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ABSTRACT. The purpose of this paper is to give an introduction to some ideas
which motivated the construction of the hypoelliptic Laplacian as a deforma-
tion of Hodge theory, which interpolates between Hodge theory and the geo-
desic flow. Results obtained with Lebeau on the analysis of the hypoelliptic
Laplacian are also presented.
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INTRODUCTION

The purpose of this paper is to give an introduction to the ideas which motivated
the construction of the hypoelliptic Laplacian [B05], and also to describe some
results obtained jointly with Lebeau [BLO6] on this operator.

One initial motivation was to provide a construction of the Hodge theory on the
loop space LX of a Riemannian manifold X, and also of the corresponding Witten
deformation [W82], which would interpolate between the Hodge theory of LX and
the Morse theory of the energy functional E.

Constructing directly the Hodge theory on LX is notoriously difficult, in partic-
ular because of the issues related to the choice of a suitable L? scalar product on
the de Rham complex. We will sidestep these delicate points.

We will give three interrelated approaches to the construction of the hypoelliptic
Laplacian, as a substitute for the Hodge theory of LX:

e In a first approach, we replace X by X" equipped with an action of U,,,
the group of m-th roots of unity, we construct a Witten Laplacian on X™
and we make m — +oc.

e In a second approach, by extending Chern-Gauss-Bonnet to infinite dimen-
sions, we propose the construction of a new Hodge theory based on a path
integral where the gradient of the energy functional on LX should appear.

e In a third approach, we view the measure on LX associated to the hypoel-
liptic Laplacian as the local limit (in the sense of local index theory) of the
local supertrace of a non existing heat kernel on LX.

The object which is finally obtained is a second order hypoelliptic operator of
order 2 on the cotangent bundle 7% X of a Riemannian manifold X. This operator
depends on a parameter b > 0. We give the details of its rigorous construction
in [B05], and we explain in what sense it does interpolate between classical Hodge
theory for b — 0 and the geodesic flow for b — +oc.

Finally we describe a few results obtained with Lebeau [BL06] on the analysis
of the hypoelliptic Laplacian, and also on the hypoelliptic torsion.

This paper is organized as follows. In section 1, we introduce the classical Witten
Laplacian [W82], and we develop various non rigorous approaches to the construc-
tion of the Witten Laplacian on LX. The Thom forms of Mathai-Quillen [MQS86]
play an important role in the whole argument.

In section 2, we give the rigorous construction of an exotic Hodge theory on
T* X, where the corresponding Laplacian is an hypoelliptic second order operator
on T*X. We also give the arguments in [B05| showing that this new Hodge theory
has the suggested interpolation properties.

Finally in section 3, we state some analytic properties of the hypoelliptic Lapla-
cian established with Lebeau in [BLO06], and we present in particular our results on
the hypoelliptic torsion.

1. THE WITTEN DEFORMATION

The purpose of this section is to describe the Witten deformation of classical
Hodge theory on a compact Riemannian manifold X, and to explain its possible
applications to LX, the loop space of X. This way, we will produce a second order
hypoelliptic operator on T*X, which will eventually turn out to be exactly the
hypoelliptic Laplacian acting on 0-forms.
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This section is organized as follows. In subsection 1.1, we recall some results on
the Witten Laplacian on X, which interpolates between Hodge theory and Morse
theory.

In subsection 1.2, we replace X by X™ equipped with the obvious cyclic action,
we construct the Witten Laplacian on X™ associated to a natural smooth function
on X™, and we make m — +00. We produce this way the dynamics of a random
path in X, depending on a parameter 7' € R.

In subsection 1.3, we recall the construction of the Mathai-Quillen Thom forms.

In subsection 1.4, we interpret the localization of Witten eigenforms near the
critical points of a Morse function as a formal consequence of Chern-Gauss-Bonnet
on LX associated to the natural lift of a Morse function f on X to an Sl-invariant
function F on LX.

In subsection 1.5, we write a functional integral on LX associated with any
Lagrangian L (x,&). We observe that if this Lagrangian is just the energy, the
corresponding functional integral should converge to a classical Brownian integral
for T — 0, and should localize on the closed geodesics when T — +o00. It also
produces a dynamics for a random path z which is the same as the one which
was produced in subsection 1.2. This dynamics is described by a second order
differential operator on T*X. In section 2, we will show that this operator is in
fact a Laplacian associated with an exotic Hodge theory on 7% X.

Finally in subsection 1.6, we give still another approach to the construction of the
hypoelliptic Laplacian via a non existing local index theory on LX, in connection
with the theory of V-invariants which was developed in [BG04].

Many arguments used in this section are not rigorous. Still they provide a
powerful motivation for the rigorous constructions of section 2.

The construction of the hypoelliptic Laplacian was announced in [B04a, B04b]
and developed in [B05]. Our results with Lebeau were announced in [BL05] and
are explained in detail in [BLOG].

1.1. The Witten Laplacian. Let X be a compact connected manifold of dimen-
sion n, let g7X be a Riemannian metric on 7X, and let dX (-, -) be the corresponding
Riemannian distance on X. Let V7X be the Levi-Civita connection on (TX ,gTX )
Let (F L VE gf ) be a complex flat vector bundle on X equipped with a non neces-
sarily flat metric. Let (Q (X, F), dX) be the de Rham complex of smooth forms
on X with coefficients in F. Let H (X, F) be the cohomology of this complex. It
is a finite dimensional Z-graded vector space.

Let ()5 (px)or be the Hermitian product on A* (7" X) @ F which is associated
to g7X, g, let dvx be the volume form on X associated to g7*. We equip Q (X, F)
with the L? Hermitian product <>Q.(X7F) associated to g7, gf". If 5, 8" € QO (X, F),
then

(11) <S7S/>Q‘(X,F) :‘/AX<S’SI>A‘(T*X)®FdUX'
Let d** be the formal adjoint of d* with respect to (o (x,F)- Set
(1.2) 0% = [a¥,d¥].

The operator (0¥ is the Hodge Laplacian. It is a second order elliptic self-adjoint
nonnegative operator.
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Set
(1.3) H = ker O,
Equivalently,
(1.4) H = ker d* Nkerd**.
Hodge theory tells us that
(1.5) H~H (X,F).

Equivalently any cohomology class in H' (X, F) is uniquely represented by a form
in H.

Let now f : X — R be a smooth function. In [W82], Witten proposed a
deformation of Hodge theory associated to f. Indeed for T' € R, set

(1.6) df¥ = e TFaXels,

Let d5* be the formal adjoint of d2¥ with respect to <)Q_(X7F), so that
(1.7) dxX = eTfqgX=e= 17,

The corresponding Laplacian [JX is given by

19) 0% — @ a¥°].

An equivalent construction is to replace ()q.(x ) by ()q-(x,r)r given by
(1.9) (5,80 (x.p)1 = /X (5,5 ) x (e xy@p € Tdvx.
Let 3:,)5* be the adjoint of dX with respect to () (x,F),r> SO that
(1.10) " = 2T gXxe=2TF
Let Ei be the associated Laplacian. Clearly

(1.11) O = e TFE) TV

These two constructions are essentially equivalent. The second one can be inter-
preted as one in which the trivial line bundle R is equipped with the non trivial
metric e 277,

In any case the Laplacians [ ,ﬁ¥ are still second order elliptic self-adjoint
nonnegative operators. For T = 0, they coincide with the standard Laplacian [J¥.
For simplicity, for the moment we only consider the Laplacian D¥ .

Put

(1.12) Hr = ker (3.
Then the obvious analogues of (1.4)-(1.5) still hold. In particular,
(1.13) Hr~H (X,F).
Let eq, ..., e, be an orthonormal basis of TX, let e!,. .., e" be the corresponding
dual basis of T*X. Then we have the Weitzenbéck formula for [,
(1.14) Of = 0% + T2 |Vf|? + 2T¢%,, (VIXVf,e;) — TAXf.

In (1.14), €, ic, are the obvious creation and annihilation operators, and AX is the
Laplace-Beltrami operator.
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The idea in [W82] is to make T' — +oo. Indeed assume that f is a Morse
function. The main assertion in [W82] is that as T' — +oo, most of the eigenvalues
of O tend to 400, a finite number of them, counted with multiplicity, tend to
0. Among those, there are the ones which are exactly 0, which correspond to Hr,
and others which are exponentially small, i.e. they are dominated by e=<T, with
¢ > 0. Let (Fj,dy) be the finite dimensional complex of eigenspaces associated
with small eigenvalues. Then Witten shows that F7. localizes near the critical points
of f. More precisely for 1 < i < n, he shows that F% localizes near the critical
points of index ¢. If M; is the number of critical points of index i, we find that for
T large enough,

(1.15) dim Fi = Mk (F).

From (1.15), one gets immediately a proof of the Morse inequalities.

In [W82], Witten goes one step further. He suggests that when T" — +o00, the
complex (FT, dx ) can be identified with a combinatorial complex built out of the
instanton integral trajectories of —V f connecting the critical points, which he in-
terprets as causing tunnelling effects between critical points. If Vf verifies the
Thom-Smale transversality conditions [T49, Sm61], this combinatorial complex is
in fact the complex described by Thom [T49] and Milnor [Mi65]. This conjecture
by Witten was first proved by Helffer and Sjostrand [HS85]. A simpler proof was
given by Bismut-Zhang [BZ94, section 6], which is based on the de Rham map of
Laudenbach [BZ92]. In fact in [BZ92, Appendix], Laudenbach shows that under
adequate assumptions, the unstable or stable cells can be compactified in subman-
ifolds with conical singularities, and that these compactified cells have essentially
the same properties as the simplexes of a triangulation.

The Witten deformation has been used in [BZ92, BZ94] to give a proof of the
Cheeger-Miiller theorem [Ch79, Miil78], which asserts the equality of the Ray-Singer
analytic torsion [RS71] with the corresponding Reidemeister torsion [Re35].

Let us also make a final observation on the dynamics associated to the semi-

group exp (—ti;( / 2) restricted to Q° (X, R). The stochastic differential equation

describing the diffusion x associated to this semigroup is given by
(1.16) t=-TVf(z)+w,

where w is a classical Brownian motion. When f = 0, we recover the equation for
classical Brownian motion.

1.2. The action of U,, on X™. Let H be a connected Lie group, and let § be
its Lie algebra. Let V be a complex finite dimensional representation of H. For
m € N*, then H acts on V&™,

We will denote Z/mZ multiplicatively. Equivalently we identify Z/mZ to the
group U, of m-th roots of unity.

Then U, acts on V®™, the action of €*™/™ & U, being given by

(1.17) V1 QUa...QUpy — V2 @V3... V1.

The actions of H and U,, commute, so that U,, x H acts on V&™,
If 0 € Uy, let d € N be the order of o, so that ¢ = 1, and d|m. If h € H, one
has the easy formula

(1.18) V" [oh] = (Te¥ [1])™.
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In particular if o € U,, is primitive, and if A € h,t € R,

(1.19) e [crem] =TtV [emtA} .
We rewrite (1.19) in the form,
(1.20) e {aetA/m] =T [etA] ,

which does not depend on m.

Let G be a compact Lie group, and let g be its Lie algebra. Let X be a compact
Riemannian connected manifold as in subsection 1.1, and let (F VE, gF ) be a flat
Hermitian vector bundle on X. Assume that G acts isometrically on X, and that
the action lifts to (F, V¥, g"). Then G acts on H' (X, F).

In the sequel, Trg is our notation for the supertrace. The Lefschetz formula
asserts that if g € G, if X, is the fixed point manifold of g and if e (T'X,) is the
Euler class of "X, then

(1.21) A fg) = [ e (rx,) T g,

Take m € N*. For 1 <i <m, let m; : X™ — X be the obvious projection. Put

(1.22) Flim = Q) F.
1

Let VF [m], gt " be the obvious flat connection and the obvious metric on FI™].
Note that U,, x G acts isometrically on X" and that this action lifts to (F[m] , A2 , gF[m]).
Clearly,

(1.23) @ (Xm,F[mJ> —Q (X, )", ' (Xm,F[m]) — H (X,F)®™.
If 0 € Uy, is of order d, if g € G, by (1.18), (1.23), we get
(1.24) T, ) [g] = (T, O9F) [g])

The Lefschetz fixed point formula (1.21) applied to X™ also leads easily (1.24).
Incidentally observe that if one uses the above formalism in the context of the

Atiyah-Singer index formula or of Riemann-Roch-Hirzebruch, the identity in (1.21)

reflects trivial identities on cyclotomic polynomials. Part of what we will say in the

sequel will be valid also in this more general context, without further mention.
The Mc-Kean-Singer formula [McKS67] asserts that for any ¢ > 0,

m/d

(1.25) Trg 7 (GF) [g] = Trs [g exp (ftDX)} .
Moreover,

(1.26) X" =¥ ®1e...+100% 1. +...

By (1.19), (1.26), if o € U,, is of order d,

(1.27) Tr [ag exp (ftDXm)} = (TrS [gd exp (fdtDX)Dm/d.

Of course (1.24), (1.25), (1.27) are compatible.

Note here that we could as well have taken a usual trace instead of a supertrace
in (1.27). The fact that the supertrace in (1.27) has a topological interpretation
does not play any role for the moment.
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By (1.27), we find that if o € U,, is primitive, if A € g,
(1.28)

Trg [aeA/m exp (—tDXm/m)} = Ty M (X5F) [eA exp (—tDX)] = Ty A (XF) [eA} .

Again (1.28) does not depend on m.

Let us now give a geometric interpretation of an identity like (1.28). We will work
here using the classical heat kernel exp (tAX/Q) instead of exp (—tDX), but since
all the arguments we give are algebraic, this is perfectly legitimate. Incidentally
note that if F' = R, the restriction of 0% to Q' (X, R) is just —AX.

AX"™/2 on X™ is associated to the motion of m independent
Zim/m A simple computation shows

The heat operator e
Brownian motions in X. We take here 0 = e
X
that if p; (z,y) is the smooth heat kernel associated to e!2” /2, then
(1.29)

<m

Tr |oget® /Qm} = / Pt/m (T1,9%2) Pt/m (T2, 9T3) - - - Pt (T, g71) 1 . . . dTyy,.
X7n

Using the fact that G commutes with AX and the semigroup property of the heat

kernel, we get from (1.29),
(1.30) Tr [JgetAxm/Qm] = / pt (x,9™x) dx,
X

which is precisely the abstract content of (1.28).

The interpretation of (1.30) is that the dynamics of m independent Brownian
motions in X on the time interval [0,¢/m] is equivalent to a single Brownian motion
on X on the time interval [0, ¢].

Let us point out here that the time scaling in (1.30) is natural. Indeed there are
m independent points in X™. The total randomness on the time interval [0,t/m]
is then m x t/m =t.

Let now f : X™ — R be a smooth function which is G and U, invariant. For
T e R, let Dj)fm be the corresponding Witten Laplacian. Of course by (1.25), we
get

(1.31) Tr A (X7 F) [0g] = Trs [Jg exp (fth)fm)} .

However no identity like (1.26) holds any more for 05", except in the case where
f is of the form

(1.32) f@n. . am) =Y h(zi).

In the sequel, we take f of the form
m
(1.33) fm (@1, ) = Zlogpl/m (TiyTit1) s
i=1
with the convention that z,,4+1 = x1. Obviously the function f has the required
invariance properties.

One can then construct the Witten Laplacian D%m associated to the function
fm. The dynamics of the m particles x; associated formally to the Witten Laplacian
ox " are now correlated. If f,, happens to be a Morse function, when 7" — +o0,
the eigenforms associated to small eigenvalues of [ " will concentrate near the
critical points of f,,.
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Now we will make m — 400 in the above construction. Let LX be the loop
space of X, i.e. the set smooth maps s € S* — z, € X. Let us accept the fact that
LX is the ‘limit’ of X™ as m — 4o00. This means that given (z1,...,z,,) € X™, we
think of these m points as being such that there is ¢ € LX for which if 1 < k < m,
T = T(p—1)/m- Equivalently, if z € LX, when m is large enough, we may replace x.
by its piecewise geodesic approximation which interpolates between x(j_1)/m, and
Tp/m for 1 <k <n. Now for z,y € X, with dX (x,y) small, as t — 0, then

=¥ (@.9)? /2t
(27Tt)n/2 .
By (1.33), (1.34), we find that if x € LX,

(1.34) pt (z,y) ~

n 1 .
(1.35) fm (205 Tty ym) + 3 log (27 /m) — —3 /1 |2 ds.
s

Observe that adding a constant to f does not change the Witten Laplacian. By
(1.35), we find that when m — 400, when replacing X™ by LX, then f,, should
be replaced by —F, where E is the energy functional on LX given by

(1.36) E(z) = %/S 12 ds.

The above approach is more than disingenuous. Indeed by (1.33),
(1.37) N C T :le/m (TiyTit1) ,
1

and the right-hand side of (1.37) is the obvious discrete time approximation of the
Brownian measure g on LX. This Brownian measure can be represented formally
as being given by

(1.38) w=exp(—FE)dz,

which ultimately explains why f,, should be replaced by —F.
Admittedly if F = R, the limit of the Witten Laplacian (X " associated to fi,
should then be the Witten Laplacian %X associated to —E. Moreover,

(1.39) VE (z) = —i.

The critical points of —F are the closed geodesics in X. One can then say that
as m — 400, the critical set of f,, on X™ converges in some sense to the closed
geodesics on X.

We already indicated that in (1.30), the scaling of ¢ by the factor 1/m is natural so
as to keep total randomness constant. Indeed if one expect that the limit as m —
400 of the motion of m independent Brownian motions describes the Brownian
motion of a string on a time interval [0, ¢], it is necessary to scale the time interval
of evolution of each of the m independent Brownian motions in X™ by a factor
1/m so as to keep the total randomness (which in this case is equal is the variance
of the underlying Brownian sheet) equal to ¢.

Also we want to understand what dynamics of the loop x associated to the semi-
group exp (ftD%X / 2). Recall that s € S! describes the parametrization of a given
loop. Extending equation (1.16) to infinite dimensions and using (1.39) means that
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the process t € Ry — x; € LX should be a solution of the stochastic differential
equation,
(1.40) O _ g% 4

. — =T + s

ot PR

In (1.40), W is a Gaussian process whose covariance on L? (S' x Ry ) is just the
identity.

However we will here go back to equation (1.29). The left-hand side describes
the motion of a collection m independent Brownian motions (1, ..., Z,,) such that

(141) ($17"'axm) ‘t/’m: (IQV"’xl)‘O'

To obtain the right-hand side of (1.29), we constructed a single Brownian motion on
the time interval [0, ¢] which coincides with 1 on [0, t/m], with x5 on [t/m, 2t/m]. ..

If y = (z1,...,2,) € X™, the dynamics of y associated to the semigroup
e~t%7 /2 is now
(1.42) §=—TV fm (y) + 1™,

where w™ is a collection of m independent Brownian motions. The idea is now to
consider a process x; which coincides with 21 on [0, ¢/m], with o on [t/m, 2t/m]...and
then to take the limit as m — 4o00. Keeping in mind the limit remains formal, we
find that = should verify the equation

(1.43) i = —Ti + 1.

Observe that equation (1.43) looks like a degenerate version of (1.40), where we have

made s = t. Also note that while we pieced together various Brownian motions

with a drift (the drift is the local deviation from mean 0), which are nowhere

differentiable, the resulting equation for 7" > 0 indicates the process x should

become C! in the time variable. Note that there is the implicit constraint z; = .
For T = 0, as it should be, equation (1.43) becomes,

(1.44) i=

which is the classical equation for Brownian motion, and for 7" = 400, equation
(1.43) becomes

(1.45) i =0,

which is the equation for closed geodesics.

The above reasoning indicates that studying equation (1.40) for a Brownian
motion with drift on LX is equivalent to studying equation (1.45), which is the
equation for a single diffusion in X. Also equation (1.27) indicates that the evalu-
ation of the expectation for certain observables associated to the Brownian motion
with drift on LX can be reduced to the evaluation of other observables associated
to the standard diffusion (1.43).

The program carried through in [B05, BL06] consists in precisely disregarding
the infinite dimensional picture by concentrating on the finite dimensional equation
(1.43).
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1.3. Chern-Gauss Bonnet and the Mathai-Quillen Thom form. To make
our notation simpler, the coefficient systems of the cohomology groups which are
considered later will always be tensored by R.

Let M be a manifold, let m : (E,gE7VE) — M be a real vector bundle of
dimension n equipped with a metric and a metric preserving connection. Let RF
be the curvature of VE. Let o(E) be the orientation bundle of E. Let e(E) €
H"™ (M,o0(E)) be the real Euler class of E. If n is odd then e (E) = 0, if n is even,
it is represented by Chern’s form [C44],

E RP
1.4 E =Pf|—].
(1.46) e (5,v%) =pt 5|
By definition, we make the right-hand side vanish when n is odd, so that (1.46) will
be valid in all cases.
Let £ be the total space of E. Let H® (£,R) be the compactly cohomology
of £. A similar notation is used when replacing R by o(F). The Thom class

[®F] € H®" (€,7%0(E)) is characterized by the fact that

(1.47) ™ [@F] = 1.
Let i : M — & be the embedding of M as the zero section of E. Then
(1.48) i* [@F] = e(E).
Moreover we have the Thom isomorphism H' (M, 0 (E)) ~ H>*" (£, R) given by
(1.49) a€ H (M,o(E)) = " an [®F].

In [MQ86], Mathai and Quillen gave an explicit construction of a Thom form
®F € Q" (£, 70 (E)) which depends on (gE7 VE), which represents canonically the
Thom class [CIDE } The form ®¥ is Gaussian shaped. Actually its restriction to the
fibre is a Gaussian. The identity

(1.50) .0 =1

just reflects the known identity for the Gaussian distribution. Also corresponding
to (1.48), we now have

(1.51) i*®F = e (E,VP).

Let y the generic element in E. We write ®F in the form,

2
(1.52) dF = exp <—|y2+>

the expression ... containing the geometric information involving the connection
VE and its curvature RE.

Let s be a smooth section of E. Then (T's)* ®F is a smooth closed n-form on M
whose cohomology class in H™ (M, 0 (F)) is equal to e (E). By (1.52),

(1.53) (T's)* ®F = exp (—T2822 + .. ) .

Equation (1.53) makes clear that as T — +oo, (T's)” ®F concentrates on the zero
locus Y of s. If s is generic, Y is a submanifold of M, and the limit as T' — +o0
can be explicitly evaluated [BGS90]. This leads in particular to a proof of Chern-
Gauss-Bonnet which is in fact exactly the proof by Chern [C44].
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1.4. Witten’s localization and Chern-Gauss-Bonnet. We now make the same
assumptions as in subsection 1.1. We assume here that F' = R equipped with its
trivial metric. Let ®7X be the associated Thom form on the total space of TX.
We assume that f: X — R is Morse. Then Vf is a generic section of T X, whose
zero set Y consists of the critical points of f.

By (1.53),

2
(1.54) (TVF)* dTX = exp <—T2|Véf| +.. ) .

When T — +o0, the currents in (1.54) converge to a sum of £+ Dirac masses
at the critical points, which gives a special case of Hopf’s formula for the Euler
characteristic.
Now we will briefly show that aspects of Witten localisation of eigenforms can
be understood via an infinite dimensional version of the localisation in (1.54).
Note that the metric g% induces a natural L?-metric on TLX. Namely if
x € LX,if UV are two smooth sections of T'X along z., set

(155) <U7V>gTLX = / <Us; ‘/;>9TX ds.
St

Also S acts on LX. Namely if ¢t € S',z € LX, set k;z. = x;,.. The generating
vector field K for this action is given by

(1.56) K (z) = @.

The action of S' on LX is isometric, so that K is a Killing vector field. Its zero
set is just X € LX.

Note that the function f lifts naturally to the S'-invariant function 7 : LX — R
given by

(1.57) F(x) = . f(zs) ds.

Then VF vanishes exactly at Y C LX.

To explain the Witten localisation in its simplest form, we start from the McKean-
Singer formula [McKS67], which asserts that for any ¢ > 0,7 > 0, the Euler char-
acteristic x (X) of X is given by

(1.58) X (X) = Tr, [exp (—tD;‘/ﬂm)] .

Recall that F is assumed to be the trivial R. The Weitzenbock formula for (0%
says that

(1.59) OX = —AH 4 <RTX (ei,€5) ek,eg> €iiej€kig.

In (1.59), A is the horizontal or Bochner Laplacian. From (1.14) and (1.59), we

get a formula form tD)T( VT The leading term in tD¥ IV is the negative of the

Bochner Laplacian —tA¥ | the remainder consists of zero order terms. In particular
the principal symbol of tD;{/\/z is t|§|2.

The dynamics associated to tA /2 is just parallel transport with respect to
the Levi-Civita connection over a Brownian trajectory x.. The paths of Brownian
motion are nowhere differentiable, but the stochastic calculus shows that parallel
transport along such paths is still well defined.
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The above formula form D)T( Vi indicates that the heat kernel for exp (—I:]if Vi / 2)

can be calculated using a Feynman-Kac formula evaluated over the Brownian path
z.. Ultimately simple probabilistic arguments shows that there is a signed measure
e, 7 on L°X, the set of continuous loops in X, such that

(1.60) Tr, [exp (—thf/\/{ﬂ)} - /LOX dpue 1.

Integrating on a loop space reflects the fact that we integrate a heat kernel on the
diagonal, so that ultimately we have Brownian paths starting and ending at the
same point. Tautologically, the measure p; 1 is S Linvariant.

The right-hand side of (1.60) has no obvious cohomological content. In particular
the fact that the integral does not depend on ¢, T is mysterious from that point of
view. However Atiyah and Witten [A85] taught us how to transform the well-
defined integral of a measure on L°X into an ill defined integral of a differential
form on LX, with an obvious cohomological interpretation. We will not give the
detail of our calculation in this context, but we state simply the final product. The
formula can be written as follows,

(1.61) Tr, [exp (—tD)T(/ﬁ/z)} - /LX a; A (TVF)* dTEX.

In the right-hand side of (1.61) appear two explicitly defined series of forms, which
are both S'-invariant, but also dg closed, with dx = d+ix. Note that the property
of being dx closed cannot be read degree by degree.

Let K’ be the 1-form dual to K. Then

(1.62) a; =exp(— (dgK'/2t)).
We can rewrite (1.62) as
(1.63) as =exp (—E/t —dK'/2t).

The form ®7X is the equivariant Thom form of Mathai-Quillen [MQ86] associated
to (TLX, gTtX, VTLX) and to the action of S' on LX. The construction of ®71X
is a trivial modification of the construction of Mathai-Quillen [MQ86]. By (1.53),
we get

2

(1.64) (TVF)* dTEX = exp (—T2 /S Vf (2s)|* ds + .. ) .

The difficulty in making sense of (1.61) is that we do not know precisely what is
the integral of a series of forms, since we should select the term of infinite degree
corresponding to the dimension of LX, which is not well-defined. However, from
another point of view, this is irrelevant since the integral (1.60) is well-defined
anyway.

Equation (1.61) explains why the right-hand side is independent of ¢, 7. For
T = 0, we recover a classical integral with respect to Brownian motion, which, as
we know, corresponds to classical Hodge theory. However as T' — +oo, (1.64)
makes clear that the integral should localize near the critical loops of F, i.e.
near the critical points of f. This is precisely what happens for the heat kernel

exp (—t[l? y \/2/2) (z, ) here evaluated on the diagonal. Actually, a direct proof

of this fact can be easily given using (1.14). Indeed T2 |V f|* appears there as a
potential, and when T — 400, the heat kernel on the diagonal localizes near the
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potential well, where this potential vanishes. Of course localization of the heat
kernel on the diagonal implies the localization of the corresponding eigenforms.

When making ¢t — 0 first in the integral in (1.58)-(1.61), we recover an integral
over X of the form (TVf)*®7X. One can then write an obvious commutative
diagram in which the limits ¢t — 0,7 — +oo are interchanged. Local index theory
shows that as t — 0,

(1.65) Tre [exp (—tD;f/\/Zﬂ) (x,x)} = [(TV )" @TX]™™
which is compatible with (1.58) and with Chern-Gauss-Bonnet.

1.5. Functional integration and the energy functional. Let L (x,4) be a
Lagrangian, i.e. a smooth function TX — R. If x € LX, set

(1.66) I(2) = /S L(a,#)ds.

Then I is a S'-invariant function on LX. Of course F in (1.57) is a special case of
I, with L (z,z) = f (z). Among the Lagrangians are those coming from classical
mechanics, of the type

(1.67) L(w,) = % B2V (@)

The function F looks like a functional I attached to L in (1.67), in which the most
important part, the energy E (z) = 3 S5 |ac|2 ds has been omitted.
For the functional I associated to the Lagrangian L as in (1.66), we know that

oL D 0L

(1.68) VI = % (x,2) — Di 9% (x,2).

The key idea is to consider a functional integral like the one in (1.61), in which F
is replaced by I. For the moment we make ¢ = 1, and we set

(1.69) a=aj.
By (1.52), (1.68), the path integral to be considered is of the form,

(1.70) / aA(TVI)* eTEX =
LX

1 72 ?
/ exp 77/ li]? ds — — ds+...].

Since [ is Sl-invariant (VI,2) = 0. We can rewrite (1.70) in the form
(1.71) / aA(TVI)* eTEX =
LX

1
/ exp —7/ T+ T ds+
LX 2 Js

Let us make a few simple considerations on (1.70). Indeed if £ 2L = 0,

Ba—L(x z) — oL (z, @)
St Dt al‘ ’ 83)

(xa:

DOL O
Dt oz U T Br

Dt 0z
recover an integral of the type (1.61). But if £ gi # 0, the differential 2- gé (z, )

contains Z, in which case the functional integral changes fundamentally of nature.

For this last condition to be true, we need that gxé (z, ) # 0, which implies that

the map z — p = aﬁ (z,2) is a local diffeomorphism.
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It is then natural to assume in the sequel that L (x,4) has a smooth Legendre
transform H (z, p), which is a smooth function on 7% X, and that it verifies the non
degeneracy condition

0*H
(1.72) Tpg(‘rap) # 0.
If x € LX, put
oL , .
(1.73) p= 5 (@,4).

The path integral in (1.71) can be written in the form

(1.74) /LXeXp (-é/g 2ds+...>.

Let us ignore the ‘fermionic’ part ... in (1.74) and concentrate on the bosonic
part containing the scalar action. The probabilistic content of (1.74) is that the
process (z,p) € T*X verifies a stochastic differential equation of the type

(1.75) T = a—H(ar;,p), x=-T <p+aH(x,p)> + .

. . OH
1:+T(p+ax(m,p)>

dp Ox

In (1.75), w is a classical Brownian motion in a fibre 7% X, which is parallel trans-
ported with respect to the Levi-Civita connection along the path x. Of course since
x € LX, we should also have

(1'76) x1 = o, P1 = Po-

Let Y* be the Hamiltonian vector field associated to the Hamiltonian A on
T*X, so that

(177) YH = (667; (m,p),—% (‘T7p)> .

Let WH be the vector field along the fibre T* X associated to the differential of
‘H along the fibre.
Using stochastic calculus, we find that the second order differential operator L
which is associated to the dynamics in (1.77) is given by
AV N 1
272 T
Let us now make several remarks here. If H = |p|° /2, we can rewrite (1.70),
(1.74) in the form

(1.78) Lr=— v Vyn.

VVH T

(1.79) / aA(=TVE)" TLX =
LX

1 T2
/ exp (—/ )% ds — —/ |:'r'2|2ds—|—...> =
LX 2 S1 2 S1
1
/ exp (2/ 3'5+T:'1?|2ds+...).
LX 51
Also we can rewrite (1.75) in the form

(1.80) i = —Ti + .
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This is precisely the equation we obtained in (1.43) by an entirely different argu-
ment.

Also observe that by a theorem by Hormander [Ho67], if v € R is an extra
coordinate, a sufficient condition for hypoellipticity of %—ﬂT is that %2772{ (x,p) #0,
which is almost equivalent to saying that H has a nice Legendre transform, which
is L in this case.

Things start falling into place. We will try to solve the following well-defined
problem: is there an exotic deformation Hodge theory whose Laplacian looks like
the operator L in (1.78)7 Note that this question does not involve path integrals
any more. The answer to this section will be the exotic Hodge theory corresponding
to the hypoelliptic Laplacian.

But before its effective construction, let us relate the above considerations to
local index theory over LX.

1.6. Some aspects of local index theory on LX. Recall that p; (x,y) is the heat
kernel associated to exp (tAX/2). Ast — 0, the heat kernel p; (z, ) on the diagonal
is equivalent to t~™/2. The fact that this singularity depends on the dimension n
is one of the reasons why there are no heat kernels in infinite dimensions, since all
measures tend to be mutually singular.

As we explain in (1.65), local index theory tells us that there are ‘fantastic

cancellations’ in the local supertrace Trg {exp (—thf/ﬁ/Z)} as t — 0, which make

that, in spite of the fact that the heat kernel is singular as ¢ — 0, with a singularity
like t=™/2 the supertrace itself is non singular. Tautologically, this cancellation
mechanism is by definition dimension independent. This is why we can hope to
produce directly local ‘densities’ on LX which should be related to the asymptotics
as t — 0 of some heat kernel supertrace on the diagonal. Of course none of this
should be taken literally, since densities do not really exist in infinite dimensions,
they are replaced by corresponding measures.

Now consider the path integral in (1.70). If one could apply (1.65) to LX, we
would get

(1.81) Try [exp (—tD;?{ﬁ) ($7x):| L (VI)F BTEX,

where (%X would be the Witten Laplacian associated to the functional I in (1.66).
However this disregards the fact we deal indeed with dx closed forms on LX, and
not with ordinary closed forms. Worst still, at least when I = —F, the term « is
really needed to make the integral over LX converge in (1.70), even at a formal
level.

Let X be a finite dimensional Riemannian manifold equipped with an action of
S1 associated to a Killing vector field K, and also equipped with a K-invariant
smooth function f : X — R. Joint work with Goette [BG04] shows that it is
possible to produce a natural elliptic operator on X such that the limit as a new
time ¢’ tends to 0 of the local supertrace of its heat kernel is given by
(1.82) [ag ATV )" @TX]™
where the forms in (1.82) are dg-closed. So it seems that the local ‘density’ on
LX of the path integral (1.71) can be viewed as a ‘local index density’ for an index
problem on LX where the action of S' on LX should be incorporated, and this for
any functional like F, I or —F.
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Incidentally observe that the action of the cyclic group U, was already present
in subsection 1.2, as a substitute for the action of S*.

Reference [BG04] played a basic conceptual role in the whole construction. In-
deed the purpose of this reference is to give a formula for the difference of two
natural versions of the equivariant Ray-Singer analytic torsion [RS71]. This differ-
ence is expressed as a new invariant, the V-invariant of a manifold equipped with
a Killing vector field K.

Our point of view is to consider the analytic torsion of X as being the V-invariant
of LX equipped with its action of S!, so that the main result of [BG04] is an
illustration of a functoriality principle for V-invariants.

A remarkable property of V-invariants is that as shown in [BG04], they localize
on critical points of invariant Morse functions. From our point of view, this explains
the compatibility of the main result of [BG04] to the Cheeger-Miiller theorem, where
the smooth function to be considered on LX is precisely F in (1.57). To our surprise,
when replacing F by —F, at least formally, we obtained a result closely related to
Fried’s conjectures [F86, F88] on relations between analytic torsion and Ruelle
dynamical zeta functions. We will say more about this in section 3. However the
above represented still another incentive to understand what Hodge theory would
correspond to the path integral (1.79).

Our hope is to have convinced the reader that there is an array of facts which
makes unavoidable the existence of the hypoelliptic Laplacian in its relation with
LX.

A final point which we should emphasize is that the above does not provide any
hint on how to put our hand on the general Dirac operator on LX, nor on the
construction of the elliptic genus.

2. A CONSTRUCTION OF THE HYPOELLIPTIC LAPLACIAN

The purpose of this section is to explain the rigorous construction of the hypoel-
liptic Laplacian [B05].

This section is organized as follows. In subsection 2.1, we define the adjoint of
the de Rham operator with respect to a non degenerate bilinear form on the tangent
bundle.

In subsection 2.2, if X is a compact Riemannian manifold, we define a nontrivial
bilinear form on T7*X, and we construct the adjoint of the de Rham operator
dT"X on T*X with respect to that form.

In subsection 2.3, given a Hamiltonian function H : T*X — R, we introduce
an extra Witten twist associated to H. By taking the half-sum of d7 X and its
‘adjoint’, we obtain an operator Ay 7.

In subsection 2.4, we show that is Ay 4 is self-adjoint with respect to a Hermitian
form of signature (oo, 00).

In subsection 2.5, we give the Weitzenbock formula for the Laplacian A%%H' In
degree 0, this formula coincides with the one we dreamt about in section 1.

In subsection 2.6, we obtain our hypoelliptic Laplacian, which depends on a
parameter b > 0.

In subsection 2.7, we show that as b — 0, this Laplacian should converge in the
proper sense to (1% /4.

In subsection 2.8, we show that as b — +o00, our Laplacian converges towards
the generator of the Hamiltonian flow associated to H.
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Finally in subsection 2.9, we consider the case where X is a circle.

2.1. The adjoint of the de Rham operator with respect to a bilinear form.
In subsection 1.5, we saw the Hamiltonian vector field Y7 appear. This indicates
that the symplectic structure of 7* X should play some role in the construction.
Let M be a manifold. Let n be a bilinear nondegenerate form on TM. Let ¢ :
TM — T*M be the isomorphism canonically attached to n so that if U,V € TM,

(2.1) n(U, V) =(U,¢V).

Let n* be the bilinear form on T*M which corresponds to 1 by the isomorphism ¢,
so that if f, f' € T*M,

(2.2) n ()= )

The bilinear form n* on T*M extends to a bilinear form on A" (T*M), which is
obtained using the obvious extension of (2.2). Also 7 induces a volume form dvy,
on M.

Let (Q (M) ,d™) be the de Rham complex of smooth forms on M with compact
support. If 5,8 € Q (M), put

(2.3) (5.5 = [ o (515 dvas.
M
Let 4" be the formal adjoint of d™ with respect to ()4 so that
o -M
(2.4) (s,d s’>¢ = <d s, s'>¢.

—M
Note that since () o 18 in general not symmetric, the formal adjoint of d  is not
equal to dM.
—M,2 M SMT . . .
Of course d = 0. Then |d™,d | is a generalized Laplacian.

Assume now that M is even dimensional, and that w is a symplectic form on M.
The symplectic form defines a nondegenerate bilinear form on T'M. Therefore the

above formalism can be applied. We denote by EM the formal adjoint of d™ which
is associated to the symplectic form w.

Proposition 2.1. The following identity holds,
(2.5) [dM,EM] ~0.

Proof. By Darboux’s theorem, we can suppose that w has constant coefficients.
Then (2.5) follows from the vanishing of w on the diagonal. O

Remark 2.2. Identity (2.5) is responsible for some of the commutation relations in
Kéhler geometry.

Let (F, VF,gF) be a flat Hermitian vector bundle on M. Note that g% is not
supposed to be flat. The above construction is still possible when the de Rham
complex (Q (M) ,dM) is replaced by (Q (M, F),d™). The bilinear form (Vg is
now a skew-linear form, and incorporates the metric g* in the obvious way. Still
Proposition 2.1 only holds at the level of principal symbols.
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2.2. An exotic Hodge theory on T*X. Let X be a compact connected Rie-
mannian manifold as in section 1, let (F VE gF ) be a flat Hermitian vector bundle
as in that section. Put

(2.6) w (VF7gF) = (gF)i1 vigr.

Then w (VF, g*') is a 1-form with values in self-adjoint sections of End (F). Set
1

(2.7) vhe =vF 4 o (VF,g").

Then V" is a unitary connection on F.

Let 7 : T*X — X be the cotangent bundle of X. Let p be the generic element
of the fibre T*X. Let 0 = 7*p be the canonical 1-form on T*X, let w = d* X0
be the canonical symplectic 2-form on T*X. On Q (T*X,n*F), we consider the

symplectic adjoint ET*X of dT"X. If F is trivial, by (2.5), we get
(2.8) [dT*X,ET*X} —0.

To construct the hypoelliptic Laplacian, we have to go one step further. Let
VTX be the Levi-Civita connection on TX, and let R7X be its curvature. Let
VT X be the connection induced by VI'X on T* X, and let RT X be its curvature.
When identifying T7X and T*X by the metric ¢7%, RTX and RT X correspond.

The connection VT X induces a splitting of TT* X, so that

(2.9) TT*X =" (TX & T*X).

Elements of the second factor in (2.9) or its dual will usually wear hats. From (2.9),
we get the isomorphism,

(2.10) A (T*T*X) = 7* (A' (T*X) BN (TX)) .
Let VA (T"T"X) be the connection on A" (T*T*X) induced by VX,
Let e1,...,e, be a basis of TX, let e!,...,e™ be the corresponding dual basis.
Then
(2.11) w=e"Ae.

Let I be the vector bundle on X of smooth sections of A" (T'X) along the fibre
T*X. By (2.10), and disregarding supports, we get

(2.12) Q ("X, 7" F)=Q (X,I®F).
Classically, using (2.10), we can write d” X in the form,
(2.13) A" =d" NV i

In (2.13), dT"X is the de Rham operator along the fibre 7% X, V! is the obvious
connection on I, and ¢—=% denotes interior multiplication by the vertical vector

RTXP
RTXp. We can rewrite (2.13) in the form,
(2.14) T X = e ANV TR L8 A Vo i e
On TT*X, we consider the following bilinear form, so that if U,V € TT* X,
(2.15) n(U, V)= (mUmnV)x +wUV).
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The isomorphism ¢ : TT*X — T*T* X associated to 7 is given by
TX
g —Lr-x
2.16 = .
(2.16) (I
The volume form on T™* X associated to 7 is just the symplectic volume form dvp«x.

_T*X *
Let d, ~ be the formal adjoint of d”" X with respect to the bilinear form 7 as in
subsection 2.1.

Put
(2.17) Ao = <gTXei, ej> et Nz, FTTXYV = <gTXei, ej> 1eiVgi.
In the sequel, we will assume that the basis eq, ..., e, is orthonormal, so that
(2.18) Ao = €' Aigi, ST XV = iV,
Set
(2.19) RTXpA = %i’éﬁ'igj RTX (e, ej)pA.

We now have the result established in [B05, Proposition 2.10].
Proposition 2.3. The following identity holds,
(2.20) Y =d - [QT*X,AO] .
Also,
[ET*X7 Ao} — _§TXV
(2.21) 4 = —ia (VAR 4 (VF, ) (e
+ie, Vo + RTXp A —ii Vi

2.3. A Hamiltonian function. Let H : T*X — R be a smooth function. Let Y%
be the associated Hamiltonian vector field, so that dH + iy»w = 0. Using (2.11),
we get

(2.22) YH = (VaH)e; — (Veo,H) e
Recall that VV#H is the fibrewise gradient field of H.
Definition 2.4. Set

(2.23) di X = e AT X M, 83;7_); = E,HEZ e,

*

Observe that Ez?)t( is the adjoint of da*x with respect to the Hermitian form
() in (2.3), with ¢ given by (2.16). Also, if s,s" € " (T" X, 7*F), put

(2.24) (s,5") 24 :/ 0" (s,8") 0 e Mdor-x.
*X

Then 831;2);1 is the adjoint of d7" X with respect to Do
Definition 2.5. Set
(2.25) Apa =

(3272)72 n dT*x) , By = (ag;;i _ dT*X) 7

(o —d5™).

N = N
N = N

—T*X *
Uon = 5 (Ao + %), Byw =



20 JEAN-MICHEL BISMUT

Then
(226) 91@7.[ = €_HA¢’H€H, %(;5’7.[ = B_HB¢’7.[€H.
We have the identities,
(2.27) AT X2 =, at=o.
From (2.27), we deduce that
1 «x =T*X
(228) Ai,’?—[ = _B(i,H = Z [dT X7d¢,27{:| ) [A¢,H7B¢7H] = O’
|:dT*X, AiH:| == 07 [EZ’;);:[, Ain:| == 0.

Let VA (I"T"X)&F.u )¢ the connection on A’ (T*T*X) ®F which is associated to
VIT'X and V. We have the result established in [B05, Proposition 2.18].

Proposition 2.6. The following identities hold,
1,. e S 1, .
Apn = 3 (ez _ i’a’) vé\i (T*T*X)®Fu _ 1 (ez +i@-)w (VF7gF) (e;)

1 .. . 1 .
+ 5 (€ +ie,—e) Var + 3 (RTXP/\ +ZR/T)TP)

(2.29) + faveﬂ tizi_o, VaH,
Ay = % (ei _ ’l:gi) vg(T*T*X)(@F,u _ i (ei + i@-) w (VF’gF) (e:)
+ % (@i +ie,_2) Vi + % (R™p A +i g, )
+ % (¢" +iai) Ve, H + % (€ +igi_e,) VaiH.
Set
(2.30) o = € N, .
Put
(2.31) b =€ 10Uy pel.

The operator Ql/dn?-l will also be considered in the sequel.

Remark 2.7. Let M be a symplectic manifold as in Proposition 2.1, and let H :
M — R be a smooth function. Put

(2.32) dy = eMd" e ™.

Let Y still denote the Hamiltonian vector field associated to 7. One verifies easily
that

(2.33) dy =d" —iyn.
Combining (2.5) with (2.33), we obtain
(2.34) [dM,Eﬁ} = Lyn.

Equation (2.34) shows that the operator —Ly« can be considered as a generalized
Witten Laplacian. This fact plays an important role in our construction of the
hypoelliptic Laplacian.



LOOP SPACES AND THE HYPOELLIPTIC LAPLACIAN 21

2.4. A self-adjointness property. The sesquilinear form () PRTRCR ! general not
a Hermitian form, that is exchanging the two arguments does not produce the
conjugate expression. Following [B05, section 2.7], we will produce a Hermitian
form with respect to which Ag 4, will be self-adjoint.

Set

(2.35) f= G ;) , F= <(1) _21> .

Then f defines a scalar product on R?, and F is an involution of R?, which is
an isometry with respect to f. Its +1 eigenspace is spanned by (1,0), and the —1
eigenspace is spanned by (1, —1). Finally, the volume form on R? which is attached
to f is just the original volume form of R2.

Using the identifications in (2.9), we observe that f defines a metric g”7 X on
TT*X given by

. TX 1 s
(2.36) g7 X = (flTX 297;3;) .
Let p: TT*X — T*X be the obvious projection with respect to the splitting (2.9)
of TT*X. Then if U € TT*X,
(2.37) (U U) grrex = (mU,mU) jrx +2(mU,pU) + 2 (pU,pU) 1+ x .

TT*X

Then the volume form on 7% X which is attached to g
form.
Similarly, we will identify F' to the g

(2.38) F= (ng 2 (9TX)_1) .

—1lprx

is the symplectic volume

TT"X jsometric involution of TT*X,

Then F acts as F~* = F on A" (T*T*X).
Let r: T*X — T*X be the involution (z,p) — (x, —p).

Definition 2.8. Let ()0 (r+x.-r be the Hermitian product on Q (TX,7"F)
which is naturally associated to the metrics g”7 X and ¢¥. Let u be the iso-
metric involution of € (T X, 7*F) with respect to () o (r+x..+r) such that if s €
O (T*X, 7*F),

(2.39) us (x,p) = Fs(z, —p).

Let ( )yo (= x,x+r) be the Hermitian form on Q" (T*X, 7" F),

(2.40) <S, S/>h9-(T*x,ﬂ*F) = <US, S/>gﬂ'(T*X,7r*F) .

It should be pointed out that in (2.39), the change of variable p — —p is not
made on the form part of s. So this action does not incorporate the full action of
r*. Set

(241) <S, S/>h§?¢'(T*X,7r*F) = <’U,€_2HS7 Sl>gQ,<T*X_,r* F) -+

If H is r-invariant, then (2.41) is a Hermitian form.

Let g7T"X be the obvious natural metric on T7*X which is associated to the
splitting (2.9), and let ¢© (7" X7 F) he the Hermitian product on Q (T*X, 7*F)
associated to g77 X, g, Let h® (T"X.7"F) be the Hermitian form on Q' (T*X, 7*F),

(2.42) <575/>h0’(T*X,7-r*F) = <T*S’SI>QQ'(T*X,W*F) .
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Note that the Hermitian forms in (2.40) and (2.42) have signature (0o, 00). The
same is true for (2.41) if H is r-invariant.
We state a result established in [B05, Theorems 2.21 and 2.30].

Theorem 2.9. If H is r-invariant, then Ay 3y is h%(T*X’W*F) self-adjoint, Ag 3¢ s
HE (T F) self-adjoint, and 91;,)7_[ is WY (T X7 ) self-adjoint.

2.5. The Weitzenbo6ck formula. We give the Weitzenbock formula established
in [B05, Theorem 3.3].

Theorem 2.10. The following identities hold,

1 1 i i. .
A?)ﬂ_[ =1 (AV ~3 <RTX (e:,€5) ek,el> e'elignig + 2Lﬂ>
1 1 . 1
(2.43) —5 (LYH + ieliajvfiw (V. g") (e5) + v (V") (es) Va) :
1 1 o
2‘3&,?—[ = Z <AV — 5 <RTX (ei, ej) €k, el> elejigkigl + |VVH|2

—AYH +2(VaVaH) Cie + 2 (Vngeﬂ-ﬂ) e%@)
1 1 1.
—5 (Ly?-t + v (VF,gF) (YH) + §eligjvgw (VF,gF) (e;)

1
+ §W (VF, gF) (61) Vgn) .
Remark 2.11. Observe that if F' = R, the restriction of 247 ,, to Q° (T* X)) is given
by,
2 L\v
(244) 2A¢7’H|QO(T*X) = *iA + Vﬂ - Vy’H.,

which is just the operator £; in (1.78).
More generally set

If H is the Legendre transform of L (z, %), then Hp is the Legendre transform of
TL (z, ).
Let Kt be the map s (x,p) — s (x,Tp). Then
) LAY
(246) KT2A¢7’HT‘QO(T*X)KT = *ﬁ + ?VV/VT{ - VYH7

which is just the operator L in (1.78). The program we had outlined at the end
of section 1 is now partially fulfilled. The operator ZAiﬂ is indeed the Laplacian
of an exotic Hodge theory whose restriction to forms of degree 0 is precisely the
operator L.

2.6. The hypoelliptic Laplacian. For c € R, set

2
~nl
= C—.

(2.47) H :
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Let u € R be an extra variable. The following result was established in [BO05,
Theorems 3.4 and 3.6].

Theorem 2.12. The following identities hold,

1 1 o
Ai}[c = (—AV +2cLp — 3 <RTX (es, ;) ex, el> elejigkigl>

4
(2.48)
1 L. oF F _F 1 F F
_ 5 Ly e + 56 Zgjveiw (V ,q ) (€j) + 5&) (V ,q ) (el) Ve |,
1 . 1 i
Qliﬂc =1 (—AV + A p* + ¢ (2Wiiz —n) — 3 <RTX (eir€5) e, er) eze]z?@za)
1

—5 (LyHC + %w (VE, g") (YHC) + %eiingZw (VF,gF) (&)

+ %UJ (VF,QF) (e;) Vgi) .

For ¢ # 0, the operators % — Aiﬂc, % - Qliﬁ_[c are hypoelliptic.

Remark 2.13. Of course (2.48) follows from Theorem 2.10. Hypoellipticity follows
from Hormander [H667]. Also observe that the hypoellipticity result still holds if
%?2'[ is non degenerate.

Any of the operators in Theorem 2.12 is called a hypoelliptic Laplacian.

2.7. An interpolation property: the limit b — 0 and classical Hodge the-
ory. In the sequel, we take b > 0, T = b2, and we still define Hr as in (2.45). For
T >0, set

(2.49) Hy (z,p) = TH (x,p/ﬁ) .

Fora € R, let r, : T*X — T* X be given by (z,p) — (z,ap). Note that r = r_;.
By (2.43), we get

(2.50)
1 1 .
AT = <_AV = 5 (BT (eire5) ex, e0) €'elipnia + 2L

a2 bvv/%/b))

1 1, 1
= g5 (B + 5 Vs (VF07) (65) 4 30 (V9207 @) Vi ).

Now we study the behaviour of the operator in (2.50) as b — 0. To make the
argument simpler, we set

2
(2.51) - P
2
In this case,
(2.52) Hye = H/b> = HY/Y, Hy = H.
The Hermitian form hﬁ_ﬁgx’ﬂ*p) is given by
@3) oS grenen = [ (50 () T g
iHbg * X
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In degree 0, the self-adjointness of Ai’iﬂﬂ with respect to (2.53) is the exact

reflection of the self-adjointness in degree 0 of the formal Witten Laplacian (I "
of section 1.2 or of the non existing Laplacian D#X associated with FFE.
Set

(2.54)  ay

1 1 o
3 <AV +2L; — 5 <RTX (ei,ej)ek,el> ezejigki’él) ,

by =— (:I:LYH + %eiigjviw (VF79F) (ej) + %w (VF’QF) (i) ng‘)

Note that a4 commutes with r*, and by anticommutes with r*. Also one checks
easily that

1
T2

In particular ay, by commute with d7” X,
In (2.50), we replace H by +H. We get

" « 1 I
(2.55)  as [dT X §TTXV 21'5} L be=3 [dT xa" x 2@4 .

(256) 248 i = 8 1

Observe that the operator aL makes sense on any real Euclidean vector bundle
with connection (E, g?,vE ), and not only on T*X. To keep the discussion short,
we will limit ourselves to the case where £ = T* X, but the fact that ayr makes
sense in full generality is important.

Let ®7"X be the Thom form associated to (T*X, 2gT*X,VT*X) as in (1.52).
The choice of 2g7 X instead of g7 X reflects a difference in scaling, that is, instead
of (1.52), we have now

(2.57) dT"X = exp (— >+ .. ) .

The following result is established in [B05, Theorem 3.11].
Theorem 2.14. The following identities hold,

(2.58) dT X T X =, <5T*X - 22’5) T X = .

The operator ax is semisimple. The kernel of ai is spanned over A" (T*X) by the
zero form 1. The corresponding spectral projection operator QTX is given by

(2.59) a— Qi*xa =7, (a A <I>T*X) .

The kernel of a_ is spanned over A" (T*X) by ®T" X and the corresponding spectral
projection operator QT X is given by

(2.60) a— QU Xa = (r'ma) AT X,

Remark 2.15. Theorem 2.14 is remarkable. It asserts in particular that ®7 X is
a harmonic form with respect to a fibrewise exotic Hodge theory, as shown by

equations (2.55) and (2.58). Together with (1.50), this characterizes the Mathai-
Quillen form ®7"X uniquely.

Since the operators ay are semisimple, we can write,

(2.61) O (T"X,7"F) =ker ay & Imay.
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Needless to say, one should be careful about the function spaces on which the
operator ai acts. However ai is conjugate to a standard harmonic oscillator, so
this question can be easily settled.

Since by anticommutes with r*, it exchanges the invariant and antiinvariant
parts of Q' (T*X,n*F'), while ay preserves these invariant and antiinvariant parts.
By Theorem 2.14, ker ay is either invariant or antiinvariant. In follows that by
maps ker a4 into Ima.

Let us pretend for the moment that a4, b4 are endomorphisms of a finite dimen-
sional vector space F, that ai is semisimple, so that

(2.62) E=k%keray ®Imay.

Let Q4 be the projector from E on ker ay with respect to the splitting (2.62). We
also assume that by maps ker a4 into Ima.
Let u € End (E). We write u in matrix form with respect to the splitting (2.62).

(2.63) “— [g‘ g] |

Assume that u is invertible. We will give a matrix expression for the inverse u !

of w under the assumption that D is invertible. We will implicitly assume that
other matrix expressions are invertible as well. These implicit assumptions will be
obvious in the formula anyway.
In fact we have the following easy formula,
(2.64)
Yl (A-BD'C)™" —(A-BD"'C)"'BD!
—-D7'C(A-BD-'C)"" D'4+D'C(A-BD"'C)"' BD™

Let ay' be the inverse of at acting on Imay. Using (2.64), if A € C, at least
formally,

Car b\ (A QubialleiQL) T+ O®B) O®)
(2.65) <>\ ) _[( iiuio(ib)i) o(zﬂ)]'

By (2.65) we find that as b — 0,

-1
(2.66) (/\ - % - b;) =Q+ (A + QibiﬂilbiQi)_l Qe+ 0O(b).
In particular the relevant operator in the limit 6 — 0 appears to be —Q+ biaf b Q4+
acting on ker ay.

Passing from the above finite dimensional argument to an infinite dimensional
considered in (2.56) is a wild jump. However this is the sort of situation one
encounters typically in adiabatic limit problems in the theory of Quillen metrics
[BL91, BB94]. The major difference is that the operators considered in these ref-
erences are elliptic and self-adjoint, which is not the case here.

We have given enough motivation for studying the operator —ng by a;l by Qi*X
in the context of (2.56).

We identify Q (X, F) to ker ay by the map a — 7*«, and Q (X, F ® 0 (T X))
to ker a_ by the map a — 7*a A ®T X, Let OX be the standard Hodge Laplacian
acting on Q' (X, F) in the 4 case, on Q (X, F ® o (T X)) in the — case.

Now we state the crucial result established in [B05, Theorem 3.13].
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Theorem 2.16. The following identity holds,

. _ . 1
(2.67) QT Ybra;'6LQT X = §DX.
In the same way, it is shown in [B05, Theorem 3.8] that
1«
(2.68) K23 1y, Ky = S5+ % + 7.
We just give the corresponding formulas for a., 84,
1 )
(2.69) ar =3 (—AV +pf + (2€%ie — n)) )
A (T* U 1
ﬁﬂ: = _V:t}(/j;{ X)F, + 5‘*’-} (VF7gF) (ei) V@)‘.

The main point of (2.68), (2.69) is that contrary to ay, cr is a standard self-adjoint
harmonic oscillator. Then ker a4 is spanned by the function exp (f |p|2 / 2), and

ker a_ by exp (— Ip|? /2) 1, where 7 is a fibrewise n-form of norm 1.
We identify Q' (X, F) to ker ay by the map o — m*aexp (— Ip|? /2) /74 and

QO (X, F®o(TX)) to ker a_ by the map @ — m*aexp (— |p\2 /2) n/m/4. Let Py

be the standard L? -projector from Q' (T*X,7*F) on ker ax. Note that 81 maps
ker oy into its L? orthogonal.
In [B05, Theorem 3.14], the following analogue of Theorem 2.16 is established.

Theorem 2.17. The following identity holds,
_ 1
(2.70) P:t (’yi - B:taj:lﬁ:t) P:t = §|:|X.

Remark 2.18. Theorems 2.16 and 2.17 give another powerful argument in favour of
the fact that up to conjugation, A7 ;. is a deformation of 0% /4. It is of an entirely
different nature than the one discussed in (1.43)-(1.45).

Indeed the content of these equations can be made rigorous. What these equa-
tions say is that for a given T = 4b?, the process x is a motion whose speed & = p
is what is known as an Ornstein-Uhlenbeck process (or autoregressive process in
the statistics literature), with covariance is exp (— |t — s| /T) /2T. When T to 0,
the covariance tends to the Dirac d;—s, when T' — 400, it tends to 0. This means
that when 7' — 0, the dynamics of  becomes Brownian, and when T' — +o0, the
speed of x becomes constant, i.e. it becomes a geodesic. Proving this convergence
at the dynamics level was already done by Stroock and Varadhan [StV72], where
instead they approximated Brownian motion by piecewise geodesic approximations.
The key to the argument in [StV72] is seeing the Itd calculus as the proper limit of
classical differential calculus on R;.

What equations (2.67) and (2.70) reflect is of a different nature. They should be
viewed as a functional analytic version of It6 calculus, where as T'— 0, besides its
more and more erratic dynamics, we request the process = to also remember about
Hodge theory. ..

The same arguments are still valid when instead of being quadratic, the Hamil-

2 .
%;;‘ is nondegenerate.

When H = |p|® /2, for T # 0, the functional integral in (1.79) can be viewed as
a regularized version of the corresponding functional integral with 7" = 0 because

tonian H is such that
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of the regularizing effect of the term %2 51 \x|2 ds. A byproduct of this regular-
ization is that while, for T' = 0, the trajectories of Brownian motion are nowhere
differentiable, for T' = 0, the trajectories of the solution of (1.80) will be C.

Usually regularization is viewed as bad, since we replace the real physical theory
by an approximation. We would like to take here the opposite view. In our context,
regularization of the theory is excellent, since it will lead to a deformation of Hodge
theory to the geodesic flow.

In joint work with Lebeau [BLO6], the hard analysis involved in the analysis of
the convergence of Ai,?—tu is carried through in detail. The results of [BL06] will be
briefly reviewed in section 3.

2.8. An interpolation property: the limit b — +0co0 and the geodesic flow.
We assume for the moment A to be arbitrary. Using (2.43), we get

1 1
(271) T;229[§5752H1/b27“;/b2 = i |VV’}—[’2 _ <LYH + iw (VF’gF) (YH)> +0O (1/()) .

The dynamics associated to the operator in the right-hand side of (2.71) is associ-
ated to the Hamiltonian vector field Y*. In the case where H = + [p|® /2, this is
just the geodesic flow.

From (2.71), we deduce that when b — +oo, the trace of an operator like

exp (—Aiﬂc should localize around closed geodesics.

2.9. The case of the circle. Assume that X = S!, with S = R/Z equipped
with its standard metric. Then T*X = S' x R. We take here F = R and ¢ > 0.
We will now find remarkable properties of the hypoelliptic Laplacian in this simple
situation. Here we follow [B05, section 3.10].

By (2.31) and by (2.48), we get

1 2 £ C

(2.72) Ay = 5 (—AV +Ep +e (QN - 1)) - 2VF.
In (2.72), N is just the number operator in A" (R).

An easy formal computation shows that for ¢ # 0,

1 92 o 1 9?
(273) exp (C apam> 2[¢,Hc exp (08p8x>

_1 (—AV +p) +e (Zﬁ - 1)) — 1AX.
4 4

The conjugation in (2.73) is done with an unbounded operator, but still the con-
clusions one can derive from (2.73) are correct. In particular the spectrum of Ql:f e
is given by c% + 2k%72, where % denotes the set of a € Q with 2a € N. The
fundamental point about (2.73) is that the operator in the right-hand side is now
elliptic.

In the next formula, Trs denotes the supertrace with respect to the vertical
exterior algebra. By (2.73), we find that

(2.74) Tr [exp (—Ztﬂfﬂc)] =Tr [exp (tAX/Q)] .

Indeed we use the conjugation formally to replace Ql;? 4 by the right-hand side of
(2.73). Using the explicit spectral decomposition of A, one can show easily that
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this is indeed legitimate. The McKean-Singer formula [McKS67] applied in a very
simple case shows that

(2.75) Tr, {exp (—; (—AV +Epf+e (zﬁ - 1)))] —1,

which completes the proof of (2.74).

If we make ¢ — oo in (2.74) and follow the ideas in subsection 2.7 and in [BL06],
we get a tautology, i.e. the operator 2%['57%6 tends in the proper sense to the operator
—AX /2. Using (2.71), we find easily that as ¢ — 0, the local expression for the
left-hand side of (2.75) converges to the classical Poisson sum for the heat kernel
on S'.The interpolation property for the hypoelliptic Laplacian has then been used
as a substitute to Poisson’s summation formula.

Note that the operator (2.72) is closely related to the hypoelliptic operator whose
heat kernel was evaluated by Kolmogorov [K34].

3. THE ANALYSIS OF THE HYPOELLIPTIC LAPLACIAN

The purpose of this section is to report on the results obtained jointly with
Lebeau [BLO06] on the analysis of the hypoelliptic Laplacian.

In subsection 3.1, we summarize some of the main analytic and spectral proper-
ties of the hypoelliptic Laplacian, of its resolvent and of its heat kernel.

In subsection 3.2, we give one of the important results in [BLO6] which relates
the hypoelliptic Ray-Singer metric on det H' (X, F) to the corresponding classical
elliptic Ray-Singer metric.

3.1. The resolvent of A?,. and the spectral theory of 27 ;. In joint
work with Lebeau [BL06], we have studied in detail the analytic properties of the
hypoelliptic Laplacian for ¢ = £1/b%, and shown precisely that in the proper sense,
as b— 0, Ai,H“ converges to %DX.

Let us now describe these results in more detail. We fix b > 0, and we take
c=41/b2. Let 0 (T* X, 7*F)" be the vector space of L? sections of A" (T*T*X)®F
on T*X. Then Qliﬂc has discrete conjugation invariant spectrum and compact

resolvent in End (Q (T*X,n*F )0>. Moreover the resolvent maps the Schwartz

space S (T* X, n*F) into itself.
Given constants \g > 0,c¢g > 0, set

(3.1) W={AeCReA+ X < co|lmA""}.

It is shown in [BLOG6] that, with an adequate decay choice of A, co, W is included
in the resolvent set.
Moreover for ¢ > 0, the heat kernel exp (—tﬂgﬂc) is trace class, and has a

smooth kernel on T*X with adequate decay at infinity.
Put

(3.2) A, g = KAT gy, Ky '
It is proved in [BLO6] that if A € C,\ ¢ Sp¥ /4, as b — 0, \ ¢ Slegb’iH, and

-1

moreover ()\ — Ql’zbiﬂ) converges in a very strong sense to Py ()\ — DX/4) ! Py,

which justifies the anticipations of subsection 2.7.
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Besides it is shown in [BLO6] that for b > 0 small enough, the classical conclu-
sions of Hodge theory hold, and moreover that the set of the b > 0 where these
conclusions do not hold is discrete. The relevant cohomology ' (X, F') is the stan-
dard cohomology of T*X for ¢ > 0, and the compactly supported cohomology for
c<0.

But more is true. Indeed for b > 0 small enough, the spectrum has nonnegative
real part, and moreover for any M > 0, for b > 0 small enough, the A € Sp Q[gh,iﬂ
such that |A| < M remain real. Note that the fact that the spectrum is conjugation
invariant, and also these last results follow in particular from Theorem 2.9.

3.2. The hypoelliptic Ray-Singer metric. We now explain briefly a result es-
tablished in [BLO6]. Set

(3.3) A=det § (X, F).

The determinant in the right-hand side of (3.3) should be understood as a tensor
products of determinants of the £ (X, F) or their duals, the choice depending on
the parity of 7.

For ¢ >0, A=det H (X, F), and for ¢ < 0, A = (det H' (X, F® o (TX)))"".
In any case A can be equipped with the Hermitian metric defined via the Ray-
Singer analytic torsion [RS71], which one obtains via the derivative at 0 of the
zeta function of (0% in various degrees. This metric, denoted || ||?\707 is called the
Ray-Singer metric [BZ92].

It is shown in [BLO6] that for b > 0, it is possible to define a generalized metric
I ||ib associated to the hypoelliptic Laplacian Ai}[c. The fact it is a generalized
metric means that a priori, this metric has a sign, which is positive if it a classical
metric, negative if not. This metric is defined via the Hermitian form h%c(T*X’W*F),
and also using the analytic torsion of Aiﬂ‘-lc'

We now state a result established in [BL06].

Theorem 3.1. For any b > 0, the following identity holds,
(3.4) I

2 2
ae = ko

The proof of (3.4) is difficult. Tt requires all the results stating that A2 ;. is a
deformation of (0% /4, the development of a local index theory for the hypoelliptic
Laplacian, and also a careful study of the transition from the small time asymptotics
for the heat kernel of Ai,HC to the small time asymptotics of the heat kernel for
0% /4. The equality should not be taken granted. In fact in the equivariant context,
there is a topological defect in the corresponding formula.

Remark 3.2. One motivation for [B05] has been the conjectures made by Fried
[F86, F88] on the relation between the Ray-Singer torsion to the value at 0 of
the dynamical zeta function associated to certain dynamical systems. Equality
was proved by Moscovici and Stanton [MoSt91] in the case of symmetric spaces,
by using the Selberg trace formula, when the dynamical system is precisely the
geodesic flow.

However we verified that at least formally, Fried’s conjecture can be understood
as a consequence of an infinite dimensional version of the proof by Zhang and
ourselves [BZ92, BZ94] of the Cheeger-Miiller theorem, where we used the Witten
deformation to obtain this result. Theorem 3.1 should be understood as a first
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step in giving a proof of Fried’s conjecture, with a proof formally similar to the
proof of the Cheeger-Miiller theorem. Indeed a natural first step when using the
Witten deformation is to show that the corresponding metric does not depend on
the deformation parameter. This is precisely the content of Theorem 3.1.
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