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ABSTRACT. We investigate the closure in moduli space of the set of quadratic
rational maps which possess a degenerate parabolic fixed point.

CONTENTS

INTRODUCTION

The moduli space of Mobius conjugacy classes of quadratic rational maps is
isomorphic to C2. This space is swept out by a family of lines, each consisting of
the classes of maps possessing a fixed point of given multiplier; a generic point of
moduli space lies on precisely three such lines [?]. In this article, we are concerned
with the geography of the parameter lines whose associated multiplier is a root
of unity, and their limits when the multiplier tends to 1 in a suitably controlled
fashion.

If the multiplier is w,/, = e?™P/4 (the rational number p/q always assumed
to be in least terms) then the corresponding fixed point is parabolic. The local
dynamics is well understood. In particular, there exists a positive integer v, the
parabolic degeneracy with the following property: there are vq attracting petals and
vq repelling petals, which alternate cyclically around the fixed point. Attracting
petals are disjoint Jordan domain and two attracting petal boundaries touch at
the fixed point and are otherwise disjoint. Similarly, repelling petals are disjoint
Jordan domain and two attracting petal boundaries touch at the fixed point and
are otherwise disjoint. Moreover, each repelling petal intersects two attracting
petals, and each attracting petal intersects two repelling petals; see Figure 77.
Each attracting petal is mapped into the attracting petal which is vp times further
counterclockwise and the image of each repelling petal contains the repelling petal
that is vp times further counterclockwise.

There is an additional formal invariant, the résidu itératif, which takes values in
C (for details, see Section ?7). This invariant may be used to detect whether the
fixed point is virtually attracting, indifferent or repelling (see [?], [?, Section 12] or
[?]): this terminology will not be employed in our article.

The global dynamics is also well understood. Recall that a rational map g has
a Fatou set F(g), on which the family of iterates {g°"} is normal, and a Julia set
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FIGURE 1. An example of petals for a multiplier w; /3. The attract-
ing petals are light grey and the repelling petals are dark grey. The
fixed point is at the center of the flower.

J(g9) = P! — F(g) which is the closure of the set of repelling periodic points. A
parabolic fixed point § has a basin of attraction

{zeP|g"(z) L B}

n—-+oo
which is a union of connected components of the Fatou set. The attracting petals
of 0 are contained in the basin of attraction. The immediate basin of § is the
union of the connected components of F(g) containing the attracting petals. Fatou
[?] proved that the immediate basin of a parabolic point of degeneracy v contains
at least v critical points. Since a quadratic rational map has 2 critical points,
necessarily v < 2.

There are finitely many Mobius conjugacy classes of quadratic rational maps
having a degenerate parabolic fixed point of given multiplier w,/,. In this article,
we prove that there are ¢—2 such classes (see Figure 7?7 and Theorem ??). Following
[?, Section 2], it should be possible to give a combinatorial interpretation. There, it
is shown that these invariants suffice to classify the corresponding hyperbolic maps
- those with periodic critical points belonging to disjoint g-cycles whose immediate
basins cluster at a fixed point. Moreover, it is shown that each such example arises
as a mating of an ordered pair of quadratic polynomials, and in precisely two ways.
The parabolic case may follow from a pinching argument as in [?].

For convenience, we work with the 2 parameter family of quadratic rational maps

pz

:m, WithaE(CandpE(C*.

9p.a(?)
Note that g, , has critical points at =1 and that 0 is a fixed point of multiplier
p. Conversely, every quadratic rational map with labeled critical points and a
distinguished fixed point of multiplier p # 0 is Mobius conjugate to g, for some
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FIGURE 2. Left: an example with p/¢ = 1/3. The Julia set is
black. The parabolic degeneracy is 1. There is one cycle of at-
tracting petals (of period 3) whose basin is grey. There is a su-
perattracting cycle of period 3 whose basin is white. Right: an
example with p/q¢ = 1/4. The parabolic degeneracy is 2. There
are 2 cycles of attracting petals whose basins are light grey and
dark grey. The points which are marked are the parabolic fixed
point at 0 and the critical points at £1.

FicURE 3. The Julia sets of the 5 quadratic rational maps having
a degenerate parabolic fixed point with multiplier w;,7 at 0 and
critical points at +1.
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unique a € C; the involution z — —z, which interchanges the critical points +1,
conjugates g,.q t0 gp,—q. We write g, = g1,4, 50 that g, o = p - ga-
For a rational number p/q, consider the set

A,/q ={a € C| the map g.,,, . has a degenerate parabolic fixed point at 0}.

Note that A/, is symmetric with respect to 0, and that Ay,; = {0}; as we shall
see, 0 € A,/, precisely when ¢ is odd.
Our main results are as follows.

Theorem 0.1. The cardinality of A,,q is ¢ — 2, for any p/q with ¢ > 2.

We prove Theorem ?7? in Section 77, by an argument which illustrates and applies
transversality principles developed in [?].

For parameters a ¢ A/, the résidu itératif of g,,,,, . at 0 is given by a rational
function R/, : CU{oc} — CU{oo}, e.g. Rosi(a) = 1/a*. In Section ?? we
deduce the following;:

Theorem 0.2. Ifq > 2 then R, 4 is a rational function of degree 2q—2. Moreover,
every pole of Ry,/q is double: there is a pole at oo and the finite poles are the points
m .Ap/q.

Theorem 0.3. Let r/s be a rational number. Set pr, = s and q, = ks +r so that

pr 1
G  k+r/s
Then:
o The sequence of sets Ay, /q, is uniformly bounded, and Hausdorff convergent

as k — 4+oo. The Hausdorff limit consists of 0 together with a bounded set
,./s which is infinite and discrete in C — {0}.

e There is a meromorphic function R, ;s : C — CU {oc} such that the se-
quence of rational functions (%)QRP,C/% converges to a — R, /4(1/a®) uni-

formly on every compact subset of C — ﬁr/s. Furthermore
A s ={aeC—{0} : 1/a® € B,/s},
where B,/ is the set of poles of R, /5.

For each p/q, the set A,/ is contained in the bifurcation locus £/, of the
family a +— go,,,,,o- This bifurcation locus may be defined as the closure of the set
of parameters a such that g, /4.0 has a parabolic cycle with period greater than 1.
Thus, by the Fatou-Shishikura Inequality [?], the region where Re(R,/,) < 0 does
not intersect L, /-

It is tempting to conjecture that for py /gy tending to 0 as above, the sets £, /4,
have a Hausdorff limit £, ;. Figure 77 illustrates this phenomenon for py./q. = 1/k.
This Hausdorff limit £, /, should be the bifurcation locus of a family of horn maps
defined in Section ??. However, this may require proving that the Julia sets of
those horn maps do not carry invariant line fields, which seems a serious difficulty.

The proof of Theorem 77 is somewhat indirect: it would be interesting to consider
the combinatorial interpretation of the sequences with given limit in C — {0}. Our
argument involves considerations of parabolic renormalization, discussed in Section
7?7, and applied in Section ??7 to define a family of horn maps associated to the
family g.,,,,,a- The set 2., will correspond to those horn maps having a degenerate
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p/qg=0/1

- -
- o

p/a=1/4 p/q=1/10

FIGURE 4. Points in A, /, are represented by black dots (in fact
the set where [R,,/4| > 100). The connected components of the set
R;/lq{z € C : Re(z) < 0} which are adherent to those points are
grey. It follows from additional transversality results in [?] that the
restriction of R,/ to each component is an isomorphism to the left
half-plane. For each p/q there is a pair of unbounded components;
these appear in the first frame, but they are out of range on the
second and the third frames. Since each point of A, /, is a double
pole of R,, /4, there are two components of the set attached to each
point in A, /4; it is shown in [?] that these components are bounded.

parabolic fixed point. Another key ingredient is that such horn maps are finite
type analytic maps (see Section ?7?); they share certain dynamical properties with
rational maps. We prove Theorem ?7 in Section ??. The fact that 2,/ is infinite
rests on a growth estimate for a certain entire function that vanishes precisely at
the points of 2,./;. This function admits an intriguing expansion which we discuss
in Section 77.

1. PRELIMINARIES

1.1. Formal invariants. Let f : (C,3) — (C, 8) be an analytic map fixing 8 € C.
Recall that the multiplier of f at § is the complex number pg(f) = f(8). If f
is not the identity near 3, then the topological multiplicity and holomorphic index
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FIGURE 5. The set {Re(Rq/10) < 0} (light grey) and the bifurca-
tion locus Ly /19 (black).

k =100

FIGURE 6. The bifurcation loci L, ;. for several values of k.
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may be defined as the residues

multg(f) = resp (i:?égdz) and

indexs(f) = resy (Zl(z)dz) .

The multiplicity multg(f) is known to topologists as the Lefschetz fized point index.
It is easy to verify that these quantities are invariant under holomorphic change
of coordinates, and may thereby be sensibly defined for 8 = co (for example, see
[?, Section 12]). The topological multiplicity is always a positive integer, but the
holomorphic index may assume any complex value. It follows from the residue
theorem that if f : U — C is analytic on U, then

1 1—f'(2)
E 1 = — ———=d d
B=f(B)eV (/) 271 Jov 2 — f(2) -

1 1
> wdea(s) = g [
=i Brev 2mi Jov 2 — f(2)
for any open set V' compactly contained in U, so long as OV is a rectifiable curve
containing no fixed points. These integrals evidently depend continuously on f.
Moreover, it follows from these relations that

Z multg(f) = D+1 and
B=f(B)eP!

Z indexg(f) = 1
B=f(B)eP?

for any degree D rational map f : P! — P!,
Note that multg(f) = 1 precisely when pg(f) # 1, and then

1
indexg(f) = ————.
=5 ps(f)
Moreover, if |pg(f)| # 1 or pg(f) = 1, then multg(f°") = multg(f) for n > 0 (and
if additionally pg(f) # 0, then also for n < 0). When pg(f) = 1, it is convenient
to work with the résidu itératif

1
résitg(f) = §mult5(f) — indexg(f)
since .
résitg(f°") = —résitg(f)

n
for all n # 0 (see for example [?, Introduction]). More generally, if the multiplier
pp(f) is a primitive g-th root of unity w,,, but f°? is not the identity, then we
say that (3 is a parabolic fixed point with rotation number p/q. In this situation,
a straightforward calculation shows that multg(f°?) = vg + 1 for some positive
integer v: we refer to v as the parabolic degeneracy of f at (3, and say that ( is
a nondegenerate parabolic fixed point if v = 1, a degenerate parabolic fixed point

otherwise. The formal conjugacy class of such a fixed point is completely determined
by the invariants p/q, v and

résitg(f) = q - résitg(f°9).
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For details, see [?, Appendix]; see also [?] for the topological classification and [?],
[?],[?] or [?] for the analytic classification.

Now, if
f(z) =wp/q - (z + chzk>
k=2

then we may write

feUz) =z + Z CI;/q(CQ, o ep)2,

k=2
where C]; /q BTe polynomials in the variables co, ..., c. For example,
k
Co(co,. .. c) = ck

for k > 2, while
C§/2(Cg, (33) = 263 — 26%.

The polynomials Ci S Cg /q identically vanish, as noted above, and the fixed
point 0 is parabolic with degeneracy v if and only if for all k < vq,

CI;/q(CQ, ...,cx) =0 and C;?;1(027 sy Cugyr) # 0.

We denote by I the rational functions such that indexo(f) = I"™(ca, ..., cam+1)
whenever f fixes 0 with multiplicity m > 1, for example
c3
I'(co,e5) = =
)
30% — 2c3c5 + 202

12 (023 C3, C4, C5) = 20%

In addition, we set

v vg+l o v
Rp/q(CQ, PN CQuq+1) = —Iv¢ (Ci/q(Cz), ey C2 q+1(02, ey Cguq+1)>

2 p/q
so that résito(f) = ¢q- R}’;/q (c2,...,caq+1) whenever the fixed point 0 has parabolic
1
degeneracy v. For example, Ry n= % —I" for every v > 1, while
116% + 66% — 250%03 + 12¢cocq4 — 4cs

R}/2(02, €3,C4,C5) = 4(c2 = c3)?
1.2. Variational formulae. Here and henceforth, we will consider various holo-
morphic families ¢ — ~; defined near 0 in C. We will employ the notation

Yy=7 and §= a2 :

dt lt=0
Assume ¢ — f; is a holomorphic family of germs (C,0) — (C,0). Let us first assume
that the multiplier po(f) is not zero. Then, we may write f; = f o x; with y = id
and x¢(0) = 0. In that case, v = x is a vector field, defined and holomorphic in a

neighborhood of 0, vanishing at 0, and f = Df o v:
fe=f+t-Dfov+0O(t).
In addition, an elementary induction yields that for all integers NV > 1,
N—1

PN =N+t DfNovy +0(t?) with vy =Y (f)v.

n=0
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In this situation we have the following:

Lemma 1.1. Assumet — f; is a holomorphic family of germs (C,0) — (C,0) such
that the multiplier of f; at 0 is wy/q. Then, v, has a zero of order at least ¢+ 1 at
0. If vq has a zero of order exactly g+ 1 at 0, then for t # 0 sufficiently close to 0,
the parabolic degeneracy of fr at 0 is 1.

Proof. Since f;? —id vanishes at 0 to order at least ¢+ 1 for all ¢, v, also vanishes
to order at least ¢ + 1 at 0:

vy = (ez? + (’)(zq”))% with ¢ e C.
As t and z tend to 0, we therefore have the expansion
(1.1) D9(2) = fOU2) + tezT 4 O(t27T2) + O(1229T1).
In particular, if v, has a zero of order exactly ¢ + 1 at 0, i.e., if ¢ # 0, then for

t # 0 sufficiently close to 0, the multiplicity mo(f ?) is ¢ + 1 and the parabolic
degeneracy of f; at 0 is 1. (]

Lemma 1.2. Assume t — f; is a holomorphic family of germs (C,0) — (C,0)
such that the multiplier of fy at 0 is w,q. If f°9 =1id, and v, does not identically
vanish, then ast — 0,

1iom

résito(f;) = resg (q)
v

q
Proof. If f°? = id, then:
Pl =id+t- v, + Ot?).
and if v, is not identically 0,
indexq (f;?) = resg <tvq—i(’)(t2)) = resy ( + H(t, z)>
where H is a germ which is defined near (¢,z) = (0,0), holomorphic with respect
to t and meromorphic with respect to z. It follow that

1
résitg(fi) = resg (q) - — 4+ h(t)
Vq t
where h is a germ which is defined and holomorphic near ¢ = 0. (]

Lemma 1.3. Assume t — f; is a holomorphic family of germs (C,0) — (C,0)
such that the multiplier of fi at 0 is wy/q. If the parabolic degeneracy of f at 0 is 2
and if v4 has a zero of order exactly g+ 1 at 0 then the function t — résito(f;) has
a double pole at t = 0.

Proof. Since the parabolic degeneracy of f at 0 is 2,
fPUz2) = z + C227 L O(22772) with C #0.
It follows that
29(2) = 2+ c(t)29T 4+ C22T 1 O(t2772) + O(22712)
where ¢ : (C,0) — (C,0) is a holomorphic germ vanishing at ¢ = 0. According to

Equation (??), we have

vy = (<(0)27T + O(zq+2))diz.
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Since v, has a zero of order exactly ¢+ 1 at z = 0, the function c has a simple zero
att=0. As 2z — 0,

1 1 C
— _ = .4 q+1
- — toq(z) c(t)z‘ﬁl (1 C(t)Z + O(tZ) + O(Z ))
1 C 1 1
~ e a0 () o ().
As a consequence, as t — 0,
dz C 1
. ogqy __ . _ -
indexq(f;?) = resg (z fq(z)> EOE ++0 (t) .
Thus, résito(f;) = —qC/[c(t)]? + O(1/t) has a double pole at t = 0. O

2. THE CARDINALITY OF A/,

Let us fix p and ¢ coprime with ¢ > 2 and set p = w,,/,. Our goal in this section
is to prove that there are exactly ¢ — 2 distinct parameters a € C such that g, , has
a degenerate parabolic fixed point at 0.

As mentioned in the Introduction, for z near 0 we have the expansion

(2.1) gyt (2) =2+ Cp/q(a)2 + 0 (2772)

for some polynomial C,,/,. The parameters a € C for which g, , has a degenerate
parabolic fixed point at 0 are the roots of C,,,. We will first show that the degree
of C,/q is ¢ — 2. We will then prove that the roots of C,/, are simple.

Since z — —z conjugates g, o t0 g, —q, the polynomial C,/, satisfies

Cp/q(—a) = (=1)1C, 4(a).

Consequently, when ¢ is odd, the polynomial C,,/, is odd. It vanishes at 0 which
therefore belongs to A, /,. Another route to this result involves observing that g, o
is an odd map, and so, the number of attracting directions of g, ¢ is always even.
Thus, when ¢ is odd, the parabolic point at 0 is necessarily degenerate, whence the
number of attracting directions is 2gq.

When q is even, the polynomial C,/, is even. It cannot vanish at 0 since other-
wise, this would be a double root of C,,/,. Thus, when ¢ is even, 0 ¢ A, /4.

2.1. The degree of the polynomial C,/, is ¢ — 2. In order to determine the
degree of C, /4, it is enough to study the asymptotics of C,/,(a) as a — oo. Let
us make the change of parameter + = 1/a® and the change of dynamical variable
y = az, so that g, , becomes

Py

L4y +ty?

On the one hand, near y = 0, we have the expansion

ft(y) = agp,a(y/a) =

o o C,/q(a)
(2.2) LU(y) = agyl(y/a) =y + ’jfli‘fly““ +O(y"*?).

On the other hand, f = fy is a Mdbius transformation of order ¢ fixing 0 with
derivative p and yg = p— 1 with derivative 1/p. It is conjugate (via y — y/(y —vo))
to the rotation of angle p/q and so, f°? = id. In addition,

Y
1+ty?

fi=fox: with x(y) =
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Thus, according to the previous section,

q—1
Pl=id+tvg + O with vy = > (f%)*x.
k=0

Lemma 2.1. The vector field v, has a zero of order g+ 1 at the point 0.
Proof. 1t is convenient to make a change of coordinates y — = = y/(y — yo) which

fixes 0 and sends yg — oo and oo — 1. In this new coordinate, f is conjugate to
the rotation = +— px. We have

d 23 d d
o a3 2 a2 n_
X= ydy yol—xdx yOZx dx
n>3
and thus
d
ok\ky, _ _ .2 k(n—1),.n %
(f")%=—w>_p "o
n>3
Consequently,
q—1 q—1 d
= okyx.y = — 2 k(nil) n___
Vq Z(f )X Yo Z 14 T
k=0 k=0 \n>3
qg—1
d
— a2 k(n—1) n
Y (S )
n>3 \k=0
e+l 4
— _a2 mq+1 _ z i 0
yOZq d yo(l*Iq)dI
m>1
Now since
d
v = (cy®™ + O(yq+2))@
with ¢ # 0, (??) may be rewritten as
o c q+2 q+1
(23) tq(y)_y+6l2yq+1+0(ya2 )+O<ya4 )

Comparing Equations (??) and (?7), we see that as a — 0o, we have
C,/(a 1
L() — i + Ol —
a9  a—oo a? a*
where ¢ # 0, whence C,/4(a) is a polynomial of degree ¢ — 2.
2.2. The polynomial C,,, has simple roots. This is a transversality result
which may be addressed with the results of [?]. We present a self-contained proof
here.
Assume that ag € C is a root of C,/,. For t € C, set
fi= 9p,ap+t-

Let v be the meromorphic vector field on P! which satisfies

fi=f+t-Dfov+0O(t?).
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Outside the critical point set C;, we have v(z) = sz’l(f(z)). Let ¢ : (C,0) —
(C,0) be a local analytic coordinate tangent to the identity, in which the expression
of fis

Cof=p¢- (1+0(¢%).

bs bg+2 2
01—<23+~--+Zq+2 dz
be the meromorphic quadratic differential on P! having the same polar part of

order < —3 at 0 as d¢?/¢972 (a quadratic differential is a section of the complex
line bundle given by ®-square of the cotangent bundle).

Finally, let

Lemma 2.2. The polynomial C,/, has a simple root at ag if and only reso(q-v) = 0.

Proof. Since fi = g 4,4+ and according to Equation (?7) defining C,/,, we may
write

71(2) = 2+ Cpglao + )29 + 292G (t, 2)
for some function G defined and analytic near (0,0) in C2. In particular for ¢ = 0,

we have that
foUz) = 2 + 2772G(0, 2).

Now
L1(2) = 2+ (tC, 4 (a0) + O(t?)) 27 + 2772 (G(0, 2) + O(1))
=24 2772G(0,2) + th/q(ao)qu + O(tz72) + O(t2 27,
Thus,
(2.4) 21(2) = [°U2) +1C;, ) (a0)zTH! + O(t2972) + O(£2291).
Since )
iy P
1z) = (14 agz+2%)2dz
and
ooy = Pzt sl +29) _pl1—=)
(14 agz + 22)? (1+ agz + 22)2’
we have
v pz> d 22 d

p(1—22)dz  22—1dz
The vector field v is holomorphic outside C¢, has simple poles at the critical points

¢1 =1 and ¢; = —1, and has a double zero at 0. According to Equation (77),
(2.5) 29(2) = fOU2) + teztT £ O(t27T2) + 012297
with

1
fok v = Zq—i—l +O(zq+2)) d

=3

— dz’

Comparing Equations (??) and (??) we deduce that Cp/q( 0) =c.
Since (o f = pC(l + (9((2‘1)), for j > 1, we have that

a

r(¢) =rearoen) .

dg
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Thus,
. d d
vV = chCJi ES Vg = ch+1<—q+1(1+0(§2q))f.
= A dg
Since v has a double zero at z = 0,

d¢? 1,
reso(q - v) = resy e V) =cgy1 = 5Cp/q(a0). O

A quadratic differential may be pushed forward by f as follows:

f+q= Z h*q where the sum ranges over the inverse branches of f.
h

Then, f.q is a meromorphic quadratic differential. If q is holomorphic outside
A C P!, then f.q is holomorphic outside f(A)U V¢, where V¢ is the critical value
set of f.

Lemma 2.3. We have reso(q - v) =0 if and only if q — f.q = 0.

Proof. Note that q is holomorphic on C — {0} and has at most a simple pole at co.
The product q- v is globally meromorphic on P!, with poles in {0}UCy = {0,¢1,ca}

(there is no pole at oo since q has at most a simple pole at co and v has a double
zero at 00). The sum of residues of q - v is 0 and so,

reso(q - v) = —res., (q- V) — res., (q - v).
Let 6 be a vector field, defined and holomorphic near V¢ = {v1,v2} with v; = f(c1)
and ve = f(c3), such that

: —-p d —vid
W) =1e) = Grepd="7 &

and )
: —-p d —v3 d
9 frd = = —
(v2) = flez) (2 —ap)?dz p dz
The vector field f*6 is defined and meromorphic near Cy = {¢1,c2}. In addition,
f*0 — v is holomorphic near C; and vanishes at c¢; and c2. As a consequence,

rese, (q-v)+rese, (q-v) = rese, (q- f70)+rese, (q- f70) = resy, (f.q-0) +resy, (f.q-0).
The poles of f.q are contained in {0} UV = {0,v1,v2}. Let h: (C,0) — (C,0) be
the inverse branch of f fixing 0. Then,
Coh=pl¢(140(E).
As a consequence
s a¢? s ac?
(%)= T roen) ma w(5) = G (1 0@)

have respectively the same polar parts at 0 as d¢?/¢? and d¢?/¢%+2. The inverse
branch of f mapping 0 to co contributes to at worst a simple pole for f.q. It follows

that the quadratic differential q — f.q has at most a simple pole at 0. Therefore,
q — f«q has at most 4 simple poles contained in {0, co,v1,v2}. As a consequence,

dz?

2(z —v1)(z —v2)

(2.6) q- fra=Aqy with qo=
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Since q is holomorphic near Vy,

resy, (fq - 0) + resy, (fuq - 0) = —res, ((q — fuq) - 0) —resy, ((a — frq) - 0)
= —res,, (Aqg - 0) — res,, (Aqo - 0)
A v} A vi A
>

vi(vp —v2) p  wva(va—wv1) p
All this shows that
q— f.q=—p-resp(q-v) - qo- O
It is therefore enough to show that q — f.q # 0. This is given in a more general

setting by [?, Proposition 2]. For completeness, we include a proof in our case here.
Note that in the following lemma, the strict inequality guarantees that q— f.q # 0.

Lemma 2.4. We have the inequality / la — f.q| > 0.
]P’l

Proof. For r > 0 sufficiently close to 0, let V,. be the Euclidean disk centered at
0 with radius r in the (-coordinate and let U? and U be the components of
U, = f~1(V,.) containing 0 and oo respectively.

We shall first prove that

/ jal — 0 and/ ja — 0.
V,.—U, r—0 U,.—V, r—0

Indeed, since (o f = p( - (1 + O(Cq)), the set V. — U, is contained in an annulus of
the form {s < |¢| <7} with s =7 (14 o(r?)). Since g has the same polar part as
d¢?/¢i%2 we have that

Pl (11
/V,,U,,'q'w(/s erz) =9\ ) O

7

Similarly, the set U? — V;. is contained in an annulus of the form {r < [(| < s} with
s=r-(1+o(r?) and

 Jag?) Lo
< — _
/U,o-v,,,'q0</r ciz) =9\ T ) =

Finally, since q has at worst a simple pole at co, we have that |q| is integrable near

o0, 80,
/ lal — 0.
Use—V, r—0

We now prove that the function

R A
P1-U, P1—-V,

is positive and decreasing; in particular, it has a positive limit as r — 0. Indeed,
thanks to the triangle inequality, if s < r, we have:

If*q|=/ ’ h*q’ </ |h*q] :/ lal,
~/V—Vé V=V Z V=V Z U,.—Usg

T

where the sum ranges over the two inverse branches of f. The inequality is indeed
strict: otherwise the two inverse branches h*q would be proportional, in which case
q would also have a multiple pole at co, contrary to assumption.
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It follows that

[z ([ ga- [ 1al)
Pl r— Pl1—V, PV,
- lim (h(r) [ - q|)
r— PL_V, Pl_U,

= lim (h(r) —|—/ lq —/ |q|) = lim h(r) > 0. O
r—0 Ur_vr 7‘_UT‘ r—0

3. THE RATIONAL MAP R/,

Here, we prove Theorem ?7. Recall that outside the finite set A, /4, the résidu
itératif of g, .o is given by

, . qg+1
Ruafa) = résitals, ) = 0 (15— indesala, ) ).

where R/, : CU{oo} — CU {oo} is a rational function. For example, using the
notation w in place of wy,/,, we have

Rosi(a) = %

R1/2(a) _ aZZ— 2
Riryz(a) = (L+wat + (8?;22“’)@2 -3 — 6w
Rairjala) = wa® + (15 — 2;&24__01()62+ 32u)a? — 6

by direct (computer-assisted) computation. Note that each R/, is an even func-
tion: indeed, the résidu itératif is a conjugacy invariant, and the maps associated
to the parameters +a are conjugate via the involution z — —z.

Since the cardinality of A, /, is ¢—2, Theorem ?7 is a consequence of the following
two assertions.

Proposition 3.1. If ¢ > 2 then the rational function R, has a double pole at cc.

Proof. Let us use the notations of Section ??: t = 1/a?, fi(y) = py/(1 + y + ty?)
with p = wp,/q, yo =p —1 and x = y/(y — yo). As proved in Section ?7?,

oq . 2 . 2 mq-i-l d

Ll =id+tv,+ O(t°) with v, = AT o

Note that

1 1 1ot 1
reso | — | = ——=5resg | ——dz | = —.
"\ v, qug O\ watl avi

According to Lemma 7?7, as t — 0,

1 a?
%—FO(l)—W—FO(l). O

Proposition 3.2. The rational function R,,q has a double pole at each point in

Ap/q'

Ry q(a) = résito(fi) =
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Proof. Let us use the notations of Section ?7: ag € A,/, and f; = g, .a,+¢ With
p = wp/q- The parabolic degeneracy of f = fy at 0 is 2 and according to Section ?7?,
v, has a zero of order exactly ¢+ 1 at z = 0. According to Lemma ?7, the function
t — résito(f;) has a double pole at t = 0, whence a — 1ésito(gp,q) = résito(fa—a,)
has a double pole at a = ag. O

4. PARABOLIC RENORMALIZATION

In order to understand the behavior of the sets A, /4, when py/qx — 0 as in
Theorem 77, we will use the theory of parabolic renormalization that we now recall.
We will essentially follow the presentation of Shishikura [?].

4.1. Fatou coordinates. Assume g : z — z — az? + O(23) with a € C — {0} is
defined and holomorphic near 0. In the coordinate Z = 1/(az), the expression of g
becomes

b
F(Z)=Z+1+ -+ O(1/Z% with beC.
Assume R is chosen sufficiently large so that for all Z € C — D(0, R)
1 1
|F(Z)-Z—-1| < 7 and |F'(Z)-1] < 7 When |Z| > R.

Set
O =17 eC : —3n/4 <arg(Z — 2R) < 31 /4}

and

PP ={ZeC : n/4<arg(Z+2R) < Tr/4}.

Then, there exist univalent maps ' : Q3" — C and ®*P : Q**P — C satisfying
O™ (F(Z)) = ®™(Z) +1 and ©*P(F(Z)) = &™P(Z) + 1.

Those Fatou coordinates ®**/ P are unique up to additive constants.
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4.2. Estimates on the Fatou coordinates.

Lemma 4.1 ([?] Proposition 2.6.2). If C € (0,+00) and D € (0,400) are large
enough, then the following holds. Let Q C C be an open set, & : Q@ — C and
F : Q — C be holomorphic maps such that

o ® is univalent on Q,

o |F(Z)—Z—1| <1/4 for Z € Q and

e Do F(Z)=9(Z)+ 1 when Z and F(Z) are in Q.
If dist(Z,C — Q) > D, then

gy 1 '(7) -
v F(Z)—Z‘<C<[dist(2,(cQ)]2+|F(Z) 1|>'

We can derive the following estimates on the Fatou coordinates, where log is the
branch of logarithm defined on C — (—o0, 0] with log(1) = 0.

Proposition 4.2. If C € (0,+c0) and D € (0,+00) are large enough, then the
following holds. Assume F is holomorphic on C — D(0, R) with
|F(Z)-Z—-1|<1/4 and |F'(Z)-1|<1/4
Then, there is C®* € C such that, for all Z € Q% with dist(Z,C — Q%) > D,
1+ R?+ b2
dist(Z, C — Qatt)
and there is C™P € C such that for all Z € QP with dist(Z,C — Q'P) > D,
1+ R% + |p|?
dist(Z,C — Qrer)’
Proof. The functions Z — Z2- (F'(Z)—1) and Z — Z?- (F(Z)—Z —1—b/Z) are
holomorphic in C — D(0, R) and bounded as Z — oo. By the Maximum Modulus
Principle, we see that for all Z € C — D(0, R),

1 R b 1 B\ R?
Fl(Z)-1]< = — d |[F(2)-Z-1-=|<|(>+= | —==.
F@ -l st wa |FE) o< (5+5)
Set v(Z) = F(Z) — Z — 1 — b/Z. Then,
1 R v(Z) - (=1+b/Z)+b?)2?
F(Z)—Z Z)| = F(Z)—Z
_ 4 (B?/4+ RJb]) - (1+ [bl/R) + [bl?
1Z|?
4 2R? 4 2R|b| + 2|b|?
-3 |Z]?
2 2 B2 2 2
B AR R
1Z]? 3 1zp |Z]?
Let ®2t : Q2% — C be a Fatou coordinate. Using the previous Lemma, we see
that if Z € Q** with dist(Z,C — Q") > D, then
. b 1 2 4+ |b)?
‘((I)dtt)l(Z)—(]_—>’<C~ +R +‘| 5
Z [dist(Z, C — Qatt)]

|®*(Z) — Z +blog Z — C***| < C

|®*P(Z) — Z + blog(—Z) — C"P| < C

|
w
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for some universal constant C. For ¢ € [0, 400), we have the inequality
dist(Z + t,C — Q%) > dist(Z, C — Q™) + ¢/V/2.

Integration with respect to ¢ yields the inequality

C-(1+R*+ b?)

(2,C — Qatt) +1/1/2]°

B 1+ R? + [b|?
N C\/idist(Z, C — Quatt)

“+o0
|®*(Z) — Z 4 blog Z — C*"| g/ .
o [dist

for an appropriate C?** € C. The estimate on ®*°P is obtained similarly. O

In particular, we have the expansions
OM(Z) = Z —blog Z + C** 4 0(1) as dist(Z,C — Q") — +o0
and

QP (Z) =Z —blog(—Z) + C™ +0o(1) as dist(Z,C—Q"P) — +o0.

4.3. Unwrapping coordinates. If f(z) = e*™% 2z + O(2?), with ay # 0, is suf-
ficiently close to g, then f has a fixed point at 0 and a fixed point at oy # 0
with

2mice
oy ==L(1+0(1))

as f tends to g uniformly in some fixed neighborhood of 0 (note that ay — 0 as

f—9).

Let us consider the universal covering 74 : C — P* — {0, 0} defined by

i
Tf(Z) = 1— 6727rio¢fZ :

The covering transformation group is generated by the translation
TfiZD—)Z—l/OZf.

Moreover, as f — g, the family of maps 7y converges locally uniformly in C to
T : Z — 1/(aZ). Finally, for any € > 0, there exists Ry such that for all f
sufficiently close to g, the image of

Us=C— | TFB(0, Ro)
kEZ

by 7y is contained in B(0, ¢).
Therefore, if Ry is sufficiently large, the map f : B(0,e) — C lifts via 75 to a
map Fy : Uy — C such that
f (e} Tf - Tf @] F’f7
TfOFf ZFfOTf,
Fi(Z)=Z+1+0(1) as Im(aZ) — +o0 and
for Z € Uy,

1 1
Fi(2)=Z =1 <7 and |Fj(Z)~1] < 5.

As f — g, Fy — F uniformly on every compact subset of C — B(0, Ry).
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4.4. Perturbed Fatou coordinates. Assume now that f(z) = €™z 4 O(22) is
a small perturbation of g with oy # 0 and |arg(cs)| < m/4 (this forces Re(ay) > 0).
If f is sufficiently close to g, the set

Qf — Qrep a) Tf (Qatt)

is contained in Uy and contains a vertical strip of width > 2.

Then, there exist a univalent map ®y : 0y — C satisfying
O (Fr(2)) = @4(Z) + 1.
Since Fy commutes with the translation T, we have
Fp(Z) -2 —1=0 (e 2m®) and F/(Z)—1=0 (e-2mm(es2)
as Im(ayZ) — +oo0. According to Lemma ??, as Z tends to oo within a sector of
the form {Z € C : 61 < arg(Z —iR) < 62} with 7/4 < 01 < 03 < 37/4, we have
% (Z)=1+0(1/|Z])
whence there is a constant Cy € C such that
Q4(Z2)=2+Cy+o(1).
The perturbed Fatou coordinate ®¢ is unique up to additive constant. Assume
Zy € 1y depends analytically on f and tends to Zg € Q"P. Assume also that
®¢(Z5) depends analytically on f and tends to ®"P(Zy) as f tends to g. Then,
®; depends analytically on f and ®;y — ®"P uniformly on every compact subset
of QP as f — g.
4.5. Horn maps. Set
V=0"Pn0M" and W = ®™*P(V).
The map § = @t o (™)~ : W — C satisfies

NZ+1)=9H(Z)+1
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whenever both sides are defined. Using this relation, we can extend ) to the region
{Z € C : |ImZ| > R'} for some R’ > 0. We refer to § as a lifted horn map
associated to F. As Im(Z) — 400, we have (Z) = Z + C** — C**P — bri 4 o(1)
and as Im(Z) — —oo, we have $(Z) = Z + C*** — C™P 4 bri + o(1). The map $
projects via Il : Z +— e?™Z to a map b defined near 0 and oo in C* with ITo$) = holl.
The map b extends analytically to 0 and oo with

[’)(z) _ e2”2b ) e?ﬂi(Catt—Crcp) L (]_ + O(Z)) as z—0
and , o
h(z):e—Qﬂ' b_e27T1(C —-C p) A (1+O(1/z)) as zZ — 00.

This map b is called a horn map associated to F.

4.6. Near-parabolic renormalization. Observe that V = QN Tf_l(Qf). Set
Wy = ®¢(V). The map &5 : V. — Wy conjugates Ty : U — Qy to a map
§r : Wy — C such that, as Im(Z) — +o0,

$r(Z)=27— Oélf +o(1) and Fp(Z+1)=3Fp(2)+1.
Increasing R’ if necessary and using the second relation, we may extend F; to the
region {Z eC : |ImZ| > R’}. The map §r projects via II to a map f; defined
near 0 and oo in C — {0} with ITo §s = f7 oII. The map f extends analytically to
0 and oo with f;(z) = 2"/ 2 + O(2?) as z — 0.
The key result in the theory of parabolic renormalization is the following (see [?]
Prop. 3.2.3).

Proposition 4.3. If f — g with |arg(af)’ < /4, then
1
Fr+— — 9+ C"* — C* + bri
af

locally uniformly in {Z € C : [ImZ| > R'}.

For p € C, we set
_ 7_|,2 i rep __ ~att
gp:p.eZ b.eQ (C C ).h
Note that g, fixes 0 with multiplier p. It follows from the previous proposition that
if f — g with Re(ay) > 0 and if e 27/% — p € C, then f; — g, locally uniformly
near 0.

4.7. Résidu itératif and renormalization. It will be useful to understand how
résito(f) and résito(fs) are related when oy = p/q is a rational number. In order
to study this relation, we will work in a slightly more general context than the
near-parabolic renormalization described above.
An upper sector is a sector contained in an upper half-plane. We shall say that
Z tends to oo well inside a sector V' C C if Z tends to oo and the distance from Z
to C — V is bounded from below by ¢|Z| for some ¢ > 0 (Z remains in a subsector
of V' of smaller opening). We shall use the notation Z £ .
Assume f : (C,0) — (C,0) and a € C — (—00, 0] are such that f’(0) = e?™*. We
shall say that a germ g : (C,0) — (C,0) is an a-renormalization of f if:
e there are holomorphic maps F' and G defined in upper half-planes, such
that Ilo F' = foll and [T o G = g o Il with II(Z) = e27%|
e F(Z)=Z+ a+o(l) as Im(Z) — +oo and
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e there is a univalent map ® : V — C defined on an upper sector with

image contained in a upper half-plane, such that ® o F(Z) = ®(Z) + 1 and
®(Z — 1) = G o ®(Z) when both sides are defined.

The relation between those maps is summarized on the following commutative

diagram:
1
% /
11 ® -

o /

e
/ '

T 1 o G

@

T 0

/ /

2 it

Proposition 4.4. Assume f : (C,0) — (C,0) fizes 0 with multiplier e>™?/9 and
let g : (C,0) — (C,0) be a p/q-renormalization of f. Then,

2
i L L. 1
g(0) =e 2P yy(g) = 1o(f) and résite(g) = (5) résito(f) + o g

Proof. We set a = p/q and we let F', G and ® : V — C be as in the definition of
a-renormalization.

As Im(Z) — +o0, F(Z) = Z + a + O(e*™%), whence |F'(Z) — 1| = o(1/|Z]?).
It therefore follows from [?] Prop. 2.6.2 that when Z 4 00,

/ _ 1 2 _ g
d'(7) = 7 -7 +0(1/|Z]?) and @(Z)= - +C +o(1)
for some C € C. Consequently, as Z €Y 0,
Z 1 1
G@(2)=22Z-1)= < +C+o(l)=9(2) — - +o(1).

It follows that G(W)—W tends to —1/a as Im(W) — +o0, whence ¢'(0) = e~ 27/,
Consider the maps
F,=F%—p and Gp,=G?+¢
which respectively lift f°¢ and ¢°? and satisfy
F(Z)=Z+o0(1) and G,(Z)=Z+o0(1l) as Im(Z)— +oo.
Note that ® conjugates Fy; to Gp: ® o Fy = G, 0 ®.

Assume Z €% oo and set W = ®(Z). Then, Im(Z) — 400 and Im(W) — +o0.
We say that two quantities depending on Z (or W) are comparable if their ratio is
bounded and bounded away from 0. We use the notation =< to relate comparable
quantities.
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Set v = vy(f), so that F,(Z

Gp(W) — (‘I’

A

— Z = e*¥iZ, Since ®(Z) = 12+ C + o1),
—-o(Z
- oz

27'rqu ZWdiS(ch) — eQﬂ'iupW.
Thus vy(g) = v.

Before establishing the relation between résitg(f) and résitg(g), it will be conve-
nient to introduce the forms

adz and dw
= ————— 11 =
"7 F(2) T wea,mw)

Those forms are invariant under translation by 1 and descends to C/Z. Denote by
resy (nr) and resy (ng) their residue:

1 A+ 1 A+
resi ) = 5 [ e and vesi(no) = 5= [ ne
for Tm(A) large enough. Note that

* dz B 2rie?™%dz
z— fou(z) T e2mZ _ g27iFy(2)

_ 2midZ
T 1 — e2ri(Fy(2)-2)

=np + midZ + o(dZ).

Thus,

- o vg+1 dz vq
résito(f°9) = 5~ Teso (z(z)) = — —resy(nr).
Similarly,
résito(g°F) = % —resy (nNg).

The key estimate to relate the residue of ng to that of g is the following.

Lemma 4.5. As Z <% 00,
*ng =nr + o(d2).

Proof. Assume Z €Y 5. The maps
O(Z 4+ u)—2(Z)
(2)
are defined and univalent on disks whose radii tend to oo, and they fix 0 with
derivative 1. So, they lie in a compact family. Moreover, any limit value is a

univalent entire map which fixes 0 with derivative 1, hence the identity. It follows
that the maps

Oz U

O(Z+u)—®(Z) -9 (2)u

u2
which are defined and holomorphic on disks whose radii tend to co, converge locally
uniformly to 0. Since for Z € V, the values F,(Z) — Z lic in a compact set, we see
that

V7 U

Yz (Fo(Z)—2Z) — 0
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whence
Gy (2(2)) — 2(2) _ @(Fy(2)) — ®(2) _ )
d'(2) N '(2) =F)(2)-Z+0(F(2)-2)".

As a consequence,

®'(Z)dZ dz
D(Z) - G,(®(2)) Z—-Fy(2)

P g = +0(dZ). O

We finally come to the relation between résito(f) and résito(g). A local iso-
morphism ¢ : (C,0) — (C,0) of the form v(z) = 2™z + o(z) lifts via II
to a map ¥ which is defined and univalent in a upper half-plane, and satisfies
U(Z) = Z+ C+ o(l). As a consequence, if f; and fo are conjugate by 1 near
0, i.e., froY = o fo, and if g is an a-renormalization of f;, then g is also an
a-renormalization of fo (with @ replaced by &5 = @1 o ¥).

Therefore, without loss of generality, we may work in preferred coordinates for
f where the expression is of the form

- 1
f(z) =¥ P/z (14279 4+ az?9) + o(z*9%!)  with a= Vq;_ — 1ésito(f).

In that case,
p L orivgz 2mivgZ 2mivgZ . vq u
F(2) :Z-l—f—f—fe 17 (14 Ae’™V97 4 o(e*™97)) with A = 7—re51t0(f)
q i

and
F(2)=7+ Qiﬂ_iez”i”qz(l + qBe*™ 17 o(eQ’Ti”qZ)) with B = % — 1ésito(f°9).

According to the previous lemma

2midZ
e = np + o(dZ) = —% + 21iBdZ + o(dZ).
qe gt
On the one hand, as Im(Z) — 400,
F(2) —2mivqZ _ —27mivqF(Z)
—27ri1/quU _ € ©
/Z ¢ 2Tivg
e e—2miva(F(Z)—Z—p/q)
- 2mivg
. 1
~ o 2mivgZ F(Z) -7 — g
e (F(2) p/9) = 5=
In the second line, we use that e>™? = 1 and in the third line, we use that
F(Z)—Z —p/q — 0. On the other hand, as Im(Z) — +oo,
F(2) D
/ dU=F{U)-U — =.
zZ q
As a consequence,
1 W+1 1 F(Z) 1 P
= — = lim — =— B=.
res(16) = 5 /W o= W o /Z "= T omg T U g
Thus,
1
résitg(¢g°?) = — —res1(ng) = vp - + Presit (f°),
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thus
P p _ 7 P
résit = p - 1ésitg(g°P) = —résity(f°? = —résit .
olg) =p 0(g°?) . o(f%9) + g P o(f) + Sriq
This completes the proof of Proposition 77. O

5. HORN MAPS FOR THE FAMILY g,

We shall now study the previous construction in the case of the family of maps
z
2 —
1+az+ 22
We will fix the normalization of the Fatou coordinates and study the dependence of
the Fatou coordinates and horn maps with respect to the parameter b = 1/a?. Let

us perform the change of dynamical variable Z = 1/(az) in which f, is conjugate
to

Ga =

Fo:Z—Z+1+b/Z.

We shall denote by B, the parabolic basin of oo for F,. For b = 0, F} is the
translation by 1 and by convention, we set

By=C—{0,-1,-2,-3,...}.

Lemma 5.1. The set
B={(b,2) : beC and Z € By}
is an open subset of C x (C —{0}) c C x C.
Proof. The map F : C x (C — {0}) — C x C defined by
F(b,2) = (b, Fy(2))
is continuous. If |Z| > 4|b], then |F(Z) — Z — 1] < 1/4. Tt follows that
B, =|J F,"(U) with U, ={Z : Re(Z) > 4b|}.

n>0
Set U = {(b,Z) : Re(Z) > 4|b|} € C x C. For all n > 0, the set F~"(U) is an
open subset of C x (C — {0}) C C x C. As a consequence,
B=JFr )
n>0

is an open subset of C x (C —{0}) c C x C. O

We shall study the Fatou coordinates and horn maps associated to Fj. But first,
let us recall the definition of the gemeralized harmonic number function which will
be used in our normalization of Fatou coordinates.

5.1. The generalized harmonic number function.

Definition 5.2. We will denote by H : C — {—1,—-2,-3,...} — C the function

i X (15ta)

0<j<+oo
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Note that H is holomorphic since the series converges locally uniformly. Also
note that H(0) = 0 and H(k) is the k-th harmonic number for k£ > 1:

1
HE) = > -
O<j§k]

We shall use the following facts:
(1) For Z € C - Z,

1 1 1 1
Z—H(Z)+H(—Z)—Z+I§)(k+z+ k+Z) = 7 cot(nZ).

(2) H(Z) = VY (Z + 1) + v where ¥ = I"/T is the digamma function and 7 is
the Euler constant.
(3) As Re(Z) — +o0,

H(Z) =1log Z + v+ o(1).
(4) For any compact set K C C—7Z, as Z € K and n — Fo00,
H(Z +n) = O(log |n|).

Fact (1) is a classical Reflection Formula: the sum is a 1-periodic meromorphic
function which has simple poles with residue 1 at the integers, is holomorphic else-
where, and tends to 0 as Im(Z) tends to £oo; this function is unique by Liouville’s
Theorem. Fact (2) and Fact (3) may be derived from, for example, [?, Sections
12.16 and 12.31]. Fact (4) with n — +oc follows from Fact (3). Finally, to get Fact
(4) with n — —oo, we apply Fact (1) and Fact (4) with n — +o0.

5.2. Attracting Fatou coordinates. For n > 0, let ®" : B — C be the analytic
map defined by

" (b, Z) = F;"(Z) —n — bH(n).
Proposition 5.3. The sequence (9" : B — C) converges locally uniformly to an

analytic map ® : B — C.

Proof. Let K C B be a compact set and let K C C be the projection of I on the first
coordinate. Let R be sufficiently large so that for all b € K and all Z € C—D(0, R),
we have

|Fy(Z)—Z - 1| =|b/Z]| <1/4 and |F}(Z)—1| = |b/Z*| < 1/4.

Let @2 : Q2" — C be the Fatou coordinates normalized by C2** = 0. According
to Section 77, there are constants Cx and D such that for all b € K|

Ck
’q)gtt(z) _ Z+blogZ’ < dist(Z, C — Qatt)

as soon as dist(Z,C — Q%) > D.
Choose ng large enough so that for all (b, Z) € K, we have

dist(Flf"O(Z),(C — Qatt) >D.
Then, for n > ng, we have
1 1

FM(Z)| > dist(F™(Z),C — Q%) > ¢ (n—ng) with c¢= — —
b b

5 Z>0'
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Since ®3*(Z) 4+ n = @3 (Fy™(Z)), we have
|®5(Z) — Fy™(Z) +n + blog F°™(Z)| < _ x|
~ ¢ (n—mnyp)

This shows that the sequence Fy"(Z) —n — blog F°"(Z) converges uniformly on
K to ®3**(Z). The convergence being uniform, the limit is analytic with respect
to b and Z, in particular bounded on K. It follows that the sequence Fy"(Z)/n
converges uniformly on K to 1, and the sequence ®" converges uniformly on K to

D :(b,Z) — PZ) — by,
where v is the Euler constant. (]

For b € C, the function @ : B, — C defined by ®,(Z) = ®(b, Z) is an attracting
Fatou coordinate (extended to the basin Bp). It is normalized by the condition
Cp*"* = —by. We shall explain later the advantage of this normalization. In partic-
ular,

O,(Z)=Z —bH(Z)+o(l) as Re(Z) — +oc.
5.3. Repelling Fatou parametrizations. Let us note that the map
(CxC)—{(0,0)} 3 (b, Z) — Fy(Z) € P*
is analytic with a singularity at (0, 0). It will be convenient to introduce the notation
D=(CxC)—{(0,k) : k>1isan integer}
and to observe that for all n > 0, the map
U™ (b,2) — Fy™(Z — n+bH(n))
is defined and analytic on D with values in P*.

Proposition 5.4. The sequence (V" : D — P) converges locally uniformly to an
analytic map ¥ : D — PL.

Proof. Let B C C be an open set with compact closure. Let R be sufficiently large
so that for all b € B and all Z € C — D(0, R), we have

|Fy(Z2)—Z—1|=|b/Z| <1/4 and |F(Z)-1|=|b/Z% <1/4.

Let " : QP — C be the Fatou coordinates normalized by C;” = 0 and let
U, P : C — C be defined by

U, (2) = " ((2,7) (£ — n))

where n > 0 is chosen sufficiently large so that Z —n € @7 (Q*°P).
As in the previous Proposition, the sequence of maps

Bx Q%P3 (b,Z) — FU"(Z) +n—blogn € C
converges locally uniformly to the analytic map
B x QP35 (b,2) — &,7(Z) e C.

If R’ is large enough, then the left half-plane U := {Z : Re(Z) < R’} is contained
in ®,°P(QP) for all b € B. The map Z — F{"(Z — n+ blogn) is the inverse of

Z — F™(Z) +n — blogn. The sequence of maps
BxU53(bZ)— F2"(Z —n+blogn) € QP
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is normal (the maps take their values in the fixed domain '°P) and converges to
BxU>(b,Z)— ¥, P(Z) QP

locally uniformly.
Now, if  C D is a compact set contained in B x C, then there is an integer ng
such that Z —ng+by e U for all (b,Z) € K. Asn — 40

Fy"(Z —n+bH(n)) = F;™ o F;("_"O) (Zn — (n —ng) + blog(n — ng))
where
Zy, =Z —no+ bH(n) — blog(n — no)

converges uniformly on K to Z —ng+by € U. It follows that the sequence of maps
U" : K — P! converges uniformly to

(b, 2) — Fy" (UP(Z 4+ by — ng)) = VP (Z + by). O

For b € C, the function ¥, : C — C defined by Uy (Z) = U(b, Z) is the inverse
of a repelling Fatou coordinate (extended to C). It is normalized by the condition
C,* = —by. In particular,

Up(Z)=Z +bH(—Z)+0(1) as Re(Z) - —o0.

5.4. Lifted horn maps. Let us now consider the lifted horn maps
f)b = (I)b o \I/b : Qb — C with :Db = \Ilb_l(Bb)

The domain of definition D, of £, is an open subset of C (usually with fractal
boundary) which contains an upper half-plane and a lower half-plane. It is invariant
under the translation by 1 and $); — id is periodic of period 1. The set

D={(b,Z)|beCand Z € Dy}

is open and the map 9 : (b, Z) — $,(Z) is analytic.
Let us first study the behaviour of $ as b tends to 0. For b = 0, we have
Do=C—Z and Hy =id : D9 — Dy. As a consequence,

. d$y
H= db lv=0
is a vector field, defined and holomorphic in C—Z. This vector field may be written
. d
H=6.2 )ﬁ

for some holomorphic map &; : C — Z — C. In addition, as b — 0 and Z remains
in a compact subset of C — Z, we have

W(Z)=Z+b-61(Z)+ O
where the constant of the O(b?) only depends on the compact subset of C — Z.
Proposition 5.5. We have 61(Z) = wcot(nZ).
Proof. Recall that F\(b,Z) = Fy(Z) =Z+1+4+b/Z. For n > 1, set
F*b,Z) = F,"(Z)
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so that F? = F, 0 F»~1. Then

oOF™ oOF o(n— OF o(n_ gFn—1
i (0:2) = 55 (0.5 V(@) + 52 (0,55 (2)) - =5 (0,2)

1 oFn—1 1 1

= )= — .4

Zin-1 ' a A=zt

On the one hand, @ is the limit of the sequence of maps
Q" (b, Z) — Fy"(Z) —n — bH(n).
We have that
oon = 1
2= (0.7) = - |-
and

8(I)b(Z) ‘ 1
= — —H(Z).
ob =0 Z (2)
On the other hand, ¥ is the limit of the sequence of maps
U™ (b, Z) — Fy™(Z — n+ bH(n)).

We have that

and

o0V (Z) ‘
=H(-2).
db  lv=0 H(=2)
Now, for Z € C — Z, we have that $,(Z) = ®;, o V,(Z) with ®¢(Z) = Z and
Uo(Z) = Z. As a consequence,

_09(2) oVy(Z)

&1(2) = — L HZ) +H(2) = weot(xz). O

b lv=0 0b ‘b:o Z

Let us now study the behaviour of $ as Im(Z) tends to +oo. Since $, — id
is a periodic function of period 1 whose domain of definition contains an upper
half-plane and a lower half-plane, we may consider the Fourier expansions:

9 (Z) — Z = ¢ (b) + Z e (b)e*™* 2 as Tm(Z) — 400
k>1

and
W(Z)—Z =5 (b) + Z ()™ as Tm(Z) — —oo,
k<—1
the functions car :C—C,¢y :C— Candc : C — Cbeing entire. The orientation-

reversing involution Z +— Z conjugates F, to F;. It follows that $;(Z) = 9,(2),
whence

¢ (b) = ¢ (b) and c_p(b) = ci(b).

We shall therefore focus our study on the Fourier expansion as Im(Z) — +o0.

Proposition 5.6. We have ¢ (b) = —7ib and cx(b) = —27ib + O(b?) for k > 1.
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Proof. According to Section 77,
ot (b) = C3 — Oy — bri = (=by) — (—by) — bri = —rib.
For k > 1, apply Proposition 7?7 to the Fourier expansions:

i onb,z)—Z .
—7ri + Z C;C(O)QQWIkZ — % o — 7‘[‘COt(’]TZ) = —7i — 27r1262771kz'

k>1 k>1
This shows that for k£ > 1, we have ¢}, (0) = —2mi, whence ¢ (b) = —27ib+0O(b?). O

In particular, for £k > 1, the entire function c; is non-constant. Presumably,
these functions are transcendental.

5.5. Horn maps. The family of horn maps b : L, — C is defined by
by o Il = 11 o §p,
with
U =TI(Dy) U{0,00}, TI(Z):=e*"Z and C =II(C)U{0,00}.

The map by, fixes both 0 and oo with multiplier €27 °.

6. HAUSDORFF LIMIT OF A/, AS p/q — 0

From now on, we assume that r/s € Q is a rational number with r and s coprime
and we set pr = s and ¢ = ks + r so that

pe 1
qa k+r/s
We wish to prove Theorem ?? which asserts that the sequence of sets A, /,, is
uniformly bounded, and Hausdorff convergent as k — oo, the Hausdorff limit 2L,/
consisting of 0 together with a bounded set which is infinite and discrete in C—{0}.

For this purpose, consider

e the family of analytic maps
2 ~
gl):‘*)7"/s,"e_27r b'bb:ub_’(c

which fix 0 with multiplier w,./,
e the entire function €,/ : C — C defined by

0% () = 2+ €, (D)2 + O(="12).
Our strategy is the following.
(1) The set B, ,, of parameters b € C such that g, has parabolic degeneracy
greater than 1 at 0 is the set of zeroes of the entire function €, /,. We shall

prove that €, /, has a simple zero at b = 0. As a consequence, €,/ does
not identically vanish and B,/ is discrete in C. We set

Ay /s = {a eC—-{0} : 1/a* € EBT/S}.

(2) We will prove that the sets A

pe/qe are uniformly bounded and that

Jm A =%

The proof relies on the near-parabolic renormalization of Section 77.
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We will prove that 9B, /, is infinite, whence 2,./; = 2./, U {0}. The proof
relies on careful control of the order of growth of the entire function &, ,
which will be addressed in Section ?7.

Consider the meromorphic function R, /; : C — CU {oo} which is defined
outside B,/ as the résidu itératif of g,. We will prove that the sequence of

2
rational functions (%) Ry, /g, converges uniformly to a — R, /g (a%) on

every compact subset of C — A, /s

We will prove that each point of B,/ is a pole of R, /,. The proof relies
on the fact that the parabolic degeneracy at 0 of the maps g, is at most
2. This fact will be proved in Section 7?7 using the notion of finite type
analytic maps.

6.1. The function ¢, ,, has a simple zero at b = 0. Setting z = I1(Z) = e?mZ

we have

1
meot(nZ) = i’ + .
z—1

Thus, according to Proposition 7?7, we have the following expansion as b — 0:

a(2) = wy s - exp(2miZ + 27ibS 1 (Z) — 21°b + O(b%))
= w52+ (14 27ib&1(Z) — 27°b + O(b?))

241

= Wy /% - (1—().271' 1 —2772b+(’)(b2))

42
1—2

= Wy /s - (z—l—b-47r2 +(’)(b2)) )

Note that g = go is the rotation z — w, ;2 and as b — 0,

2
d
g =g+b-Dgov+0O(b?) with v=dr2—- =
1—2zdz
According to Section 77, we have
gpf =id+b- v, +O(?)
with
s—1 s—1 400 . d
on\* n(k—1
vo=dn? Yo v =4nt Y S wf TV
n=0 n=0 k=2

+oo 1
d 2t d
= 472 E szt = 4n?s - —.
dz 1—2%5dz
m=1

In particular, as b tends to 0,

SO, Q:T/s

€, /s(b) = 4r*sb + O(b?).

has a simple zero at b = 0.



LIMITS OF DEGENERATE PARABOLIC QUADRATIC RATIONAL MAPS 31

6.2. Near-parabolic renormalization. Make the change of variables w = az
and the change of parameters b = 1/a?, so that g, is conjugate to

forw

and wy, /4, * ga 18 conjugate to

w
v
14w+ bw?

Tep = Wi /ar fo-

For all b € C, we have f,(w) = w — w? + O(w?) and so, we may apply the results
of Section 77 to the maps f; and their perturbations f .

In particular, if B C C is an open set with compact closure and k is large enough,
we may associate to fip

e a perturbed Fatou coordinate @y p : {25, — C and
e a near-parabolic renormalization frp : (C,0) — (C,0) which fixes 0 with
multiplier w;. /5.
If Z, has sufficiently negative real part and k is large enough, we may normalize
the perturbed Fatou coordinates ® ; by the condition

q)k,b(Zb) =Z, with Z,= \I/b(Z*)

Since Z;, depends analytically on b, so do ®,; and f; for k sufficiently large.
Moreover, as k — 400 and B > by — b, we have Z;,, — Z;, and so, fxp, — b
uniformly in some fixed neighborhood of 0.

Let s, : B — C be the holomorphic function defined by

foo(2) =z + s (b) - 2°T + O(z°F2).

Note that s; vanishes if and only if f;; has a degenerate parabolic point at 0.
According to Proposition 7?7 this is the case if and only if f;; has a degenerate
parabolic point at 0, whence b = 1/a® with a € A, /q, -
As k — oo and B > b, — b, we have s3.(br) — &, /4(b). It follows that the
sequence of functions s, converges uniformly to €, /s in B. On the one hand, since
¢, /s has a simple zero at b = 0 and since s;(0) = 0 (because f ¢ is the rotation of
angle r/s), there is a neighborhood B’ C B of b = 0 in C, such that the only zero
of 53, in B" is b = 0. It follows that the sets A, /4, are uniformly bounded. On the
other hand, in B — {0} any zero of &, is accumulated by zeroes of s; and any
accumulation point of a sequence of zeroes of sy is a zero of €, /,. It follows that
kEToo Apk/Qk = Q[7“/8'
6.3. The set B, , is infinite. The proof relies on careful control of the order of
growth of the entire function &, /.

Definition 6.1. The order of growth of an entire function ¢ : C — C is the possibly
infinite quantity
log log max |¢(z)|

|z|=r

ord(c) = limsup log
T—00

In other words, ord(c) is the infimum of p such that
c(b) € O(exp([b|?)) as b— oo.

The following Lemma, at the center of the argument, will be proved in Section ?7.
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Lemma 6.2. The order of growth of the entire function €, , is exactly 1. Moreover,
there is ¢ > 0 such that
log|€,/s(1/2 —it)| > c-tlogt as tE€R tendsto + oc.

Now, if €./, were vanishing only N times counting multiplicities, the Hadamard

Factorization Theorem would imply that €,/ (b) = P(b)e?® for a polynomial
P : C — C of degree N and a polynomial @) : C — C of degree 1. It would follow
that log|€, /(b)| = O(|b]) as b tends to co. This would contradict Lemma ??.

6.4. The meromorphic function R, /,. Let us consider the meromorphic func-

tion R,/ : C — C which is defined outside B, /s as the résidu itératif of g,.
According to Sections 77 and 77?7, we have that

2
Pk 1 px 1
k) R B L AN =
<q19> Pk/Qk(a) + i Qs koo r/s <a2) )

the convergence being locally uniform in C — 2, /.

6.5. Poles of R, ;. The set of poles of R,/ is contained in the set of parameters
b such that g, has a degenerate parabolic point at 0, i.e., the set B,./,. We need to
prove that each point of B, /, is a pole of R, ;.

Proposition 6.3. The meromorphic function R, ;s has a simple pole at b = 0.
Proof. According to Section 7?7, for b # 0 close to 0, we have
R, /5 (b) = résito(as) = Freso (vl) +0(1) =~ +O0(1). O
The proof of the next Proposition relies on the following Lemma which will be
addressed in the next Section.
Lemma 6.4. If b€ B, ,, — {0}, then the parabolic degeneracy of gy is 2.

Proposition 6.5. The meromorphic function R, s has a pole at each b € B, —
{0}

Proof. Fix b € B, ,, — {0} and set f; = gy1¢. The parabolic degeneracy of f = fo at
0 is 2. Thus,

°5(2) = 2 + C2*>*T + O(z**?) with C e C - {0},
whence,
o5(2) = 2+ () 2"+ C22T 4 O(t2"12) + O(2**12)  with  ¢(0) = 0.
According to Section 7?7, as t — 0,

sC
[c(t)]?

R, s(b+1t) = + O(1). O

Remark. It is possible to generalize the transversality argument of Section 77
to show that ¢ has a simple root at b, and thus, that each point of B, ,, — {0} is a
double pole of R, /,.
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7. FINITE TYPE ANALYTIC MAPS

7.1. Definition. The notion of finite type analytic maps originates in [?].

Let f: W — X be an analytic map of complex 1-manifolds, possibly discon-
nected. An open set U C X is evenly covered by f if fjy : V — U is a homeomor-
phism for each component V of f~1(U); we say that z € X is a regular value for f
if some neighborhood U 3 =z is evenly covered, and a singular value for f otherwise.
Note that the set S(f) of singular values is closed. Recall that w € W is a critical
point if the derivative of f at w vanishes, and then f(w) € X is a critical value. We
say that x € X is an asymptotic value if f approaches = along some path tending
to infinity relative to W. It follows from elementary covering space theory that the
critical values together with the asymptotic values form a dense subset of S(f). In
particular, every isolated point of S(f) is a critical or asymptotic value.

Definition 7.1. An analytic map f: W — X of complex 1-manifolds is of finite
type if

e f is nowhere locally constant,

o f has no isolated removable singularities,

e X is a finite union of compact Riemann surfaces, and

o S(f) is finite.

If X is connected, we define deg f as the finite or infinite number #f~1(x)
which is independent of € X — S(f). Every nonconstant analytic map of compact
Riemann surfaces is a finite type map of finite degree. The infinite degree case
includes the exponential and trigonometric functions, the Weierstrass p-function,
and the elliptic modular function. Further examples arise from the fact that the
class of finite type analytic maps is closed under composition: to be precise, if
fi: W1 — Xy and fy : Wy — X, are finite type analytic maps, where W5 C X7 so
that the composition fs o fi : fl_l(Wg) — X5 makes sense, then f o fi is a finite
type analytic map and

S(fao f1) € S(f2) U f2(S(f1))-

When f: W — X is a finite type analytic map with W C X, we say that f is a
finite type analytic map on X.

7.2. Extended horn maps are of finite type. The result we are interested in
is the following.

Proposition 7.2. For b € C — {0}, the horn map by : Uy — Cisa finite type
analytic map on C. There are either three or four singular values:

e 0 and oo which are fized asymptotic values, and
e one or two critical values which are the image by Ilo®y, of the critical orbits
of Fy, contained in By.

In fact, this result is valid in greater generality. Let F : P! — P! be a rational
map, let ®2% . O3t . C be an attracting Fatou coordinate defined on some
attracting petal of some fixed point of F' with multiplier 1 and let P : Q*P — C
be a repelling Fatou coordinate defined on some repelling petal of some fixed point
of F' with multiplier 1. Denote by B the open set of points whose orbit under F’
eventually enters the attracting petal Q3. Then, the attracting Fatou coordinate
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extends to an analytic map ® : B — C via
D(z) = d o FoR(2) — k
where k > 0 is chosen large enough so that F°%(z) € Q2*. In addition, the inverse
of the repelling Fatou coordinate extends to an analytic map ¥ : C — P! via the
relation
U(z) = F*" o (@7P) (2 — k)

where &k > 0 is chosen large enough so that z — k € ®™P(Q*°P). Define

H=doV:D - C with D= (¥)"(B).
Finally set 4 = TI(D) U {0, 00} and let b : & — C be defined by

IIo f) = b oll.

The general result from which Proposition ?? is a corollary is the following.

Proposition 7.3. The map h : U — Cisa finite type analytic map on C. The
singular values are:

e 0 and oo, which are fized asymptotic values of b, and
o the images by Il o ® of the critical orbits of F' contained in B, which are
critical values of h.

Proof. The proof that b : 4 — C is a finite type analytic map is essentially given in
[?, Section 2.5] , where the authors make use of the notion of ramified covering. An
analytic mapping f : X — Y, where X and Y are Riemann surfaces, is said to be
a ramified covering if and only if for each point y € Y, there exists a neighborhood
V of y such that every connected component of f~1(V) is proper over V. A point
x € X is said to be critical if the local degree of f at x is greater than 1. The
image of a critical point is called a critical value. The proof of Proposition 4 in
[?] is not correct since the assertion “the composition of ramified coverings is a
ramified covering” is false. We shall use Propositions 2 and 3 in [?] and work with
compositions of coverings instead.
Let O be the union of the critical value set of F°" for n > 1 and let O~ be the
union of the critical point set of F°™ for n > 1. The set O™ is customarily referred
to as the postcritical set of F' and O~ is the set of iterated preimages of the critical
points of F'. Let GO be the union of grand orbits of critical points of F, i.e., the set
of points z € CU {00} such that F°" (z) = F°"2(c) for some integers ni,ng > 1
and some critical point c.
According to Proposition 2 in [?], the map ® : B — C is a ramified covering. Its
critical point set is O~ N B. The grand orbit of any point in B projects to a single
point under ITo @ and the preimage of a point in C — {0} by ITo ® is a grand orbit.
It follows that the set
S=To®(GO)U{0,00}

is finite (a rational map has finitely any critical points) and
No®:B-GO—~C—S

is a covering map.

According to Proposition 3 in [?], the restriction ¥ : C — U~1(A) - P! — Ais a
ramified covering, where A is the accumulation set of the forward orbits of critical

points of F'. Its critical value set is the union of the forward orbits of the critical
values of F'. Since the forward orbit of a point in B only accumulates at a parabolic
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point in the boundary of B, the restriction ¥ : ® — B is a ramified covering which
restricts to a covering map above B — GO.
The composition of covering maps is a covering map. Therefore

HodoV:D -V HGO)—>C-S

is a covering map. It follows that [To® o ¥ : ® — C and h:U— C are finite
type maps, that 0 and oo are asymptotic values, and that points in S — {0, co} are
critical values. (]

7.3. Proof of Lemma ?7. Lemma 7?7 is an immediate corollary of the following
more general result.

Lemma 7.4. Let f : W — X be a finite type analytic map on X. Then, the
parabolic degeneracy of a parabolic fixed point of [ is either infinity or at most the
cardinality of the set of singular values with infinite forward orbits.

Proof. This follows from the Fatou-Shishikura inequality for finite type analytic
maps. A proof may be given along the lines of [?], generalizing the argument given
there to finite type analytic maps. An alternative, which goes back to Fatou in the
setting of rational maps, is to observe that each cycle of petals must attract the
forward orbit of a singular value of f. Otherwise, there would be a component B
of the immediate basin which would be fixed by some iterate f°? and would not
contain any singular value of f°?. The restriction f°?: B — B would be a covering
and the corresponding attracting Fatou coordinate would extend to a covering map
® : B — C. This would force B to be isomorphic to C and f to be conjugate to
the translation by 1 in a whole neighborhood of the parabolic point. In particular,
the parabolic degeneracy would not be finite. ([

8. ORDER OF GROWTH OF &, /,

8.1. A technical Lemma. Given b € C — {0}, let ¥}, € R be the smallest real
number such that £, is univalent in the upper half-plane {Z : Im(Z) > Y}.

Since $,(Z) = $H3(Z), we have that Y; is the smallest real number such that $,
is univalent on the lower half-plane {Z : Im(Z2) < —Yl';} Those half-planes are
contained in ®;. They are separated by the Julia set, whence they are disjoint.

Lemma 8.1. As b — oo,
Y, = —Im(b) log [b] + O(|b]).

Proof. For b € C — {0}, the upper half-plane {Z : Im(Z2) > Yb} and the lower
half-plane {Z : Im(Z) < —Y;} are disjoint: ¥}, > —Y;. Thus, it is enough to show
that ¥, <Y} with ¥}/ = —Im(b) log |b| + O(]b]).

Set R, = 4]b| and assume |b| > 1. Then, for all Z € C — D(0, Ry),

|Fy(Z)—Z—1| <1/4 and |F'(Z)—1]| <1/4
Thus, 3" and ;" are univalent on respectively
W ={ZeC : —3r/4 <arg(Z —8b|) < 3r/4}

and
0P ={ZeC : n/4 <arg(Z+8b]) < Tn/4}.
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As a consequence, §)p is defined and univalent on
O, (V) with V, = QP nQpt.

Let C € (0,400) and D € (0,+00) be sufficiently large so that Lemma ?? and
Proposition 77 are valid. Given € > 0, we can choose M > 0 large enough, so that
for all Z in the subsector V C V4 defined by

V) ={ZeC : n/4<arg(Z —iM|b|) < 3m/4},
we have

1+ R? + [

dist(Z,C — Q") > D, dist(Z, C — QI°P)
) b

< [0

and

c( ! 4 |F(2) - 1|) <e.
[dist(Z,C — Q)]

If £ is sufficiently small, it follows from Lemma 7?7 that the argument of ®’ is less
than 7/12 on the boundary of V/. In that case, ®,"(V}/) contains the sector

{ZeC : n/3<arg(Z—-W,) <2r/3} with W, = &, P(iM]b|)
and so, we can take Y} = Im(W}) + v/3/2. Proposition ?? finally yields
Wy, = blog |b] + O(]b)). O

8.2. The order of growth is at most 1.

Proposition 8.2. For each k > 1, the order of growth of the entire function cy is
at most 1.

Proof. The map Z +— 9,(iY, + Z) —iY}, + brri is univalent in the upper half-plane. It
projects via Il : Z +— €™ to a map which is univalent in the unit disk and fixes 0
with derivative 1. By compactness of this set of maps, for each k, the k-th Fourier
coefficient of Z — $,(iYs + Z) — iY}, + bri is bounded independently of b. Thus, for
each k > 1, there is a constant C} such that for all b € C

|Ck(b)| < Cke%rkyb.
Therefore, as b — oo,
log|ex (b)| = O(Y3) = O(|b] log [b]),
which proves that the order of growth of ¢ is at most 1 as required. (]

Corollary 8.3. The order of growth of the entire function €., is at most 1.

Proof. We have that
Q:r/s(b) = ;‘pr/s (cl(b)a B CQ(b))

with 9,/ a polynomial in s variables and ¢;(b),...,cs(b) the Fourier coefficients
of the lifted horn map $;. In particular, the order of growth of the entire function
¢, /s 1s at most 1. [l
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8.3. Structure of the horn maps. We apply the results just obtained to estimate
the growth of &, /.. In certain cases, we have a better understanding of the horn
map h. First, when b = 1/4, the critical points of the rational map F, are +1/2.
The critical point —1/2 is mapped to 0 which is mapped to co. In that case,

e the Julia set is the segment [—o0, 0];

e the Fatou set C — [—00, 0] is the immediate basin of the parabolic point at

infinity;
e the domain ©; /4 is C - R;
e the domain ;4 is the complement of the unit circle in C.

FIGURE 7. The domain ®,,4 is C — R. It is tiled according to
the following rule: the lifted horn map $);,4 maps each light grey
region isomorphically to the upper half-plane and each dark grey
region isomorphically to the lower half-plane.

Second, let us assume that Re(b) > 1/2. The rational map Fp, has a fixed point
at z = —b with multiplier 1 — 1/b. If Re(b) > 1/2, this fixed point is nonrepelling.
As a consequence, the parabolic basin of oo contains only one critical point. The
parabolic basin of co is simply connected, so, there is an isomorphism ¢, between
the parabolic basin of F},4 and the parabolic basin of Fj conjugating the two
rational maps on their parabolic basins. It follows (see the proof of [?, Theorem A]
for details) that if we denote by le' the connected component of i, containing 0
and by 4~ the one containing oo, then 11;" Ny, =0 and

Di/a=Xo-bpoody

for some complex number A\, € C — {0} and some isomorphism ¢ : & /4 — Uy
fixing 0 and oo.

8.4. The order of growth is exactly 1.
Lemma 8.4. There exists ¢ > 0 such that as R >t — +o0,
log |€,/5(1/2 —it)| > ¢ tlogt.



38 X. BUFF, J. ECALLE, AND A. EPSTEIN

FIGURE 8. Top: the parabolic basin for b = 1/2 4 iv/3/6. The
marked points are the critical points Z = ++v/b and the fixed point

Z = —b which has multiplier ¢27/3. The parabolic basin contains

only one critical point. Bottom: the domain of the lifted horn map
9y is colored with two tones of grey. Each light grey region maps
isomorphically to an upper half-plane and each dark grey region
maps isomorphically to a lower half-plane.

Proof. Assume b = 1/2—it with ¢t € R. Recall that D, contains the lower half-plane
{Z : Im(Z) < =Y;}. It follows that 4 contains C — D(0,7) with

IOgTb = 27‘&'1/5 = _27Tt10g |t| + O(|t|)
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As mentioned in Section 77, ill‘f NY, =0, and so )J.;r C D(0,73). In addition,
91/4= Ao 860 P
for some complex number A, € C — {0} and some isomorphism ¢, : D — U
fixing the origin. Since g; ,,(0) = g;(0) = w;/,, we have A, - ¢,(0) = 1, and since
U5 € D(0,73), we have [Ay| = 1/|¢},(0)| > 1/7s.
Consider the set & of analytic maps of the form
g=gia00¢ "
with ¢ : D — C a univalent map fixing 0 with derivative 1. Note that any g € & is

a finite type map which fixes 0 with multiplier w, ;. Since there is only one singular
orbit, the parabolic degeneracy is 1. Thus, for any g € &, we have

0°°(2) = 2+ cgz" T+ O(2°1?)  with ¢, € C - {0}.

By compactness of the family of normalized univalent maps ¢, there is a uniform
positive lower bound on |¢q| for all g € &. For g(z) = Ay - gy(2/Ap), we have

Q:r s b
gOS(Z) = )\bggs(?ﬁ/)\b) =z + g\is()zs+1 + O(ZS+2).
b

Thus, there is a ¢ > 0 such that for all ¢t € R,
€, /5(1/2 = it)| = |\ °.
It follows that as t — +oo,
log|€,/s(1/2 —it)| = slog|Xe| + O(1) > —slogr, + O(1) = 2mstlog |t| + O(|t]). O

9. MULTIZETAS AND MULTITANGENTS

Our proof of Theorem ?7? is now complete, but we shall push further the study of
the dependence of the lifted horn map $(b, Z) with respect to b: we will show that
H(b, Z) admits an intriguing expansion with respect to b. For further developments
regarding results in this section, see [?].

9.1. Multizeta values. For all integers s > 2, we denote by ((s) the Riemann
(-function:
1
((s) == Z s
k>0

It is well-known that ((2) = 72/6. Moreover, ((2n) is a rational multiple of ¢(2)".
It is also known that {(3) is irrational (we will not use this result).

2

@) = % = 1.6449.. .
¢(3) = 1.2020...,
2
(W) = ZC(2)¢(2) = 1.0823...
¢(5) = 1.0369....
For r-tuples (s1,...,s,) of integers with s1 > 2,890 > 1,583 >1, ..., 5. > 1, set
1 1 1
(o150 80) = Z ny ns? n

0<n,<...<no<ni <oo
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For example,
1
2= > e
0<j<k<oo J
Note that we have the multiplication rules:

C(s1)¢(s2) = C(51,52) + ((s1 + 82) + (52, 51),

C(s1)C(s2, 83) = C(s1, 52, 53)+( (51452, 53)+( (52, 51, 83) +C (52, s1+53)+((52, 83, 51),
and so on (the two sequences get shuffled and then possibly contracted). As an
example, we have

¢(2)¢(2) = 2¢(2,2) +¢(4),
and thus,

4

2,2) = —.

(22 = 1
There are other known rational relations between multizeta values. The most fa-
mous due to Euler is

¢(2,1) = C3).
We shall give a proof below.

9.2. Tangents and multitangents. We define
TiZ —miZ
.e +e
CotM(Z) = 7 cot(rZ) = M NZ —o-mZ

and for n > 2,

Cottm = (ZD"1 9" 1Cot™) Z( :

(n—11  9zr1 = (Z+ k)
Let us now consider a series of the form
F(Z) = Z 01(Z + k1)p2(Z + ko) -+ ¢r(Z + ky),

—oo<k1<ks<...<k,<00

where
¢;(Z) = % with n; >0 and m; > 2.
Since
1 k nj
0;(Z+k)=0 (%)

the series is convergent. Shifting all the indices by 1, we see that F' is periodic
of period 1. It is holomorphic outside Z and has poles of order < maxm; on Z.
Moreover, F(Z) tends to 0 as Im(Z) tends to +oc.

Integrating F' on a rectangle R with vertices at £1/2 + iM, we see that the
residue of F' at Z = 0 vanishes. Indeed, the integral of F' on this rectangle is equal
to the integral on the horizontal sides since F' is 1-periodic. As M tends to oo, this
integral tends to 0.

Since F is 1-periodic, since F(Z) — 0 as Im(Z) — +o0o and since the residue of
F' at 0 vanishes, F' can be expressed as a linear combination of the tangents Cot™
with 2 < n < maxm;. In order to determine the coefficient of Cot("), it is sufficient
to compute the coefficient of 1/Z"™ in the polar part of F' at Z = 0.
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As an example, let us consider the series

H2(—Z — k)
F(Z)= _
(2) k% (Z + k)?
Note that H2(—Z — k)/(Z + k)? has a priori a pole at Z = 0 for k > 0. In fact, for
k = 0 there is no pole, since H(0) = 0. Now, for k& > 0,
1
H(-Z - k) = 7zt o(1)

and so,
HA(—Z — k) 1
= 1/72).
Z+ke ez WD
It follows that the coefficient of 1/Z2 in the polar part of F at Z = 0 is
1
>z =C@.

k>0

So, F = ¢(2)Cot®.
In fact,

H2(—=Z — k) 1 2 1 1
ZirE —eEtz| Et 2 ) o

0<j<k

‘We know that the residue of F' at Z = 0 vanishes. This shows that

2= Y =Y -

0<j<k<oo J k>0
9.3. Expansion of ) with respect to b.

Proposition 9.1. As b tends to 0 and Z ranges in a compact subset of C — 7, we
have the expansion:

90, 2)=Z+b-61(Z) +b*-63(Z) +b> - S3(Z) +b* - 64(Z) + O(b°)
with
61 = COt(l)7 62 = 07 63 = 3((3)00'5(2),

and
G4 = —C(4)Cot® +10¢(5)Cot?.

Remark. We obtain &3 = 0 thanks to our normalization of the Fatou coor-
dinates via the harmonic numbers H(n) rather than logn. If we had used the
standard normalization, the Euler constant v would appear in several places in the
expansion.
A further computer-assisted calculation (see [?]) gives
244

& = C(3)Cot + (96(3) = Z2c(2)*) Cot® + Te(r)Cort®

and
&g = — (6)Cot® + (—f«z)?c(?)) +10¢(7) + 3<(2)<(5>) Cot ¥

- (3((6, 2) + 54¢(3)¢C(5) — fgig@)‘*) Cot® +151¢(9)Cot®.
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Proof. Assume K is a compact subset of C — Z. If ¢ > 0 is sufficiently small, then,
as n — +o00o,

(b, 2) — F*" " (Z —n+bH(n— 2)) —bH(n+ Z) — (n+ 1)
converges uniformly to (b, Z) — $,(Z) on B(0,e) x K. Fix an integer n and for
k > —n, define
G (b, Z) = F"™(Z —n+bH(n - 2)).
In particular,
Gn—n(b,Z) = Z—n+bH(n—2) and G, ,11(b, Z) = F2" T Z —n+bH(n—2)).
The lifted horn maps $(b, Z) are obtained as the limit of
Gnnt1(0,Z) —bH(n+ Z) — (n+1).

In order to determine the expansion of $)(b, Z) with respect to b at b = 0, we will
consider the expansion of G,  with respect to b at b = 0:

Gri(b, Z) = (Z + k) +bG(), + 0?G7) +

1 .
Note that GEJ_n =H(n— Z) and for j > 2, Gn _, = 0. Since
G 0,2)=Gpp(b,Z2)+1+ ——r,
wr(b.2) = Gos(6.2) + 14 G
we have a recursive relation for the coefficients an )k In particular, we have, for
k> -—n,
—C 1
Grir = Gukt 75
1)
a?  — g Gk
n,k+1 n,k (Z + k)2 ’
(2) (1) 12
a® _a® Gk (G0 and
n,k+1 n,k (Z-I—k)Q (Z-f—k)
3 (2 1
G(4) _ 4) Gﬁl}c Gn,an}c . [G’EL,L]S
n,k+1 n,k (Z 4 k)2 (Z + k)S (Z + k)4 !
Therefore
" =1
G, (Z)y=H(n—-2)+ —— =H(-k-Z
WMD) =H=2)+ 3 G =Wk 2)
Thus,
G2 (2) = H(-n —1-2)
and since
H(—n—1—-2Z) —H(n+ Z) = mcot(nZ) = Cot™,
we have

&y = CotM.

k—1 Gl)( k—1 H( . Z
a®(2) = -

j=—n

Next, we have
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and

o __ N HEi=2)
Gn,n+1 - j;n (Z+j)2 !
The only term which could contribute to the polar part of order 2 at Z = 0 would
be H(—Z)/Z%* = O(1/Z) (for j = 0). So there, is no pole of order 2 and

Now,

G(2)

_ HH ~2) HA—j - 2)
- Za T

So,

_ (=i~ 2) He(—j— 2)
= 2 Grpwrr X G

—oo<j< o0

For the first sum, the polar part of order > 2 only comes from j = 0. Indeed,
the poles of H are simple poles and H(0) = 0, so for 4 = 0 and j > 0, we have
H(=2)
—————==0(1/2).
Z2(Z +74)? (1/2)

Now, for j = 0, we have

H(—1—Z H(—1
(Z(+ )2Zg - iQ(Zz) 0/2) = < Z kz RE >+O(1/Z>

0<k<—1
For the second sum, the polar part of order > 2 only comes from j > 0:
HX(—j—2) 1
Z+j7? P2
So, &3 has a pole of order 2 at Z = 0 and the coefficient is

+0(1/2).

1
Yoot 2 —+ Z C(2,1) + ¢(3) +¢(3) = 3¢(3).
0<k<—i<oo 0<7i<oo 0<j<oc
Therefore,

S5(Z) = 3¢(3)Cot?,

We finally come to the computation of G4. We have

_ H(—i—Z) - H2(—j - 2)
o —00<i<zj<k<oc (Z+1)*(Z+4)*(Z + k)? —oo<;k?<oo (Z+3)3(Z +k)?
H(_] _Z)H(—k—Z) HS(—/C—Z)
" °°<;k<oo (Z+iPZ R 7oo§<oo (Z+R)

This function has a pole of order at most 3 at Z = 0. Indeed, H3(—Z2)/Z* only
has a simple pole at Z = 0. The only term which contributes to the polar part of
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order 3 is the last term. This term only has poles when k& > 0 and in that case, we
have

H3(—k—2) 1 Z
TR =T ngog;ﬂ (k4— k5>+0(1/2)

Therefore, the contribution of the last term is
—C(4)Cot® + (=3¢(4,1) + 4¢(5))Cot?.

The other terms only contribute to the polar part of order 2, i.e., to the coefficient
of Cot®. We will now determine the contribution of each term to the coefficient
of Cot™®.

First term. For 5 = 0, the contribution is

Y (T ) (2

<0<k o<n<—1 k>0
1 1
SRCIP z)
0<n<i >0

= —((2)(C(2,1) +<(3)).

For k = 0, the contribution is

1
SRV Porre e s

1<j<0 0<—j<—1 \n<—1
- (55 T
0<y<i n<i
1 1 1
= XBV- ) mE X FE X e
n<j<i j(=n)<i j<n<i

Second term. For k = 0, the contribution is

2

H?(—j 1 1
T - T3 o

33
3<0 0<—j \0<i<—j

- )

! — .11 — 12
0<j \0<i1<j 0<ia<j
1 1 1
= g — 3 + E + E —3
2117 7
O<ir<iz<i 1217 ociimia<y i1 0<ia<iy<j i211]
1 1 1
+ E — + — -‘r g =
0<ig<ii =y 2] 0<iy1<i2=J 1J 0<i1=t2=]J J

= 2¢(3,1,1) +¢(3,2) +2¢(4,1) + ¢(5).
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For j > 0, the contribution is
1
- > = 23,
0<j<k
Third term. For k£ = 0, the contribution is
H(—7) - (=H'(0
oS PN EHOD ooz 1) +¢3)).
<0 J
For j = 0 and k£ > 0, the contribution is
—H'(0)
—2) — 5 = (2)KE).
k>0
Finally, for 0 < j < k, the contribution is

1
=0 e —2¢(3,2).

0<j<k

Collecting the terms, and using the Q-relations between multizeta values, we
deduce that the coefficient of Cot® is 10¢(5):

Sy = —((4)Cot® +10¢(5)Cot®.
This completes the proof of Proposition 77. O
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