 0,

Φs(θ, θ′, x) = 1θ∈2πZ
1

iθ′ + x
+O(s) . (4.8)

Proof. Clearly, if θ /∈ 2πZ, as s→ 0,
Φs(θ, θ′, x) = O(s) . (4.9)

Also

Φs(0, θ′, x) =
1
2
[

coth(siθ′/2)− coth((iθ′ + x)/2)
] siθ′

(1− s)iθ′ + x
. (4.10)

From (4.9), (4.10), we get (4.8). The proof of our proposition is com-
pleted. 2
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Proposition 4.5. The following identity holds,

Φs(θ, θ′, x) =
∑
k∈Z

sθ′

(2πk + sθ′ + θ)(2iπk + iθ + iθ′ + x)
. (4.11)

Proof. We use (4.6) and the identity
1
2

coth(x/2) =
∑
k∈Z

1
2iπk + x

. (4.12)

2

Theorem 4.6. The following identity holds,∫ 1

0

(
Φs(θ, θ′, x)− 1θ∈2πZ

1
iθ′ + x

)
ds

s
= I(θ, θ′, x) . (4.13)

Proof. By (4.11),

Φs(θ, θ′, x) − 1θ∈2πZ
1

iθ′+x
=

∑
k∈Z

2kπ+θ 6=0

sθ′

(2kπ+sθ′+θ)(2ikπ+iθ+iθ′+x)
.

(4.14)
By (4.1),(4.14), we get (4.13). 2

4.3 The genera Φs,g,B, Ig,B. Let X be a complex manifold. Let N
be a holomorphic vector bundle on X. Let hN be a hermitian metric on N .

Let g ∈ Aut(N) be a holomorphic isometry of (N,hN ). Let eiθ1 , . . . , eiθq ,
0 ≤ θj < 2π, be the locally constant distinct eigenvalues of the action of g
on N . Let B be a holomorphic skew-adjoint section of End(N), which com-
mutes with g. Let iθ′1, . . . , iθ

′
q′ , θ

′
j′ ∈ R, be the locally constant eigenvalues

of the action of B on N . Then N splits orthogonally as

N = ⊕ 1≤j≤q
1≤j′≤q′

N
θj ,θ′j′ . (4.15)

We make the basic assumption that in (4.15), θ and θ′ do not vanish to-
gether.

Set
N+ = ⊕ 1≤j≤q

1≤j′≤q′,θ
′
j′ 6=0

N
θj ,θ
′
j′ , (4.16)

N0 = ⊕1≤j′≤q′N
0,θ′

j′ .

Then N+,N0 are holomorphic subbundles of N and N0 ⊂ N+. Let
hN

+
, hN

0
be the metrics on N+,N0 induced by hN on N+,N0.

Let ∇N
θj ,θ
′
j′ be the holomorphic Hermitian connection on N θj ,θ

′j′
, and

let RN
θj ,θ
′j′

be its curvature.
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If A is a (q, q) invertible matrix, using the notation in (3.10), we get
c′max
cmax

(A) = Tr[A−1] . (4.17)
Definition 4.7. Put

Φs,g,B(N,hN ) =
∑

1≤j≤q
1≤j′≤q′

Tr
[
Φs

(
θj , θ

′
j′ ,−RN

θj ,θj′

2iπ

)]
,

Ig,B(N,hN ) =
∑

1≤j≤q
1≤j′≤q′

Tr
[
I
(
θj , θ

′
j′ ,−RN

θj,θj′

2iπ

)]
, (4.18)

(
c′max
cmax

)
B

(N0, hN
0
) =

∑
1≤j′≤q′

Tr
[(
iθ′j′ − RN

0,θ′
j′

2iπ

)−1]
.

Observe that by Theorem 4.2, and by (4.7), if θ /∈ 2πZ, then I(θ, 0, x)=0,
Φs(θ, 0, x) = 0, so that

Ig,B(N,hN ) = Ig,B(N+, hN
+

) , (4.19)

Φs,g,B(N,hN ) = Φs,g,B(N+, hN
+

) .
Proposition 4.8. As s ∈]0, 1]→ 0,

Φs,g,B(N,hN ) =
(
c′max
cmax

)
B

(N0, hN
0
) +O(s) . (4.20)

Proof. This follows from Proposition 4.4 . 2

Theorem 4.9. The following identity holds,∫ 1

0

(
Φs,g,B(N,hN )−

(
c′max
cmax

)
B

(N0, hN
0
)
)
ds

s
= Ig,B(N+, hN

+
) . (4.21)

Proof. This follows from Theorem 4.6 and from (4.20). 2

4.4 The heat kernel of the harmonic oscillator and its analytic
extension. For u ∈ C, η ∈ C, x ∈ C, put

σ(u, η, x) = 4 sinh
(
x− 2η +

√
x2 + 4u

4

)
sinh

(
−x+ 2η +

√
x2 + 4u

4

)
.

(4.22)

Note that
√
x2 + 4u is well defined up to sign, but that σ(u, η, x) does

not depend on the choice of the square root. In particular σ(u, η, x) is a
holomorphic function of its arguments, which is periodic in η of period 2iπ.
By [Bi11, Proposition 4.2],

σ(u, iθ, x) = (θ2 + iθx+ u)
∏
k∈Z∗

(
(θ + 2kπ)2 + i(θ + 2kπ)x+ u

4k2π2

)
,

(4.23)
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and if θ /∈ 2πZ,

σ(u, iθ, x) = 4 sin2(θ/2)
∏
k∈Z

(
1 +

ix

θ + 2kπ
+

u

(θ + 2kπ)2

)
. (4.24)

Let V be a finite dimensional complex hermitian vector space. Let F,H
be commuting elements of End(V ), with F self-adjoint and H skew-adjoint.
Let e1, . . . , e2` be an orthonormal base of VR. Consider the differential
operator

L = −1
2

(
∇ei + 1

2〈HZ, ei〉
)2 + 1

2〈FZ,Z〉 . (4.25)

Put

P = H2 + 4F . (4.26)

Then P is a self-adjoint element of End(V ). Clearly

L = −1
2∆− 1

2∇HZ + 1
8〈PZ,Z〉 . (4.27)

Set

M = L+ 1
2∇HZ . (4.28)

Then

[M,∇HZ ] = 0 . (4.29)

Also the operatorM, with domain C0(VR,R), is a formally self-adjoint op-
erator. If P ≥ 0, the operator M, when viewed as an unbounded operator
acting on L2(VR), has a self-adjoint closure. When P > 0, the operatorM
is a harmonic oscillator. When P ≥ 0, let Q be the obvious nonnegative
self-adjoint square root of P .

When P ≥ 0, let p(Z,Z ′), Z, Z ′ ∈ VR, be the smooth kernel of the op-
erator exp(−L) with respect to dvV /(2π)dimV . By using Mehler’s formula
[GlJ, Theorem 1.5.10] as in [Bi7, eq. (6.37), (6.38)], [Bi11, eq. (4.48), (4.49)]
we get

p(Z,Z ′) = det
(

Q/2
sinh(Q/2)

)
exp

{
−1

2

〈
Q/2

tanh(Q/2)
Z,Z

〉
−1

2

〈
Q/2

tanh(Q/2)
Z ′, Z ′

〉
+
〈

Q/2
sinh(Q/2)

eH/2Z,Z ′
〉}

. (4.30)

Observe that in (4.30), p(Z,Z ′) depends analytically on P , since all the
functions of Q which appear are in fact functions of Q2 = P . Therefore
the kernel p(Z,Z ′) extends to a holomorphic function of (F,H), which is
well defined as long as for any k ∈ N∗, −4k2π2 is not an eigenvalue of P ,
although the operator M is not lower bounded. Still, in this case, we will
say that p(Z,Z ′) is the smooth kernel associated to the operator exp(−L).
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A functional integral interpretation of the above is as follows. Let
Z,Z ′ ∈ VR, and let P(Z,Z′) be the probability law of the Brownian bridge
Zs, s ∈ [0, 1], with Z0 = Z, Z1 = Z ′. Then by using Feynman–Kac formula
and the Ito calculus as in [Bi7, eq. (4.11)], we find that if P ≥ 0, , so that
the operator exp(−L) is well defined, then

p(Z,Z ′) = exp(−|Z − Z ′|2/2)EP(Z,Z′)

[
exp

(∫ 1

0
〈HZs, dZs〉/2

−
∫ 1

0
〈FZs, Zs〉/2

)]
. (4.31)

In (4.31), EP(Z,Z′) is the expectation operator with respect to P(Z,Z′), and
the integral ∫ 1

0
〈HZs, dZs〉

is an Ito or Stratonovitch stochastic integral. More generally, the condition
P > −4π2 guarantees that the expression in the right-hand side of (4.31)
is integrable with respect to P(Z,Z′).

Proposition 4.10. If F is positive definite, there exists C > 0, C ′ > 0
such that for any skew-adjoint H ∈ End(V ) commuting with F such that
H2 ≥ −4π2, then ∣∣p(Z,Z)

∣∣ ≤ C exp
(
−C ′|Z|2

)
. (4.32)

Proof. By (4.30),

p(Z,Z) = det
(

Q/2
sinh(Q/2)

)
exp

(
−1

2

〈
Q/2

sinh(Q/2)
4 sinh

(
(H +Q)/4

)
sinh

(
(H −Q)/4

)
Z,Z

〉)
.

(4.33)

Clearly Q/2
sinh(Q/2) is positive definite and remains uniformly bounded. The

operator 4 sinh((H+Q)/2
)

sinh
(
(H−Q)/2) is self-adjoint and nonnegative.

We claim that it has a strictly positive lower bound, which is uniformly
bounded away from 0. In fact, by (4.23),

4 sinh
(
(H +Q)/4

)
sinh

(
(H −Q)/4

)
= F

∏
k∈Z∗

(
1 + iH

2kπ + F
4k2π2

)
. (4.34)

By (4.34), we get the required uniform lower bound. Using (4.33), we thus
get (4.32). The proof of our proposition is completed. 2
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4.5 Harmonic oscillator and the genus Φs,g,B. Let X be a complex
manifold. Let

E : 0→ L→M → N → 0 (4.35)

be a short exact sequence of holomorphic vector bundles on X. We assume
that the sequence (4.35) splits holomorphically, i.e.

M = L⊕N . (4.36)

Let hM be a hermitian metric on M which is such that the splitting (4.36)
is orthogonal. Let hL, hN be the corresponding metrics on L,N . Let
g ∈ Aut(M) be a holomorphic isometry of M , which preserves L and N .
Let eiθ1 , . . . , eiθq , 0 ≤ θj < 2π, be the distinct eigenvalues of the action of
g on E . Then the exact sequence E splits into a direct sum

E = ⊕1≤j≤qEθj , (4.37)

so that g acts on Eθj by multiplication by eiθj , and the splitting (4.37) is
orthogonal. Let B be a holomorphic skew-adjoint section of End(M) which
also preserves L and N and which commutes with g. Let iθ′1, . . . , iθ

′
q′ ,

θ′j ∈ R be the distinct eigenvalues of B acting on E . Then the splitting
(4.37) can be refined into

E = ⊕ 1≤j≤q
1≤j′≤q′

Eθj ,θ
′
j′ , (4.38)

so that on Eθj ,θ
′
j′ , g acts by multiplication by eiθj , and B by multiplication

by iθ′j′ . Of course, the splitting (4.38) is still orthogonal. Let hN
θj,θ
′
j′ be

the corresponding metric on N
θj ,θ
′
j′ . Let ∇N ,∇N

θjθ
′
j′ be the holomorphic

hermitian connection on (N,hN ), (N θj ,θ′j′ , hN
θj ,θ
′
j′ ), and let RN , RN

θj ,θ
′
j′ be

the corresponding curvatures.
We make the basic assumption that

E0,0 = L . (4.39)

Equivalently, in M , N is the direct sum of the eigenbundles of g and B
associated to θ > 0 or θ′ 6= 0.

Let JM be the complex structure of MR. Let da, da be odd Grassmann
variables. Since C ' R2, then Λ(R2) ⊗R C is the algebra generated by
1, da and da. Moreover Λ1(R2) ⊗R C ' C(da, da). In the sequel, we will
consider the graded tensor product

(
Λ(R2)⊗R C

)
⊗̂ c(N∗R), so that da, da

will anticommute with the odd elements of c(N∗R).
Let `′′ = dimL, ` = dimM . Let e1, . . . , e2`′′ be an orthonormal basis of

LR, let e2`′′+1, . . . , e2` be an orthonormal basis of NR.



1336 J.-M. BISMUT AND S. GOETTE GAFA

Recall that Λ(N∗(0,1)) is a c(NR) Clifford module. To make our notation
simpler, we will assume that if U ∈ LR, then c(U) acts like 0 on Λ(N∗(0,1)).
Definition 4.11. For s ∈]0, 1], let Ls0 be the differential operator acting
on C∞(MR,C(da, da) ⊗̂Λ(N∗(0,1))),

Ls0 = −1
2

(
∇ei + 1

2〈(R
M − (1 + s)B)Z, ei〉

)2
+ s

2 |BZ|
2

− s
4〈Bei, ej〉c(ei)c(ej)+ s

2〈R
MBZ,Z〉− s

2 idac(J
MBZ)− is

2 dada〈J
MBZ,Z〉

+ 1
2Tr[RM ]− 1

2Tr[B] . (4.40)
Using the notation in (4.25), set

F = −sB2 + s(RM − iJMdada)B , (4.41)

H = RM − (1 + s)B .
Put

P = H2 + 4F . (4.42)
A straightforward computation shows that

P =
(
RM − (1− s)B

)2 − 4siJMBdada . (4.43)

Let P (0) be the component of degree 0 of P in the considered Grassmann
variables. Then

P (0) = (1− s)2B2 . (4.44)

Therefore, if |B| is small enough, for s ∈ ]0, 1], then P (0) > −4π2. For |B|
small enough, we can then use the results of section 4.4.
Definition 4.12. For |B| small enough, let qs(Z,Z ′), Z,Z ′ ∈ MR be
the smooth kernel of the operator exp(−Ls0) with respect to the volume
dvM (Z ′)/(2π)dimM .

Then qs(Z,Z ′) ∈ (Λ(R2) ⊗R C) ⊗̂Λ(T ∗RX) ⊗̂End(Λ(N∗(0,1))). In the
sequel, we will take the supertrace of gqs(g−1Z,Z). In the case where
N = 0, we just consider qs(Z,Z) ∈ Λ(R2)⊗R C.
Theorem 4.13. For s ∈ ]0, 1], the form Trs[gqs(g−1Z,Z)] is invariant by
translations by elements of LR. If |B| is small enough, for any s ∈ ]0, 1],
there is C > 0, C ′ > 0 such that if Z ∈ NR, then∣∣qs(g−1Z,Z)

∣∣ ≤ C exp
(
− C ′|Z|2

)
. (4.45)

Moreover, if |B| is small enough, the following identity holds,

ϕ

∫
N

Trs
[
gqs(g−1Z,Z)

] dvN (Z)
(2π)dimN

= TdgeB (M,hM )(
1 + dadaΦs,g,B(N+, hN

+
)
)
. (4.46)
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Proof. To prove (4.45) and (4.46), we may as well assume that g acts on
M by multiplication by eiθ, 0 ≤ θ < 2π, and B by multiplication by iθ′.

Now we use the notation in (4.22)–(4.24). By the above, it follows that
σ(F, iθ,H) ∈ End(M) is well-defined. Put

Σ(F, iθ,H) = det
[
σ(F, iθ,H)

]
. (4.47)

If θ′ = 0, i.e. if B = 0, then

P = RM,2 , (4.48)

of which a trivial square root Q is RM . If θ′ 6= 0, then B is invertible. If
s ∈ ]0, 1[, a square root Q of P is given by

Q = RM − (1− s)B − dada(RM − (1− s)B)−12isJMB . (4.49)

More generally, in all cases (including the case where s = 1), we temporarily
assume that RM is invertible (so that RM (RM )−1 = 1), and write a square
root Q of P as in (4.49). Using (4.49), we get the identity ,

H +Q

2
= RM −B − dada isJMB

RM − (1− s)B , (4.50)

−H +Q

2
= sB − dada isJMB

RM − (1− s)B .

Let Ls be the differential operator defined as in (4.25), with V = M , and
F,H as given in (4.41). Let ps(Z,Z ′) be the smooth kernel associated with
the operator exp(−Ls), with respect to the volume dvM (Z ′)/(2π)dimM . By
(4.30), we get

ps(g−1Z,Z) = det
[

Q/2
sinh(Q/2)

]
exp

(
− 1

2

〈
Q/2

sinh(Q/2)
σ(F, iθ,H)Z,Z

〉)
. (4.51)

First we consider the case where θ = 0, θ′ = 0, i.e. M = L. Then

σ(F, 0,H) = 0 . (4.52)

Recall that Â is the multiplicative genus associated to Â(x) = x/2
sinh(x/2) . By

(4.51),(4.52), we obtain

ps(Z,Z) = Â(−RL) . (4.53)

Using (4.40), (4.53), we get

ϕqs(Z,Z) = Td(−RL/2iπ) . (4.54)

So we have established our theorem when θ = 0, θ′ = 0.
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Now we assume that θ and θ′ do not vanish together so that M = N .
We claim that if |B| is small enough, if s ∈ ]0, 1], then(

Q/2
sinh(Q/2)

)(0)

and
σ(F, iθ,H)(0)

are positive definite operators. By (4.49), this is clear for the first operator.
Also observe that by (4.50),

σ(F, 0,H)(0) = 4 sinh(−B/2) sinh(sB/2) , (4.55)
which is indeed positive for B invertible if |B| is small enough. A similar
argument can also be used in the case where θ /∈ 2πZ.

From (4.51), we get (4.45) and we obtain∫
NR

ps(g−1Z,Z)
dvN (Z)

(2π)dimN
=

1
Σ(F, iθ,H)

. (4.56)

By (4.22), (4.47)–(4.50), we get

Σ(F, iθ,H) = det
[
4 sinh

(1
2(RN−B−iθ + dada(sB/(RN−(1−s)B)))

)
sinh

(1
2

(
sB + iθ + dadasB/(RN − (1− s)B)

))]
. (4.57)

Equivalently,

Σ(F, iθ,H) = det
[
4 sinh((−RN +B + iθ)/2) sinh(−(sB + iθ)/2)

](
1− dada

2
Tr
[

sB

RN − (1− s)B
(

coth((−RN +B + iθ)/2)−

coth((sB + iθ)/2)
)])

. (4.58)

From (4.58), we get
1

Σ(F, iθ,H)
=
[

det(4 sinh((−RN +B + iθ)/2) sinh(−(sB + iθ)/2))
]−1

(
1 +

dada

2
Tr
[

sB

RN − (1− s)B
(

coth((−RN +B + iθ)/2)

− coth((sB + iθ)/2)
)])

. (4.59)

Moreover by [Bi7, eq. (5.6)],

Trs
Λ(N∗(0,1))

[
g exp

(
s/4

∑
〈Bei, ej〉c(ei)c(ej)〉

)]
= eiθ dimN/2 det

[
2 sinh(−(sB + iθ)/2)

]
. (4.60)
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From (4.40), (4.56)–(4.60), we find that when θ > 0,

ϕ

∫
NR

Trs
[
gqs(g−1Z,Z)

] dvN (Z)
(2π)dimN

= TdgeB (N,hN )
(

1 +
dada

2
Tr
[(
− coth((−RN/2iπ +B + iθ)/2)+

coth((sB + iθ)/2)
) sB

−RN/2iπ + (1− s)B

])
. (4.61)

From (4.6), (4.19), (4.54), (4.61), we get (4.46). The proof of our theorem
is completed. 2

4.6 The characteristic classes Ig,K(NXK/X) and Φs,g,K(NXK/X).
We make the same assumptions and we use the same notation as in sections
1 and 2. Let g ∈ G, K0 ∈ z(g). Take z ∈ R∗, K = zK0. On Xg,K , g
acts on NXK/X , with locally constant distinct eigenvalues expiθ1 , . . . , expiθq .
Similarly B = ∇TX. KX acts as a skew-adjoint morphism of NXK/X which
commutes with g, whose eigenvalues are also locally constant.

For z ∈ R∗ close enough to 0, we can then define the characteristic
classes Ig,B(NXK/X),Φs,g,B(NXK/X) on Xg. In the sequel, we will note
these classes Ig,K(NXK/X),Φs,g,K(NXK/X).

5 A Comparison Formula for the Equivariant Torsions

In this section we state our main result, which is a local formula for the ra-
tio of the infinitesimal equivariant Quillen metric to the equivariant Quillen
metric. In this local formula, the current SK(X,ωX) constructed in sec-
tion 3 and the genus I introduced in section 4 appear. Also we verify the
compatibility of our formula to the immersion formulas for the Quillen met-
rics and for the current SK(X,ωX). Finally, we speculate on the arithmetic
consequences of our formulas, in particular in connection with recent work
by Köhler–Roessler [KöR1,2] and Kaiser–Köhler [KK]. We show that at
least formally, the known results on Quillen metrics and analytic torsion
forms are consequences of a formula expressing the current SK(X,ωX) in
terms of arithmetic characteristic classes.

This section is organized as follows. In section 5.1, we state the formula
comparing the two sorts of equivariant Quillen metrics. In section 5.2,
we show that this result combined with the immersion formulas for these
Quillen metrics implies a nontrivial identity on currents. In section 5.3,
we prove a nontrivial identity on Bott–Chern currents with excess normal
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bundle, which is essentially a restatement of the results given in section 3.2
on excess formulas for the current SK(X,ωX). In section 5.4, we give a
direct proof of the compatibility of our main formula with the immersion
formulas using these excess formulas. Finally in section 5.5, we speculate
on the arithmetic consequences of our identity.

5.1 The main result. For convenience, we state again the main result
of this paper, already given in Theorem 0.1. Here we take g ∈ G, K0 ∈ z(g).
If z ∈ R, we take K = zK0.

Theorem 5.1. For z ∈ R∗, if |z| is small enough, the following identity
holds

log
(
‖ ‖

λ̃G(E)(g,K)

‖ ‖λG(E)(geK)

)2

=
∫
Xg

Tdg,K(TX, hTX)chg,K(E,hE)SK(Xg, ω
Xg)

−
∫
Xg,K

TdgeK (TX)Ig,K(NXK/X)chgeK (E) . (5.1)

5.2 Compatibility with the immersion formulas. We temporarily
assume that besides the above assumptions, the assumptions of sections 1.6
and 2.8 also hold. Using Theorem 2.28, we find that for |K| small enough,

log
(
‖ ‖

λ̃G(E)

‖ ‖
λ̃G(F )

)2

(g,K)− log
(‖ ‖λG(E)

‖ ‖λG(F )

)2
(geK)

= −
∫
Xg

Tdg,K(TX, hTX)Tg,K(Xg, h
E)

+
∫
Xg,K

TdgeK (TX, hTX)TgeK (Xg,K , h
E)

+
∫
Yg

Td−1
g,K(NY/X , h

NY/X )T̃dg,K(TY |Yg , TX|Yg, , hTX|Yg )chg,K(F, hF )

−
∫
Yg,K

Td−1
geK

(NY/X , h
NY/X )T̃dgeK (TY |Yg,K , TX|Yg,K , h

TX|Yg,K )chgeK (F, hF )

−
∫
Yg

Tdg,K(TX)Rg,K(NY/X)chg,K(F )

+
∫
Yg,K

TdgeK (TX)RgeK (NY/X)chgeK (F ) . (5.2)

On the other hand, by using Theorem 5.1, we find that

log
(
‖ ‖

λ̃G(E)

‖ ‖
λ̃G(F )

)2

(g,K)− log
(‖ ‖λG(E)

‖ ‖λG(F )

)2
(geK) =
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Xg

Tdg,K(TX, hTX)chg,K(E,hE)SK(Xg, ω
Xg)

−
∫
Yg

Tdg,K(TY, hTY )chg,K(F, hF )SK(Yg, ωYg)

−
∫
Xg,K

TdgeK (TX)Ig,K(NXK/X)chgeK (E)

+
∫
Yg,K

TdgeK (TY )Ig,K(NYK/Y )chgeK (F ). (5.3)

Now, we will give a direct explanation for the compatibility of formulas
(5.2) and (5.3).

5.3 An identity of Bott–Chern currents with an excess normal
bundle. We make the same assumptions as in section 5.2. Now, we pro-
ceed as in section 3.2, with X,Y replaced by Xg, Yg. Consider the short
exact sequence of vector bundles on Yg,K ,

0→ NYg,K/Yg → NXg,K/Xg → Ñ → 0 . (5.4)

Equation (5.4) defines the vector bundle Ñ . This vector bundle is an excess
normal bundle.

We have the holomorphic splitting,
NYg/Xg = NYg,K/Xg,K ⊕ Ñ . (5.5)

In fact, observe that K acts on NYg/Xg . Then NYg,K/Xg,K is the eigenbundle
associated to the eigenvalue 0, and Ñ is the direct sum of eigenbundles
associated to nonzero eigenvalues. The splitting (5.5) is orthogonal with
respect to the obvious metric hNYg/Xg .

Let c̃−1
max,K(NYg,K/Yg ,NXg,K/Xg , h

NXg,K/Xg ) be the Bott–Chern class on
Yg,K , such that

∂∂
2iπ c̃

−1
max,K(NYg,K/Yg ,NXg,K/Xg , h

NXg,K/Xg )

= c−1
max,K(NXg,K/Xg , h

NXg,K/Xg )

− cmax,K(NYg,K/Yg , h
NYg,K/Yg )c−1

max,K(Ñ , hÑ ) . (5.6)

The vector bundle Ñ splits holomorphically as
Ñ = ⊕θ′

j′
Ñ
θ′
j′ , (5.7)

so that ∇TXKX = mTX(K) acts on Ñ
θ′
j′ by multiplication by iθ′j′ . Let

hÑ
θ′
j′ be the corresponding metric on Ñ

θ′
j′ . Now, we proceed as in Defini-

tion 3.11.
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Definition 5.2. Let RK(Ñ , hÑ ) be the closed form on Yg,K ,

RK(Ñ , hÑ ) =
∑

R
θ′
j′ (Ñθ′

j′ , hÑ
θ′
j′ ) , (5.8)

and let RK(Ñ) be its cohomology class.

Theorem 5.3. For z ∈ R, |z| small enough, the following identity of
currents on Xg holds,

− Tg,K(Xg, h
E)− SK(Xg, ω

Xg)chg,K(E,hE) +

SK(Yg, ωYg)chg,K(F, hF )
Tdg,K(NY/X , h

NY/X )
δYg +

TgeK (Xg,K , h
E)

cmax,K(NXg,K/Xg , h
NXg,K/Xg ) δXg,K

− cmax,K(Ñ , hÑ )c̃−1
max,K(NYg,K/Yg ,NXg,K/Xg , h

NXg,K/Xg )

Td−1
g,K(NY/X , h

NY/X )chg,K(F, hF )δYg,K
+ c−1

max,K(NYg,K/Yg) Td−1
g,K(NY/X)RK(Ñ)chg,K(F )δYg,K

= 0 in P
Xg
K,XK∪Yg/P

Xg,0
K,XK∪Yg . (5.9)

Proof. This result has been essentially proved in [Bi9, Theorem 3.2], this
result being also restated in Theorem 3.12. Here we will use the notation in
section 3.2. In fact assume temporarily that g = 1, and that the complex
(E, v) is a Koszul complex (Λ(H∗),

√
−1iσ). Here H is a holomorphic vector

bundle on X on which G acts, σ is a G-invariant section of H. Then dσ|Y
gives a G-equivariant identification

H|Y ' NY/X . (5.10)

We assume that the metric hE comes from a G-invariant metric hH on H,
which is such that the identification (5.10) is an isometry. Then by [BiGS3,
Theorem 3.17],

TK(X,hE) = Td−1
K (H,hH)ẽK(X,hH) in PXK,Y /P

X,0
K,Y . (5.11)

In [BiGS3], (5.11) has only been proved in the case where K = 0, but the
proof immediately extends to the general case. The same argument shows
that

TeK (XK , h
E) = Td−1

K (H,hH)ẽK(XK , h
H) in PXKK,YK

/PXK ,0K,YK
. (5.12)

Then using Theorem 3.12, and (5.11), (5.12), we get (5.9) in this special
case. In the case where g = 1, but the complex (E, v) is not necessarily
Koszul, one can reproduce word for word the proof of [Bi9, Theorem 3.2]
and obtain (5.9) in full generality.
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When g is not necessarily equal to the identity, a combination of the
arguments of [Bi9], [BiGS3, Section 3f)] and [Bi12, Section 6] leads easily
to (5.9). Details are left to the reader. 2

5.4 A direct proof of the compatibility. Now we will show how to
verify directly the equality of the right-hand sides of (5.2) and (5.3) using
(5.9).

In fact we multiply (5.9) by the form Tdg,K(TX, hTX), and integrate
on Xg. We claim that this identity, when combined with Theorem 4.2,
leads to the equality of the right-hand sides of (5.2) and (5.3). In fact one
uses the obvious identity over Xg,K ,

Tdg,K(TX, hTX)

cmax,K(NXg,K/Xg , h
NXg,K/Xg )

= TdgeK (TX, hTX) . (5.13)

Also, by Theorem 3.9, we get∫
Yg

Tdg,K(TX, hTX)
SK(Yg, ωYg)

Tdg,K(NY/X , h
NY/X )

chg,K(F, hF )

=
∫
Yg

Tdg,K(TY, hTY )SK(Yg, ωYg)chg,K(F, hF )

+
∫
Yg

Td−1
g,K(NY/X , h

NY/X )T̃dg,K(TY |Yg , TX|Yg , hTX|Yg )chg,K(F, hF )

−
∫
Yg,K

(
Tdg,K(NY/X , h

NY/X )cmax,K(NYg,K/Yg , h
NYg,K/Yg )

)−1

T̃dg,K(TY |Yg , TX|Yg , hTX|Yg )chg,K(F, hF ) . (5.14)
We claim that on Yg,K ,

cmax,K(Ñ , hÑ )c̃−1
max,K(NYg,K/Yg ,NXg,K/Xg , h

NXg,K/Xg ) Td−1(NY/X , h
NY/X )

Tdg,K(TX, hTX) +
(

Tdg,K(NY/X , h
NY/X )cmax,K(NYg,K/Yg , h

NYg,K/Yg )
)−1

T̃dg,K
(
TY |Yg , TX|Yg , hTX|Yg

)
= Td−1

geK
(NY/X , h

NY/X )T̃dgeK
(
TY |Yg,K , TX|Yg,K , h

TXYg,K
)

in P Yg,K/P Yg,K ,0 . (5.15)

In fact, let N⊥Y/X be the direct sum of the eigenbundles of g associated to
eigenvalues of g not equal to 1. Then we have the holomorphic splitting of
vector bundles over Yg,K ,

NY/X = NYg,K/Xg,K ⊕ Ñ ⊕N
⊥
Y/X . (5.16)
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Also the splitting in (5.16) is orthogonal. Using (5.16), we get identities of
forms on Yg,K which extend (5.13),

TdgeK (TY, hTY ) =
Tdg,K(TY, hTY )

cmax,K(NYg,K/Yg , h
NYg,K/Yg )

,

TdgeK (NY/X , h
NY/X ) =

Tdg,K(NY/X , h
NY/X )

cmax,K(Ñ , hÑ )
.

(5.17)

Using (5.13) and (5.17), when applying the operator ∂∂/2iπ to both sides
of (5.15), we get a known identity. The identity (5.15) itself then follows
from the uniqueness of Bott–Chern classes.

Also observe that by (1.47) and by Theorem 3.9,∫
Yg

Tdg,K(TX)Rg,K(NY/X)chg,K(F )

−
∫
Yg,K

TdgeK (TX)RgeK (NY/X)chgeK (F )

=
∫
Yg,K

TdgeK (TX)
(
Rg,K(NY/X)−RgeK (NY/X)

)
chgeK (F ) ,∫

Xg,K

TdgeK (TX)Ig,K(NXK/X)chgeK (E)−
∫
Yg,K

TdgeK (TY )Ig,K(NYK/Y )

chgeK (F ) =
∫
Yg,K

TdgeK (TY )Ig,K(NXK/X/NYK/Y )chgeK (F ) . (5.18)

Now using Theorem 4.2, we get

Ig,K(NXK/X/NYK/Y ) = Rg,K(NY/X)−RgeK (NY/X) +RK(Ñ) . (5.19)

From (3.28), (5.14), (5.15), (5.18), (5.19), we have thus obtained a direct
proof of the equality of the right-hand sides of (5.2) and (5.3).

5.5 Riemann–Roch for the equivariant Quillen metrics. Suppose
that X is an arithmetic variety in the sense of Gillet–Soulé [GilS1,2,3], i.e.
X is an integral regular flat projective scheme over Spec(Z). Let ωX be
a Kähler form on XC which is invariant under complex conjugation. Let(
E,hE

)
be an algebraic Hermitian vector bundle on X. Here hE is a Hermi-

tian metric on XC which is also invariant under complex conjugation. Let
ωX be a Kähler form on XC which is invariant under complex conjugation.
Put

λ = det
(
H ·(X,E)

)
. (5.20)

We equip λC with the Quillen metric ‖ ‖ associated to ωX , hE .
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The Hermitian vector bundles TX and E map to the Grothendieck
group K̂0(X) of Hermitian vector bundles introduced by Gillet and Soulé
in [GilS2]. In [GilS1,2], Gillet–Soulé also defined arithmetic Chow groups
ĈH(X) and a Chern character map ĉh : K̂0(X) 7→ ĈH(X). In particular,
there is a map a from the vector space of sums of smooth real (p, p) forms
modulo forms of the type ∂α+∂β into ĈH(X). Other characteristic classes
like the Todd class T̂d were constructed as well. The map f : X 7→ Spec(Z)
maps ĈH(X) into ĈH(Spec(Z)). Also ĈH

1
(Spec(Z)) ' R.

Let d̂eg(λ) ∈ R be the Arakelov degree of λ Then the Riemann–Roch
theorem of Gillet–Soulé [GilS4, Theorem 7] asserts in particular that

d̂eg(λ) = f∗
(
T̂d(TX, hTX)ĉh(E,hE)− a(Td(TX)R(TX)ch(E))

)(1)
.

(5.21)
More generally if X and Y are non singular quasiprojective arithmetic

varieties and if f : X 7→ Y is a projective morphism, let f̂! : K̂0(X) 7→
K̂0(Y ) be the direct image in K̂0 theory. Note that the definition of f̂! in-
corporates the higher analytic torsion forms constructed in Bismut–Köhler
[BiK]. As an example, if for i > 0, Riπ∗E = 0, let hR

0π∗E be the obvious
L2 metric on R0π∗E. By definition,

f!(E) = (R0π∗E,h
R0π∗E)− a

(
T (ωX , hE)

)
. (5.22)

As conjectured by Gillet–Soulé in [GilS3], and proved by them in [GilS5]
using results of [Bi13] on the behaviour of the higher analytic torsion forms
under embeddings (the results of [Bi13] extend the results of Bismut–
Lebeau [BiL], where the case where the base is a point was considered),
(5.21) extends to the equality

ĉh(f!(E)) = f∗
(
T̂d(TX, hTX)ĉh(E,hE)− a

(
Td(TX)R(TX)ch(E))

)
in ĈH(Y )Q . (5.23)

A K-theoretic version of (5.23) has been given by Roessler [Ro].
Assume now that X is an arithmetic variety taken as before. Put T =

Spec(t, t−1), and assume that X is equipped with a projective action of T .
This induces in particular an action of C∗ on XC. Of course S1 ⊂ C∗. We
assume that E is T -equivariant, and we also suppose that the considered
metrics are S1-invariant.

Take n ∈ N. Let U be the total space of the universal line bundle
on Pn. Then Spec(t, t−1) acts on U∗ and X. Form the quotient V =
U∗ ×Spec(t,t−1) X. (As pointed out by D. Roessler, quotients have to be
handled carefully.) Then f : V 7→ Pn has fibre X. Let Θ be the curvature
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of the connection of the universal line bundle on Pn equipped with the
Fubini-Study metric. Then by (2.74), the analytic torsion forms T (ωX , hE)
associated to this projection (these are forms on Pn

C) are given by

T (ωX , hE) = ∂
∂s θ̃(ω

X , hE)
(
1,− Θ

2iπ

)
(0) . (5.24)

On the other hand, in [Bi11, Section 7e)], Bismut conjectured an arith-
metic Lefschetz formula with group actions, in which the genus R(x) of
Gillet and Soulé would be replaced by the genus R(θ, x). Using the re-
sults of [Bi12] described in section 1.6, Köhler and Roessler [KöR1] have
established such a formula, which takes the form

ĉhg(f!(E)) = f∗
(
T̂dg(TX)ĉhg(E)−a(Tdg(TX)Rg(TX)chg(E))

)
. (5.25)

In (5.25), if f is the projection X 7→ Spec(Z), T̂dg(TX), ĉhg(E) are arith-
metic versions of the Atiyah–Bott characteristic forms evaluated on the
fixed point set of g on X. The precise assumptions are given in [KöR1]. It
is very likely that a similar statement holds when Spec(Z) is replaced by
an arbitrary base Y . In (5.25), if for i > 0, Rif∗E = 0, then

f!(E) =
(
R0f∗E,h

R0f∗E
)
− a

(
T (ωX , hE)

)
( . ) . (5.26)

In (5.26),
(
R0f∗E,hR

0f∗E
)

is considered as a G-equivariant Hermitian vec-
tor bundle, and T (ωX , hE)( . ) is viewed as a form on Y depending on g ∈ G.

Now in the special case considered after (5.23), R.f∗E is given by

R.f∗(E) = U∗ ×Spec(t,t−1) H
·(X,E) . (5.27)

From (5.27), we find that R.f∗(E) can be obtained via the character of
the representation of T on H ·(X,E), which is given by the Lefschetz fixed
point formula.

Let us now apply the Köhler–Roessler formula (5.25) in degree 1, and
also the Riemann–Roch formula of Gillet–Soulé given in (5.23) to the pro-
jection f : V 7→ Pn. Using Theorems 4.2 and 5.1, we should get the
following conjectural equality in R,∫

X
TdK(TX, hTX)chK(E,hE)SK(X,ωX)

=
∫
X

T̂dK(TX, hTX)ĉhK(E,hE)−
∫
XK

T̂deK (TX, hTX)ĉheK (E,hE)

+
∫
XK

TdeK (TX)RK(NXK/X)cheK (E) . (5.28)

In (5.28), K is a rational element of R, the Lie algebra of S1. Also
T̂dK(TX, hTX) and ĉhK(E,hE) are still not defined equivariant arithmetic



Vol. 10, 2000 HOLOMORPHIC EQUIVARIANT ANALYTIC TORSIONS 1347

characteristic classes. More generally, one should expect that if α is an
arbitrary equivariant characteristic class,∫

X
α(K)SK(TX, hTX) =

∫
X
α̂(K)−

∫
XK

α̂(K)ĉ−1
max,K(NXK/X , h

NXK/X )

+
∫
XK

α(K)c−1
max,K(NXK/X)RK(NXK/X) . (5.29)

In fact a direct motivation for suspecting that (5.29) should be true is the
immersion result for the currents SK(X,ωX) [Bi9, Theorem 3.2], which was
stated in Theorem 3.12.

It is very likely that a formula like (5.29) can be given a direct proof,
independent of Riemann–Roch, by using a technique of deformation to
the normal cone. An asymptotic version of (5.29) as K tends to 0 was
established by Köhler and Roessler [KöR2], using their Lefschetz fixed point
formula in Arakelov geometry [KöR1] and also Theorem 5.1.

It should be pointed out that part of Bismut’s work on Quillen met-
rics was itself motivated by the fact that at least formally, the theorem of
Riemann–Roch in Arakelov geometry is itself a consequence of a formula
like (5.29) in infinite dimensions.This has been explained in some detail in
[Bi9,10].

Namely let (X,ωX) be a compact Kähler manifold, and let LX be its
loop space, i.e. the set of smooth functions from S1 into X. Then S1 acts
on LX by ksx. = x.+s. The generating vector field for this action of S1 is
just K(x.) = dx/dt.. The Kähler ωX lifts to a S1-invariant Kähler form
ωLX on LX. Moreover K is a holomorphic vector field on LX (for a natural
holomorphic structure on LX).

In [A], Atiyah explained an argument of Witten showing that at least
formally, starting from the classical McKean–Singer index formula [MS] for
the Euler characteristic χ

(
detTX)−1/2

)
(this is just equation (2.21), with

g = 1) could be written formally in the form

χ
(
(detTX)−1/2) =

∫
LX

exp
(
−(d+ iK)K ′/2t

)
. (5.30)

Also in [A], it was observed that if Â(x) = x/2
sinh(x/2) is identified with the

corresponding multiplicative genus, then one has the formal equality of
cohomology classes on X,

c−1
max,K(X/LX) = Â(TX) . (5.31)

Recall that bt was defined in (3.5). In [Bi8,9], identity (5.31) was extended
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to the formal equality

χ(E) =
∫
LX

btβ
(
L(E ⊗ (detTX)1/2)

)
. (5.32)

In (5.32), β(L(E ⊗ (detTX)1/2)) is a natural lift of the Chern character
form of E ⊗ (detTX)1/2 to LX into a d − 2iπiK-closed form, which was
constructed in [Bi2].

In [Bi8], it was shown that at least formally
∂

∂s
θ(ωX , hE) =

∫
LX

SK(LX,ωLX)β
(
L(E ⊗ (detTX)1/2)

)
. (5.33)

In [Bi10], the main result of Bismut–Lebeau [BiL], which is Theo-
rem 1.15 for g = 1, was obtained as a formal consequence of the main
result of [Bi9] stated in Theorem 3.12. In particular, an interpretation
given in [Bi10] of the genus R of Gillet and Soulé [GilS3] is that

RK(NX/LX) = R(TX) . (5.34)

One can then show that at least formally, equation (5.29) ‘implies’ the
Riemann–Roch theorem of Gillet and Soulé [GilS4] in the form stated in
(5.23).

The theory has almost come full circle. An infinite dimensional version
of infinite dimensional equivariant cohomology was a motivation behind
some of the proofs needed in establishing analytic aspects of the theory of
Quillen metrics and higher analytic torsion forms.

6 A Proof of the Comparison Formula

The purpose of this section is to establish our main result Theorem 5.1.
The general organization of the section is similar to [BiL, Section 6]. In
particular, we prove our main result by deforming a contour integral.

This section is organized as follows. In section 6.1, we construct a closed
1-form γt,v on R∗+ ×R∗+. In section 6.2, we introduce a contour depending
on two parameters,(a,A), with 0 < a < 1 < A < +∞, on which the
integral of γt,v vanishes identically. So we get an identity written in the
form

∑3
k=1 I

0
k = 0. In section 6.3, we state two key intermediate results,

whose proof is delayed to sections 8 and 9. In section 6.4, we study the
asymptotics of the I0

k ’s, as A → +∞, a → 0. Finally, in section 6.5, we
obtain a final identity, which is shown to be equivalent to Theorem 5.1.

In this section, we make the same assumptions and we use the same
notation as in section 5.
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6.1 A closed one-form.
Definition 6.1. Set

DX
T = DX + T c(KX)

2
√

2
. (6.1)

With the notation in (2.19),
DX
T = A−

√
−1T . (6.2)

Proposition 6.2. Let αt,T be the 1-form on R∗+ ×R,

αt,T = dt
t Trs

[
Ng exp(−LK−tDX,2

T )
]
+dT Trs

[
i〈µ,K〉g exp(−LK−tDX,2

T )
]
.

(6.3)
Then αt,T is a closed form.

Proof. Replace temporarily T by
√
−1T , i.e. DX

T by AT , which was intro-
duced in (2.16), (2.18). Then the proof of our proposition is the same as
the proof of [Bi6, Theorem 2.2], [BiL, Theorem 3.3] or [BiZ, Theorem 5.6].
The comparison with [BiZ] is especially relevant, since, in view of (2.10),
〈µ,K〉 plays here the role of f/2 in [BiZ]. Changing back T into −

√
−1T ,

we obtain the desired result. Needless to say, a direct simple proof can be
given. 2

Definition 6.3. Let γt,v be the 1-form on R∗+ ×R∗+,

γt,v = dt
t Trs

[ (
N − i 〈µ,K〉t

)
g exp

(
−LK − tDX,2

1
t
− 1
v

)]
+ dv

v2 Trs
[
i〈µ,K〉g exp

(
−LK − tDX,2

1
t
− 1
v

)]
. (6.4)

Proposition 6.4. The 1-form γt,v is closed.

Proof. In (6.3), we make the change of variables
T = 1

t −
1
v , (6.5)

and we use Proposition 6.2. 2

6.2 A contour integral. Take 0 < a < 1 < A < +∞. Let Γ = Γa,A
be the oriented contour in R2 indicated in Figure 6.1. Set

I0
k =

∫
Γk
γ , 1 ≤ k ≤ 3 . (6.6)

Theorem 6.5. The following identity holds,
3∑

k=1

I0
k = 0 . (6.7)

Proof. This follows from Proposition 6.4. 2

In the sequel, we will make A → +∞, a → 0 in this order in identity
(6.7), and we will ultimately obtain Theorem 5.1.
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3
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Figure 6.1:

6.3 Two intermediate results. We use the notation of section 3. Set

ẽv =
∫
Xg

Tdg,K(TX, hTX)chg,K(E,hE)d̃v,

D̃−1(g,K) =
∫
Xg,K

TdgeK (TX)chgeK (E)i〈µ,K〉, (6.8)

E0(g,K) =
∫
Xg,K

TdgeK (TX)
(
c′max
cmax

)
K

(NXg,K/Xg)chgeK (E) .

Then by the analogue of (3.9) for d̃v and by (3.34), as v → 0,

ẽv = −D̃−1(geK)
v

−E0(g,K) +O(v) . (6.9)

Also observe that by (4.20), as s→ 0,∫
Xg,K

TdgeK (TX)Φs,g,K(NXK/X)chgeK (E) = E0(g,K) +O(s) . (6.10)

Recall that g ∈ G, K0 ∈ z(g), and that K = zK0, with z ∈ R∗. We
now state two intermediate results which will be needed in our proof of
Theorem 5.1.
Theorem 6.6. For z ∈ R∗, if |z| is small enough, given v ∈ R∗+, as t→ 0,

Trs

[
i 〈µ,K〉v g exp

(
−LK − tDX,2

1
t
− 1
v

)]
→ −ẽv . (6.11)

Moreover, given z ∈ R∗, and |z| small enough, there exist C > 0, γ ∈ ]0, 1]
such that for t ∈ ]0, 1], v ∈ [t, 1],∣∣∣Trs

[
i 〈µ,K〉v g exp

(
−LK − tDX,2

1
t
− 1
v

)]
+ ẽv

∣∣∣ ≤ C(t/v)γ . (6.12)
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Given z ∈ R∗, if |z| is small enough, there exists C > 0 such that for
t ∈ ]0, 1], v ≥ 1, ∣∣∣Trs

[
i 〈µ,K〉v g exp

(
−LK − tDX,2

1
t
−1
v

)]∣∣∣ ≤ C
v . (6.13)

Theorem 6.7. If z ∈ R∗, if |z| is small enough, given v ∈ [1,+∞[, as
t→ 0,

Trs

[
i 〈µ,K〉tv g exp

(
−LK − tDX,2

1
t
(1− 1

v
)

)]
= D̃−1(geK)

tv

+
∫
Xg,K

TdgeK (TX)Φ1/v,g,K(NXK/X)chgeK (E) + o(1) . (6.14)

Proof. Theorem 6.6 will be proved in section 8, and Theorem 6.7 in sec-
tion 9. 2

6.4 The asymptotics of the I0′
k s. We now study the I0

k ’s. It will be
understood in the sequel that in all our statement, z ∈ R∗ will be such that
|z| is small enough.
1) The term I0

1 . Clearly,

I0
1 =

∫ A

a
Trs

[(
N − i〈µ,K〉

t

)
g exp

(
−LK − tDX,2

1
t
− 1
A

)]
dt
t . (6.15)

α) A→ +∞. As A→ +∞,

Trs

[(
N − i〈µ,K〉

t

)
g exp

(
−LK − tDX,2

1
t
− 1
A

)]
→ Trs

[(
N − i〈µ,K〉

t

)
g exp

(
−LK − tDX,2

1
t

)]
= γt(g,K) . (6.16)

Clearly,
√
tDX

1
t
− 1
A

=
√
tDX +

(
1− t

A

) c(KX)
2
√

2t
. (6.17)

By (6.17) and by Theorem 7.7, for |z| ≤ 1, there is C > 0 such that for
t ∈ [1,+∞[ , A ∈ [t,+∞[,∣∣∣Trs

[(
N − i〈µ,K〉

t

)
g exp

(
−LK − tDX,2

1
t
− 1
A

)]
− Trs

H·(X,E)[NgeK ]
∣∣∣ ≤ C√

t
.

(6.18)
By (6.15)–(6.18), we find that as A→ +∞,

I0
1 −Trs

H·(X,E)[NgeK ] log(A)

→ I1
1 =

∫ 1

a
γt(g,K)

dt

t
+
∫ +∞

1

(
γt(g,K)− γ+∞(g,K)

)dt
t
. (6.19)

β) a→ 0. By Theorem 2.22, as a→ 0,
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I1
1 −

C−1(g,K)
a

+ C0(g,K) log(a)

→ I2
1 =

∫ 1

0

(
γt(g,K)− C−1(g,K)

t
− C0(g,K)

)
dt

t

+
∫ +∞

1
(γt(g,K)− γ+∞(g,K))

dt

t
− C−1(g,K) . (6.20)

γ) Evaluation of I2
1 .

Proposition 6.8. The following identity holds,

I2
1 = − ∂

∂s θ̃(ω
X , hE)(g,K)(0) + Γ′(1)

(
C0(g,K)−Trs

H·(X,E)[NgeK ]
)
.

(6.21)

Proof. This follows from Proposition 2.25 and from (6.20). 2

2) The term I0
2 . We have the identity

I0
2 = −

∫ A

a
Trs
[
Ng exp(−LK − tDX,2)

]dt
t
. (6.22)

α) A→ +∞. As A→ +∞,

I0
2+Trs

H·(X,E)[NgeK ] log(A)→ I1
2 = −

∫ 1

a
Trs
[
Ng exp

(
−LK−tDX,2)]dt

t

−
∫ +∞

1

(
Trs[Ng exp(−LK − tDX,2)]− Trs

H·(X,E)[NgeK ]
)dt
t
. (6.23)

β) a→ 0. By Theorem 1.6, as a→ 0,

I1
2 +

D−1(geK)
a

−D0(geK) log(a)→

I2
2 = −

∫ 1

0

(
Trs[Ng exp(−LK − tDX,2)]− D−1(geK)

t
−D0(geK)

)dt
t

−
∫ +∞

1

(
Trs[Ng exp(−LK− tDX,2)]−Trs

H·(X,E)[NgeK ]
)dt
t

+D−1(geK) .

(6.24)

γ) Evaluation of I3
2 .

Proposition 6.9. The following identity holds,

I3
2 = ∂

∂sθ(ω
X , hE)(geK)(0) + Γ′(1)

(
−D0(geK) + Trs

H·(X,E)[NgeK ]
)
.

(6.25)

Proof. This follows from Proposition 1.7 and from (6.24). 2
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3) The term I0
3 . We have the obvious

I0
3 =

∫ A

a
Trs
[
i〈µ,K〉g exp(−LK − aDX,2

1
a
− 1
v

)
]dv
v2 . (6.26)

α) A→ +∞. As A→ +∞,

I0
2 → I1

3 =
∫ +∞

a
Trs
[
i〈µ,K〉g exp

(
− LK − aDX,2

1
a
− 1
v

)]dv
v2 . (6.27)

β) a→ 0 . Set

J1 = −
∫ 1

a
ẽv
dv

v
,

J2 =
∫ +∞

1
Trs

[
i〈µ,K〉
v

g exp
(
−LK − aDX,2

1
a
− 1
v

)] dv
v
, (6.28)

J3 =
∫ 1/a

1

(
Trs

[
i〈µ,K〉
av

g exp
(
−LK − aDX,2

1
a

(1− 1
v

)

)]
+ ẽav

)
dv

v
.

Clearly
I1

3 = J1 + J2 + J3 . (6.29)
By (6.9), as a→ 0,

J1 −
D̃−1(geK)

a
+E0(g,K) log(a)

→ J1
1 = −

∫ 1

0

(
ẽv +

D̃−1(geK)
v

+E0(g,K)
)
dv

v
− D̃−1(geK) . (6.30)

By (6.11), as a→ 0,

Trs

[
i〈µ,K〉
v g exp

(
−LK − aDX,2

1
a
− 1
v

)]
→ −ẽv . (6.31)

Also by (6.13), there exist C > 0 such that for v ≥ 1, a ∈]0, 1],∣∣∣Trs

[
i〈µ,K〉
v g exp

(
−LK − aDX,2

1
a
− 1
v

)]∣∣∣ ≤ C
v . (6.32)

From (6.28), (6.31), (6.32), we find that as a→ 0,

J2 → J1
2 = −

∫ +∞

1
ẽv
dv

v
. (6.33)

By (6.12), there exists C > 0, γ ∈]0, 1] such that for 1 ≤ v ≤ 1/a,∣∣∣Trs

[
i〈µ,K〉
av g exp

(
−LK − aDX,2

1
a

(1− 1
v

)

)]
+ ẽav

∣∣∣ ≤ C
vγ . (6.34)

Using (6.9), (6.14), (6.28) and (6.34), we find that as a→ 0,

J3 → J1
3

=
∫ +∞

1

(∫
Xg,K

TdgeK (TX)Φ1/v,g,K(NXK/X)chgeK (E)−E0(g,K)
)
dv

v
.

(6.35)
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From (6.29), (6.30), (6.33), (6.35), we see that as a→ 0,

I1
2 −

D̃−1(geK)
a +E0(g,K) log(a)→ I2

3 = J1
1 + J1

2 + J1
3 . (6.36)

γ) Evaluation of I2
3 .

Proposition 6.10. The following identity holds,

I2
3 = −

∫
Xg

TdgeK (TX, hTX)chgeK (E,hE)S̃K(Xg, ω
Xg)

+
∫
Xg,K

TdgeK (TX)Ig,K(NXK/X) + Γ′(1)E0(g,K) . (6.37)

Proof. By (4.21) (6.30), (6.33), (6.35), (6.36), we get

I2
3 = −

∫ 1

0

(
ẽv +

D̃−1(geK)
v

+E0(g,K)
)
dv

v
−
∫ +∞

1
ẽv
dv

v

−
∫
Xg,K

TdgeK (TX)Ig,K(NXK/X)chgeK (E)− D̃−1(geK) . (6.38)

Using the analogue of (3.16) for S̃K(Xg, ω
Xg), (3.34) and (6.38), we get

(6.37). 2

6.5 The final identity.

Theorem 6.11. The following identity holds,
3∑

k=1

I2
k = 0 . (6.39)

Proof. We will check that, as should be the case by equation (6.7) in
Theorem 6.5, the divergences of the I0

k ’s add up to 0.
α) A→ +∞. By (6.19), (6.23), we get the diverging terms

−Trs
H·(X,E)[NgeK ] log(A) + Trs

H·(X,E)[NgeK ] log(A) = 0 . (6.40)

Therefore
3∑

k=1

I1
k = 0 . (6.41)

β) a→ 0. By (6.20), (6.24), (6.36), we get the diverging terms

− C−1(g,K)
a + C0(g,K) log(a) + D−1(geK)

a −D0(geK) log(a)

− D̃−1(geK)
a +E0(g,K) log(a) . (6.42)

Now by (3.17), (3.31),
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Xg

(
ωX

2π − i〈µ,K〉
)

Tdg,K(TX, hTX)chg,K(E,hE) =∫
Xg,K

(
ωX

2π − i〈µ,K〉
)

TdgeK (TX, hTX)chgeK (E,hE) . (6.43)

Equation (6.43) says that, as should be the case, the coefficient of 1/a in
(6.42) vanishes identically. A similar argument shows that the coefficient
of log(a) also vanishes. We thus get (6.39). The proof of our theorem is
completed. 2

Now we use Propositions 6.8-6.10 and Theorem 6.11. Since the coeffi-
cient of log(a) in (6.42) vanishes, we find that the coefficient of Γ′(1) in the
left-hand side of (6.39) vanishes. Identity (6.39) is then equivalent to (5.1),
i.e. we have completed the proof of Theorem 5.1.

7 The Construction of the Families Equivariant Analytic
Torsion Forms

The purpose of this section is in particular to establish Theorem 2.22. This
result implies that the infinitesimal equivariant torsion ∂

∂s θ̃(ω
X ,hE)(g,K)(0)

introduced in section 2.6 is well defined. Also we introduce many of the
tools which will be needed to complete the proof of the main result of this
paper. Many of our tools were already used in [BiL].

One of the main points is to show that ∂
∂s θ̃(ω

X , hE)(g,K)(0) is well de-
fined as a function of K ∈ g, for |K| small enough. By using the techniques
of [BiGS1], [BiK], [BGV], it is relatively easy to define ∂

∂s θ̃(ω
X , hE)(g,K)(0)

as a formal power series. The fact it exists as a function requires nontrivial
estimates.

This section is organized as follows. In section 7.1, we study the be-
haviour of γt(g,K) as t → +∞. The proofs use estimates on trace class
operators. The fact that CK,t is the sum of a self-adjoint part

√
tDX and

of a skew-adjoint part c(KX)/2
√

2t plays an important role. In sections
7.2–7.14, we study γt(g,K) as t→ 0. In section 7.3, by using finite propa-
gation speed techniques for solutions of hyperbolic equations [CP], [T], we
show that our problem can be localized near the fixed point set Xg. Let
L3,t
x,K be a rescaled version of the operator LK + C2

K,t near x ∈ Xg. The
problem is now reduced to understanding the behaviour as t→ 0 of a kernel
F̃t(L

3,t
x,K)(Z,Z ′) whose support is close to the diagonal.

Recall that equation (2.69) involves an asymptotic expansion of γt(g,K)
as t → 0, and the first two terms have to be evaluated explicitly. Sections
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7.4–7.13 are devoted to obtaining the first term in this asymptotic expan-
sion. In section 7.4, we state a Lichnerowicz formula. In section 7.5, we
introduce a local coordinate system near Xg. In section 7.6, given x ∈ Xg,
we replace the manifold X by (TRX)x. In section 7.7, we perform a Getzler
rescaling [G] on certain Clifford variables.

From section 7.8 on, we use functional analytic methods inspired from
[BiL, Section 11]. In section 7.8, we introduce a natural family of norms,
and we prove that the rescaled operators L3,t

x,K verify corresponding elliptic
estimates. In section 7.9, we truncate the operator L3,t

x,K , and we express
F̃t(L

3,t
x,K)(Z,Z ′) as an infinite sum, for the reasons outlined in the Intro-

duction.
In section 7.10, we give estimates on the resolvent of the truncated

operators, and in section 7.11, we prove corresponding uniform regularizing
properties. In section 7.12, we establish uniform estimates on the truncated
kernels. Finally, in section 7.13, we obtain the first term in the asymptotic
expansion of γt(g,K) as t→ 0.

In section 7.14, we obtain the second term in the asymptotic expansion
of γt(g,K). In fact we use an algebraic identity taken from [BiGS1], to
reduce the problem to a new one, which is accessible to the techniques we
just described.

In our proofs, the constants C > 0 may vary from line to line.

7.1 The behaviour of the supertraces as t→∞. Recall that

γt(g,K) = Trs

[(
N − i 〈µ,K〉t

)
g exp(−LK − C2

K,t)
]
. (7.1)

Theorem 7.1. There exist β > 0, C > 0 such that if K ∈ z(g), |K| ≤ β,
t ≥ 1, ∣∣γt(g,K)−Trs

H·(X,E)[NgeK ]
∣∣ ≤ C√

t
. (7.2)

Proof. This subsection is devoted to the proof of Theorem 7.1. 2

Let F s be the Sobolev space of sections of Λ(T ∗(0,1)X)⊗E on X. Then

F∞ = Ω·(X,E) . (7.3)

The Hilbert space F 0 is naturally equipped with the norm | |0 associated
to the Hermitian product (1.6). More generally, for s ∈ R\{0}, let | |s be
a norm on F s. We may and we will assume that | |s increases with s. Let
c ∈ ]0, 1] be such that

Sp(DX) ∩
{
λ ∈ R, |λ| ≤ 2c

}
⊂ 0 . (7.4)

Consider the contour in C indicated in Figure 7.1. Let U be the elements
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-3c/4 3c/4

3c/8

∆− ∆+

δ

c/20

Figure 7.1:

of C which lie outside the domain bounded by ∆ and δ. In particular
±i∞ ∈ U .

If A ∈ L(F s, F s
′
), let ‖A‖s,s′ be the norm of A with respect to the given

norms on F s, F s
′
.

Proposition 7.2. There exist C > 0, C ′ > 0 such that if t ≥ 1, λ ∈ U ,∥∥(λ−
√
tDX)−1∥∥0,0 ≤ C ,∥∥(λ−
√
tDX)−1∥∥0,1 ≤ C

(
1 + |λ|√

t

)
.

(7.5)

Proof. Using (7.4), the first inequality in (7.5) follows. Also

(λ−
√
tDX)−1 = 1√

t
(
√
−1−DX)−1

+ (
√
−1− λ/

√
t)(
√
−1−DX)−1(λ−

√
tDX)−1 . (7.6)

Moreover ∥∥(
√
−1−DX)−1∥∥0,1 ≤ C ′ . (7.7)

From the first inequality in (7.5), and from (7.6), (7.7), we get the second
inequality in (7.5). The proof of our proposition is completed. 2

Definition 7.3. For t ≥ 1, λ ∈ U , put

mt(λ) = 1− c(KX)
2
√

2t
(λ−

√
tDX)−1 . (7.8)

Proposition 7.4. Given M > 0, there exist t0 ≥ 1, C > 0 such that
for K ∈ g, |K| ≤ M , t ≥ t0, λ ∈ U , then mt(λ) ∈ L(F 0) is invertible and
moreover ∥∥m−1

t (λ)− 1
∥∥0,0 ≤ C√

t
. (7.9)
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Proof. By (7.5), there exists C ′ > 0 such that for K ∈ g, |K| ≤M , t ≥ 1,∥∥mt(λ)− 1
∥∥0,0 ≤ C′√

t
. (7.10)

Equation (7.9) follows from (7.10). 2

Definition 7.5. If q ∈ R, q ≥ 1, let Lq(F 0) be the space of the A ∈ L(F 0)
such that

‖A‖q =
{

Tr[(A∗A)q/2]
}1/q

< +∞ . (7.11)
Then Lq(F 0) is a vector space and ‖ ‖q is a norm on Lq(F 0). Similarly, if
A ∈ L(F 0), let ‖A‖∞ be the usual norm of A.

Let p be the orthogonal projection operator from F 0 on kerDX . Put
p⊥ = 1− p . (7.12)

Theorem 7.6. Given M > 0, there exist t0 ≥ 1, C > 0 such that for
K ∈ g, |K| ≤M , t ≥ t0, λ ∈ U , then λ− CK,t is invertible, an moreover∥∥(λ− CK,t)−1∥∥

∞ ≤ C . (7.13)
Let q be an integer such that q ≥ 2 dimX+1. Then there exists C ′ > 0

such that if K ∈ g, |K| ≤M , t ≥ t0, λ ∈ U , |λ| ≤ c
√
t,∥∥(λ− CK,t)−1 − p/λ

∥∥
q
≤ C′√

t

(
1 + |λ|

)
. (7.14)

There exists C ′′ > 0 such that if K ∈ g, |K| ≤M , t ≥ t0, λ ∈ U , |λ| ≤ c
√
t,∥∥(λ− CK,t)−q − p/λq

∥∥
1 ≤

C′′√
t

(
1 + |λ|

)
. (7.15)

Finally there exists C ′′′ > 0 such that if K ∈ g, |K| ≤M , t ≥ t0, λ ∈ U ,∥∥(λ− CK,t)−1∥∥
q
≤ C

(
1 + |λ|

)
. (7.16)

Proof. Clearly
λ− CK,t = mt(λ)(λ−

√
tDX . (7.17)

Using Propositions 7.2 and 7.4 and (7.17), we find that for t ≥ t0, λ−CK,t
is invertible. More precisely

(λ− CK,t)−1 = (λ−
√
tDX)−1m−1

t (λ) . (7.18)
By (7.5), (7.9), (7.18), we get (7.13).

By (7.5), (7.6), for q ≥ 2 dimX + 1,∥∥(λ−
√
tDX)−1∥∥

q
≤ C

(
1 + |λ|

)∥∥(
√
−1−DX)−1∥∥

q
(7.19)

≤ C ′
(
1 + |λ|

)
.

Using (7.9), (7.18), (7.19), we get∥∥(λ− CK,t)−1 − (λ−
√
tDX)−1∥∥

q

≤
∥∥(λ−

√
tDX)−1∥∥

q

∥∥m−1
t (λ)− 1

∥∥
∞ ≤

C√
t

(
1 + |λ|

)
. (7.20)
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If µ ∈ Sp(DX), µ 6= 0, then |µ| ≥ 2c. So if µ′ ∈ C, |µ′| ≤ c, then

|µ− µ′| ≥ |µ|2 . (7.21)

Let (DX)−1 be the inverse of DX on the orthogonal space (kerDX)⊥ to
kerDX in F 0. From (7.21), we find that if λ ∈ U , |λ| ≤ c

√
t, then∥∥p⊥(λ−

√
tDX)−1∥∥

q
≤ 2√

t

∥∥p⊥(DX)−1∥∥
q
≤ C√

t
. (7.22)

Equation (7.22) is equivalent to∥∥(λ−√tDX
)−1 − p

λ

∥∥
q
≤ C√

t
. (7.23)

By (7.20), (7.23), we get (7.14).
If 1 ≤ r ≤ q, if λ ∈ U , |λ| ≤ c

√
t, by (7.14),∥∥(λ− CK,t)−(r−1) ((λ− CK,t)−1 − p
λ

) p
λq−r

∥∥
1

≤ C
∥∥(λ− CK,t)−1∥∥r−1

q

∥∥(λ− CK,t)−1 − p/λ
∥∥
q
≤ C√

t

(
1 + |λ|

)
. (7.24)

From (7.24), we get (7.15).
Fix λ0 ∈ U . If λ ∈ U ,

(λ−CK,t)−1 = (λ0−CK,t)−1+(λ0−λ)(λ−CK,t)−1(λ0−CK,t)−1 . (7.25)
By (7.13), (7.14), (7.25), we get (7.16). The proof of our theorem is com-
pleted. 2

Theorem 7.7. Let M > 0. There exist C > 0 such that for K ∈ z(g),
|K| ≤M , t ≥ 1, then ∥∥ exp

(
−C2

K,t

)
− p
∥∥

1 ≤
C√
t
. (7.26)

Proof. By Theorem 7.6, for |K| ≤M , t ≥ t0,

exp(−C2
t ) =

1
2iπ

∫
∆∪{δ}

exp(−λ2)(λ− CK,t)−1dλ . (7.27)

Take q ∈ N, q ≥ 2 dimX+1. Let fq be the unique holomorphic function
on C\

√
−1R which has the following two properties:

lim
λ→±∞

fq(λ) = 0 (7.28)

f
(q−1)
q (λ)
(q − 1)!

= exp(−λ2) .

Clearly, there exist c > 0, C > 0 such that if λ ∈ ∆,
|fq(λ)| ≤ c exp(−C|λ|2) . (7.29)

We have the identity
1

2iπ

∫
∆

exp(−λ2)(λ− CK,t)−1dλ =
1

2iπ

∫
∆
fq(λ)(λ− CK,t)−qdλ. (7.30)
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By inequality (7.15) in Theorem 7.6 and by (7.29), for t ≥ t0,∥∥∥∥ 1
2iπ

∫
∆∩{λ;|λ|≤c

√
t}
fq(λ)

(
(λ− CK,t)−q −

p

λq

)
dλ

∥∥∥∥
1
≤ C√

t
. (7.31)

Also by (7.16), (7.29),∥∥∥∥ 1
2iπ

∫
∆∩{λ;|λ|≥c

√
t}
fq(λ)

(
λ− CK,t)−q −

p

λq

∥∥∥∥
1

(7.32)

≤ C
∫

∆∩{λ;|λ|≥c
√
t}
|fq(λ)|

∥∥∥(λ− CK,t)−q −
p

λq

∥∥∥
1
dλ ≤ C exp(−C ′t) .

Finally by the theorem of residues,
1

2iπ

∫
∆
fq(λ)

dλ

λq
= 0 . (7.33)

By (7.30)-7.33), we find that for t ≥ t0,∥∥∥∥ 1
2iπ

∫
∆

exp(−λ2)(λ− CK,t)−1dλ

∥∥∥∥
1
≤ C√

t
. (7.34)

Now let gq(λ) be a holomorphic function on C such that

g
(q−1)
q (λ)
(q − 1)!

= exp(−λ2) . (7.35)

Then
1

2iπ

∫
δ

exp(−λ2)(λ− CK,t)−1dλ =
1

2iπ

∫
δ
gq(λ)(λ− CK,t)−qdλ . (7.36)

Moreover
1

2iπ

∫
δ

gq(λ)
λq

dλ =
1

2iπ

∫
δ

exp(−λ2)
dλ

λ
= 1 . (7.37)

By (7.15) and (7.36), (7.37), we get∥∥∥∥ 1
2iπ

∫
δ

exp(−λ2)(λ− CK,t)−1dλ− p
∥∥∥∥

1
≤ C√

t
. (7.38)

By (7.27), (7.34), (7.38), we get (7.26). The proof of our theorem is
completed. 2

Remark 7.8. Equation (7.2) in Theorem 7.1 is a simple consequence of
Theorem 7.7.

7.2 The asymptotics of the supertraces as t→ 0.

Theorem 7.9. There exist β > 0, C > 0, γ ∈ ]0, 1] such that if K ∈ g,
|K| ≤ β, t ∈ ]0, 1],∣∣∣∣αt(g,K)−

∫
Xg

Tdg,K(TX)chg,K(E)
∣∣∣∣ ≤ Ctγ , (7.39)
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t − C0(g,K)

∣∣∣ ≤ Ctγ .
Proof. The remainder of the section is devoted to the proof of Theo-
rem 7.9. 2

Remark 7.10. By (2.68), αt(g,K) does not depend on t. The first
inequality in (7.39) then leads to a proof of the Kirillov formulas in (2.38).
Still because αt(g,K) does not depend on t, (2.38) follows from an equality
of formal power series in the variable z ∈ C, when replacing K by zK. A
proof of Kirillov’s formula along these lines has been given by Bismut [Bi3]
by changing z into iz, and by Berline–Getzler–Vergne [BGV, Section 8.3]
by proving the convergence as t → 0 of the corresponding power series.
Still γt(g,K) cannot be dealt with by such arguments.

7.3 Finite propagation speed and localization. Put

At = t(LK + C2
K,t) . (7.40)

Equivalently

At = tLK + t2DX,2
1/t . (7.41)

Theorem 7.11. Given β > 0, there exist C1 > 0, C2 > 0, C ′2(β) > 0,
C3(β) > 0, C4 > 0, C5(β) > 0 such that if K ∈ g, |K| ≤ β, t ∈ ]0, 1], if
s, s′ ∈ Ω·(X,E),

Re〈Ats, s〉 ≥ C1t
2|s|21 −

(
C2t

2 + C ′2(β)
)
|s|20 ,∣∣Im〈Ats, s〉∣∣ ≤ C3(β)t|s|1|s|0 , (7.42)∣∣〈Ats, s′〉∣∣ ≤ C4

(
t|s|1 + C5(β)|s|0

)(
t|s′|1 + C5(β)|s′|0

)
.

Moreover, as β → 0, C ′2(β), C3(β), C5(β)→ 0.

Proof. Clearly

At = t2DX,2 + t
(
LK +

[
DX , c(K

X)
2
√

2

])
− |K

X |2
8 . (7.43)

Moreover DX,2 is an elliptic second order differential operator, and
LK , [DX , c(KX)/2

√
2] are first order skew-adjoint differential operators.

So we find in particular that

Re〈Ats, s〉 =
〈(
t2DX,2 − |K

X |2
8

)
s, s
〉
, (7.44)

Im〈Ats, s〉 = t
〈(
LK +

[
DX , c(K

X)
2
√

2

])
s, s
〉
.

From (7.43), (7.44), we get the first two equations in (7.42). The proof of
the third equation is similar. The last statement in our theorem is trivial. 2
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In the sequel, we take β > 0, and we assume that |K| ≤ β.
For c > 0, put

Uc =
{
λ ∈ C, Re(λ) ≤ Im(λ)2

4c2 − c2
}
,

Vc =
{
λ ∈ C, Re(λ) ≥ Im(λ)2

4c2 − c2
}
, (7.45)

Γc =
{
λ ∈ C, Re(λ) = Im(λ)2

4c2 − c2
}
.

Note that Uc, Vc,Γc are the images of {λ∈C, |Imλ| ≥ c}, {λ∈C, |Imλ| ≤ c},
{λ ∈ C, |Imλ| = c} by the map λ→ λ2.
Theorem 7.12. There exists C > 0 such that given c ∈ ]0, 1], for β > 0
and t ∈ ]0, 1] small enough, if λ ∈ Uc, the resolvent (λ − At)−1 exists,
extends to a continuous operator from F−1 into F 1, and moreover,∥∥(λ−At)−1∥∥0,0 ≤ 2

c2
, (7.46)∥∥(λ−At)−1∥∥−1,1 ≤ C
c2t4

(
1 + |λ|

)2
.

Proof. We use a method due to Lax–Milgram. By (7.42), we observe that
if λ ∈ R, λ ≤ −(C2t

2 + C ′2(β)), then
Re
〈
(At − λ)s, s

〉
≥ C1t

2|s|20 , (7.47)
so that

|s|0 ≤ 1
C1t2

∣∣(At − λ)s
∣∣
0 . (7.48)

Also since At is elliptic of order 2, given λ ∈ C, there exists C1(λ, t) > 0
such that

|s|2 ≤ C1(λ, t)
(
|(λ−At)s|0 + |s|0

)
. (7.49)

From (7.48), (7.49), we find that if λ ∈ R, λ ≤ −(C2t
2 + C ′2(β)), the

resolvent (λ−At)−1 exists.
Now take λ = a+ ib, a, b ∈ R. By (7.42),∣∣〈(At − λ)s, s〉

∣∣ ≥ sup
{
C1t

2|s|21 − (C2t
2 + C ′2(β) + a)|s|20 ,
− C3(β)t|s|1|s|0 + |b||s|20

}
. (7.50)

Set

C(λ, t) = inf
u∈R
u≥1

sup
{
C1(tu)2− (C2t

2 +C ′2(β)+a),−C3(β)tu+ |b|
}
. (7.51)

Since |s|0 ≤ |s|1, using (7.50), (7.51) we get∣∣〈(At − λ)s, s〉
∣∣ ≥ C(λ, t)|s|20 . (7.52)

Now we fix c ∈ ]0, 1]. Suppose that λ ∈ Uc, i.e.

a ≤ b2

4c2 − c
2 . (7.53)
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Assume that u ∈ R is such that
|b| − C3(β)tu ≤ c2 . (7.54)

Then by (7.53), (7.54),

C1(tu)2 − (C2t
2 + C ′2(β) + a) ≥ C1(tu)2 − b2

4c2 + c2 − C2t
2 − C ′2(β)

≥
(
C1 − C2

3 (β)
4c2

)
(tu)2 − C3(β)

2 tu+ 3
4c

2 − C2t
2 − C ′2(β) . (7.55)

For β small enough,

C1 ≥ C1 − C3(β)2

4c2 ≥ C1
2 . (7.56)

The discriminant ∆ of the polynomial in the variable tu in the right-hand
side of (7.55) is given by

∆ = C3(β)2

4 − 4
(

3
4c

2 − C2t
2 − C ′2(β)

)(
C1 − C3(β)2

4c2

)
. (7.57)

Clearly, for β, t small enough,
∆ ≤ −2c2C1 . (7.58)

From (7.55)–(7.58), we get

C1(tu)2 − (C2t
2 + C ′2(β) + a) ≥ c2

2 . (7.59)
Ultimately, by (7.51)–(7.59), we find that for β > 0, t ∈ ]0, 1] small

enough, if λ ∈ Uc,
C(λ, t) ≥ c2

2 . (7.60)
From (7.52), (7.60), we deduce that given c > 0, for t > 0, β > 0 small
enough, ∣∣〈(At − λ)s, s〉

∣∣ ≥ c2

2 |s|
2
0 . (7.61)

By (7.61), we get ∣∣(λ−At)s∣∣0 ≥ c2

2 |s|0 . (7.62)
By (7.62), we deduce that if λ ∈ Uc, if the resolvent (λ−At)−1 exists,

then ∥∥(λ−At)−1∥∥0,0 ≤ 2
c2
. (7.63)

From (7.63), we find that if λ′ ∈ C, |λ′ − λ| < c2/2, the resolvent
(λ′ − At)−1 still exists. We saw that if λ ∈ R, λ ≤ −(C2t

2 + C ′2(β)), the
resolvent (λ−At)−1 exists. From the above, we deduce that for any λ ∈ Uc,
the resolvent (λ − At)−1 exists and (7.63) holds, i.e. we have established
the first inequality in (7.46). Incidentally, observe that (7.49) and (7.62)
also imply the existence of the resolvent (λ−At)−1.

Clearly At is a linear map from F 1 into F−1. By the first inequality in
(7.42), if λ0 ∈ R, λ0 ≤ −C2t

2 − C ′2(β), then
|s|1 ≤ 1

C1t2

∣∣(λ0 −At)s
∣∣
−1 . (7.64)
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So by (7.49), (7.64), we see that if λ0 ∈ R, λ0 ≤ −(C2t
2 + C ′2(β)), the

resolvent (λ0−At)−1 exists, is one to one from F−1 into F 1, and moreover∥∥(λ0 −At)−1∥∥−1,1 ≤ 1
C1t2

. (7.65)

Take λ ∈ Uc, λ0 ∈ R, λ0 ≤ −(C2t
2 + C ′2(β)). Then

(λ−At)−1 = (λ0 −At)−1 + (λ0 − λ)(λ−At)−1(λ0 −At)−1 . (7.66)
By (7.63)–(7.66), (λ−At)−1 is a linear continuous map from F−1 into F 0

such that ∥∥(λ−At)−1∥∥−1,0 ≤ 1
C1t2

(
1 + 2

c2
|λ− λ0|

)
. (7.67)

Moreover we can interchange λ and λ0 in (7.66). Using (7.65) and (7.67),
we now get∥∥(λ−At)−1∥∥−1,1 ≤ 1

C1t2
+
|λ− λ0|
(C1t2)2

(
1 +

2
c2
|λ− λ0|

)
. (7.68)

By (7.68), we get the second inequality in (7.46). The proof of our theorem
is completed. 2

Theorem 7.13. Given q ≥ 2 dimX + 1, there exist C > 0, C ′ > 0 such
that given c > 0, for β > 0, t ∈]0, 1] small enough, if λ ∈ Uc, the resolvent
(λ−At)−1 exists, and moreover∥∥(λ−At)−1∥∥

q
≤ C

c2t4
(1 + |λ|)2 , (7.69)∥∥(λ−At)−q

∥∥
1 ≤

Cq

(c2t4)q (1 + |λ|)2q .

Proof. Under the conditions of Theorem 7.12, we get∥∥(
√
−1−DX)(λ−At)−1∥∥

∞ ≤
C
c2t4

(1 + |λ|)2. (7.70)
By (7.70), for q ≥ 2 dimX + 1,∥∥(λ−At)−1∥∥

q
≤
∥∥√−1−DX)−1∥∥

q

∥∥(
√
−1−DX)(λ−At)−1∥∥

∞

≤ C
c2t4

(1 + |λ|)2 , (7.71)
which is just the first inequality in (7.69) The second inequality is now
trivial. 2

Let aX be the injectivity radius of X. Let α ∈ ]0, aX/8]. The precise
value of α will be fixed later. The constants C > 0, C ′ > 0 . . . may depend
on the choice of α.

Let f : R→ [0, 1] be a smooth even function such that
f(s) = 1 for |s| ≤ α

2 , (7.72)
= 0 for |s| ≥ α .

Set
g(s) = 1− f(s) . (7.73)
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Definition 7.14. For t > 0, a ∈ C, put

Ft(a) =
∫ +∞

−∞
exp(is

√
2a) exp

(
− s2

2

)
f(
√
ts) ds√

2π
, (7.74)

Gt(a) =
∫ +∞

−∞
exp(is

√
2a) exp

(
− s2

2

)
g(
√
ts) ds√

2π
.

Then Ft(a), Gt(a) are even holomorphic functions of a such that

exp(−a2) = Ft(a) +Gt(a) . (7.75)

Moreover Ft and Gt both lie in the Schwartz space S(R).
Put

It(a) =
∫ +∞

−∞
exp

(
is
√

2at
)

exp
(
− s2

2t

)
g(s) ds√

2πt
. (7.76)

Then

It(a) = Gt

(
a√
t

)
. (7.77)

By (7.72), (7.76), we find that given m,m′ ∈ N, there exist C > 0,
C ′ > 0 such that if t ∈ ]0, 1], a ∈ C, |Im(a)| ≤ α/8,

|a|m
∣∣I(m′)
t (a)

∣∣ ≤ C exp(−C ′/t) . (7.78)

Clearly, there exist uniquely defined holomorphic functions F̃t(a), G̃t(a),
Ĩt(a) such that

Ft(a) = F̃t(a2) , Gt(a) = G̃t(a2) , It(a) = Ĩt(a2) . (7.79)

By (7.75),(7.77),

exp(−a) = F̃t(a) + G̃t(a) , (7.80)

Ĩt(a) = G̃t(a/t) .

By (7.78), we find that if λ ∈ Vα/8, then

|λ|m|Ĩ(m′)
t (λ)| ≤ C exp(−C ′/t) . (7.81)

For q ∈ N, let Ĩt,q(λ) be the holomorphic function on C, which is
characterized by the following two properties:

lim
λ→+∞

Ĩt,q(λ) = 0 , (7.82)

Ĩ
(q)
t,q (λ)

(q − 1)!
= Ĩt(λ) .

By (7.81), if λ ∈ Vα/8,

|λ|m|Ĩ(q)
t,q (λ)| ≤ C exp(−C ′/t) . (7.83)
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By (7.80),
exp(−LK − C2

K,t) = F̃t(LK + CK,t) + Ĩt(At) . (7.84)
Theorem 7.15. There exist β > 0, C > 0, C ′ > 0 such that if K ∈ g,
|K| ≤ β, t ∈ ]0, 1], ∥∥Ĩt(At)∥∥1 ≤ C exp(−C ′/t) . (7.85)
Proof. In Theorem 7.13, we take c = α/8. Then given β > 0, t ∈ ]0, 1]
small enough, Theorem 7.13 holds. By (7.81),

Ĩt(At) =
1

2iπ

∫
Γα/8

Ĩt(λ)(λ−At)−1dλ . (7.86)

From (7.83), (7.86), for q ∈ N,

Ĩt(At) =
1

2iπ

∫
Γα/8

Ĩt,q(λ)(λ−At)−qdλ . (7.87)

Now in (7.87), we take q ≥ 2 dimX+1, and we use the second inequality
in (7.69) and (7.83). Then (7.85) follows.

The proof of our theorem is completed. 2

By (7.84), (7.85), we find that to establish (7.39) in Theorem 7.9, we
may as well replace exp(−LK − C2

K,t) by F̃t(LK + CK,t).
Let dvX be the volume form on X associated to the metric hTX . Other

volume forms will be denoted in the same way. Let F̃t(LK + C2
K,t)(x, x

′)
(x, x′ ∈ X) be the smooth kernel associated to the operator F̃t(LK +C2

K,t)
with respect to dvX(x′)/(2π)dimX . Clearly the kernel of gF̃t(LK +C2

K,t) is
given by gF̃t(LK + C2

K,t)(g
−1x, x′). Then,

Trs
[
gF̃t

(
LK + C2

K,t

) ]
=
∫
X

Trs
[
gF̃t

(
LK + C2

K,t

) (
g−1x, x

) ] dvX(x)
(2π)dimX ,

Trs

[
g
(
N − i 〈µ,K〉t

)
F̃t(LK + C2

K,t)
]

(7.88)

=
∫
X

Trs

[
g
(
N − i 〈µ,K〉t

)
F̃t(LK + C2

K,t)(g
−1x, x)

]
dvX(x)

(2π)dimX .

By (7.74),

F̃t(LK + C2
K,t) = 2

∫ +∞

0
cos
(
s
√

2(LK + C2
K,t)
)

exp(−s2/2))f(
√
ts) ds√

2π
.

(7.89)
The principal symbol of the operator 2(LK + C2

K,t) is scalar and equal
to t|ξ|2. Also f(

√
ts) vanishes for |

√
ts| ≥ α.

For ε > 0, x ∈ X, let BX(x, ε) be the open ball of centre x and radius ε.
Using finite propagation speed for solutions of hyperbolic equations [CP,
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Section 7.8], [T, Section 4.4], we find that given x ∈ X, F̃t(LK + C2
K,t)(x, .)

vanishes on the complement of BX(x, α), and depends only on the restric-
tion of the operator LK + C2

K,t to the ball BX(x, α). Therefore, we have
shown that the proof of (7.39) can be made local on X.

By the above, it follows that gF̃t(LK + C2
K,t)(g

−1x, x) vanishes if
dX(g−1x, x) ≥ α.

Now we explain our choice of α. Given ε > 0, let Uε be the ε-neighbour-
hood of Xg in NXg/X . Recall that NXg/X is identified with the orthog-
onal bundle to TXg in TX|Xg . There exists ε0 ∈ ]0, aX/32] such that if
ε ∈ ]0, 16ε0], the map (x,Z) ∈ NXg/X,R → expXx (Z) is a diffeomorphism of
Uε on the tubular neighbourhood Vε of Xg in X. In the sequel, we identify
Uε and Vε. This identification if g-equivariant.

We will assume that α ∈ ]0, ε0] is small enough so that if x ∈ X,
dX(g−1x, x) ≤ α, then x ∈ Vε0 .

By (7.88) and by the above considerations, it follows that for β > 0 small
enough, our proof of (7.39) has been localized on the ε0-neighbourhood Vε0
of Xg.

Let k(x,Z) be the smooth function on Uε0 such that
dvX(x,Z) = k(x,Z)dvXg(x)dvNXg/X (Z) . (7.90)

In particular
k|Xg = 1 . (7.91)

If δ ∈ Λ(T ∗RXg), if δ(2 dimXg) is the component of top degree of δ, let
δmax ∈ R be given by the relation

δ(2 dimXg) = δmaxdvXg . (7.92)
Theorem 7.16. There exist β > 0, γ ∈ ]0, 1] such that if K ∈ z(g),
|K| ≤ β, t ∈ ]0, 1], x ∈ Xg,∣∣∣∣ tdimNXg/X

(2π)dimXg

∫
Z∈NXg/X,R|Z|≤ε0/

√
t
Trs
[
gF̃t(LK+C2

K,t)(g
−1(x,

√
tZ), (x,

√
tZ))

]
k(x,
√
tZ)

dvNXg/X
(Z)

(2π)
dimNXg/X

−
{

Tdg,K(TX, hTX)chg,K(E,hE)
}max

∣∣∣∣ ≤ Ctγ ,∣∣∣∣ tdimNXg/X

(2π)dimXg

∫
Z∈NXg/X,R
|Z|≤ε0/

√
t

tTrs

[ (
N − i 〈µ,K〉t

)
gF̃t(LK + C2

K,t)

(g−1(x,
√
tZ), (x,

√
tZ))

]
k(x,
√
tZ)

dvNXg/X
(Z)

(2π)
dimNXg/X

−
{(

ωX

2π − i〈µ,K〉
)

Tdg,K(TX, hTX)chg,K(E,hE)
}max ∣∣∣ ≤ Ctγ . (7.93)
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Proof. Sections 7.4–7.13 are devoted to the proof of our theorem. 2

Remark 7.17. By (7.88) and by the above considerations,∫
X

Trs
[
gF̃t(LK + C2

K,t)(g
−1x, x)

] dvX(x)
(2π)dimX

=
∫
Uε0

Trs
[
gF̃t(LK + C2

K,t)(g
−1x, x)

] dvX(x)
(2π)dimX

=
∫

(x,Z)∈Uε0
√
t

tdimNXg/XTrs
[
gF̃t(LK + C2

K,t)
(
g−1(x,

√
tZ), (x,

√
tZ)
)]

k(x,
√
tZ)

dvXg (x)dvNXg/X (Z)

(2π)dimX . (7.94)

Using Theorems 7.15 and 7.16, we find that for |K| ≤ β,∣∣∣∣αt(g,K)−
∫
Xg

Tdg,K(TX, hTX)chg,K(E,hE)
∣∣∣∣ ≤ Ctγ . (7.95)

A similar argument shows that∣∣tγt(g,K)− C−1(g,K)
∣∣ ≤ Ctγ . (7.96)

So we have established the first inequality in (7.39) and part of the second
inequality.

Now we concentrate on the proof of Theorem 7.16. The proof of Theo-
rem 7.9 will be completed in section 7.14.

7.4 A Lichnerowicz formula. Now we recall the Lichnerowicz for-
mula established in [Bi3, Theorem 1.6]. Let e1, . . . , e2` be a locally defined
smooth orthonormal basis of TRX. Let (F,∇F ) be a vector bundle with
connection on X. We use the notation(

∇Fei
)2

=
2∑̀
i=1

(
∇Fei
)2 −∇Λ(T ∗(0,1)X)⊗E∑2`

i=1∇TXei ei
. (7.97)

We will use formula (7.97) applied to Λ(T ∗(0,1)X) ⊗ E equipped with the
connection ∇Λ(T ∗(0,1)X)⊗E

. − 〈K
X ,.〉
2t . Let H be the scalar curvature of X.

Proposition 7.18. The following identity holds,

LK + C2
K,t = − t

2

(
∇Λ(T ∗(0,1)X)⊗E
ei − 〈K

X ,ei〉
2t

)2
+ tH

8

+ t
4c(ei)c(ej)

(
RE + 1

2Tr[RTX ]
)

(ei, ej)−
(
mE(K) + 1

2Tr[mTX(K)]
)
.

(7.98)
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7.5 A local coordinate system near Xg . Take x ∈ Xg. Then the
map Z ∈ (TRX)x, |Z| ≤ aX/2 → expXx (Z) ∈ X identifies BTxX(0, aX/2)
and BX(x, aX/2). With this identification, there exists a smooth function
k′x(Z), Z ∈ BTX(0, aX/2) such that

dvX(Z) = k′x(Z)dvTX(Z) . (7.99)

Also

k′x(0) = 1 . (7.100)

Recall that hTX denotes the Hermitian metric on TX. We may and we
will assume that ε0 is small enough so that if Z ∈ (TRX)x ≤ 4ε0,

1
2h

TX
x ≤ hTXZ ≤ 3

2h
TX
x . (7.101)

Recall that K ′X is the one form dual to KX .

Definition 7.19. Let 1∇Λ(T∗(0,1)X)⊗E be the connection on Λ(T ∗(0,1)X)⊗E,
1∇Λ(T ∗(0,1)X)⊗E

. = ∇Λ(T ∗(0,1)X)⊗E
. − K′X

2 . (7.102)

Using (1.3) and (7.102), we find easily that

1∇Λ(T ∗(0,1)X)⊗E,2 = 1
4〈R

TXei, ej〉c(ei)c(ej) + 1
2Tr[RTX ] +RE − 1

2dK
′X .

(7.103)

Definition 7.20. Let 1∇Λ(T∗(0,1)X)⊗E,t be the connection on Λ(T ∗(0,1)X)⊗E,
1∇Λ(T ∗(0,1)X)⊗E,t = ∇Λ(T ∗(0,1)X)⊗E − K′X

2t . (7.104)

In the sequel, we will trivialize Λ(T ∗(0,1)X) ⊗ E by parallel transport
along s ∈ [0, 1] → sZ with respect to the connection 1∇Λ(T ∗(0,1)X)⊗E,t. It
will often be more convenient to trivialize with respect to 1∇Λ(T ∗(0,1)X)⊗E

and then to change K into K/t. Incidentally, observe that the above con-
nections are g-invariant.

Observe that if A ∈ End(Λ(T ∗(0,1)X)⊗E),
1∇Λ(T ∗(0,1)X)⊗E

. A = ∇Λ(T ∗(0,1)X)⊗EA. (7.105)

In particular, if B is a smooth section of TRX,
1∇Λ(T ∗(0,1)X)⊗E

. c(B) = c(∇TX. B). (7.106)

We temporarily trivialize TX,E by parallel transport along s → sZ
with respect to∇TX ,∇E . Let ΓTX ,ΓE be the connection forms for∇TX ,∇E
in this trivialization. By [ABP, Proposition 3.7],

ΓTX(Z) = 1
2R

TX(Z, .) +O(|Z|2) , (7.107)

ΓE(Z) = 1
2R

E(Z, .) +O(|Z|2) .
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Let ΓK be the one form on BTXx(0, α) which vanishes at 0 and is
obtained by radial integration of the 2 form dK ′X along s ∈ [0, 1]→ sZ, so
that

dΓK = dK ′X . (7.108)
In particular, ΓK depends linearly on K. Then, by the same result as
before,

ΓK(Z) = 1
2dK

′X(Z, .) +O(|Z|2) . (7.109)
Let (e1, . . . , e2`′) be an orthonormal oriented basis of (TRXg)x, let

(e2`′+1, . . . , e2`) be an orthonormal oriented basis of (NXg/X,R)x, so that
(e1, . . . , e2`) is an orthonormal oriented basis of (TRX)x. We denote with
an upper script the corresponding dual basis.

Let 1ΓΛ(T ∗(0,1)X)⊗E be the connection form of 1∇Λ(T ∗(0,1)X)⊗E in
the trivialization of Λ(T ∗(0,1)X) ⊗ E associated to the connection
1∇Λ(T ∗(0,1)X)⊗E on Λ(T ∗(0,1)X)⊗E. Then by (1.3),

1ΓΛ(T ∗(0,1)X)⊗E = 1
4〈Γ

TXei, ej〉c(ei)c(ej)+ 1
2Tr[ΓTX ]+ΓE− ΓK

2 . (7.110)

7.6 Replacing the manifold by (TRX)x. Let γ(s) be a smooth even
function from R into [0, 1] such that

γ(s) = 1 if |s| ≤ 1/2 , (7.111)
= 0 if |s| ≥ 1 .

If Z ∈ (TRX)x, put

ρ(Z) = γ
(
|Z|
4ε0

)
. (7.112)

Then
ρ(Z) = 1 if |Z| ≤ 2ε0 , (7.113)

= 0 if |Z| ≥ 4ε0 .
For x ∈ Xg, let Hx be the vector space of smooth sections of

(Λ(T ∗(0,1)X) ⊗ E)x over (TRX)x. Let ∆TX be the standard Laplacian
on the fibres of TRX.
Definition 7.21. Let L1,t

x,K be the differential operator acting on Hx,

L1,t
x,K = −

(
1− ρ2(Z)

)
t
2∆TX + ρ2(Z)(LK + C2

K,t) . (7.114)
Observe that if Z ∈ NXg/X,R,x, |Z| ≤ ε0, if x′ ∈ X is such that

dX(Z, x′) ≤ α, since α ≤ ε0, then
dX(x, x′) ≤ 2ε0 . (7.115)

In particular x′ is represented by Z ′ ∈ (TRX)x such that |Z ′| ≤ 2ε0, so that
ρ(Z ′) = 1.
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Let F̃t(L
1,t
x,K)(Z,Z ′) be the smooth kernel of F̃t(L

1,t
x,K) with respect

to dvTX(Z ′)/(2π)dimX . Using finite propagation speed for solutions of
hyperbolic equations [CP, Section 7.8], [T, Section 4.4], we find that if
Z ∈ (NXg/X,R)x, |Z| ≤ ε0, then

F̃t(LK + C2
K,t)(g

−1Z,Z)k′x(Z) = F̃t(L
1,t
x,K)(g−1Z,Z) . (7.116)

In our proof of Theorem 7.16, we can then replace LK + C2
K,t by L1,t

x,K .

7.7 The Getzler rescaling. Let Opx be the set of scalar differential
operators acting on Hx. Then

L1,t
x,K ∈ End

(
(Λ(T ∗(0,1)X)⊗E)x

)
⊗Opx . (7.117)

For t > 0, let Ht : Hx → Hx be the linear map

Hth(Z) = h(Z/
√
t) . (7.118)

Definition 7.22. Let L2,t
x,K be the differential operator acting on Hx,

L2,t
x,K = H−1

t L1,t
x,KHt . (7.119)

By (7.117), since End(Λ(T ∗(0,1)X)) = c(TRX)⊗R C,

L2,t
x,K ∈

(
c(TRX)⊗ End(E)

)
x
⊗Opx . (7.120)

Now we introduce the Getzler rescaling [G] of the Clifford algebra. For
1 ≤ j ≤ 2`′, the operators ej∧ and iej act as odd operators on Λ

(
T ∗R(Xg

)
.

Definition 7.23. For t > 0, put

ct(ej) =
√

2/tej ∧ −
√
t/2iej , 1 ≤ j ≤ 2`′ . (7.121)

Definition 7.24. Let L3,t
x,K ∈ End(Λ(T ∗RXg)⊗̂Λ(N∗(0,1)

Xg/X
)⊗E)x⊗Opx be

the operator obtained from L2,t
x,K by replacing c(ej) by ct(ej) for 1 ≤ j ≤ 2`′

while leaving the c(ej)’s unchanged for 2`′ + 1 ≤ j ≤ 2`.

Let F̃t(L
3,t
x,K)(Z,Z ′) be the smooth kernel associated to F̃t(L

3,t
x,K) with

respect to dvTX(Z ′)/(2π)dimX . Recall that g acts on (Λ(N∗Xg/X)⊗E)x.

We may write F̃t(L
3,t
x,K)(Z,Z ′) in the form

F̃t(L
3,t
x,K)(Z,Z ′) =

∑
ei1 ∧ . . . eipiej1 . . . iejq F̃

j1...jq
t,i1,...,ip

,

F̃
j1...jq
t,i1,...,ip

∈
(
c(NXg/X,R)⊗ End(E)

)
x
. (7.122)

Put [
F̃t(L

3,t
x,K)(Z,Z ′)

]max = F̃t,1,2,...,2`′(Z,Z ′) . (7.123)

More precisely, F̃t,1,2,...,2`′(Z,Z ′) is the coefficient of e1 ∧ . . . e2`′ in (7.122).
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Proposition 7.25. If Z ∈ (TRX)x, |Z| ≤ ε0/
√
t, the following identity

holds,

tdimNXg/XTrs
[
gF̃t(LK + C2

K,t)(g
−1(
√
tZ),
√
tZ)
]
k′x(
√
tZ) =

(−i)`′Trs
Λ(N∗

Xg/X
)⊗E[

gF̃t(L
3,t
x,K)(g−1Z,Z)

]max
. (7.124)

Proof. Recall that all the above identifications are g-equivariant. Our
identity now follows from (7.116), [G], [BiL, Proposition 11.2]. 2

Let j : Xg → X be the obvious embedding.

Definition 7.26. Let L3,0
x,K be the operator in (Λ(T ∗RXg) ⊗ c(NXg/X))x

⊗Opx given by

L3,0
x,K = −1

2

(
∇ei + 1

2

〈
(j∗RTX −mTX(K))Z, ei

〉)2
+ j∗REx −mE(K)x

+ 1
2Tr
[
j∗RTX −mTX(K)

]
. (7.125)

In the sequel, we will write that a sequence of differential operators on
(TRX)x converges if its coefficients converge together with their derivatives
uniformly on the compact subsets in (TRX)x.
Proposition 7.27. As t→ 0,

L3,t
x,K → L3,0

x,K . (7.126)
Proof. Using (3.1), (7.98), (7.107), (7.109), and proceeding as in Getzler [G]
and in Berline–Getzler–Vergne [BGV, Proposition 8.16], we get (7.126). 2

7.8 A family of norms. Let x ∈ Xg. Let Ix be the vector space
of smooth sections of (Λ(T ∗RXg) ⊗̂Λ(N∗(0,1)

Xg/X
) ⊗ E)x on (TRX)x, let Iq,x

be the vector space of smooth sections of (Λq(T ∗RXg) ⊗̂Λ(N∗(0,1)
Xg/X

) ⊗ E)x
on (TRX)x. We denote by I0

x = ⊕I0
q,x the corresponding vector space of

square-integrable sections.
Now we imitate constructions in Bismut–Lebeau [BiL, Section 11k)].

Definition 7.28. If s ∈ Iq,x has compact support, put

|s|2t,x,0 =
∫
TRX
|s|2

(
1 + |Z|ρ

(√
tZ
2

))2(2`′−q)
dvTX(Z) . (7.127)

Let (I0
x, | |t,x,0) be the direct sum of the Hilbert closures of the above

vector spaces, and let 〈 〉t,x,0 be the corresponding Hermitian product.
Recall that by (7.113), if ρ(

√
tZ) > 0, then |

√
tZ| ≤ 4ε0. Now we have

the result in [BiL, Proposition 11.24].
Proposition 7.29. For t ∈ ]0, 1], the following family of operators acting
on (I0

x, | |t,x,0) are uniformly bounded
1|√tZ|≤4ε0

√
tct(ej) , 1 ≤ j ≤ 2`′ , (7.128)
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1|√tZ|≤4ε0 |Z|
√
tct(ej) , 1 ≤ j ≤ 2`′ .

are uniformly bounded.

Proof. If |
√
tZ| ≤ 4ε0, by (7.113), ρ

(√
tZ/2

)
= 1. Then our proposition

follows from the obvious inequalities under the stated conditions,
1

1 + |Z|ρ(
√
tZ/2)

≤ 1 ,
|Z|

1 + |Z| ≤ 1 , (7.129)

t(1 + |Z|) ≤ C , t|Z|(1 + |Z|) ≤ C .
2

Definition 7.30. If s ∈ Ix has compact support, put

|s|2t,x,1 = |s|2t,x,0 +
2∑̀
1

|∇eis|2t,x,0 . (7.130)

Let (I1
x, | |t,x,1) be the Hilbert closure of the above vector space with re-

spect to | |t,x,1. Then (I1
x, | |t,x,1) is densely embedded in (I0

x, | |t,x,0) with
norm smaller than 1. We identify I0

x with its antidual by the Hermi-
tian product 〈 〉t,x,0. Let (I−1

x , ||t,x,−1) be the antidual of (I1
x, | |t,x,1). Then

(I0
x, | |t,x,0) embeds densely in (I−1

x , | |t,x,−1) with norm smaller than 1.
Theorem 7.31. There exist constants C1 > 0, . . . , C4 > 0 such that if
t ∈ ]0, 1], z ∈ C, |z| ≤ 1, if n ∈ N, x ∈ Xg, if the support of s, s′ ∈ Ix is
included in {Z ∈ (TRX)x, |Z| ≤ n}, then

Re〈L3,t
x,zKs, s〉t,x,0 ≥ C1|s|2t,x,1 − C2

(
1 + |nz|2

)
|s|2t,x,0 ,∣∣Im〈L3,t

x,zKs, s〉t,x,0
∣∣ ≤ C3

(
(1 + |nz|)|s|t,x,1|s|t,x,0 + |nz|2|s|2t,x,0

)
, (7.131)∣∣〈L3,t

x,zKs, s
′〉t,x,0

∣∣ ≤ C4
(
1 + |nz|2

)
|s|t,x,1|s′|t,x,1 .

Proof. By Proposition 7.18 and using (7.107), (7.109) and Proposition 7.29,
we get (7.131) easily. Note that the terms containing |nz|2 come from terms
like ∣∣∣〈 (√tρ(

√
tZ)zΓ

K(
√
tZ)

t

)2
s, s
〉
t,x,0

∣∣∣, (7.132)

which can be dominated by C(1 + |nz|2)|s|2t,x,0. 2

7.9 The kernel F̃t(L
3,t
x,K) as an infinite sum. Let h : R→ [0, 1] be

a smooth even function such that
h(u) = 1 for |u| ≤ 1/2 , (7.133)

= 0 for |u| ≥ 1 .
For n ∈ N, put

hn(u) = h(u+ n/2) + h(u− n/2) . (7.134)
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Then hn is a smooth even function whose support is included in[
− n

2 − 1,−n
2 + 1

]
∪
[
n
2 − 1, n2 + 1

]
.

Set

H(u) =
∑
n∈N

hn(u) . (7.135)

The above sum is locally finite, and H(u) is a bounded smooth even function
which takes positive values and has a positive lower bound on R.

Put

kn(u) = hn
H (u) . (7.136)

Then the kn are bounded even smooth functions with bounded derivatives,
and moreover ∑

n∈N

kn = 1 . (7.137)

Definition 7.32. For t ∈ [0, 1], n ∈N, a ∈ C, put

Ft,n(a) =
∫ +∞

−∞
exp(is

√
2a) exp

(
− s2

2

)
f(
√
ts)kn(s) ds√

2π
. (7.138)

By (7.137),

Ft(a) =
∑
n∈N

F̃t,n(a) . (7.139)

Also, given m,m′ ∈N, there exist C > 0, C ′ > 0, C ′′ > 0 such that for any
n ∈ N, c > 0,

sup
a∈C

|Im(a)|≤c

|a|m
∣∣F (m′)
t,n (a)

∣∣ ≤ C exp(−C ′n2 + C ′′c2) . (7.140)

Let F̃t,n(a) be the unique holomorphic function such that

Ft,n(a) = F̃t,n(a2) . (7.141)

Recall that Vc was defined in (7.45). By (7.140), given m,m′ ∈ N, there
exist C > 0, C ′ > 0, C ′′ > 0 such that for any c > 0, if λ ∈ Vc,

|λ|m
∣∣F̃ (m′)
t,n (λ)

∣∣ ≤ C exp(−C ′n2 + C ′′c2) . (7.142)

By (7.139),

F̃t(a) =
∑
n∈N

F̃t,n(a) . (7.143)

Using (7.143), we get

F̃t(L
3,t
x,K) =

∑
n∈N

F̃t,n(L3,t
x,K) . (7.144)
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More precisely, by (7.142) and using standard elliptic estimates, given
t ∈ ]0, 1], we have the identity

F̃t(L
3,t
x,K)(Z,Z ′) =

∑
n∈N

F̃t,n(L3,t
x,K)(Z,Z ′) , (7.145)

and the series in the right-hand side of (7.145) converges uniformly together
with its derivatives on the compact sets in TRX.

Definition 7.33. Put

L3,t
x,K,n = −

(
1− γ

(
|Z|

2(n+ 2)

))
∆TX

2
+ γ

(
|Z|

2(n+ 2)

)
L3,t
x,K . (7.146)

Observe that if kn(s) 6= 0, then |s| ≤ n
2 + 1. Using finite propagation

speed and (7.101), we find there is C > 0 such that if Z ∈ TRX, the
support of F̃t,n(L3,t

x,K)(Z, .) is included in
{
Z ′ ∈ TRX, |Z ′−Z| ≤ 2

(
n
2 +1

)}
.

Therefore, given p ∈N, if Z ∈ TRX, |Z| ≤ p, the support of F̃t(L
3,t
x,K)(Z, .)

is included in {Z ′ ∈ TRX, |Z ′| ≤ n+ p+ 2}.
If |Z| ≤ n+p+2, then γ(|Z|/2(n+ p+ 2)) = 1. Using finite propagation

speed again, we see that if Z ∈ TRX, |Z| ≤ p, then

F̃t,n(L3,t
x,K)(Z,Z ′) = F̃t,n(L3,t

x,K,n+p)(Z,Z
′) . (7.147)

7.10 Estimates on the resolvent of L3,t
x,K,n. Now we proceed as in

[BiL, Section 11l)]. From Theorem 7.31, it follows easily that

Re〈L3,t
x,zK,ns, s〉t,x,0 ≥ C1|s|2t,x,1 − C2

(
1 + |nz|2

)
|s|2t,x,0 ,∣∣Im〈L3,t

x,zK,ns, s〉t,x,0
∣∣ ≤ C3

(
(1 + |nz|)|s|t,x,1|s|t,x,0 + |nz|2|s|2t,x,0

)
, (7.148)∣∣〈L3,t

x,zK,ns, s
′〉t,x,0

∣∣ ≤ C(1 + |nz|2
)
|s|t,x,1|s′|t,x,1 .

If A ∈ L(Ikx, Ik
′
x ), k, k′ = −1, 0, 1, let ‖A‖k,k

′

t,x be the norm of A with
respect to the norms | |t,x,k, | |t,x,k′ .
Theorem 7.34. Given η > 0, there exist cη ∈ ]0, 1], C > 0, d > 0 such
that if t ∈ ]0, 1], z ∈ C, |z| ≤ cη, n ∈ N, x ∈ Xg, λ ∈ Uηn+d, the resolvent
(λ− L3,t

x,zK,n)−1 exists, and moreover∥∥(λ− L3,t
x,zK,n)−1∥∥0,0

t,x
≤ 4

(ηn+ d)2 , (7.149)∥∥(λ− L3,t
x,zK,n)−1∥∥−1,1

t,x
≤ C

(
1 + |n|2

)(
1 + |λ|2

)
.

Proof. We will use arguments which were already used in the proof of
Theorem 7.12. By (7.148), if λ ∈ R, λ ≤ −C2(1 + |nz|2),

Re
〈
(L3,t

x,zK,n − λ)s, s
〉
t,x,0 ≥ C1|s|2t,x,0 , (7.150)
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so that

|s|t,x,0 ≤ 1
C1

∣∣(L3,t
x,zK,n − λ)s

∣∣
t,x,0 . (7.151)

Since L3,t
x,zK,n is elliptic of order 2 and coincides with −∆TX/2 at infinity,

there exists C1(λ, n, t) such that

|s|2 ≤ C1(λ, n, t)
∣∣(L3,t

x,zK,n − λ)s
∣∣
t,x,0 . (7.152)

From (7.151), (7.152), we find that if λ ∈ R, λ ≤ −C2(1 + |nz|2), the
resolvent (λ− L3,t

x,zK,n)−1 exists.
Let λ = a+ ib, a, b ∈ R. By (7.148),∣∣〈(L3,t

x,zK,n − λ)s, s〉t,x,0
∣∣ ≥ sup

(
C1|s|2t,x,1 − (C2(1 + |nz|2) + a)|s|2t,x,0,

− C3(1 + |nz|)|s|t,x,1|s|t,x,0 + (|b| − C3|nz|2)|s|2t,x,0
)
. (7.153)

Set

C(λ, n, t) = inf
u∈R
u≥1

sup
(
C1u

2 − (C2(1 + |nz|2) + a), |b|

− C3(1 + |nz|)u− C3|nz|2
)
. (7.154)

By (7.151), (7.154), we get∣∣〈(L3,t
x,zK,n − λ)s, s〉t,x,0

∣∣ ≥ C(λ, n, t)|s|2t,x,0 . (7.155)

Take η > 0, d > 0, and assume that λ = a+ ib ∈ Uηn+d, i.e.

a ≤ b2

4(ηn+ d)2 − (ηn+ d)2. (7.156)

Suppose that u is such that

|b| − C3
(
1 + |nz|

)
u ≤ (ηn+ d)2 . (7.157)

Then

C1u
2−
(
C2(1+ |nz|2)+a

)
≥ C1u

2− b2

4(ηn+ d)2 +(ηn+d)2−C2
(
1+ |nz|2

)
≥
(
C1 −

C2
3(1 + |nz|)2

4(ηn+ d)2

)
u2−C3

2
(1+|nz|)u+

3
4

(ηn+d)2−C2
(
1+|nz|2

)
.

(7.158)

If |z| � η, if d > 0 is large enough, for any n ∈ N,

C1 ≥ C1 −
C2

3(1 + |nz|)2

4(ηn+ d)2 ≥ C1

2
. (7.159)
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The discriminant of the polynomial in the right-hand side of (7.158) is given
by

∆ =
C2

3
4
(
1 + |nz|

)2

− 4
(

3
4

(ηn+ d)2 − C2(1 + |nz|2)
)(

C1 −
C2

3(1 + |nz|)2

4(ηn+ d)2

)
. (7.160)

Using (7.159), we find that for |z| � η and d > 0 large enough,
∆ ≤ −C1(ηn+ d)2. (7.161)

Therefore a lower bound for the polynomial in the right-hand side of (7.158)
is given by (ηn+ d)2/4.

If
|b| − C3

(
1 + |nz|

)
u ≥ (ηn+ d)2 , (7.162)

for |z| � η,

|b| − C3
(
1 + |nz|

)
u− C3|nz|2 ≥

(ηn+ d)2

4
. (7.163)

It follows from the above that given η > 0, for |z| � η and d > 0 large
enough, for any n ∈ N, if λ ∈ Uηn+d,

C(λ, t, n) ≥ (ηn+ d)2

4
. (7.164)

From (7.155), (7.164), for η > 0, t ∈ ]0, 1], |z| � η, n ∈N, λ ∈ Uηn+d,∣∣〈(L3,t
x,zK,n − λ)s, s〉t,x,0

∣∣ ≥ (ηn+ d)2

4
|s|2t,x,0 . (7.165)

From (7.165), we deduce that if λ ∈ Uηn+d, if the resolvent (λ−L3,t
x,K,n)−1

exists, then ∥∥(λ− L3,t
x,zK,n)−1∥∥0,0 ≤ 4

(ηn+ d)2 . (7.166)

From (7.166), and by proceeding as in the proof of Theorem 7.12, we find
that for t ∈ ]0, 1], |z| � η, n ∈ N, λ ∈ Uηn+d, the resolvent (λ−L3,t

x,zK,n)−1

exists and (7.166) holds.
Then by proceeding as in (7.64)–(7.68), we get (7.149). The proof of

our theorem is completed. 2

7.11 Regularizing properties of the resolvent of L3,t
x,zK,n. Here,

we proceed as in section [BiL, Section 11m].
Definition 7.35. Let Qx be the family of operators

Qx = {∇ei , 1 ≤ i ≤ 2`} . (7.167)

For j ∈ N, letQjx be the set of operators Q1 . . . Qj , with Qi ∈ Qx, 1 ≤ i ≤ j.
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Proposition 7.36. Take k ∈ N. There exists Ck > 0 such that if
t ∈ ]0, 1], z ∈ C, |z| ≤ 1, x ∈ Xg, Q1, . . . , Qk ∈ Qx, if s, s′ ∈ Ix have
compact support, then∣∣〈[Q1, [. . . Qk, L

3,t
x,zK,n] . . . ]s, s′〉t,x,0

∣∣ ≤ Ck(1 + n2)|s|t,x,1|s′|t,x,1 . (7.168)
Proof. We proceed as in the proof of Theorem 7.31, and we obtain (7.168)
easily. 2

If s ∈ Ix has compact support, put

‖s‖2t,x,k =
k∑
j=0

∑
Q∈Qjx

|Qs|2t,x,0 . (7.169)

Let (Ikx, ‖ ‖t,x,k) be the corresponding closure with respect to the norm
‖ ‖t,x,k. If k, k′ ∈ N and if A ∈ L(Ik, Ik

′
), let ‖A‖k,k

′

t,x be the norm of A with
respect to the norms ‖ ‖t,x,k, ‖ ‖t,x,k′ .
Theorem 7.37. Given η > 0, k ∈ N, there exist mk ∈ N, Ck > 0 such
that if t ∈ ]0, 1], z ∈ C, |z| ≤ cη, n ∈ N, x ∈ Xg, λ ∈ Uηn+d, the resolvent
(λ− L3,t

x,zK,n)−1 maps Ikx into Ik+1
x , and moreover∥∥(λ− L3,t

x,zK,n)−1∥∥k,k+1
t,x

≤ Ck
(
(1 + n2)(1 + |λ|)

)mk . (7.170)
Proof. In view of Theorem 7.34 and of Proposition 7.36, the proof of our
theorem is the same as the proof of [BiL, Theorem 11.30]. 2

7.12 Uniform estimates on the kernel of F̃t,n(L3,t
x,zK). Recall that

for c > 0, the set Γc ⊂ C was defined in (7.45). We will now proceed as in
[BiL, Section 11n].
Theorem 7.38. There exist C ′ > 0, C ′′ > 0, C ′′′ > 0 such that for η > 0
small enough, for any m ∈N, there is C > 0, r ∈N such that for t ∈ ]0, 1],
|z| ≤ cη, n ∈ N, x ∈ Xg, Z,Z ′ ∈ (TRX)x,

sup
|α|,|α′|≤m

∣∣∣ ∂|α|+|α′|
∂Zα∂Z′α′

F̃t,n(L3,t
x,zK)(Z,Z ′)

∣∣∣ ≤ C(1 + |Z|+ |Z ′|
)r

exp
(
− C ′n2/4 + 2C ′′η2 sup(|Z|2, |Z ′|2)− C ′′′|Z − Z ′|2

)
. (7.171)

Proof. We use the notation in (7.140)–(7.143). We fix η > 0 small enough
so that

C ′ − 2C ′′η2 ≥ C′

2 . (7.172)
By (7.142), (7.172), given m,m′ ∈ N, d > 0, there exists C0 > 0 such that
if λ ∈ Vη(n+p)+d,

|λ|m
∣∣F̃ (m′)
t,n (λ)

∣∣ ≤ C0 exp
(
−C′

2 n
2 + 2C ′′η2p2

)
. (7.173)
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By Theorem 7.34 and by (7.173), if η > 0 is chosen as before, for cη and d
taken as in Theorem 7.34, and z ∈ C, |z| ≤ cη,

F̃t,n(L3,t
x,zK,n+p) =

1
2iπ

∫
Γη(n+p)+d

F̃t,n(λ)(λ− L3,t
x,zK,n+p)

−1dλ . (7.174)

In view of (7.173), given q ∈ N, there is a unique holomorphic function
F̃t,n,q(λ) defined on a neighbourhood of Vη(n+p)+d such that

F̃t,n,q(λ)→ 0 asλ→ +∞, (7.175)

F̃
(q−1)
t,n,q (λ)
(q − 1)!

= F̃t,n(λ).

Then F̃t,n,q(λ) verifies bounds on Vη(n+p)+d similar to (7.173).
By (7.174), (7.175), we get

F̃t,n(L3,t
x,zK,n+p) =

1
2iπ

∫
Γη(n+p)+d

F̃t,n,q(λ)(λ− L3,t
x,zK,n+p)

−qdλ . (7.176)

By Theorem 7.37, if Q ∈ Qkx, k ≤ q, there is mq such that if λ ∈ Uη(n+p)+d,
z ∈ C, |z| ≤ cη,∥∥Q(λ− L3,t

x,zK,n+p)
−q∥∥0,0

t,x,0 ≤ C
(
(1 + (n+ p)2)(1 + |λ|2)

)mq . (7.177)

By introducing the adjoint operator L3,t∗
x,zK,n+p and by proceeding as before,

we also find that if Q′ ∈ Qkx, k ≤ q,∥∥(λ− L3,t
x,zK,n+p)

−qQ′
∥∥0,0
t,x,0 ≤ C

(
(1 + (n+ p)2)(1 + |λ|2)

)mq . (7.178)

Ultimately, we find that if Q ∈ Qkx, Q′ ∈ Qk′x , k + k′ ≤ q,∥∥Q(λ− L3,t
x,zK,n+p)

−qQ′
∥∥0,0
t,x,0 ≤ C

(
(1 + (n+ p)2)(1 + |λ|2)

)mq . (7.179)

From (7.173), (7.176), (7.179), we deduce that there exists mq ∈N such
that if Q ∈ Qkx, Q′ ∈ Qk′x , k + k′ ≤ q, if z ∈ C, |z| ≤ cη,∥∥QF̃t,n(L3,t

x,zK,n+p)Q
′∥∥0,0
t,x
≤ C(1 + p)2mq exp

(
−C ′ n2

4 + 2C ′′η2p2
)
.

(7.180)

Let J0
x,p be the vector space of square integrable sections of

(Λ(T ∗RXg)⊗̂Λ(N∗(0,1)
Xg/X

) ⊗ E)x over {Z ∈ TRX, |Z| ≤ p + 1
}

. If s ∈ J0
x,p,

put

|s|20 =
∫
|Z|≤p+1

|s|2dvTX(Z) . (7.181)

By (7.127), if s ∈ J0
x,p,

|s|0 ≤ |s|t,x,0 ≤ C(1 + p)2`′ |s|0 . (7.182)
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If A ∈ L(J0
x,p), let ‖A‖∞,p be the norm of A with respect to | |0. From

(7.180)–(7.182), we find that if Q ∈ Qkx, Q′ ∈ Qk′x , k + k′ ≤ q,∥∥QF̃t,n(L3,t
x,zK,n+p)Q

′∥∥
∞,p ≤ C(1 + p)2(`′+mq) exp

(
−C ′n2/4 + 2C ′′η2p2) .

(7.183)

Using Sobolev inequalities, we deduce from (7.183) that given m ∈ N,
there exist C > 0, r ∈ N such that for z ∈ C, |z| ≤ cη, n ∈ N, p ∈ N,

sup
|α|,|α′|≤m
|Z|,|Z′|≤p

∣∣∣ ∂|α|+|α′|
∂Zα∂Z′α′

F̃t,n(L3,t
x,zK,n+p)(Z,Z

′)
∣∣∣

≤ C(1 + p)(2`′+r) exp
(
−C ′n2/4 + 2C ′′η2p2) . (7.184)

For h ∈ N, put

F ht,n(a) =
∫ +∞

−∞
exp(is

√
2a) exp

((
−s2

2

)
f(
√
ts)kn(s) (1− γ(2s/h))

)
ds√
2π
.

(7.185)

Then F ht,n has the same properties as F̃t,n. The estimate in (7.140) is
replaced by

sup
a∈C

|Im(a)|≤c

|a|m
∣∣F h(m′)
t,n (a)

∣∣ ≤ C exp
(
−C ′n2 + C ′′c2 − C ′′′h2). (7.186)

Let F̃ ht,n(a) be the holomorphic function such that

F ht,n(a) = F̃ ht,n(a2) . (7.187)

Then F̃ ht,n verifies uniform estimates similar to (7.142), with the extra factor
exp(−C ′′′h2).

Using finite propagation speed and (7.101), it is clear that if Z,Z ′ ∈
(TRX)x, |Z − Z ′| ≥ h,

F̃t,n(L3,t
x,zK,n+p)(Z,Z

′) = F̃ ht,n(L3,t
x,zK,n+p)(Z,Z

′) . (7.188)

On the other hand, by (7.186) and by proceeding as in (7.173)–(7.184), we
find that for |z| ≤ cη,

sup
|α|,|α′|≤m
|Z|,|Z′|≤p

∣∣∣ ∂|α|+|α′|
∂ZαZ′α′

F̃ ht,n(L3,t
x,zK,n+p)(Z,Z

′)
∣∣∣

≤ C(1 + p)(2`′+r) exp
(
−C ′n2/4 + 2C ′′η2p2 − C ′′′h2) . (7.189)

Using (7.147), (7.188), (7.189), we get (7.171). The proof of our theorem
is completed. 2
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Put

L3,0
x,K,n = −

(
1− γ2

(
|Z|

2(n+ 2)

))
∆TX

2
+ γ2

(
|Z|

2(n+ 2)

)
L3,0
x,K . (7.190)

By Proposition 7.27, as t→ 0,
L3,t
x,zK,n → L3,0

x,zK,n . (7.191)
Also if s is smooth with compact support, as s → 0, |s|t,x,0 → |s|0,x,0,
|s|t,x,1 → |s|0,x,1. Let (I′0x , | |0,x,0), (I′1x , | |0,x,1) be the Hilbert closures of the
above s with respect to the corresponding norms. Let (I′−1

x , | |0,x,−1) be the
antidual of (I′1x , | |0,x,1). Then we have the embeddings with norm smaller
than 1,

I′1x → I′0x → I′−1
x .

Observe that we can take t = 0 in (7.148). Therefore the estimates in
Theorems 7.34 and 7.37 still hold when making t = 0. Also

|s|t,x,0 ≤ |s|0,x,0. (7.192)

7.13 A proof of Theorem 7.16.
Theorem 7.39. There exists C > 0 such that for t ∈ ]0, 1], z ∈ C,
|z| ≤ 1, n ∈ N, x ∈ Xg, if s ∈ C∞((TRX)x, (Λ(T ∗RXg)⊗̂Λ(N∗(0,1)

Xg/X
) ⊗ E)x)

has compact support, then∣∣(L3,t
x,zK,n − L

3,0
x,zK,n)s

∣∣
t,x,−1 ≤ C

√
t(1 + n4)|s|0,x,1 . (7.193)

Proof. Clearly (7.193) is equivalent to the inequality∣∣〈(L3,t
x,zK,n − L

3,0
x,zK,n)s, s′〉t,x,0

∣∣ ≤ C(1 +
√
tn4)|s|0,x,1|s′|t,x,1 . (7.194)

Recall that if γ(Z/2(n+ 2)) 6= 0, then |Z| ≤ 2(n + 2). An application of
Taylor’s formula leads to (7.194). 2

Now we prove an analogue of [BiL, Theorem 11.36].
Theorem 7.40. Given η > 0, there exist C > 0, cη ∈ ]0, 1], d > 0, q ∈ N
such that if t ∈ ]0, 1], z ∈ C, |z| ≤ cη, x ∈ Xg, λ ∈ Uηn+d, if s has compact
support, then∣∣((λ− L3,t

x,zK,n)−1 − (λ− L3,0
x,zK,n)−1)s

∣∣
t,x,0 ≤ C

√
t(1 + nq)

(
1 + |λ|q

)
|s|t,x,0 .
(7.195)

Proof. We use the formula

(λ− L3,t
x,zK,n)−1 − (λ− L3,0

x,zK,n)−1

= (λ− L3,t
x,zK,n)−1(L3,t

x,zK,n − L
3,0
x,zK,n)(λ− L3,0

x,zK,n)−1. (7.196)
Also if s is smooth with compact support, by (7.192),

|s|0,x,−1 ≤ |s|t,x,−1 ≤ |s|t,x,0 . (7.197)
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Using now the inequality (7.149) (also in the case t = 0) and (7.193),
(7.196), we get (7.195). 2

By (7.138),

F0,n(a) =
∫ +∞

−∞
exp(is

√
2a) exp(−s2/2)kn(s) ds√

2π
. (7.198)

By proceeding as in (7.140), we find that for m,m′ ∈ N, there exist C > 0,
C ′ > 0, C ′′ > 0, C ′′′ > 0 such that for for c > 0,

sup
a∈C

|Im(a)|≤c

|a|m
∣∣(Ft,n − F0,n)(m′)(a)

∣∣ ≤ C exp(−C ′n2 + C ′′c2 − C ′′′/t) .

(7.199)
Also by (7.137), ∑

n∈N

F0,n(a) = exp(−a2) . (7.200)

Moreover F̃0,n(a) is the holomorphic function such that

F0,n(a) = F̃0,n(a2) . (7.201)
By (7.199), (7.200), we get∑

n∈N

F̃0,n(a) = exp(−a) . (7.202)

Now we use the notation in (7.183). In particular if A ∈ L(J0
x,p), let

‖A‖∞,p be the norm of A with respect to the norm | |0 on J0
x,p.

Theorem 7.41. For η > 0 small enough, there exists C > 0, cη ∈ ]0, 1],
r ∈N such that if t ∈ ]0, 1], z ∈ C, |z| ≤ cη, n ∈ N, p ∈ N, x ∈ Xg,∥∥F̃t,n(L3,t

x,zK)− F̃0,n(L3,0
x,zK)

∥∥
∞,p ≤ C

√
t(1 + p)r exp

(
−C ′n2/4 + 2C ′′η2p2) .

(7.203)
Proof. Clearly, by Theorem 7.34,

F̃t,n(L3,t
x,zK,n+p)−F̃t,n(L3,0

x,zK,n+p) =
1

2iπ

∫
Γη(n+p)+d

F̃t,n(λ)
(
(λ−L3,t

x,zK,n+p)
−1

− (λ− L3,0
x,zK,n+p)

−1)dλ . (7.204)
By (7.173), (7.182), by Theorem 7.40 and by (7.204), for η > 0 small
enough, and z ∈ C, |z| ≤ cη,∥∥F̃t,n(L3,t

x,zK,n+p)− F̃t,n(L3,0
x,zK,n+p)

∥∥
∞,p

≤ C
√
t(1 + p)q exp

(
−C ′n2/4 + 2C ′′η2p2) . (7.205)

Also by (7.149), (7.182) and (7.199), for η > 0 small enough, z ∈ C, |z| ≤ cη,
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x,zK,n+p)

∥∥
∞,p

≤ C(1 + p)2`′ exp
(
−C′n2/4 + 2C ′′η2p2 − C′′′

t

)
. (7.206)

By (7.147),(7.205),(7.206), we get (7.203). The proof of our theorem is
completed. 2

Theorem 7.42. For η > 0 small enough, there exist C > 0, C ′ > 0,
C ′′ > 0, C ′′′ > 0, r ∈ N, cη ∈ ]0, 1] such that if t ∈ ]0, 1], z ∈ C, |z| ≤ cη,
n ∈ N, x ∈ Xg, Z,Z ′ ∈ (TRX)x,∣∣(F̃t,n(L3,t

x,zK)− F̃0,n(L3,0
x,zK))(Z,Z ′)

∣∣ ≤ Ct1/4(2`+1) (1 + |Z|+ |Z ′|
)r

exp
(
−C ′n2/4 + 2C ′′η2 sup

(
|Z|2, |Z ′|2

)
− C′′′

2 |Z − Z
′|2
)
. (7.207)

Proof. We proceed as in [BiL, Section 11p]. Let φ : R→ [0, 1] be a smooth
function with compact support, equal to 1 near 0, such that∫

TRX
φ(|Z|)dvTX(Z) = 1 . (7.208)

Take β ∈ ]0, 1]. By Theorem 7.38, there exists C > 0 such that if |Z| |Z ′| ≤
pi, U,U ′ ∈ (Λ(T ∗RXg)⊗̂Λ(N∗(0,1)

Xg/X
)⊗E)x,∣∣∣∣〈(F̃t,n(L3,t

x,zK)− F̃0,n(L3,0
x,zK))(Z,Z ′)U,U ′

〉
−
∫

(TRX)x×(TRX)x

〈
(F̃t,n(L3,t

x,zK)− F̃0,n(L3,0
x,zK))(Z − Z̃, Z ′ − Z̃ ′)U,U ′

〉
1
β2`φ(Z̃/β) 1

β2`φ(Z̃ ′/β)dvTX(Z̃)dvTX(Z̃ ′)
∣∣∣∣

≤ Cβ(1 + p)r exp
(
−C ′n2/4 + 2C ′′η2p2) |U ||U ′| . (7.209)

On the other hand, by Theorem 7.41,∣∣∣∣ ∫
(TRX)x×(TRX)x

〈
(F̃t,n(L3,t

x,zK)− F̃0,n(L3,0
x,zK))(Z − Z̃, Z ′ − Z̃ ′)U,U ′

〉
1
β2`φ(Z̃/β) 1

β2`φ(Z̃ ′/β)dvTx(Z̃)dvTX(Z̃ ′)
∣∣∣∣

≤ C
√
t

β2` (1 + p)r exp
(
−C ′n2/4 + 2C ′′η2p2) . (7.210)

By taking β = t1/2(2`+1), we deduce from (7.209),(7.210) that if
|Z|, |Z ′| ≤ p,∣∣(F̃t,n(L3,t

x,zK)− F̃0,n(L3,0
x,zK))(Z,Z ′)

∣∣
≤ Ct1/2(2`+1)(1 + p)r exp

(
−C ′n2/4 + 2C ′′η2p2) . (7.211)
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By (7.171), (7.211), we get (7.207). The proof of our theorem is com-
pleted. 2

Now we briefly explain how to make sense of the kernel
exp(−L3,0

x,zK)(Z,Z ′). In fact, since L3,0
x,zK,n+p coincides with −∆TX/2 at

infinity, the operator F̃0,n(L3,0
x,zK,n+p) is well defined. Also, by proceeding

as in (7.147), if |Z|, |Z ′| ≤ p, using finite propagation speed, we find that
the kernel F̃0,n(L3,0

x,zK,n+p)(Z,Z
′) does not depend on p. Finally this kernel

verifies estimates similar to (7.171) for η > 0 small enough and |z| ≤ cη.
Therefore we may define the kernel exp(−L3,0

x,zK)(Z,Z ′) by the formula

exp(−L3,0
x,zK)(Z,Z ′) =

∑
n∈N

F̃0,n(L3,0
x,zK,n+p)(Z,Z

′), |Z|, |Z ′| ≤ p, (7.212)

and the series in (7.212) converges uniformly on compact subsets of (TRX)x
together with its derivatives.
Theorem 7.43. For η > 0 small enough, there exists cη ∈ ]0, 1], r ∈ N
such that if t ∈ ]0, 1], z ∈ C, |z| ≤ cη, x ∈ Xg, Z,Z ′ ∈ TRX,∣∣(F̃t(L3,t

x,zK)− exp(−L3,0
x,zK))(Z,Z ′)

∣∣
≤ Ct1/4(2`+1)(1+|Z|+ |Z ′|

)r exp
(

2C ′′η2 sup(|Z|2, |Z ′|2)−C′′′2 |Z−Z
′|2
)
.

(7.213)
Proof. By (7.145), by Theorem 7.42 and by (7.212), (7.213) follows. 2

Now there is c > 0 such that if Z ∈ NXg/X,R, then

|g−1Z − Z| ≥ c|Z| . (7.214)
By (7.213), (7.214), we find that there exists C ′′′′ > 0 such that if Z ∈
NXg/X,R,x,∣∣(F̃t(L3,t

x,zK)− exp(−L3,0
x,zK))(g−1Z,Z)

∣∣
≤ Ct1/4(2`+1)(1 + |Z|

)r exp
(
2C ′′η2|Z|2 − C ′′′′|Z|2

)
. (7.215)

For η > 0 small enough,
2C ′′η2 − C ′′′′ ≤ −C ′′′′/2 , (7.216)

so that by (7.215), if Z ∈ NXg/X,R,x,∣∣(F̃t(L3,t
x,zK)− exp(−L3,0

x,zK))(g−1Z,Z)
∣∣ ≤ Ct1/4(2`+1) exp

(
−C′′′′

4 |Z|
2
)
.

(7.217)
Put

HTX = j∗RTX −mTX(zK) . (7.218)
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Clearly HTX splits as
HTX = HTXg +HNXg/X . (7.219)

By (4.25), 4.30), (7.125), for |z| small enough,

exp(−L3,0
x,zK)(g−1Z,Z) = det

(
HTX/2

sinh(HTX/2)

)
exp

(
−1

2Tr[HTX ]
)

exp
(
−
〈

HTX/2
sinh(HTX/2)

(
cosh(HTX/2)− eHTX/2g−1)Z,Z〉)

exp
(
− j∗RE +mE(zK)

)
. (7.220)

We can write g|NXg/X in the form

g = eA, (7.221)
with A ∈ End(NXg/X) skew-adjoint, parallel and commuting with HTX .

By (7.220), (7.221), we get

exp(−L3,0
x,zK)(g−1Z,Z) = det

(
HTX/2

sinh(HTX/2)

)
exp

(
−1

2Tr[HTX ]
)

exp
(
−
〈

HTX/2
sinh(HTX/2)

(
cosh(HTX/2)− cosh(HTX/2−A)

)
Z,Z

〉)
exp

(
− j∗RE +mE(zK)

)
= det

(
HTX/2

sinh(HTX/2)

)
exp

(
−1

2Tr[HTX ]
)

exp
(
−
〈

HTX/2
sinh(HTX/2)2 sinh(A/2) sinh

(
(HTX −A)/2

)
Z,Z

〉)
exp
(
−j∗RE +mE(zK)

)
. (7.222)

Now we use the same notation as in (4.44). Observe that for z ∈ R, if |z|
is small enough, ((HTX/2)/sinh(HTX/2))(0) is positive definite. Moreover
if |z| is small enough,(

sinh(A/2) sinh((HTX −A)/2)
)(0)

is positive definite on NXg/X . Using (7.222), one then finds easily that if |z|
is small enough, exp(−L3,0

x,zK) is a Gaussian on NXg/X,R,x, and moreover∫
NXg/X

exp(−L3,0
x,zK)(g−1Z,Z)

dvNXg/X (Z)

(2π)dimNXg/X
= det

(
HTXg

sinh(HTXg/2)

)
exp
(
−1

2Tr[HTX ]
)

detNXg/X
[
4 sinh(A/2) sinh((HNXg/X −A)/2)

] exp
(
−j∗RE +mE(zK)

)
.

(7.223)
Also

Trs
Λ(N∗(0,1)

Xg/X
)⊗E[

g exp(−j∗RE +mE(zK)
]

= det(1− eA)|NXg/X
Tr
[
g exp(−j∗RE +mE(zK))

]
. (7.224)
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Using (7.223), (7.224), we get

ϕ

∫
NXg/X

Trs
Λ(N∗(0,1)

Xg/X
)⊗E[

g exp
(
−L3,0

x,zK

)
(g−1Z,Z)

] dvNXg/X (Z)

(2π)dimNXg/X

= Tdg,zK(TX, hTX)chg,zK(E,hE) . (7.225)
From (7.124), (7.217), (7.225), we find that the first inequality holds

in (7.93), with K replaced by zK. It is then trivial to obtain the required
uniformity. The proof of the second inequality is similar. In fact by [BiGS1,
II, Proposition 2.4], or by an easy direct computation,

N = i
4c(Jek)c(ek) + dimX

2 . (7.226)
Let N t be the operator obtained from N by the Getzler rescaling indicated
above. One verifies easily that as t→ 0,

tN t → ωXg . (7.227)
By proceeding as before, we get the second inequality in (7.93).

7.14 A proof of the second half of Theorem 7.9. Put

C ′′K,t =
√
t∂
X + c(KX(1,0))

2
√

2t
, (7.228)

C ′K,t =
√
t∂
X∗ + c(KX(0,1))

2
√

2t
.

Then
C2
′′K,t = 0 , C ′,2K,t = 0, (7.229)

C2
K,t = [C ′′K,t, C

′
K,t] .

Moreover, using (2.4), we get
∂
∂tC

′′
K,t = − 1

2t

[
C ′′K,t,N − i

〈µ,K〉
t

]
, (7.230)

∂
∂tC

′
K,t = 1

2t

[
C ′K,t,N − i

〈µ,K〉
t

]
.

Let da, da be odd Grassmann variables as in section 4.5. The consider-
ations we made after (4.39) still apply. Here da, da will anticommute with
the odd elements of the above endomorphism algebras, and commute with
the even elements of these algebras. If σ ∈ Λ

(
R2,∗)⊗R C, then

σ = s0 + daσda + daσda + dadaσdada , s0, σ
da, σda, σdada ∈ C . (7.231)

Now we establish an identity proved in a related form in [BiGS1, II, Theo-
rem 2.14].
Proposition 7.44. The following identity holds,

∂
∂ttγt(g,K) = Trs

[
g exp

(
− LK − C2

K,t −

da
√

2t ∂∂t(C
′′
K,t − C ′K,t)− da

√
2t ∂∂t(C

′′
K,t + C ′K,t) +Ndada

)]dada
. (7.232)
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Proof. Using (7.230), we get

∂
∂ttTrs

[(
N − i 〈µ,K〉t

)
g exp(−LK − C2

K,t)
]

= Trs
[
Ng exp(−LK − C2

K,t)
]

+ ∂
∂bTrs

[
(tN − i〈µ,K〉)g exp

(
−LK − C2

K,t − b
[
CK,t,

∂
∂tCK,t

]) ]∣∣∣
b=0

.

(7.233)

Also

[LK , CK,t] = 0 . (7.234)

By (7.230), (7.233), (7.234), and using the fact that Trs vanishes on super-
commutators [Q1], we obtain

∂
∂ttTrs

[(
N − i 〈µ,K〉t

)
g exp(−LK − C2

K,t)
]

= Trs
[
Ng exp(−LK − C2

K,t)
]

+ ∂
∂bTrs

[
2t2 ∂

∂t(C
′′
K,t − C ′K,t)g exp

(
−LK − C2

K,t − b ∂∂tCK,t
)]
, (7.235)

which is equivalent to (7.232). The proof of our proposition is completed. 2

The following result was proved in [BiGS1, II, Theorem 2.15].

Theorem 7.45. The following identity holds

LK + C2
K,t + da

√
2t ∂∂t(C

′′
K,t − C ′K,t) + da

√
2t ∂∂t(C

′′
K,t + C ′K,t)−Ndada

= − t
2

(
∇Λ(T ∗(0,1)X)⊗E − 〈K

X ,ei〉
2t + da

2
√
t
ic(JTXei)− da

2
√
t
c(ei)

)2

+ tH8 −
dimX

2 dada+ t
4c(ei)c(ej)

(
RE + 1

2Tr[RTX ]
)

(ei, ej)

−
(
mE(K) + 1

2Tr[mTX(K)]
)
. (7.236)

Proof. When making da = 0, da = 0, (7.236) is just (7.98). Using (7.226),
we then get (7.236) in full generality. 2

By proceeding as in [BiGS1, II, Theorem 2.10], [BGV, Chapter 10] and
[Bi13, Section 11], i.e. by using the techniques of the local families index
theorem instead of the above techniques for the usual local index theorem,
we see that the above methods can be applied to the operator which appears
in (7.229). In particular, we find that for z ∈ R, with |z| small enough,
t ∈ ]0, 1], ∣∣ ∂

∂ttγt(g, zK)− C0(g, zK)
∣∣ ≤ Ctγ . (7.237)

From (7.96), (7.237), we deduce that for |z| small enough, as t→ 0,

tγt(g, zK)− C−1(g, zK) = C0(g, zK)t+O(tγ+1) , (7.238)

which is just the second inequality in (7.39). This completes the proof of
Theorem 7.9.



1388 J.-M. BISMUT AND S. GOETTE GAFA

8 A Proof of Theorem 6.6

The purpose of this section is to establish Theorem 6.6. We will use some
of the techniques developed in section 7, and also the techniques of [BiL,
Section 11], [Bi12, Section 11]. It should be observed that the geometric
situation is much closer to [BiL] and [Bi12] than in section 7, with Xg,K

playing formally the role of Y or Yg in [BiL] and [Bi12].
For technical reasons it is here important to split 〈µ,K〉 into two pieces

µ1 and µ2, where µ1 vanishes together with its first derivatives on XK , and
µ2 is locally constant near XK . In fact XK is the critical submanifold for
〈µ,K〉. If 〈µ,K〉 vanished identically on XK , the proof of Theorem 6.6
would be relatively easy, as the sequel will show. Also if 〈µ,K〉 was just
any constant (forgetting for the moment the relation between 〈µ,K〉 and
KX), the proof of Theorem 6.6 would be even easier, since the supertrace
appearing in (6.11) would itself be constant. Since the above ideal assump-
tions are absurd anyway, we try to capture in the proof the best features
of these two cases.

This section is organized as follows. In section 8.1, we establish a Lich-
nerowicz formula. In section 8.2, we establish equation (6.11).

Sections 8.3–8.12 are devoted to the proof of the uniform estimate (6.12)
in Theorem 6.6. In section 8.3, we construct a splitting of the function
〈µ,K〉. In section 8.4, we show that the problem is localizable near Xg.
In section 8.5, we introduce a rescaling of the normal coordinate to Xg,K

in Xg. In section 8.6, we construct a coordinate system near y0 ∈ Xg,K and
we use an associated Getzler rescaling technique on the Clifford variables.
Note here that we concentrate on the analysis near Xg,K , because what
happens away of Xg,K is easier to control. In section 8.7, we construct a
family of norms, closely related to constructions in [BiL]. In section 8.8, we
establish regularizing properties for the resolvents of the considered rescaled
operators. In section 8.9, we prove uniform estimates on the truncated
kernels, which are indexed by n ∈ N, as in section 7. In section 8.10, this
leads us to estimates on the full kernel. In section 8.11, we estimate the local
supertrace containing µ1 near Xg,K , and in section 8.12 we control the full
supertrace involving µ1. In section 8.13, using nontrivial algebraic identities
still involving a Grassmann variable, we prove corresponding estimates for
the supertrace associated to µ2, which leads us to the completion of the
proof of the estimate (6.12) in Theorem 6.6.

Finally in section 8.14, we establish the estimate in (6.13). This com-
pletes the proof of Theorem 6.6.
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We use the same notation as in sections 3, 6 and 7.

8.1 A Lichnerowicz formula. We still use the notation in (7.97).
Theorem 8.1. The following identity holds,

LK + tDX,2
1
t
− 1
v

= − t
2

(
∇Λ(T ∗(0,1)X)⊗E
ei −

(1
t + 1

v

) 〈KX ,ei〉
2

)2

+ 1
2v |K

X |2+ t
8H+

t

4
c(ei)c(ej)

((
RE + 1

2Tr[RTX ]
)

(ei, ej)− 1
v 〈∇

TX
ei KX , ej〉

)
−
(
mE(K) + 1

2Tr[∇TX. KX ]
)
. (8.1)

Proof. By (3.1), if U, V ∈ TRX,
dK ′X(U, V ) = 2〈∇TXU KX , V 〉 . (8.2)

Also observe that
√

2DX
−1/v is a standard Dirac operator associated to the

connection d− K′X

2v on the trivial line bundle L. Moreover(
DX
− 1
v

)
1
t

= DX
1
t
− 1
v
. (8.3)

Note that since G acts trivially on L, the corresponding mL(K) in the sense
of section 2.1 is obviously given by

mL(K) = − |K
X |2

2v . (8.4)
Then equation (8.1) is just a special case of Proposition 7.18. 2

8.2 A proof of the convergence of the supertrace as t→ 0. Re-
call that ẽv was defined in (6.8).
Theorem 8.2. For |K| small enough, given v > 0, as t→ 0,

Trs

[
i〈µ,K〉
v g exp

(
−LK − tDX,2

1
t
− 1
v

)]
→ −ẽv . (8.5)

Proof. As we observed in (8.3),

LK + tDX,2
1
t
− 1
v

= LK + t
(
DX
− 1
v

)2
1
t
. (8.6)

Using the methods in the proof of Theorem 7.9, (8.4) and (8.6), we get
(8.5). Details are left to the reader. 2

Remark 8.3. The main difficulty in the proof of Theorem 6.6 is to
establish an estimate of the rate of convergence in (8.5), which is uniform
t ∈ ]0, 1], v ∈ [t, 1].

8.3 A splitting of 〈µ,K〉. By (2.4),
d〈µ,K〉|XK = 0 . (8.7)

Therefore 〈µ,K〉 is locally constant on XK . For ε ∈ ]0, aX/8], let U ′ε be
the ε-neighbourhood of XK in NXK/X . We choose ε′0 small enough so that
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if ε ∈ ]0, 8ε′0], the map (x,Z) ∈ U ′ε 7→ expx(Z) ∈ X is a diffeomorphism
from U ′ε into the tubular neighbourhood V ′ε of XK in X. Recall that ε0 was
introduced in section 7.3. By replacing ε0 and ε′0 by inf(ε0, ε′0), we may and
we will assume that ε0 = ε′0.

Since Xg is totally geodesic in X, the above identification also identifies
a neighbourhood of Xg,K in NXg,K/Xg to a tubular neighbourhood of Xg,K

in Xg.
Let P : V ′ε0 7→ XK be the obvious projection. Also, recall that the

function γ(s) was defined in (7.111).
Definition 8.4. Put

µ1 = 〈µ,K〉 − γ
(
2|Z|/ε0

)
〈µ,K〉(P.) , (8.8)

µ2 = γ
(
2|Z|/ε0

)
〈µ,K〉(P.) .

Then the function µ1 vanishes on XK . Moreover µ2 is locally constant
on V ′ε0/4. Also

〈µ,K〉 = µ1 + µ2 . (8.9)
By (8.7), we deduce that near XK ,

µ1(x,Z) = O(|Z|2) . (8.10)
Clearly

Trs

[
i〈µ,K〉
v g exp

(
−LK − tDX,2

1
t
− 1
v

)]
= Trs

[
iµ1
v g exp

(
−LK − tDX,2

1
t
− 1
v

)]
+ Trs

[
iµ2
v g exp

(
−LK − tDX,2

1
t
− 1
v

)]
. (8.11)

Set
d̃v,j = −iµj

v exp
(
∂K∂K

2πv 〈µ,K〉
)
, j = 1, 2 . (8.12)

Then
d̃v = d̃v,1 + d̃v,2 . (8.13)

Similarly, we define ẽv,1, ẽv,2 by replacing d̃v by d̃v,1, d̃v,2 in the right-hand
side of the first equation in (6.8). Then

ẽv = ẽv,1 + ẽv,2 . (8.14)
By the same arguments as in the proof of Theorem 8.2, one finds easily
that given v ∈ R∗+, as t→ 0,

Trs

[
iµj
v g exp

(
−LK − tDX,2

1
t
− 1
v

)]
→ −ẽv,j , j = 1, 2 . (8.15)

To establish inequality (6.12) in Theorem 6.6, we will instead establish
corresponding statements for the two supertraces appearing in the right-
hand side of (8.11).
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8.4 Localization of the problem.

Definition 8.5. For t > 0, v ∈ R∗+, set

Avt = tLK + t2DX,2
1
t
− 1
v

. (8.16)

Comparing with (7.41), we get

At = A+∞
t . (8.17)

Clearly

Avt = t2DX,2 + t
(
LK +

(
1− t

v

) [
DX , c(K

X)
2
√

2

])
−
(
1− t

v

)2 |KX |2
8 . (8.18)

From (8.18) and comparing with (7.43), it is clear that for t ∈ ]0, 1], v ∈ [t, 1],
Avt verifies the same estimates as At in Theorem 7.11, with constants which
are uniform in t ∈ ]0, 1], v ∈ [t, 1].

Now we take α ∈ ]0, aX/8] as in section 7.3. Also we use the notation
in section 7. By (7.80),

exp
(
−LK − tDX,2

1
t
− 1
v

)
= F̃t(LK + tDX,2

1
t
− 1
v

) + Ĩt(Avt ) . (8.19)

Theorem 8.6. There exist β > 0, C > 0, C ′ > 0 such that if K ∈ g,
|K| ≤ β, t ∈ ]0, 1], v ∈ [t, 1],∥∥Ĩt(Avt )∥∥1 ≤ C exp(−C ′/t) . (8.20)

Proof. The proof of our theorem is the same as the proof of Theorem 7.15. 2

Remark 8.7. From (8.19), it follows that to establish inequality (6.12)
in Theorem 6.6 for any of the supertraces appearing in the right-hand side
of (8.11), we may as well replace exp

(
−LK − tDX,2

1
t
− 1
v

)
by F̃t(LK + tDX,2

1
t
− 1
v

).

As in section 7.3, F̃t
(
LK + tDX,2

1
t
− 1
v

)
(x, x′) vanishes if dX(x, x′) ≥ α,

and, as a function of x′, depends only on the restriction of the oper-
ator LK + tDX,2

1
t
− 1
v

to the ball BX(x, α). By our choice of α,

F̃t
(
LK + tDX,2

1
t
− 1
v

)
(g−1x, x) is nonzero only if x ∈ Vε0 .

It follows from the above that our proof of inequality (6.12) in Theo-
rem 6.6 can be localized near Xg.

8.5 A rescaling of the normal coordinate to Xg,K in Xg. In the
sequel, we fix g ∈ G, K0 ∈ z(g), and we assume that K = zK0, with z ∈ R∗.

Recall that Xg and Xg,K are totally geodesic in X. Given ε > 0, let U ′′ε
be the ε-neighbourhood of Xg,K in NXg,K/Xg . There exists ε′′0 ∈ ]0, aX/32]

such that for 0 < ε ≤ 16ε′′0, the map (y0, Z0)∈NXg,K/Xg,R→ expXgy0 (Z0) ∈ Xg

is a diffeomorphism from U ′′ε into the tubular neighbourhood V ′′ε of Xg,K
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in Xg. By replacing ε0, ε′′0 by inf(ε0, ε′′0), we may and we will assume that
ε′′0 = ε0.

Since Xg is totally geodesic in X, the connection ∇TX induces the
holomorphic Hermitian connection ∇NXg/X on NXg/X .

If (y0, Z0) is taken as before, we identify NXg/X,(y0,Z0) with NXg/X,y0

by parallel transport along the geodesic s ∈ [0, 1] → Z0. If y0 ∈ Xg,K ,
Z0 ∈ NXg,K/Xg,R,y0 , Z ∈ NXg/X,R,y0 , |Z0|, |Z| ≤ 4ε0, we identify (y0, Z0, Z)
with expX

exp
Xg
y0 (Z0)

(Z) ∈ X. Therefore (y0, Z0, Z) defines a coordinate sys-

tem on X near Xg,K .
Recall that the function k was defined in (7.90). Also ẽv,1 was defined

as in (6.8), with d̃v replaced by d̃v,1. Put
βv,1 = (2π)dimXg

[
Tdg,K(TX, hTX)chg,K(E,hE)d̃v,1

]max
. (8.21)

For |z| small enough, βv,1 is a smooth function on Xg. Set
`′′ = dim(Xg,K). (8.22)

A first important result in our proof of the estimate (6.12) in Theo-
rem 6.6 is as follows.
Theorem 8.8. There exist c ∈ ]0, 1], γ ∈ ]0, 1] such that for p ∈ N, there
is C > 0 such that if z ∈ R∗, |z| ≤ c, t ∈ ]0, 1], v ∈ [t, 1], y0 ∈ Xg,K ,
Z0 ∈ NXg,K/Xg,R,y0 , |Z0| ≤ ε0/

√
v, then∣∣∣∣vdimNXg,K/Xg

(∫
Z∈NXg/X,R,y0
|Z|≤ε0

Trs

[
iµ1
v gF̃t

(
LK+tDX,2

1
t
− 1
v

)(
g−1(y0,

√
vZ0, Z ),

(y0,
√
vZ0, Z)

)]
k(y0,

√
vZ0, Z)

dvNXg/X
(Z)

(2π)
dimNXg/X

+ βv,1(y0,
√
vZ0)

)∣∣∣∣
≤ C (1 + |Z0|)2`′′+1

(1 + |zZ0|)p

(
t

v

)γ
. (8.23)

Proof. Sections 8.6–8.11 will be devoted to the proof of Theorem 8.8. 2

8.6 A local coordinate system and a Getzler rescaling nearXg,K.
Take y0∈Xg,K . If Z∈(TRXg)y0 , |Z| ≤ 4ε0, we identify Z with expXgy0 (Z)∈Xg.
We trivialize NXg/X along the geodesic s ∈ [0, 1] → sZ ∈ Xg by paral-
lel transport with respect to to the connection ∇NXg/X . Then (Z,Z ′) ∈
(TRXg)y0 × NXg/X,R,y0 → expX

exp
Xg
y0 (Z)

(Z ′) ∈ X, |Z|, |Z ′| ≤ 4ε0 defines a

coordinate system on X near y0.
Since g preserves geodesics and parallel transport, in the above coordi-

nate system
g(Z,Z ′) = (Z, gZ ′). (8.24)
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If Z0 ∈ NXg,K/Xg,R,y0 , |Z0| ≤ ε0, we trivialize TX along the geodesic
s ∈ [0, 1] → sZ0 ∈ Xg by parallel transport with respect to ∇TX . Then
Z ∈ (TRX)y0 , |Z| ≤ 4ε0 → expXZ0

(Z) ∈ X is a coordinate system near
Z0 ∈ Xg. By an abuse of notation, we will often write Z0 + Z instead of
expXZ0

(Z).
Now we fix Z0 ∈ NXg,K/Xg,R,y0 , |Z0| ≤ ε0, and we take Z ∈ (TRX)y0 ,

|Z| ≤ 4ε0. The curve s ∈ [0, 1] → expXZ0
(sZ) lies in BX

y0
(0, 5ε0). Moreover

we identify TXZ0+Z ,Λ(T ∗(0,1)X)Z0+Z ,EZ0+Z with TXZ0 ,Λ(T ∗(0,1)X)Z0 ,EZ0

by parallel transport with respect to the obvious connections
∇TX ,∇Λ(T ∗(0,1)X),∇E along this curve.

When Z0 ∈ NXg,K/Xg,R,y0 is allowed to vary, we identify
TXZ0 ,Λ(T ∗(0,1)X)Z0 , EZ0 with TXy0 ,Λ(T ∗(0,1)X)y0 , Ey0 by parallel trans-
port along s ∈ [0, 1]→ sZ0 with respect to the given connections.

We may and we will assume that ε0 is small enough so that if |Z0| ≤ ε0,
|Z| ≤ 4ε0, then

1
2h

TX
y0
≤ hTXZ0+Z ≤ 3

2h
TX
y0

. (8.25)

Recall that for x ∈ Xg, the vector space Hx was defined in section 7.6.
We still define ρ(Z) as in (7.112), (7.113).

We fix Z0 ∈ NXg,K/Xg ,R,y0 , |Z0| ≤ ε0. The considered trivializations
depend explicitly on Z0. Therefore the action of the operator LK + tDX,2

1
t
− 1
v

depends explicitly on Z0. We denote by (LK + tDX,2
1
t
− 1
v

)Z0 the action of this

operator centred at Z0, i.e.

(LK + tDX,2
1
t
− 1
v

)Z0f(Z) = (LK + tDX,2
1
t
− 1
v

)f(Z0 + Z) . (8.26)

In (8.26), the operator (LK+tDX,2
1
t
− 1
v

)Z0 acts on HZ0 . Also HZ0 is identified

with Hy0 , so that ultimately, (LK + tDX,2
1
t
− 1
v

)Z0 acts on Hy0 .

We define k′(y0,Z0)(Z) as in (7.99).

Definition 8.9. Put

L
1,(t,v)
Z0,K

=
(
1− ρ2(Z)

) (
− t

2∆TX
)

+ ρ2(Z)
(
LK + tDX,2

1
t
− 1
v

)
Z0
. (8.27)

By proceeding as in (7.115),(7.116), and using (8.24), we find that if
Z0 ∈ NXg,K/Xg,R,y0 , Z ∈ NXg/X,R,y0 , |Z0|, |Z| ≤ ε0,

F̃t
(
LK + C2

K,t

) (
g−1(Z0, Z), (Z0, Z)

)
k′(y0,Z0)(Z) = F̃t

(
L

1,(t,v)
Z0,K

) (
g−1Z,Z

)
.

(8.28)
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We still define Ht as in (7.118). Let L2,(t,v)
Z0,K

be the operator obtained from

L
1,(t,v)
Z0,K

as in (7.119).
Let (e1, . . . , e2`′′), (e2`′′+1, . . . , e2`′), and (e2`′+1, . . . , e2`) be orthonormal

oriented bases of TRXg,K,y0 and NXg,K/Xg,R,y0 ,NXg/X,R,y0 . Recall that for
1 ≤ j ≤ 2`′, ct(ej) was defined in (7.121).

Definition 8.10. Let L3,(t,v)
Z0,K

be the operator obtained from L
2,(t,v)
Z0,K

by
replacing c(ei) by ct(ei) for 1 ≤ i ≤ 2`′′, by ct/v(ei) for 2`′′ + 1 ≤ i ≤ 2`′,
while leaving unchanged the c(ei)’s for 2`′ + 1 ≤ i ≤ 2`.

We denote by F̃t
(
L

3,(t,v)
Z0,K

)
(Z,Z ′) the smooth kernel associated to the

operator F̃t
(
L

3,(t,v)
Z0,K

)
with respect to dvTX(Z ′)/(2π)dimX .

Proposition 8.11. For y0 ∈ Xg,K , Z0 ∈ NXg,K/Xg,R,y0 , |Z0| ≤ ε0,
Z ∈ NXg/X,R,y0 , |Z| ≤ ε0/

√
t, the following identity holds,

tdimNXg/XTrs

[
iµ1
v gF̃t

(
LK + tDX,2

1
t
− 1
v

)(
g−1(Z0,

√
tZ), (Z0,

√
tZ)
)]

k′(y0,Z0)(
√
tZ) = (−i)`′

v`′−`′′

Trs
Λ(N∗(0,1)

Xg/X
)⊗E[ iµ1(Z0,

√
tZ)

v
gF̃t(L

3,(t,v)
Z0,K

)(g−1Z,Z)
]max

. (8.29)

Proof. Using (8.28), the proof is a trivial modification of the proof of
Proposition 7.25. 2

Recall that j denotes the embedding Xg → X.

Definition 8.12. If x ∈ Xg, let L3,(0,v)
x,K be the operator in (Λ(TRX

∗
g )⊗

c(NXg/X)⊗ End(E))⊗Opx,

L
3,(0,v)
x,K = −1

2

(
∇ei + 1

2

〈
(j∗RTX −∇TX. KX)Z, ei

〉)2 − 1
2v (d− iKX )j∗K ′X

+ j∗RE −mE(K) + 1
2Tr[j∗RTX −mTX(K)] . (8.30)

Let ψv ∈ End
(
Λ(T ∗RXg)

)
be the morphism of exterior algebras such

that ψv(ei) = ei for 1 ≤ i ≤ 2`′′, ψv(ei) =
√
vei for 2`′′ + 1 ≤ i ≤ 2`′.

Recall that (y0, Z0) ∈ Xg, and that Λ
(
T ∗RXg

)
(y0,Z0) has been identified to

Λ
(
T ∗R(Xg

)
y0

.

Definition 8.13. Let L3,(0,v)
Z0,K

be the operator

L
3,(0,v)
Z0,K

= ψvL
3,(0,v)
Z0,K ψ−1

v . (8.31)
Theorem 8.14. Given Z0 ∈ NXg,K/Xg,R,y0 , |Z0| ≤ ε0, as t→ 0,

L
3,(t,v)
Z0,K

→ L
3,(0,v)
Z0,K

. (8.32)
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Proof. First we assume that v = 1, so that our proof will work for any
x ∈ Xg. Using (3.1), we find that as t→ 0,∑

1≤i,j≤2`

t
4ct(ei)ct(ej)

〈
∇TXei KX(

√
tZ), ej

〉
→

∑
1≤i,j≤2`′

1
2e
i ∧ ej

〈
∇TXei KX(x), ej

〉
= 1

2dj
∗K ′X . (8.33)

Our theorem is now a trivial consequence of (8.1), (8.33) and of arguments
which were already used in the proof of Proposition 7.27. 2

8.7 A family of norms. Here we imitate [BiL, Section 11k] and section
7.8. For 0 ≤ p ≤ 2`′′, 0 ≤ q ≤ 2(`′ − `′′), put

Λ(p,q)(T ∗RXg)y0 = Λp(T ∗RXg,K)y0 ⊗̂Λq(N∗Xg,K/Xg,R)y0 . (8.34)

The various Λ(p,q)(T ∗R(Xg) are mutually orthogonal in Λ(T ∗RXg)y0 . Let Iy0

be the vector space of smooth sections of (Λ(T ∗RXg)⊗̂Λ(N∗(0,1)
Xg/X

)⊗E)y0 over
(TRX)y0 , let I(p,q),y0 be the vector space of smooth sections of(
Λ(p,q)(T ∗R(Xg) ⊗̂Λ(N∗(0,1)

Xg/X
) ⊗ E

)
y0

over (TRX)y0 . Let I0
y0
, I0

(p,q),y0
be the

corresponding vector spaces of square-integrable sections.

Definition 8.15. For t ∈ [0, 1], v ∈ R∗+, y0 ∈ Xg,K , Z0 ∈ NXg,K/Xg,R,y0 ,
|Z0| ≤ ε0/

√
v, s ∈ I0

(p,q),y0
, set

|s|2t,v,Z0,0 =
∫

(TRX)y0

|s(Z)|2
(
1 + (|Z|+ |Z0|)ρ(

√
tZ/2)

)2(2`′′−p)

(
1 +
√
v|Z|ρ(

√
tZ/2)

)2(2(`′−`′′)−q)
dvTX(Z) . (8.35)

Then (8.35) induces a Hermitian product 〈 〉t,v,Z0,0 on I0
(p,q),y0

. We equip
I0
y0

=
⊕

I0
(p,q),y0

with the direct sum of these Hermitian products.
Now we have a result already proved in [BiL, Proposition 11.24].

Proposition 8.16. For t ∈ ]0, 1], v ∈ [t, 1], y0 ∈ Xg,K , Z0 ∈ NXg,K/Xg,R,y0 ,
|Z0| ≤ ε0/

√
v, the following families of operators acting on I0

y0
are uniformly

bounded,

1|√tZ|≤4ε0

√
tct(ej) , 1|√tZ|≤4ε0 |Z|

√
tct(ej) , 1 ≤ j ≤ 2`′′ ,

1|√tZ|≤4ε0 |Z0|
√
tct(ej) , 1 ≤ j ≤ 2`′′ , (8.36)

1|√tZ|≤4ε0

√
t/vct/v(ej) , 1|√tZ|≤4ε0 |Z|

√
tct/v(ej) , 2`′′ + 1 ≤ j ≤ 2`′ .

Proof. We refer to [BiL, Proposition 11.24] for a detailed proof, when
making t = u2, v = 1/T 2. If

√
t|Z| ≤ 4ε0, by (7.113), ρ(

√
tZ/2) = 1. Then
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we just observe the key bounds
t
(
1 + |Z|+ |Z0|

)
≤ C
√
t ; t|Z|

(
1 + |Z|+ |Z0|

)
≤ C ;

t|Z0|
(
1 + |Z|+ |Z0|

)
≤ C ; t

v

(
1 +
√
v|Z|

)
≤ C ; (8.37)

t√
v
|Z|
(
1 +
√
v|Z|

)
≤ C , ,

√
v|Z|

1+
√
v|Z| ≤ 1 ,

from which our proposition follows easily. 2

Definition 8.17. For t ∈ [0, 1], v ∈ R∗+, y0 ∈ Xg,K , Z0 ∈ NXg,K/Xg,R,y0 ,
|Z0| ≤ ε0/

√
v, if s ∈ Iy0 has compact support, set

|s|2t,v,Z0,1 = |s|2t,v,Z0,0 + 1
v

∣∣ρ(√tZ)|KX |
(√
vZ0 +

√
tZ
)
s
∣∣2
t,v,Z0,0

+
2∑̀
1

|∇eis|2t,v,Z0,0 . (8.38)

Observe that Definition 8.17 is the strict analogue of [BiL, Definition
11.25], with u =

√
t, T = 1/

√
v and V − replaced by KX . Also note that

|s|t,v,Z0,1 depends explicitly on K. In the sequel, it will be understood that
if z ∈ R, when replacing K by zK0, in (8.38), KX is replaced by zKX

0 , so
that |s|t,v,Z0,1 will in fact also depend on z ∈ R∗.

If Z0 ∈ NXg,K/Xg,R,y0 , |Z0| ≤ ε0, Z ∈ TRXy0 , |Z| ≤ 4ε0, if U ∈ (TRX)y0 ,
let τZ0U(Z) ∈ TRXZ0+Z be the parallel transport of U along the curve
t → 2tZ0, 0 ≤ t ≤ 1/2, t → expZ0

((2t − 1)Z), 1/2 ≤ t ≤ 1, with respect
to ∇TX .
Theorem 8.18. There exist constants C1 > 0, . . . , C4 > 0 such that if
t ∈ ]0, 1], v ∈ [t, 1], n ∈ N, y0 ∈ Xg,K , Z0 ∈ NXg,K/Xg,R,y0 , |Z0| ≤ ε0/

√
v, if

z ∈ R, |z| ≤ 1, if s, s′ ∈ Iy0 have compact support in
{
Z∈(TRX)y0 , |Z|≤n

}
,

then
Re
〈
L

3,(t,v)√
vZ0,zK0

s, s
〉
t,v,Z0,0

≥ C1|s|2t,v,Z0,1 − C2
(
1 + |nz|2

)
|s|2t,v,Z0,0 ,∣∣Im〈L3,(t,v)√

vZ0,zK0
s, s〉t,v,Z0,0

∣∣ ≤ C3
(
1 + |nz|

)
|s|t,v,Z0,1|s|t,v,Z0,0 , (8.39)∣∣〈L3,(t,v)√

vZ0,zK0
s, s′〉t,v,Z0,0

∣∣ ≤ C4
(
1 + |nz|2

)
|s|t,v,Z0,1|s′|t,v,Z0,1 .

Proof. By proceeding as in the proofs of [BiL, Theorem 11.26] and of
Theorem 7.31, we can handle all the terms in the right-hand side of (8.1)
except the ‘annoying’ term
−ρ2(

√
tZ) t

4v

〈
∇TX
τ
√
vZ0ej(

√
tZ)K

X(
√
vZ0 +

√
tZ), τ

√
vZ0ej′(

√
tZ)
〉
c(ej)c(ej′) .

(8.40)
Recall that by (2.6), (2.8),

∇TX∇TXKX + iKXRTX = 0 . (8.41)
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Take i, 1 ≤ i ≤ 2`′′. We claim that at (Z0, Z) = (0, 0), ∇TX
τZ0ei(Z)K

X and
its first derivatives in Z0, Z vanish. The vanishing of this section follows
from the fact that ei ∈ (TRXg,K)y0 and that KX vanishes on Xg,K . Also
τ0ei(Z) is parallel along s → sZ. Using (8.41), it is now clear that the
first derivative in Z of the above section also vanishes. Finally τZ0ei(0)
is parallel along s ∈ [0, 1] → sZ0. Using (8.41) again, the derivative of
the above section in the variable Z0 also vanishes. It then follows that for
1 ≤ i ≤ 2`′′,

∇TX
τ
√
vZ0ei(

√
tZ)K

X
0 (
√
vZ0 +

√
tZ) = O

(√
v|Z0|+

√
t|Z|

)2
. (8.42)

From (8.42), we deduce that for 1 ≤ j ≤ 2`′′, 1 ≤ j′ ≤ 2`′′, |Z0| ≤ ε0/
√
v,

ρ2(
√
tZ) t

4v

〈
∇TX
τ
√
vZ0ej(

√
tZ)zK

X
0 (
√
vZ0+

√
tZ), τ

√
vZ0ej′(

√
tZ)
〉
ct(ej)ct(ej′)

= ρ2(
√
tZ)|z|O

(
|Z0|+

√
t/v|Z|

)2√
tct(ej)

√
tct(ej′) . (8.43)

Using the fact that t/v ≤ 1 and also Proposition 8.16, we find that the
operator in (8.43) remains uniformly bounded with respect to | |t,v,Z0,0.
The same arguments show that if 1 ≤ j ≤ 2`′′, 2`′′ + 1 ≤ j′ ≤ 2`′, when
replacing in (8.43) ct(ej′) by ct/v(ej′), the corresponding boundedness result
still holds. Similarly, if for 2`′+ 1 ≤ j′ ≤ 2`, in (8.43), we replace ct(ej′) by
c(ej′), we still obtain a uniform boundedness result.

Using again Proposition 8.16, if 2`′′ + 1 ≤ j, j′ ≤ 2`′, the operators
t
v ct/v(ej)ct/v(ej′) (8.44)

are uniformly bounded. Similarly for 2`′′ + 1 ≤ j ≤ 2`′, 2`′ + 1 ≤ j′ ≤ 2`,
since t/v ≤ 1, using Proposition 8.16, the operators t

v ct(ej)c(ej′) are uni-
formly bounded. Finally for 2`′ + 1 ≤ j, j′ ≤ 2`, the operators t

v c(ej)c(ej′)
are also uniformly bounded.

The proof of our theorem is completed. 2

Remark 8.19. It should be pointed out that the term (8.40) could cause
trouble. In fact its ‘size’ (after a standard Getzler rescaling, where for
1 ≤ j ≤ 2`′, c(ej) is changed into ct(ej)), is of the order z/v, while the
size of the nonnegative term 1

v |zKX
0 |2 is |z|

2

v , which is in fact smaller for
small |z|.
Definition 8.20. Put

L
3,(t,v)
Z0,K,n

= −
(

1− γ
(
|Z|

2(n+ 2)

))
∆TX

2
+ γ

(
|Z|

2(n+ 2)

)
L

3,(t,v)
Z0,K

. (8.45)

Using (8.25) and proceeding as in (7.147), i.e. using finite propagation
speed, we get for Z ∈ TRXy0 , |Z| ≤ p,

F̃t,n(L3,(t,v)
Z0,K

)(Z,Z ′) = F̃t,n(L3,(t,v)
Z0,K,n+p)(Z,Z

′) . (8.46)
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Clearly, when replacing in (8.39) L3,(t,v)√
vZ0,zK0

by L
3,(t,v)√
vZ0,zK0,n

, the esti-
mates (8.39) still hold when assuming only that s, s′ have compact support.

Now we use the notation of section 7.10, while replacing the norms
| |t,x,0, | |t,x,1, by the norms | |t,v,Z0,0, | |t,v,Z0,1. Then it follows from the
above that the obvious analogue of Theorem 7.34 holds for L3,(t,v)√

vZ0,zK0,n
.

8.8 Regularizing properties of the resolvent of L3,(t,v)√
vZ0,zK0,n

. Now
we proceed as in [BiL, Section 11m] and in section 7.11. Since X is a com-
pact manifold, there exists a finite family of smooth functions f1, . . . , fr :
X → [0, 1] which have the following properties:

• XK =
⋂r
j=1
{
x ∈ X, fj(x) = 0.

}
• On XK , df1, . . . , dfr span NXg,K/X,R.

Definition 8.21. Let Qt,v,Z0 be the family of operators

Qt,v,Z0 =
{
∇ei , 1 ≤ i ≤ 2`; z√

v
ρ
(√
tZ
)
fj
(√
vZ0 +

√
tZ
)
, 1 ≤ j ≤ r

}
.

(8.47)

LetQjt,v,Z0
be the set of operators Q1 . . . Qj , with Qi ∈ Qt,v,Z0 . Now we

prove the obvious analogue of [BiL, Proposition 11.29] and of Proposi-
tion 7.36.

Proposition 8.22. Take k ∈ N. There exists Ck > 0 such that if
t ∈ ]0, 1], v ∈ [t, 1], n ∈ N, y0 ∈ Xg,K , Z0 ∈ NXg,K/Xg,R,y0 , |Z0| ≤ ε0/

√
v,

z ∈ R, |z| ≤ 1, Q1, . . . , Qk ∈ Qt,v,Z0 , if s, s′ ∈ Iy0 have compact support,
then∣∣〈[Q1, [. . . Qk, L

3,(t,v)√
vZ0,zK0,n

] . . . ]s, s〉t,v,Z0,0
∣∣ ≤ C(1 + n2)|s|t,v,Z0,0|s|t,v,Z0,1 .

(8.48)

Proof. We proceed as in the proof of [BiL, Proposition 11.29], and in the
proof of Propositions 7.36. We concentrate here on the new terms with
respect to [BiL] and to Proposition 7.36. In fact note that[
∇ei , ρ2(√tZ) |KX(

√
vZ0 +

√
tZ|2)

2v

]
= ρ2(√tZ)√ t

v

〈
∇TXei KX ,

KX

√
v

〉(√
vZ0 +

√
tZ
)

+

√
t

v
(∇eiρ)

(√
tZ
)ρ(√tZ)|KX |2

(√
vZ0 +

√
tZ
)

√
v

, (8.49)

and so
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√
vZ0 +

√
tZ)|2

2v

]∣∣∣∣
≤ C

√
t

v

(
1 + ρ2(√tZ) |KX |2

v

(√
vZ0 +

√
tZ
))

. (8.50)

Since t/v ≤ 1, inequality (8.50) is enough to control the commutator in the
left-hand side. Higher derivatives are even easier to control, since t/v is
uniformly bounded.

Also, as we saw in the proof of Theorem 8.18, for any j, j′,
∇.
〈
∇TX
τZ0ej(Z)K

X(Z0 + Z), τZ0ej′(Z)
〉

(8.51)

vanishes for Z0 = 0, Z = 0, so that
∇.
〈
∇TXτZ0ej(Z)K

X(Z0 + Z), τZ0ej′(Z)
〉

= O
(
|Z0|+ |Z|

)
. (8.52)

Using the fact that t/v ≤ 1 and also Proposition 8.16, we find that the
commutator corresponding to (8.52) is uniformly bounded with respect to
| |t,v,Z0,0. Higher commutators are harmless, again because t/v ≤ 1 and
also by Proposition 8.16.

The commutators with the 1√
v
ρ
(√
tZ
)
fj
(√
vZ0 +

√
tZ
)
’s and the mixed

commutators can be easily controlled. In fact[
∇ei , 1√

v
ρ
(√
tZ
)
fj
(√
vZ0 +

√
tZ
)]

=
√

t
v

(
∇eiρ

(√
tZ
)
fj
(√
vZ0 +

√
tZ
)

+ ρ
(√
tZ
)
∇eifj

(√
vZ0 +

√
tZ
))
. (8.53)

Since t/v is bounded, the commutator corresponding to (8.53) is again
harmless.

The proof of our proposition is completed. 2

If s ∈ C∞((TRX)y0 , (Λ(T ∗RXg)⊗̂Λ(N∗(0,1)
Xg/X

) ⊗ E)y0) has compact sup-
port, put

‖s‖2t,v,Z0,k
=

k∑
j=0

∑
Q∈Qjt,v,Z0

|Qs|2t,v,Z0,0 . (8.54)

We claim there is C > 0 such that for any z ∈ R, |z| ≤ 1,
‖s‖t,v,Z0,1 ≤ C|s|t,v,Z0,1. (8.55)

Since fj vanishes on XK and since ∇TX. KX |XK acts as an invertible oper-
ator on NXK/X ,there exists C > 0 such that for 1 ≤ j ≤ r, for x ∈ X,

|fj(x)| ≤ C|KX(x)| , (8.56)
so that (8.55) holds. Then the obvious analogue of [BiL, Theorem 11.30]
and of Theorem 7.37 for L3,(t,v)√

vZ0,zK0,n
holds. In fact, using the analogue
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of Theorem 7.34 (which we just proved in section 8.7), Proposition 8.22,
(8.55) and proceeding as in the proof of [BiL, Theorem 11.30], we obtain
the analogue of Theorem 7.37.

8.9 Uniform estimates on the kernel of F̃t,n(L3,(t,v)√
vZ0,zK0

). Now we
proceed as in [BiL, Section 11n] and in section 7.12.

Theorem 8.23. There exist C ′ > 0, C ′′ > 0, C ′′′ > 0 such that
for η ∈ ]0, 1] small enough, z ∈ R∗, |z| ≤ cη, for m,m′ ∈ N, there is
C > 0, r ∈ N such that for t ∈ ]0, 1], v ∈ [t, 1], n ∈ N, y0 ∈ Xg,K ,
Z0 ∈ NXg,K/Xg,R,y0 , |Z0| ≤ ε0/

√
v, Z,Z ′ ∈ (TRX)y0 , |Z|, |Z ′| ≤ ε0/

√
t,(

1 + |zZ0|
)m sup
|α|,|α′|≤m

∣∣∣ ∂|α|+|α′|
∂Zα∂Z′α′

F̃t,n
(
L

3,(t,v)√
vZ0,zK0

)(Z,Z ′)
∣∣∣

≤ C
(
1 + |Z|+ |Z ′|

)r(1 + |Z0|
)2`′′

exp
(
−C ′n2/4 + 2C ′′η2 sup(|Z|2, |Z ′|2)− C ′′′|Z − Z ′|2

)
. (8.57)

Proof. We proceed as in the proof of [BiL, Theorem 11.31], [Bi12, Theorem
11.14], and of Theorem 7.38. Then the obvious analogue of (7.180) holds,
with Q ∈ Qkt,v,Z0

, Q′ ∈ Qk′t,v,Z0
, k + k′ ≤ q.

We still define J0
y0,p as in the proof of Theorem 7.38. The obvious

analogue of (7.182) is now

|s|0 ≤ |s|t,v,Z0,0 ≤ C
(
1 + p

)2`′(1 + |Z0|
)2`′′ |s|0 . (8.58)

Therefore the analogue of (7.183) is now∥∥QF̃t,n(L3,t,v√
vZ0,zK0,n+p)Q

′∥∥
∞,p

≤ C(1 + p)(2`′+mq)
(
1 + |Z0|

)2`′′ exp(−C ′n2/4 + 2C ′′η2p2) . (8.59)

Using Sobolev inequalities as in (7.184), we deduce from (8.59) that
there exists r ∈ N such that given α,α′,

sup
|Z|≤p,|Z′|≤p

∣∣∣ ∂|α|+|α′|
∂Zα∂Z′α′

F̃t,n
(
L3,t,v√

vZ0,zK0,n+p

)
(Z,Z ′)

∣∣∣
≤ C(1 + p)(2`′+r)(1 + |Z0|

)2`′′ exp(−C ′n2/4 + 2C ′′η2p2) . (8.60)

Now we exploit the fact that the operators ρ(
√
tZ) z√

v
fj(
√
vZ0 +

√
tZ)

also lie in Qt,v,Z0 . In fact since the dfj |XK ’s span NXK/X,R, there is C > 0
such that on X,

r∑
j=1

f2
j (x) ≥ CdX,2(x,XK) . (8.61)
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By (7.113), if |Z| ≤ 2ε0/
√
t, then ρ

(√
tZ
)

= 1. Using (8.59) and proceeding
as in the proof of (8.60), we find that given k′ ∈ N and α,α′,

sup
|Z|,|Z′|≤

inf(p,ε0/
√
t)

∣∣∣{ [z2

v d
X,2(√vZ0 +

√
tZ,XK

)]k′
∂|α|+|α

′|

∂Zα∂Z′α′
F̃t,n

(
L3,t,v√

vZ0,zK0,n+p

)
(Z,Z ′)

}∣∣∣ ≤ C(1 + p)(2`′+r)(1 + |Z0|
)2`′′

exp(−C ′n2/4 + 2C ′′η2p2) . (8.62)

If |Z0| ≤ ε0/
√
v, |Z| ≤ inf(p, ε0/

√
t), if t/v ≤ 1,

1√
v
dX(
√
vZ0,XK) ≤ 1√

v
dX(
√
vZ0 +

√
tZ,XK) + Cp , (8.63)

1√
v
dX(
√
vZ0,XK) = |Z0| .

Using (8.62), (8.63), we find that given k′ ∈ N, and α,α′, there exist C > 0,
r ∈N such that

sup
|Z|,|Z′|≤

inf(p,ε0/
√
t)

∣∣∣|zZ0|k
′ ∂|α|+|α

′|

∂Zα∂Z′α′
F̃t,n

(
L3,t,v√

vZ0,zK0,n+p

)
(Z,Z ′)

∣∣∣
≤ C(1 + p)(2`′+r)(1 + |Z0|

)2`′′ exp(−C ′n2/4 + 2C ′′η2p2) . (8.64)

By proceeding as in the proof of Theorem 7.38, i.e. by replacing F̃t,n by
F̃ ht,n and using finite propagation speed, we obtain in the right-hand side of
(8.64) the extra factor exp(−C ′′′|Z − Z ′|2), i.e. we have established (8.57).

The proof of our theorem is completed. 2

8.10 An estimate on the kernel of F̃t(L
3,(t,v)√
vZ0,zK0

). We will proceed
formally as in section 7.13. We extend the definition of |s|t,v,Z0,0, |s|t,v,Z0,1
to the case where t = 0. Now we prove the analogue of [BiL, Theorem
11.35] and of Theorem 7.39.
Theorem 8.24. There exists C > 0, , r ∈ N such that for t ∈ ]0, 1],
v ∈ [t, 1], z ∈ R, |z| ≤ 1, n ∈ N, y0 ∈ Xg,K , Z0 ∈ NXg,K/Xg,R,y0 , |Z0| ≤
ε0/
√
v, if s ∈ Iy0 has compact support, then∣∣(L3,(t,v)√
vZ0,zK0,n

− L3,(0,v)√
vZ0,zK0,n

)
s
∣∣
t,v,Z0,−1

≤ C(1 + nr)
√

t
v

(
1 + |Z0|

)
|s|0,v,Z0,1 . (8.65)

Proof. We need to establish an analogue of (7.194). We only consider the
terms which do not appear in the proof of [BiL, Theorem 11.35] and of
Theorem 7.39. Clearly
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1
v

(
|KX(

√
vZ0 +

√
tZ)|2 − |KX(

√
vZ0)|2

)
= 1

v

〈
KX(

√
vZ0 +

√
tZ)

−KX(
√
vZ0),KX(

√
vZ0 +

√
tZ) +KX(

√
vZ0)

〉
. (8.66)

From (8.66) and from the fact that KX vanishes on Xg,K , so that for
(Z0, Z) = (0, 0), then KX(

√
vZ0 +

√
tZ) = 0, we get

1
v

(
|KX(

√
vZ0 +

√
tZ)|2 − |KX(

√
vZ0)|2

)
= 1

vO
(
|
√
tZ|(|

√
vZ0|+ |

√
tZ|)

)
= O

(√
t/v|Z||Z0|+ (t/v)|Z|2

)
. (8.67)

From (8.67), we deduce that for t ∈]0, 1], v ∈ [t, 1], |Z| ≤ n,∣∣ 1
v

(
|KX(

√
vZ0 +

√
tZ)|2 − |KX(

√
vZ0)|2

)∣∣ ≤ C√ t
v (1 + n2)

(
1 + |Z0|

)
.

(8.68)

Now we have to consider the terms containing ∇TX. KX . By (8.41), we
get for 1 ≤ j, j′ ≤ 2`,〈
∇TX
τ
√
vZ0ej(

√
tZ)K

X
(√
vZ0 +

√
tZ
)
, τ
√
vZ0ej′(

√
tZ)
〉
−〈

∇TX
τ
√
vZ0ej(0)K

X
(√
vZ0

)
, τ
√
vZ0ej′(0)

〉
= O

(√
t|Z|

)
O
(√
v|Z0|+

√
t|Z|

)
.

(8.69)
Using Proposition 8.16 and (8.69), we get (8.65) easily. The proof of our
theorem is completed. 2

Now we establish an analogue of [BiL, Theorem 11.36] and of Theo-
rem 7.40.
Theorem 8.25. Given η ∈ ]0, 1], there exist cη ∈ ]0, 1], d > 0, r ∈ N such
that if z ∈ R, |z| ≤ cη, t ∈ ]0, 1], v ∈ [t, 1], n ∈ N, Z0 ∈ NXg,K/Xg,R,y0 ,
|Z0| ≤ ε0/

√
v, λ ∈ Uηn+d, if s has compact support, then∣∣((λ− L3,(t,v)√
vZ0,zK0,n

)−1 − (λ− L3,(0,v)√
vZ0,zK0,n

)−1)s
∣∣
t,v,Z0,0

≤ C
√

t
v (1 + nr)

(
1 + |Z0|

)(
1 + |λ|r

)
|s|0,v,Z0,0 . (8.70)

Proof. We use Theorem 8.24, and we proceed as in the proof of Theo-
rem 7.40. The proof of our theorem is completed. 2

Now we establish an analogue of Theorem 7.41.
Theorem 8.26. For η ∈ ]0, 1] small enough, there exist C > 0, r ∈ N
such that if t ∈ ]0, 1], v ∈ [t, 1], n ∈ N, z ∈ R, |z| ≤ cη, y0 ∈ Xg,K ,
Z0 ∈ NXg,K/Xg,R,y0 , |Z0| ≤ ε0/

√
v, p ∈ N, then∥∥F̃t,n(L3,(t,v)√

vZ0,zK0
)− F̃0,n(L3,(0,v)√

vZ0,zK0
)
∥∥
∞,p

≤ C
√

t
v

(
1 + |Z0|

)2`′′+1(1 + p)r exp(−C ′n2/4 + 2C ′′η2p2) . (8.71)



Vol. 10, 2000 HOLOMORPHIC EQUIVARIANT ANALYTIC TORSIONS 1403

Proof. Using (8.58) and Theorem 8.25, the proof of our theorem is the same
as the proof of Theorem 7.41. 2

Theorem 8.27. There exist C ′ > 0, C ′′ > 0, C ′′′ > 0 such that for
η ∈ ]0, 1] small enough, there is cη ∈ ]0, 1] such that given m ∈ N, there is
C > 0 for which if t ∈ ]0, 1], v ∈ [t, 1], z ∈ R, |z| ≤ cη, n ∈ N, y0 ∈ Xg,K ,
Z0 ∈ NXg,K/Xg,R,y0 , |Z0| ≤ ε0/

√
v, Z,Z ′ ∈ (TRX)y0 , |Z|, |Z ′| ≤ ε0/

√
t,∣∣(F̃t,n(L3,(t,v)√

vZ0,zK0
)− F̃0,n(L3,(0,v)√

vZ0,zK0
))(Z,Z ′)

∣∣
≤ C

(
t

v

)1/4(2`+1) (1 + |Z0|
)2`′′+1(

(1 + |zZ0|
)m (

1 + |Z|+ |Z ′|
)r

exp
(
−C′n2

4 + 2C ′′η2 sup
(
|Z|2, |Z ′|2

)
− C′′′

2 |Z − Z
′|2
)
. (8.72)

Proof. Using Theorems 8.23 and 8.26, the proof of our theorem is the same
as the proof of Theorem 7.42. 2

Theorem 8.28. There exist C ′ > 0, C ′′ > 0, C ′′′ > 0 such that for
η ∈ ]0, 1] small enough, there exists cη ∈ ]0, 1] such that given m ∈ N, there
exists C > 0 such that if t ∈ ]0, 1]i, v ∈ [t, 1], z ∈ R, |z| ≤ cη, y0 ∈ Xg,K ,
Z0 ∈ NXg,K/Xg,R,y0 , |Z0| ≤ ε0/

√
vZ, Z ′ ∈ (TRX)y0 , |Z|, |Z ′| ≤ ε0/

√
t,∣∣(F̃t(L3,(t,v)√

vZ0,zK0
)− exp(−L3,(0,v)√

vZ0,zK0
))(Z,Z ′)

∣∣
≤ C

(
t

v

)1/4(2`+1) (1 + |Z0|
)2`′′+1(

1 + |zZ0|
)m (

1 + |Z|+ |Z ′|
)r

exp
(

2C ′′η2 sup
(
|Z|2, |Z ′|2

)
− C′′′

2 |Z − Z
′|2
)
. (8.73)

Proof. Our theorem follows from (7.143) and from Theorem 8.27. 2

8.11 A proof of Theorem 8.8. Now we take c > 0 as in (7.214). By
(8.73), there exists C ′′′′ > 0 such that if Z ∈ NXg/X,R,y0 , |Z| ≤ ε0/

√
t,∣∣(F̃t(L3,(t,v)√

vZ0,zK0
)− exp(−L3,(0,v)√

vZ0,zK0
))(g−1Z,Z)

∣∣
≤ C

(
t

v

)1/4(2`+1) (1 + |Z0|
)2`′′+1(

1 + |zZ0|
)m (

1 + |Z|
)r exp

(
4C ′′η2|Z|2 − C ′′′′|Z|2

)
.

(8.74)
For η ∈ ]0, 1] small enough,

4C ′′η2 − C ′′′′ ≤ −C ′′′′/2 . (8.75)

Using (8.74), (8.75), for Z ∈ NXg/X,R,y0 , |Z| ≤ ε0/
√
t,
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vZ0,zK0

)− exp(−L3,(0,v)√
vZ0,zK0

))(g−1Z,Z)
∣∣

≤ C
(
t

v

)1/4(2`+1) (1 + |Z0|
)2`′′+1(

1 + |zZ0|
)m exp

(
−C

′′′′

4
|Z|2

)
. (8.76)

Now using (8.7), we get
µ1
(√
vZ0 +

√
tZ
)
− µ1

(√
vZ0

)
v

=
O
(√
t|Z|

)
O
(√
t|Z|+√v|Z0|

)
v

, (8.77)

so that∣∣∣∣µ1(
√
vZ0 +

√
tZ)− µ1(

√
vZ0)

v

∣∣∣∣ ≤ C( tv |Z|2 +
(
t

v

)1/2

|Z||Z0|
)
. (8.78)

Also by (8.10), ∣∣∣µ1(
√
vZ0)
v

∣∣∣ ≤ C|Z0|2 . (8.79)

Using (7.225), (8.21), (8.29), (8.30), (8.57), (8.76), (8.78), (8.79), we get
(8.23). The proof of Theorem 8.8 is completed.

8.12 Control of the supertrace containing µ1.

Theorem 8.29. There exist c > 0, r ∈ N, C > 0, γ ∈ ]0, 1] such that if
t ∈]0, 1], v ∈ [t, 1], if z ∈ R∗, |z| ≤ c, then

|z|r
∣∣∣Trs

[
iµ1
v exp

(
− LK − tDX,2

1
t
− 1
v

)]
+ ẽv,1

∣∣∣ ≤ C( tv)γ . (8.80)

Proof. Let k(y0,Z0) be the function defined on Xg ∩ Uε′0 by the relation

dvXg(y0,Z0) = k(y0, Z0)dvXg,K (y0)dvNXg,K/Xg (Z0) . (8.81)

Then
k|Xg,K = 1 . (8.82)

Recall that F̃t
(
LK+tDX,2

1
t
− 1
v

)
(g−1x, x) vanishes on X \Uε0 . Using (7.90),

(8.81), we get∫
U ′ε0

Trs

[
iµ1
v gF̃t

(
LK + tDX,2

1
t
− 1
v

)(g−1x, x)
]

dvX(x)
(2π)dimX +

∫
Xg∩U ′ε0

βv,1
dvXg

(2π)dimXg

=
∫
Xg,K

v
dimNXg,K/Xg

[∫
Z0∈NXg,K/Xg,R,y0 ,|Z0|≤ε0/

√
v

Z∈NXg/X,R,y0 ,|Z|≤ε0

Trs

[
iµ1
v gF̃t

(
LK+tDX,2

1
t
− 1
v

)
(
g−1(y0,

√
vZ0, Z), (y0,

√
vZ0, Z)

)]
k(y0,

√
vZ0, Z)

dvNXg/X
(Z)

(2π)
dimNXg/X

+ βv,1(y0,
√
vZ0)

]
k(y0,

√
vZ0)

dvNXg,K/Xg
(Z0)

(2π)
dimNXg,K/Xg

dvXg,K (y0)

(2π)dimXg,K
. (8.83)
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Using Theorem 8.8 and (8.83), we find that there exists C > 0 such that
for z ∈ R∗, |z| ≤ c,

|z|2`′′+1
∣∣∣∣ ∫
U ′ε0

Trs

[
iµ1
v gF̃t

(
LK + tDX,2

1
t
− 1
v

)
(g−1x, x)

]
dvX(x)

(2π)dimX

+
∫
Xg∩U ′ε0

βv,1
dvXg

(2π)dimXg

∣∣∣∣ ≤ C ( tv)γ . (8.84)

Now we claim similar estimates can be very easily obtained for∣∣∣∣ ∫
X\U ′ε0

Trs

[
iµ1
v gF̃t

(
LK + tDX,2

1
t
− 1
v

)(g−1x, x)
]

dvX(x)
(2π)dimX

+
∫
Xg\U ′ε0

βv,1
dvXg

(2π)dimXg

∣∣∣∣. (8.85)

In fact, on X \ U ′ε0 , we observe that 1
2v |KX |2 has a positive lower bound.

Then we adapt the above techniques to the case where Xg,K = ∅. In
particular for 1 ≤ i ≤ 2`′, the Clifford variables c(ei) are now replaced
by ct/v(ei), while being unchanged for 2`′ + 1 ≤ i ≤ 2`. The potentially
annoying term iµ1

v is more than killed by the presence of the term 1
2v |KX |2.

Details are left to the reader.
The proof of Theorem 8.29 is completed. 2

8.13 Control of the supertrace containing µ2. The purpose of this
section is to prove the following second key result.
Theorem 8.30. There exist c ∈ ]0, 1], C > 0, γ ∈ ]0, 1] such that for
z ∈ R, |z| ≤ c, t ∈ ]0, 1], v ∈ [t, 1]

|z|2
∣∣∣∣Trs

[
iµ2
v exp

(
−LK + tDX,2

1
t
− 1
v

)]
+ ẽv,2

∣∣∣∣ ≤ C ( tv)γ . (8.86)

Proof. The remainder of the section is devoted to the proof of this result. 2

We take odd Grassmann variables da, da as in sections 4.5 and 7.14,
and we use the notation in (7.231). Set

Bt,v, = LK + tDX,2
1
t
− 1
v

+ da
√
tDX
− 1
t
− 1
v
. (8.87)

Proposition 8.31. The following identity holds,

Bt,v = − t
2

(
∇Λ(T ∗(0,1)X)⊗E
eI

−
(1
t + 1

v

) 〈KX ,ei〉
2 − dac(ei)√

2t

)2

+ |KX |2
2v + t

8H + t
4c(ei)c(ej)

((
RE + 1

2Tr[RTX ]
)

(ei, ej)− 1
v 〈∇

TXKX , ej〉
)

−
(
mE(K) + 1

2Tr
[
mTX(K)

])
. (8.88)

Proof. Our identity follows from easily from (8.1). 2
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Proposition 8.32. The following identity holds,

t ∂∂tTrs

[
iµ2
v g exp

(
− LK − tDX,2

1
t
− 1
v

)]
= 1

vTrs

[√
t
2c(i∇.µ2)g exp(−Bt,v)

]da
.

(8.89)
Proof. Clearly,

∂
∂tTrs

[
iµ2
v g exp

(
− LK − tDX,2

1
t
− 1
v

)]
= ∂

∂bTrs

[
iµ2
v g exp

(
− LK − tDX,2

1
t
− 1
v

− b
[√
tDX

1
t
− 1
v
, ∂
∂T

(√
tDX

1
t
− 1
v

)])]
b=0

= − ∂
∂bTrs

[ [√
tDX

1
t
− 1
v
, iµ2
v

]
g exp

(
− LK − tDX,2

1
t
− 1
v

− b ∂∂t
(√
tDX

1
t
− 1
v

))]
.

(8.90)
Clearly, [√

tDX
1
t
−1
v

, iµ2
v

]
= 1

v

√
t
2c(∇.iµ2) , (8.91)

t ∂∂t
(√
tDX

1
t
− 1
v

)
=
√
t

2 D
X
− 1
t
− 1
v
.

From (8.90)–(8.91), we get (8.89). 2

Remark 8.33. Incidentally note that

1
vTrs

[√
t
2c(i∇.µ2)g exp(−Bt,v)

]
= 1

vTrs

[√
t
2c(i∇.µ2)g exp(−Bt,v)

]da
,

(8.92)

because, if we make da = 0, in the left-hand side of (8.92), we evaluate the
supertrace of an odd operator, which is 0.

By (7.80),
exp(−Bt,v) = F̃t(Bt,v) + Ĩt(tBt,v) . (8.93)

Now

tBt,v = t2DX,2 + t
(
LK +

(
1− t

v

) [
DX , c(K

X)
2
√

2

])
−
(
1− t

v

)2 |KX |2
8 + da

(
t3/2DX − t1/2

(
1 + t

v

) c(KX)
2
√

2

)
. (8.94)

By (8.94), it is clear that for t ∈ ]0, 1], v ∈ [t, 1] and |K| small enough, the
operator tBt,v verifies estimates similar to At in Theorem 7.11. One then
finds easily that for |K| small enough, t ∈ ]0, 1], v ∈ [t, 1],∥∥Ĩt(Bt,v)∥∥1 ≤ C exp(−C ′/t) . (8.95)
In particular, by (8.95), we get for t ∈ ]0, 1], v ∈ [t, 1],∣∣∣ 1vTrs

[√
t
2c(i∇.µ2)gĨt(tBt,v)

]da∣∣∣ ≤ C exp(−C ′/t) . (8.96)
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By (8.88), and proceeding as in [BiGS1, II, proof of Theorem 2.16],
[BGV, Chapter 10] , we find that as t→ 0,

Trs

[√
t
2c(i∇.µ2)F̃t(Bt,v)

]da
→ 0 . (8.97)

Incidentally, note that because of the Grassmann variable da, the relevant
techniques to establish (8.97) are either probabilistic, or use techniques
developed in [BGV] to establish the local families index theorem of [Bi4].
Note here that the relevant computations in a more complicate context have
already been done in [Bi13, Section 12] (see in particular [Bi13, eq. (12.44)
and (12.48)]). Also (8.97) fits nicely with (8.89).

Now we will exploit the essential fact that ∇.µ2 vanishes near XK . In
fact using (8.97) and proceeding as in sections 8.4–8.12, and in particular
as in the end of the proof of Theorem 8.29, we find that given m ∈ N,
t ∈ ]0, 1], v ∈ [t, 1],∣∣z2

v

∣∣m∣∣∣Trs

[√
t
2c(i∇.µ2)F̃t(Bt,v)

]da∣∣∣ ≤ C ( tv)γ . (8.98)

In particular, by Proposition 8.32 and by (8.96), (8.98), for t ∈ ]0, 1],
v ∈ [t, 1],

|z|2
∣∣∣ ∂∂tTrs

[
iµ2
v exp

(
−LK + tDX,2

1
t
− 1
v

)]∣∣∣ ≤ C
t

(
t
v

)γ
. (8.99)

By (8.97) and by integration of (8.99) in the variable t , we get

|z|2
∣∣∣Trs

[
iµ2
v exp

(
− LK − tDX,2

1
t
− 1
v

)]
+ ẽv,2

∣∣∣ ≤ C ( tv)γ . (8.100)

From (8.96), (8.100), we get (8.86), i.e. we have completed the proof of
Theorem 8.30.

8.14 A proof of the last part of Theorem 6.6. When v ∈ [1,+∞[,
1/v remains bounded. By using the methods of section 7 and of the present
section, one sees easily that for z ∈ R, and |z| small enough, there exists
C > 0 such that for t ∈ ]0, 1], v ∈ [1,+∞[,∣∣∣Trs

[
i〈µ,K〉g exp

(
−LK − tDX,2

1
t
− 1
v

)]∣∣∣ ≤ C , (8.101)

which is equivalent to (6.13). The proof of Theorem 6.6 is completed.

9 A Proof of Theorem 6.7

The purpose of this section is to establish Theorem 6.7. We use techniques
which are closely related to [BiL, Section 12], and also to sections 7 and 8.
The main difficulty with respect to [BiL] is still to obtain the adequate
control of the considered operators for |z| small enough.
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This section is organized as follows. In section 9.1, we establish an al-
gebraic identity on supertraces, which we will need to obtain the two terms
in the asymptotic expansion in Theorem 6.7. In section 9.2, we state our
main convergence result. Sections 9.3–9.6 are devoted to the proof of this
result. In section 9.3, we establish a Lichnerowicz formula. In section 9.4,
we make a local change of coordinates near Xg,K and introduce a simple
Getzler rescaling on the Clifford algebra. This coordinate system turns out
to be too elementary, and does not allow us to obtain the adequate con-
trol of the local supertraces. In section 9.5, a more complicate coordinate
system is introduced near Xg,K , which is compatible with what we did in
sections 7 and 8. This will allow us to establish the right estimates, and
prove the result announced in section 9.2. Finally, in section 9.7, we prove
Theorem 6.7.

In this section, we use the notation in sections 7–8. Also we fix g ∈ G,
K0 ∈ z(g), and we assume that K = zK0, with z ∈ R∗.

9.1 A simple identity of supertraces. Let da, da be odd anticom-
muting Grassmann variables as in sections 7.14 and 8.13. Then da, da span
Λ1(R2)⊗R C.
Definition 9.1. Put

Ct,v = LK + tDX,2
1
t
(1− 1

v
)
− da

2v
√
t
c(iJTXKX) + da

√
t√

2
DX
− 1
t
(1− 1

v
). (9.1)

Proposition 9.2. The following identity holds,
∂
∂tTrs

[
i〈µ,K〉
v g exp

(
− LK − tDX,2

1
t (1− 1

v )
)]

= Trs
[
g exp(−Ct,v)

]dada
. (9.2)

Proof. Clearly,
∂
∂tTrs

[
i〈µ,K〉
v g exp

(
− LK − tDX,2

1
t
(1− 1

v
)

)]
= ∂

∂bTrs

[
i〈µ,K〉
v g exp

(
− LK − tDX,2

1
t
(1− 1

v
)

− b
[√
tDX

1
t
(1− 1

v
),

∂
∂t

√
tDX

1
t
(1− 1

v
)

] )]∣∣∣
b=0

= − ∂
∂bTrs

[[√
tDX

1
t
(1− 1

v
),
i〈µ,K〉
v

]
exp

(
− LK − tDX,2

1
t
(1− 1

v
)

− b ∂∂t
√
tDX

1
t
(1− 1

v
)

)]∣∣∣
b=0

. (9.3)

By (1.17), (2.4),[√
tDX

1
t
(1− 1

v
),
i〈µ,K〉
v

]
=
√
t√

2v
c(i∇.〈µ,K〉) =

√
t√

2v
c(iJTXKX) . (9.4)

Also
t ∂∂t
√
tDX

1
t
(1− 1

v
) =

√
t

2 D
X
− 1
t
(1− 1

v
) . (9.5)
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So by (9.3)–(9.5), we get (9.2). 2

Remark 9.3. Put

C′t,v = L(1− 1
v

)K + tDX,2
1
t
(1− 1

v
)
− da

2v
√
t
c(iJTXKX) + da

√
t√

2
DX
− 1
t
(1− 1

v
) . (9.6)

Then

Trs
[
g exp(−Ct,v)

]
= Trs

[
geK/v exp

(
−C′t,v)

]
. (9.7)

Temporarily, we make da = 0, da = 0. Observe that

C′t,v = L(1− 1
v

)K + tDX,2
1
t
(1− 1

v
)

is just the operator

LK + tDX,2
1
t

,

with K replaced by (1 − 1
v )K. By (9.7), Trs[g exp

(
−Ct,v

)
] is just

Trs[g′ exp(−LK − tDX,2
1/t ), with K replaced by

(
1 − 1

v

)
K, and g′ replaced

by geK/v. Incidentally note that by (2.41), this quantity is just L(geK). So
the considerations which follow are relevant only when da, da are nonzero.
Still, to make our discussion simpler, we concentrate on the trivial case
da = 0, da = 0, by discussing the behaviour as t→ 0 of the associated local
supertraces.

By using the techniques of section 7, if g′ ∈ G, if K0 ∈ z(g′), if for
z ∈ R, K = zK0, for |z| small enough, as t → 0, the local supertrace
of Trs[g′ exp(−L(1− 1

v
K) − tDX,2

1
t
(1− 1

v
)
)] converges to an an explicit current

over Xg′ . Still, by (7.213)–(7.216), the size of |z| is explicitly related to g′.
Here g′ = geK/v depends on z. This already indicates that the techniques
of section 7 cannot be used directly to establish a convergence result for
Trs[g exp(−Ct,v)]dada as t→ 0.

9.2 A convergence result.

Theorem 9.4. For z ∈ R∗, and |z| small enough, for any v ∈ [1,+∞[, as
t→ 0,

Trs
[
g exp(−Ct,v)

]dada → ∫
Xg,K

TdgeK (TX)Φ1/v,g,K(NXK/X)chgeK (E) .

(9.8)
Proof. The purpose of sections 9.3–9.6 is to establish our theorem. 2

9.3 A Lichnerowicz formula

Theorem 9.5. The following identity holds,
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Ct,v = − t
2

(
∇Λ(T ∗(0,1)X)⊗E
ei − 1

2t

(
1 + 1

v

)
〈KX , ei〉 − da

2
√
t
c(ei)

)2

− da
2v
√
t
c(iJTXKX) + da

2v
√
t
c(KX) + |KX |2

2vt + t
8H

+ t
4c(ei)c(ej)

(
RE + 1

2Tr[RTX ]
)

(ei, ej)− 1
4v 〈∇

TX
ei KX , ej〉c(ei)c(ej)

−
(
mE(K) + 1

2Tr[mTX(K)]
)
. (9.9)

Proof. When da = 0, da = 0, (9.9) is just (8.1), with v replaced by tv. It is
then easy to verify that (9.9) extends to the general case. 2

Again, we write

exp
(
−Ct,v

)
= F̃t

(
Ct,v
)

+ Ĩt
(
tCt,v

)
. (9.10)

Then

tCt,v = t2DX,2 + t3/2√
2
daDX + t

(
LK +

(
1− 1

v

) [
DX , c(K

X)
2
√

2

])
+
√
t
(
−da

2v c(iJ
TXKX)− da

(
1− 1

v

) c(KX)
4

)
−
(
1− 1

v

)2 |KX |2
8 . (9.11)

By proceeding as in sections 7.3 and 8.4, we find that for t ∈ ]0, 1],
v ∈ [1,+∞[, |z| small enough,∥∥Ĩ√t(tCt,v)∥∥1 ≤ C exp(−C ′/t) . (9.12)

As in sections 7.3 and 8.6, the problem of evaluating the limit as t→ 0
of Trs[g exp(−Ct,v)]dada is now localized on Xg.

Clearly, there exists ε0 ∈ ]0, aX/8] such that if ε ∈ ]0, 8ε0], the map
(y0, Z) ∈ NXg,K/X,R → expXy0

(Z) ∈ X induces a diffeomorphism from the
ε-neighbourhood U ε of Xg,K in NXg,K/X on the tubular neighbourhood Vε
of Xg,K in X.

As explained in section 8.3, we may as well assume that ε0=ε′0=ε′′0=ε0.
So we now use the notation ε0 instead of ε0.

Definition 9.6. Let 1∇Λ(T ∗(0,1)X)⊗E⊗̂Λ(R2)⊗RC be the connection on
Λ(T ∗(0,1)X)⊗E ⊗̂Λ(R2)⊗R C,

1∇Λ(T ∗(0,1)X)⊗E⊗̂Λ(R2)⊗RC = ∇Λ(T ∗(0,1)X)⊗E
. −

(
1 + 1

v

)
K′X

2 −
da
2 c(.) .

(9.13)

Now we will evaluate the curvature of 1∇Λ(T ∗(0,1)X)⊗E⊗̂Λ(R2)⊗RC.

Proposition 9.7. The following identity holds,

1∇Λ(T ∗(0,1)X)⊗E⊗Λ(R2)⊗RC,2 = 1
4〈R

TXei, ej〉c(ei)c(ej) + 1
2Tr[RTX ] +RE

−
(
1 + 1

v

)
dK′X

2 . (9.14)

Proof. This follows from (9.13). 2
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Let A,B be smooth sections of TRX. By (9.13),
1∇Λ(T ∗(0,1)X)⊗E⊗̂Λ(R2)⊗RC

A c(B) = c(∇TXA B) + da〈A,B〉. (9.15)

Let c1(TRX) ' TRX be the set of elements of c(TRX) which have
length 1. By (9.15), it follows that parallel transport with respect to
1∇Λ(T ∗(0,1)X)⊗E⊗̂Λ(R2)⊗RC maps c1(TRX) into c1(TRX)⊕C(da).
Definition 9.8. For t > 0, put

1∇Λ(T ∗(0,1)X)⊗E⊗Λ(R2)⊗RC,t = ∇Λ(T ∗(0,1)X)⊗E −
(
1 + 1

v

)
K′X

2t −
da

2
√
t
c(.) .

(9.16)

Clearly 1∇Λ(T∗(0,1)X)⊗E⊗Λ(R2)⊗RC,t is obtained from 1∇Λ(T∗(0,1)X)⊗E⊗̂Λ(R2)⊗RC

by scaling K into K/t, and da into da/
√
t. Then

1∇Λ(T ∗(0,1)X)⊗E⊗Λ(R2)⊗RC,t,2 = 1
4〈R

TXei, ej〉c(ei)c(ej) + 1
2Tr[RTX ] +RE

−
(
1 + 1

v

)
dK′X

2t . (9.17)

Finally the connections 1∇Λ(T∗(0,1)X)⊗E⊗̂Λ(R2)⊗RC and 1∇Λ(T∗(0,1)X)⊗E⊗Λ(R2)⊗RC,t

are g-invariant.

9.4 A change of coordinates and a Getzler rescaling: a first sim-
ple approach. Here, we follow again the strategy of [BiL, Sections 11
and 12] and of section 8. Namely we will concentrate on the proof of es-
timates near Xg,K , while in principle we should also prove corresponding
estimates near Xg. However the proof of the estimates near Xg and far
from Xg,K are in fact much easier.

Take y0∈Xg,K . If Z∈(TRX)y0 , |Z| ≤ 4ε0, we identify Z with expXy0
(Z)∈X.

If Z ∈ (TRX)y0 , |Z| ≤ 4ε0, we identify (Λ(T ∗(0,1)X) ⊗ E ⊗̂Λ(R2) ⊗R C)Z
with (Λ(T ∗(0,1)X)⊗E ⊗̂Λ(R2)⊗R C)y0 by parallel transport with respect
to 1∇Λ(T ∗(0,1)X)⊗E⊗Λ(R2)⊗RC,t along the curve t ∈ [0, 1]→ tZ ∈ X.

We still define ρ(Z) as in (7.112), so that (7.113) holds.

Definition 9.9. Let L1,(t,v)
y0,K

be the operator

L
1,(t,v)
y0,K

=
(
1− ρ2(Z)

) (
− t

2∆TX
)

+ ρ2(Z)Ct,v . (9.18)

Then
L

1,(t,v)
y0,K

∈
(
c(TRX)⊗ End(E)

)
y0
⊗̂Λ(R2 ⊗R C)⊗Opy0

. (9.19)

We still define Ht as in (7.118). Let L2,(t,v)
y0,K

be obtained from L
1,(t,v)
y0,K

as in
(7.119).

Let (e1, . . . , e2`) be an orthonormal oriented basis of (TRX)y0 taken as
after Definition 8.9.
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Definition 9.10. Let L3,(t,v)
y0,K

be the operator obtained from L
2,(t,v)
y0,K

by
replacing c(ei) by ct(ei) for 1 ≤ i ≤ 2`′′, while leaving the c(ei)’s unchanged
for 2`′′ + 1 ≤ i ≤ 2`.

Let j′ : Xg,K → X be the obvious embedding. The tensors which are
considered in the following definition are evaluated at y0.

Definition 9.11. Let L3,(0,v)
y0 be the operator

L
3,(0,v)
y0,K

= −1
2

(
∇ei + 1

2

〈(
j′∗RTX −

(
1 + 1

v

)
∇TX. KX

)
Z, ei

〉)2
+ 1

2v |∇
TX
Z KX |2 − 1

4v 〈∇
TX
ei KX , ej〉c(ei)c(ej) + 1

2v 〈j
′∗RTX∇TXZ KX , Z〉

− ida2v c(J
TX∇TXZ KX)− idada2v 〈J

TX∇TXZ KX , Z〉+ j′∗
(
RE + 1

2Tr[RTX ]
)

−
(
mE(K) + 1

2Tr[∇TX. KX ]
)
. (9.20)

Theorem 9.12. For v > 0, as t→ 0,

L
3,(t,v)
y0,K

→ L
3,(0,v)
y0,K

. (9.21)

Proof. If A is a differential operator, we denote by [A](3)
t the differen-

tial operator obtained from A by using the trivialization with respect to
1∇Λ(T ∗(0,1)X)⊗E⊗Λ(R2)⊗RC,t, the rescaling of the coordinate Z and the Get-
zler rescaling of the Clifford variables which was given in Definition 9.10.
We start from (9.9). Using (7.107), (7.109), (9.14) and proceeding as in
Proposition 7.27, we find that as t→ 0,[
− t

2

(
∇Λ(T ∗(0,1)X)⊗E
ei − 1

2t

(
1 + 1

v

)
〈KX , ei〉 − da

2
√
t
c(ei)

)2 ](3)

t

→ −1
2

(
∇ei + 1

2

〈(
j′∗RTX −

(
1 + 1

v

)
∇TXKX

)
Z, ei

〉)2
. (9.22)

Let τej(Z) be the parallel transport of ej along the curve t ∈ [0, 1] →
tZ with respect to the connection ∇TX . Let O1

(
|Z|2

)
be any object in

(c(TRXg,K) ⊗̂Λ(R2)⊗RC)y0 which is of length at most 1 and is also O(|Z|2).
By (9.15), in the trivialization associated to 1∇Λ(T ∗(0,1)X)⊗E⊗̂Λ(R2)⊗RC,

c
(
τej(Z)

)
= c(ej) + da〈Z, ej〉+O1

(
|Z|2

)
. (9.23)

From (9.23), we deduce that for 1 ≤ j ≤ 2`′′,[√
tc(τej(

√
tZ))

](3)
t

=
√

2ej ∧+O
(√
t|Z|

)
, (9.24)

and that for 2`′′ + 1 ≤ j ≤ 2`,[
c(τej)(

√
tZ)
](3)
t

= c(ej) + da〈Z, ej〉+O
(√
t|Z|2

)
. (9.25)

By (8.41),〈
iJTXKX(Z), τej(Z)

〉
= 〈iJTX∇TXZ KX

y0
, ej〉+O

(
|Z|3

)
. (9.26)
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Moreover
c(KX)(Z) = c(τej)(Z)

〈
KX(Z), τej(Z)

〉
. (9.27)

A similar identity holds for c(iJTXKX)(Z). By (9.24)–(9.27), we find that[
− da

2v
√
t
c(iJTXKX)(

√
tZ)
](3)

t
= −da

2v

(
c(iJTX∇TXZ KX

y0
)

+ da〈iJTX∇TXZ KX
y0
, Z〉
)

+O
(√
t|Z|2

)
, (9.28)[

da
2v
√
t
c(KX)(

√
tZ)
](3)

t
= da

2v c(∇
TX
Z KX

y0
) +O

(√
t|Z|2

)
.

Also
|KX |2

2vt (
√
tZ)→ 1

2v |∇
TX
Z KX |2 . (9.29)

From (8.41), we get
〈∇TXτei K

X , τej〉(Z) = 〈∇TXei KX
y0
, ej〉−1

2

〈
RTX(∇TXZ KX

y0
, Z)ei, ej

〉
+O(|Z|3).

(9.30)
By (9.24), (9.25), (9.30), and using the (2, 2) symmetry property of the
curvature RTX of the Levi–Civita connection ∇TX , we find that as t→ 0,

1
4

[
〈∇TXτei K

X , τej〉c(τei)c(τej)(
√
tZ)
](3)
t

= 1
4

∑
2`′′+1≤i,j,≤2`

〈∇TXei KX
y0
, ej〉c(ei)c(ej)

− 1
2〈j
′∗RTXy0

∇TXZ KX
y0
, Z〉+ da

2 c(∇
TX
Z KX

y0
) . (9.31)

From (9.9), (9.22)–(9.31), we get (9.21). The proof of our theorem is
completed. 2

Remark 9.13. Consider the exact sequence of holomorphic Hermitian
vector bundles on Xg,K ,

E : 0→ TXg,K → TX|Xg,K → NXg,K/X → 0. (9.32)
Then the exact sequence (9.32) verifies the assumptions of section 4.5.
Namely g acts on E as a parallel isometry, B = ∇TX. KX ∈ End(E) is
skew-adjoint, parallel, and commutes with g, and finally (4.39) holds. Us-
ing the notation in (4.16),

N+
Xg,K/X

= NXK/X . (9.33)

Also using the notation in Definition 4.11, then

L
3,(0,v)
y0,K

= L
1/v
0 +RE −mE(K). (9.34)

Now we use the notation in (4.41)–(4.44). By (4.44),

P (0) =
(
1− 1

v

)2 (∇.KX)2, (9.35)
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so that P (0) ≤ 0. This is again an ominous indication of difficulties to
come. In fact, as explained in section 4.4, the operator in (4.28) is not
lower bounded.

To make our estimates easier, in the next section, we will use a slightly
different trivialization, which will be compatible with what was done in
section 8.

9.5 A new trivialization. Take Z0 ∈ NXg,K/Xg ,R,y0 , |Z0| ≤ ε0. If
Z ∈ (TRX)y0 , |Z| ≤ 4ε0, we identify

(
Λ(T ∗(0,1)X)⊗E ⊗̂Λ(R2)⊗RC

)
Z

with(
Λ(T ∗(0,1)X)⊗E ⊗̂Λ(R2)⊗RC

)
Z0

by parallel transport along the curve s ∈
[0, 1]→ expXZ0

(sZ) with respect to the connection 1∇Λ(T∗(0,1)X)⊗E⊗Λ(R2)⊗RC,t.
Also we identify

(
Λ(T ∗(0,1)X) ⊗ E ⊗̂Λ(R2) ⊗R C

)
Z0

with
(
Λ(T ∗(0,1)X) ⊗

E ⊗̂Λ(R2) ⊗ C
)
y0

by parallel transport along the curve s ∈ [0, 1] → sZ0

with respect to the connection ∇Λ(T ∗(0,1)X)⊗E .
We may and we will assume that ε0 is small enough so that if |Z0| ≤

ε0, |Z| ≤ 4ε0,
1
2h

TX
y0
≤ hTXZ0+Z ≤ 3

2h
TX
y0
. (9.36)

We still use the notation in (8.26).

Definition 9.14. Let L′1,(t,v)
Z0,K

be the operator

L
′1,(t,v)
Z0,K

=
(
1− ρ2(Z)

) (
− t

2∆TX
)

+ ρ2(Z)(Ct,v)Z0 . (9.37)

We still obtain L
′2,(t,v)
Z0,K

, L
′3,(t,v)
Z0,K

from L
′1,(t,v)
Z0,K

as before. Recall that
k′y0,Z0

(Z) was defined in (7.99).
Proposition 9.15. The following identity holds for Z0 ∈ NXg,K/Xg,R,y0 ,
Z ∈ NXg/X,R,y0 , |Z0| ≤ ε0, |Z| ≤ ε0/

√
t,

t
dimNXg,K/XTrs

[
gF̃t(Ct,v)(g−1(Z0,

√
tZ), (Z0,

√
tZ))

]
k′(y0,Z0)(

√
tZ)

= (−i)dimXg,KTrs
[
gF̃t(L

′3,(t,v)
y0,Z0,K

)(g−1Z,Z)
]max

. (9.38)
Proof. The proof of (9.38) is the same as the proof of (7.116) and of
Proposition 7.25. 2

Definition 9.16. Let L′3,(0,v)
y0,Z0,K

be the operator

L
′3,(0,v)
y0,Z0,K

= −1
2

(
∇ei + 1

2

〈 (
RTX −

(
1 + 1

v

)
∇TX. KX

)
y0
Z, ei

〉)2
+ 1

2v |∇Z+Z0K
X |2 − 1

4v 〈∇eiK
X , ej〉c(ei)c(ej) + 1

2v 〈R
TX∇TXZ+Z0

KX , Z +Z0〉

− ida2v c(J
TX∇Z+Z0K

X
y0

)− idada2v 〈J
TX∇TXZ+Z0

KX
y0
, Z + Z0〉

+ i∗
(
RE + 1

2Tr[RTX ]
)
−
(
mE(K) + 1

2Tr[∇TX. KX ]
)
y0
. (9.39)
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Remark 9.17. Observe that

L
′3,(0,v)
y0,Z0,K

= exp
(1

2

〈(
RTX −

(
1 + 1

v

)
∇.KX

)
Z0, Z

〉)
[L3,(0,v)
y0,K

]Z+Z0

exp
(
−1

2

〈(
RTX −

(
1 + 1

v

)
∇.KX

)
Z0, Z

〉)
. (9.40)

Theorem 9.18. As t→ 0,
L
′3,(t,v)
y0,
√
tZ0,K

→ L
′3,(0,v)
y0,Z0,K

. (9.41)

Proof. The proof of (9.41) uses the same arguments as the proof of Theo-
rem 9.12. 2

9.6 A proof of Theorem 9.4.
Theorem 9.19. There exist C ′ > 0, C ′′ > 0, C ′′′ > 0 such that for
η ∈ ]0, 1] small enough, there exists cη ∈ ]0, 1] for which if z ∈ R, |z| ≤ cη,
given m,m′ ∈N, there is C > 0, r ∈ N such that for t ∈ ]0, 1], v ∈ [1,+∞[,
y0 ∈ Xg,K , Z0 ∈ NXg,K/Xg,R,y0 , Z,Z ′ ∈ (TRX)y0 , |Z0|, |Z|, |Z ′| ≤ ε0/

√
t,(

1 +
∣∣∣ z√vZ0

∣∣∣)m sup
|α|,|α′|≤m′

∣∣∣ ∂|α|+|α′|
∂Zα∂Z′α′

F̃t
(
L
′3,(t,v)
y0,
√
tZ0,zK0

)
(Z,Z ′)

∣∣∣
C
(
1 + |Z|+ |Z ′|

)r(1 + |Z0|
)2(`′′+1)+1

exp
(
2C ′′η2 sup

(
|Z|2, |Z ′|2

)
− C ′′′|Z − Z ′|2

)
. (9.42)

Proof. First assume that v = 1. We apply Theorem 8.23 to the case
v = t and we use (7.143). Note here that Λ

(
T ∗RXg,K

)
is now replaced by

Λ
(
T ∗RXg,K

)
⊗̂Λ(C), which explains why `′′ is now changed in `′′ + 1. The

proof extends easily to the general case. 2

Let Ky0 be the vector space of smooth sections of
(Λ(T ∗RXg,K ⊕R2) ⊗̂Λ(N∗,(0,1)

Xg,K/X,R
) ⊗ E)y0 over (TRX)y0 , let Kp,y0 be the

vector space of smooth sections of (Λp(T ∗RXg,K⊕R2) ⊗̂Λ(N∗,(0,1)
Xg,K/X,R

⊗E)y0

over (TRX)y0 . We denote by K0
y0
,K0

p,y0
the corresponding vector spaces of

square integrable sections.
Definition 9.20. For t ∈ ]0, 1], y0 ∈ Xg,K , Z0 ∈ NXg,K/Xg ,R,y0 , s ∈ Kp,y0 ,
put

|s|2t,Z0,0 =
∫

(TRX)y0

|s|2
(
1 + (|Z|+ |Z0|)ρ(

√
tZ/2)

)2(2(`′′+1)−p)
dvTX(Z) .

(9.43)
Then (9.43) induces an Hermitian product 〈 〉t,Z0,0 on K0

p,y0
. We equip

K0
y0

with the Hermitian product which is the direct sum of the Hermitian
products on the K0

p,y0
. Incidentally observe that if v ∈ [1,+∞[, by replacing

v by tv in (8.35), we get a norm which is equivalent to the norm (9.43).
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Definition 9.21. For t ∈ ]0, 1], v ∈ [1,+∞[, y0 ∈ Xg,K , Z0 ∈ NXg,K/Xg ,R,y0 ,
and s ∈ Ky0 with compact support, put

|s|2t,v,Z0,1 = |s|2t,Z0,0 + 1
tv

∣∣ρ(√tZ)KX
(√
t(Z0 + Z)

)∣∣2
t,Z0,0

+
2∑̀
i=1

|∇eis|2t,Z0,0 .

(9.44)

Again the norm | |t,v,Z0,1 is equivalent to the obvious modification of the
norm in (8.38), with v replaced by tv.

Note that the norm | |t,v,Z0,1 depends explicitly on K. It will be un-
derstood that when K is replaced by zK0, the norm | |t,v,Z0,1 is modified
correspondingly. We define L′3,(t,v)

y0,Z0,K,n
as in (8.45).Using (9.36), and pro-

ceeding as in (7.147) , we find that if Z ∈ (TRX)y0 , |Z|, |Z ′| ≤ p,

F̃t,n
(
L
′3,(t,v)
y0,Z0,K

)
(Z,Z ′) = F̃t,n

(
L
′3,(t,v)
y0,Z0,K,n+p

)
(Z,Z ′) . (9.45)

One verifies easily that the estimates in Theorem 8.18 still hold with
respect to the new norms, with constants which are uniform in t ∈ ]0, 1],
v ∈ [1,+∞[. In particular, the obvious analogue of Theorem 7.34 still holds
with uniform constants.

Now we will prove an analogue of [BiL, Theorem 12.16]. Here for
λ ∈ Uηn+d, (λ − L

′3,(t,v)
y0,
√
tZ0,zK0,n

)−1), (λ − L
′3,(0,v)
Z0,zK0,n

)−1 will be considered
as distributions on (TRX)y0 × (TRX)y0 .

Theorem 9.22. Given η > 0, there exists cη ∈ ]0, 1] such that if t ∈ ]0, 1],
v ∈ [1,+∞[, n ∈ N, y0 ∈ Xg,K , |Z0| ≤ ε0/

√
t, z ∈ R∗, |z| ≤ cη, if

λ ∈ Uηn+d,(
λ− L′3,(t,v)

y0,
√
tZ0,zK0,n

)−1 →
(
λ− L′3,(0,v)

Z0,zK0,n

)−1

in the sense of distributions. (9.46)

Proof. Clearly(
λ− L′3,(t,v)

y0,
√
tZ0,zK0,n

)−1 −
(
λ− L′3,(0,v)

Z0,zK0,n

)−1 =(
λ− L′3,(t,v)

y0,
√
tZ0,zK0,n

)−1(
L
′3,(t,v)
y0,
√
tZ0,zK0,n

− L′3,(0,v)
Z0,zK0,n

)(
λ− L′3,(0,v)

Z0,zK0,n

)−1
.

(9.47)

Then we use (9.47), and we proceed as in the proof of [BiL, Theorem 12.16].
In fact given z ∈ R∗ such that |z| is small enough, the situation is the same
as in [BiL]. 2
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By the analogue of Theorem 7.34, if z ∈ R, |z| ≤ cη,

F̃t,n
(
L
′3,(t,v)
y0,
√
tZ0,zK0,n+p

)
=

1
2iπ

∫
Uηn+d

F̃t,n(λ)
(
λ− L′3,(t,v)

y0,
√
tZ0,zK0,n+p

)−1
dλ.

(9.48)
Using (7.142), the analogue of (7.149) in Theorem 7.34 and Theorem 9.22,
we find that as t→ 0,

F̃t,n
(
L
′3,(t,v)
y0,
√
tZ0,zK0,n+p

)
(Z,Z ′)→ F̃0,n

(
L
′3,(t,v)
Z0,zK0,n+p

)
(Z,Z ′)

in the sense of distributions. (9.49)
From the uniform bounds in Theorem 9.19, using (9.45) and (9.49), we see
that as t→ 0,

F̃t,n
(
L
′3,(t,v)
y0,
√
tZ0,zK0

)
(Z,Z ′)→ F̃0,n

(
L
′3,(0,v)
Z0,zK0

)
(Z,Z ′)

uniformly over compact sets in (TRX)y0 together with their derivatives.
(9.50)

From the uniform estimates in Theorem 8.23 , using (9.50), we find that
for z ∈ R∗, |z| ≤ cη,

F̃t
(
L
′3,(t,v)
y0,
√
tZ0,zK0

)
(Z,Z ′)→ exp

(
−L′3,(0,v)

Z0,zK0

)
(Z,Z ′)

uniformly over compact sets in (TRX)y0 together with their derivatives.
(9.51)

By (7.90), (8.81),(9.38),∫
(Z0,Z)∈NXg,K/Xg×NXg/X

|Z0|,|Z|≤ε0

Trs

[
gF̃t
(
Ct,v
)(
g−1(y0, Z0, Z), (y0, Z0, Z)

)]
dvX(y0, Z0, Z)

(2π)dimX

=
∫
Xg,K

∫
|Z0|,|Z|≤ε0/

√
t

(
−i
)dimXg,KTrs

[
gF̃t
(
L
′3,(t,v)
y0,
√
tZ0,zK0

)(
g−1Z,Z

)]max

k(y0,
√
tZ0,
√
tZ)k

(
y0,
√
tZ0
)

k′
(y0,
√
tZ0)

(
√
tZ)

dvNXg,K/Xg (Z0)

(2π)dimNXg,K/Xg

dvNXg/X (Z)

(2π)dimNXg/X

dvXg,K (y0)
(2π)dimXg,K

.

(9.52)
By (7.214), (9.42), if z ∈ R∗, |z| ≤ cη,(
1 + | z√

v
Z0|
)m ∣∣∣F̃t(L′3,(t,v)

y0,
√
tZ0,zK0

) (
g−1Z,Z

)∣∣∣
≤ C

(
1 + |Z|

)r(1 + |Z0|
)2(`′′+1)+1 exp

(
(4C ′′η2 − C ′′′′)|Z|2

)
. (9.53)
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For η ∈]0, 1] small enough,
4C ′′η2 − C ′′′′ ≤ −C′′′′

2 . (9.54)
By (9.51)–(9.54), we find that for η small enough, if z ∈ R∗, |z| ≤ cη,∫

(Z0,Z)∈NXg,K/Xg,R×NXg/X,R
|Z0|,|Z|≤ε0

Trs
[
F̃t
(
Ct,v
)(
g−1(y0, Z0, Z), (y0, Z0, Z)

)]
dvX(y0, Z0, Z)

(2π)dimX

→
∫
Xg,K

∫
NXg,K/Xg×NXg/X

ϕTrs
[
g exp

(
−L′3,(0,v)

y0,Z0,zK0

)
(g−1Z,Z)

]max

dvNXg,K/Xg (Z0)

(2π)dimNXg,K/Xg

dvNXg/X (Z)

(2π)dimNXg/X
. (9.55)

Using (9.40), we get∫
Xg,K

∫
NXg,K/Xg×NXg/X

ϕTrs
[
g exp

(
−L′3,(0,v)

y0,Z0,zK0

)
(g−1Z,Z)

]max

dvNXg,K/Xg (Z0)

(2π)dimNXg,K/Xg

dvNXg/X (Z)

(2π)dimNXg/X

=
∫
Xg,K

∫
NXg,K/X

ϕTrs
[
g exp

(
−L3,(0,v)

y0,zK0

)
(g−1Z,Z)

] dvNXg,K/X (Z)

(2π)dimNXg,K/X
. (9.56)

Now by Theorem 4.13, by (9.32), (9.33) and (9.34),∫
Xg,K

∫
NXg,K/X

ϕTrs
[
g exp

(
−L3,(0,v)

y0,zK0

)
(g−1Z,Z)

] dvNXg,K/X (Z)

(2π)dimNXg,K/X

=
∫
Xg,K

TdgeK (TX)
(
1 + dadaΦ1/v,g,zK0(NXK/X)

)
chgeK (E). (9.57)

Also, as explained at the beginning of section 9.4, we may adapt the
above techniques to points of X which are far from Xg,K . One can then
easily show that for z ∈ R∗, and |z| small enough, as t→ 0,∫

X\U ′′ε
Trs
[
gF̃t
(
Ct,v
)]
→ 0 . (9.58)

By (9.55)–(9.58), we get (9.8). The proof of Theorem 9.4 is completed.

9.7 A proof of Theorem 6.7. By proceeding as in the previous sec-
tions, one finds easily that for z ∈ R∗, and |z| small enough, as t→ 0,

Trs

[
i
〈µ, zK0〉

v
g exp

(
−LzK0 − tD

X,2
1
t
(1− 1

v
)

)]
→ D̃−1(gezK0)

v
. (9.59)
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Using Proposition 9.2, Theorem 9.4 and (9.59), we get (6.14). The proof
of Theorem 6.7 is completed.
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[KöR2] K. Köhler, D. Roessler, A fixed point formula of Lefschetz type in
Arakelov geometry, II. Applications, to appear.

[MS] H. McKean, I.M. Singer Curvature and the eigenvalues of the Lapla-
cian, J. Diff. Geom. 1 (1967), 43–69.

[Q1] D. Quillen, Superconnections and the Chern character, Topology 24
(1985), 89–95.

[Q2] D. Quillen, Determinants of Cauchy–Riemann operators over a Rieman-
nian surface, Funct. Anal. Appl. 19 (1985), 31–34.

[RS] D.B. Ray, I.M. Singer, Analytic torsion for complex manifolds, Ann. of
Math. 98 (1973), 154–177.



1422 J.-M. BISMUT AND S. GOETTE GAFA

[Ro] D. Roessler, An Adams–Riemann–Roch theorem in Arakelov geometry,
Duke Math. J. 96 (1999), 61–126.
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Bâtiment 425, 91405 Orsay, France Jean-Michel.Bismut@math.u-psud.fr

Sebastian Goette, Math. Institut der Univ. Tübingen, Auf der Morgenstelle
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