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Abstract

Julien Heyd
University of Grenoble-Alpes, France

• This memory begins to understand the main part of the theory of the equivalence problem : the
answer to the equivalence problem, which is the Cartan’s algorithm.

• Then we will apply this theory in talking about the famous equivalence problem of second-order
ordinary differential equations : this problem will be discussed in different ways ; using the
Cartan’s algorithm and the Cartan connections.

Doubrov-Komrakov : The geometry of second-order ordinary differential equations, arXiv :
1602.00913v1. 57 pp.

• Finally, we will talk about another application of the Cartan’s method : the equivalence problem
of the marked contact Engel structures.

Manno-Nurowski-Sagerschnig : The geometry of marked contact Engel structures, arXiv :
1809.06455v1. 43 pp

—————–
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Geometric foundations part 1

1. Manifolds

Before working about the equivalence problem, we will talk about the geometric tools
useful for the problem.

Definition 1.1. An m-dimensional manifold M is a separable and Hausdorff topological
space which is covered by a collection of open subset Wα ⊂ M , called coordinate charts,
and one-to-one maps χα : Wα → Vα onto connected open subset Vα ⊂ Rm, which
serve to define local coordinates on M. The manifold is smooth (respectively analytic) if
the composite "overlap maps" χβ,α = χβ ◦ χα are smooth (respectively analytic) from
χα(Wα ∩Wβ) to χβ(Wα ∩Wβ).

We shall also have occasion to use complex (analytic) manifolds, which are defined in
the same fashion, with Cm replacing Rm ; the overlap maps are assumed to be holomorphic.
In order to keep the exposition straightforward, we will usually state our results for real
manifolds.

Remark 1.2. The topology of a manifold is induced by that of Rm. Thus, a subset V ⊂M
is open if and only if its intersection V ∩ Wα with every coordinate chart maps it to an
open subset χα(V ∩Wα) ⊂ Rm.

Remark 1.3. More generally, every manifold is the union of a countable number of
disjoint connected components.

Example 1.4. 1) Rm

2) Sm−1 = {x ∈ Rm | |x| = 1}
3) RPm−1 the projective plane defined as the space of lines through the origin in
Rm. Coordinate charts on RPm−1 are constructed by considering all lines with a given
component, say xi non zero ; the coordinates are then provided by ratios pk = xk/xi, k 6= i.
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2. Functions

Let M and N be two smooth manifolds of dimension m and n.

Definition 2.1. A map F : M → N between two smooth manifolds is called smooth if it
is smooth in local coordinates.

Definition 2.2. The rank of a map F : M → N at a point x ∈ M is defined to be the rank
of the n × m Jacobian matrix (∂Fi

∂xj
(x))1≤i≤n

1≤j≤m
of any local coordinate expression for F at

the point p. The map F is called regular if its rank is constant.

The first of the equivalence problems which we encounter is to determine whether two
different maps y = F (x) and y = F (x) between manifolds of the same dimension are
locally the same, meaning that they can be transformed into each other be appropriate
changes of coordinates x = χ(x), y = ψ(y).
In the regular case, the Implicit Function Theorem solves the local equivalence problem,
and provides a canonical form for regular form.

Theorem 2.3 (of regular maps). Let F : M → N be regular map of rank r. Then there
exist local coordinates x = (x1, ..., xm) on M and y = (y1, ..., yn) on N such that F takes
the canonical form

y = F (x) = (x1, ..., xr, 0, ..., 0)

Then, all maps of constant rank are locally equivalent and can be linearized by the
introduction of appropriate local coordinates. The places where the rank of a map decreases
are singularities. the canonical forms at singularities are much more complicated - this is
the subject of singularity theory.
We will just talk about the regular cases.

Definition 2.4. The differential of a smooth function f : M → R is given by the expression

df =
m∑
i=1

∂f

∂xi
dxi

in any local coordinate.
We can denote also the differential f∗.

Definition 2.5. Let F be a family of smooth real-valued functions f : M → R. The rank
of F at a point x ∈M is the number

r(x) = dim(vect({dfx}f∈F ))

The family is regular if r is constant on M .

Definition 2.6. A set {f1, ..., fk} of smooth real-valued functions on a manifold M having
a common domain of definition is called functionally dependent if, for each x0 ∈M , there
is a neighborhood U and a smooth function H : Rk → R, not identically zero on any
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subset of Rk, such that for all x ∈ U , H(f1(x), ...fk(x)) = 0.
The functions are called functionally independent if they are not functionally dependent
when restricted to any open subset to M .

Example 2.7. f1(x, y) = x/y and f2(x, y) = xy/(x2 + y2) are functionally dependent on
the upper half plan {y > 0} since f2 = f1/(1 + f 2

1 ).

For a regular family of functions, the rank tells us how many functionally independent
functions it contains.

Theorem 2.8. If a family of function F is regular of rank r, then in a neighborhood of any
point, there exist r functionally independent functions f1, ..., fr with the property that any
other function f ∈ F can be expressed as a function thereof f = H(f1, ..., fr).

Proof. Given x ∈ M , choose f1, ..., fr ∈ F such that their differential df1, ..., dfr are
linearly independent at x, and hence, by continuity, in a neighborhood of x. According
to the theorem of regular maps, we can locally choose coordinates (y, z) near x such that
for 1 6 i 6 r, fi(y, z) = yi. If f ∈ F is any other function, then, since the rank is r, its
differential must be a linear combinaison of the differentials {dfi}16i6r, so that in the new
coordinates df =

∑r
i=1 hi(y, z)dyi.

To conclude, we invoke the following lemma.

Lemma 2.9. Let U ⊂ Rm be a convex open set. A function f : U → R has differential
df =

∑r
i=1 hi(x)dxi given as a linear combinaison of the first r coordinate differentials if

and only if f = f(x1, ..., xr) is a function of the first r coordinates. In particular, df = 0 if
and only if f is constant.

Thus, by shrinking the neighborhood of p if necessary so that it is convex in the (y, z)-
coordinates. The lemma implies that f(y1, ..., yr) is a function of y alone. Reverting to the
original x coordinates completes the proof.

�

Remark 2.10. Consequently, if f1, ..., fr is a set of functions whose m × r Jacobian
matrix ( ∂fi

∂xk
)1≤i≤r

1≤k≤m
has maximal rank r at x, then by continuity, they also have rank r in

a neighborhood of x, and hence are functionally independent near x. Note also that, the
theorem implies that, locally, there are at most m functionally independent functions on
any m-dimensional manifold M .

3. Submanifolds

Definition 3.1. A smooth (analytic) n-dimensional immersed submanifold of a ma-
nifold M is a subset N ⊂ M parametrized by a smooth (analytic), one-to-one map
F : Ñ → N ⊂ M , whose domaine Ñ the parameter space, is a smooth (analytic)
n-dimensional manifold, and such that F is everywhere regular, of maximal rank n.
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Definition 3.2. A submanifold is regular if, in addition to the regularity of the parameter
map, at each point p ∈ N there exist arbitrarily small neighborhood U of x in M such that
F−1(U ∩N) is a connected open subset of Ñ .

The Implicit Function Theorem gives a canonical form for the regular manifolds ;

Theorem 3.3. An n-dimensional submanifold N ⊂ M of an m-dimensional manifold M
is regular if and only if for each x ∈ N there exist local coordinates x = (x1, ..., xm)
defined on a neighborhood U of x such that U ∩N = {x | x1 = ... = xm−n = 0}

Remark 3.4. Every regular n-dimensional submanifold of an m-dimensional manifold
locally looks like an n-dimensional subspace of Rm−n.
Thus, all regular n-dimensional submanifolds are locally equivalent.

Definition 3.5. A curve in a manifold M is defined by a smooth map φ : t → M where
I ⊂ R is an open subinterval.

Remark 3.6. Irregular submanifold are trickier, since the same subset can be parametrized
as a submanifold in several inequivalent ways.

Example 3.7. Let the curve φ0(t) = (sin(t), 2sin(2t)) describes below in the plane.

The map φ1(t) = (sin(2arctan(t)), 2sin(4arctan(t))) parametrizes the same figure, but
now is one-to-one, and so described an immersed submanifold, which is not regular since
limt→0φ(t) = 0 = φ(0).
Note that the alternative one-to-one map φ2(t) = (−sin(2arctan(t)), 2sin(4arctan(t)))
defines an inequivalent means of parametrizing the figure eight.
Thus, in the irregular case, a given subset can be parametrized as a submanifold in
fundamentally different ways.

Definition 3.8. Two n-dimensional manifolds N and N of a manifold M are said to
overlap if their intersection N ∩N is a non empty n-dimensional submanifold of M .
They are said to strictly overlap if their union N ∪ N is also a connected n-dimensional
submanifold of M , containing N and N as open submanifolds.
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Definition 3.9. Let F be a family of real-valued functions. We define the variety SF by

SF = {x ∈M | ∀f ∈ F , f(x) = 0}

We will call the variety regular if SF is not empty, and the rank if F is constant in a
neighborhood of SF .

By the Implicit Function Theorem and the theorem of regular submanifold, we obtain
the following theorem.

Theorem 3.10. Let F be a family of functions defined on an m-dimensional manifold M .
If SF is regular, then it defined a regular submanifold of dimension m− r.

Example 3.11. ∗ Let F : (x, y, z) 7−→ x2 + y2 + z2− 1 has rank one everywhere except at
the origin, and its variety - the unit sphere - is a regular 2-dimensional submanifold of R3.
∗ Let F : (x, y, z) 7−→ xyz is not regular and its variety - the three coordinate planes - is
not a submanifold.

4. Vector fields and 1-parameter group of transformations

Let M a manifold of dimension m.

A tangent vector to a manifold M at a point x ∈ M is geometrically defined by the
tangent vector to a smooth curve passing through x. In local coordinates, the tangent vector
X|x to the parametrized curve c is determined by the derivative X|x = c′(t). The collection
of all such tangent vectors forms the tangent space to M at x. Each tangent space TxM is
a vector space of the same dimension of M . TM =

⋃
x∈M TxM is the tangent bundle of

M which is a 2m-dimensional manifold, and forms a vector bundle over M.

Definition 4.1. A vector fieldX is smoothly (or analytically) varying assignment of tangent
vector X|x ∈ TxM , i.e. a section of the tangent bundle TM .
We write the local coordinate formula for a vector field in the form

X =
m∑
i=1

ξi
∂

∂xi

whee the coefficients ξi are smooth (analytic) functions.

We will now talk about 1-parameter group of transformations.

Definition 4.2. Let X be a vector field on a manifold M . A curve c : I → M in M is
called an integral curve of X if, for every parameter t0, the vector Xc(t0) is tangent to the
curve c at c(t0).
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Remark 4.3. Let X be a vector field on M . For any point x ∈M , there is a unique integral
curve c of X , defined for |t| < ε, for some ε > 0, such that x = c(0).
In fact, let x1, ..., xn be a local coordinate system in a neighborhood U of x and let X =∑m

i=1 ξi
∂
∂xi

on U .
Then an integral curve c of X is a solution of

dci
dt

= ξi(c1(t), ..., cm(t)) (16j6m)

i.e. the equation dc
dt

= ξ(t, c).
Our assertion follows form the fundamental theorem for systems of ordinary differential
equations.

Example 4.4. Let y′ = f(x, y) be a first order of ordinary differential equation.

c is an integral curve of direction ∂x + f∂y.

Definition 4.5. A differential transformation of M is a homeomorphism ϕ : M →M such
that ϕ and ϕ−1 are differentiable.

Definition 4.6. A 1-parameter group of differentiable transformation of M is a map

ϕ :

{R×M −→M

(t, x) 7−→ ϕt(x)

which satisfies the following conditions :
1) For each t ∈ R, ϕt : p 7→ ϕt(x) is a transformation of M
2) For all s, t ∈ R, and x ∈M , ϕt+s(x) = ϕt(ϕs(x))

Remark 4.7. Each 1-parameter group of transformation ϕt induces a vector field X as
follow ;
For every point x ∈ M , X|x is the vector tangent to the curve c = ϕ(·)(x) called the orbit
of x at x = ϕ0(x).
By the equation solved by ϕ, we will be able to take, further, the following notation :

ϕt(x) = exp(tX|x) · x (t∈R ,p∈M)

To say that ϕ induces X means by the new notation

X|x =
d

dt
(exp(tX|x) · x)|t=0 (x∈M)
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Remark 4.8. For x ∈M , The orbit ϕ(·)(x) is an integral curve of X starting at x.

Remark 4.9. A local 1-parameter group of local transformations can be defined in the same
way, except that ϕ is defined only for t in a neighborhood of 0 and x in an open set of M .
More precisely, let Iε = (−ε, ε) and U an open set of M . A local 1-parameter group of
local transformations defined is a map

ϕ :

{
Iε × U −→M

(t, x) 7−→ ϕt(x)

which satisfies the following conditions :
1) For each t ∈ Iε, ϕt : x 7→ ϕt(x) is a transformation of U onto ϕt(U)
2) For all s, t ∈ Iε, and x , ϕs(x) ∈ U , ϕt+s(x) = ϕt(ϕs(x)).

As the case of 1-parameter group of transformations, ϕ induces a vector field X defined
on U , an open set of M .
We have the converse :

Proposition 4.10. Let X be a vector field on a manifold M . For each point x ∈ M ,
there exist a neighborhood U of x, a ε > 0, and a local 1-parameter group of local
transformations ; for t ∈ Iε, ϕt : U →M , such that ϕ induces the given X .

Definition 4.11. In the case of the proposition, we will say that X generates a local
1-parameter group of local transformations in a neighborhood of each point x ∈ M ,
denoted ϕ. Often, we say that ϕ is the flow generated by X .

Definition 4.12. Let X be a vector field on M .
X is said complete if X generates a global 1-parameter group of transformations of M .

Remark 4.13. If ϕ is defined on Iε ×M for a ε > 0, then the vector field is complete.
Indeed, the solution of dc

dt
= ξ(t, c) can be prolonged by local lipschitzianity of ξ.

Proof of the Proposition. Let p ∈M and (x1, ..., xm) a local coordinate chart in a neighbo-
rhood W of x such that x1(x) = ... = xm(x) = 0.
Let X =

∑m
i=1 ξi

∂
∂xi

in W .
consider the following system of ordinary linear differential equations

dfi
dt

= ξi(f1, ..., fm) (16i6m)

By the fundamental theorem for system of ordinary differential equations, there exists a
unique set of functions

fi :

{
Iε ×B(0, δ) −→M

(t, x) 7−→ fi(t, x)
(16i6m)
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which form a solution of the differential equation for each fixed x = (x1, ..., xm) and satisfy
the initial conditions

fi(0, x) = xi (16i6m)

Set U = B(0, δ) and

ϕ :

{
Iε × U −→M

(t, x) 7−→ (f1(t, x), ..., fm(t, x))

If t, s and t+ s ∈ Iε, x , ϕs(x) ∈ U , then the functions defined by

gi :

{
Iε −→M

t 7−→ f1(t+ s, x)
(16i6m)

are easily seen to be a solution of the differential equation for the initial conditions
(f1(s, x), ..., fm(s, x)).
By uniqueness of the solution, we have for all 1 6 i 6 m, gi = f(·, ϕs(x)).
This proves that

ϕt(ϕs(x)) = ϕt+s(x) (s,t∈Iε)

Since, ϕ0 is the identity transformation of U , there exist δ > 0, and ε > 0, such that, for
U = {x | ∀1 6 i 6 m, |xi| < δ}, t ∈ Iε, ϕt(U) ⊂ U .
Hence, for every x ∈ U and t ∈ Iε, ϕ−t(ϕt(x)) = ϕt(ϕ−t(x)) = ϕ0(x) = x.
This proves that for t ∈ Iε, ϕt is a diffeomorphism of U . Thus, ϕ is a local 1-parameter
group of local transformations defined on Iε × U and by construction, ϕ induces X on U .

�

For X =
∑m

i=1 ξi
∂
∂xi

on M with a local coordinate chart (x1, ..., xm).
There is a local 1-parameter group of local transformation ϕ defined on Iε × U , which
induces X . By the proof,

(x′1, ..., x
′
m) := (f1(t, x), ..., fm(t, x)) = ϕt(x) (t∈Iε ,x∈U)

Then we restate the proposition as follow :

Proposition 4.14. Let X be a vector field on M .
Let x1, ..., xm be a local coordinate chart.
There exists a local 1-parameter group of local transformation

x′i = fi(t;x1, ..., xm) (16i6m)

which induces the given X and satisfying the differential equations of the form :
dfi
dt

= ξi(f1, ..., fm) (16i6m)

Remark 4.15. By definition, the flow satisfies

fi(t2; fi(t1;x)) = fi(t2 + t1;x) (16i6m)
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Proposition 4.16. On a compact manifold M , every vector field X is complete.

Proof. For each point x ∈M , and let U(x) be a neighborhood of x and ε(x) > 0 such that
the vector field X generate the flow ϕ on Iε(x) × U(x).
Since M is compact, the open covering {U(x) | x ∈M} has a finite sub covering {U(xi) |
1 6 i 6 k}. Let ε := min16i6kε(xi) > 0, it is clear that ϕ is defined on Iε ×M then on
R×M .

�

Proposition 4.17. Let ψ a transformation of M . If a vector field X generates a flow, then
the vector field ψ∗X generates

ψ ◦ ϕ· ◦ ψ : (t, x) 7→ ψ ◦ ϕt ◦ ψ(x)

Proof. It is clear that ψ ◦ ϕ· ◦ ψ is a local 1-parameter group of local transformations.
Let x ∈M and y = ψ−1(x).
Since ϕ induces X , the vector X|y ∈ TqM is tangent to the curve c = ϕ·(y) at y = c(0). It
follows that the vector (ψ∗X)|x = ψ∗(Xy) ∈ TyM is tangent to the curve c1 = ψ ◦ϕ·(y) =
ψ ◦ ϕ· ◦ ψ−1(x).

�

Now, we will see another equivalence problem. We need a definition.

Definition 4.18. Let X be a vector field on M .
A point x ∈M such that X|x = 0 is said a singularity or equilibrium point.

Remark 4.19. In this case, the flow satisfies for all t ∈ R, ϕt(x) = exp(tX|x) · x = x.

Theorem 4.20 (Linearization of vector fields,1). Let X be a vector field defined on M . If
x is not a singularity, so X|p 6= 0, then there exist a local coordinate y = (y1, ..., ym) near
p such that X = ∂

∂y1
generates the translational flow exp(tX)y = (y1 + t, y2, ..., ym)

By the local reformulation of the flow, we can restate the theorem as follow

Theorem 4.21 (Linearization of vector fields,2). Every local 1-parameter group of local
transformations

x′i = fi(t;x1, ..., xm) (16i6m)

which induces a vector field X =
∑m

i=1 ξi
∂
∂xi

satisfying the differential equations of the
form :

dfi
dt

= ξi(f1, ..., fm) (16i6m)

is locally equivalent, through a suitable change of variables yi = yi(x), to a group of
translations :

y′1 = y1 + t , y′2 = y2 ... y
′
n = yn
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Proof. We may suppose from the beginning that the coordinate x1, ..., xm had been chosen
so that ξ1(0) = 1 and ξ2(0) = ... = ξm(0) = 0.
In an auxiliary space of coordinates y1, ..., ym drawn on the left figure, we consider all
points (0, ŷ) := (0, y2, ..., ym) near the origin lying on the coordinate hyperplane which is
complementary to the y1-axis, and we introduce the diffeomorphism

y 7−→ x = x(y) := f(y1; 0, ŷ) =: Φ(y)

defined by the following flow up to time y1 from (0, ŷ) : this is indeed a diffeomorphism
fixing the origin thanks to ∂Φ1

∂y1
(0) = ∂f1

∂t
(0) = ξ1(0) = 1, to ∂Φk

∂y1
(0) = ∂fk

∂t
(0) = ξk(0) = 0

and to Φk(0, ŷ) = ŷk for k = 2, ...,m.
Consequently,we get that the flow represented on the right figure side has been straigh-
tened on the left side to be just a uniform translation directed by the y1-axis, because by
substituting :

x′ = f(y′1; 0, ŷ′) = f(y1 + t; 0, ŷ) = f(t; f(y1; 0, ŷ)) = f(t, x)

We recover the uniquely defined flow x′ = f(t, x) wen assuming that ŷ′ = ŷ and y′1 =
y1 + t.

�

Remark 4.22. By the restatement of the theorem, we see that it gives a solution to the
basic equivalence problem for systems of autonomous first order systems of ordinary
differential equations. However, the equivalence problem of vector fields at singularities is
much more delicate.

Example 4.23. For M = R, we have :

(1) exp(t∂x)x = x+ t

(2) exp(tx∂x)x = etx

Remark 4.24. Let X be a vector field on M .
Since, X|x = d

dt
(exp(tX) · p)|t=0, we have in local coordinate chart

exp(tX|x) · x = x+ tX|x +Ot∼0(t2)
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5. Lie bracket

The most important operation on vector field is the Lie bracket or commutator.

Let M a manifold of dimension m.

Definition 5.1. Let X and Y be two vector field on M. We define the Lie bracket as the
vector field noted [X, Y ] which satisfies for all f : M → R smooth,

[X, Y ](f) = X(Y (f))− Y (X(t))

In a local coordinate chart, for X =
∑m

i=1 ξi
∂
∂xi

and Y =
∑m

i=1 νi
∂
∂xi

, we have

[X, Y ] =
m∑
i=1

(X(νi)− Y (ξi))
∂

∂xi
=

m∑
i=1

m∑
j=1

(ξj
∂νi
∂xj
− νj

∂ξi
∂xj

)
∂

∂xi

Proposition 5.2. Let X, Y, Z three vector fields on M The Lie bracket is anti-symmetric ;
[X, Y ] = −[Y,X] and satisfies the Jacobi identity ;

[X, [Y, Z]] + [Y, [Z,U ]] + [Z, [U, Y ]] = 0

Remark 5.3. The Lie bracket of X and Y two vector fields on M satisfy

exp(−tY|x)exp(−tX|x)exp(tY|x)exp(tX|x)x = x+ t2[X, Y ]|x +Ot∼0(t3)

Example 5.4. On R we have [∂x, x∂x] = ∂x.

Theorem 5.5. Let X, Y be two vector fields on M .
[X, Y ] = 0 if and only if for all t, s ∈ I , for all x ∈ M , exp(tY|x)exp(tX|x) · x =
exp(tX|x)exp(tY|x) · x, where I is the interval where the equation is defined.

Definition 5.6. Let X be a vector field on M and ψ a transformation of M .
X is said invariant by ψ if ψ∗X = X .

Proposition 5.7. Let X be a vector field on M .
X is invariant by ψ if and only if ψ commute with, ϕt, the flow of X .

We now give a geometric interpretation of the Lie bracket [X, Y ] of two vector fields.
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Proposition 5.8. Let X and Y be two vector fields on M . If X generates a local 1-
parameter groups of local transformation ϕt, then

[X, Y ]|x = limt→0
1

t
[Y|x − ((ϕt)∗Y )|x] (x∈M)

We need two lemma.

Lemma 5.9. Let ε > 0, and Iε = (−ε, ε).
If f : Iε ×M → R is a function such that for all x ∈ M , f(0, x) = 0, then there is a
function g : Iε ×M → R such that for all (t, p) ∈ Iε ×M , f(t, x) = tg(t, x).
Moreover, for x ∈M , g(0, x) = ∂f

∂t
(0, x).

Proof. It is sufficient to define

g(t, x) =

∫ 1

0

f ′(ts, x)ds (t,x)∈Iε×M

�

Lemma 5.10. Let X be a vector field which generates ϕt.
For any function f : M → R, there exist a ε > 0, and a function g : Iε×M → R such that
for all t ∈ Iε, f ◦ ϕt = f + t · gt and g0 = Xf on M, where gt(·) = g(t, ·).

Proof. Consider f(t, x) = f(ϕt(x)) − f(x) and apply the previous lemma, then f ◦ ϕt =
f + t · gt and

limt→0
1

t
[f(ϕt(x))− f(x)] = limt→0

1

t
f(t, x) = limt→0gt(x) = g0(x)

�

Proof of the proposition. Let f : M → R a function and gt such that f ◦ ϕt = f + tgt and
g0 = Xf on M .
Set x(t) := ϕ−1

t (x), then

((ϕt)∗Y )|xf = (Y (f ◦ ϕt))|x(t) = (Y f)|x(t) + t(Y gt)|x(t)

and

limt→0
1

t
[Y − (ϕt)∗Y ]|xf = limt→0

1

t
[(Y f)|x − (Y f)x(t)]− limt→0(Y gt)x(t)

= X|x(Y|xf)− Y|xg0(x)

= [X, Y ]|x(f)

�

Corollary 5.11. With the same notation as in the previous proposition, we have more ge-
nerally

(ϕs)∗[X, Y ] = limt→0
1

t
[(ϕs)∗Y − (ϕs+t)∗Y ] = − d

dt
((ϕt)∗Y )|t=s
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Proof. To apply the previous proposition to (ϕs)∗Y ).
�

Corollary 5.12. Let X and Y be two vector fields which generate local 1-parameter
groups ϕs and ψs.
For every t, s, ϕt ◦ ψs = ψs ◦ ϕt if and only if [X, Y ] = 0.

Proof. For every t, Y is invariant by every ϕt. By the previous proposition [X, Y ] = 0.
Conversely, if [X, Y ] = 0, then the previous corollary gives for every t,

d

dt
((ϕt)∗Y ) = 0

Therefor for every t, (ϕt)∗Y is a constant vector field at each point of M so that Y is
invariant by every ϕt. Then every ψs commute with every ϕt.

�

6. The differential

A smooth map F : M → N between manifolds will map smooth curves on M to
smooth curves on N , and thus induce a map between their tangent vectors.
This result is a linear map called the differential of F, dFx : TpM → TF (x)N . If the
parametrized curve c has tangent vector X|x = c′(t) at x = c(t), then the image curve
c̃ = F (c) will have tangent vector Y|F (x) = dFx(X|x) = c̃′.

Definition 6.1. Let M,N be two manifolds, and F : M → N a smooth map.
We define dF : TM → TN the differential of F as follow ; In local coordinate chart, for
X =

∑m
i=1 ξi

∂
∂xi
∈ TM

dFx(X|x) =
m∑
j=1

(
m∑
i=1

ξi
∂Fj
∂xi

)(x)
∂

∂yj |x

We can also denote the differential F∗.

Remark 6.2. IfX is vector field is mapped to a well-defined vector field dF (X) onN then
the flows match up, meaning

F (exp(tX) · x) = exp(tdF (X))F (x) (x∈M)

The definition of the Lie bracket of two vector field give us

Proposition 6.3. Let X and Y be two vector fields which are tangent to a submanifold
N ⊂M ; X, Y ∈ TN . Then their Lie bracket [X, Y ] ∈ TN .
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Example 6.4. Let X = x∂y − y∂x and Y = y∂z − z∂y generates the rotational flows
around the z-axis and the x-axis respectively. They are both tangent to S2 ⊂ R3, then their
Lie bracket [X, Y ] = x∂z − z∂x, which generates the rotational flows around the y-axis, is
also tangent to S2.

7. Differential forms

In this section, we firstly talk about some recalls of differential forms R-valued before
talking about V -valued (V a finite-dimensional vector space).

Let M a manifold of dimension m.

Definition 7.1. Let x ∈ M , a real-valued linear function ω : TxM → R on the tangent
space is said to define a one-form at x.

Definition 7.2. The space of one-forms at p is the dual vector space of TxM and is called
the cotangent space, denoted T ∗xM .
We define also the cotangent bundle T ∗M =

⋃
x∈M T ∗xM .

Definition 7.3. A frame on an M is an ordered set of vector fields V = {v1, ..., vm} such
that for all x ∈M , V|x is a basis of TxM .

Example 7.4. The coordinate vector field { ∂
∂xi
}16i6m is a frame on M .

Definition 7.5. A coframe on an M is an ordered set of one-form W = {ω1, ..., ωm} such
that for all x ∈M , W|x is a basis of T ∗xM .

Example 7.6. The set {dxi}16i6m is a coframe on M .

Definition 7.7. A differential k-form map Ω : TMk → R such that at a point x ∈ M ,
Ω(x) : (TxM)k → R is a k-linear map which is skew-symmetric (or antisymmetric) in its
arguments, meaning that

Ω(x)(vσ(1), ..., vσ(k)) = sign(σ)Ω(x)(v1, ..., vk) (v1,...,vk∈TxM ,σ∈Sk)

Proposition-Definition 7.8. Let ω1, ..., ωk be k one-form. We define the wedge product
ω1 ∧ ... ∧ ωk as follow

(ω1 ∧ ... ∧ ωk)(x)(v1, ..., vk) = det((ωi(x)(vj))16i,j6k) (x,∈M,v1,...,vk∈TxM)
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Remark 7.9. For a k-form ω, if k is odd, ω ∧ ω = 0.

Proposition 7.10. Let f1, ..., fk : M → R smooth functions.
If df1 ∧ ... ∧ dfk 6= 0, then they are functionally independent.
If df1 ∧ ... ∧ dfk = 0, then f1, ..., fk are functionally dependent.

Definition 7.11. Let F : M → N be a smooth map.
We define the pull-back of F denoted F ∗, which maps a differential form on N back to a
differential form on M .
Let x ∈M , if θ is one-form ofN at y = F (x), then ω := F ∗(θ) is a one-form ofM defined
by

ω(X) := F ∗(θ)(X) = θ(F (X)) (X∈TxM)

Theorem 7.12. Let F : M → N be a smooth map and Let Ω be a differential form on N .

d(F ∗Ω) = F ∗(dΩ)

Definition 7.13. Let F : Ñ →M be a parametrized map of a submanifold N ⊂ N .
We define the restriction of the submanifold N , and denote it Ω|N as the pull-back F ∗Ω of
a differential form Ω on M .

Corollary 7.14. Let N ⊂ M a submanifold and Ω be a differential form such that
Ω|N = 0, then dΩ|N = 0.

Theorem 7.15. Let Ω be a differential form.

d(dΩ) = 0

Definition 7.16. A differential form Ω is said to be closed if dΩ = 0.
Let k > 0. A differential k-form Ω is said exact if it exists Θ a differential (k − 1)-form
such that Ω = dΘ.

Theorem 7.17. Let k > 0. Let M ⊂ Rm be a convex open subset, and Ω be a closed
k-form defined on M , then Ω is exact.

Then, we discuss about a generalization of R-valued differential forms.

Let V be a finite dimensional vector space such that v := dim(V ).
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Definition 7.18. Let k > 0. A smooth V -valued k-form on M is a smooth map

ω :
k⊕
i=1

TM → V

such that for all x ∈M , ω(x) :
⊕k

i=1 TxM → V is multilinear and totally skew-symmetric
in its vector arguments.

Definition 7.19. The k-forms make up an infinite dimensional vector space denoted by
Ak(M,V ). Let A(M,V ) =

⊕m
k=1A

k(M,V ).

Remark 7.20. Let f1, ..., fv a basis of V .

1) we have ω ∈ A(M,V ) if and only if ω ∈ Ak(M,V ) for some 0 6 k 6 m.
Let x ∈M and (U ;x1, ..., xm) a local coordinate.
For all y ∈ U(x), a neighborhood of x

ω(y) =
v∑
i=1

ωi(y)fi

=
v∑
i=1

(
∑
|I|=k

ai,I(y)dyI)fi

where for 0 6 k 6 m, ωi(y) ∈ Ak(M,V ), (y1, ..., ym) are local coordinate of y and
I = (1 6 i1 < i2 < ... < ik 6 m).

2) A smooth map f : M → N induces the pullback map f ∗ : Ak(N, V ) → Ak(M,V )
defined by

(f ∗ω)(x)(X1, ..., Xk) = ω(f(x))(f∗X1, ..., f∗Xk) (x,∈M,X1,...,Xk∈TxM)

Definition 7.21. The exterior product of a V1-valued k-form ω1 on M with a V2-valued
l-form ω2 on M is a V1 ⊗ V2-valued (k + l)-form noted ω1 ∧ ω2 defined by

(ω1∧ω2)(x)(X1, ..., Xk+l) =
∑

σ∈Sk+l

ε(σ)ω1(x)(Xσ(1), ..., Xσ(k))⊗ω2(x)(Xσ(k+1), ..., Xσk+l)

(x∈M,X1,...,Xk∈TxM)

where ε(σ) is the signature of σ.

Remark 7.22. If f : M → N is a smooth map, then f ∗(ω1 ∧ ω2) = f ∗ω1 ∧ f ∗ω2.

As for the case of R-valued differential forms, we define the kth exterior derivative
dk : Ak(M,V )→ Ak+1(M,V ) by the following way ;
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Let f1, ..., fv a basis of V , p ∈M and (U ;x1, ..., xm) a coordinate chart of p.
For x ∈ U , ωx =

∑v
i=1

∑
|I|=k ai,I(x)dxIfi

(dkω)(x) =
v∑
i=1

∑
|I|=k

dai,I(x) ∧ dxIfi

Quickly, we use the notation d = dk without specified the dimension of the form space.

This value is independent of the choice of the coordinate chart on M (known with the
R-valued differential forms).
Moreover, if we have (fi)16i6v and (ej)16j6v two basis of V , then (dω)(x)(f) = (dω)(x)(e).
with the following relations

fi =
v∑
j=1

Pi,jej

ai,I,(e)(x) =
v∑
i=1

Pj,iaj,I,(f)(x)

((i,j,x,P )∈[|1,v|]×M×GLv(R))

Then the exterior derivative for V -valued k-form is well defined.

It follows by R-valued forms the following lemmas.

Lemma 7.23. (1) Let ω1, ω2 be V -valued forms,

d(ω1 + ω2) = dω1 + dω2

(2) Let V1-valued k-form ω1 on M with V2-valued l-form ω2 on M ,

d(ω1 ∧ ω2) = dω1 ∧ ω2 + (−1)kω1 ∧ dω2

(3) Let ω be a V -valued form.
d(dω) = 0

Lemma 7.24. If two vector-valued operators on forms satisfy the three properties of the
previous lemma and agree on functions, then they are identical.

Corollary 7.25. There is a unique operator d : Ak(M,V ) → Ak+1(M,V ) defined
for all k ∈ N and all V , that satisfies (1), (2), (3) and for f : M → V , reduces to
df =

∑m
i=1

∂f
∂xi
dxi.

Let X ∈ TM and f : M → R, we know that dpf(X) = X|p(f).
Then we have
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Proposition 7.26. For all x ∈M , X ∈ TM , and f : M → R smooth,

dfx(X) = X|x(f)

There are similar expressions for the derivate dω of a k-form ω valued on k + 1 vector
field X1, ..., Xk+1.

Lemma 7.27 (Cartan’s formula, 1). Let ω be a V -valued 1-form on M and X, Y be two
vector fields on M .

dω(X, Y ) = X(ω(Y ))− Y (X(ω))− ω([X, Y ])

Proof. By linearity of d, it enough to assume ω = fdxi ⊗ e with f : M → R, e ∈ V and
(U ;x1, ..., xm) a coordinate chart.
If the lemma is true for ω = fdxi, it will be true for ω = fdxi⊗ e. Then assume ω = fdxi
or more generally ω = fdg where g : M → R.
We have dω = df ∧ dg and so

dω(X, Y ) = df(X)dg(Y )− df(Y )dg(X) = X(f)Y (g)− Y (f)X(g)

and
X(ω(Y ))− Y (ω(X))− ω([X, Y ]) = X(fdg(Y ))− Y (fdg(X))− fdg([X, Y ])

= X(fY (g))− Y (fX(g))− f [X, Y ](g)

= X(f)Y (g) + fX(Y (g))− Y (f)X(g)− fY (X(g))

− f [X, Y ](g)

= X(f)Y (g)− Y (f)X(g)

�

Corollary 7.28 (Cartan’s formula, 2). Let ω be a V -valued k form on M .
We have for X1, ..., Xk+1 ∈ TM

dω(X1, ..., Xk+1) =
k+1∑
i=1

(−1)i+1Xi(ω(X1, ..., X̂i, ..., Xk+1))

+
∑

16i<j6k+1

(−1)i+jω([Xi, Xj], X1, ..., X̂i, ..., X̂j, ..., Xk+1)

Proof. Let ω ∈ Ap(M,V ).
To prove this, we use the following theorem proved in Spivak [1] page 118 (Theorem 2)

Theorem 7.29. If A : TMk → F = {f ∈ C∞} is multilinear over F then there exists a
unique tensor field A with A = A where A(X1, ..., Xp)(x) = A(x)(X1(x), ..., Xp(x)).
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Call Σ1 et Σ2 the two sums above. Clearly, the operator which send (X1, . . . , Xk, Xk+1)
on Σ1 + Σ2 is multilinear for the multiplication of vector field by real constants.

Moreover, we can see that this operator is, in fact, multilinear for the multiplication by
C∞ functions on M .

Indeed, for Σ1, take any index 1 6 i0 6 k+1, replace the vector fieldXi0 by f Xi0 where
f : M −→ R is C∞. From definition of k-forms, the are linear compared to multiplication
by functions.
Then for all i 6= i0, we have :

ω
(
X1, . . . , fXi0 , . . . , X̂i, . . . , Xk+1

)
= f ω

(
X1, . . . , Xi0 , . . . , X̂i, . . . , Xk+1

)
,

where we have fixed ideas, assume in the written that i0 < i.
Then the first sum where we extract the term i = i0 :

Σ1 := (−1)i0+1 Xi0

(
ω
(
X1, . . . , X̂i0 , . . . , Xk+1

))
+

k+1∑
i=1
i 6=i0

Xi

(
ω
(
X1, . . . , X̂i, . . . , Xk+1

))
,

becomes by Leibniz’s formula :

Σ′1 := (−1)i0+1 f Xi0

(
ω
(
X1, . . . , X̂i0 , . . . , Xk+1

))
+

k+1∑
i=1
i6=i0

Xi

(
f ω
(
X1, . . . , X̂i, . . . , Xk+1

))

= (−1)i0+1 f Xi0

(
ω
(
X1, . . . , X̂i0 , . . . , Xk+1

))
+

k+1∑
i=1
i6=i0

f Xi

(
ω
(
X1, . . . , X̂i, . . . , Xk+1

))

+
k+1∑
i=1
i6=i0

Xif · ω
(
X1, . . . , X̂i, . . . , Xk+1

)

= f Σ1 +
k+1∑
i=1
i6=i0

Xif · ω
(
X1, . . . , X̂i, . . . , Xk+1

)
.

Now, for Σ2, take any index 1 6 i0 6 k + 1, replace the vector field Xi0 byfXi0 where
f : M → R is C∞.

To proceed, we decompose Σ′2 plainly in three sub-sums :∑
16i<j6k+1

=
∑

16i=i06j6k+1

+
∑

16i6j=i06k+1

+
∑

i0 /∈{i,j}

.

For the two first sums, we use

[fXi0 , Xj] = f [Xi0 , Xj]−Xi(f) ·Xi0 (16i0<j6k+1)

[Xi, fXi0 ] = f [Xi, Xi0 ] +Xi(f) ·Xi0 (16i<i06k+1)
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Then

Σ′2 =
∑

16i=i0<j6k+1

(−1)i0+jXi

(
ω
(
[fXi0 , Xj], X0, ..., X̂i0 , ..., X̂j, ..., Xk+1

))
+

∑
16i<j=i06k+1

(−1)i+i0Xi

(
ω
(
[Xi, fXi0 ], X0, ..., X̂i, . . . , X̂i0 , . . . , Xk+1

))
+ f

∑
i0 /∈{i,j}

(−1)i+jω
(
[Xi, Xj], X0, ..., X̂i, . . . , X̂j, . . . , Xk+1

)
= fΣ2

+
∑

16i<j=i06k+1

(−1)i+i0Xi(f) · (ω(Xi0 , X0, ..., X̂i, ..., X̂i0 , ..., Xk+1))

−
∑

16i=i0<j6k+1

(−1)i0+jXj(f) · (ω(Xi0 , X0, ..., X̂i0 , ..., X̂j, ..., Xk+1))

= fΣ2 −
∑

16i6k+1
i 6=i0

(−1)i0+jXj(f) · (ω(X0, ..., X̂i, ..., Xk+1))

Then by multilinearity under the multiplication by C∞ functions, there exists a unique
tensor field noted δω satisfying

δω =
k+1∑
i=1

(−1)i+1 Xi

(
ω
(
X1, . . . , X̂i, . . . , Xk+1

))
+

∑
16i<j6k+1

(−1)i+j ω
(

[Xi, Xj], X1, . . . , X̂i, . . . , X̂j, . . . , Xk+1

)
.

where δ : Ak(M,V )→ Ak+1(M,V ).
To show that δ = d, we can assume ω = fdx1 ∧ ... ∧ dxk with (U, x1, ..., xm) a local
coordinate on M .
We have

δω =
∑

16i1<...<ik+16m

δω(
∂

∂xi1
, ...,

∂

∂xik+1

)dxi1 ∧ ... ∧ dxik+1
.

We have δω( ∂
∂xi1

, ..., ∂
∂xik+1

) = 0 unless some (i1, ..., îk, ..., ik+1)is a permutation of

(1, ..., k).
Since the i’s are increasing, this happened only if

(i1, ..., ik) = (1, ..., k, j), for j > k
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Then δω( ∂
∂xi1

, ..., ∂
∂xik

, ∂
∂xj

) = (−1)k ∂f
∂xj

Therefore

δω =
∑
j>k

(−1)k
∂f

∂xj
dx1 ∧ ... ∧ dxk ∧ dxj

=
∑
j>k

∂f

∂xj
dxj ∧ dx1 ∧ ... ∧ dxk

=
∑

16j6m

∂f

∂xj
dxj ∧ dx1 ∧ ... ∧ dxk

= dω

�

Proposition 7.30. If f : M → N is a smooth map, then the following diagram commutes
for all k ∈ N

Ak(N, V )
d //

f∗

��

Ak+1(N, V )

f∗

��
Ak(M,V )

d
// Ak+1(M,V )

In other words,
f ∗(dω) = d(f ∗ω) (k∈Nω∈Ak(M,V ))

Proof. The proof is by induction on k.
Let X ∈ TM .
∗ k = 0 :

f ∗(dg(X)) = dg(f∗(X)) = f∗(X)g = X(f ∗g) = X(gf) = d(fg)(X)

∗ Let k ∈ N, and assume the result for the j-forms with j < k.
By linearity we can assume ω = gdxI where |I| = k.
We separate ω as follow :

ω = gdxJ ∧ dxK
with |J |, |K| < k and |J |+ |K| = |I|.
Then

d(f ∗ω) = d(f ∗(gdxJ ∧ dxK))

= d(f ∗(gdxJ) ∧ f ∗(dxK))

= d(f ∗(gdxJ)) ∧ f ∗(dxK)± f ∗(gdxJ) ∧ d(f ∗ (dxK))

= f ∗d(gdxJ) ∧ f ∗(dxK)± f ∗(gdxJ) ∧ f ∗(dxK)

f ∗(d(gdxJ ∧ dxK))

= f ∗(dω)

�
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We can notice that the wedge product of two V -valued differential forms gives a new
differential form but which not live in the same space ; V ⊗ V . We will talk about map
allowing to solve this problem.

Let ϕ : V1 → V2 be a linear map of vector spaces, then it induces a linear map ϕ∗ :
A(M,V1)→ A(M,V2) defined by

ϕ∗(ω)(X1, ..., Xk) = ϕ(ω(X1, ..., Xk)) (k;X1,...,Xk)∈N×TMk

We can remark that ϕ∗ commute with d ;

ϕ∗(dω) = d(ϕ∗(ω)) (ω∈A(M,V1))

Let V1 = V ⊗ V and V2 = V .
We assume that ϕ =: m is not necessarily commutative or associate (in fact we can think
m := [, ] is the Lie bracket).
Then we obtain a corresponding map

m∗ :

{
A(M,V ⊗ V ) −→ A(M,V )

ω 7−→ m∗(ω)

This map turns A(M,V ) into an algebra with multiplication given by m∗ ◦ ∧.

Remark 7.31. Let ω1, ω2 be V -valued k-forms and l-forms respectively.

d(m∗(ω1 ∧ ω2)) = m∗(dω1 ∧ ω2) + (−1)km∗(ω1 ∧ dω2)

An important particular case is V = g a Lie group and m :

{
g⊗ g −→ g

v ⊗ w 7−→ [v, w]
the Lie

bracket.

Definition 7.32. Let ω1, ω2 be V -valued differential forms. We define the Lie bracket of
two forms noted [ω1, ω2] by

ω1 ∧g ω2 := m∗(ω
1 ∧ ω2)

Lemma 7.33. Let ω1, ω2 be V -valued differential forms and X, Y ∈ TM . We have

(ω1 ∧g ω2)(X, Y ) = [ω1(X), ω2(Y )] + [ω2(X), ω1(Y )]

In particular for ω a V -valued form,

[ω(X), ω(Y )] =
1

2
(ω ∧g ω)(X, Y );

ω1 ∧g ω2 = ω2 ∧g ω
1.
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Proof.
(ω1 ∧g ω2)(X, Y ) = m∗(ω

1 ∧ ω2)(X, Y )

= m(ω1 ∧ ω2(X, Y ))

= m(ω1(X)⊗ ω2(Y )− ω1(Y )⊗ ω2(X))

= m(ω1(X)⊗ ω2(Y ))−m(ω1(Y )⊗ ω2(X))

= [ω1(X), ω2(Y )]− [ω1(Y ), ω2(X)]

= [ω1(X), ω2(Y )] + [ω2(X), ω1(Y )]

�

For {e1, ..., er} a basis of g, a 1-form ω ∈ A(M, g)

ω =
∑

16k6r

ωkek

where ωk ∈ A(M,R) and for ω1 and ω2 ∈ A(M, g), we have

ω1 ∧g ω2 =
∑

16k1,k26r

ω1
k1
∧ ω2

k2
[ek1 , ek2 ]g

Remark 7.34. Let ωp ∈ Ap(M, g), ωq ∈ Aq(M, g) and ωr ∈ Ar(M, g). We have :
(1) d(ωp ∧g ωq) = dωp ∧g ωq + (−1)p(ωp ∧g dωq)
(2) ωq ∧g ωp = (−1)pq+1(ωp ∧g ωq)
(3) (−1)rq((ωp ∧g ωq)∧g ωr) + (−1)pq((ωq ∧g ω

r)∧g ωp) + (−1)q((ωr ∧g ω
p ∧g ω

q)) = 0.

Remark 7.35. Let f : M → N be a smooth map and let ϕ : h → g be a Lie alge-
bra homomorphism. Then ϕ∗f ∗ : A(N, h)→ A(M, g) is a homomorphism of Lie algebras.

8. Cartan’s lemmas

Now, we see important lemmas.

Lemma 8.1 (of Cartan, 1). On RN>1, equipped with a number 1 6 M 6 N of local
independent differential one-forms {τ1, ..., τM}, if given differential one-form {λ1, ..., λM}
satisfy

0 =
∑

16j6M

τj ∧ λj

Then
λi = 0 mod(τ1, ..., τM) (16i6M)

Precisely, there exist functions (Ai,j)16i,j6M such that

λi =
∑

16j6M

Ai,jτj (16i6M)

Ai,j = Aj,i (16i<j6M)
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Proof. Complete {τ1, ..., τM} as a coframe {τ1, ..., τM , χ1, ..., χN−M} and decompose

λi =
∑

16j6M

Ai,jτj +
∑

16k6N−M

Bi,kχk (16i6M)

By

0 =
∑

16j6M

τj ∧ λj =
∑

16i6M

∑
16j6M

Ai,jτi ∧ τj +
∑

16i6M

∑
16k6N−M

Bi,kτi ∧ χk

Since {τ, χ} =: {λi | 1 6 i 6 N} is a coframe, then {λi1 ∧ λi2}16i1<i26N form a basis of
2-form.
Then

Bi,k = 0 (16i6M,16k6N−M)

Then
0 =

∑
16i6M

∑
16j6M

Ai,jτi ∧ τj

λi =
∑

16j6M

Ai,jτi
(16i6M)

We have
0 =

∑
16i6M

∑
16j6M

Ai,jτi ∧ τj

=
∑

16i6M

(
∑

16i<j6M

Ai,jτi ∧ τj +
∑

16j<i6M

Ai,jτi ∧ τj +
∑
i=j

0)

=
∑

16i6M

(
∑

16i<j6M

Ai,jτi ∧ τj +
∑

16i<j6M

Aj,iτj ∧ τi)

=
∑

16i6M

∑
16i<j6M

(Ai,j − Aj,i)τi ∧ τj

Then
Ai,j = Aj,i (16i6M)

�

Lemma 8.2 (of Cartan,2). On RN>1 equipped with a number 1 6 M 6 N of local inde-
pendent differential 1-forms {τ1, ..., τM}, if given differential 2-forms {Ω1, ...,ΩM} satisfy

0 =
∑

16i6M

τi ∧ Ωi

Then
Ωi = 0mod(τ1, ..., τM) (16i6M)

Precisely, completing {τ1, ..., τM} as a coframe {τ1, ..., τM , χ1, ..., χN−M}, there exist func-
tions Ai,j1,j2 and Bi,j,k such that

Ωi =
∑

16j1<j26M

Ai,j1,j2τj1 ∧ τj2 +
∑

16j6M

∑
16k6N−M

Bi,j,kτj ∧ χk (16i6M)

where
Ai,j1,j2 − Aj1,i,j2 + Aj2,i,j1 = 0 (16i<j1<j26M)

Bi,j,k = Bj,i,k (16i<j6M,16k6N−M)
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Proof. For 1 6 i 6M , decompose Ωi in

{τj1 ∧ τj2 , τj ∧ χk, χk1 ∧ χk2} 16k6N−M
16k1<k26N−M

16j6M,16j1<j26M

Then

Ωi =
∑

16j1<j26M

Ai,j1,j2τj1∧τj2+
∑

16j6M

∑
16k6N−M

Bi,j,kτj∧χk+
∑

16k1<k26N−M

Ci,k1,k2χk1∧χk2

By

0 =
∑

16i6M

τi ∧ Ωi

=
∑

16i6M
16j1<j26M

Ai,j1,j2τi ∧ τj1 ∧ τj2 +
∑

16j6M
16k6N−M

16i6M

Bi,j,kτi ∧ τj ∧ τk

+
∑

16i6M
16k1<k26N−M

Ci,k1,k2τi ∧ χk1 ∧ τk2

The coframe {τ, χ} =: {λi | 1 6 i 6 N} then {λi1 ∧ λi2 ∧ λi3}16i1<i2<i36N form a basis
of 3-form.
Then

Ci,k1,k2 = 0 (16i6M,16k1<k26N−M)

Then

Ωi =
∑

16j1<j26M

Ai,j1,j2τj1 ∧ τj2 +
∑

16j6M

∑
16k6N−M

Bi,j,kτj ∧ χk (16i6M)

and

0 =
∑

16j1<j26M

(
∑

16i<j1<j26M

Ai,j1,j2τi ∧ τj1 ∧ τj2 +
∑

16j1<i<j26M

Ai,j1,j2τi ∧ τj1 ∧ τj2

+
∑

16j1<j2<i6M

Ai,j1,j2τi ∧ τj1 ∧ τj2) +
∑

16k6N−M

(
∑

16i<j6M

Bi,j,kτi ∧ τj ∧ χk

+
∑

16j<i6M

Bi,j,kτi ∧ τj ∧ χk)

0 =
∑

16j1<j26M

(
∑

16i<j1<j26M

[Ai,j1,j2τi ∧ τj1 ∧ τj2 + Aj1,i,j2τj1 ∧ τi ∧ τj2

+ Aj2,i,j1τj2 ∧ τi ∧ τj1 ]) +
∑

16k6N−M

([Bi,j,kτi ∧ τj ∧ χk +Bj,i,kτj ∧ τi ∧ χk])

0 =
∑

16j1<j26M

(Ai,j1,j2 − Aj1,i,j2 + Aj2,i,j1)τi ∧ τj1 ∧ τj2 +
∑

16i<j6M
16k6N−M

(Bi,j,k −Bj,i,k)τi ∧ τj ∧ χk

Then
Ai,j1,j2 − Aj1,i,j2 + Aj2,i,j1 = 0 (16i<j1<j26M)

Bi,j,k = Bj,i,k (16i<j6M,16k6N−M)

�



30 Julien Heyd, Université Grenoble-Alpes

9. Equivalence of differential forms

Now, we talk about the equivalence problem of differential forms.
We begin by noting that any one-form ω on a m-dimensional manifold M defines, using
the differential and wedge product, a sequence of auxiliary differential forms :

ω1 = ω

ω2 = dω

ω4 = dω3 = dω ∧ dω
ω5 = ω ∧ dω ∧ dω, etc...

Note that each ωk is k-form, so ωm+1 = 0 automatically.

Definition 9.1. The rank of a one-form ω at a point x ∈ M is the integer
0 6 r = r(x) 6 m, such that for 0 6 r 6 k, ωk(x) 6= 0, whereas for k > r,
ωk(x) = 0.

Remark 9.2. The rank of a one-form is not always well defined, since if k is odd, it is
possible ωk(x) = 0 while ωk+1(x) 6= 0.

Definition 9.3. A one-form is regular if its rank is constant.

Theorem 9.4. Let ω is a one-form of constant rank r on an m-dimensional manifold M .
There exist local coordinates x = (x1, ..., xm) such that ω has the canonical form.

ω =

{
x1dx2 + ...+ x2s−1dx2s, r = 2s

x1dx2 + ...+ x2s−1dx2s + dx2s+1, r = 2s+ 1

depending on whether the rank is even or odd.

Corollary 9.5. Every regular one-form of the same rank is locally equivalent.

Definition 9.6. We define the rank of Ω a two-form at x to be the smallest integer 0 6 r 6
m
2

such that
(Ω)r(x) 6= 0

(Ω)r+1(x) = 0

We have also the equivalence problem of closed two-forms :

Theorem 9.7. Let Ω a closed two-form such that the rank of Ω is constant equal to r. There
exist local coordinates x = (x1, ..., xm) such that

Ω = dx1 ∧ dx2 + ...+ dx2r−1 ∧ dx2r
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10. Tensors

Now, we talk about tensors.

Definition 10.1. Let V be an n-dimensional R-vector space with its dual space V ∗.
The elements in the tensor product

V r
s = V ⊗ · · · ⊗ V ⊗ V ∗ ⊗ · · · ⊗ V ∗,

where r is the number of V and s of V ∗, are called the (r, s)-type tensors.
We call r the contravariant order and s the covariant order.
In particular, the element in V r

0 are called contravariant tensors of order r and those in V 0
s

are called covariant tensors of order s.

Remark 10.2. V 0
0 = R ; V 1

0 = V ; V 0
1 = V .

The elements of V are called contravectors ; the vectors.
The elements of V ∗ are called covectors ; the linear form on V .

For s, r ∈ N,
dim(V r

s ) = nr+s

V r
s = L (V ∗; . . . ;V ∗;V ; . . . ;V ),

with r terms of V ∗ and s terms of V .
Then V r

0 = L (V ∗; . . . ;V ∗,R) and V 0
s = L (V ; . . . ;R).

Suppose {ei}16i6n and {e∗i}16i6n are dual basis in V and V ∗ respectively, then

ei1 ⊗ · · · ⊗ eir ⊗ e∗k1 ⊗ · · · ⊗ e∗ks (16i1,...,ir6n;16k1,...,ks6n)

form a basis of V r
s .

Therefore a (r, s)-type tensor T can be uniquely expressed as

T =
∑

16i1,...,ir6n
16k1,...,ks6n

T i1...irk1...ks
ei1 ⊗ · · · ⊗ eir ⊗ e∗k1 ⊗ · · · ⊗ e∗ks ,

where T i1...irk1...ks
= T (e∗i1 , . . . , e∗ir , ek1 , . . . , eks) ∈ R.

Definition 10.3. Let T1 be a (r1, s1)-type tensor and T2 be a (r2, s2)-type tensor on V . We
define the tensor product T1 ⊗ T2 a (r1 + r2, s1 + s2)-type tensor given by

T1 ⊗ T2 : (v∗1, . . . , v∗r1+r2 , v1, . . . , vs1+s2) 7→

T1(v∗1, . . . , v∗r, v1, . . . , vs1)T2(v∗r1+1, . . . , v∗r1+r2 , vs1+1, . . . , vs1+s2)

Remark 10.4.

T1 ⊗ T2 =
∑

16k1,...,ks1+s26n
16i1,...,ir1+r2

6n

T
i1...ir1
1 k1...ks1

T
ir1+1...ir1+r2

2 ks1+1...ks1+s2
ei1 ⊗ · · · ⊗ eir1+r2

⊗ e∗k1 ⊗ · · · ⊗ e∗ks1+s2
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Definition 10.5. V ∗0 :=
∑

r>0 V
r

0 is an infinite-dimensional vector space.

Any element T ∈ V ∗0 can be expressed as the formal form

T =
∑
r>0

T r,

where T r ∈ V r
0 .

Let Sr the permutation group of {1, . . . , r}.
Any element of σ ∈ Sr determines an automorphism of T r(V ).
Let T ∈ V r

0 , we define σtensor : V r
0 → V r

0 , denote again σ, by

σ(T )(v∗1, . . . , v∗r) = T (v∗σ(1), . . . , v∗σ(r)) (v∗1,...,v∗r∈V ∗)

Then, for T = v1 ⊗ · · · ⊗ vr,
σ(T ) = vσ−1(1) ⊗ · · · ⊗ vσ−1(r)

Definition 10.6. Let T ∈ V r
0 .

We say that T is a symmetric contravariant tensor of order r if σ(T ) = T .
We let S r(V ) the set of such tensors.
We say that T is an alterning contravariant tensor of order r if σ(T ) = ε(σ)T , where ε(σ)
is the signature of σ.
We let Λr(V ) the set of such tensors.

Definition 10.7. Let T ∈ V r
0 .

We define automorphisms of V r
0 by

Sr :


V r

0 −→ V r
0

T 7−→ 1

r!

∑
σ∈Sr

σ(T )

the symmetric map on contravariant tensors of order r and

Ar :


V r

0 −→ V r
0

T 7−→ 1

r!

∑
σ∈Sr

ε(σ)σ(T )

We have the theorem.

Theorem 10.8. For s, r ∈ N,
S r(V ) = Sr(V

r
0 )

Λr(V ) = Ar(V
r

0 ).

We can define a bigger space.

Definition 10.9. We define the space of symmetric contravariant tensors by

S (V ) =
∑
r>0

S r(V )
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and the space of alterning contravariant tensors by

Λ(V ) =
∑
r>0

Λr(V )

Moreover, we define the symmetric and alterning map, noted S : V ∗0 → S (V ) and A :
V ∗0 → Λ(V ), on contravariant tensors by

S(T ) = Sr(T ) (T∈V r0 )

A(T ) = Ar(T ) (T∈V r0 )

Remark 10.10. Similarly, we can do it for V ∗.
In particular, for V ∗ = TM∗, with M a n-dimensional manifold, we have Λ(V ∗) the space
of differential R-valued forms.

As for differential forms in Λ(TM∗), we can define a product on S (V ).

Definition 10.11. We define a product on S (V ) by

T1 � T2 = S(T1 ⊗ T2)

called the symmetrized tensor product.
Then, we can use the notations

�V = S (V )

and
�rV = S r(V ) (r≥0)

Exemple 10.12. Let {ei}16i6n a basis of V . We have

(1) {ei � ej}16i6j6n a basis of �2V .

(2) {ei ∧ ej}16i<j6n a basis of Λ2V .

Proposition 10.13.

dim�r V =

(
n+ r − 1

r

)
.

Proof. Let T ∈ S r(V ) and write

T =
∑

16i1,...,ir6n

T i1...irei1 ⊗ · · · ⊗ eir

for some basis {e1, . . . , eir} of V .
We need to determine the number of k combinations with possible repetitions, of integers
{1, . . . , n}.
This number is

(
n+r−1

r

)
.

�

Exemple 10.14. �3R2 is a 4-dimensional vector space.
Then we can have the identification

�3R2 = R4.

We end with a definition.
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Definition 10.15. Let l : �rV → �rV a map.
l is an endomorphism of �rV if there is (m1, . . . ,mr) ∈ (�rV )r such that

l = m1 � · · · �mr

i.e. for (vi)16i6r ∈ V r,

l(v1 � . . . vr) = m1(v1)� · · · �mr(vr)

—————–
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Lie groups

1. Introduction

Definition 1.1. A Lie group G is a smooth manifold which is also a group such that the
group multiplication (g, h) 7→ g · h and inversion g 7→ g−1 define smooth maps.

Remark 1.2. A local Lie group G is a set such that there exists a neighborhood of e
satisfying that G|U = U is a Lie group.

Remark 1.3. Often, an r-dimensional Lie group is referred to as an r parameter group,
the "group parameters" referring to a choice of local coordinates on the group manifold.

Example 1.4. The simplest example of an r parameter Lie group is Rr.

Example 1.5. The prototypical example of a real Lie group is the general group GL(n,R).

Definition 1.6. The subgroup H is called a Lie subgroup if it is also an immersed
submanifold parametrized by a smooth group homomorphism F : H̃ → H ⊂ G.

Proposition 1.7. If H ⊂ G is a subgroup of a Lie group G, which is also a topological
closed subset, then H is a Lie subgroup of G.

Example 1.8. We have :
∗ If G is a Lie group, then the connected component of G containing the identity element,
denoted G+ is itself a Lie group.
∗ GL(n,R)∗+ = {A ∈ GL(n,R) | det(A) > 0} is a Lie group.
∗ SL(n,R) = {A ∈ GL(n,R) | det(A) = 1} is a Lie group.
∗ O(n) = {A ∈ GL(n,R) |t AA = In} is a Lie group.

∗ Sp(2r) = {A ∈ GL(n,R) |t AJA = J} is a Lie group with J =

(
0 Ir
−Ir 0

)
.

∗ E(n) = O(n) o Rn The Euclidean group generated by the groups of orthogonal
transformations and translations.
∗ SE(n) = SO(n) oRn.
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Definition 1.9. A discreet subgroup Γ ⊂ G of a Lie group is a subgroup whose intersection
with some neighborhood {e} ⊂ U ⊂ G of the identity consists only for the identity :
Γ ∩ U = {e}.

Example 1.10. The integer lattices Zr and SL(nZ) are discret subgroups.

Example 1.11. The quotient group G/Γ by a discrete normal subgroup, is a Lie group
which is locally isomorphic to G itself.

2. Transformation groups

Let M be a smooth manifold of dimension m and G be a Lie group.

Definition 2.1. A transformation group acting on M is determined by a Lie group G and a

smooth map Φ :

{
G×M −→M

(g, x) 7−→ g · x which satisfies :

(1) For all x ∈M , e · x = x

(2) For all x ∈M , g, h ∈ G, g · (h · x) = (g · h) · x.

The definition assume that the action is global, but an action may only be defined
"locally", meaning that, for a given x ∈M , transformation g · x is only defined for a group
element g sufficiently near the identity. Thus

Definition 2.2. A local transformation group acting on M is determined by a Lie group
G, and V an open subset such that {e} × M ⊂ V ⊂ G × M and a smooth map Φ :{

V −→M

(g, x) 7−→ g · x which satisfies :

(1) For all (e, x) ∈ V , e · x = x

(2) For all (g, h, x) ∈ G2 × M such that (h, x) ∈ V , (g, h · x) ∈ V , we have
g · (h · x) = (g · h) · x.

Example 2.3. We give some examples of transformations :

∗ The linear action of GL(2,R) on R2 :


GL(2,R)× R2 −→ R2

(

(
a b
c d

)
, (x, y)) 7−→ (ax+ by, cx+ dy)

∗ The Möbius transformation :


GL(2,R)× RP1 −→ RP1

(

(
a b
c d

)
, p) 7−→ ap+ b

cp+ d

Definition 2.4. The isotropy subgroup of a point x ∈M is Gx = {g ∈ G | g · x = x}.
Let x ∈M .
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x is said fixed by the group action if Gx = G.

Remark 2.5. For all x ∈M , Gx is a Lie group.

Proposition 2.6. Let x, y ∈M .
If y = g · x then Gy = g ·Gx · g−1.

Definition 2.7. A transformation group acts freely if all isotropy subgroup are trivial.
A transformation group acts locally freely if it exists U a neighborhood of e such that for
all x ∈M , Gx ∩ U = {e} .
A transformation group acts effectively if for all g, h ∈ G, x ∈M , we have g · x = h · x if
and only if g = h.

Definition 2.8. We call the global isotropy subgroup GM =
⋂
x∈M Gx = {g ∈ G | g · x =

x, for all x ∈M}.

Remark 2.9. A transformation group acts effectively if GM = {e}.

Definition 2.10. A transformation group acts locally effectively if it exists U a neighbo-
rhood of e such that for all x ∈M , GM ∩ U = {e}.
In other words, the restriction of the group action to U ×M acts effectively.

We have :

Proposition 2.11. Let G be a Lie group acting on M .
The global isotropy subgroup GM is a normal Lie subgroup of G.
Moreover, there is a well-defined effective action of the quotient group G/GM on M , which
"coincides" with that of G in the sense that two group elements g and g̃ have the same
action onM , so for all x ∈M , g·x = g̃·x, if and only if it exists h ∈ GM such that g̃ = g·h.

Remark 2.12. Thus, if a transformation group G does not act effectively, we can without
any sufficient loss of information or generality, replace it by the quotient group G/GM .

Remark 2.13. A group action acts effectively freely if and only if G/GM acts freely.
It is equivalent to that for every x ∈M , Gx = GM .

Example 2.14. GL(n,R) acts effectively on Rn.

3. Invariant subsets and equations

Let M be a smooth manifold of dimension m and G be a Lie group.
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Definition 3.1. A subset S ⊂ M is called G-invariant if for every g ∈ G, x ∈ S, we have
g · x ∈ S.

Definition 3.2. Let F1, ..., Fk : M → R.
A group G is called a symmetry group of a system of equation

F1(x) = ... = Fk(x) = 0

if the variety SF = {x ∈M | F1(x) = ... = Fk(x) = 0} is a G-invariant subset of M .

Definition 3.3. An orbit of a transformation group is a minimal nonempty invariant subset.

Example 3.4. For a global action, the orbit through a point x ∈M is Ox = {g ·x | g ∈ G}.

Example 3.5. For a local action, the orbit through a point x ∈M is Ox = {g1 ·g2 · · ·gn ·x |
g ∈ G, n ∈ N}.

Remark 3.6. If G is connected, then the orbits are connected.

Proposition 3.7. A subset S ⊂M is G-invariant if and only if it is the union of orbits.

Definition 3.8. The group action is called transitive if there is only one orbit.

Example 3.9. A fixed point is a zero-dimensional orbit.
For a connected group, the converse holds.

Example 3.10. ∗ The linear action GL(n,R) on Rn has two orbits : the origin {0} and
Rn\{0}.
∗ The same hold for SL(n) on Rn.
∗ For the orthogonal groupO(n) it is different : the orbits are spheres {|x| = c} for c ∈ R}.
Any other invariant for this action is a union of spheres.
∗ The induces projective actions of each of these three groups on RPn−1 are all transitive.

We have an important theorem.

Theorem 3.11. A Lie groupG acts globally and transitively onM if and only ifM ' G/H
where G/H is called the homogeneous space of G by the isotropy subgroup H = Gx of
any designated point x ∈M .

Remark 3.12. Mostow showed that every local transitive group action on M of dimension
m > 4 is locally isomorphic to a homogeneous space G/H where dim(G)− dim(H) = m.
However, it not true that M itself is globally isomorphic to an open subset of a homoge-
neous space.
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Moreover, Mostow showed that even the local result is not true if m > 5.

Example 3.13. The affine group A(n) is defined as the group of affine transformation
x 7→ Ax + a in Rn with A ∈ GL(n,R) and a ∈ Rn. The affine group can be realized
as a subgroup of GL(n + 1,R) by identifying the group element (A, a) with the matrix(
A a
0 1

)
.

With the identification we have Rn\{0} ' GL(n)/A(n−1) another possible identification.

Definition 3.14. A group action is called semi-regular if its orbits have the same di-
mension. A group action is called regular if its orbits have the same dimension and each
point x ∈ M has arbitrarily small neighborhoods whose intersection with each orbit is a
connected subset.

Proposition 3.15. An r-dimensional Lie group G acts locally freely on M if and only if its
orbits have the same dimension r as G itself.
The group acts effectively freely if and only if its orbits have dimension
s = dim(G)− dim(GM).

Theorem 3.16. Let G be a Lie group acting regularly on M with s-dimensional orbits.
Near every point of M , there exists rectifying local coordinates (y1, ..., ys, z1, ..., zm−s)
having the property that any orbit intersects the coordinate chart in at most one slice
Nc = {z1 = c1, ..., zm−s = cm−s} for constants c = (c1, ..., cm−s).
If the action is semi-regular, the same statement holds except that an orbit may intersect
the chart in more than one such slice.

4. Canonical forms

Let M be a smooth manifold of dimension m and G be a Lie group of dimension r.

Definition 4.1. A canonical form of an element x ∈ M is representative x0 of the orbit
containing x.

Example 4.2. The Jordan canonical form of a matrix correspond to the conjugation action
X 7→ AXA−1 of GL(n,C) on M(n,C).

Definition 4.3. Two objects are equivalent if they have the same canonical form.

Example 4.4. The canonical form of x ∈ Rn under the action of the rotation group SO(n)
can be chosen to be a positive multiple of the first unit basis vector ; re1 with r = |x| > 0.
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5. Invariant functions

The determination of a complete set of invariant of a given group action is a problem of
supreme importance for the study of equivalence and canonical forms.

Definition 5.1. An invariant of G is a real-valued function I : M → R such that for all
g ∈ G, I(g · x) = I(x).

Proposition 5.2. Let I : M → R. The following conditions are equivalent :
(1) I is a G-invariant function.
(2) I is constant on the orbits of G.
(3) The level sets {x ∈M | I(x) = c} of I are G-invariant.

Example 5.3. In the case of O(n) acting on Rn, the orbits are sphere of constant rays r,
hence any orthogonal invariant is a function of the radius : I = F (r).

Remark 5.4. If G acts transitively on M , then there is no nonconstant invariant.
If G acts transitively on a dense M0 ⊂ M , then the only continuous invariants are the
constants.

Example 5.5. The only continuous invariants of the standard action of GL(n,R) on Rn

are the constant functions.

Remark 5.6. Note that the canonical form x0 of any element x ∈ M , must have the same
invariants : I(x) = I(x0).

Proposition 5.7. Let x, y ∈M and a regular group actions.
x and y are in the same orbit if and only if for every invariant I of the group action,
I(x) = I(y).

Remark 5.8. Note that if I1, ..., Ik : M → R are invariants and H : Rr → R is any
function then I = H(I1, ..., Ik) is also invariant.
Therefore, we need only find a complete set of functionally independent invariants having
the property that any other invariant can be written as a function of these fundamental
invariants.

Definition 5.9. Let G be a Lie group acting on M .
A function I : M → R defined an open subset U ⊂ M is called a local invariant of G if
there is U a neighborhood in M , and for all x ∈ U , there is Vx a neighborhood in G such
that for all x ∈M, g ∈ Vx, I(g · x) = I(x).
I is called a global invariant If for all x ∈ U , and g ∈ G, such that g · x ∈ U , we have
I(g · x) = I(x).
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Remark 5.10. The number of independent local invariants of a regular transformation
group is completely determined by the orbit dimension.

Theorem 5.11. Let G be a Lie group acting semi-regularly on M of dimension m with
s-dimensional orbits.
At each x ∈ M , there exist m − s functionally independent local invariant I1, ..., Im−s
defined on a neighborhood U ofx, with the property that any other local invariant I defined
on U can be written as a function of the fundamental invariants : I = H(I1, ..., Im−s).
If G acts regularly, the we can choose the Ik’s to be global invariants on U .
Moreover, in the regular case, two point y, z ∈ U lie in the same orbit of G if and only if
for all 1 6 k 6 m− s, Ik(y) = Ik(z).

Remark 5.12. The theorem provides a complete answer to the question of local invariant
of group actions.
Global considerations are more delicate.

Definition 5.13. If G acts simultaneously on M1, ...,Mn then be a joint invariant we mean
an ordinary invariant I : M1 × ...×Mn → R.

The invariants of regular group action can be used to completely characterize the
invariant submanifolds ;

Remark 5.14. If G acts on M and I1, ...Ik are any invariants, then {x ∈ M | I1(x) =
c1, ..., Ik(x) = ck} is an invariant subset of M .
Conversely, if G acts regularly any invariant submanifold can be expressed locally as the
vanishing set for some collection of invariant functions.

Theorem 5.15. Let G act regularly on M .
A regular n-dimensional submanifold N ⊂ M is G-invariant if and only if at each
point x ∈ N , there exists a neighborhood U and invariant I1, ..., Im−n such that
N ∩ U = {x ∈ U | I1(x) = ... = Im−n(x) = 0}.

Proof. Choose rectifying local coordinate (y1, ..., yn, z1, ..., zm−n). Since any invariant sub-
manifold must be a collection of orbits which, in the given coordinate chart, are just the
slices where the invariant coordinates z are constant., we can characterize its intersec-
tion with the coordinate chart by the vanishing of one or more functions depending on
z1, ..., zm−n. But any function of the z’s is a local invariant of the group action, so the result
follows.

�

6. Lie algebra

Let M be a smooth manifold of dimension m and G be a Lie group of dimension r
acting on M by Φ : (g, x) 7→ g · x.
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Definition 6.1. A vector field v on M is called G-invariant if for all g ∈ G, x ∈ M such
that g · x is defined, we have d(Φg)e(v|x) = v|g·x.
Sometime we write dg(v|x) = d(Φg)e(v|x).

Remark 6.2. The most import example is provided by the action of Lie group G on itself
be left and right multiplication ;

Definition 6.3. Let g ∈ G.
We define Lg : h 7→ g · h and Rg : h 7→ h · g respectively the left and right multiplication
maps.
A vector field v on G is called left-invariant if for all g ∈ G, d(Lg)e(v|e) = v|g.
A vector field v on G is called right-invariant if for all g ∈ G, d(Rg)e(v|e) = v|g.

Definition 6.4. The left (respectively right) Lie algebra of a Lie group G is the space of all
left-invariant (respectively right-invariant) vector field on G.

Remark 6.5. There are two different Lie algebras associated with a Lie group denoted by
gL and gR.
But when we will talk about the Lie algebra associate with a Lie group, we will mean
g := gR.

Remark 6.6. Every v ∈ g is uniquely determined by its value at the identity by definition.
Then we can identify g = gR = TeG.
So g is a finite-dimensional vector space of dimension r.
Similarly gL ' TeG.
Thus a given tangent vector v|e ∈ TeG determines both a left- and a right-invariant vector
field on the Lie group G, which are different.
Moreover, we have gR ' gL.

Remark 6.7. By the previous remark we use the identification v = v|e.

Remark 6.8. Each Lie algebra associated with a Lie group comes equipped with a natural
bracket, induces by the Lie bracket of vector field.

Definition 6.9. A Lie algebra g is a vector space equipped with a bracket operation
[·, ·] : g × g → g which is bilinear, skew-symmetric ; for all X, Y ∈ g, [X, Y ] = −[Y,X]
and satisfies the Jacobi identity.

Example 6.10. The Lie algebra gl(n) of GL(n) can be identified with the space M(n,R).
In terms of the local coordinates provided by the matrix X = (xi,j) ∈ GL(n), the left-
invariant vector field associated with a matrix A = (ai,j) has the explicit formula

v̂A =
∑

16i,j,k6n

xi,kak,j
∂

∂xi,j
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and the right-invariant vector field associated with a matrix A = (ai,j) has the explicit
formula

vA =
∑

16i,j,k6n

ai,kxk,j
∂

∂xi,j

7. Structure constants

Definition 7.1. Let v1, ..., vr be a basis of a Lie algebra g.
We define the associated structure constants cki,j by the braces relations

[vi, vj] =
∑

16k6r

cki,jvk (16i,j6r)

By the skew-symmetry of the Lie bracket and the Jacobi identity we have

cki,j = −ckj,i (16i,j,k6r)

and ∑
16l6r

(cli,jc
m
l,k + clk,ic

m
l,j + clj,kc

m
l,i) = 0 (16i,j,k,m6r)

Conversely, given 1
2
r2(r − 1) constants satisfying the previous identities, we can

reconstruct the Lie algebra g by introducing a basis v1, ..., vr and then imposing the bracket
relations.

Remark 7.2. The theory of Lie groups can be essentially reduced to the study of its
structure constants.

8. The exponential map

Let M be a smooth manifold of dimension m and G be a Lie group of dimension r.

Definition 8.1. Let g the right-invariant Lie algebra of a Lie group G.
Let v ∈ g.
We recall the flow at t is exp(tv) : G→ G

Remark 8.2. In fact by continuous argument, for v ∈ g, the flow is defined on all t ∈ R.

Definition 8.3. The vector field v of the subgroup {exp(tv) · e | t ∈ R} of G is called the
infinitesimal generator.

Proposition 8.4. The right-invariant vector fields form the infinitesimal generators of the
action of G on itself by left multiplication.
Vice versa, the infinitesimal generators of the action of G on itself by right multiplication
is the Lie algebra gL.
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Proof. For g ∈ G, t ∈ R, ϕt(g) = exp(tv) · g = Rg(exp(tv)) and

d

dt |t=0
ϕt(g) =

d

dt |t=0
(Rg(exp(tv))) = d(Rg)e(v)

�

Example 8.5. Consider the group GL(n).
The flow corresponding to the right-invariant vector field vA already given is given by th
usual matrix exponential exp(tvA)X = etAX .
The flow corresponding to the left-invariant vector field ṽA already given is given by th
usual matrix exponential exp(tvA)X = XetA.

Evaluation of the flow exp(tv) at t = 1 for each v ∈ g serves to define the exponential
map.

Definition 8.6. We call exp :

{
g −→ G

v 7−→ exp(v)
the exponential map.

Remark 8.7. Since exp(0) = e, and dexp = 1, then exponential map defines a local
diffeomorphism in a neighborhood of 0 ∈ g.
Consequently, all Lie groups having the same Lie algebra look locally the same in a
neighborhood go the identity.

Proposition 8.8. Let G be a connected Lie group with Lie algebra g.
Every element g ∈ G can be written as a product of exponentials :

g = exp(v1) · exp(v2) · · · exp(vk)

for some v1, ..., vk ∈ g.

Remark 8.9. This result forms the basis of the infinitesimal or Lie algebraic approach to
symmetry groups and invariants.

Proof. The set S = {g ∈ G | ∃k > 1,∃v1, ..., vk ∈ g, g = exp(v1) · exp(v2) · · · exp(vk)}
is nonempty, an open and closed subgroup of G.
By connectivity, it follows.

�

9. Subgroups and subalgebra

Let M be a smooth manifold of dimension m and G be a Lie group of dimension r.

Definition 9.1. A sub algebra of a Lie algebra is a subspace h ⊂ g which is invariant under
the Lie bracket.
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Example 9.2. Every one-dimensional subspace forms a sub algebra, and generates an
associated one-parameter subgroup of the associated Lie group via exponentiation.

Theorem 9.3. Let G be a Lie group with its Lie algebra g.
There is a one-to-one correspondence between connected s-dimensional subgroup H ⊂ G
and s-dimensional Lie sub algebra h ⊂ g.

Remark 9.4. By the previous section, to determine the subalgebra h, we need only find
TeH .

Example 9.5. ∗ sl(n) = {A ∈M(n,R) | Tr(A) = 0}.
∗ o(n) = so(n) is the set of all skew-symmetric matrix.

Remark 9.6. From "Lie Algebras", Interscience Publ. Inc., New York, 1962 of Jacobson,
we can see that the Ado’s theorem. It says that any finite-dimensional Lie algebra g is
isomorphic to a sub algebra of gl(n) for some n.
Consequently, g is realized as the Lie algebra of the associated matrix Lie group
G ⊂ GL(n).

The full connection between Lie groups and Lie algebras is stated in the following
theorem.

Theorem 9.7. Each finite-dimensional Lie algebra g corresponds to a unique connected,
simply connected Lie group G̃.
Moreover, any other connected Lie group G having the same Lie algebra g is isomorphic
to the quotient G̃/Γ, where Γ is a normal discreet subgroup.

We can restate the theorem as follow :

Theorem 9.8. Let g an arbitrary Lie algebra.
There exists a local connected Lie group G such that gG is isomorphic to g.
Therefore, Let G,G′ be two connected local Lie groups, and gG, gG′ their infinitesimal
groups (Lie algebras).
If there exists an isomorphism mapping gG to gG′ , then there exists a local isomorphism
mapping G to G′.

Proof. To see the theorem 73 of "Topological Groups", Princeton Univ. Press, Princeton,
1946 of Pontrjagin, L.

�

The projection π : G̃ → G from the theorem defines a covering map, so that G̃ is as a
covering group for any other connected G having the same Lie algebra.
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Corollary 9.9. Any two Lie group having the same Lie algebra g are not only locally
isomorphic but are in fact both covered by a common Lie group.

Remark 9.10. By the theorem, the study of G is equivalent to the study of g.

Definition 9.11. A Lie algebra of dimension greater than 1 is called simple if it contains
no proper nonzero ideal.

Example 9.12. For n > 2, sl(n) is simple.
For n > 3 and n 6= 4, so(n) is simple.
For r > 2, sp(2r) is simple.

10. Infinitesimal group actions

Let M be a smooth manifold of dimension m and G be a Lie group of dimension r.

As a one-parameter group of transformations is generated as the flow of vector field, so
a general Lie group of transformations G acting on M will be generated by a set of vector
fields on M , known as the infinitesimal generators of the group action.

By the group action G on M , firstly determine the Lie algebra g and a basis of itself.
For v ∈ g, we want a vector field ṽ on M .
Recall, v = v|e.
We use the flow generate by v :

ϕt(x) = exp(tv)x (where t is defined,x∈M)

Note that the interval I where t is defined contain always 0 and I = {t ∈ R | etv ∈ G}.
Then we define the infinitesimal generator of the group action G on M by

v†x =
d

dt
(exp(tv)x)|t=0 (x∈M)

Then we identify v with v̂.
Then for a basis {v1, ..., vr} of g we obtain r infinitesimal generator of the group action :
{v†1, ..., v†r}.

Example 10.1. Consider the action group of SL(2) on RP1 by the Möbius transformation.
Its Lie algebra sl(2) = {A ∈M(2) | Tr(A) = 0} is generated by

J− =

(
0 1
0 0

)
, J0 =

(
1 0
0 −1

)
, J+ =

(
0 0
1 0

)
By the identification J = vJ , we have

Φ
vJ−
t (p) = etJ

− · p = (I2 + tJ−) · p =

(
1 t
0 1

)
· p = p+ t

Then v†J−|p = d
dt

(Φ
vJ−
t (p))|t=0 = 1 = ∂

∂p
by the identification.

If we do that for the other matrix, we find finally the basis actions :
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(1) Translation action : p 7→ p+ t with v†J−|p = ∂
∂p

.

(2) Scaling action : p 7→ e2tp with v†J0|p = 2p ∂
∂p

.

(3) Inversion action : p 7→ p
tp+1

with v†J+|p = −p2 ∂
∂p

.

The group action is decomposed in three fundamental actions.

By the section "Structure constants", since we have

[v†J−|p, v
†
J0|p] = 2v†J−|p, [v†J+|p, v

†
J0|p] = −2v†J+|p, [v†J−|p, v

†
J+|p] = −v†J0|p

[J−, J0] = −2J−, [J+, J0] = 2J+, [J−, J+] = J0

then the Lie algebra of vector fields generated by the v†’s coincide with sl(2).

Remark 10.2. This previous example, show us the method to determine the Lie algebra of
vector fields of a group action ;
Let G a Lie group acting on M .
1) Determine g of G view in a some GL(n).
2) Determine a basis Bg.
3) For every v ∈ Bg, compute the flow associated to v ; Φt : x 7→ etv ·x where · is the group
action.
4) For every v ∈ Bg, compute v† by

v†|x =
d

dt
(exp(tv) · x)|t=0

Remark 10.3. For Bg† = {v†1, ..., v†r} a basis of the Lie algebra of vector field on M , the
flow at v ∈ Bg† , Φv

t , determine a basis action of the group action. We can understand the
group action as a composition of several basis actions.

Why can we make this identification ?

Since we have the following theorem.

Theorem 10.4. Let G be a transformation group actin on M .

The linear map ρ :

{
g −→ TM

v 7−→ v†
defines a Lie algebra homomorphism satisfying for

v, w ∈ g, ρ([v, w]) = [ρ(v), ρ(w)].
Moreover the image g† = ρ(g) forms a finite-dimensional Lie algebra of the effectively
action quotient group G/GM .
In particular, G acts locally effectively on M if and only if ρ is injective.
Moreover, if G acts freely on M , then for each v ∈ g non zero, v† never vanishes on M .

Remark 10.5. If v1, ..., vr is a basis of g, the condition for local effectiveness is that the
corresponding vector fields v†1, ..., v

†
r be linearly independent over R.
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Remark 10.6. By this theorem, and the fact we can assume without lost generality the
local effectiveness of G, then we can use the identification v = v† and g = g†.

Given a finite-dimensional Lie algebra of vector fields on M , we can reconstruct a local
action of the corresponding Lie group via the exponentiation process.

Theorem 10.7. Let g be finite-dimensional Lie algebra of vector fields on M . Let G denote
a Lie group having Lie algebra g.
There is a local action of G whose infinitesimal generators coincide with the given Lie
algebra.

Proof. To see the theorem 88 of "Topological Groups", Princeton Univ. Press, Princeton,
1946 of Pontrjagin, L.

�

Proposition 10.8. Let G be a Lie group acting on M with a Lie algebra g of G.
For each x ∈M , g|x = {v̂|x | v ∈ v} ⊂ TxM .
In particular, for each x ∈M , dim(Ox) = dim(g|x).

Corollary 10.9. A Lie group acts transitively on a connected manifold M if and only if for
all x ∈M , g|x = TxM .

There is an important connection between the dimension of the isotropy subgroup at a
point and the dimension of the orbit through that point.

Proposition 10.10. If G is an r-dimensional Lie group acting on M , then the isotropy
subgroup Gx of any point x ∈M has dimension r − s, where s = dim(Ox).
In particular, G acts semi-regularly if and only if all its isotropy subgroups have the same
dimension.

11. Classification of group actions

Let M be a smooth manifold of dimension m and G be a Lie group of dimension r.

The problem of classifying all possible Lie group actions on M is, by the previous
theorem, essentially the same as the problem of classifying finite-dimensional Lie algebras
of vector fields on M .

Definition 11.1. Two Lie algebras of vector fields, defined on open subsets of Rm, are
considered to be equivalent if there is a local diffeomorphism on Rm taking one to the other.

which is equivalent to say that
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Definition 11.2. Two action groups are considered to be equivalent if the two Lie algebras
of vector fields associated are equivalent.

Remark 11.3. Often, to simplify we said that two groups G and G′ are equivalent if their
group action are equivalent.

Example 11.4. A one-dimensional Lie group is generated by a vector field, and hence,
away from singularities, all such group action / Lie algebras are isomorphic to the group of
translations in a single coordinate direction.

Lie investigates the general classification problem. He succeeded in completely clas-
sifying all non singular finite-dimensional Lie group actions in one and two dimensions,
determining a complete list of local canonical forms for Lie algebras of vector fields on
one-dimensional and two-dimensional manifold.

Theorem 11.5. LetG be a connected finite-dimensional Lie group action locally effectively
on a one-dimensional real or complex manifold without singular point.
Then, locally the action group of G is equivalent to one of the following group actions :

(1) Translation action : x 7→ x+ b, Group : R, and generators : ∂
∂x

.

(2) Affine action : x 7→ ax+ b, Group : A(1), and generators : ∂
∂x
, x ∂

∂x
.

(3) Projective action : x 7→ ax+ b, Group : SL(2), and generators : ∂
∂x
, x ∂

∂x
, x2 ∂

∂x
.

.

Proof. We outline the proof in the complex case, the real case being similar but slightly
more complicated. The assumption that G has no singularities means that the vector fields
in the Lie algebra g do not all simultaneously vanish at a point.
Fin a point x0 and choose v1 ∈ g such that v1|x0 6= 0. According to the linearization of
vector field, we can introduce a local coordinate x near x0 which straightens out v1 = ∂

∂x
.

Every other infinitesimal generator in g has the form vf = f(x) ∂
∂x

for some function
f(x) ; let F = {f} denote the finite-dimensional vector space spanned be these functions.
Since [v1, vf ] = f ′(x) ∂

∂x
must also be an infinitesimal generator, we deduce that f ′ ∈ F

whenever f ∈ F .
Smoothness implies that F is a finite-dimensional translationally invariant space of
functions : if f ∈ F and c ∈ R, then f(·+ c) ∈ F .
The following useful lemma now comes into play :

Lemma 11.6. A finite-dimensional space F of smooth functions of a single variable x is
translationally if and only if it is the space of solutions to a linear, homogenous, content
coefficient ordinary differential equation.

Proof. Let f1, ..., fn a basis of F . Each derivative f ′i for 1 6 i 6 n, belongs to F and is the-
refore a constant coefficient linear combination of the basis elements : f ′i =

∑
16k6n a

k
i fk.
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Therefore, the column vector f =

 f1

...
fn

 solves the first order linear system f ′ = Af

where A = (ai,j) is a constant matrix.
Let p(λ) = det(λIn−A) denote the characteristic polynomial of the matrix A. The Cayley-
Hamilton theorem demonstrates that each entry fi satisfies the nth order linear homoge-
neous constant coefficient ordinary differential equation p(D)y = 0 obtained by replacing
λ by the deviated operator D = d

dx
. Moreover, the solution space to the nth order differen-

tial equation has dimension n, and coincide with F .
�

Consequently, over C, our Lie algebra has, as a basis, a collection of vector fields of the
form xieλx ∂

∂x
where λ ∈ S, a finite set of complex number containing 0, and 0 6 i 6 nλ.

(The real case is similar but also involves sines and confines.)
We compute the commutator of two such vector fields

[xieλx
∂

∂x
, xjeµx

∂

∂x
] = [(µ− λ)xi+j + (j − i)xi+j−1]e(λ+µ)x ∂

∂x
(λ,µ∈S,06i6nλ)

The simplest case occurs when S = {0}, so that g is spanned by xi ∂
∂x

for 0 6 i 6 n0.
Taking i = n0, j = n0 − 1, we have x2n0−2 ∂

∂x
∈ g, which implies 2n0 − 2 6 n0 then

n0 6 2.
The cases n0 = 0, 1, 2 are precisely the three Lie algebras stated in the theorem.
If S = {0, λ} contains juste one nonzero complex number, then by the expression it is easy
to see that n0 = nλ = 0 ; in this case g is spanned by ∂

∂x
, eλx ∂

∂x
, and is mapped to the affine

algebra by the change of variables x 7→ eλx.
The only other possible case is S = {0, λ,−λ}, with n0 = nλ = n−λ = 0, which is
mapped to the projective algebra by the same change of variables.

�

Definition 11.7. A group action has no fixed point if it has no zero-dimensional orbits.

Remark 11.8. A group action has no fixed point if and only if not all vector fields in the
associated Lie algebra vanish at point.

Definition 11.9. A manifold has a foliation if it is decomposed in submanifold with same
dimension and locally pile up like Rn × Rm−n for a some 0 6 n 6 m.
A group action is called imprimitive if there is an invariant foliation of the manifold.

Example 11.10. The group generated by { ∂
∂x
, ∂
∂y
, x ∂

∂x
+ ay ∂

∂y
} admits two invariants

foliations of R2 - by horizontal lines and by vertical lines.

Remark 11.11. Invariance is the fact that each group action maps every horizontal
(vertical) line to another horizontal (vertical) line.

Then we expose, next pages, tables of classifications of
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(1) Transitive, imprimitive Lie algebras of vector fields in C2.

(2) Primitive Lie algebras of vector fields in C2.

(3) Intransitive Lie algebras of vector fields in C2.

.

Transitive, Imprimitive Lie algebras of vector fields in C2 (Table 1) :

Generators Dim. Structure
1.1 ∂

∂x
, x ∂

∂x
− u ∂

∂u
, x2 ∂

∂x
− 2xu ∂

∂u
3 sl(2)

1.2 ∂
∂x

, x ∂
∂x
− u ∂

∂u
, x2 ∂

∂x
− (2xu+ 1) ∂

∂u
3 sl(2)

1.3 ∂
∂x

, x ∂
∂x

, u ∂
∂u

, x2 ∂
∂x
− xu ∂

∂u
4 gl(2)

1.4 ∂
∂x

, x ∂
∂x

, x2 ∂
∂x

, ∂
∂u

, u ∂
∂u

, u2 ∂
∂u

6 sl(2)⊕ sl(2)
1.5 ∂

∂x
, ν1(x) ∂

∂u
, . . . , νk(x) ∂

∂u
k + 1 Co Ck

1.6 ∂
∂x

, u ∂
∂u

, ν1(x) ∂
∂u
, . . . , νk(x) ∂

∂u
k + 2 C2 oCk

1.7 ∂
∂x

, x ∂
∂x

+ αu ∂
∂u

, ∂
∂u

, x ∂
∂u
, . . . , xk−1 ∂

∂u
k + 2 a(1) oCk

1.8 ∂
∂x

, x ∂
∂x

+ (ku+ xk) ∂
∂u

, ∂
∂u

, x ∂
∂u
, . . . xk−1 ∂

∂u
k + 2 a(1) oCk

1.9 ∂
∂x

, x ∂
∂x

, u ∂
∂u

, ∂
∂u

, x ∂
∂u

, x2 ∂
∂u
, . . . , xk−1 ∂

∂u
k + 3 a(1)⊕ Co C

1.10 ∂
∂x

, 2x ∂
∂x

+ (k − 1)u ∂
∂u

, x2 ∂
∂x

+ (k − 1)xu ∂
∂u

, k + 3 sl(2) oCk

∂
∂u

, x ∂
∂u

, x2 ∂
∂u
, . . . , xk−1 ∂

∂u

1.11 ∂
∂x

, x ∂
∂x

, x2 ∂
∂x

+ (k − 1)xu ∂
∂u

, u ∂
∂u

, k + 4 gl(2) oCk

∂
∂u

, x ∂
∂u

, x2 ∂
∂u
, . . . , xk−1 ∂

∂u

In cases 1.5, 1.6, the functions ν1(x), . . . , νk(x) satisfy a kth order constant coefficient
homogeneous linear ordinary differential equation D [u] = 0.
In cases 1.5 − 1.11, we require k > 1. Note though, that if we set k = 0 in case 1.10, and
replace u by u2, we obtain the case 1.1.
Similarly, if we set k = 0 in case 1.11, we obtain was 1.3. Case 1.7 and 1.8 for k = 0 are
equivalent to the Lie algebra { ∂

∂x
, ex ∂

∂u
} of type 1.5. Case 1.9 for k = 0 is equivalent to the

Lie algebra { ∂
∂x
, ∂
∂u
, u ∂

∂u
} of type 1.6.

Primitive Lie algebras of vector fields in C2 (Table 2) :

Generators Dim. Structure
2.1 ∂

∂x
, ∂
∂u

, x ∂
∂x
− u ∂

∂u
, u ∂

∂x
, x ∂

∂u
5 sa(2)

2.2 ∂
∂x

, ∂
∂u

, x ∂
∂x

, u ∂
∂x

, x ∂
∂u

, u ∂
∂u

6 a(2)
2.3 ∂

∂x
, ∂
∂u

, x ∂
∂x

, u ∂
∂x

, x ∂
∂u

, u ∂
∂u

,
x2 ∂

∂x
+ xu ∂

∂u
, xu ∂

∂x
+ u2 ∂

∂u
8 sl(3)

Intransitive Lie algebras of vector fields in C2 (Table 3) :

Generators Dim. Structure
3.1 ν1(x) ∂

∂x
, . . . , νk(x) ∂

∂u
k Ck

3.2 ν1(x) ∂
∂u
, . . . , νk(x) ∂

∂u
, u ∂

∂u
k + 1 Co Ck

3.3 ∂
∂u

, u ∂
∂u

, u2 ∂
∂u

3 sl(2)

Primitive lie algebras of vector fields in R2 :
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Generators Dim. Structure C Type
∂
∂x

, ∂
∂u

, α(x ∂
∂x

+ u ∂
∂u

) + u ∂
∂x
− x ∂

∂u
3 Ro R2 1.7

∂
∂x

, x ∂
∂x

+ u ∂
∂u

, (x2 − u2) ∂
∂x

+ 2xu ∂
∂u

3 sl(2) 1.1
u ∂
∂x
− x ∂

∂u
, (1 + x2 − u2) ∂

∂x
+ 2xu ∂

∂u
3 so(3) 1.1

2xu ∂
∂x

+ (1− x2 + u2) ∂
∂u

∂
∂x

, ∂
∂u

, x ∂
∂x

+ u ∂
∂u

, u ∂
∂x
− x ∂

∂u
4 R2 oR2 1.9

∂
∂x

, ∂
∂u

, x ∂
∂x
− u ∂

∂u
, u ∂

∂x
, x ∂

∂u
5 sa(2) 2.1

∂
∂x

, ∂
∂u

, x ∂
∂x

, u ∂
∂x

, x ∂
∂u

, u ∂
∂u

6 a(2) 2.2
∂
∂x

, ∂
∂u

, x ∂
∂x

+ u ∂
∂u

, u ∂
∂x
− x ∂

∂u
, 6 so(3, 1) 1.4

(x2 − u2) ∂
∂x

+ 2xu ∂
∂u

,
2xu ∂

∂x
+ (u2 − x2) ∂

∂u
. ∂
∂x

, ∂
∂u

, x ∂
∂x

, u ∂
∂x

, u ∂
∂u

, 8 sl(3) 2.3
x2 ∂

∂x
+ xu ∂

∂u
, xu ∂

∂x
+ u2 ∂

∂u

12. Infinitesimal invariance

Let M be a smooth manifold of dimension m and G be a Lie group of dimension r.

The fundamental feature of connected Lie groups ability of work infinitesimally,
thereby effectively linearizing complicated invariance criteria.

We begin with the infinitesimal criterion for the invariance of a real-valued-function.

Theorem 12.1. Let G be a connected group of transformations acting on M .
A function I : M → R is G-invariant if and only if

v|x[I](x) = 0 (x∈M,v∈g)

Proof. Let v ∈ g be fixed.
We differentiate the invariance condition I(exp(tv)x) = I(x) (x ∈ M) and set t = 0 to
deduce the infinitesimal condition of the theorem.
Conversely, if we have the infinitesimal condition, then for all t, d

dt
(I(exp(tv)x)) = 0, then

I(exp(tv)x) is constant under the one-parameter subgroup generated by v.
The invariance of I under arbitrary group elements then follows from that fact that every
group element g = exp(v1) · · · exp(vk) with v1, ..., vk ∈ g.

�

According the theorem, the invariant I of a one-parameter group with infinitesimal ge-
nerator v =

∑
16i6m ξi(x) ∂

∂xi
satisfy the first order, linear, homogeneous partial differential

equation ∑
16i6m

ξi(x)
∂I

∂xi
= 0

The solutions are effectively found by the method of characteristics.
We replace the partial differential equation be the characteristic system of ordinary diffe-
rential equations

dxi
ξ1(x)

=
dx2

ξ2(x)
= ... =

dxm
ξm(x)

The general solution can be locally written in the form I1(x) = c1, ..., Im−1(x) = cm−1,
where ci are constants of integration.
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Then I1, ..., Im−1 form a complete set of functionally independent invariants of the
one-parameter group generated by v.

Example 12.2. Consider the local one-parameter group generated by

v = −y ∂
∂x

+ x
∂

∂y
+ (1 + z2)

∂

∂z

Solving the system 
x′(t) = −y(t)

y′(x) = x(t)

z′(t) = 1 + z2(t)

allow us to find the group transformation which is
R× R3 −→ R3

(t, x, y, z) 7−→ (xcos(t)− ysin(t), xsin(t) + ycos(t),
sin(t) + zcos(t)

cos(t)− zsin(t)
)

The characteristic system is
dx

−y
=
dy

x
=

dz

1 + z2

The first equation reduces to a simple separable ordinary differential equation dy
dx

= −x
y

with general solution x2 + y2 = c1, with c1 ∈ R. Therefore, r =
√
x2 + y2 provides one

invariant.
To solve the second characteristic equation, we replace x by

√
r−2− y2, and treat r as

a constant. The solution is tan−1(z) − sin−1(y/r) = tan−1(z) − tan−1(y/x) = c2, hence
tan−1(z)− tan−1(y/x) is a second invariant.
A more convenient choice is provided by the tangent of this invariant. We deduce that
for yz + x 6= 0, the function r =

√
x2 + y2 and w = xz−y

yz+x
form a complete system of

functionally independent invariants, whose common level sets describe the integral curves.

Remark 12.3. For multi-parameter groups, the invariants are simultaneous solutions to an
overdetermined system of linear, homogeneous, first order partial differential equations.
One solution methods is to look for invariants of each generator in turn and try to re-express
subsequent generators in terms of the invariants.
However, this method can become complicated.

Infinitesimal techniques are also effective for the determination of invariant submani-
folds and invariant systems of equations.

Theorem 12.4. A closed submanifold N ⊂ M is G-invariant if and only if for every
x ∈ N , g|x ⊂ TxN .

Proof. It follows from the uniqueness of the flown, which implies that if v ∈ TN , then
exp(tv)N ⊂ N .

�
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Corollary 12.5. If the submanifold N is not closed, then N is merely locally G-invariant ;
meaning that for every x ∈ N , and every g ∈ Gx in a neighborhood of the identity,
possibly depending on x, we have g · x ∈ N .

Example 12.6. If G acts on R2 by (t, x, y) 7→ x + t, y) then any horizontal line segment,
e.g. {(x, 0) | 0 < x < 1} is locally, but not globally, translationally invariant.

An important consequence of the theorem is the characterization of symmetry groups
of regular systems of equations.

Theorem 12.7. (Characterization of symmetry group of regular systems of equations) A
connected Lie group G is a symmetry group of the regular system of equations F1(x) =
... = Fk(x) = 0 if and only if

v|x[Fν ](x) = 0 (x such that F1(x)=...=Fk(x)=0,16ν6k,v∈g)

Proof. By the previous theorem and the fact that for SF = {F1 = ... = Fk} a regular
variety in M , we have

TxSF = {v ∈ TxM | d(Fν)x = 0, 1 6 ν 6 k}

�

Example 12.8. The equation x2 + y2 = 1 defines a circle, which is rotationally invariant ;
We use the group action of O(2) on R2. We know that o(2) is the set of skew-symmetric

matrix generated by v = J =

(
0 −1
1 0

)
.

The flow associated to v is Φt :

(
x
y

)
7→ etv ·

(
x
y

)
.

with J2k = (−1)kI2 and J2k+1 = (−1)kJ allows us to obtain

Φt :

(
x
y

)
7→
(

(1 + e−t
2
)x+ sin(t)y

(1 + e−t
2
)y − xsin(t)

)
Then

v̂ =

(
−y
x

)
= −y ∂

∂x
+ x

∂

∂y

Let F : (x, y) 7→ x2 + y2 and v = −y ∂
∂x

+ x ∂
∂y

.
We compute v(F ) and find 0.

13. Invariant vector fields

Let M be a smooth manifold of dimension m and G be a Lie group of dimension r.

Definition 13.1. A vector field on M is G-invariant if for all g, x ∈ G,M ,
d(Φg)e(w|x) = w|g·x.
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Theorem 13.2. Let G a connected transformation group acting on M .
A vector field w on M is G-invariant if and only if for all v ∈ g, [v, w] = 0.

Proof. Let v ∈ g.
We need to compare the value of w at exp(tv)x with its value at x. Since these two vectors
lie in different spaces, to effect the comparison we must map w|exp(tv)x back to x using the
differential dexp(−tv). We expand the resulting expression in powers of t to obtain

dexp(−tv)[w|exp(tv)x] = w|x + t[v, w]|x + ...

As a consequence, the Lie bracket [v, w] represents the infinitesimal change of the vector
field w under the action of the flow induced by the vector field v.
In particular, if w is invariant under the flow induced by v then the Lie bracket vanishes.
The converse follows from the uniqueness theorem for ordinary differential equations.
Then we have the infinitesimal invariance condition for v : dexp(−tv)[w|exp(tv)x] = w|x.
Finally, if the infinitesimal invariance condition holds for every v ∈ g, then by the fact for
g ∈ G is decomposed in product of exp(tv) implies the result.

�

Proposition 13.3. If w is a G-invariant vector field, and I is any invariant function, then
Iw is also a G-invariant vector field.
More generally, if w1, ..., wk are pointwise linearly independent invariant vector fields,
then w =

∑
16i6k Ikwk is G-invariant if and only if the Ij’s are G-invariant functions.

Remark 13.4. In constrat to the situation for invariant functions and invariant vector field
on Lie group, the existence of invariant vector field of general transformation groups is not
so straightforward.

Theorem 13.5. Let G be an r-dimensional Lie group actin effectively freely on M . Then
locally, there exists m point wise linearly independent G-invariant vector field forming a
G-invariant frame on M .

Example 13.6. Let SE(2) the Euclidean group acting on R2, which is generated by

v1 =
∂

∂x
, v2 =

∂

∂y
, v3 = −y ∂

∂x
+ x

∂

∂y
+ (1 + z2)

∂

∂z

Let w = ξ ∂
∂x

+ ν ∂
∂y

+ ζ ∂
∂z

.

w is SE(2)-invariant if and only if w ∈ vect(
∂
∂x

+z ∂
∂y√

1+z2 ,
z ∂
∂x
− ∂
∂y√

1+z2 , (1 + z2) ∂
∂z

).

14. Lie-derivatives-and-invariant-differential-forms

Let M be a smooth manifold of dimension m and G be a Lie group of dimension r.

Definition 14.1. A differential form Ω on M is called G-invariant for all (g, x) ∈ G×M ,
(Φg)

∗(Ω)(x) = Ω(x).
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Proposition 14.2. If I is an G-invariant function, its differential dI is G-invariant
one-form.

Definition 14.3. Let v be a vector field on M with flow exp(tv).
The Lie derivative v(Ω) of a differential form Ω with respect to v is defined as

v(Ω)|x =
d

dt
(exp(tv)∗(Ω)(x))|t=0 (x∈M)

Proposition 14.4. The Lie derivative satisfies for Ω,Θ differential forms and v a vector
field :

v(Ω + Θ) = v(Ω) + v(Θ)

v(Ω ∧Θ) = v(Ω) ∧Θ + Ω ∧ v(Θ)

v(dΩ) = dv(Ω)

Definition 14.5. Given a k-form Ω, we define the interior product with a vector field v as
the (k − 1)-form vyΩ by

(vyΩ)(x)(w1, ..., wk−1) = Ω(x)(v, w1, ..., wk−1) (x∈M,w1,..,wk−1∈TxM)

The interior product satisfies

v(Ω) = vy(dΩ) + d(vyΩ)

Proposition 14.6. Let G be a connected Lie group.
A differential form Ω is G-invariant if and only if its Lie derivative with respect to every
v ∈ v, gives v(Ω) = 0.

Example 14.7. Let dx = dx1 ∧ ... ∧ dxm the form volume on Rm.
For v =

∑
16i6m ξi(x) ∂

∂xi
is given by v(dx) = (div(ξ))dx where div(ξ) =

∑
16i6m

∂ξi
∂xi

.
Then a group action on Rm preserve the volume if and only if each of its infinitesimal
generators satisfy div(ξ) = 0.

Theorem 14.8. Let G be an r-dimensional Lie group acting effectively freely on M .
Locally, there exist m pointwise linearly independent G-invariant one-forms ω1, ..., ωm.

Remark 14.9. The vector fields v1, ..., vm form a G-invariant frame on M if and only if
the duals one-forms ω1, ..., ωm is a G-invariant coframe on M .
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Example 14.10. Consider the action of SE(2) on R2. The invariant one-forms are the dual
to the invariant vector field, so for ω a one-form of SE(2) :
ω is SE(2)-invariant if and only if ω ∈ vect(dx+zdy√

1+z2 ,
zdx−dy√

1+z2 , (1 + z2)dz).

15. The Maurer-Cartan forms and Maurer-Cartan form

Definition 15.1. A differential form Ω on a Lie group G is right-invariant if for all g ∈ G,
(Rg)∗Ω = Ω.

Definition 15.2. The canonical one-form α on G called the Maurer-Cartan one-form is the
right-invariant g-valued one-form uniquely determined by

α(g)(v) = v (g∈G,v∈g)

or by
α(g)(v) = (Rg−1)∗(v) (g∈G,v∈TgG)

Let {v1, . . . , vr} be a basis of g.
For every g ∈ G, v ∈ TgG, α(g)(v) ∈ g, hence there exists (βg1(v), . . . , βgr (v)) such that

α(g)(v) =
∑

16k6r

βgk(v)vk

and set also for every 1 6 i 6 r, αi : g 7→ βgi . Therefore,

α =
∑
16r

αivi

Note that by definition of α, for every 1 6 k 6 r, α(vk) = vk then

αi(vj) = δi,j (g∈G,v∈TgG)

Then {α1, . . . , αr} is the dual basis of the {v1, . . . , vr}, precisely {α1, . . . , αr} is a basis
of the right-invariant one-forms called the basis of the right-invariant Maurer-Cartan
one-forms associated to {v1, . . . , vr}.

The v’s satisfy

[vi, vj] =
∑

16k6r

cki,jvk (16i,j6r)

where the cki,j’s are the structure constants associated to the basis {v1, . . . , vr}.

Then the α’s satisfy the fundamental structure equation

dαk = −1

2

∑
16i,j6r

cki,jαi ∧ αj (16k6r)
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Remark 15.3. If G ⊂ GL(n) for some n > 1, then α(g) = dg · g−1.
Indeed :
If g : G→ G is the identity map then dg : TG→ TG is the identity map.
Then α(g) = (Rg−1)∗ · dg = Rg−1(dg) = dg · g−1.
Then a basis of Maurer-Cartan forms is given among the entries of the matrix dg · g−1.

Example 15.4. We know that A(1) can be identified with the group 2 × 2 matrices of the

form
(
a b
0 1

)
.

A basis of Maurer-Cartan forms is given among the entries of the matrix

dg · g−1 =

(
da db
0 0

)(
a−1 −ba−1

0 1

)
=

(
a−1da a−1(adb− bda)

0 0

)
(a∈R∗,b∈R)

Then the two Maurer-Cartan forms are

α1 :

(
a b
0 1

)
7→ da

a

and

α2 :

(
a b
0 1

)
7→ adb− bda

a

The Maurer-Cartan structure equation for the group A(1) are then

dα1 = 0, dα2 =
da ∧ db
a

= α1 ∧ α2

—————–
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Geometric foundations part 2

1. Distributions

Now, we wish to generalize the part of study of integral curves to include leaves of
larger dimension. We shall formalize the idea of "prescribing the tangent planes" in the
notion of a distribution.

Definition 1.1. An r-dimensional distribution on M is a collection D = {Dx | x ∈M} of
r-dimensional subspaces Dx ⊂ TxM , one for each x ∈ M , that are smooth in the sense
that they may described on any sufficiently small open set U ⊂M as the span of r smooth
linearly independent vector fields {X1, ..., Xr} around a point x ∈M .
These vector fields themselves are called a local basis for D on U .
A distribution on M is said to be integrable or involutive if for any point x ∈ M there is a
local coordinate (U ;x1, ..., xm) around x such that {x−1

∗ ( ∂
∂x1 |x

), ..., x−1
∗ ( ∂

∂xr |x
)} is a basis

of D on U .

Definition 1.2. A connected r-dimensional submanifold N of M is called an integral
submanifold for the r-dimensional distribution D if for each x ∈ N , TxN = Dx.

Remark 1.3. For an integrable distribution D on a M , there is locally a r-dimensional
integrable submanifold N ; for all x ∈ M , there is a U neighborhood of x such that
Dx = vect({x−1

∗ ( ∂
∂xi |x

)}16i6r)) = TxN .
Indeed, let x ∈ M and (U ;x1, .., xm) a local coordinate around x. Set
(a1, ..., am) := (x1(x), ..., xm(x)) are the local coordinate of x, and N = x−1({y ∈
x(U) | ∀r + 1 6 j 6 m, xj(y) = aj}).

In contrast to the case of a single vector field with integral curve, not every distribution
has an integral submanifold through every point.

Example 1.4. Let the 2-dimensional distribution on R3 consisting of planes normal to the
vector field n(x, y, z) := (y,−x, 1).
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It it exists an integral surface, around 0 ∈ R3 ; If we draw a loop at a neighborhood of
0 in the counterclockwise, necessarily the surface has singularity. This is absurd since we
always use smooth manifolds.

Suppose that N is a integral r-dimensional submanifold for a distribution on M . Let
x ∈ N , and assume that a local basis for the distribution is given, on a neighborhood U , by
X1, ..., Xr.
For all 1 6 i 6 r, and y ∈ U , Xi|y ∈ TyN .
Then for all 1 6 i, j 6 r, and y ∈ U , [Xi, Xj]|y = [Xi|y, Xj|y] ∈ TyN =
vect(X1|y, ..., Xr|y) = Dy.

Definition 1.5. The system of vector fields {X1, ..., Xr} on U ⊂ M is called Frobenius
integrable (or involutive) if for each 1 6 i, j 6 r, [Xi, Xj] ∈ vect(X1, ..., Xr) on U .

Remark 1.6. We have just seen that Frobenius integrable is a necessary condition that
a system of r < m vector fields {X1, ..., Xr} on a m-dimensional manifold have an
integrable r-submanifold through each point.

Remark 1.7. The existence of an integral manifold through each point is in turn a necessary
condition for the distribution to be Frobenius integrable. But for the previous example, a
local basis for the distribution is given by

X1 =
∂

∂x
− y ∂

∂z
; X2 =

∂

∂y
+ x

∂

∂z
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Indeed, let X = (α, β, γ) ∈ R3

X ∈ D(x,y,z) ⇐⇒

 α
β
γ

 ·
 y
−x
1

 = 0

⇐⇒ αy − βx+ γ = 0

⇐⇒


α = α

β = β

γ = −yα + xβ

⇐⇒ X = α ·

 1
0
−y

+ β ·

 0
1
x


⇐⇒ X = αX1 + βX2

And

[X1, X2] = (X1(0)−X2(0))
∂

∂x
+ (X1(1)−X2(0))

∂

∂y
+ (X1(x)−X2(−y))

∂

∂z

[X1, X2] = 2
∂

∂z
/∈ vect(X1, X2)

Then it is an other proof that the distribution has no integral surface.

Proposition 1.8. Let {X1, ..., Xr} and {Y1, ..., Yr} be two local basis on an open set
U ⊂ M for the distribution D . One local basis is Frobenius integrable if and only if the
other is.

Proof. For all x ∈ U , Dx = vect(X1|x, ..., Xr|x) = vect(Y1|x, ..., Yr|x).
Assume that {X1, ..., Xr} is Frobenius integrable,
For each 1 6 i, j 6 j, [Xi, Xj] ∈ vect(X1, ..., Xr) on U .
Let 1 6 i, j 6 r, and x ∈ U , Yi|x =

∑r
ki=1 α

ki
i (x)Xk|x.

[Yi|x, Yj|x] =
∑

16ki,jj6r

αkii (x)α
kj
j (x)[Xki|x, Xkj |x]

But for all 1 6 i, j 6 r, [Xki|x, Xkj |x] ∈ vect(X1|x, ..., Xr|x) = vect(Y1|x, ..., Yr|x), then

[Yi|x, Yj|x] ∈ vect(Y1|x, ..., Yr|x)

Then {Y1, ..., Yr} is Frobenius integrable.
Conversely, be the same way, {Y1, ..., Yr} is Frobenius integrable implies {X1, ..., Xr} is
Frobenius integrable.

�

Then by this result, the Frobenius integrability is a property of the distribution itself ;

Definition 1.9. A r-dimensional distribution D on M is Frobenius integrable if for any
local basis B for D , B is Frobenius integrable.
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Remark 1.10. If a distribution D is integrable, then D is Frobenius integrable.

2. Frobenius theorem

By the previous for a distribution, a necessary condition to by involutive is to be
Frobenius involutive. Moreover, we can see by the following that this condition is also
sufficient.

Theorem 2.1 (Frobenius). Let D be an r-dimensional distribution on M . The following
condition are equivalents :

(1) (1) D is Frobenius integrable.

(2) (2) D is integrable.

Remark 2.2. This theorem allow us to dispense henceforth with the adjective "Frobenius"
in the "Frobenius integrable".

Proof. (1) =⇒ (2) is clear with what we have seen above.
(2) =⇒ (1)
∗ For r = 1, the theorem is implied by the theorem of linearization of vector fields.
∗ For r > 2, we process by induction on r.
The method is to use the inductive hypothesis and the theorem of linearization of vector
fields to successively improve a local basis of D .
The theorem is local, so we can may assume M = U an open set of Rm, p = 0, and D is
given on U by a local basis {X1, ..., Xr}.
At each step the vector fields and the open set will change, but we will keep the same
notation for them.
Our goal is to produce a local coordinate (U, x = (x1, ..., xm)) and a local basis for D on
U of the form {X1 = ∂

∂x1
, ..., Xr = ∂

∂xr
}.

Step 1 : There is a local coordinate system x = (x1, ..., xm) and a local basis for D on
U of the form {X1, X2, ..., Xr = ∂

∂xr
}.

Indeed, it is clear by he theorem of linearization of vector fields.

Step 2 : There is a local coordinate system x = (x1, ..., xm) and a local basis for D on
U of the form {X1, X2, ..., Xr = ∂

∂xr
} such that {X1, ..., Xr−1} is Frobenius integrable and

for all 1 6 j 6 r − 1, Xj(xr) = 0.
Indeed, Set

X ′j := Xj −Xj(xr)Xr (16j6r−1)

X ′r := Xr

Note that
X ′j(xr) = 0 (16j6r−1)

X ′r(xr) = 1

Writing for 1 6 i, j 6 r − 1

[X ′i, X
′
j] = [Xi −Xi(xr)Xr, Xj −Xj(xr)Xr]
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[X ′i, X
′
j] = [Xi, Xj]−Xj(xr)[Xi, Xr]−Xi(xr)[Xr, Xj] +Xi(xr)Xj(xr)[Xr, Xr]

[X ′i, X
′
j] ∈ vect(X1, ..., Xr)

But for all 1 6 k 6 r − 1, Xk = X ′k +Xk(xr)Xr, then

[X ′i, X
′
j] ∈ vect(X ′1, ..., X ′r−1, X

′
r = Xr)

Then there exist ai,j : U → R, such that

[X ′i, X
′
j]− ai,jXr ∈ vect(X ′1, ..., X ′r−1)

For p ∈ U ,
[Xi′|p, Xj′|p] = ai,j(p)Xr|p + vect(X1′|p, ..., X

′
r−1|p)

By the function x 7→ xr we find ai,j = 0.
Then, for all 1 6 i, j 6 r − 1,

[X ′i, X
′
j] ∈ vect(X ′1, X ′r−1)

Then {X ′1, ..., X ′r−1} is Frobenius integrable.

Step 3 : There is a local coordinate system x = (x1, ..., xm) and a local basis for D on
U of the form {X1 = ∂

∂x1
, X2, ..., Xr−1 = ∂

∂xr−1
, Xr =

∑
16A6m ζA

∂
∂xA
} where the final

coefficients ζA for r 6 A 6 m, are functions of xr, xr+1, ..., xm.
Indeed, By inductive hypothesis applied to the result of the step 2, we can find a local
coordinate system y = (y1, ..., ym) such that

vect(X1, ..., Xr−1) = vect(
∂

∂y1

, ...,
∂

∂yr
)

It follows that { ∂
∂y1
, ..., ∂

∂yr−1
} is a local basis for the distribution, and moreover for 1 6

j 6 r − 1, ∂xr
∂yj

= 0.
Like the step 2, we write for x ∈M ,

[
∂

∂yj |x
,
∂

∂xr |x
] = bj(x)

∂

∂xr |x
mod(

∂

∂y1 |x
, ...,

∂

∂yr−1 |x
) (16j6r−1)

where A = Bmod(C) means A−B ∈ vect(C) and bj : U → R By evaluating by x 7→ xr,
we see that for all 1 6 j 6 r − 1, bj = 0.
Thus,

[
∂

∂yj
,
∂

∂xr
] =

∑
16k6r−1

cj,k
∂

∂yk
(16j6r−1)

Now, expressing ∂
∂xr

in terms of the y’s we may write be the local basis,

∂

∂xr
=

∑
16k6r−1

ζA
∂

∂yA

Putting this in the previous formula yields∑
16k6r−1

ζA
∂

∂yA
=

∑
16k6r−1

cj,k
∂

∂yk
(16j6r−1)

Then for r 6 A 6 m, 1 6 j 6 r − 1, ∂ζA
∂yj

= 0.
It follows that ζr, ..., ζm are functions of xr, xr+1, ..., xm.
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Step 4 : There is a local coordinate system x = (x1, ..., xm) and a local basis for D on
U of the form {X1 = ∂

∂x1
, X2, ..., Xr−1 = ∂

∂xr−1
, Xr =

∑
r6A6m ζA(xr, ..., xm) ∂

∂xA
}.

Indeed, set
X ′j := Xj (16j6r−1)

X ′r := Xr −
∑

16A6r−1

ζAXA

Then {X ′1, ..., X ′r} is still a local basis for D and X ′r has the form

X ′r :=
∑

r6A6m

ζ(xr, ..., xm)
∂

∂xA

Step 5 : There is a local coordinate system x = (x1, ..., xm) and a local basis for D on
U of the form {X1 = ∂

∂x1
, ..., Xr = ∂

∂xr
}.

Indeed, By linearization of Xr, we can find change of variable x1, ..., xm that make X ′r =
∂
∂xr

as a coordinate field without affecting the other variables.
�

Remark 2.3. The proof of Frobenius theorem not only tells us that the leaves through any
point exist, but also tell us something about their mutual disposition ; it says that locally,
an integrable r-dimensional distribution on a m-dimensional manifold looks like the affix
r-planes in Rr × Rm−r with "second coordinate" constants.

More formally, we have

Corollary 2.4. Let D be an integrable r-dimensional distribution on M . For each point
x ∈ M , there is a local coordinate (U ;x1, ..., xm) about x such that the integral manifold
through p meets U in a set containing

V (x) := {y ∈ U | ∀m− r 6 j 6 m | xj(y) = xj(x)}

Moreover, if (U ;x1, ..., xm) and (W ; y1, ..., ym) are two such local coordinate, then the
coordinate changes Φ := xy−1 have the form

(Φ1(x1, ..., xm), ...,Φm−r(x1, ..., xm),Φm−r+1(xm−r+1, ..., xm), ...,Φm(xm−r+1, ..., xm))

Proof. This is a consequence of step 5 in the proof of Frobenius theorem.
�

Remark 2.5. ∗ For r = 1, it exists always an integral curve for any vector field X given ;
indeed [X,X] = 0 and it follows by Frobenius theorem.
∗ For r > 2, it’s not always true, by the previous example.

For us, the most useful formulation of the Frobenius theorem is in terms of differential
forms. This is the context in which a distribution is given, not in local terms as a the span
of linearly independent smooth vector field, but in global terms as the kernel of a V -valued
1-form.
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Proposition 2.6. Let ω be a smooth V -valued 1-form on M .

If
{
M −→ N
p 7−→ dim(ker(ω(p)))

is constant equal to r, then for all p ∈ M , ker(ω(p)) is a

r-dimensional distribution.

Proof. Let p ∈ M , we have to show that, locally, ker(ω(p)) is spanned by r linearly inde-
pendent smooth vector fields.
Let {e1, ..., ev} a basis of V and write ω(p) =

∑
16i6v ωi(p)ei where for all 1 6 i 6 v,

ωi ∈ A1(M,R).
Let (U, x) a local coordinate around p, and

ωi(x) =
∑

16j6m

ai,j(x)dxj (16i6v)

so that
ω(x) =

∑
16j6m
16i6v

ai,j(x)dxj ei

Set A = (ai,j)16j6m
16i6v

a v ×m matrix.

Note that for X ∈ TxM ,

ω(x)(X) = 0⇐⇒
∑

16j6m

ai,j(x)Xj = 0 (16i6v)

So
dim(ker(ω(x))) = r ⇐⇒ rank(ai,j(x)) = m− r

Thus we may assume, possibly after changing the basis of V and reordering the xj that
the first (m − r) × (m − r) block of A(p) is invertible. Then, the same is true on some
neighborhood of p we again call it U , and because the rank, condition the last (v− (m−r))
rows are linearly dependent on the first (m− r) rows.
Thus, on U we clearly have ker(ω) =

⋂
16i6m−r ker(ωi).

Now set

νi :=

{
ωi , 1 6 i 6 m− r
dxi ,m− r < i 6 m

(16i6v)

The νi form a basis of the 1-form on U . We write for all 1 6 i 6 m, x ∈ U , νi(x) =∑
16j6m bi,j(x)dxj .

For all 1 6 i 6 m, the vector field Xj =
∑

16k6m cj,k(x) ∂
∂xk

dual to the νi are smooth
since the coefficients are given, on U , by (bi,j)16i,j6m(cj,k)16j,k6m = Im and (bi,j)16i,j6m

invertible.
Moreover, the smooth vector fields Xj for m − r < j 6 m, form a local basis for the
distribution ker(ω(x)).

�

Now, we are tin the position to ask what form the integrability conditions for a
distribution assumed when the distribution is given as the kernel of a V -valued 1-form ω.
We have the next result which is the differential form version of the Frobenius’ theorem.
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Theorem 2.7 (Frobenius). Let ω be a V -valued 1-form on M .

Assume that
{
M −→ N
x 7−→ dim(ker(ω(x)))

is constant equal to r, and let D = {ker(ω(x)) | x ∈

M} be the associated distribution. The following conditions are equivalents :
(1) D is integrable on M .
(2) For X, Y ∈ TM , such that ω(X) = ω(Y ) = 0, we have dw(X, Y ) = 0.

.

Proof. Let us choose a local basis X1, ..., Xr for D in a neighborhood U of a point M .
Then,
D is integrable on U if and only if for all 1 6 j, k 6 n, [Xj, Xk] ∈ vect(X1, ..., Xr)
And for all 1 6 j 6 r, Xi ∈ ker(ω), then
D is integrable on U if and only if for all 1 6 j, k 6 n, ω([Xj, Xk]) = 0. By the Cartan’s
formula ;

dω(X, Y ) = X(ω(Y ))− Y (X(ω))− ω([X, Y ]) (X,Y ∈TM)

We have
dω(Xj, Xk) = −ω([Xj, Xk]) (16j,k6r)

Then,
D is integrable if and only if for all 1 6 j, k 6 n, dω(Xj, Xk) = 0.

�

Corollary 2.8. Let ω be a V -valued 1-form on M and W ⊂ V be a subspace.

Assume that
{
M −→ N
x 7−→ dim(ker(ω(x)))

is constant equal to r, and let D = {ω(x)−1(W ) |

x ∈M} be a associated distribution.

(1) D is integrable on M .
(2) For X, Y ∈ TM , such that ω(X), ω(Y ) ∈ W , we have dw(X, Y ) ∈ W .

.

Proof. The distribution D is the kernel of the ωmod(W ), then by the theorem, the corollary
follows.

�

Proposition 2.9. Let ω =

 ω1

...
ωv

 be a Rv-valued 1-form on M .

Assume that
{
M −→ N
x 7−→ dim(ker(ω(x)))

is constant equal to r, and let D = {ker(ω(x)) | x ∈

M} be the associated distribution. The following conditions are equivalents :
(1) (1) D is integrable on M .
(2) (2) For all 1 6 i 6 v, dωi ∈ I(ω1, ..., ωv)

where I(ω1, ..., ωv) is the ideal in A(M) generated by the ωi’s.
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Proof. We have for ω =

 ω1

...
ωv

, and 1 6 i 6 v,

dωi ∈ I(ω1, ..., ωv)⇐⇒ dωi =
∑

16k6v

Ai,kωk ∧ ηk

where for 1 6 i, k 6 v, Ai,k a smooth function on M , ηk ∈ A1(M). By A = (Ai,j)16i,j6m,
we have

dωi ∈ I(ω1, ..., ωv)⇐⇒ dω = Aω ∧ η

The we know that, D is integrable if and only of for all X, Y ∈ TM , such that
ω(X) = ω(Y ) = 0, we have dw(X, Y ) = 0.
Then (2) implies (1).

Conversely, we assume D integrable.
We can, without lost generality, assume dim(V ) = 1.
Let Rn+1 3 (x1, . . . , xn, xn+1) = x, and let :

ω = a1(x) dx1 + · · ·+ an(x) dxn + an+1(x) dxn+1,

a differential 1-form C∞ defined at a neighborhood of 0 ∈ Rn+1. By linear transformation,
we can assume that at the origin x = 0, the hyperplane {ω = 0} is horizontal, given by
{dxn+1 = 0}, it means that :

0 = a1(0) = · · · = an(0) whereas 0 6= an+1(0).

With other functions C∞, we can solve :

dxn+1 = b1(x) dx1 + · · ·+ bn(x) dxn + bn+1(x)ω.

It is not useful to express the formulas.
Every differential 2-form can be written :

Ω =
∑

16i,j6n+1

Ti,j(x) dxi ∧ dxj

=
∑

16i<j6n

(Ti,j(x)− Tj,i(x) dxi ∧ dxj +
∑

16i6n

Ti,n+1(x) dxi ∧ dxn+1

=
∑

16i<j6n

Ui,j(x) dxi ∧ dxj +
∑

16i6n

Vi(x) dxi ∧ ω,

with other function C∞ — not useful to give the formulas.

Then, by hypothesis of integrability of (1), we assume that we have n vector fields C∞

defined at 0 ∈ Rn+1, which are linearly independent, forming a local basis of D .
Then we have for

X1

∣∣
0

=
∂

∂x1

∣∣∣
0
, . . . . . . , Xn

∣∣
0

=
∂

∂xn

∣∣∣
0
.

0 = ω(X1) = · · · = ω(Xn).
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For Ω = dω, we see that for all 1 6 i < j 6 n + 1, Ui,j(0) = 0. Then for x near 0 and
for k = i < j = l,

dω(x)(X,jXk) =
∑

16i<j6n

Ui,j(x) (dxi ∧ dxj)(Xj, Xk) +
∑

16i6n

Vi(x) (dxi ∧ ω)(Xj, Xk)

= Uk,l(x) +
∑

16i6n

Vi(x) (δi,kω(Xk)− δi,lω(Xk))

= Uk,l + 0

But by the Cartan’s formula

dω(x)(Xk, Xj) = Xk(ω(Xl))−Xl(ω(Xk))− ω([Xk, Xj])

= −ω([Xk, Xj])

By integrability of D , ω([Xk, Xj]) = 0 then for all k < l, Uk,l(x) = 0.
Then

dω = (
∑

16i6n

Vi(x) dxi) ∧ ω.

The result is proved near 0 and by translation it is true for all x ∈M .
�

Example 2.10. Take again the same example of this section, we will show in another way
why there is no integral surface for the distribution. We use the Frobenius theorem viewed
by 1-forms.
Let the distribution given by n(x, y, z) = (y,−x, 1) in R3.
The plan is generated by

X1 =
∂

∂x
− y ∂

∂z
; X2 =

∂

∂y
+ x

∂

∂z

Then we need to find ω such that

< X1, X2 >= ker(ω)

Let (x, y, z) ∈ R3, ω(x, y, z) = Adx+Bdy + Cdz, we have

0 = ω(x, y, z)(X1) = A− yC

and
0 = ω(X2) = B + xC

Then xA+ yB = 0.
For A = y and B = −x we obtain

ω(x, y, z) = ydx− xdy + dz

Now, assume D = {ker(ω(x, y, z)) | (x, y, z) ∈ R3} is integrable.
Then dω ∈ I(ω), thus dω = αω ∧ η for η ∈ A1(R3) and α ∈ C∞(R3).
We note that ω ∧ dω = 0 but dω = −2dxdy.
Then 0 = ω ∧ dω = −2dxdydz and it is absurd.
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3. Fibre bundle

Now, we will talk about fibre bundles. Then, let M a manifold and G a Lie group.

Definition 3.1. A differentiable principal fibre bundle over M with a Lie group G consist
of a manifold P and an action G on P satisfying the following conditions :

(1) (1) G acts freely on P on the right by, for g ∈ G,

Lg :

{
P −→ P

p 7−→ g · p

(2) (2) M is the quotient space of P by the equivalence relation induced by G, M =
P/G, and the canonical projection π : P →M is differentiable.

(3) (3) P is locally trivial ; every point x ∈M , has a neighborhood U such that π−1(U)
is isomorphic with U ×G in the sense that there is a diffeomorphism

ψ :

{
π−1(U) −→ U ×G

p 7−→ (π(p), ϕ(p))

where ϕ : π−1(U) −→ G such that for all p ∈ π−1(U) and g ∈ G, ϕ(Lg(p)) =
Lg(ϕ(p)).

A principal fibre bundle will be denoted by P (M,G, π), P (M,G) or P . We call P the
total space, M the base space, G the structure group and π the projection.
For each x ∈M , π−1(x) is a closed submanifold of P , called the fibre over p.
Let p ∈ π−1(x), π−1(x) = {g · p | g ∈ G} =: Gp called the fibre through p.

Remark 3.2. We take this convention of fibre bundle and not with Rg since we want to
use the flow ϕt(p) = exp(tv) · p.

Remark 3.3. Every fibre π−1(x) = Gp = {g · p | g ∈ G} is diffeomorphic to G.
Then P is foliated by copies of G and G =

⋃
p∈P Gp is the foliation of P .
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Example 3.4. P = M ×G is called the trivial bundle.

Example 3.5. If W is a submanifold of M , then π−1(W )(W,G) is a principal fibre bundle.
We call it the restriction of P to W and denote it P|W .

Let P be a principal fibre bundle P (M,G), the action of G on P induces a homomor-
phism σ of the Lie algebra g of G into the Lie algebra X(P ) of the vector fields on P ; For
each v ∈ g, v† := σ(v) is called the fundamental vector corresponding to v.
Since the action sends each fibre into itself, for all p ∈ P , v†|p := d

dt |0(exp(tv) · p) ∈ TpGp.
As G acts freely on P , if v 6= 0, v† never vanishes on P .

The dimension of each fibre is equal to dim(g) ;

{
g −→ TpGp

v 7−→ v†|p
is a linear isomorphism.

Proposition 3.6. Let v† be the fundamental vector field corresponding to v ∈ g. For each
g ∈ G, (Lg)∗v

† is the fundamental vector field corresponding to (Ad(g−1))v ∈ g, where
Ad(g) : h ∈ G 7→ ghg−1.

Proof. Since v† is induced be the local 1-parameter group of transformation Lgt where
gt = exp(tv), the vector field (Lg)∗v

† is induced be LgLgtLg−1 = Lg−1gtg. The proposition
follows from the fact that g−1gtg is generated by (Ad(g−1))v.

�

The concept of fundamental vector fields will prove to be useful in the theory of
connections.

In order to relate our intrinsic definition of a principal fibre bundle to the definition and
the construction by means of an open covering, we need the concept of transition functions.
By (3) for a principal fibre bundle P (M,G), it is possible to choose an open covering {Uα}

of M , each π−1(Uα) provided with a diffeomorphism ψα :

{
π−1(Uα) −→ Uα ×G

p 7−→ (π(p), ϕα(p))

where ϕα : π−1(Uα) −→ G such that for all p ∈ π−1(Uα) and g ∈ G, ϕ(Lg(u)) =
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Lg(ϕ(p)).
If p ∈ π−1(Uα ∩ Uβ), then ϕβ(Lg(p))(ϕα(Lg(p)))

−1 = ϕβ(p)(ϕα(p))−1, with shows the
ϕβ(ϕα)−1 depends only on π(p) not on p. Then, we can define a mapping ψα,β : Uα∩Uβ →
G by ; for all p ∈ π−1(Uα ∩ Uβ), ψα,β(π(p)) = ϕβ(p)(ϕα(p))−1.
The family {ψα,β}α,β is called transition functions of the bundle P (M,G) corresponding
to the open covering {Uα} of M .
We have the condition (∗) :

ψγ,α(x) = ψγ,β(x) · ψβ,α(x) (x∈Uα∩Uβ∩Uγ)

Conversely, we have :

Proposition 3.7. Let {Uα} an open covering of M and for all α, β, such that Uα ∩Uβ 6= ∅,
let a mapping ψα,β : Uα∩Uβ → G in such way that the relations (∗) are satisfied. Then, we
can construct a differentiable principal fibre bundle P (M,G) with the transition functions
ψα,β .

Proof. We first observe that the relation (∗) imply for all x ∈ Un ψα,α = e and for all
x ∈ Uα ∩ Uβ , ψα,β(x)ψβ,α(x) = e.
For each α, let Xα = Uα ×G and X =

⋃
αXα be the topological sum of Xα ;

w ∈ X ⇐⇒ w = (α, x, g)

for a some α, x ∈ Uα and g ∈ G.
Since each Xα is a differentiable manifold, X is a differentiable manifold in a natural way.
We introduce an equivalence relation ρ in X as follows ;
We say that (α, x, g) ∈ {α} × Xα is equivalent to (β, y, h) ∈ {β} × Xβ if and only if
x = y ∈ Uα ∩ Uβ and h = ψβ,α(p)(g).
We remark that (α, x, g) and (α, y, h) are equivalent if and only if x = y and g = h. Let P
be the quotient space of X by this equivalence relation ρ.
We first show that G acts freely on P on the right and that P/G = M .
By definition, each h ∈ G maps the ρ-equivalence class of (α, x, g) into the ρ-equivalence
class of (α, x, gh). It is easy t see that this definition is independent of the choice of repre-
sentative (α, x, g) and that G acts freely on P on the right.
The projection π : P →M maps, by definition, the ρ-equivalence class of (α, x, g) into x ;
the definition of π is independent of the choice of representative (α, x, g).
For p, q ∈ P , π(p) = π(q) if and only if v = Lh(u) for some h ∈ G. In fact, let (α, x, g)
and (β, y, h) be representatives for u and v respectively. If v = Lk(u) for some k ∈ G,
then x = y and hence π(p) = π(q). Conversely, if π(p) = x = y = π(q) ∈ Uα ∩ Uβ , then
v = Lk(u) where k = g−1ψβ,α(x)−1h ∈ G.
In order to make P into a differentiable manifold, we first note that, by the natural mapping
X → P = X/ρ, each Xα = Uα ×G is mapped one-to-one onto π−1(Uα).
We introduce a differentiable structure in P by requiring that π−1(Uα) is an open subma-
nifold of P and that the mapping X → P , induces a diffeomorphism of Xα = Uα × G
onto π−1(Uα). This possible since every point of P is contained in π−1(Uα) for some α
and the identification of (α, p, g) with (β, p, ψβ,α(p)g) is made by means of differentiable
mappings. It is easy to check that the action of G on P is differentiable and P (M,G, π) is
differentiable principal fibre bundle.
Finally, the transition functions on P corresponding to the covering {Uα} are precisely the
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given ψβ,α if we define ψα : π−1(Uα) → Uα × G by ψα(p) = (x, g) where u ∈ π−1(U) is
the ρ-equivalence class of (α, x, g).

�

Definition 3.8. A homeomorphism f of a principal fibre bundle P ′ into another P consists
of a mapping f ′ : P ′ → P and f ′′ : G′ → G such that for all (u, g) ∈ P ′ × G′,
f ′(Lg(u)) = Lf ′′(g)f

′(u).
For the sake of simplicity, we shall denote f ′ and f ′′ by the same letter f .

Remark 3.9. Every homomorphism f : P ′ → P maps each fibre of P ′ into a fibre of P
and hence, induces a mapping of M ′ into M , which denoted by f .

Definition 3.10. A homomorphism f : P ′ → P is called an imbedding or injection if f is
an imbedding and if f : G′ → G is a monomorphism.

Remark 3.11. If f : P ′ → P is an imbedding, the the induced mapping f : M ′ → M is
also an imbedding.
By identifying P ′ with f(P ), and G′ with f(G′) and M ′ with f(M ′), we say that
P ′(M ′, G′) is a subbundle of P (M,G).

Let P (M,G) be a principal fibre bundle and F a manifold on which G acts on the lefts :{
G× F −→ F

(g, ξ) 7−→ Lg(ξ)
We will construct a fibre bundle E(M,F,G, P ) associated with P with the standard fibre
F .
On the manifold P × F , we let G act on the right as follows : for all g ∈ G,{
P × F −→ P × F

(p, ξ) 7−→ (Lg(p), Rg−1(ξ))
.

The quotient space of P × F by this action group is denoted E = P ×G F .
At this moment E is juste a set, we will introduce a differentiable structure.

From
{
P × F −→M

(p, ξ) 7−→ π(p)
. we define πE :

{
E −→ P ×M

[(p, ξ)] 7−→ π(p)
.

For each x ∈M , π−1
E (x) is called the fibre of E over x.

Every point x ∈M , has a neighborhood U such that π−1(U) is isomorphic to U×G. Then,
we can set π−1(U) = U ×G, and we see that the action of G on π−1(U)× F on the right
is given by {

π−1(U)× F −→ π−1(U)× F
(p, a, ξ) 7−→ (p, Lg(p), Rg−1(ξ))

It follow that the isomorphism π−1(U) ' U×G induces an isomorphism π−1
E (U) ' E×F .

Then, we can introduce a differentiable structure in E by the requirement that π−1
E (U) is

an open submanifold of E, which is diffeomorphic with U × F under the isomorphism
π−1
E (U) ' E × F .

The projection πE is then a differentiable mapping of E onto M .
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Definition 3.12. We call E = E(M,F,G, P ) = P ×G F the fibre bundle over the base M ,
with fibre F and the structure group G, which is associated with the principal fibre bundle
P .

We have easily,

Proposition 3.13. Let P (M,G) be a principal fibre bundle and F a manifold on which G
acts on the left. Let E(M,F,G, P ) be the fibre bundle associated with P . For each, p ∈ P
and ξ ∈ F , denote by pξ := [(p, ξ)]. Then each p ∈ P , is a mapping of F onto Fx = π−1

E (x)
where x = π(p) and

(Lg(p))ξ = p(Lg(ξ)) (p∈P,g∈G,ξ∈F )

4. Connections in a principal fiber bundle

Let P (M,G) be a principal fibre bundle over a manifold M with a Lie group G. For
each p ∈ P , let TuP be the tangent space of P at p and Gp the subspace of TpP consisting
of vectors tangent to the fibre through p.

Definition 4.1. A connection Γ in P is a collection of a subspace TQp of TpP at each
p ∈ P such that

(1) TpP = TGp ⊕Qp.

(2) For p ∈ P , g ∈ G, QLg(p) = (Lg)∗Qp.

(3) Qp depends differentially on p.
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Remark 4.2. Condition (2) means that the distribution {Qp | p ∈ P} is invariant by G.

Definition 4.3. Let p ∈ P .
We call TGp the vertical subspace and Qp the horizontal subspace of TpP .

Remark 4.4. Let p ∈ P , a vector X ∈ TpP can be uniquely written as

X = Y + Z (X∈TGp,Z∈Qp)

We call Y and Z respectively the vertical and the horizontal component of X denoted by
Xvertical and Xhorizontal.
The condition (3) means that if X is a differentiable vector field on P so are Xvertical and
Xhorizontal.
Moreover, (3) is equivalent to say that the distribution {Qp | p ∈ P} is differentiable.
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Let Γ a connection in P , we define a 1-form ω on P with values in the Lie algebra
g of G as follows ; We know that every v ∈ g induces a vector field v† on P , called

the fundamental vector field corresponding to v, and that

{
g −→ TpGp

v 7−→ v†|p
is a linear

isomorphism for each p ∈ P .

Definition 4.5. Let Γ a connection in P .
For each p ∈ P , and X ∈ TpP , we define ω(X) to be the unique v ∈ g such that
v†|p = Xvertical.
This form ω is called the connection form of the given connection Γ.

Remark 4.6. It is clear that

ω(X) = 0⇐⇒ X ∈ Qp (X∈TpP )

Proposition 4.7. The connection form ω of a connection Γ satisfies the following condi-
tions :
(1′) For every v ∈ g, ω(v†) = v.
(2′) For every g ∈ G, X ∈ TP , ω((Lg)∗X) = Ad(g−1)(ω(X)).
Conversely, given a g-valued 1-form ω on P satisfying (1′) and (2′), there is a unique
connection Γ in P whose connection form is ω.

Remark 4.8. (2′) means that each

ω(p) : TpGp → g
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is the identity isomorphism, if we interpret TpGp as the tangent space to the Lie group copy
Gp ' G.

Proof. Let ω be the connection form of a connection. The condition (1′) follows imme-
diately from the definition of ω. Since very vector field of P can be decomposed into a
horizontal and vertical vector fields, it is sufficient to verify (2′) in the following two spe-
cial cases : (a) X horizontal and (b) X vertical.
If X is horizontal, so is (Lg)∗X for every g ∈ G, by the condition (2) for a connection.
Thus both ω((Lg)∗X) and Ad(g−1)(ω(X)) vanish.
In the case when X is vertical, we may further assume that X is a fundamental vector field
v†. Then (Lg)∗X is the fundamental vector field corresponding to Ad(g−1)v (to see pre-
vious section).
Thus we have

(L∗gω)(p)(X) = ω(Lg(p))((Lg)∗X) = Ad(g−1)v = Ad(g−1)(ω(p)(X))

Conversely, given a form ω satisfying (1′) and (2′), we define

Qp = {X ∈ TpP | ω(X) = 0} (p∈P )

{Qp | p ∈ P} is also a connection whose connection form is ω.
�

The projection π : P → M induces, for every p ∈ P , a linear mapping
π∗ : TpP → TxM , where x = π(p).
When a connection is given, for every p ∈ P , π∗ maps Qp isomorphically onto TpM .

Definition 4.9. The horizontal lift of a vector field X on M is a unique vector field X l on
P which is horizontal and which projects ontoX , that is, for every p ∈ P , π∗(X l

|p) = X|π(p).
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Proposition 4.10. Let Γ be a connection in P and X be a vector field on M . There is a
unique horizontal lift X l of X . The lift X l is invariant by the right action of G. Conversely,
every horizontal vector field Y on P invariant by the right action of G is the lift of a vector
field X on M ; Y = X l

Proof. The existence and uniqueness of X l is clear from the isomorphism π∗ : Qp →
Tπ(p)M for every p ∈ P .
To prove that if X is differentiable then X l is differentiable, we take x ∈ M and a neigh-
borhood U(x) such that π−1(U) ' U ×G.
Using this isomorphism, we first obtain a differentiable vector field Y on π−1(U) such that
π(Y ) = X . Then X l is the horizontal component of Y and hence is differentiable.
The invariance of X l by G is clear from the invariance of the horizontal subspace by G.
Finally, let Y be a horizontal vector field on P invariant by G. For every x ∈ M , take
a point p ∈ P such that π(p) = x and define X|x := π(Y|p). The vector X|x is inde-
pendent of the choice of p such that π(p) = x, since if for g ∈ G, p′ = Lg(p), then
π(Y|p′) = π(Lg(Yp)) = π(Y|p). It is obvious that X l is then the lift of the vector field X .

�

Proposition 4.11. Let X l and Y l be the horizontal lifts of X and Y respectively. Then
(1) X l + Y l is the horizontal lift of X + Y .
(2) For every function f on M , f l ·X l is the horizontal lift of fX where f l := f ◦ π.
(3) The horizontal component of [X l, Y l] is the horizontal lift of [X, Y ].

Proof. The first two assertions are trivial. As for the third, we have

π([X l, Y l]horizontal) = π([X l, Y l]) = [X, Y ]

�

Definition 4.12. A section σ : M → P is a smooth map satisfying π ◦ σ = idM .

Remark 4.13. We see by the drawing that the section map means we section the fibre
bundle P .
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Let x = (x1, ..., xm) be local coordinate in a coordinate neighborhood U in M . For
every 1 6 i 6 m, let X l

i be the horizontal lift in π−1(U) of the vector field Xi = ∂
∂xi

in U .
Then {X l

1, ..., X
l
m} form a local basis for the distribution {Qp | p ∈ π−1(U)}.

We will now express a connection form ω on P by a family of forms each defined in an
open subset of the base manifold.

Definition 4.14. Let {Uα} be an open covering of M with a family of transition function
ψα : π−1(Uα) → Uα × G and the corresponding family of transition functions ψα,β :
Uα ∩ Uβ → G.
For each α, let σα : Uα → P be the cross section on Uα defined by σα(x) = ψ−1

α (x, e),
x ∈ Uα and e the identity of G.
Let θ be the left invariant g-valued canonical Maurer-Cartan 1-form.
For each non-empty Uα ∩ Uβ define a g-valued 1-form θα,β on Uα ∩ Uβ by

θα,β = ψ∗α,βθ

For each α, define a g-valued 1-form ωα on Uα by

ωα = σ∗αω

Proposition 4.15. The forms {θα,β}α,β and {ωα}α are subject to the conditions :

ωβ = Ad(ψ−1
α,β)ωα + θα,β (on Uα∩Uβ)

Conversely, for every family of g-valued 1-forms {ωα}α each defined on Uα and satisfying
the preceding conditions, there is a unique connection form ω on P which gives rise to
{ωα}α in the described manner.

Proof. For all x ∈ Uα ∩ Uβ , if Uα ∩ Uβ 6= ∅, then σβ(x) = σα(x)ψα,β(x).
For every x ∈ Uα ∩ Uβ , and vector X ∈ Tx(Uα ∩ Uβ) the vector (σα)∗(X) ∈ Tu(P ) where
u = σβ(x), is the image of ((σα)∗(X), (ψα,β)∗(X)) ∈ Tp′P ⊕ TgG where p′ = σα(x) and
g = ψα,β(x) under the mapping P ×G→ P .
By Leibniz’s formula, we have

(σβ)∗(X) = (σα)∗(X)ψα,β(x) + σα(x)(ψα,β)∗(X)

where (σα)∗(X)ψα,β(p) = Rψα,β(p)((σα)∗(X)) and σα(p)(ψα,β)∗(X) is the image of
(ψα,β)∗(X) by the differential of σα(x), σα(x) being considered as a mapping of G into
P which maps h ∈ G into σαh.
Taking the values of ω on both sides of the equality, we obtain

ωβ(X) = Ad(ψ−1
α,β)ωα(X) + θα,β(X)

Indeed, if v ∈ g is the left invariant vector field on G which is equal to (ψα,β)∗(X) at g =
ψα,β(x) so that θ((ψα,β)∗(X)) = v, then σα(x)(ψα,β)∗(X) is the value of the fundamental
vector field v∗ at p = σα(x)ψα,β(x) and hence ω(σα(p)(ψα,β)∗(X)) = v.
The converse can be verified by following back the process of obtaining {ωα} from ω.

�
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Let {Uα} be an open covering of M with a family of transition functions ψα :
π−1(Uα)→ Uα×G and the corresponding family of transition functions ψα,β : Uα∩Uβ →
G.
By transition functions, look locally, and so take a α and assume P = π−1(Uα) = Uα×G.
Then we can assume P = U ×G where U is an open set of M .
Let σ, σ̃ : M → P two sections.
We have, by the identification, σ0 : p 7→ (p, e) the zero (cross) section.
We want a relation between σ and σ̃ and we see that for all x ∈ M , σ(x) = (x, g) =
g · (x, e) = g · σ0(x).
Then

σ̃ = ϕ ◦ σ
where ϕ : M → G a smooth function. Moreover, by the previous proposition, they satisfy

σ̃∗ω = (Ad(ϕ−1))σ∗(ω) + ϕ∗θ

5. Curvature form and structure equation

Let P (M,G) be a principal fibre bundle and ρ a representation of G on a finite
dimensional space V ; for all g ∈ G, ρ(g) is a linear transformation and for all g, h ∈ G,
ρ(gh) = ρ(g)ρ(h).

Definition 5.1. A pseudotensorial form of degree r on P of type (ρ, V ) is a V -valued
r-form ϕ on P such that

L∗gϕ = ρ(g−1) · ϕ (g∈G)

A such form ϕ is called a tensorial form if it is horizontal in the sense that for all p ∈ P ,
and X1, ..., Xr ∈ TpP , if at least one of the tangent vector is tangent to a fibre, then
ϕ(p)(X1, ..., Xr) = 0.

Example 5.2. If ρ0 is the trivial representation of G on V , that is, for each g ∈ G,
ρ0(g) = idV , then a tensorial form of degree r of type (ρ0, V ) is a form ϕ on P on which
can be expressed as ϕ = π∗ϕM where ϕM is a V -valued r-form on the base M .

Example 5.3. Let ρ be a representation of G on V and E the bundle associated with P
with standard fibre V on which G acts through ρ.
A tensorial form ϕ of degree r of type (ρ, V ) is defined by the following relation

ϕ̃(x)(X1, ..., Xr) = p(ϕ)(p)(X l
1, ..., X

l
r) (X1,...,Xr∈TxM)

where p ∈ P , with π(p) = p, (π)∗(X
l
i) = Xi and

M −→ L ((TxM)r, π−1
E (x))

x 7−→

{
(TxM)r −→ π−1

E (x)

(X1, ..., Xr) 7−→ ϕ̃(x)(X1, ..., Xr)

and for x ∈M , ϕ̃(x) is a multilinear skew-symmetric mapping.
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Let Γ be a connection in P (M,G).
For p ∈ P , let Gu and Qu be the vertical and the horizontal subspace of TpP respectively.

Let h :

{
TpP −→ Qp

X 7−→ Xhorizontal be the projection.

Proposition 5.4. Let ϕ be a pseudotensorial r-form on P of type (ρ, V ). We have

(1) The form ϕh defined by


P −→ L (TpP, π

−1
E (x))

p 7−→

{
(TpP )r −→ π−1

E (x)

(X1, ..., Xr) 7−→ ϕ(x)(h(X1), ..., h(Xr))

is a

tensorial form of type (ρ, V ).
(2) dϕ = ϕ∗ is a pseudotensorial (r + 1)-form of type (ρ, V ).
(3) The (r + 1)-form Dϕ defined by Dϕ = (dϕ)h is a tensorial form of type (ρ, V ).

Proof. From Lg ◦ h = h ◦ Lg, g ∈ G, it follows that ϕh is a pseudotensorial form of type
(ρ, V ). It is evident that if one of X ′is is vertical, then (ϕh)(p)(X1, ..., Xr) = 0.
(2) follows from L∗g ◦ d = d ◦ L∗g, g ∈ G.
(3) follows from (1) and (2).

�

Definition 5.5. The form Dϕ := (dϕ)h is called the exterior covariant derivative of ϕ and
D is called exterior covariant differentiation.

If ρ is the adjoint representation of G in the Lie algebra g = V , a (pseudo) tensorial
form of type (ρ, g) is said to be of type Ad(G). The connection form ω is a pseudotensorial
1-form of type Ad(G). Then by the previous proposition, we have

Definition 5.6. Let Γ be a connection in P and ω the connection form of Γ.
Dω is tensorial 2-form of type Ad(G) called the curvature form of ω.
We denote it Ω := Dω.

Theorem 5.7 (Structure equation). Let ω be a connection form and Ω its curvature form.
We have

Ω(X, Y ) = dω(X, Y ) + [ω(X), ω(Y )] (X,Y ∈TP )

and more formally,

Ω(p)(X, Y ) = dω(p)(X, Y ) + [ω(p)(X), ω(p)(Y )] (X,Y ∈TpP,p∈P )

Proof. Every vector of P is a sum of vertical vector field and a horizontal vector. Since both
sides of the above equality are bilinear and skew-symmetric in X and Y , it is sufficient to
verify the equality in the following three cases :
(1) X and Y are horizontal ;
We have ω(X) = ω(Y ) = 0 and the equality reduces to the definition of Ω.
(2) X and Y are vertical ;
Let X = v† and Y = w† at u, where v, w ∈ g.
We have by Cartan’s formula

dω(v†, w†) = v†(ω(w†))− w†(ω(v†))− ω([v†, w†]) = −[v, w] = −[ω(v†), ω(w†)]
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since ω(v†) = v and ω(w†) = w and [v†, w†] = [v, w]†. On the other hand, Ω(v†, w†) = 0.
(3) X is horizontal and Y is vertical ;
We extendX to a horizontal vector field on P , which will be also denoted byX . Let Y = v†

at u, where v ∈ g. Since the right hand side of the equality vanishes, it is sufficient to show
that dω(X, v†) = 0.
We have by Cartan’s formula

dω(X, v†) = X(ω(v†))− v†(ω(X))− ω([X, v†]) = −ω([X, v†])

Now it is sufficient to prove the following lemma.
�

Lemma 5.8. If v† is the fundamental vector field corresponding to an element v ∈ g and
X is a horizontal vector field, then [X, v†] is horizontal.

Proof. The fundamental vector field v† is induced by Lgt where gt is the 1-parameter sub-
group of G generated by v ∈ g. We have

[X, v†] = limt→0
1

t
[Lgt(X)−X]

If X is horizontal, so is Lgt(X). Thus [X, v†] is horizontal.
�

Then we have

Corollary 5.9. Let X , Y be two horizontal vector fields on P . We have

ω([X, Y ]) = −Ω(X, Y )

The structure equation (often called "the structure equation of E. Cartan") is sometimes
written, for the sake of simplicity, as follows :

Ω = dω + [ω, ω]

In fact, we set [ω, ω](X, Y ) := [ω(X), ω(Y )].
Or we can use the definition of ∧g ;

Ω = dω +
1

2
ω ∧g ω

Let {e1, ..., er} a basis of the Lie algebra g and cij,k for 1 6 i, j, k 6 r the structure
constants of g with respect e1, ..., er that is,

[ej, ek] =
∑

16i6r

cij,kei (16j,k6r)

Let ω =
∑

16i6r ωiei and Ω =
∑

16i6r Ωiei.
Then the structure equation can be expressed as follows :

Ωi = dωi +
1

2

∑
16j,k6r

cij,kωj ∧ ωk (16i6r)

Theorem 5.10 (Bianchi’s identity). We have

DΩ = 0
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Proof. By the definition of D, it suffices to prove that dΩ(X, Y, Z) = 0 whenever X, Y, Z
are all horizontal vectors. We apply the exterior differentiation d to the structure equation.
Then

0 = ddωi = −1

2

∑
16j,k6r

cij,kdωj ∧ ωk +
1

2

∑
16j,k6r

cij,kωj ∧ dωk + dΩi

For 1 6 i 6 r, since, if X is horizontal then ωi(X) = 0, we have for X, Y, Z horizontal,
dΩi(X, Y, Z) = 0.

�

Proposition 5.11. The curvature form Ω of a connection form ω satisfies
(1) For allg ∈ G, L∗gΩ = (Ad(g−1))Ω.

(2) If at least one of the tangent vectors X, Y is vertical then Ω(X, Y ) = 0

(3)

dΩ =
1

2
Ω ∧g ω =

∑
16k6r

(
∑

16i1,i26r

cki1,i2Ωi1 ∧ ωi2)er

Proof. For (1), it follows from definition of ω.
For (2), we have seen in the proof of structure equation.
For (3), we use Ω = dω + 1

2
ω ∧g ω ;

dΩ = ddω +
1

2
dω ∧g ω −

1

2
ω ∧g dω

=
1

2
(Ω− 1

2
ω ∧g ω) ∧g ω −

1

2
ω ∧g (Ω− 1

2
ω ∧g ω).

(3) follows from the following lemma.
�

Lemma 5.12. For any g-valued 1-form $ =
∑

16k6r$kek, we have

0 = ($ ∧g $) ∧g $

and
0 = $ ∧g ($ ∧g $)

Proof. We check the first identity, the second one being similar.
We expand

($ ∧g $) ∧g $ = (
∑

16k16r

$k1ek1 ∧g

∑
16k26r

$k2ek2) ∧g
∑

16k36r

$k3ek3

= (
∑

16k1,k26r

$k1 ∧$k2 [ek1 , ek2 ]) ∧g
∑

16k36r

$k3ek3

=
∑

16k1,k2,k36r

$k1 ∧$k2 ∧$k3 [[ek1 , ek2 ], ek3 ]

We decompose the sum
∑

k1,k2,k3
plainly in six sub-sums :∑

k1,k2,k3

=
∑

k1<k2<k3

+
∑

k3<k1<k2

+
∑

k2<k3<k1

+
∑

k2<k1<k3

+
∑

k3<k2<k1

+
∑

k1<k3<k2
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We see, thanks to the Jaocobi identity, that this decomposition is equal to 0.
�

6. Cartan connections

Now, we talk about Cartan connections.
Let M a manifold.
Let G be a Lie group of dimension r and H be a Lie subgroup of G of dimension s. Denote
by g and h their respective Lie algebras, with [h, h]g ⊂ h.

Definition 6.1. A Cartan geometry onM modeled on (g, h) consists go the following data :
∗ A principal fibre bundle P := P (M,H).
∗ A g-valued 1-form ω on P (M,H) which satisfies the following three properties :

(1) For every p ∈ P , ω(p) : TpP → g is an isomorphism.

(2) For every y ∈ h, we have ω(y†) = y.
(3)

ω(hp)((Lh)∗(vp)) = Ad(h−1)(ω(p)(vp)) (p∈P,vp∈TpP )

where Lh : p 7→ hp on P
We call Cartan connection the 1-form ω.

The difference between Cartan connection and connection on a principal fibre bundle is
that for Cartan connection we add H a Lie subgroup of G ; the fibre of P is given by the
foliation H =

⋃
p∈P Hp, with Hp = {p · h | h ∈ H}.

Moreover, TpHp is the set of vertical vector fields.

Remark 6.2. ∗ For ω a Cartan connection,

dim(P ) = dim(TpP ) = dim(g) > dim(h) (p∈P )

∗ For a general connection,
dim(P ) > dim(g)
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Moreover, for a general connection, it is possible that dim(P ) > dim(g) ; take P = G,
M = G/H and ω the Maurer-Cartan 1-form.

By (3) we have an isomorphism and so :

Definition 6.3. Let x ∈ g. We define a vector field on P by

x̂|p := ω(p)−1(x) (p∈P )

called the constant vector field associated to x.

Proposition 6.4. For any choice of a basis (ek)16k6r of g, we have a collection of r vector
fields

êk := ω−1(ek) (16k6r)

such that for every p ∈ P , {(ê1)|p, ..., (êr)|p} is a basis of TpP .

Furthermore, by (2), we have for every y ∈ h

y†|p = ω−1(p)(y) = ŷ|p (p∈P )

Remark 6.5. So that only for the element y ∈ h, we have

y† = ŷ

Remark 6.6. The Cartan curvature given by a Cartan connection satisfies the same relations
that an ordinary curvature connection ;

(1)

Ω = dω +
1

2
ω ∧g ω

(2) For all g ∈ G, L∗gΩ = (Ad(g−1))Ω.

(3) If at least one of the tangent vectors X, Y is vertical then Ω(X, Y ) = 0

(4)

dΩ =
1

2
Ω ∧g ω =

∑
16k6r

(
∑

16i1,i26r

cki1,i2Ωi1 ∧ ωi2)er

Now, at each point p ∈ P , for every x ∈ g, the inverse image through ω(p) of the
element x + h of the quotient g/h :

x̂ + h|p = ω(p)−1(x + h) = ω(p)−1(x) + ω(p)−1(h) = ω(p)−1(x) + TpHp

By (3), we have

Corollary 6.7.
Ω(p)(x̂ + h|p, x̂’ + h|p) = Ω(p)(x̂|p, x̂’|p) (p∈P,x,x’∈TpP )

In other words, the curvature acts in fact on the quotient TP/TH by the vertical foliation
H .
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Since Ω : TP/TH × TP/TH → g is a skew-symmetric and linear map, we can
define the curvature function of a Cartan connection ω.

Definition 6.8. The curvature function of a Cartan connection ω : TP → g is the map
c ∈ C∞(P,L (Λ2(g/h), g)) such that

c(p) :

{
g/h ∧ g/h −→ g

(x’ + h, x” + h) 7−→ Ω(p)(x̂’|p, x̂”|p)

Applying (3) of the definition of Cartan connection for x̂, where x ∈ g, we have

ω(gp)(d(Lg)p(x̂)) = Ad(g−1)(x)

Then by ω(gp)−1

d(Lg)p(x̂) = ̂Ad(g−1)(x)|gp (p∈P,g∈G)

Then for x← Ad(g)(x)

x̂|gp = d(Lg)p( ̂Ad(g)(x)|u) (p∈P,g∈G)

By this relation, we can have

Lemma 6.9. For all p ∈ P , g ∈ G, c(gp) = (g−1) · c(p).

Proof. For x, x’ ∈ g,

c(gp)(x + g, x’ + g) = Ω(gp)(x̂|gu, x̂’|gp)

= Ω(gp)(d(Lg)p( ̂Ad(g)(x)|p), d(Lg)p( ̂Ad(g)(x’)|p)

= (L∗gΩ)(p)( ̂Ad(g)(x)|p,
̂Ad(g)(x’)|p)

= Ad(g−1)(Ω(p)( ̂Ad(g)(x)|p,
̂Ad(g)(x’)|p)

= (g−1 · c(p))(x + h, x’ + h)

�

We fix a basis {e1, ..., er} of g such that {er−s+1, ...er} is a basis of h.
For p ∈ P , v ∈ TpP , ω(p)(v) ∈ g, then there exists (βp1(v), . . . , βpr (v)) such that ω(p)(v) =∑

16k6r β
p
k(v)ek.

We have also
Ω =

∑
16k6r

Ωkek

ω =
∑

16i6r

ωiei

where ωi : p 7→ βpi .

By
ω(e†k) = ek (16k6r)
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Then for every 1 6 j, k 6 r, ωk(e
†
j) = δk,j .

Thanks to this, {ω1, . . . , ωr} is an independent family of the one-forms on P of dimension
r ; This is a basis for the space of one-forms on P .

Every element ϕ ∈ L (Λ2(g/h), g) is defined by a set of structure constants cki,j (1 6
i, j 6 r − s+ 1, 1 6 k 6 r), cki,j = −ckj,i, where

ϕ(ei + h, ej + h) =
∑

16k6r

cki,jek (16i,j6r−s+1)

Then, {ωi ∧ ωj | i < j} constitute a basis of the 2-forms on P , and

Ωk =
∑

16i<j6r−s+1

dki,jωi ∧ ωj (16k6r)

Ωk(êi, êj) =
∑

16i<j6r−s+1

cki,jek (16k6r)

We find dki,j = cki,j .

Finally,
Ω =

∑
16k6r

Ωkek

with
Ωk =

∑
16i<j6r−s+1

cki,jωi ∧ ωj (16k6r)

—————–
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Jets spaces and transformations

1. Transformations and functions

The equivalence problem is the question of determining, if two differential structures
are equivalent under a type of transformation.
Before talking about the Cartan equivalence to solve the equivalence problem, we will
discuss about symmetry groups of differential equations.
They allow us to understand differential equations.

In this chapter, we will talk about the space where the equivalence problem will
play, and submitting the action of a Lie group. Moreover, we will see some type of
transformations.

Remark 1.1. For the equivalence problem, we talk about the local equivalence problem.
So, all results are local.

Let G a Lie group of dimension r.

A general system of differential equations involves p independent variables
x = (x1, . . . , xp), which we can view as local coordinates on the euclidean space
X ' Rp, and q dependent variables u = (u1, . . . , uq), coordinates on U ' Rq.

Definition 1.2. The total space is the euclidean space E = X × U ' Rp+q coordinated by
the independent and dependent variables.
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The most basic type of transformation is the point transformation.

Definition 1.3. A point transformation is a local diffeomorphism Φ defined by

Φ : (u, x) 7−→ (χ(x, u), ψ(x, u)) =: (x, u).

Example 1.4. If G acts on E, then

g : (x, u) 7→ g · (x, u) = (χ(x, u), ψ(x, u)).

is a point transformation.
Thus, a group G acting on E is said a group of point transformations.

There are others examples :

(1) Base transformation ; it is a point transformation with x = χ(x) and u = u.

(2) Fiber-preserving transformation ; it is a point transformation with x = χ(x) and
u = ψ(x, u).

In the case of group action from a connected Lie group G on E, a general vector field of
the associated Lie algebra takes the form

v =

p∑
i=1

ξi(x, u)
∂

∂xi
+

q∑
α=1

ϕα(x, u)
∂

∂uα
. (1.5)

Remark 1.6. Recall that we don’t distinguish the Lie algebra of G, g and the Lie algebra
of vector field g† on E by the action of G.
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The vector field will generate a one-parader group of fiber-preserving transformation if
and only if for every 1 6 i 6 p, ξi = ξi(x).

Definition 1.7. A vector field v of the form (1.4) is said vertical if the ξi are equal to zero.
A vector field v of the form (1.4) is said horizontal if the ψi are equal to zero.

A classical solution to a system of differential equations will be described by a smooth
function u = f(x).
The graph of the function, Γf = {x, f(x)}, determines a regular p-dimensional submani-
fold of E. However, not every, regular p-dimensional submanifold of E defines the graph
of a smooth function.

Definition 1.8. A submanifold Γ of E is said transverse if its tangent space contains no
vertical tangent directions.
A groupG acts onE transversally if for every function u = f(x), its graph Γf is transverse.

Proposition 1.9. A regular p-dimensional submanifold Γ of E which is transverse at a
point z0 = (x0, u0) ∈ Γ coincide in a neighborhood of x0 with the graph of a smooth
function u = f(x).

Then in the case where the domain of f is compact, any point transformation, suffi-
ciently closed to the identity transformation, given by a group G will act on a function
u = f(x) by point wise transforming its graph ; if Γf = {(x, f(x))} denotes the graph of
f , then the transformed function f = g · f will have the graph

Γf = {(x, f(x))} = g · Γf = {g · (x, f(x))}

Example 1.10. Consider the one-parameter group of rotations

gt : (x, u) ∈ E ' R× R 7→ (xcos(t)− usin(t), xsin(t) + ucos(t)) (t∈R)

For a t not too large, a rotation transforms a function u = f(x) by rotating its graph.
The equation for the transformed function f := gt · f is given in implicitly form

x = xcos(t)− f(x)sin(t), u = xsin(t) + f(x)cos(t)

so that u = f(x) is found by eliminating x from these two equations.
For example, if u = ax+ b, then the transformed function is also affine, and given by

u =
sin(t) + acos(t)

cos(t)− asin(t)
x+

b

cos(t)− asin(t)

which is defined provided the graph of f has not been rotated to be vertical.
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2. Invariant functions

Let G a group of point transformation acting on E ' X × U .

Now, we talk about the important notion of invariant functions of the bundle E.

Definition 2.1. A function u = f(x) is said to be invariant under the transformation group
G is its graph Γf is a locally G-invariant subset.

Example 2.2. The graph of any invariant function for the rotation group of the previous
example, must be an arc of a circle centered at the origin so u = ±

√
c2 − x2.

Moreover, there are no globally defined invariant functions in this case.

Example 2.3. It is important to distinguish between an "invariant function" the section of
the bundle E and the invariant function I(x, u) defined locally on E.

For f : X → U an invariant function of the bundle E, its graph Γf is a G-invariant
subset.
Then there is an action of G on Γf denoted O , thus Γf locally a union of orbits in X .
Therefore

dim(TzO) 6 dim(X) = p (z=(x,u)∈E)

Since for every z ∈ E, TzO = g|z, if Γf is transversal then for every z ∈ E, g|z contain no
vertical tangent vectors.

Example 2.4. The infinitesimal generator of the rotation group v = −u ∂
∂x

+x ∂
∂u

is vertical
at u = 0. Thus, the rotation group fails the transversality criterion on the x-axis and there
is no smooth, rotationally invariants functions u = f(x) passing through such points.

However, in the case of the group acts semi-regularly and transversally, then we can
characterize the invariant function by the use the functionally independent real-valued in-
variant of the group action and the theorem of characterization of submanifold G-invariant
(theorem 5.15 of the chapter Lie groups).

Theorem 2.5. Let G be a transformation group acting semi-regularly and transversally on
E ' X × U with r-dimensional orbits.
Let I1(x, u), . . . , Ip−s(x, u), J1(x, u), . . . , Jq(x, u) a complete set of functionally inde-
pendent invariants function for G.
Every G-invariant function u = f(x) can locally be written in the implicit form

(I1(x, u), . . . , Ip−s(x, u)) = h(J1(x, u), . . . , Jq(x, u))
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As usual, the most convenient characterization of the invariant functions is based on an
infinitesimal condition.
Since the graph of a function u = f(x) is defined by the vanishing of its components
uα − fα(x), the theorem of the characterization of symmetry group of regular systems of
equations (the theorem 12.1 of the chapter Lie groups) imposes

0 = v(uα − fα(x)) = ϕα(x, u)−
p∑
i=1

ξi(x, u)
∂fα
∂xi

(16α6q,v∈g)

Then we define a new notion.

Definition 2.6. The characteristic of a vector field v given by (1.4) is the q-uple of functions
defined by

Qα(x, u(1)) = ϕα(x, u)−
p∑
i=1

ξi(x, u)
∂uα
∂xi

(16α6q)

Then, we have the following theorem.

Theorem 2.7. A function u = f(x) is invariant under a connected group of point transfor-
mations if and only if it is a solution to

Qα(x, u(1)) = 0 (16α6q)

determined by the set of infinitesimal generator v ∈ g.

Example 2.8. The characteristic of the rotation vector field v = −u ∂
∂x

+ x ∂
∂u

is
Q = x+ uux, where ux := ∂u

∂x
.

Then any rotationally invariant function must satisfy the differential equation x+uux = 0.

3. Jets and prolongations

We keep the same notation for X , U and E as in the previous section.

Since we are interested in studying the symmetries of differential equations, we need
to know how the group of transformation act on E and the derivatives of the dependent
variables.
To do this we need a space called the jet space of E, that we will introduce.

A smooth scalar-valued function f : X → U has
(
p+k−1
k

)
different kth order partial

derivatives ∂Jf = ∂kf
∂xj1 ...xjk

where J = (j1, . . . , jk), for every 1 6 l 6 k, 1 6 jl 6 p, and
k = #J .

Definition 3.1. For the total space E = X × U ' Rp × Rq, we define the nth jet space
Jn := JnE = X×U (n) is the euclidean space of dimension p+ q(n) := p+ q

(
p+n
n

)
, whose

coordinate consist of the p independent variables xi, the q dependent variables uα and the
derivative uα;J , 1 6 α 6 q of orders 1 6 #J 6 n.
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Remark 3.2. There is a natural projection πn+k
n : Jn+k → Jn such that

πn+k
n (x, u(n+k)) = (x, u(n)).

Remark 3.3. If M ⊂ E is an open subset, then JnM = (πn0 )−1(M) ⊂ JnE is the open
subset of the nth jet space which projects back down to M .

Definition 3.4. A smooth function u = f(x), with f : X → U has nth prolongation
u(n) = f (n)(x) which is the function f (n) : X → U (u) defined by all the partial derivatives
of f up to order n.

Remark 3.5. The graph of the prolonged function f (n), namely Γ
(n)
f = {(x, f (n)(x))} is a

p-dimensional submanifold of Jn.

Proposition 3.6. At a point x ∈ X , two functions have the same nth order prolongation,
and so determine the same point of Jn, if and only if they and their first n derivatives agree
at the point x.
Note that it is the same they have the same nth order Taylor polynomial at the point x.

Definition 3.7. We can define Jn as the set of equivalence class of smooth functions using
the equivalence relation given in the previous proposition.

Remark 3.8. For f : X → U , πn+k
n ◦ f (n+k) = f (n).

If g : (x, u) 7→ g · (x, u) is a point transformation, then g acts on functions by trans-
forming their graph and hence on the derivatives of the functions. Then we can define the
induced prolonged transformation on Jn by

g(n) : (x, u(n)) 7→ g(n) · (x, u(n)).

Remark 3.9. For f : X → U and a point transformation g,

g(n) · Γ(n)
f = Γ

(n)
g·f

Example 3.10. Consider the one-parameter of rotations. We will compute the first prolon-
gation g(1)

t in the case of linear function.
Let (x0, u0, p0) where p = ux such that u = f(x) = p0(x− x0) + u0.
Note that u0 = f(x0), f ′(x0) = p0 and

f(x) =
sin(t) + p0cos(t)

cos(t)− p0sin(t)
x+

u0 − p0x0

cos(t)− p0sin(t)
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Then f
′
(x) = sin(t)+pcos(t)

cos(t)−psin(t)
.

Then

g
(1)
t : (x, u, p) 7→ (xcos(t)− usin(t), xsin(t) + ucos(t),

sin(t) + pcos(t)

cos(t)− psin(t)
)

such that p 6= cos(t).

4. Total derivatives

To simplify the computations of prolongations, we introduce the concept of total
derivative.

Definition 4.1. A smooth real-valued function F : Jn → R defined on an open subset of
Jn is called a differential function of order n.

Remark 4.2. Any nth order differential equation will by the vanishing of a differential
function of order n.
For example, the planar Laplace equation is given by the vanishing of F : (x, y, u(2)) 7→
uxx + uyy where E = R2 × R.
Moreover, F is defined of any jet space Jk for k > 2.

Remark 4.3. We won’t distinguish between F and its composition F ◦ πn+k
n .

Then, we define

Definition 4.4. The order of a differential function refer to the maximal order derivative
coordinate upon which it depends.

Definition 4.5. Let F be a differential function of order n.
The total derivative F which respect to xi is the (n + 1)st order differential function DiF
satisfying

DiF (x, f (n+1)(x)) =
∂

∂xi
F (x, f (n)(x))

for any function u = f(x).

Example 4.6. For E = R× R,

DxF (x, f (n+1)(x)) =
n∑
k=0

∂F

∂yk
(x, u(n))

∂ ∂
kf
∂xk

∂x
(x)
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where yk =


x if k = 0

u if k = 1

u(j) if k = j
Then

DxF (x, u(n)) =
n∑
k=0

∂F

∂yk
(x, u(n))yk+1

Example 4.7.
Dx(xuuxx) = uuxx + xuuxxx + xuxuxx

In the general framework, the total derivative with respect to the ith independent variable
xi is the first order differential operator

Di =
∂

∂xi
+

q∑
α=1

∑
J

uα;J
∂

∂uα,J

where uα;J = Di(uα;J) = uα;j1,...,jk,i and the sum is over all symmetric multi-indices J of
arbitrary order.
Even though Di involves an infinite summation, when applying the total derivative to any
differential function, only finitely many term are needed ; if we apply F a differential
function of order n, then #J 6 n.

Definition 4.8. Higher order total derivatives are defined by

DJ = Dj1 . . . Djk ,

for any multi-index J = (j1, . . . , jk), with 1 6 jl 6 p.

5. Prolongation of vector fields

Definition 5.1. Let v be a vector field generating a one-parameter group of point transfor-
mation exp(tv) on E = X × U .
The associated nth order prolonged vector field v(n) is the vector field on Jn which is the
infinitesimal generator of the prolonged one-parameter group exp(tv)(n).

We have definition of the vector field generated by a flow :

v
(n)

|(x,u(n))
=

d

dt
exp(tv)(n) · (x, u(n))|t=0.

However, we see a new formula based on the contact structure of the jet space with the
following theorem.
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Theorem 5.2. Let v be a vector field given by (1.4), and let Q = (Q1, . . . , Qq) be its
characteristic.
The prolongation of v is given by

v(n) =

p∑
i=1

ξi(x, u)
∂

∂xi
+

q∑
α=1

n∑
j=#J=0

ϕα;J(x, u(j))
∂

∂uα;J

with coefficients

ϕα;J = DJQα +

p∑
i=1

ξiuα;J

Proof. To see the theorem 2.36 page 110 of "Applications of Lie Groups to Differential
Equations" of Olver.

�

Example 5.3. Assume that E ' R×R and let v = ξ(x, u) ∂
∂x

+ϕ(x, u) ∂
∂u

with its charac-
teristic

Q(x, u, ux) = ϕ(x, u)− ξ(x, u)ux

The second prolongation of v is

v(2) = ξ(x, u)
∂

∂x
+ ϕ(x, u)

∂

∂u
+ ϕ1;1(x, u(1))

∂

∂ux
+ ϕ1;2(x, u(2))

∂

∂uxx

on J2, whose the coefficients ϕ1;1 and ϕ1;2 are

ϕ1;1 = DxQ+ ξuxx = ϕx + (ϕu − ξx)ux − ξuu2
x

ϕ1;2 = D2
xQ+ ξuxxx = ϕxx + (2ϕxu − ξxx)ux + (ϕuu − 2ξxu)u

2
x)− ξuuu3

x

+ (ϕu − 2ξx)uxx − 3ξuuxuxx

Example 5.4. The second prolongation of the generator v = −u∂x
+
x ∂
∂u

of the rotation
group is given by

v(2) = −u ∂
∂x

+ x
∂

∂u
+ (1 + u2

x)
∂

∂ux
+ 3uxuxx

∂

∂uxx

An alternative approach to the prolongation formula for vector field is to introduce the
evolutionary vector field.

Definition 5.5. Let v be a vector field and its characteristic Q.
We define the evolutionary vector field associated to v by

vQ =

q∑
α=1

Qα(x, u(1))
∂

∂uα
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Then its nth prolongation is

v
(n)
Q =

q∑
α=1

∑
#J>0

DJQα(x, u(1))
∂

∂uα;J

we see that

v(n) = v
(n)
Q +

p∑
i=1

ξiDi

Remark 5.6. Since for every v, w ∈ g,

[v, w](n) = [v(n), w(n)]

then the prolongation process induces is a Lie algebra homomorphism from the Lie algebra
of vector fields on E to the Lie algebra of prolonged vector fields on JnE.
Thus, for {v1, . . . , vr} a basis of g, a basis of g(n), the Lie algebra of vector field on JnE
is given by {(v1)(n), . . . (vr)(n)}.

6. Contact forms

we now investigate the contact structure of jet spaces, determining a remarkable system
of differential forms - the contact forms - which serves to characterize precisely prolonged
functions and transformations.
One immediate consequence of this approach is a simple proof of the prolongation formula
of a vector field.
Contact forms also prove to be of fundamental importance in setting up and solving
equivalence problems for differential equations. by the Cartan method ; we will, in two
chapters, formulate equivalence problems of differential equations in terms of contact
forms.

Definition 6.1. A differential one-form θ on Jn is called a contact form if for every smooth
function f : X → U , (f (n))∗θ = 0.

Example 6.2. Consider the case of E ' R × R. On J1, with coordinates x, u, p = ux, a
general one-form takes the form θ = adx+ bdu+ cdp, where a, b, c are functions of x, u, p.
A fonction f : X → U , u = f(x), has first prolongation p = f ′(x), hence

(f (1))∗θ = [a(x, f(x), f ′(x)) + b(x, f(x), f ′(x))f ′(x) + c(x, f(x), f ′(x))f ′′(x)]dx

This will vanish for all function f if and only if c = 0 and a = −bp, hence θ = b(x, u, p)θ0

where θ0 = du− pdx.
For a contact form θ on J2, we find

θ = bθ0 + cθ1

where θ0 = du− pdx and θ1 = dp− qdx.
In general, the general contact form can be written as a linear combination of the basic
contact forms θk = duk − uk+1dx for 1 6 k 6 n − 1 where uk = Dk

xu is the kth order
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derivative of u.

More generally,

Theorem 6.3. Every contact form on Jn can be written as a linear combination, θ =∑q
α=1

∑
#J6n−1 Pα;Jθα;J , with smooth coefficient functions Pα;J : Jn → R, of the basic

contacts forms

θα;J = duα;J −
p∑
i=1

uα;Jdxi. (16α6q,06#J6n−1)

We call #J the order of the contact form θα;J .

Then we have

Theorem 6.4. A section u(n) = F (x) of the jet space Jn is the prolongation of some
function u = f(x), meaning f (n) = F , if and only if

F ∗θα;J = 0 (16α6q,06#J6n−1)

In other words, a transverse p-dimensional submanifold Γ(n) ⊂ Jn is locally the graph of
a prolonged function u = f(x) if and only if θα;J(Γ(n)) = 0.

The contact forms also provide us with a nice intrinsic characterization of the total
derivative operators defined earlier.

Definition 6.5. A one-form ω is called horizontal if it annihilates all the vertical talent
directions in Jn.

In local coordinates, the horizontal one-forms are just linear combination, ω =∑p
i=1Qi(x, u

(u))dxi.
To any one-form ω on Jn, there is an intrinsically defined horizontal form ωH on Jn+1

called the horizontal component of ω, which is defined such that ω = ωH + θ where θ is
a contact form of order n.
In coordinates, we find

ω =

p∑
i=1

Q(x, u(n))dxi +

q∑
α=1

∑
#J6n

Pα;J(x, u(n))duα;J

=

p∑
i=1

(
Qi +

q∑
α=1

∑
#J6n−1

uα;J,iPα;J

)
dxi +

q∑
α=1

∑
#J6n−1

Pα;Jθα;J

Then

ωH =

p∑
i=1

(
Qi(x, u

(n)) +

q∑
α=1

∑
#J6n−1

uα;J,iPα;J(x, u(n))
)
dxi
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Remark 6.6. The horizontal component ωH of a form ω on Jn depends on (n+ 1)st order
derivatives.
For example, if p = q = 1, the horizontal component of ω = Qdx + Pdu is
ωH = (Q+ uxP )dx.

Definition 6.7. Let F : Jn → R, be a differential function of order n. The total differential
of F is the horizontal component of its ordinary differential dF , written DF = (dF )H .

To compute the total differential DF , note that

dF =

p∑
i=1

∂F

∂xi
dxi.+

q∑
α=1

∑
#J6n−1

∂F

∂uα;J

duα;J

Thus,

DF =

p∑
i=1

DiFdxi.

Example 6.8. Let F : J2 → R be a differential function of order 2, p = ux, and q = uxx.
We have
dF = Fxdx+ Fudx+ Fpdp+ Fqdq

= (Fx + pFu + qFp + rFq)dx+ Fu(du− pdx) + Fp(dp− qdx) + Fq(dq − rdx),

where r = uxxx.

7. Contact transformations

The nth prolongation g(n) : Jn → Jn of any point transformation g can be characterized
by that it maps the prolonged graph of any function to the prolonged graph of the prolonged
function.
By the theorem 6.4, g(n) maps contact forms to contact forms.
Conversely, let a local diffeomorphism Φ : Jn → Jn which maps contact forms to contact
forms.
Since the graphs of prolonged functions are characterized by the vanishing of the contact
forms theorem, the image of Φ[Γ

(n)
f ] of the prolonged graph of a function u = f(x) is,

provided it remains transverse, the graph of the nth prolongation of some transformed
functions u = f(x), so Φ[Γ

(n)
f ] = Γ

(n)

f
serve to define an action of Φ on functions

u = f(x).
Finally, maps which preserve the set of contact forms are candidates for symmetries of
differential equations.

Definition 7.1. A local diffeomorphism Φ : Jn → Jn defines a contact transformation of
order n if for every contact form θ on Jn, (Φ)∗θ is a contact form.
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Example 7.2. The Legendre transformation is the first order contact transformation Φ :
(x, u, p = ux) 7→ (x, u, p) given by

x = p, u = u− xp, p = −x,
defined on J1.

We can see that there are relations between point transformations and contact transfor-
mations.

Theorem 7.3. (of Bäcklund)
Let E ' Rp × Rq.
If q > 1, then every contact transformation of order n is the nth prolongation of a point
transformation.
If q = 1, then there are first order contact transformation which do not come from point
transformation, but every contact transformation of order n is the (n − 1)th prolongation
of a contact transformation on J1.

Proof. To see "Equivalence, Invariance and Symmetries" page 128-132 of Olver.
�

Remark 7.4. The proof of the theorem allow us to prove by another way the preceding
theorem 5.2.

8. Classification of groups of contact transformations

Lie found the complete classification of all-finite dimensional Lie groups of contact
transformations acting on a space of one dependent and one independent complex variable.
These include the groups of points transformations already discussed (section 11 of chapter
Lie groups).

We mention an important theorem of Lie.

Theorem 8.1. Every connected, finite-dimensional Lie group of contact transformation
action on a complex two-dimensional manifold without fixes points is locally equivalent,
under a contact transformation, to either one of the Lie group of point transformations
listed on Tables 1− 3 (page 51), or to one of the three contact transformation groups listed
below.

Lie algebras of contact transformation in C2

Generators Dim. Structure
4.1 1, x, x2, ux, xux, u

2
x 6 sa(2) oC

4.2 1, x, x2, u, ux, xux, u
2
x 7 a(2) oC

4.3 1, x, x2, u, ux, xux, x
2ux − 2xu,

u2
x, 2uux − xu2

x, 4xuux − 4u2 − x2u2
x 10 s0(5) ' sp(4)

—————–
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Symmetries of differential equations

1. Symmetry groups and differential equations

In this chapter we discuss the foundations and some applications of Lie’s theory of
symmetry groups of differential equations. The base infinitesimal method for calculation
symmetry group is presented, and used to determine the general symmetry group of some
particular differential equations of interest.

Let E = X × U ' Rp × Rq the total space.

Consider a general nth order system of differential equations

∆ν(x, u
(n)) = 0 (16ν6m)

in p independent variables x = (x1, . . . , xp) and q dependent variables u = (u1, . . . , uq).
The system of differential equations which we often abbreviate ∆ = 0, is defined by the
vanishing of a collection of differential function ∆ν : Jn → R.

Definition 1.1. For a system of differential equations ∆ = 0, we define the associated
variety

S∆ = {(x, u(n)) | ∆ν(x, u
(n)) = 0 (1 6 ν 6 m)}

contained in the nth order jet space.

The defining functions ∆ν are assumed to be regular in a neighborhood of S∆.
By the theorem 3.10 of the chapter Geometric foundations part 1, we have that S∆ is a
submanifold of Jn of dimension p+ q

(
p+n
n

)
− r where r is the rank of the system.

Definition 1.2. A function u = f(x), where f : X → U , defines a solution to the system
∆ = 0 if for every 1 6 ν 6 m, ∆ν(x, f

(n)) = 0.

Then,

Proposition 1.3. A function u = f(x), where f : X → U , defines a solution to the system
∆ = 0 if and only if the graph Γ

(n)
f = {(x, f (n))} is contained in S∆.

Definition 1.4. A symmetry of a system of differential equations ∆ = 0 is a transformation
which maps smooth solutions to smooth solutions.
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Example 1.5. The most basic type of symmetry is a group of point transformations on E.

We will concentrate on studying on the basic point transformation symmetry groups.

Definition 1.6. Let ∆ = 0 a system of differential equations.
A point transformation g : E → E, acting on E, is called a symmetry of the system of
differential equations ∆ = 0 if, whenever u = f(x) is a solution and the transformed
function f = g · f is well-defined, then u = f(x) is also a solution to ∆ = 0.

Now, trying to give a geometric formulation of this definition.

Proposition 1.7. Let ∆ = 0 a system of differential equations, with the associated variety
S∆ ⊂ Jn.
If the nth prolongation g(n) : Jn → Jn of a point transformation g : E → E, satisfies
g(n)(S∆) ⊂ S∆ then g is a symmetry of the system ∆ = 0.

Proof. Note that u = f(x) is a solution of ∆ = 0 if and only if Γ
(n)
f is a subset of S∆. Now

the invariance of S∆ implies that g(n) · Γ(n)
f = Γ

(n)
g·f is also contained in S∆, hence it is also

a solution.
�

Remark 1.8. The proposition holds for the case of contact transformations ;
A contact map g(n) : Jn → Jn will act on a solution u = f(x) by pointwise transforming
its prolonged graph Γ

(n)
f which, in view of the contact conditions, forms the prolonged

graph of u = f(x). The map g(n) will determine a symmetry to the system ∆ it it leaves
the variety S∆ invariant.

Remark 1.9. The converse is not necessary true, whereas for a system of algebraic
equations, every point in the associated variety is tautologically a solution. This is no
longer the case for systems of differential equations.
Only those point in S∆ which to actual solutions are required to be mapped to each other
by the prolonged symmetry transformation.

Then, we formalize the required notion.

Definition 1.10. A system of differential equations ∆ = 0 is called locally solvable at a
point (x0, u

(n)
0 ) ∈ S∆ if there exists a smooth solution u = f(x) defined in a neighborhood

of x0, which satisfies u(n)
0 = f (n)(x0).

A system of differential equation ∆ = 0 is called fully regular if the system is regular and
locally solvable at every point in S∆.

Remark 1.11. The local solvability of a system of ordinary differential equations is the
same as the property of existence of solutions to the standard initial valued problem (the



102 Julien Heyd, Université Grenoble-Alpes

Cauchy problem).

Then,

Theorem 1.12. A transformation g : E → E is a symmetry of a locally solvable system of
differential equation ∆ = 0 if and only if g(n)(S∆) ⊂ Sδ.

Proof. Let z0 = (x0, u
(n)
0 ) ∈ S∆ such that z0 = g(n) · z0 is defined.

By the local solvability of S∆ to a smooth solution u = f(x) defined near x0 with
u

(n)
0 = f (n)(x0). Then f = g . . . f is also a solution at least near the (x0, u0), hence
z0 = (x0, f

(n)
(x0)), as desired.

�

2. Infinitesimal methods

We will assumed that we have a connected Lie group of point (or contact) transforma-
tions G.

In this case, the infinitesimal generators of Lie algebra of vector fields on E take the
form

v =

p∑
i=1

ξi(x, u)
∂

∂xi
+

q∑
α=1

ϕα(x, u)
∂

∂uα
.

Definition 2.1. A group G of transformations acting on E is called a symmetry group
of a fully regular and locally solvable system of differential equations ∆ = 0 if every
g : E → E is a symmetry of ∆ = 0.

By the theorem 12.1 of the chapter Lie groups, we have

Theorem 2.2. A connected Lie group G of transformations is a symmetry group of a fully
regular and locally solvable system of differential equations ∆ = 0 if and only if

v(n)(∆ν) = 0 (2.3)

for every point (x, u(n)) ∈ {∆ = 0}, 1 6 ν 6 m, and v ∈ g.

Remark 2.4. The condition (2.3) is the determining equations of the symmetry group for
the system ∆ = 0.

For a the special case of contact transformations, we have

v
(n)
Q (∆ν) = 0, (2.5)

for every point (x, u(n)) ∈ {∆ = 0}, 1 6 ν 6 m, and v ∈ g.
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Example 2.6. Consider the second order ordinary differential equation

uxx = 0. (2.7)

An infinitesimal point symmetry of (2.7) is a vector field on E = R2

v = ξ(x, u)
∂

∂x
+ ϕ(x, u)

∂

∂u
.

Computing the second prolongation, we find

v(2) = ξ(x, u)
∂

∂x
+ ϕ(x, u)

∂

∂u
+ ϕ1;1(x, u)

∂

∂ux
+ ϕ1;2

∂

∂uxx

on J2, whose the coefficients ϕ1;1 and ϕ1;2 are

ϕ1;1 = DxQ+ ξuxx = ϕx + (ϕu − ξx)ux − ξuu2
x

ϕ1;2 = D2
xQ+ ξuxxx = ϕxx + (2ϕxu − ξxx)ux + (ϕuu − 2ξxu)u

2
x)− ξuuu3

x

+ (ϕu − 2ξx)uxx − 3ξuuxuxx

The infinitesimal criterion (2.3) means that if uxx = 0, then

ϕ1;2 = 0.

Substituting the formula of ϕ1;2 equal to 0 gives, with uxx = 0,

ϕxx + (2ϕxu − ξxx)ux + (ϕuu − 2ξxu)u
2
x − ξuuu3

x = 0.

Since we can prescribe x, u and ux arbitrarily, it is equivalent to

ϕxx = 0, 2ϕxu = ξxx, ϕuu = 2ξxu, ξuu = 0

Then the general solution given by

ξ(x, u)[c] = c1x
2 + c2xu+ c3x+ c4u+ c5, ϕ(x, u)[c] = c1xu+ c2u

2 + c6x+ c7u+ c8,

forming
v(2)[c] = ξ(x, u)[c] + ϕ(x, u)[c]

where c =

 c1

. . .
c8

 ∈ R8.

Therefore, the equation (2.7) admits an eight-dimensional Lie algebra of infinitesimal sym-
metries, spanned by {v(2)[ei] | 1 6 i 6 8} ;

∂

∂x
,

∂

∂u
, x

∂

∂x
, u

∂

∂u
, u

∂

∂u
, x2 ∂

∂x
+ xu

∂

∂u
, xu

∂

∂x
+ u2 ∂

∂u
.

Note tant the Lie algebras appear in Case 2.3 of the Tables of classification (page 50). The
corresponding Lie group is SL(3) acting via linear fractional transformations

SL(3)× R2 −→ R2

(

 a b c
d e f
h j k

 , x, u) 7−→
( ax+ bu+ c

hx+ ju+ k
,
dx+ eu+ f

hx+ ju+ k

)



104 Julien Heyd, Université Grenoble-Alpes

Example 2.8. Consider the second order ordinary differential equation

uxx = 0. (2.9)

This equation admits under a fiber-preserving transformation a six-dimensional symmetry
group.

Example 2.10. The situation is different for contact symmetries.
With vQ = Q(x, u, ux)

∂
∂u

, the v(2)
Q = D2

xQ.
The infinitesimal criterion (2.5) is equivalent to

∂2Q

∂x2
+ 2p

∂2Q

∂x∂u
+ p2∂

2Q

∂u2
= 0

where p = uxx, and is also equivalent to

(
∂

∂x
+ p

∂

∂u
)2Q = 0

Therefore,
Q(x, u, p) = A(x, u, p) + xB(x, u, p)

Therefore, the contact transformation group of uxx = 0 is infinite-dimensional.

Example 2.11. Consider the differential equation on E = R2 × R
ut = uxx

Its symmetry group is infinite-dimensional with its Lie algebra of vector field generated by

v1 =
∂

∂x
, v2 =

∂

∂t
, v3 = u

∂

∂u
, v4 = x

∂

∂x
+ 2t

∂

∂t
,

v5 = 2t
∂

∂x
− xu ∂

∂u
, v6 = 4xt

∂

∂x
+ 4t2

∂

∂t
− (x2 + 2t)u

∂

∂u
,

vα = α(x, t)
∂

∂u
where αt = αxx

Now, we can see a partial solution of the equivalence problem of differential equation.
Before, define the notion of equivalence.

Definition 2.12. Let (∆1) and (∆2) be two system of differential equations defined on
JnE.
We say that ∆1 and ∆2 are equivalent if there is a local diffeomorphism Φ : E → E such
that Φ(n) : S∆1 → S∆2 is a local diffeomorphism.
It is also equivalent to (Φ(n))∗(∆1) = ∆2.

Then,

Theorem 2.13. Two equivalent system differential equations have isomorphic symmetry
groups.
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Proof. If Φ : E → E is a transformation, and g a symmetry of the first system, then
g(n) = Φ(n) · g(n) · (Φ(n))−1 is a symmetry of the second system.

�

Remark 2.14. If we make a change of variables outside the class of diffeomorphisms, then
there is no guarantee of the isomorphism between the both symmetry groups ; Consider

vt = vxx + 2vvx

Its symmetry group is five-dimensional.
Moreover, the system

wt = wxx
has an infinite-dimensional symmetry group.
However, by the map w 7→ ∂log(v)

∂x
, we can map the second to the first system.

We can mention a general theorem for the second order ordinary differential equation.

Theorem 2.15. The point transformation symmetry group of a second order ordinary
differential equation has dimension at most 8.
Moreover, the equation admits an 8-dimensional symmetry group if and only if it can be
mapped by a point transformation to the linear equation uxx = 0 which has symmetry
group SL(3).

Symmetry classification of order ordinary differential equations under point trans-
formations :

Symmetry group Dim. Type Invariant Equation
∂
∂u

1 3.1 uxx = F (x, ux)
∂
∂x

, ∂
∂u

2 1.5 uxx = F (ux)
∂
∂x

, ex ∂
∂u

2 1.5 uxx − ux = F (ux − u)
∂
∂x

, x ∂
∂x
− u ∂

∂u
, x2 ∂

∂x
− 2xu ∂

∂u
3 1.1 uxx = 3u2

x

u
+ cu3

∂
∂x

, x ∂
∂x
− u ∂

∂u
, x2 ∂

∂x
− (2xu+ 1) ∂

∂u
3 1.2 uxx = 6uux − 4u3 + c(ux − u2)3/2

∂
∂x

, ∂
∂u

, x ∂
∂x

+ αu ∂
∂u

, α /∈ {0, 1
2
, 1, 2} 3 1.7 uxx = cu

α−2
α−1
x

∂
∂x

, ∂
∂u

, x ∂
∂x

+ (x+ u) ∂
∂u

3 1.8 uxx = ce−ux
∂
∂x

, ∂
∂u

, x ∂
∂x

, u ∂
∂x

, x ∂
∂u

, u ∂
∂u

, x2 ∂
∂x

+ xu ∂
∂u

, 8 2.3 uxx = 0
xu ∂

∂x
+ u2 ∂

∂u

—————–
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Equivalence of coframes

1. Frames and coframes

Definition 1.1. Two coframes are said to be equivalent if they are mapped to each other by
a diffeomorphism.

The equivalence problem for coframes is the most important the equivalence problems
that we are to treat, because it includes all the others as special cases.
The Cartan equivalence method provides a explicit, practical algorithm for reducing
most other equivalence problems to an equivalence problem for a suitable coframe. The
exceptions are those problems admitting an infinite dimensional symmetry group.
Therefore, it is crucial to learn to equivalence problem for coframes.
In this chapter, we will describe the basic constructions required to solve the fundamental
equivalence problem for coframes.

Let M be a smooth manifold of dimension m.

We recall what is a frame and a coframe of M .

Definition 1.2. A frame on M is an ordered set of vector fields V = {v1, . . . , vm} having
the property that they form a basis for TxM at each point x ∈M .
A coframe on M is an ordered set of one-forms θ = {θ1, . . . , θm} having the property that
they form a basis for T ∗xM at each point x ∈M .

Remark 1.3. A set of one-forms θ = {θ1, . . . , θm} defines a coframe on M if and only if
θ1 ∧ · · · ∧ θm doesn’t vanish.

Definition 1.4. A frame and a coframe are dual to each other if and only if they form dual
bases for the tangent and cotangent space to M at each point.
Given a coframe {θ1, . . . , θm}, we denote the dual frame vector fields by { ∂

∂θ1 , . . . , { ∂
∂θm
},

so that

θi(
∂

∂θj
) = δi,j. (16i,j6m)
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Remark 1.5. If we introduce a local coordinate x = (x1, . . . , xm) on M , then the
coframe can be written in terms of the coordinate coframe ; for every 1 6 i 6 m,
θi =

∑m
j=1 ai,j(x)dxj , where A = (ai,j) is a smooth matrix.

The dual frame si given by ∂
∂θi

=
∑m

j=1 bi,j(x) ∂
∂xj

where B = A−1.

Then,

Proposition 1.6. For f : M → R a smooth function and a coframe Θ on M , we have

df =
m∑
j=1

∂f

∂θj
θj

where ∂f
∂θj

=
∑m

i=1 bj,i(x) ∂f
∂xi

.

If θ = {θ1, . . . , θm} is a coframe on M , then any one-form ω can be written as a linear
combination

ω =
m∑
i=1

hiθ
i

where hi : M → R are smooth functions.

More generally, if Ω is a k-form on M , then

Ω =
∑

16i1<···<ik6m

hIθ
i1 ∧ · · · ∧ θik

where I = (i1, . . . , ik) with 1 6 i1 < · · · < ik 6 m.

2. The structure functions

Let M,M be two m-dimensional manifolds.

Suppose we are given two coframes, θ = {θ1, . . . , θm} on M and θ = {θ1
, . . . , θ

m} on
M .

The basic problem, but important, for coframe is to determine whether the two co-
frames can be mapped to each other by a diffeomorphism Ψ : M →M , such that

Φ∗θ
i

= θi (2.1)

for 1 6 i 6 m.

If (2.1) holds, then
Φ∗(dθ

i
) = dθi. (16i6m)

Since θ is a coframe on M , we have the fundamental structure equations for the
coframe θ given by

dθi =
m∑
j,k
j<k

T ij,kθ
j ∧ θk (16i6m)
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Remark 2.2. If θ is the Maurer-Cartan coframe for a Lie group G relative to a some choice
of basis for the Lie algebra g, then the structure equations coincide with the Maurer-Cartan
structure equations.
Thus, in this case, T ij,k = −cij,k.

Then, if θ and θ are equivalent, we deduce that
m∑
j,k
j<k

T ij,k(x)θj ∧ θk =
m∑
j,k
j<k

T
i

j,k(x)θj ∧ θk, (16i6m)

where x = Φ(x).
Since the θi are linearly independent one-forms, we have

T
i

j,k(x) = T ij,k(x) (16i6m,16j<k6m)

We deduce invariants functions T ij,k : M → R.

Remark 2.3. If a structure function T ij,k for the coframe θ is constant, then T
i

j,k is constant
for any equivalent coframe θ.
However, more generally, the expression of T ij,k and T

i

j,k depend on the expression of Ψ.
To answer to the question of equivalence of coframes we want necessary and sufficient
conditions independent to the expression of Ψ that we don’t know. Then, we will work on
the relations between these invariants functions which are independent of Ψ.

Example 2.4. A coframe on M ⊂ R2 consists of a pair of one-forms

θ1 = Adx+Bdy, θ2 = Cdx+Ddy,

where A,B,C,D are smooth functions of x, y satisfying AD − BC doesn’t vanish such
that θ1 ∧ θ2 = (AD −BC)dx ∧ dy doesn’t vanish.
The structure functions are

dθ1 = Jθ1 ∧ θ2, dθ2 = Kθ1 ∧ θ2,

where

T 1
1,2 = J =

Bx − Ay
AD −BC

, T 2
1,2 = K =

Dx − Cy
AD −BC

3. Derived invariants

Let M,M be two m-dimensional manifolds.

Suppose we are given two coframes, θ = {θ1, . . . , θm} on M and θ = {θ1
, . . . , θ

m} on
M .

The structure functions associated with a coframe provided us 1
2
m2(m − 1) invariant

functions, but that is not all.
Let I any invariant function, which is mapped to a corresponding invariant I under the
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given changes of variables : I(x) = I(Φ(x)) = I(x).
Then Φ∗(dI) = dI , and by re-expressing them in terms of the respective coframes θ and θ

m∑
j=1

∂I

∂θj
(x)θj = dI(x) = Φ∗(dI(x)) =

m∑
j=1

∂I

∂θ
j (x)θj

Then,
∂I

∂θ
j (x) =

∂I

∂θj
(x). (16j6m)

We can repeat the process to find an infinite collection of potentially different invariant
functions with the convention

∂2I

∂θj∂θk
=

∂

∂θj
(
∂I

∂θk
)

Example 3.1. Consider the general coframe on M ⊂ R2. The corresponding coframe
derivatives are, for a function F : M → R,

∂F

∂θ1
=

D

AD −BC
∂F

∂x
− C

AD −BC
∂F

∂y
,

∂F

∂θ2
= − B

AD −BC
∂F

∂x
+

A

AD −BC
∂F

∂y

Remark 3.2.
∂2I

∂θj∂θk
− ∂2I

∂θk∂θj
=

p∑
i=1

T ij,k
∂I

∂θi

Then by these formulas we can compute lots of invariant functions of this coframe.

4. Classifying functions

Let M,M be two m-dimensional manifolds.

Suppose we are given two coframes, θ = {θ1, . . . , θm} on M and θ = {θ1
, . . . , θ

m} on
M .

Now we are confronted with an overabundance of invariant functions.

How do we make effectively use this plethora of invariants ?

Much more fundamental are the relationships among the invariants.
Suppose that I1, I2, I3 are three invariants and I1, I2, I3 are the corresponding in the barred
coordinates.
If the original invariants are functionally dependent, say I3 = H(I1, I2) for some function
H , then by invariance, I3 = H(I1, I2). Thus, the function H is an invariant of the problem
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which is completely independent of the coordinates !
We will call the collection of all such functional relationships the classifying functions
associated with the given coframe.

We can note that if two coframes are equivalent, then they have the same classifying
functions.

To explain more formally the notion of classifying functions, continue with our coframe
Θ.

Definition 4.1. For a coframe θ on M , a structure invariant is a function defined by

Tσ =
∂sT ij,k

∂θls∂θls−1 . . . ∂θl1
, (σ=(i,j,k,l1,...ls), j<k, 16i,j,k,l1...ls6m)

where s = order(σ) is defined as the order of Tσ.

Proposition 4.2. If θ and θ are two coframes equivalents, then for x = Φ(x), we have the
complete system of invariance equations

T σ(x) = Tσ(x) (order(σ)>0)

The structure invariants serves to define the components of the general structure map.

Definition 4.3. The sth order classifying space K(s) = K(s)(m) associated with an m-
dimensional manifold M is the euclidean space of dimension qs(m) = 1

2
m2(m− 1)

(
m+s
m

)
,

which is coordinated by z(s) = (. . . , zσ, . . . ).
The entries of z(s) are labeled by nondecreasing multi-indices σ = (i, j, k, l1, . . . , lr),
j < k, 1 6 l1 6 · · · 6 lr 6 m, 0 6 r 6 s.
The sth order structure map associated with a coframe θ on M is the map T(s) : M → K(s)

whose the components are the structure invariants zσ = Tσ(x) for order σ 6 s.

If θ and θ are equivalent coframes, then for all s > 0,

T(s)
(x) = T(s)(x)

where x = Ψ(x).

Definition 4.4. The sth order classifying set C(s) := C(s)(θ, U) associated with a coframe
θ on an open subset U ⊂M is defined as the image of the structure map T(s)

C(s)(θ, U) = {T(s)(x) | x ∈ U} ⊂ K(s)
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Then,

Proposition 4.5. Suppose θ and θ are equivalent coframes under Φ : M →M .
For each s > 0, the sth order classifying sets are the same.
Thus C(s)(θ, U) = C(s)(θ, U), where U ⊂M is the domaine and U = Ψ(U).

Example 4.6. Consider a coframe on M ⊂ R2 already discussed.
C(0) is considered with coordinate (z, w) and C(1) with

z(1) = (z, w, z1, z2, w1, w2) = (J,K,
∂J

∂θ1
,
∂J

∂θ2
,
∂K

∂θ1
,
∂K

∂θ2
)

If J,K are functionally independent, then C(0) will be an open subset of K(0).
If J,K are functionally dependent, then C(0) will be either a curve or a point.
If there zero functionally independent first order structure invariants, then C(1) will be a
point in K(1).
If there one functionally independent first order structure invariants, then C(1) will be a
one-dimensional curve in K(1).
If there two functionally independent first order structure invariants, then C(1) will be a
two-dimensional curve in K(1).

Example 4.7. Consider the particular coframe

θ1 =
λ

x+ y
dx, θ2 =

µ

x+ y
dy

where µ, λ are nonzero constants, on M = {x+ y > 0} ⊂ R2.
Then,
C(0) = {µ−1,−λ−1}.
C(1) = (µ−1,−λ−1, 0, 0, 0, 0).

5. The classifying manifolds

Now our goal is to determine in what sense our necessary conditions for equivalence
problem for coframes are also sufficient.

Let M be a m-dimensional manifold.

Definition 5.1. A coframe θ is called full regular if, for each s > 0, the sth order structure
map T(s) : M → K(s) is regular.
In this case, we let ρs := rank(T(s)), which is also the dimension of C(s).
Then, we call C(s) the sth order classifying manifold associated with the coframe θ.
Moreover, we define

F (s) := F (s)(θ) := {Tσ | order(σ) 6 s} (06s)
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Locally, we can choose ρs functionally independent structure invariants Iν = Tσν , 1 6
ν 6 ρs, which generate the full set sth order structure invariant F (s), in the sense that
every other invariant Tσ of order inferior to s can be expressed as functions of the basic
invariants :

Tσ = Hσ(I1, . . . , Iρs) (order(σ)6s)

In this way, the invariants I1, . . . , Iρs furnish local coordinates on the ρs-dimensional
classifying manifold C(s), which can be locally identified with an open subset of the graph
of the function H(s) = (. . . , Hσ, . . . ).
The components Hσ, which express the functional relation among the structure invariants,
are the classifying functions associated with the coframe.

Since we are interested in local equivalence of coframes, the classifying manifolds need
only agree locally, on the domain of the equivalence map Ψ. Therefore, by the proposition
4.5, necessary conditions for the equivalence problem of coframes are that, for each s > 0,
their sth order classifying manifolds overlap, in the sense of the definition 3.5 of the
chapter "Geometric foundation part 1".

Then, we can express the fundamental theorem for the equivalence problem for
coframes.

Theorem 5.2. (of equivalence problem for coframes)
Let θ and θ be smooth, fully regular coframes defined, respectively, on m-dimensional
manifolds M and M .
There exists a local diffeomorphism Φ : M → M mapping the coframes to each other
Φ∗θ = θ, if and only if for each s > 0, their sth order classifying manifolds C(s)(θ) and
C(s)(θ) overlap.

Proof. To see the chapter 14 of "Equivalence, Invariance and Symmetries" of Olver.
�

Example 5.3. Consider the case of a coframe wit constant structure functions.
In this case,C(0) is a single point, defined by the constant values the invariants T ij,k = −cij,k,
1 6 i 6 m, 1 6 j < k 6 m.
We have for each s > 0, ρs = 0.
We call a such coframe as having rank zero.

Therefore, any two rank zero coframes with the same constant functions are locally
equivalent.

Therefore, the theorem and the example give us the following result.

Corollary 5.4. Let Θ be a rank zero coframe on M , with constant structure functions
T ij,k = −cij,k, 1 6 i 6 m, 1 6 j < k 6 m.
Let G be a m dimensional Lie group whose Lie algebra g has structure constants cij,k rela-
tive to a basis {v1, . . . vm} and let {α1, . . . , αm} denote the dual basis of Maurer-Cartan



5. The classifying manifolds 113

forms.
Then there exists a local diffeormorphism Φ : M → G such that for every 1 6 i 6 m,
Φ∗αi = θi.

Corollary 5.5. All coframe of rank 0 on M with m constant structure functions are
equivalent and their symmetry group is a m-dimensional manifold.

The one remaining difficulty in applying the theorem of equivalence problem for
coframes is that it requires us to verify an infinite number of conditions ; one for each
s > 0.

The key is the fact that for each s > 0, ρs 6 ρs+1 and ρs 6 m, then

Proposition 5.6. Let θ be a fully regular coframe, and let ρs denote then rank of the sth

order structure map T(s).
The smallest s for which ρs = ρs+1 is called the order of the coframe and we have

0 6 ρ0 < ρ1 < · · · < ρs = ρs+1 = · · · = r 6 m

The stabilizing rank r will be referred to as rank of the coframe.

By this proposition, we can compute the order and the rank of a coframe ;

1) Let F (0) = {T ij,k}, and let ρ0 the number of functionally independent structure
functions T ij,k.

2) Next, compute ρ1 > ρ0,
∗ If ρ1 = ρ0, then the order of the coframe is s = 0 and of rank r = ρ0.
∗ Otherwise, ρ0 < ρ1, then we compute ρ2.

3) We repeat the processes up to find the order s and the rank r.

Note that by the proposition, the algorithm will end.

Finally, we have the more refined version of the theorem of equivalence problem for
coframes, proved in the chapter 14 of "Equivalence, Invariance and Symmetries" of Olver.

Theorem 5.7. (of equivalence problem for coframes)
Let θ and θ be smooth, fully regular coframes defined, respectively, on m-dimensional
manifolds M and M . There exists a local diffeomorphism Φ : M → M such that Φ∗θ = θ
if and only if they have the same order s = s, and their (s+1)st order classifying manifolds
C(s+1)(θ) and C(s+1)(θ) overlap.
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Example 5.8. Consider again the coframe on R2.
The coframe can have rank 0, 1 or 2 at each point in the regular case.

(1) If r = 0, then s = 0.

(2) If r = 1, then s = 0.

(3) If r = 2, ρ0 = 2, then s = 0.

(4) If r = 2, ρ0 = 1 < ρ1 = 2, then s = 1.

6. Symmetries of a coframe

Let M be a smooth manifold of dimension m.

Now, we talk about symmetry group for a coframe θ defined on M .

Definition 6.1. Let θ = {θ1, . . . , θm} be a coframe defined on a M .
The symmetry group of θ is the group of self-equivalences, meaning local diffeomorphisms
Φ : M →M such that for every 1 6 i 6 m, Φ∗θi = θi.

The main result, proved again in the chapter 14 of "Equivalence, Invariance and
Symmetries" of Olver, is

Theorem 6.2. If θ is a coframe of rank r on m-dimensional manifold M , then the
symmetry group of θ is a finite-dimensional Lie group of dimension m− r.

Example 6.3. Consider again a coframe on R2. Its rank is either 0, 1, or 2, hence its
symmetry group can have dimension 2, 1,or 0.

Example 6.4. Consider a coframe on M with rank zero ; all the structure functions are
constant.
There is a local diffeomorphism Φ : M → G, mapping the coframe to the Maurer-Cartan
coframe on the Lie group G whose structure constants coincide with the constant structure
functions (up to sign).
By right-invariance of the Maurer-Cartan forms, the Lie group G itself, acting via right
multiplication, provide the symmetry group of the coframe.

—————–
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Formulation of equivalence problems

1. Equivalence problems using differential forms

Now, we consider more general problems of equivalence, in which the equivalence
conditions can be rewritten using differential forms, but a fully regular invariant coframe
is not so immediately apparent.
However, the Cartan’s process, with the equivalent problem rewritten in differential forms,
will produce either an equivalence problem for a suitable coframes, either a direct solution
(transitive and intransitive cases) for the equivalence problem using differential forms.

In Cartan’s approach, the conditions of equivalence of two objects (differential equa-
tions, polynomials, differential operators, ...) must be reformulated in terms of differential
forms, more specifically, of one-forms.

In this chapter, we explain how a variety of equivalence problem can be reformulated in
language of differential forms.
The implementation of the Cartan’s algorithm will presented in the next chapter.

Example 1.1. The simplest example is the problem of equivalence of one-forms, which is
already in the proper form.
Let M and M be two m-dimensional manifolds.
Two one-forms ω and ω defined on M and M are equivalent if there is a smooth local
diffeomorphism Φ : M →M such that Φ∗ω = ω.

Example 1.2. Consider the equivalence problem of Riemannian metrics.
Let M and M be two m-dimensional Riemannian manifolds.
Let ds2 and ds2 two metrics on M and M .
The metrics are equivalent if there is a smooth local diffeomorphism Ψ : M → M such
that Ψ∗ds2 = ds2.
We can introduce coframes ω on M and ω on M , which diagonalize the metric at each
point :

ds2 =
m∑
i=1

(ωi)2 ds2 =
m∑
i=1

(ωi)2

Then, the two metrics will be equivalent if and only if their diagonalizing coframes satisfy

Ψ∗ωi =
m∑
j=1

gi,j(x)ωj (16i6m)
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where g = (gi,j) ∈ O(n).

Example 1.3. Consider the general equivalence problem of second order ordinary diffe-
rential equation (∆)

uxx = Q(x, u, ux) (1.4)
where Q : J1 → R is a differential function of order 1.
There are number of possible classes of admissible changes of variables, and each class
will lead to a different equivalence problem with a different formulation in terms of
differential forms.
Here we explain how to set up the three most basic of these problems - equivalence
problem under fiber-preserving, point, and contact transformations.

Let (∆) and (∆) be two second order ordinary differential equation.

Let Φ :

{
R2 −→ R2

(x, u) 7−→ (x, u)
a local diffeomorphism such that (Φ(1))∗(uxx) = uxx.

We know that Φ(1) is a contact transformation.
Firstly, we have, by the property of the first order contact forms :

(Φ(1))∗(du− pdx) = λ(du− pdx)

where λ : J1 → R is a differential function of order 1.
By omitting the pull-back, we have

du− pdx = λ(du− pdx) (1.5)

Similarly, by the property of the second order contact transformations :

dp− qdx = µ(du− pdx) + ν(dp− qdx) (1.6)

where µ, ν : J2 → R are differential functions of order 2.
Moreover, replacing q = uxx by (1.4) in (1.6) we obtain

dp− qdx = µ(du− pdx) + ν(dp−Q(x, u, p)dx) (1.7)

Then,

Theorem 1.8. Let (∆) and (∆) be two second order ordinary differential equation.
(∆) and (∆) are equivalent under contact transformations if and only if there exists Φ :{

R2 −→ R2

(x, u) 7−→ (x, u)
a local diffeomorphism satisfying

(1) du− pdx = λ(du− pdx),

(2) dp− qdx = µ(du− pdx) + ν(dp−Q(x, u, p)dx).

where µ, ν : J2 → R are differential functions of order 2.

In the case of fiber-preserving transformation Φ(x, u) = (ϕ(x), ψ(x, u)), then we have
an additional conditional

dx = αdx (1.9)
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where α : J1 → R is a differential function of order 1.

Then,

Theorem 1.10. Let (∆) and (∆) be two second order ordinary differential equation.
(∆) and (∆) are equivalent under fiber-preserving transformations if and only if there

exists Φ :

{
R2 −→ R2

(x, u) 7−→ (x, u)
a local diffeomorphism satisfying

(1) dx = αdx

(2) du− pdx = λ(du− pdx),

(3) dp− qdx = µ(du− pdx) + ν(dp−Q(x, u, p)dx).

where α : J1 → R is a differential function of order 1 and µ, ν : J2 → R are differential
functions of order 2.

In the case of point transformation, we have an additional condition, compared to contact
transformations, which is

dx = αdx+ βdu (1.11)
where α, β : J1 → R are differential functions of order 1.

Then,

Theorem 1.12. Let (∆) and (∆) be two second order ordinary differential equation.
(∆) and (∆) are equivalent under point transformations if and only if there exists Φ :{

R2 −→ R2

(x, u) 7−→ (x, u)
a local diffeomorphism satisfying

(1) dx = αdx+ βdu

(2) du− pdx = λ(du− pdx),

(3) dp− qdx = µ(du− pdx) + ν(dp−Q(x, u, p)dx).

where α, β : J1 → R are differential functions of order 1 and µ, ν : J2 → R are
differential functions of order 2.

Remark 1.13. For the equivalence problem of second order ordinary differential equa-
tions, since we begin with Φ : R2 → R2, Φ(2) is a contact transformation. Then, in this
case, the equivalence problem under contact transformations is a generalization of point or
fiber-preserving transformations.

2. Coframes and structure groups

In the preceding section, a class of equivalence problems can be completely reformula-
ted as a system of differential equations involving differential one-forms.
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The goal of Cartan equivalence method is to reduce the original one-form formulation
of the problem to an equivalence problem involving a full invariant coframe, to which the
results of the previous chapter can be applied.

In order to begin the Cartan’s algorithm, the problem must first be placed into a more
amendable formulation based on coframe on the underlying manifold.

Example 2.1. ∗ Since the preceding problems, such as the equivalence problem for
Riemannian metrics are already based on coframe.

∗ Other are "underdetermined" equivalence problems in the that the equivalence
condition can be formulated using fewer one-forms than would be needed. However,
provided the original one-forms are linearly independent at each point, it is easy to convert
that underdetermined equivalence problems into the proper form merely by adjoining one
or more additional one-forms so as to form a coframe.

∗ A third possibility, that occasionally arises it that the most natural formulation of the
requisite equivalence conditions uses one-forms which are point wise linearly dependent,
and so cannot form a coframe ("overdetermined" equivalence problem).
But, we won’t talk about it.

Now, we describe what it is the "proper form" for an equivalence problem.

Let Ω = {ω1, . . . , ωm} and Ω = {ω1, . . . , ωm} be two coframe on m-dimensional
manifold M and M .

We use the identification between a coframe and its column vector.

ω =

 ω1

. . .
ωm


Unlike the coframe equivalence problem, the one-forms are not directly mapped to each
other ; rather the pull-back Φ∗ωi of each one-form on M is a linear combination of the
ωi’s.
In fact, talking of equivalence problem means G-equivalence problem for a some G Lie
group.

Definition 2.2. Let G ⊂ GL(m) be a Lie group.
Let ω and ω be two coframes defined, respectively, on M and M .
The G-valued equivalence problem for these coframes is to determine whether or not there
exists a local diffeomorphism Φ : M →M and a G-valued function g : M → G such that

Φ∗ω = g · ω (2.3)

In others words,

Φ∗(ωi) =
m∑
j=1

gi,jω
j

(16i6m)



2. Coframes and structure groups 119

where g = (gi,j).
We call G the structure group of the equivalence problem.

Remark 2.4. Two equivalents coframes have isomorphic symmetry group.

Example 2.5. ∗ The simplest example is when G = {e}. The {e}-equivalence problem is
the equivalence problem for coframes treated in the previous chapter.

∗ At the extreme, if G = GL(m), then any local diffeomorphism Ψ satisfies the
property for some g ∈ GL(m), and so two coframes are GL(m)-equivalent.

The goal of the equivalence method is through a series of "invariant operations", to
reduce the structure G to the trivial structure {e}, at which point the solution to the
equivalence problem for coframes can be used to solve the problem completely.
The reduction procedure provides an invariant specification of the entries of the unknown
matrix-valued function g, thereby determining an invariant coframe for the equivalence
problem.

This may not always possible, and subsequent chapter will describe other possible
outcomes of the equivalence procedure.

First, we show how the previously described equivalence problem examples can be into
the proper form of G-valued equivalence problem for some matrix Lie group G.

Remark 2.6. For simplicity, we can omit the diffeomorphism Ψ in the equivalence
problem.

Example 2.7. Consider the equivalence problem for second order ordinary differential
equation.
This problem is already in the proper form ;
The coframe on M = J1 with (x, u, p = ux) is

ω1 = du− pdx, ω2 = dp−Q(x, u, p)dx, ω3 = dx

∗ For the equivalence problem under contact transformations, the equivalence conditions
seen can be written

ω1 = a1ω
1, ω2 = a2ω

1 + a3ω
2, ω3 = a4ω

1 + a5ω
2 + a6ω

3

for suitable function ai = ai(x, u, p), 1 6 i 6 6.
The equivalence problem have the required form

ω =

 a1 0 0
a2 a3 0
a4 a5 a6

 · ω
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where the structure group is

Gc = {

 a1 0 0
a2 a3 0
a4 a5 a6

 | a1a3a6 6= 0}

of dimension 6.

∗ Under point transformations, the coframe satisfies

ω1 = a1ω
1, ω2 = a2ω

1 + a3ω
2, ω3 = a4ω

1 + a6ω
3

where the structure group is

Gp = {

 a1 0 0
a2 a3 0
a4 0 a6

 | a1a3a6 6= 0}

of dimension 5.

∗ Under fiber-preserving transformations, the coframe satisfies

ω1 = a1ω
1, ω2 = a2ω

1 + a3ω
2, ω3 = a6ω

3

where the structure group is

Gp = {

 a1 0 0
a2 a3 0
0 0 a6

 | a1a3a6 6= 0}

of dimension 4.

Definition 2.8. The symmetry group of an differential equation is the symmetry group of
the associated coframe ω or lifted coframe θ = g · ω describing the equivalence problem.

Example 2.9. The problem for equivalence of Riemannian metrics is already of the
required form with G = O(n).

3. Normalization

Once we have the property formulated an equivalence problem in terms of a coframe ω
and structure group G, we are in a position to apply Cartan’s equivalence algorithm.

The preliminary step is to modify the G-equivalence problem si as to to make the two
of variables appear more symmetric.
We use the fact that for g : M → G, omitting the pull-back ;

ω = g · ω ⇐⇒ ∃(h, h) : M ×M → G | h · ω = h · ω (3.1)

Proof. (=⇒) We use h = g and h = idM,G

(⇐=) We set g = h
−1 · h.

�
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For θh = h · ω, then,
ω and ω are G-equivalent if and only if there exist h : M → G, and h : M → G such that
θh = θh.

Then we want to reduce the G-equivalence problem to the equivalence problem for
coframes. To obtain this equivalence, we need to specify the matrix entries h and h.
If we succeed, then ω and ω are G-equivalent if and only if θ and θ are {e}-equivalent.

The question is :

How do we determine the functions h and h in an algorithm manner ?

The key to answering this question is to find combination of the group parameters gi,j
and possibly the coordinates xk, which are unchanged by the coordinate transformations,
meaning that they retain the same formula in the transformation coordinates gi,j , xk.
Each such combination will enable us to normalize one of the parameters and thereby
reduce the dimension of the structure group by one.
If we can fund enough invariant combinations, we can effectively eliminate all the group
parameters, reducing G to {e}.
Hence the equivalence problem will be reduce to the coframe equivalence problem.

Suppose that for any coframe of the given form, we can find a function H : (g, ω) 7→
H(g, ω) depending on the coordinates and the coframe elements which is invariant under
any diffeomorphism Ψ, meaning that if x = Φ(x), Φ∗(g · ω)(x) = (g · ω)(x), then

Φ∗H(g, ω) = H(g(x), ω(x))

Cartan observed that if H explicitly depends on the group parameters, we can normally
H to take any convenient constant values, e.g., H = 0 or H = 1, by specifying one of the
group parameters.
The effects is to eliminate one of the unspecified group parameters and thus reduce the
equivalence problem to an equivalence problem whose the structure group has dimension
one less than the original.

Example 3.2. Consider the equivalence problem for second order ordinary differential
equation under fiber-preserving transformations.
The Cartan formulation is given by

ω =

 a1 0 0
a2 a3 0
0 0 a6

 · ω,
where a1, a2, a3, a6 : J1 → R, or equivalently a1 0 0

a2 a3 0
0 0 a6

 · ω =

 a1 0 0
a2 a3 0
0 0 a6

 · ω,
or,

a1ω
1 = a1ω

1, a2ω1 + a3ω
2 = a2ω

1 + a3ω
2, a6ω

3 = a6ω
3,
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and where for Φ : (x, u) 7→ (ϕ(x), ψ(x, u)) =: (x, u)

Φ(1) : (x, u, p) 7→ (x, u,
ψup+ ψx

ϕx
)

Thanks to the coframe on M = J1 replacing in the equivalence conditions, we find

a1ψu = a1 a3
ψu
ϕx

= a3 a6ϕx = a6

Then,
H(g, ω) =

a3a6

a1

is an invariant function, since we see that a3a6

a1
= a3a6

a1
.

We can equal both ratios to 1 without changing the invariant structure nature of the
equivalence conditions.

Then the new equivalence problem is given by a3a6 = a1 and G̃ = {

 a1 0 0
a2 a−1

6 a1 0
0 0 a6

 |
a1a3a6 6= 0}.

g · ω = g · ω, g ∈ G⇐⇒ ∃(h, h) : M ×M → G̃ | h ·$ = h ·$

Why is it clearly an equivalence between these both equivalence problems ?

In fact, H of the example is a special case, characterized of constant type for the
coframe ω.

Let ω and ω be two coframes which are G-equivalent based on M and M respectively.
Let N = Im(H).

Note that, for g, g∗ : M → G and g, g∗ : M → G, if g∗ = g∗ then g∗ · g · ω = g∗ · g · ω.
Then,

H(g∗ · g, ω) = H(g∗ · g, ω)

Consequently, there is an induced action of G on N ,{
G×N −→ N

(h, z) 7−→ h · z = H(h∗ · g, ω)

where z = H(g, ω).
Then,
ω and ω are G-equivalent if and only if for all x ∈ M , H(e, ω(x)) and H(e, ω(x)) are in
the same orbit of G on N .

Definition 3.3. An invariant function H is said to define a normalization of constant type
for the corframe if, for each point x ∈M ,H(e, ω(x)) lie in a single orbit Oω ⊂ N = Im(H)
of the induced action of G on N .
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To answer the question why we can equivalently normalize an invariant function of
constant type is justified by

Proposition 3.4. Let ω and ω be of constant type for the invariant function H .
If ω and ω are G-equivalent then their associated orbits in Im(H) = N are the same ;
Oω = Oω.
Moreover, for a point z ∈ Oω, we let G̃ = Gz ⊂ G its isotropy group.
We can construct smoothG-valued functions g0 and g0 such thatH(g0, ω) = z = H(g0, ω),
which we use to define the modified coframes

$ = g0 · ω $ = g0 · ω
Then,
g · ω = g · ω for some (g, g) : M × M → G if and only if h · $ = h · $ for some
(h, h) : M ×M → G̃.

Proof. Since H(g, ω) = H(g, ω) are assumed to both lie in the same orbit O of G,
then by regularity and invariance of H , we can choose a smooth group-valued function
g, g∗ : M → G such that for fixed z ∈ O , H(g∗ · g, ω) = z = H(g∗ · g, ω).
Replacing the original equivalence condition g · ω = g · ω by g∗ · g · ω = g∗ · g · ω, we
see that if two coframes are equivalent, they are equivalent for some specification of group
parameter that fixes H = z.

Define the G-valued function h such that g∗ · g = h · g0.
Since H(h · g0, ω) = z = H(g∗ · g, ω), we deduce that h takes values in Gz = G̃.
Similarly define h : M → G such that g∗ · g = h · g0.
We deduce the equivalence of the modified coframes.

�

Remark 3.5. The reduced structure group G̃ can be identified with the isotropy subgroup
of the chosen canonical form for the function H .

Remark 3.6. Other type of such function H is called non-constant type. This type is more
difficult, but we can see "The Method of Equivalence and Its Applications" of Gardner.

—————–
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Cartan’s equivalence method

1. Introduction

Once an equivalence problem has been reformulated in the proper Cartan form, in
terms of a coframe ω on the m-dimensional base manifold M , along with a structure group
G ⊂ GL(m).

The Cartan’s equivalence problem consist to give an answer to the local equivalence
problem. A problem formulated in terms of differential one-forms.

We are ready to apply the Cartan equivalence method.
The goal is to normalize the structure group valued coefficients in a suitable invariant
manner, and this is accomplished through the determination of a sufficient number of
invariant combinations.

The Cartan method provides an algorithmic approach for finding such invariant
combinations.
Each group dependent invariant combinations allow us to normalize one group parameter.

In this chapter, we will describe the basic steps on the Cartan equivalence method, and
illustrate its applications to the equivalence problem of second order ordinary differential
equations.

2. The structure equations

Consider coframes ω = {ω1, . . . , ωm} and ω = {ω1, . . . , ωm}, respectively, on a
m-dimensional manifold M and M .

The G-equivalence condition has the form in a more symmetrical form

g · ω = g · ω
for (g, g) : M ×M → G.

This motivates the preliminary step in the Cartan method which is to introduce the lifted
coframe

θ = g · ω, (2.1)
or in full-detail

θi =
m∑
j=1

gi,jω
j

(16i6m)
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where θi : M ×G→ R.
Technically speaking, the θi do not form a coframe on M ×G.
Note that, Φ∗θ = θ if and only if Φ∗θi = θi, (1 6 i 6 m).

The key to find invariant combinations is the exterior derivative.

We differentiate the lifted coframe.
For 1 6 i 6 m,

dθi = d
( m∑
j=1

gi,jω
j
)

=
m∑
j=1

(
dgi,j ∧ ωj + gi,jdω

j
)
,

with ωi =
∑m

j=1 g
−1
i,j θ

j , γ = dg · g−1 = (γi,j) the Maurer-Cartan form.
We obtain

dθi =
m∑
j=1

γi,j ∧ θj +
m∑
j=1

gi,jdω
j.

Moreover, for 1 6 i 6 m, dωi =
∑m

j,k=1
j<k

aj,kω
j ∧ωk and θi =

∑m
j=1 gi,jω

j , then we can

express dωi in terms of sums of wedge of the θi’s.
Then

dθi =
m∑
j=1

γi,j ∧ θj +
m∑
j=1

T ij,k(x, g)θj ∧ θk,

where T ij,k are the torsion coefficients, which may be constant, or may depend on the
variables x and the group parameters g.

If {α1, . . . , αr} is a basis for the space of Maurer-Cartan forms, then

γi,j =
r∑
l=1

Aij,lα
l

(16i,j6m)

where Aii,j are constant.

Then, we have the structure equation for the lifted coframe θ, for every 1 6 i 6 m

dθi =
r∑
l=1

m∑
j=1

Aij,lα
l ∧ θj +

m∑
j=1

T ij,k(x, g)θj ∧ θk. (2.2)

For the barred lifted coframe, we have the corresponding structure equation

dθ
i

=
r∑
l=1

m∑
j=1

Aij,lα
l ∧ θj +

m∑
j=1

T ij,k(x, g)θ
j ∧ θk. (16i6m)

Remark 2.3. Note that the coefficients Aij,l are the same as in the barred case.
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3. Absorption

The important idea is that any consistent specification of he group parameters as
function g : M → G will reduce the Maurer-Cartan forms αl on G to one forms
α̃l =

∑m
i=1 vl,idxi on M , which we can re-express in terms of the coframe and even in the

coframe θ ; α̃l =
∑m

j=1 z
l
jθ
j .

The problem is that we don’t know the gi,j’s.
However, we will observe the behavior of the structure equation if the Maurer-Cartan
forms αl’s are modified.
This will allow us to determine which of the associated torsion coefficients T ij,k are
invariants.
Then we will have candidate for invariant functions to reduce the equivalence problem.

Replace the Maurer-Cartan forms αl’s by a general combination of lifted coframe ele-
ments ;

αl →
m∑
j=1

zljθ
j

(16l6r)

where the zlj’s are unspecified coefficients.

Substituting this into the structure equation, we have

dθi =
m∑

j,k=1
j<k

(
Bi
j,k(z) + T ij,k(x, g)

)
θj ∧ θk (16i6m)

where Bi
j,k(z) :=

∑r
l=1(Aik,lz

l
j − Aij,lzlk).

Similarly we have the same form for the barred lifted coframe.

If Φ∗θ = θ, then for some unspecified coefficient z = z(x), z = z(x), for each 1 6 i 6

m, and Φ∗dθ
i

= dθi, then

Bl
j,k(z) + T

i

j,k(x, g) = Bl
j,k(z) + T ij,k(x, g) (x=Ψ(x))

If we find z such that Bi
j,k(z) = 0 = Bi

j,k(z) for some j, k, i then for any specification
group parameters g, g,

T
i

j,k(x, g) = T ij,k(x, g). (16i,j,k6m)

A such torsion coefficients are called essential torsion coefficients for the structure
equation.

Remark 3.1. If an essential torsion coefficient does explicitly depend on the group
parameters, then it provides an invariant combination which can be normalized and thereby
reducing the structure group.

This process is called absorption of torsion for the lifted coframe.
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This process for a lifted coframe θ is the following :
1) Compute the structure equation given by

dθi =
r∑
l=1

m∑
j=1

Aij,lα
l ∧ θj +

m∑
j=1

T ij,k(x, g)θj ∧ θk, (16i6m)

where {αl}16l6r are the Maurer-Cartan forms on G.

2) Substitute the αl’s by

πl = αl −
m∑
i=1

zliθ
i

(16l6r)

Then

dθi =
r∑
l=1

m∑
j=1

Aij,lπ
l ∧ θj +

m∑
j=1

Ũ i
j,k(x, g)θj ∧ θk, (16i6m)

3) Find the solutions (zli) 16i6m
16l6r

which reduce to maximum the number of torsion
coefficients.

4) Obtain

dθi =
r∑
l=1

m∑
j=1

Aij,lπ
l ∧ θj +

m∑
j=1

U i
j,k(x, g)θj ∧ θk, (16i6m)

where U i
j,k are the essential torsion coefficient for the left coframe, and the πl’s are the

modified Maurer-Cartan forms on G.

5) Apply the normalization process (see in the previous chapter).

6) Repeat the steps 1) − 5) up to if we cannot obtain one essential torsion coefficient
depending of the group parameters or if the equivalence problem is reduced to the
{e}-equivalence problem.

Example 3.2. Take again the equivalence problem for second order ordinary differential
equations uxx = Q(x, u, ux) with the coframe on J1 3 (x, u, ux = p)

ω1 = du− pdx, ω2 = dp−Q(x, u, p)dx, ω3 = dx.

For the equivalence problem under contact transformations, the lifted coframe is

θ1 = a1ω
1, θ2 = a2ω

1 + a3ω
2, θ3 = a4ω

1 + a5ω
2 + a6ω

3,

where the structure group is

Gc = {

 a1 0 0
a2 a3 0
a4 a5 a6

 | a1a3a6 6= 0}

of dimension 6.
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Then compute the differentials

dθ1 = da1ω
1 + a1dω

1

dθ1 =
da1

a1

θ1 − a1(dp ∧ dx).

dθ2 = da2ω
1 + a2dω

1 + da3ω
2 + a3dω

2

=
da2

a1

θ1 − a2(dp ∧ dx) + da3

(θ2

a3

− a2

a3

ω1
)
− a3dQ ∧ dx

dθ2 =
(da2

a1

− a2

a1a3

da3

)
θ1 +

(
− a2 − a3Qp

)
dp ∧ dx+

da3

a3

θ2 − a3Qudu ∧ dx.

dθ3 = da4ω
1 + a4dω

1 + a5ω
2 + a5dω

2 +
da6

a6

θ3

=
da4

a1

θ1 − a4dp ∧ dx+ da5(
θ2

a3

− a2

a3

ω1
)
− a5dQ ∧ dx+

da6

a6

θ3

=
da4

a1

θ1 − a4dp ∧ dx+
da5

a3

θ2 − a2

a3a1

da5 ∧ θ1 − a5(Qudu+Qpdp) ∧ dx+
da6

a6

θ3

dθ3 = (
da4

a1

− a2

a1a3

da5)θ1 + (−a4 − a5Qp)dp ∧ dx+
da5

a3

θ2 − a5Qudu ∧ dx+
da6

a6

θ3.

Then express dp ∧ dx, du ∧ dx, and dp ∧ du in terms of θ1 ∧ θ2, θ1 ∧ θ3 and θ2 ∧ θ3 ;

θ1 ∧ θ2 = a1ω
1 ∧
(
a2ω

1 + a3ω
2
)

= a1a3ω
1 ∧ ω2

= a1a3

(
du ∧ dp−Qdu ∧ −pdx ∧ dp

)
.

θ1 ∧ θ2 = −a1a3dp ∧ du−Qa1a3du ∧ dx+ a1a3pdp ∧ dx.

θ1 ∧ θ3 = a1ω
1 ∧ a6ω

3 = a1a6(du− pdx) ∧ dx = a1a6du ∧ dx.
Then

du ∧ dx =
θ1 ∧ θ3

a1a6

(3.3)

θ2 ∧ θ3 =
(
a2ω

1 + a3ω
2
)
∧ a6ω

3 = a2a6ω
1 ∧ ω3 + a3a6ω

2 ∧ ω3

= a2a6du ∧ dx+ a3a6(dp−Qdx) ∧ dx

=
a2

a1

θ1θ3 + a3a6dp ∧ dx.

Then

dp ∧ dx =
θ2 ∧ θ3

a3a6

− a2

a1a3a6

θ1 ∧ θ3. (3.4)
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Then

θ1 ∧ θ3 = −a1a3dp ∧ du−Qa1a3
θ1 ∧ θ3

a1a6

+ a1a3p(
θ2 ∧ θ3

a3a6

− a2

a1a3a6

)θ1 ∧ θ3

= −a1a3dp ∧ du−
a1a3

a1a6

Qθ1 ∧ θ3 +
a1

a6

pθ2 ∧ θ3 − a2

a6

pθ1 ∧ θ3.

Then

dp ∧ du = −θ
1 ∧ θ2

a1a3

−
( Q

a1a6

+
a2

a1a3a6

p
)
θ1 ∧ θ3 +

1

a3a6

pθ2 ∧ θ3. (3.5)

Then we can express dθ1, dθ2, and dθ3 in terms of {θ1, θ2, θ3} :

dθ1 =
da1

a1

θ1 − a1

(θ2 ∧ θ3

a3a6

− a2

a1a3a6

θ1 ∧ θ3
)

=
da1

a1

θ1 − a1

a3a6

θ2 ∧ θ3 +
a2

a3a6

θ1 ∧ θ3

=
(da1

a1

− a2

a3a6

θ3
)
∧ θ1 − a1

a3a6

θ2 ∧ θ3

dθ1 = α1 ∧ θ1 +
a2

a3a6

θ1 ∧ θ3 − a1

a3a6

θ2 ∧ θ3,

where α1 = da1

a1
.

dθ2 =
(da2

a1

− a2

a1a3

da3

)
θ1 +

(
− a2 − a3Qp

)
dp ∧ dx+

da3

a3

θ2 − a3Qudu ∧ dx

= (
da2

a1

− a2

a1a3

da3)θ1 +
(
− a2 − a3Qp

)(θ2 ∧ θ3

a3a6

− a2

a1a3a6

θ1 ∧ θ3
)

+
da3

a3

θ3 − a3Qu
θ1 ∧ θ3

a1a6

=
(da2

a1

− a2

a1a3

da3

)
θ1 − a2

a3a6

θ2 ∧ θ3 +
a2

2

a1a3a6

θ1 ∧ θ3 − Qp

a6

θ2 ∧ θ3 +
a2

a1a6

Qpθ
1 ∧ θ3 +

da3

a3

θ3

− a3

a1a6

Quθ
1 ∧ θ3

=
(da2

a1

− a2

a1a3

da3 −
a2

2

a1a3a6

θ3 − a2

a1a6

Qpθ
3 +

a3

a1a6

Quθ
3
)
∧ θ1 +

(da3

a3

+
a2

a3a6

θ3 +
Qp

a6

θ3
)
∧ θ2,

dθ2 = α2 ∧ θ1 − a2
1Qu − a1a2a6Qp − a2

2a
2
6

a2
1a

2
6

θ1 ∧ θ3 + α3 ∧ θ2 − a2 +Qpa3

a3a6

θ2 ∧ θ3.

where α2 = da2

a1
− a2

a1a3
da3 and α3 = da3

a3
.

dθ3 =
(da4

a1

− a2

a1a3

da5

)
∧ θ1 +

(
− a4 − a5Qp

)(θ2 ∧ θ3

a3a6

− a2

a1a3a6

θ1 ∧ θ3
)

+
da5

a3

θ2 − a5Qu
θ1 ∧ θ3

a1a6

+
da6

a6

θ3,

dθ3 = α4 ∧ θ1 + [(a4 + a5Qp)
a2

a1a3a6

− a5Qu

a1a6

] ∧ θ1 ∧ θ3 + α5 ∧ θ2 − a4 + a5Qp

a3a6

θ2 ∧ θ3 + α6 ∧ θ3
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where α4 = da4

a1
− a2

a1a3
da5, α5 = da5

a3
and α6 = da6

a6
.

Then we have the structure equations :

dθ1 = α1 ∧ θ1 +
a2

a3a6

θ1 ∧ θ3 − a1

a3a6

θ2 ∧ θ3,

dθ2 = α2 ∧ θ1 − a2
1Qu − a1a2a6Qp − a2

2a
2
6

a2
1a

2
6

θ1 ∧ θ3 + α3 ∧ θ2 − a2 +Qpa3

a3a6

θ2 ∧ θ3,

dθ3 = α4 ∧ θ1 + [(a4 + a5Qp)
a2

a1a3a6

− a5Qu

a1a6

] ∧ θ1 ∧ θ3 + α5 ∧ θ2

− a4 + a5Qp

a3a6

θ2 ∧ θ3 + α6 ∧ θ3.

We do the absorption process with

π1 = α1 − a2

a3a6

θ3,

π2 = α2 +
a2

1Qu − a1a2a6Qp − a2
2a

2
6

a2
1a

2
6

θ3,

π3 = α3 +
a2 +Qpa3

a3a6

θ3,

π4 = α4 −
(a2(a4 + a5Qp)

a1a3a6

− a5Qu

a1a6

)
θ3,

π5 = α5 +
a4 + a5Qp

a3a6

θ3,

π6 = α6.

Then the structure equations give us to essential torsion coefficient ;

dθ1 = π1 ∧ θ1 + T 1
2,3θ

2 ∧ θ3,

dθ2 = π2 ∧ θ1 + π3 ∧ θ2,

dθ3 = π4 ∧ θ1 + π5 ∧ θ2 + π6 ∧ θ3.

where T 1
2,3 = − a1

a3a6
is the only essential torsion coefficient.

We can normalize with
T 1

2,3 = −1

Then
a1 = a3a6.

The Gc-equivalence problem is equivalent to the G̃c-equivalence problem, where

G̃c = {

 a1 0 0
a2 a1a

−1
6 0

a4 a5 a6

 | a1a6 6= 0}



3. Absorption 131

To be clearly equivalent, we need to express the structure equation with 5 Maurer-Cartan
forms. For this we re-compute the structure equation with the normalization a1 = a3a6, we
find

dθ1 = $1 ∧ θ1 − θ2 ∧ θ3,

dθ2 = $2 ∧ θ1 +$3 ∧ θ2,

dθ3 = $4 ∧ θ1 +$5 ∧ θ2 +$6 ∧ θ3.

where

$1 = α1 − a2

a1

θ3,

$2 = α2 +
a2

1Qu − a1a2a6Qp − a2
2a

2
6

a2
1a

2
6

θ3,

$3 = α3 +
a2a6 +Qpa1

a1a6

θ3,

$4 = α4 −
(a2(a4 + a5Qp)

a1a4a6

− a5Qu

a1a6

)
θ3,

$5 = α5 +
a4 + a5Qp

a3a6

θ3,

$6 = α6.

where

α1 =
da1

a1

,

α2 =
da2

a1

− a2

a2
1

da1 +
a2

a6a1

da6,

α3 =
da3

a3

,

α4 =
da4

a1

− a2a6

a2
1

da5,

α5 =
a6

a1

da5,

α6 =
da6

a6

.

However, since

$1 −$6 =
da1

a1

− a2

a1

θ3 − da6

a6

= $3 −
(a2

a1

+
Qp

a6

)
θ3 − a2

a1

θ3

and since, for $̃6 := $6 − 2a2

a1
θ3 − Qp

a6
θ3, we have $̃6 ∧ θ3 = $6 ∧ θ3, then we can have a

new Maurer-Cartan form

$6 ← $̃6
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such that
dθ1 = $1 ∧ θ1 − θ2 ∧ θ3,

dθ2 = $2 ∧ θ1 + ($1 −$6) ∧ θ2,

dθ3 = $4 ∧ θ1 +$5 ∧ θ2 +$6 ∧ θ3.

where there are 5 modified Maurer-Cartan forms.

We note that there is no longer essential torsion coefficient depending of group
parameters. We need to keep on the Cartan’s algorithm.

4. Involution

We now turn to the cases when the Cartan equivalence procedure doesn’t lead to a
complete reduction of the structure just with normalization and absorption process.

We may assume that, after perhaps one or more loops through the absorption and
reduction algorithm, we are left with a lifted coframe that still involves one or more of the
original group parameters, yet none of the remaining essential torsion coefficient explicitly
on the group parameters.

What do we do ?

Consider the possible symmetry group G of dimension r of an equivalence problem
on M (of dimension m). If the Cartan method leads to a complete reduction resulting in
an invariant coframe θ, then the associated symmetry group is an (m − r) dimensional
manifold.
Consequently, the dimension of the symmetry group can never exceed the dimension of
the manifold on which the problem is formulated as a Cartan equivalence problem.
However, we have already encounter equivalence problems where the symmetry group has
a larger dimension than the space on which the equivalence problem is formulated.

Example 4.1. The equivalence problem for second order ordinary differential equations
is formulated on the 3-dimensional jet space J1, but the dimension of under the point
transformation symmetry group can be as large as 8, e.g., for uxx = 0.
Then we cannot except that this equivalence problems could be reduce to an equivalence
of coframe an any manifold having dimension less than 8, and so we will be unable to
obtain an invariant coframe on J1.

Example 4.2. Every second order ordinary differential equations admits an infinite-
dimensional group of contact transformation, then we can never realize the equivalence
problem as an equivalence problem of coframes on any finite-dimensional manifold.

Fortunately, Cartan figured out how to deal with these types of problems as well.
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There are 2 types of problems :

The first, in which the symmetry group is finite-dimensional, but of larger dimension
than the underlying space, is solved by the process of "prolongation".

The second type of problem is when the symmetry group is infinite-dimensional. The
existence of an infinite-dimensional symmetry group is a consequence of the "involutivity"
of a certain differential system prescribed by the structure equations for the lifted coframe.

The decision as to whether we need to prolong an equivalence problem (finite-
dimensional symmetry group) or not (infinite-dimensional symmetry group) is handled by
an arithmetic test for involutivity due to Cartan.

In the next section, we will discuss how to implement the Cartan’s test practically, and
in the case of an involutive system, how the infinite-dimensional symmetry group and
canonical forms are determined.
Moreover, we will see further the prolongation algorithm in the case where the system is
not involutive.

Example 4.3. To illustrate our discussion, we consider the three basic equivalence pro-
blems for a second order ordinary differential equations uxx = Q(x, u, ux), p = ux, under
respectively fiber-preserving, point, and contact transformation.
We know that the coframe on J1 3 (x, u, ux = p) is

ω1 = du− pdx, ω2 = dp−Q(x, u, p)dx, ω3 = dx.

For the equivalence problem under contact transformations, the lifted coframe is

θ1 = a1ω
1, θ2 = a2ω

1 + a3ω
2, θ3 = a4ω

1 + a5ω
2 + a6ω

3,

where the structure group is

Gc = {

 a1 0 0
a2 a3 0
a4 a5 a6

 | a1a3a6 6= 0}

of dimension 6.

We have seen after absorption and normalization that we obtain the structure equations

(∗) :

dθ1 = $1 ∧ θ1 − θ2 ∧ θ3,

dθ2 = $2 ∧ θ1 + ($1 −$6) ∧ θ2,

dθ3 = $4 ∧ θ1 +$5 ∧ θ2 +$6 ∧ θ3.

with $1, $2, $4, $5, $6 the modified Maurer-Cartan forms on G̃c, where

G̃c = {

 a1 0 0
a2 a1a

−1
6 0

a4 a5 a6

 | a1a6 6= 0}
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∗ The case of point transformation is given by

π4 = 0

∗ The case of fiber-preserving transformation is given by

π4 = π5 = 0

Now, we must figure out whether the symmetry group of the equivalence problem is
infinite-dimensional, which is indicated by the previous system being in involution, or
finite-dimensional, so that the previous system must be prolonged.

5. Cartan’s test

The Cartan’s test distinguish between the two possibilities of involution versus prolon-
gation.

Let assume that we are given an equivalence problem based on the regular lifted
coframe θ = {θ1, . . . θm} which are one-forms on the (m + r)-dimensional product space
M ×G, since their coefficients depend on the group parameters.

Let r = dim(G), the dimension of the (reduced) structure group G.
The structure equations for the coframe have the form

dθi =
r∑
l=1

m∑
j=1

Aij,lα
l ∧ θj +

m∑
j,k=1
j<k

T ij,kθ
j ∧ θk (16i6m)

where the αl is a basis for the Maurer-Cartan forms on G, Aij,k are constant.

Note that replacing each Maurer-Cartan form αl by an arbitrary combination of the
coframe elements

∑m
j=1 z

l
jθ
j results in the linear absorption equations :

r∑
l=1

(Aij,lz
l
k − Aik,lzlj) = T ij,k, (16i6m,16j<k6m)

for the unknown coefficient zlj .

In solving the previous linear system, some of the variables zlj will be specified (called
"basic variables") and other can be given arbitrary values (called "free variables").

Definition 5.1. The degree of indeterminacy r(1) of a lifted coframe is the number of free
variable in the solution of the associated linear absorption system.
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Remark 5.2. In other words,

r(1) = dim{(zlj) 16l6r
16j6m

|
r∑
l=1

(Aij,lz
l
k − Aik,lzlj) = 0} (16i6m,16j<k6m)

Remark 5.3. For θ and θ two lifted coframes. If θ and θ are equivalent by Ψ, then r(1) is
the degree of indeterminacy of the both lifted coframes.

The degree of indeterminacy r(1) of the lifted coframe θ playas important role for the
Cartan’s test.

Remark 5.4. r(1) only depends on how the (reduced) structure group G is realized as a
subgroup of GL(m) and not on the particular formulae for the base coframe elements.

Example 5.5. Consider the structure equations (∗) for the equivalence of second order
ordinary differential equations.
To compute r(1), we replace for each 1 6 l 6 r, $l by zl1θ

1 + zl2θ
2 + zl3θ

3.
Equating the resulting coefficients of the basis two-forms θj ∧ θk, to zero leads to the
homogeneous linear system

z1
2 = z1

3 = 0, z3
1 − z2

2 = z2
3 = z3

3 = 0,

z5
1 − z4

2 = z1
1 − z3

1 − z4
3 = z1

2 − z3
2 − z5

3 = 0.

The general solution is

z1
2 = z1

3 = z2
3 = z3

3 = 0,

z1
1 = z3

1 + z4
3 , z2

2 = z3
1 , z3

2 = −z5
3 , z4

2 = z5
1 .

The seven parameters z2
1 , z

3
1 , z

4
1 , z

4
3 , z

5
1 , z

5
2 , z

5
3 can be chosen arbitrary.

Therefore r(1) = 7 for contact transformations.
For point transformations, π5 = 0, so r(1) = 4.
For fiber-preserving transformations, π4 = π5 = 0, so r(1) = 2 (since z4

j , z
5
j do not appear).

To describe the Cartan’s test, we need to introduce the reduced Cartan characters
associated with the structure equation of the coframe θ.

Definition 5.6. For v =

 v1

. . .
vm

 ∈ Rm, we define

Lil[v] =
m∑
j=1

Aij,lvj (16i6m,16l6r)
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Thus L[v] is the coefficient matrix for the Maurer-Cartan forms {αl}16l6r in the
structure equation upon replacing each coframe element θi by the corresponding entry vi.

Definition 5.7. We call the first reduced character for the lifted coframe, denoted by

s′1 = max{rank(L[v]) | v ∈ Rm},

and the second character s′2 obtained by

s′1 + s′2 = max{rank
(
L[v1]
L[v2]

)
| v1, v2 ∈ Rm}

More generally,

Definition 5.8. Let θ be a lifted coframe on a m-dimensional manifold with the r-
dimensional structure group G.
The first m− 1 reduced characters s′1, . . . , s

′
m−1 of the coframe are defined as

s′1 + · · ·+ s′k = max{rank

 L[v1]
. . .
L[vk]

 | v1, . . . , vk ∈ Rm} (16k6m−1)

where L[v] is the m× r-matrix defined in the definition 5.6 and s′m is defined by

s′1 + · · ·+ s′m−1 + s′m = r

Example 5.9. Consider our example under contact transformations.
The corresponding 3× 5-matrix used to defines the reduced characters is

L[v] =

 v1 0 0 0 0
0 v1 v2 0 0
v3 0 −v3 v1 v2

 . (v=(v1,v2,v3)∈R3)

We have s′1 = 3 ; for example this achieved by v = (1, 0, 0).

The second Cartan character is defined by

s′1 + s′2 = max{rank


v1 0 0 0 0
0 v1 v2 0 0
v3 0 −v3 v1 v2

v̂1 0 0 0 0
0 v̂1 v̂2 0 0
v̂3 0 −v̂3 v̂1 v̂2

 | v, v̂ ∈ R3} = 5

achieved by v = (1, 0, 0) and v̂ = (0, 1, 0).
The final reduced character is s′3 = 5− s′1 − s′2 = 0.

The key tool for the Cartan’s test is started in the following definition.
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Definition 5.10. Let θ be a lifted coframe with reduced characters s′1, . . . , s
′
m and degree

of indeterminacy r(1).
We say that θ is involutive if it satisfies the Cartan’s test :

s′1 + 2s′2 + · · ·+ms′m = r(1)

6. The transitive case

The equivalence problem for involutive coframe has a complete solution.
There are two type of involutive coframe ; thus of transitive structure equations and
intransitive structure equations.

Definition 6.1. An involutive lifted coframe θ is said transitive or its structure equations is
transitive if their essential torsion coefficients of the structure equations are all constants.
Otherwise, their essential torsion coefficients contain a non-constant essential torsion
coefficient (not depending of any remaining group parameters), then we say θ is intransitive
or the structure equations are intransitive.

We mention the following theorem to complete the process of the transitive case.

Theorem 6.2. (of transitive case)
Let θ and θ be regular lifted coframe on m-dimensional M and M having the same
structure group G ⊂ GL(m).
Assume that both θ and θ are involutive, and that all the essential torsion coefficients in
the two sets of structure equations are constants. Then θ is locally equivalent to θ if and
only if they have the same constant essential torsion.
Moreover, if s′k > 0 is the last nonzero character, so for l > k, s′l = 0, then the set of
equivalences depends on s′k arbitrary functions, each depending on k variables.

Corollary 6.3. An involutive lifted coframe has an infinite-dimensional symmetry group
depending on s′k arbitrary functions of k variables.

Example 6.4. For the equivalence problem of second order ordinary differential equations,
see for different transformations.

∗ For contact transformations, r(1) = 7 and s′1 = 3, s′2 = 2, s′3 = 0 so the lifted coframe
satisfies the Cartan’s test.
Therefore, the structure equation for the contact transformations of second order ordinary
differential equations are involutive.

∗ For point transformations, r(1) = 4 and s′1 = 3, s′2 = 1, s′3 = 0, so the lifted coframe
doesn’t satisfy the Cartan’s test.
Therefore, the structure equation for the point transformations of second order ordinary
differential equations are involutive.
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∗ For point transformations, r(1) = 4 and s′1 = 3, s′2 = 1, s′3 = 0, so the lifted coframe
doesn’t satisfy the Cartan’s test.
Therefore, the structure equation for the point transformations of second order ordinary
differential equations are not involutive.

∗ For fiber-preserving transformations, r(1) = 2 and s′1 = 3, s′2 = 1, s′3 = 0, so the
lifted coframe doesn’t satisfy the Cartan’s test.
Therefore, the structure equation for the point transformations of second order ordinary
differential equations are not involutive.

Finally, we mention the follow gin theorem.

Theorem 6.5. All nonsingular, second order ordinary differential equations are locally
equivalent under contact contact transformations.
Moreover, every second order ordinary differential equation admits an infinite-dimensional
symmetry group of contact transformations depending on two arbitrary functions of two
variables, hence can be mapped to any other one in infinitely many ways.

Proof. See the chapter 15 of "Equivalence, Invariance and Symmetries" of Olver.
�

7. The intransitive case

We briefly explain this case.

The intransitive case, which arises when there are non constant essential torsion
coefficients is more complicated. The essential torsion coefficients will define invariants of
the problem, which must be included into the equivalence conditions.

To solve this problem, we mention the using of the following theorem.

Theorem 7.1. (of intransitive case)
Let θ and θ be regular lifted coframes on m-dimensional M and M having the same
structure group G ⊂ GL(m).
Assume that both θ and θ are involutive, and that all the essential torsion coefficients and
their coframe derivatives are independent of the group parameters, forming a regular
family of functions, and hence parametrizing the classifying manifolds for each coframe.
The coframes θ and θ are locally equivalent if and only if they have the same order s = s,
and their (s+ 1)st order classifying manifold C(s+1)(θ) and C(s+1)(θ) overlap.
Moreover, the symmetry group of a such coframe is infinite-dimensional, depending on s′k
arbitrary functions of k variables, where s′k denotes the last nonzero reduced character of
the structure equations.

Proof. See the chapter 15 of "Equivalence, Invariance and Symmetries" of Olver.
�
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An example of this case is the equivalence of non-closed two forms proved in the
chapter 11 of "Equivalence, Invariance and Symmetries" of Olver.

Theorem 7.2. All non-closed two-forms on a three dimensional manifold are locally
equivalent.

8. The prolongation case

Finally, we must tackle the problem in which the Cartan equivalence procedure does not
lead to a complete reduction of the structure group, moreover, the structure equations are
not involutive, so that we cannot deduce the existence of an infinite-dimensional symmetry
group.

The reduction of the difficulty is to reformulate the problem on a suitably larger dimen-
sion manifold and then, if necessary, reapply the Cartan reduction algorithm (absorption
and normalization).

How to construct the required higher dimensional equivalence problem ?

The solution is the prolongation method of Cartan ;

We assume that, after perhaps one or more loop through the absorption and reduction
algorithm, we have produced a coframe that still involves one or more of the original
group parameters, yet, none of the remaining essential torsion coefficients, nor any of their
coframe derivative depends explicitly on the group parameters.

For simplicity, let G denote the reduced structure group at the point, and r = dim(G).
Moreover, we are assuming that our lifted coframe θ is not involutive :

r(1) <

m∑
i=1

is′i

Cartan prolonged the natural lifted coframe with new variables to be appended are the
group parameters or coordinates on the remaining structure group G itself.
In other words, the prolonged equivalence problem will be formulated in terms of a lifted
coframe on the (m+ r)-dimensional manifold M (1) := M ×G.
The prolonged lifted coframe will contain r(1) unspecified parameters to parametrize the
new structure group.

After this construction, the goal is, to using the same basic absorption and normalization
algorithm, to reduce the equivalence problem to one that we know how to solve.

The prolongation case is distinguished in between two subclasses ; the determinate case
and the indeterminate case.
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9. The determinate case

Let θ be a lifted coframe not involutive on a m-dimensional manifold M with the
structure group G (r-dimensional Lie group).

Suppose that after absorption and reductions, the lifted coframe θ satisfies r(1) = 0.

Definition 9.1. Let θ be a lifted coframe not involutive on M with the structure group G.
We say that θ is determinate if r(1) = 0.
Otherwise, r(1) > 0, we say that θ is indeterminate.

Then, we use the absorption process. The structure equations are :

dθi =
r∑
l=1

m∑
j=1

Aij,lπ
l ∧ θj +

m∑
j=1

U i
j,k(x, g)θj ∧ θk, (16i6m)

where U i
j,k are the essential torsion coefficients, which do not depend on any group

parameters and πl the modified Maurer-Cartan forms.

As before, if two lifted coframes are equivalent, then essential torsion coefficients are
invariant.
The one-forms {π1, . . . , πr} are equal, modulo the θ’s, to Maurer-Cartan forms
{α1, . . . , αr} on G.
More precisely,

πl = αl −
m∑
j=1

zljθ
j, (16l6r)

where (zlj) 16j6m
16l6r

are the solution of the linear absorption equations

r∑
l=1

(Aij,lz
l
k − Aik,lzlj) = U i

j,k. (16i6m,16j<k6m)

Since r(1) = 0, the coefficients zlj = Slj(x, g) are all uniquely specified and the only
solution to

r∑
l=1

m∑
j=1

Aij,kπ
l ∧ θj = 0, (16i6m)

is the trivial one πl = 0 (1 6 l 6 r).

Now, suppose we have an equivalence Ψ : M → M , so that for every 1 6 i 6 m,
Ψ∗θ

i
= θi preserves the lifted coframes for some choice of the group parameters g = g(x)

and g = g(x).
Then for every 1 6 i 6 m, Ψ∗(dθ

i
) = dθi.
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Then,
r∑
l=1

m∑
j=1

Aij,lπ
l ∧ θj +

m∑
j=1

U
i

j,k(x, g)θj ∧ θk =
r∑
l=1

m∑
j=1

Aij,lπ
l ∧ θj +

m∑
j=1

U i
j,k(x, g)θj ∧ θk.

Since the essential torsion coefficients are equivalents, we have
r∑
l=1

m∑
j=1

Aij,l(π
l − πl) ∧ θl = 0. (16i6m)

Thus, if the equivalence problem is determinate, then for every 1 6 l 6 r, πl = πl, or more
precisely

Φ∗(πl) = πl. (16l6r)

Then we have candidate to complete the lifted coframe on M (1) := M ×G.

A prolonged invariant lifted coframe on M (1) is constituted of the original lifted

coframe on M θ = g · ω and the modified Maurer-Cartan forms π =

 π1

. . .
πr

.

Similarly, we construct a prolonged invariant lifted coframe on M
(1)

by (θ, π).

The key point is that every equivalence between the original lifted coframe extends to
an equivalence between the prolonged lifted coframes and conversely.

Theorem 9.2. (of the determinate case)
Let θ = g · ω and θ = g · ω be two regular lifted coframes defined respectively on M and
M having the same structure group G, no group dependent essential torsion coefficient,
and degree of indeterminacy r(1) = 0.
Let π and π be the modified Maurer-Cartan forms obtained by solving the absorption
equations.
Then there exists a diffeomorphism Φ : M → M mapping θ to θ for some choice of
group parameters g = g(x) and g = g(x) if and only if there is a diffeomorphism
Ψ : M ×G→M ×G mapping (θ, π) to (θ, π).

Proof. First assume that the original equivalence problem has a solution, so there exists a
map Φ : M →M and a G-valued matrix of function g0 such that Φ∗ω = g0 · ω.
The prolonged lifted coframes θ = g·ω and θ = g·ω, where g and g new denote coordinates
on the group G, will then be equivalent if and only if g = g · g−1

0 .
This serves to define the prolonged map Ψ : M ×G→M ×G, which is given by

Ψ : (x, g) 7→ (Φ(x), g · g−1
0 ) (9.3)

Our earlier analysis of the structure equations implies that Ψ preserves both arts of the
prolonged lifted coframes :

Ψ∗θ = θ, Ψ∗π = π (9.4)
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Conversely, consider a map Ψ : M ×G→M ×G which preserves the prolonged lifted
coframes (9.4). We must show that Ψ is necessary of the form (9.3).
The first set of conditions in (9.3) implies that each Ψ∗dxi is a linear combination of the
dxj’s.
Therefore Ψ takes the projectable form Ψ(x, g) = (Φ(x),Λ(x, g)).
Write Λ(x, g) = (g · h)(x, g) for some G-valued function h.
Then,

Ψ∗(dg · g−1) = dg · g−1 + g · dh · (gh)−1. (9.5)

But, according to (9.3), the Maurer-Cartan forms must match up to combinations of the
dx’s, so for every 1 6 l 6 r, Ψ∗(αl) = αl +

∑m
i=1 w

l
idx

i.
Since the Maurer-Cartan forms are the independent entries of dg · g−1 and dg · g−1, (9.5)
implies that the entries of dh can only depend on the dx’s, and therefore h = h(x) depends
only on x. This means that the equivalence map must be of the previous form (9.3), with
g0 = h−1. It is now a simple matter to prove that, for this choice of g0, the projection Φ of
Ψ to M satisfies Φ∗ω = g0 · ω, and hence we obtain the desired equivalence.

�

We can reformulate the theorem as follows, for M = M .

Corollary 9.6. Let θ = g · ω be coframe on M having G as structure group.
There is a self-equivalence Φ : M → M if, and only if, there is a self-equivalence
Ψ : M ×G→M ×G.
Equivalently, the symmetry group of θ is isomorphic to the symmetry group of a prolonged
coframe of θ.

After this prolongation process, the goal is the same, to use the same basic absorption
and normalization procedure in order to reduce the equivalence problem to one we know
to solve.

Let us give an example of the determinate case ; the equivalence of surfaces proved in
the chapter 12 of "Equivalence, Invariance and Symmetries" of Olver.

Theorem 9.7. Let S be a surface with first fundamental form ds2 and Gaussian curvature κ.
The group of isometries of S is a Lie group of dimension at most 3. Moreover, the isometry
group is 3-dimensional if and only if the surface has constant Gaussian curvature, in which
case :

(1) If κ < 0 (hyperbolic geometry), the connected component of the symmetry group
has the structure SL(2,R).

(2) If κ = 0 (euclidean geometry), the connected component of the symmetry group has
the structure SE(2,R).

(3) If κ > 0 (hyperbolic geometry), the connected component of the symmetry group
has the structure SO(2,R).
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10. The indeterminate case

The only case yet to be treated occurs when the problem reduces to a lifted coframe
satisfying r(1) > 0, the indeterminate case.

The prolongation process is essentially the same as before, but now every free parameter
in the solution of the linear absorption equations provides a new group parameter which
must essentially be normalized if we are to solve the prolonged problem.

The modified Maurer-Cartan forces are defined by the same formula in the determinate
case. In the determine case, this completely specified the zlj’s in terms of the base variables
and group parameters.

In the indeterminate case, r(1) of the zlj’s are free variables.
Let us denote the free variables by wµ, 1 6 µ 6 r(1).
So the general solution to the linear absorption equations take the form

z = K[w] + S,

where K : Rr(1) → Rr(1) is a linear map and S a vector formed by a particular solution of
the linear absorption equations, depending on x and g.
Thus, the modified Maurer-Cartan forms are defined by

π = α− (K[w] + S)θ

Consequently, our prolongation procedure lead us to introduce a lifted coframe on the
prolonged manifold M (1) := M ×G which is (θ, π) where θ is the original lifted coframe
on M and π = α− Sθ.
The new structure group is

G(1) = {
(

Im 0r
K[w] Im

)
| w ∈ Rr(1)},

with r(1) = dim(G(1)).

We can prove the isomorphism between the original equivalence problem on M and M
with structure group G and the new equivalence problem on M (1) and M

(1)
with structure

group G(1) by the following result, which is proved by the same way than the determinate
case.

Theorem 10.1. (of the indeterminate case)
Let (θ, π) and (θ, π) be lifted prolonged coframes constructed above.
There exists a diffeomorphism Φ : M → M mapping θ to θ for some choice of group
parameters g and g if and only if there is a diffeomorphism Ψ : M ×G→M ×G mapping
(θ, π) to (θ, π) for some choice of prolonged group parameters w and w.
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Corollary 10.2. Let θ = g · ω be lifted coframe on M having G as structure group.
There is a self-equivalence Φ : M → M if, and only if, there is a self-equivalence
Ψ : M ×G→M ×G.
Equivalently, the symmetry group of θ is isomorphic to the symmetry group of a prolonged
coframe of θ.

After this prolongation process, the goal is the same, to use the same basic absorption
and normalization procedure in order to reduce the equivalence problem to one we know
to solve.

Example 10.3. Consider the three basic equivalence problems for a second order ordinary
differential equations uxx = Q(x, u, ux), p = ux, under fiber-preserving transformations.

Etape 1 :
We know that the coframe on J1 3 (x, u, ux = p) is

ω1 = du− pdx, ω2 = dp−Q(x, u, p)dx, ω3 = dx.

The associated lifted coframe is

θ1 = a1ω
1, θ2 = a2ω

1 + a3ω
2, θ3 = a6ω

3,

where the structure group is

Gf = {

 a1 0 0
a2 a3 0
0 0 a6

 | a1a3a6 6= 0}

of dimension 6.

Etape 2 :
We have seen after absorption and normalization that we obtain the structure equations :

dθ1 = $1 ∧ θ1 − θ2 ∧ θ3,

dθ2 = $2 ∧ θ1 + ($1 −$6) ∧ θ2,

dθ3 = $6 ∧ θ3.

with $1, $2, $6 the modified Maurer-Cartan forms on G̃c, where

G̃f = {

 a1 0 0
a2 a1a

−1
6 0

0 0 a6

 | a1a6 6= 0}
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and
$1 = α1 − a2

a1

θ3,

$2 = α2 +
a2

1Qu − a1a2a6Qp − a2
2a

2
6

a2
1a

2
6

θ3,

$3 = α3 +
a2a6 +Qpa1

a1a6

θ3,

$6 = α6 − a1Qp + 2a2a6

a1a6

θ3

where

α1 =
da1

a1

,

α2 =
da2

a1

− a2

a2
1

da1 +
a2

a6a1

da6,

α3 =
da3

a3

,

α6 =
da6

a6

,

and by the normalization the lifted coframe becomes :

θ1 = a1ω
1, θ2 = a2ω

1 +
a1

a6

ω2, θ3 = a6ω
3,

The degree of indeterminacy is r(1) = 2, then with z1
1 = z2

2 = r ∈ R and z2
1 = s ∈ R.

Then
π1 = $1 + rθ1,

π2 = $2 + sθ1 + rθ2,

π6 = $6,

are the modified Maurer-Cartan forms.

Etape 3 :
Now, we can extend the equivalence problem to

G̃f

(1)
= {


I3 03

r 0 0
s r 0 I3

0 0 0

 | r, s ∈ R}

with the lifted coframe {θ1, θ2, θ3, π1, π2, π6} based on J1 × G̃f 3 (x, u, p, a1, a2, a6).

Etape 4 :
Then, we apply the Cartan’s process ;
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We need to compute the structure equations.
Since, π is the general solution of the linear absorption equation, we have :

dθ1 = π1 ∧ θ1 − θ2 ∧ θ3,

dθ2 = π2 ∧ θ1 + (π1 − π6) ∧ θ2,

dθ3 = π6 ∧ θ3.

We need to compute for every i ∈ {1, 2, 6}, dπi :

Remark 10.4. Note the computing of d2 for every π,

∗ For d2θ1 :

0 = dπ1 ∧ θ1 + π1 ∧ θ2 ∧ θ3 − π2 ∧ θ1 ∧ θ3 + (π1 − π6) ∧ θ2 ∧ θ3 + θ2 ∧ π6 ∧ θ3. (10.5)

∗ For d2θ2 = 0 we obtain :

0 = dπ2 ∧ θ1 + dπ1 ∧ θ2 + π2 ∧ θ2 ∧ θ3 − dπ6 ∧ θ3 + π6 ∧ π2 ∧ θ1. (10.6)

∗ For d2θ3 = 0 we obtain :

0 = dπ6 ∧ θ3. (10.7)

By the Cartan’s lemma applied to (10.5) , there exists (b6
1, b

6
2, . . . , b

6
5) : J1 × G̃f → R

such that

dπ6 = b6
1θ

3 ∧ θ2 + b6
2θ

3 ∧ θ1 + b6
3θ

3 ∧ da1 + b6
4θ

3 ∧ da2 + b6
5θ

3 ∧ da3.

Then substituting this expressing in (10.4) we find again by Cartan’s lemma
(b2

1, b
2
2, . . . , b

2
5) : J1 × G̃f → R such that

dπ2 = b2
1θ

3 ∧ θ2 + b2
2θ

3 ∧ θ1 + b2
3θ

3 ∧ da1 + b2
4θ

3 ∧ da2 + b2
5θ

3 ∧ da3.

Finally, by the same way, there exist (b1
1, b

1
2, . . . , b

1
5) : J1 × G̃f → R such that

dπ1 = b1
1θ

3 ∧ θ2 + b1
2θ

3 ∧ θ1 + b1
3θ

3 ∧ da1 + b1
4θ

3 ∧ da2 + b1
5θ

3 ∧ da3.

Now, we will be more precise on the form of dπi, for i ∈ {1, 2, 6}.

Compute dπ1 :
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dπ1 = d($1) + rdθ1

= dα1 − d(
a2

a1

θ3) + rπ1 ∧ θ1 − rθ2 ∧ θ3

= 0− d(
a2

a1

)θ3 − a2

a1

dθ3 + rπ1 ∧ θ1 − rθ2 ∧ θ3

= −(da2)a1 − (da1)a2

a2
1

θ3 − a2

a1

$6 ∧ θ3 + rπ1 ∧ θ1 − rθ2 ∧ θ3

= −da2

a1

θ3 +
a2

a2
1

da1θ
3 − a2

a1

da6

a6

θ3 +
a1a2Qp + 2a2

2a6

a2
1a6

θ3 ∧ θ3 + rπ ∧ θ3 − rθ2 ∧ θ3

=
(
r$1 + r2θ1

)
∧ θ1 +

(
− da2

a1

+
a2

a2
1

da1 −
a2

a1

da6

a6

− rθ2
)
∧ θ3

=
(
r
da1

a1

− ra2

a1

θ3
)
∧ θ1 −

(
$2 + sθ1 + rθ2 − sθ1)

)
∧ θ3

=
(
r
da1

a1

− (s+ r
a2

a1

)θ2
)
∧ θ1 − π2 ∧ θ3,

dπ1 = ρ ∧ θ1 − π2 ∧ θ3,
where

ρ = r
da1

a1

− (s+ r
a2

a1

)θ3

Compute dπ2 :
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dπ2 = d$2 + sdθ1 + rdθ2

dπ2 = dα2 + d
(a2

1Qu − a1a2a6Qp − a2
2a

2
6

a2
1a

2
6

)
θ3 +

Qu

a2
6

dθ3 − a2

a1a6

Qpdθ
3 − a2

2

a2
1

dθ3

+ s(π1 ∧ θ1 − θ2 ∧ θ3) + r(π2 ∧ θ1 + (π1 − π6) ∧ θ2)

dπ2 = d
(da2

a1

)
− d
(a2

a2
1

)
da1 + d

( a2

a6a1

)
da6 +

[
d
(Qu

a2
6

)
− d
( a2

a1a6

Qp

)
− d
(a2

2

a2
1

)]
∧ θ3

+
Qu

a2
6

π6 ∧ θ3 − a2

a1a6

Qpπ
6 ∧ θ3 − a2

2

a2
1

π6 ∧ θ3 + s($1 + rθ1) ∧ θ1 − sθ2 ∧ θ3

+ r($2 + sθ1 + rθ2) ∧ θ1 + r(α1 − α6 − a2

a1

θ3 +
Qp

a6

θ3 +
2a2

a1

θ3 + rθ1) ∧ θ2

dπ2 =
0× a1 − da1da2

a2
1

− (da2)a2
1 − 2a1(da1)a2

a4
1

da1 +
(da2)a1a6 − [(da1)a6 + (da6)a1]

a2
1a

2
6

a2da6

+
(dQu)a

2
6 − 2a6(da6)Qu

a4
6

θ3 − (da2)a1a6 − [(da1)a6 + (da6)a1

a2
1a

2
6

a2Qpθ
3 − a2

a1a6

dQpθ
3

− 2a2(da2)a2
1 − 2a1(da1)a2

2

a4
1

θ3 +
Qu

a2
6

(da6

a6

− Qp

a6

θ3 − 2a2

a1

θ3
)
∧ θ3

− a2

a1a6

Qp

(da6

a6

− Qp

a6

θ3 − 2a2

a1

θ3
)
∧ θ3 − a2

2

a2
1

(da6

a6

− Qp

a6

θ3 − 2a2

a1

θ3
)
∧ θ3

+ s
(da1

a1

− a2

a1

θ3
)
∧ θ1 − sθ1 ∧ θ3 + r$2 ∧ θ1 + r2θ2 ∧ θ1 + r

(da1

a1

− da6

a6

)
θ2 +

ra2

a1

θ2 ∧ θ3

− rQp

a6

θ2 ∧ θ3 − 2ra2

a1

θ2 ∧ θ3 − r2θ2 ∧ θ1
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dπ2 = −da1da2

a2
1

− (da2)a2
1 − 2a1(da1)a2

a4
1

da1 +
(da2)a1a6 − [(da1)a6 + (da6)a1]

a2
1a

2
6

a2da6

+
(dQu)a

2
6 − 2a6(da6)Qu

a4
6

θ3 − (da2)a1a6 − [(da1)a6 + (da6)a1]

a2
1a

2
6

a2Qpθ
3 − a2

a1a6

dQpθ
3

− 2a2(da2)a2
1 − 2a1(da1)a2

2

a4
1

θ3 +
Qu

a2
6

(da6

a6

)
∧ θ3 − a2

a1a6

Qp

(da6

a6

)
∧ θ3 − a2

2

a2
1

(da6

a6

)
∧ θ3

+ s
(da1

a1

− a2

a1

θ3
)
∧ θ1 − sθ1 ∧ θ3 + r$2 ∧ θ1 + r

(da1

a1

− da6

a6

)
θ2 +

ra2

a1

θ2 ∧ θ3

− rQp

a6

θ2 ∧ θ3 − 2ra2

a1

θ2 ∧ θ3

dπ2 = −da1da2

a2
1

− (da2)a2
1 − 2a1(da1)a2

a4
1

da1 +
(da2)a1a6 − [(da1)a6 + (da6)a1]

a2
1a

2
6

a2da6

+
(dQu)a

2
6 − 2a6(da6)Qu

a4
6

θ3 − (da2)a1a6 − [(da1)a6 + (da6)a1]

a2
1a

2
6

a2Qpθ
3 − a2

a1a6

dQpθ
3

− 2a2(da2)a2
1 − 2a1(da1)a2

2

a4
1

θ3 +
Qu

a2
6

(da6

a6

)
∧ θ3 − a2

a1a6

Qp

(da6

a6

)
∧ θ3 − a2

2

a2
1

(da6

a6

)
∧ θ3

+ s
(da1

a1

− a2

a1

θ3
)
∧ θ1 − sθ1 ∧ θ3 +R,

where

R = r$2 ∧ θ1 + r
(da1

a1

− da6

a6

)
θ2 +

ra2

a1

θ2 ∧ θ3 − rQp

a6

θ2 ∧ θ3 − 2ra2

a1

θ2 ∧ θ3.

Then,

dπ2 = −da1da2

a2
1

− da2da1

a2
1

+
2a2

a3
1

(da1)2 +
da2da6

a1a6

− a2

a2
1a6

da1da6 −
a2

a1a6

(da6)2

+
1

a2
6

(Quxdx+Quudu+Qpudp) ∧ θ3 − 2Qu

a3
6

da6 ∧ θ3 − Qp

a1a6

da2θ
3 +

a2

a2
1a6

Qpda1θ
1

+
a2

a1a2
6

Qpda6θ
3 − a2

a1a6

(Qpxdx+Qpudu+Qppdp) ∧ θ3 − 2a2

a2
1

da2θ
3 +

2a2
2

a3
1

da1θ
3

+
Qu

a3
6

da6θ
3 − a2

a1a2
6

Qpda6θ
3 − a2

2

a2
1a6

da6θ
3 + s

da1

a1

θ1 − sa2

a1

θ3 ∧ θ1 − sθ2 ∧ θ1 +R

dπ2 =
da2da6

a1a6

− a2

a2
1a6

da1da6 +
1

a6

Quudu ∧ dx+
1

a6

Qupdp ∧ dx+ ∆− a2

a1

Qpudu ∧ dx

− a2

a1

Qppdp ∧ dx+ s
da1

a1

θ1 − sa2

a1

θ3 ∧ θ1 + sθ2 ∧ θ1 +R

where

∆ = −2Qu

a3
6

da6θ
3− Qp

a1a6

da2θ
3+

a2

a2
1a6

Qpda1θ
3−2a2

a2
1

da2θ
3+

2a2
2

a3
1

da1θ
3+
Qu

a3
6

da6θ
3− a2

2

a2
1a6

da6θ
3.
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Then,

dπ2 =
da2da6

a1a6

− a2

a2
1a6

da1da6 +
Quu

a2
6

θ1 ∧ θ3

a1

+
Qup

a6

θ2 ∧ θ3

a1

− a2Qup

a2
1a6

θ1 ∧ θ3

+ ∆− a2

a2
1

Qpu
θ1 ∧ θ3

a6

− a2

a2
1

Qppθ
2 ∧ θ3 +

a2
2

a3
1

Qppθ
1 ∧ θ3 + s

da1

a1

θ1

− sa2

a1

θ3 ∧ θ1 − sθ2 ∧ θ3 +R.

Now, we compute π2 ∧ π6 :

π2 ∧ π6 = ($2 + sθ1 + rθ2) ∧$6

π2 ∧ π6 = $2 ∧$6 + sθ1 ∧$6 + rθ2 ∧$6

π2 ∧ π6 =
(
α2 +

a2
1Qu − a1a2a6Qp − a2

2a
2
6

a2
1a

2
6

θ3
)
∧
(
α6 − a1Qp + 2a2a6

a1a6

θ3
)

+ sθ1 ∧
(
α6 − Qp

a6

θ3 − 2a2

a1

θ3
)

+ rθ2 ∧
(
α6 − Qp

a6

θ3 − 2a2

a1

θ3
)

π2 ∧ π6 = α2 ∧ α6 − α2 ∧
(Qp

a6

θ3 +
2a2

a1

θ3
)

+
(Qu

a2
6

θ3 − a2

a1a6

Qpθ
3 − a2

2

a2
1

θ3
)
∧ α6

+ sθ1 ∧ da6

a6

− sQp

a6

θ1 ∧ θ3 − 2sa2

a1

θ1 ∧ θ3 + rθ2da6

a6

− rQp

a6

θ2 ∧ θ3 − 2r
a2

a1

θ2 ∧ θ3

π2 ∧ π6 =
(da2

a1

− a2

a2
1

da1 +
a2

a6a1

da6

)
∧ da6

a6

−
(da2

a1

− a2

a2
1

da1 +
a2

a6a1

da6

)
∧
(Qp

a6

θ3 +
2a3

a1

θ3
)

+
Qu

a3
6

θ3 ∧ da6 −
a2

a1a2
6

Qpθ
3 ∧ da6 −

a2
2

a2
1a6

θ3 ∧ da6 −
s

a6

da6 ∧ θ1 +
sQp

a6

θ3 ∧ θ1

+
2sa2

a1

θ3 ∧ θ1 − r

a6

da6 ∧ θ2 − rQp

a6

θ2 ∧ θ3 − 2r
a2

a1

θ2 ∧ θ3

π2 ∧ π6 =
da2da6

a1a6

− a2

a2
1a6

da1 ∧ da6 −
Qp

a1a6

da2 ∧ θ3 − 2a2

a2
1

da2 ∧ θ3 +
a2Qp

a2
1a6

da1 ∧ θ3

+
2a2

2

a3
1

da1 ∧ θ3 − 2a2
2

a2
1a6

da6 ∧ θ3 − Qu

a3
6

da6 ∧ θ3 +
a2

a1a2
6

Qpda6 ∧ θ3 +
a2

2

a2
1a6

da6 ∧ θ3

− a2

a1a2
6

Qpda6 ∧ θ3 − sda6

a6

θ1 + s
Qp

a6

θ3 ∧ θ1 + 2s
a2

a1

θ3 ∧ θ1 − rda6

a6

∧ θ2 − rQp

a6

θ2 ∧ θ3

− 2r
a2

a1

θ2 ∧ θ3.

Then,

π2 ∧ π6 =
da2 ∧ da6

a1a6

− a2

a2
1a6

da1 ∧ da6 + ∆ +
[
− sda6

a6

+
sQp

a6

θ3 +
2sa2

a1

θ3
]
∧ θ1

+
(
− rda6

a6

)
∧ θ2 −

(rQp

a6

+
2ra2

a1

)
θ2 ∧ θ3.
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Finally,

dπ2 = π2 ∧ π6 −
(
− sda6

a6

+
sQp

a6

θ3 +
2sa2

a1

θ3
)
∧ θ1 +

rda6

a6

∧ θ2 +
(rQp

a6

+
2ra2

a1

)
θ2 ∧ θ3

+
(
− sa2

a1

θ3 − Quu

a1a2
6

θ3 +
2a2Qpu

a2
1a6

θ3 − a2
2Qpp

a3
1

θ3 + s
da1

a1

)
∧ θ1 +

(
− a2Qpp

a2
1

+
Qpu

a1a6

)
θ2 ∧ θ3

− sθ2 ∧ θ3 +R

dπ2 = π2 ∧ π6 +
(
s
da6

a6

− sQp

a6

θ3 − 2sa2

a1

θ3 − sa2

a1

− Quu

a1a2
6

θ3 +
2a2Qpu

a2
1a6

θ3 − a2
2

a3
1

Qppθ
3

+
sda1

a1

)
∧ θ1 +

(
r
da6

a6

− rda6

a6

+ r
da1

a1

)
∧ θ2 +

(rQp

a6

+
2ra2

a1

− a2

a2
1

Qpp − s−
ra2

a1

+
Qpu

a1a6

− rQp

a6

)
θ2 ∧ θ3 + r

(da2

a1

− a2

a2
1

da1 +
a2

a6a1

da6

)
∧ θ1 + r

(Qu

a2
6

θ3 ∧ θ1

− a2

a1a6

Qpθ
3 ∧ θ1 − a2

2

a2
1

θ3 ∧ θ1
)
.

Then,

dπ2 = σ ∧ θ1 + ρ ∧ θ2 − Aθ2 ∧ θ3 + π2 ∧ π6,
where

σ =
(
s
da6

a6

+ s
da1

a1

+ r
da2

a1

− ra2

a2
1

da1 +
ra2

a1a6

da6

)
+
(
− 3

sa2

a1

− sQp

a6

− Quu

a1a2
6

+
2a2Qpu

a2
1a6

− a2
2

a3
1

Qpp +
rQu

a2
6

− ra2

a1a6

Qp −
ra2

2

a2
1

)
θ3,

A = 2s+
a2a6Qpp − a1Qpu

a2
1a6

.

Compute dπ6 :
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dπ6 = d$6

dπ6 = dα6 − d
(a1Qp + 2a2a6

a1a6

θ3
)

dπ6 = d
(da6

a6

)
−
[
d
(Qp

a6

θ3
)

+ d
(2a2

a1

θ3
)]

dπ6 = −d
(Qp

a6

)
θ3 − Qp

a6

dθ3 − d
(2a2

a1

)
θ3 − 2a2

a1

dθ3

dπ6 = −(dQp)a6 − (da6)Qp

a2
6

θ3 − Qp

a6

(π6 ∧ θ3)− 2(da2)a1 − 2(da1)a2

a2
1

θ3 − 2a2

a1

π6 ∧ θ3

dπ6 = −Qpx

a6

dx ∧ θ3 − Qpu

a6

du ∧ θ3 − Qpp

a6

dp ∧ θ3 +
Qp

a2
6

da6 ∧ θ3

− Qp

a6

(
α6 − Qp

a6

θ3 − 2a2

a1

θ3
)
∧ θ3 − 2da2

a1

∧ θ3 +
2a2

a1

da1 ∧ θ3

− 2a2

a1

(
α6 − Qp

a6

θ3 − 2a2

a1

θ3
)
∧ θ3

dπ6 = −Qpudu ∧ dx−Qppdp ∧ dx+
Qp

a2
6

da6 ∧ θ3 − Qp

a2
6

da6 ∧ θ3 − 2da2

a1

θ3

+
2a2

a2
1

da1θ
3 − 2a2

a2
1

da6 ∧ θ3

dπ6 = −Qpu

a1a6

θ1 ∧ θ3 − Qpp

a1

θ2 ∧ θ3 +
Qpp

a2
1

a2θ
1 ∧ θ3 +

(
− 2da2

a1

+
2a2

a2
1

da1 −
2a2

a2
1

da6

)
∧ θ3

dπ6 = Aθ1 ∧ θ3 − 2sθ1 ∧ θ3 +
(

2r − Qpp

a2
1

)
θ2 ∧ θ3 − 2rθ2 ∧ θ3

+
(
− 2da2

a1

− 2a2

a2
1

da1 −
2a2

a2
1

da6

)
∧ θ3.

Then,

dπ6 = Aθ1 ∧ θ3 +Bθ2 ∧ θ3 − 2π2 ∧ θ3,
where

B = 2r − Qpp

a2
1
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Then we have
dθ1 = π1 ∧ θ1 − θ2 ∧ θ3,

dθ2 = π2 ∧ θ1 + (π1 − π6) ∧ θ2,

dθ3 = π6 ∧ θ3,

dπ1 = ρ ∧ θ1 − π2 ∧ θ3,

dπ2 = σ ∧ θ1 + ρ ∧ θ2 − Aθ2 ∧ θ3 + π2 ∧ π6,

dπ6 = Aθ1 ∧ θ3 +Bθ2 ∧ θ3 − 2π2 ∧ θ3,

where

ρ = r
da1

a1

− (s+ r
a2

a1

)θ3,

σ =
(
s
da6

a6

+ s
da1

a1

+ r
da2

a1

− ra2

a2
1

da1 +
ra2

a1a6

da6

)
+
(
− 3

sa2

a1

− sQp

a6

− Quu

a1a2
6

+
2a2Qpu

a2
1a6

− a2
2

a3
1

Qpp +
rQu

a2
6

− ra2

a1a6

Qp −
ra2

2

a2
1

)
θ3,

A = 2s+
a2a6Qpp − a1Qpu

a2
1a6

,

B = 2r − Qpp

a2
1

.

By the process of normalization we set A = B = 0, then

r =
Qpp

2a1

s =
a1Qpu − a2a6Qpp

2a2
1a6

.

The parameter r, s of the group G̃f

(1)
are determined.

Then, for the lifted coframe (θ, π) the G̃f

(1)
-equivalence problem is reduced to the

{e}-equivalence problem.

Remark 10.8. We have an invariant coframe on J1 × G̃f . However, do not apply the
theorem of equivalence for this coframe. Our equivalence problem is about θ and not the
pair (θ, π).
Therefore, we need to determine the group parameters a1, a2, a6 of G̃f .
To do this, we use the structure equation of the coframe (θ, π) on J1 × G̃f and extract
information.

Etape 5 :
Determine the structure equations of the coframe (θ, π) on J1 × G̃f .
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∗ For every 1 6 i 6 3, dθi doesn’t change.

∗ Compute the differentiate of the πi’s.

Compute dπ1 :

dπ1 =
(
d$1 +

Qpp

2a1

θ1
)

= d$1 + d
(Qpp

2a1

θ1
)

+
Qpp

2a1

dθ1

dπ1 = dπ1
previous + d

(Qpp

2a1

)
∧ θ1

dπ1 = ρ ∧ θ1 − π2 ∧ θ3 +
dQpp

2a1

∧ θ1 − Qpp

2a1

da1 ∧ θ1,

where ρ = ρ(r = Qpp
2a1

).

Calculus of dQpp
2a1
∧ θ1 :

dQpp

2a1

∧ θ1 =
1

2a1

(
Qppxdx+Qppudu+Qpppdp

)
∧ θ1

dQpp

2a1

∧ θ1 =
1

2a1

Qppxdx ∧ a1(du− pdx) +
1

2a1

Qppudu ∧ a1(du− pdx)

+
1

2a1

Qpppdp ∧ a1(du− pdx)

dQpp

2a1

∧ θ1 =
(
− 1

2
Qppx −

1

2
pQppu

)
du ∧ dx+

1

2
Qpppdp ∧ du−

1

2
Qppppdp ∧ dx

dQpp

2a1

∧ θ1 =
(
− Qppx

2
− p

2
Qppu

)θ1 ∧ θ3

a1a6

+
1

2
Qppp

(
− a6

a2
1

θ1 ∧ θ2 − (
Q

a1a6

+
a2

a2
1

p)θ1 ∧ θ3

+
p

a1

θ2 ∧ θ3
)
− 1

2
pQppp

(θ1 ∧ θ3

a1

− a2

a2
1

θ1 ∧ θ3
)

dQpp

2a1

∧ θ1 =
(
− Qppx

2a1a6

− pQppu

2a1a6

− QpppQ

2a1a6

− a2Qppp

2a2
1

p+
a2Qppp

2a2
1

p
)
θ1 ∧ θ3

+
(
− a6Qppp

2a2
1

)
θ1 ∧ θ2 +

(Qppp

2a1

p− Qppp

2a1

p
)
θ2 ∧ θ3.

Then

dQpp

2a1

∧ θ1 =
(
− Qppx

2a1a6

− pQppu

2a1a6

− QpppQ

2a1a6

)
θ1 ∧ θ3 +

(
− a6Qppp

2a2
1

)
θ1 ∧ θ2.

Then

dπ1 = − a6

2a2
1

Qpppθ
1 ∧ θ2 +

( Qpu

2a1a6

− Qppx

2a1a6

− p Qppu

2a1a6

− QpppQ

2a1a6

)
θ1 ∧ θ3 − π2 ∧ θ3

dπ1 = −J1θ
1 ∧ θ2 + J2θ

1 ∧ θ3 − π2 ∧ θ3,
where
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J1 =
a6

2a2
1

Qppp

J2 =
1

2a1a6

(
Qpu − D̂xQpp

)
=

Qpu

2a1a6

− Qppx

2a1a6

− p Qppu

2a1a6

− QpppQ

2a1a6

.

where

D̂x =
∂

∂x
+ p

∂

∂u
+Q(x, u, p)

∂

∂p
.

Compute dπ2 :

dπ2 = d
(
$2 + sθ1 + rθ2

)
dπ2 = d$2 + ds ∧ θ1 + sdθ1 + dr ∧ θ2 + rdθ2

dπ2 = dπ2
previous + ds ∧ θ1 + dr ∧ θ2

dπ2 = σ ∧ θ1 + ρ ∧ θ2 + π2 ∧ π6 + ds ∧ θ1 + d
(Qpp

2a1

)
∧ θ2

dπ2 =
[( Qpu

2a1a2
6

da6 +
Qpu

2a2
1a6

da1 −
a2

a3
1

Qppda1 +
Qpp

2a2
1

da2

)
+
(a2Qpu

2a2
1a6

− QpuQp

2a1a2
6

− Quu

a1a2
6

+
QppQu

2a1a2
6

)
θ3
]
∧ θ1

+
Qpp

2a2
1

da1 ∧ θ2 − Qpu

2a1a6

θ3 ∧ θ2 + π2 ∧ π6 + ds ∧ θ1

+ d
(Qpp

2a1

)
∧ θ2

Calculus of ds ∧ θ1 :

ds ∧ θ1 = d
( Qpu

2a1a6

)
∧ θ1 − d

( a2

2a2
1

Qpp

)
∧ θ1

ds ∧ θ1 =
(dQpu)(2a1a6)− 2[(da1)a6 + (da6)a1]Qpu

4a2
1a

2
6

∧ θ1 − d
( a2

2a2
1

)
∧Qppθ

1

− a2

2a2
1

dQpp ∧ θ1

ds ∧ θ1 =
dQpu

2a1a6

∧ θ1 − Qpu

2a2
1a6

da6 ∧ θ1 − Qpu

2a1a2
6

da6 ∧ θ1

−
((da2)(2a2

1)− 4(da1)a1a2

4a4
1

)
∧Qppθ

1 − a2

2a2
1

dQpp ∧ θ1

ds ∧ θ1 = δ − Qpu

2a2
1a6

da1 ∧ θ1 − Qpu

2a1a2
6

da6 ∧ θ1 − Qpp

2a2
1

da2 ∧ θ1

+
a2

a3
1

Qppda1 ∧ θ1 + µ,

where
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δ =
dQpu

2a1a6

∧ θ1,

µ = − a2

2a2
1

dQpp ∧ θ1.

δ =
1

2a1a6

(Qpuxdx+Qpuudu+Qppudp) ∧ a1(du− pdx)

δ = −Qppu

2a2
1

θ1 ∧ θ2 +
(
− Qpux

2a1a2
6

− pQpuu

2a1a2
6

− QQppu

2a1a2
6

)
θ1 ∧ θ3,

µ =
( a2

2a2
1a6

Qppx +
a2p

2a2
1a6

Qppu +
a2

2a2
1a6

QQppp

)
θ1 ∧ θ3 +

a2a6

2a3
1

Qpppθ
1 ∧ θ2.

Then

dπ2 =
(
− a2

2a2
1a6

Qpu +
QpuQp

2a1a2
6

+
Quu

a1a2
6

− QppQu

2a1a2
6

)
θ1 ∧ θ3

+
Qpp

2a2
1

da1 ∧ θ2 − Qpu

2a1a6

θ3 ∧ θ2 + π2 ∧ π6 − Qppu

2a2
1

θ1 ∧ θ2 +
(
− Qpux

2a1a2
6

− p Qpuu

2a1a2
6

− QQppu

2a1a2
6

)
θ1 ∧ θ3 +

(a2Qppx

2a2
1a6

+
a2pQppu

2a2
1a6

+
a2QQppp

2a2
1a6

)
θ1 ∧ θ3

+
a2a6

2a3
1

Qpppθ
1 ∧ θ3 + d

(Qpp

2a1

)
∧ θ2.

Calculus of d
(
Qpp
2a1

)
∧ θ2 :

After a long calculus, we find

d
(Qpp

2a1

)
∧ θ2 = − Qppx

2a1a6

θ2 ∧ θ3 +
Qppu

2a2
1

θ1 ∧ θ2 − p

2a1a6

Qppuθ
2 ∧ θ3

− a2a6

2a3
1

Qpppθ
1 ∧ θ2 − QQppp

2a1a6

θ ∧ θ3 − Qpp

2a2
1

da1 ∧ θ2.

Then

dπ2 =
[ 1

a1a2
6

(
2Quu +QpQpu −QppQu −Qpux − pQpuu

−QQppu

)
− a2

a1

( Qpu

2a1a6

− Qppx

2a1a6

− p Qppu

2a1a6

− QQppp

2a1a6

)]
θ1 ∧ θ3

+
( Qpu

2a1a6

− Qppx

2a1a6

− p Qppu

2a1a6

− QQppp

2a1a6

)
θ2 ∧ θ3 + π2 ∧ π6

By

J3 =
1

a1a2
6

(
2Quu +QpQpu −QppQu −Qpux − pQpuu

−QQppu

)
− a2

a1

( Qpu

2a1a6

− Qppx

2a1a6

− p Qppu

2a1a6

− QQppp

2a1a6

)
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Finally, we obtain the structure equations of the prolonged coframe (∗) :

dθ1 = π1 ∧ θ1 − θ2 ∧ θ3,

dθ2 = π2 ∧ θ1 + (π1 − π6) ∧ θ2,

dθ3 = π6 ∧ θ3,

dπ1 = −J1θ
1 ∧ θ2 + J2θ

1 ∧ θ3 − π2 ∧ θ3,

dπ2 = J3θ
1 ∧ θ3 + J2θ

2 ∧ θ3 + π2 ∧ π6,

dπ6 = −2π2 ∧ θ3,

where
J1 =

a6

2a2
1

Qppp,

J2 =
1

2a1a6

(
Qpu − D̂xQpp

)
,

J3 =
1

2a1a2
6

(
2Quu +QpQpu − D̂xQpu −QuQpp

)
− a2

a1

J2,

where
D̂x =

∂

∂x
+ p

∂

∂u
+Q(x, u, p)

∂

∂p
.

Further reduction of the original group parameter depends on the precise value of the
invariant J1, J2, J3. In fact, for J1 = J2 = J3 = 0 we obtain the following theorem.

Theorem 10.9. Let uxx = Q(x, u, ux) be a second order ordinary differential equation.
The following conditions are equivalent :

(1) The equation admits a six-dimensional fiber-preserving symmetry group.

(2) The equation can be mapped to uxx = 0 by a fiber-preserving transformation.

(3) Q satisfiesQ : (x, u, ux) 7→ 1
2
Muu

2
x+Mxux+N withMxxi+(NMu)u−MxMxu−

2Nuu = 0, where M,N : E → R.

Proof. Assume (3), then J1 = J2 = J3 = 0.
By computing, we see that it is equivalent.
In this case, the prolonged coframe has rank zero, so the coframe is equivalent under
fiber-preserving transformation to the dual basis of Maurer-Cartan forms on G with
6 = dim(G).
But we know that, for uxx = 0 we obtain by the Cartan method (Q = 0), the prolonged
coframe as rank 0.
Then, we have a fiber-preserving equivalence between the prolonged coframes (θ, π) and
(θ{uxx=0}, π{uxx=0}).

By the theorem of the indeterminate case, equivalently, we deduce that θ and θ{uxx=0}
are equivalent under fiber preserving transformation, which is equivalent to, that is the
equation is equivalent to uxx = 0 by a fiber-preserving transformation.

Moreover by the corollary of the theorem of the indeterminate case, we deduce equi-
valently that the fiber-preserving group of θ and those of θ{uxx=0} are isomorphic and the
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fiber-preserving symmetry group of uxx = 0 is 6-dimensional.
�

Remark 10.10. If the invariants functions J1, J2, J3 are not all zero, then there are various
possible reductions, but in all cases, the equivalence problem reduces back to an invariant
coframe on the base manifold J1.

Consequently, a second order ordinary differential equation admits a fiber-preserving
symmetry-group of dimension either 0, 1, 2, 3 or 6.
(See "Classification of second-order ordinary differential equations admitting Lie groups
of fiber-preserving" of Hsu, L. and Kamran, N.).

Example 10.11. Assume J1J2 6= 0, J3 = 0.
By these assumption, we find expression for a1, a2, a6 so substituting these values into the
original lifted coframe θ results in an invariant coframe on J1, with structure group {e} and
structure equations of the form

dθ1 = (I1 + I2 − I3)θ1 ∧ θ2 − I1θ
1 ∧ θ3 − θ2 ∧ θ3,

dθ2 = −2I4θ
1 ∧ θ2 + I5θ

1 ∧ θ3 + I3θ
2 ∧ θ3,

dθ3 = I4θ
1 ∧ θ3 + I2θ

2 ∧ θ3,

where the structure invariant I1, . . . , I5 are complicated expressions in Q and its deriva-
tives.
Here, we can apply the equivalence theorem for invariant coframes !
In particular since dim(J1) = 3, the equation admits a three dimensional symmetry group
if and only if all five structure functions are constant.

Moreover, we mention the equivalence problem of second order ordinary differential
equations under point transformation, which by the same way, give the following theorem.

Theorem 10.12. Let uxx = Q(x, u, ux) be a second order ordinary differential equation.
The following conditions are equivalent :

(1) The equation admits a eight-dimensional point symmetry group.

(2) The equation can be mapped to uxx = 0 by a point transformation.

(3) Q satisfies Q : (x, u, ux) 7→ Ku3
x + 3Lu2

x + 3Mux +N with Kxx− 2Lxu +Muu−
NKu−2KNu = 3(KM)x+3LMu−6LLx = 0, and Lxx−2Mxu+Nuu+KNx+
2NKx − 3(LN)u − 3MLx + 6MMu = 0 where K,L,M,N : E → R.

11. Summary

Now, we summarize the Cartan’s method.

Let an equivalence problem describes in terms of one-forms ω, ω on a m-dimensional
manifold, with a structure Lie group G.
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ω, ω are G-equivalent⇐⇒ ∃(g, g) : M ×M → G | g · ω = g · ω

We want to specified the entries of g and g.

Then, set θ = g · ω and θ = g · ω the lifted coframes associated to ω and ω.

We use the Cartan’s algorithm summarized in this schema.

Finally, it remains the fact if for an equivalence problem given, the Cartan’s algorithm
will end.
Cartan noted that in lot of examples, the answer is true.
More formally, Malgrange showed the ending of the Cartan’s algorithm in the paper
"Sur le problème d’équivalence de Cartan" Ann. Fac. Toulouse, XXVI - 5, 2017, pages
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1087− 1136.

Remark 11.1. Note that this algorithm doesn’t give us the synthesis of the equivalence
problem ; in the case where there is an equivalence problem, there is no information for a
such Φ which allow the equivalence problem.

—————–
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Equivalence problem of second order ordinary differential equation
by Cartan’s connections

1. Second order ordinary equations and pairs of direction fields

Now, we give the equivalence problem for second order ordinary differential equations
under point transformations to y′′ = 0 by the Cartan connections.

Give a definition of the jet space in terms of tangent space.

Definition 1.1. The jet space J1 of R2, denoted J1(R2), is the set

J1(R2) = {lp | lp is a one-dimensional subspace in TpR2}

Let π : J1(R2) → R denote the natural projection which takes lp to the corresponding
point p of the plan R2.

Let (x, y, z1) and (x, y, z2) two coordinate systems in J1(R2).
For p = (x, y) ∈ R2, we set lp = 〈α ∂

∂x
+ β ∂

∂y
〉.

Let
U1 = {lp =

〈
α
∂

∂x
+ β

∂

∂y

〉
| α 6= 0}

U2 = {lp =
〈
α
∂

∂x
+ β

∂

∂y

〉
| β 6= 0}

Then (x, y, z1 = β
α

) and (x, y, z2 = α
β
) will be respectively coordinates in U1 and U2.

If we identify TpR2 with R2, then U1 will contain all direction which are not parallel to the
y-axis, while U2 will consist of all those which are not parallel to the x-axis.
The transition function from U1 to U2 is

ϕ12 : (x, y, z1) 7→ (x, y,
1

z1

)

These coordinate charts make J1(R2) into a three-dimensional smooth manifold.
Then we note (x, y, z) the coordinate system of J1(R2).

Definition 1.2. Let N be a 1-dimensional submanifold in the plane. The prolongation N (1)

of N is a curve in J1(R2) which has the form

N (1) = {TpN | p ∈ N}
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Example 1.3. If N is the graph of some function x 7→ y(x) ; N = {(x, y(x)) | x ∈ R}
then

N (1) = {(x, y(x), y′(x)) | x ∈ R}
The tangent space T(x,y(x),y′(x))N

(1) is generated by

∂

∂x
+ y′(x)

∂

∂y
+ y′′(x)

∂

∂z
=

∂

∂x
+ z

∂

∂y
+ y′′(x)

∂

∂z

Definition 1.4. The contact distribution C on J1(R2) is the family

C = {Cq | q ∈ J1(R2)}

and
Cq = {〈TqN (1)〉 | N (1) 3 q ,N one-dimensional submanifold}

Remark 1.5. In local coordinates, for q ∈ J1(R2)

Cq =
〈
α
∂

∂x
+ β

∂

∂y

〉
= ker(dy − zdx)

kerdπq ⊂ Cq



1. Second order ordinary equations and pairs of direction fields 163

Definition 1.6. A map ϕ : Mm → Nn has maximal rank if for all x ∈ M ,
rank(dϕx) = min{m,n}.

Lemma 1.7. If M is a curve in J1(R2) tangent to the contact distribution C and such that
π|M : M → R2 has maximal rank, then locally, M is the prolongation of some curve in the
plane.

Proof. Without loss of generality we may assume that the projection ofM onto R2, locally,
is the graph of some function y.
Then

M = {(x, y(x), y′(x)) | x ∈ R}
But the vector ∂

∂x
+ y′(x) ∂

∂y
+ z′(x) ∂

∂z
lies in C(x,y(x),z′(x)) if and only if z = y′ and M is

the prolongation of the curve N = {(x, y(x)) | x ∈ R}.
�

Let ϕ : R2 → R2 an arbitrary diffeomorphism of the plane.

Definition 1.8. The diffeomorphism ϕ(1) : J1(R2)→ J1(R2) defined by

ϕ(1) : lp 7→ (dϕ)p(lp)

is said to be the prolongation of ϕ.

Let
y′′ = Q(x, y, y′) (1.9)

be an arbitrary second order ordinary differential equation.

Consider the direction field E in the chart U1 with coordinate (x, y, z) defined by

E(x,y,z) =
〈 ∂
∂x

+ z
∂

∂y
+Q(x, y, z)

∂

∂z

〉

Lemma 1.10. Assume that N is the graph if the function x 7→ y(x).
y is a solution of the equation (1.7) if and only if N (1) is an integral curve of the direction
field E.

Proof. Suppose y is a solution of (1.7). Then N (1) = {(x, y(x), y′(x)) | x ∈ R}, and the
tangent space to N (1) is generated by

∂

∂x
+ y′(x)

∂

∂y
+ y′′(x)

∂

∂z
=

∂

∂x
+ z

∂

∂y
+Q(x, y, y′)

∂

∂z

Now since the coordinate z = y′ for all point on N (1), we see that N (1) is an integral
manifold for E.
The converse is proved in a similar manner.

�
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Note that E is contained in the contact distribution C and that the projection of E onto
R2 by means of π has maximal rank.
Any integral curve of the direction field E is therefor a lift of the graph of a solution of
equation (1.7).
Then, we have the following theorem.

Theorem 1.11. There is a one-to-one correspondence between the solution of equation
(1.7) and the integral curves of the direction field E ; the graphs of solutions are projec-
tions of the integral curves, while the integral curves are of the graphs of the solutions.

Let us now consider an arbitrary direction field E in J1(R2) such
(1) E is contained in the contact distribution C.
(2) At each point q ∈ J1(R2), Eq does not coincide with the vertical field Vq =

ker(dπq).

Remark 1.12. E may be seen as a second order ordinary differential equation whose
solution are curves in the plane : a curve N ⊂ R2 is by definition a solution of this equation
if N (1) is an integral curve of the vector field E.
Thus, geometrically, the second order ordinary differential equations may be identified
with the direction fields in J1(R2) satisfying (1) and (2).

Finally, we define the equivalence problem of second order ordinary differential
equations under point transformations.

Definition 1.13. Let E1, E2 be two direction fields contained in the contact distribution C
corresponding to two second order ordinary differential equations.
We say that these equations are locally equivalent if there exists a local diffeomorphism $
of the plane such that ϕ(1)(E1) = E2.

2. Cartan connections and pairs of direction fields

Let G = SL(3) the Lie group which is the symmetry group of y′′ = 0 under point
transformations (already seen in the chapter "Symmetries of differential equations").
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Let H the group of all upper-triangular matrices in G, and M0 = G/H .
H is a sub Lie group of G.

The corresponding Lie algebras has the form

g = sl(3), h = {

 x11 x12 x13

0 x22 x23

0 0 x33

 | x11 + x22 + x33 = 0}

Any differential form ω with values in g can be uniquely written in the form

ω = (ωi,j)16i,j63, ω11 + ω22 + ω33 = 0

We recall an important definition.

Definition 2.1. The curvature function of a Cartan connection ω : TP → g is the map
c ∈ C∞(P,L (Λ2(g/h), g)) such that

c(p) :

{
g/h ∧ g/h −→ g

(x’ + h, x” + h) 7−→ Ω(p)(x̂’|p, x̂”|p)

Definition 2.2. Let (E1, E2) be a pair of directions fields in J1(R2) and P a principal fiber
bundle with Lie group G.
We say that a Cartan connection ω : TP → g is associated with the pair (E1, E2) if there
exists s : R3 → P a section such that

E1 = 〈s∗ω21, s
∗ω31〉⊥

E2 = 〈s∗ω31, s
∗ω32〉⊥

We will prove the following important theorem.

Theorem 2.3. Let E a direction field in J1(R2) corresponding to a second order ordinary
differential equation y′′ = Q(x, y, y′) and V = ∂

∂z
the vertical vector field.

Up to isomorphism there exist a unique principal fiber bundle P , and a unique Cartan
connection ω on P satisfying the following conditions :

(1) ω is associated with the pair (E, V ).

(2) For all p ∈ P , c(p) ∈ W .
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where W is generated by 0 0 0
1 0 0
0 0 0

+ h ∧

 0 0 0
0 0 0
1 0 0

+ h 7→

 0 a b
0 0 0
0 0 0

 ,

 0 0 0
0 0 0
1 0 0

+ h ∧

 0 0 0
0 0 0
0 1 0

+ h 7→

 0 0 c
0 0 d
0 0 0

 ,

 0 0 0
1 0 0
0 0 0

+ h ∧

 0 0 0
0 0 0
0 1 0

+ h 7→

 0 0 0
0 0 0
0 0 0

 .

with (a, b, c, d) ∈ R4.

Remark 2.4.  0 0 0
1 0 0
0 0 0

+ h,

 0 0 0
0 0 0
1 0 0

+ h,

 0 0 0
0 0 0
0 1 0

+ h.

is a basis of g/h.

Remark 2.5. W is a G-invariant subset of L (Λ2(g/h), g).
Indeed :
Let

g =

 x t v
0 y u
0 0 z

 ∈ G,
where xyz = 1.
Let ϕ ∈ W .
Then by computation,

g · ϕ :

 0 0 0
1 0 0
0 0 0

+ h ∧

 0 0 0
0 0 0
1 0 0

+ h 7→ x3

y2z2

 0 az −au+ by
0 0 0
0 0 0

 ,

g · ϕ :

 0 0 0
0 0 0
1 0 0

+ h ∧

 0 0 0
0 0 0
0 1 0

+ h 7→ xy

z3

 0 0 cx+ dt
0 0 dy
0 0 0

 ,

g · ϕ :

 0 0 0
1 0 0
0 0 0

+ h ∧

 0 0 0
0 0 0
0 1 0

+ h 7→ 03.

Then g ◦ ϕ ∈ W .

Proof. Proceeding by analysis,

We begin with the local case.



2. Cartan connections and pairs of direction fields 167

Assume P = R3 ×G.
Let s : R3 → P the trivial section given by a 7→ (a, e) with e the trivial element of G.
Let ω a Cartan connection on P with values in g and its curvature form Ω.
Let ω̃ = s∗ω a form on R3 with values in g.

Note that ω̃uniquely determines ω.
Indeed :
For point p = (a, e) ∈ P , with a ∈ R3, we have

ω(p)|TaR3 = ω̃(a), ω(p)|TeG = idg,

and from the definition of Cartan connection it follows that for any point p = (a, g),

ω(p) = (Ad(g)) ◦ ω(a, e) ◦ d(Lg−1)(a,e)

Let Ω̃ = s∗Ω and then in just the same way, the form Ω̃ uniquely determines the
curvature form Ω.

Condition (1) of the theorem is equivalent to the condition (1′)

ω̃21 = αdx+ δ(dy − zdx),

ω̃31 = γ(dy − zdx),

ω̃32 = λ(dy − zdx) + µ(dz −Qdx).

Indeed :
For

ω̃21 = α1dx+ β1dy + γ1dz,

ω̃31 = α2dx+ β2dy + γ2dz,

ω̃32 = α3dx+ β3dy + γ3dz,

we use the conditions
0 = ω̃21(

∂

∂z
),

0 = ω̃31(
∂

∂z
),

0 = ω̃31(
∂

∂x
+ z

∂

∂y
+Q

∂

∂z
),

0 = ω̃32(
∂

∂x
+ z

∂

∂y
+Q

∂

∂z
),

to find the previous relations.

Since W is a G-invariant subset of L (Λ2(g/h), g), condition (2) need to be verified
only for p = s(a), for all a ∈ R3.
Indeed :
Let p ∈ P , for a 6= 0 such that a−1p = (∗, e) = s(∗).
Condition (2) for s(∗) gives c(s(∗)) ∈ W and c(s(∗)) = c(a−1p) = ac(p).
By G-invariance of W , c(p) = a−1ac(p) ∈ W .
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Thus, the condition (2) is equivalent to the condition (2′)

Ω̃ =

 0 aω̃21 ∧ ω̃31 bω̃21 ∧ ω̃31 + cω̃31 ∧ ω̃32

0 0 dω̃31 ∧ ω̃32

0 0 0

 .

Then we need to show the existence of a unique ω on P = R3 × G satisfying (1′) and
(2′).

Note that the identification P = R3 ×G is not canonical and that all such identification
are in one-to-one correspondence with the section s′ : R3 → P of the form s′ = sϕ where
ϕ : R3 → G is a smooth function.
Then the form ω̃ becomes

ω̃′ = (s′)∗ω = (Adϕ−1)ω̃ + ϕ∗θ,

where θ is the Maurer-Cartan form on G.

With a suitable choice of s, we can always ensure that
ω̃21 = dx,

ω̃31 = dy − zdx,
ω̃32 = k(dz −Qdx).

Now, we will find the entries of ω̃ by the condition (2′) :

∗We have Ω̃31 = 0 :

This is equivalent to
0 = dω̃31 + ω̃31 ∧ ω̃11 + ω̃32 ∧ ω̃21 + ω̃33 ∧ ω̃31

0 = −dz ∧ dx+ (dy − zdx) ∧ (ω̃11 − ω̃33) + k(dz −Qdx) ∧ dx
0 = −dz ∧ dx+ (ω̃33 − ω̃11) ∧ (dy − zdx) + kdy ∧ dx
0 = [(k − 1)dz] ∧ dx+ [(ω̃33 − ω̃11)] ∧ (dy − zdx).

By the coframe {dx, dy − zdx, dz −Qdx} and Cartan’s lemma :

(k − 1)dz = gdx+ j(dy − zdx) + v(dz −Qdx),

ω̃33 − ω̃11 = hdx+ u(dy − zdx) + w(dz −Qdx),

where j = A12 = A21 = h , v = A13 = A31 and g = A11 (notation of Cartan’s lemma).

Substituting the values of (k − 1)dz and ω̃33 − ω̃11 in

0 = [(k − 1)dz] ∧ dx+ [(ω̃33 − ω̃11)] ∧ (dy − zdx).

and expressing in terms of {dx ∧ dy, dy ∧ dz, dx ∧ dz} give us h = j + Qw, v = zw and
w = 0.
Then v = w = 0, and j = h.
Then

(k − 1)dz = gdx+ j(dy − zdx),

ω̃33 − ω̃11 = hdx+ u(dy − zdx).
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But (k − 1)dz = gdx+ jdy − zjdx, and by the coframe {dx, dy, dz} we have

k = 1, j = g = 0.

Then k = 1 and

ω̃33 − ω̃11 = u(dy − zdx),

where u ∈ C∞(R3).

∗We have Ω̃21 = 0 :

Similarly, we find with this condition that

ω̃22 − ω̃11 = vdx+ t(dy − zdx),

ω̃23 = tdx+ w(dy − zdx),

where v, w, t ∈ C∞(R3).

By a suitable choice of a section s, t can be made equal to zero thus,

ω̃22 − ω̃11 = vdx,

ω̃23 = w(dy − zdx),

where v, w ∈ C∞(R3).

∗We have Ω̃32 = 0 :

Similarly than Ω̃31 = 0, we can obtain from Ω̃32 = 0 that v = Qz and

ω̃12 = Qydx− u(dz −Qdx) + λ(dy − zdx),

where λ ∈ C∞(R3).

∗ Similarly from Ω̃22 + Ω̃33 − 2Ω̃11 = 0, we find u = −1

2
Qzz and

ω̃13 = λdx− 1

3
Qyzdx−

1

6
dQzz + µ(dy − zdx),

where µ ∈ C∞(R3).

∗ Similarly from Ω̃22 − Ω̃11 = 0 we find

w =
1

6
Qzzz,

λ =
2

3
Qyz −

1

6
D̂x(Qzz).

Then we find
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ω̃21 = dx,

ω̃31 = dy − zdx,
ω̃32 = (dz −Qdx),

ω̃22 − ω̃11 = Qzdx,

ω̃33 − ω̃11 = −1

2
Qzz(dy − zdx),

ω̃12 = Qydx+
1

2
Qzz(dz −Qdx) + (

2

3
Qyz −

1

6
D̂xQzz)(dy − zdx),

ω̃13 = (
1

3
Qyz −

1

6
D̂xQzz)dx−

1

6
d(Qzz) + µ(dy − zdx),

ω̃23 =
1

6
Qzzz(dy − zdx),

where µ ∈ C∞(R3).

The only arbitrary coefficient here is µ.
We will use the last information of (2′) to find µ.
The last information are the form of Ω̃12, Ω̃13, and Ω̃23.

By Ω̃ =

 0 Ω̃12 Ω̃13

0 0 Ω̃23

0 0 0

 and the fact that Ω̃ ∧g ω̃ = ω̃ ∧g Ω̃, we find

03 = Ω̃ ∧g ω̃ − ω̃ ∧g Ω̃

03 =

 Ω̃12 ∧ ω̃21 + Ω̃13 ∧ ω̃31 ∗ ∗
Ω̃23 ∧ ω̃31 Ω̃23 ∧ ω̃32 − ω̃21 ∧ Ω̃12 ∗

0 −ω̃31 ∧ Ω̃12 ∗


Then

Ω̃12 ∧ ω̃21 + Ω̃13 ∧ ω̃31 = 0, (1)

Ω̃23 ∧ ω̃31 = 0, (2)

Ω̃12 ∧ ω̃21 + Ω̃23 ∧ ω̃32 = 0, (3)

Ω̃12 ∧ ω̃31 = 0. (4)

By Cartan’s lemma for (2), we have

Ω̃23 = dω̃31 ∧ ω̃32 + eω̃21 ∧ ω̃31.

Substituting this in (3) gives

Ω̃21 ∧ ω̃21 + eω̃21 ∧ ω̃31 ∧ ω̃31 = 0. (2.6)

By Cartan’s lemma and the coframe {ω̃21 ∧ ω̃31, ω̃21 ∧ ω̃32, ω̃31 ∧ ω̃32}, we have

Ω̃12 = aω̃21 ∧ ω̃31 + bω̃31 ∧ ω̃32 + cω̃21 ∧ ω̃32,

and in (2.6), we find
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b = −e,
and in (4), we find

c = 0

Then

Ω̃12 = aω̃21 ∧ ω̃31 − eω̃31 ∧ ω̃32.

Ω̃21 in (1) gives,
−eω̃21 ∧ ω̃31 ∧ ω̃32 + Ω̃13 ∧ ω̃31 = 0. (2.7)

For
Ω̃13 = βω̃21 ∧ ω̃31 + δω̃31 ∧ ω̃32 + γω̃21 ∧ ω̃32.

in (2.7) gives
γ = −e

Then

Ω̃13 = βω̃21 ∧ ω̃31 + δω̃31 ∧ ω̃32 − eω̃21 ∧ ω̃32.

Then, renaming the coefficient functions in a, b, c, d, e ∈ C∞(R3), we have

Ω̃12 = aω̃21 ∧ ω̃31 − eω̃31 ∧ ω̃32,

Ω̃13 = aω̃21 ∧ ω̃31 + cω̃31 ∧ ω̃32 − eω̃21 ∧ ω̃32,

Ω̃23 = dω̃31 ∧ ω̃32 + eω̃21 ∧ ω̃31.

Now, we use the condition (2′) :
Ω̃ is of the form (2′) if and only if e = 0.
Then, we use the expression for e = 0 in Ω̃23 :

aω̃21 ∧ ω̃31 = dΩ̃23 = dω̃23 + ω̃21 ∧ ω̃13 + ω̃22 ∧ ω̃23 + ω̃23 ∧ ω̃33

then expressing in terms of {dx ∧ dy, dy ∧ dz, dx ∧ dz}, we find

d = −1

6
Qzzzz,

µ =
1

6
Qyzz −

1

6
QzQzzz −

1

6
D̂xQzzz.

Remark 2.8. Doing the same for Ω̃12 and Ω̃13 allow us to find

a = −Qyy +
1

2
QQyzz +

1

2
QyQzz +

2

3
Qxyz −

1

6
Qxxzz

− 1

3
zQxyzz −

1

6
QxQzzz −

1

3
QQxzzz +

2

3
zQyyz

− 1

6
z2Qyyzz −

1

6
zQyQzzz −

1

3
zQQyzzz −

2

3
QzQyz

+
1

6
QzQxzz +

1

6
zQzQyzz −

1

6
Q2Qzzzz.
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From the structure equation of Ω̃ ; dΩ̃ = 1
2
Ω̃ ∧g ω̃, we find

b = az,

c = −D̂x(d)− 2Qzd.

Conversely, for this value µ, we have the wished form for Ω̃ :

Ω̃12 = aω̃21 ∧ ω̃31,

Ω̃13 = aω̃21 ∧ ω̃31 + cω̃31 ∧ ω̃32,

Ω̃23 = dω̃31 ∧ ω̃32.

where
ω̃21 = dx,

ω̃31 = dy − zdx,
ω̃32 = (dz −Qdx),

ω̃22 − ω̃11 = Qzdx,

ω̃33 − ω̃11 = −1

2
Qzz(dy − zdx),

ω̃12 = Qydx+
1

2
Qzz(dz −Qdx) + (

2

3
Qyz −

1

6
D̂xQzz)(dy − zdx),

ω̃13 = (
1

3
Qyz −

1

6
D̂xQzz)dx−

1

6
d(Qzz) + µ(dy − zdx),

ω̃23 =
1

6
Qzzz(dy − zdx),

where µ = 1
6
Qyzz − 1

6
QzQzzz − 1

6
D̂xQzzz..

Finally, for this choice of Cartan connection ω on P = R3 ×G, the theorem is proved.

Now, prove the theorem globally.

Let a covering {Uα}α∈I of the three-dimensional space J1(R2), and using the local
consideration, we can construct a unique Cartan connection ωα on each trivial fiber bundle
Uα ×G.

Let sα, sβ be the trivial section of the fiber bundle Uα × G and Uβ × G, and let
ω̃α = s∗αωα, ω̃β = s∗βωβ .

Now, show that for any two disjoint domains Uα and Uβ , that there exists a unique
function

ϕα,β : Uα ∩ Uβ → G

such that
ω̃β = (Adϕ−1

α,β) ◦ ω̃α + ϕ∗α,βθ. (2.9)
Without loss of generality, we can assume that the form ω̃α has the form started above.

The form ω̃β on Uα∩Uβ satisfies the conditions (1) and (2) of the theorem, therefore can be
made ω̃α by a suitable choice of section. But, by the above, the section is uniquely defined.
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Thus there exists a unique function ϕα,β : Uα ∩ Uβ → G satisfying (2.8).
In its turn, the family {ϕα,β}α,β∈I uniquely (up to isomorphism) determines a principal
fiber bundle P with structural group G and a Cartan connection ω on P .

�

Corollary 2.10. Two second order ordinary differential equations are locally equivalent if
and only if so are the corresponding Cartan connections.

Corollary 2.11. A second order ordinary differential equation is locally equivalent to
y′′ = 0 if and only if the structure function of the corresponding Cartan connection is
identically equal to zero.

Proof. The Cartan connection corresponding to the equation y′′ = 0 is equal to zero.
Thus, our original equation is equivalent to y′′ = 0, if and only if, by the previous theorem,
its curvature form is zero if and only if its structure function is zero.

�

—————–
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The geometry of marked contact Engel structures

In General Relativity, we study the massless particles in the conformal Lorentzian
geometry in 4-dimensions (M4, [g]).

Definition 0.12. A congruence of (M4, [g]) is a set of integral curves of a nowhere
vanishing vector field in (M4, [g]).

A special notion in (M4, [g]) is the null congruences i.e. foliations of (M4, [g]) by null
rays (a type of ray containing for example light rays).

Assume that (M4, [g]) has a null congruence. Let K ⊂ TM4 a line subbundle such that
any section s : M4 → K be tangent to the congruence.
Then, (M4, [g], K) is called a a null congruence structure.
It is good structure to study the massless particules.
Moreover, study particules in a space with lot of symmetries simplify the study.
In the physic literature, we saw that the null congruence structure admits space with lot of
symmetries : homogeneous models associated to this structure.

In fact, the marked contact twisted cubic structures in mathematics are analogue of the
null congruence structures in physics.

In these next chapters, we will study the marked contact twisted cubic structures and
we will classify all non-equivalent homogeneous models of the marked contact Engel
structures.
The marked contact Engel structures are a subclass of the marked contact twisted cubic
structures.
Indeed, this leads us to a more general problem : The classification of all non-equivalent
homogeneous models of the marked contact twisted cubic structures.

—————–
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Notions on Legendrian twisted cubics

Let us give some notions about twisted cubics.

Definition 0.13. The twisted cubic is the image if the Veronese map

v :

{
P1 −→ P3 = P(R4)

[X0 : X1] 7−→ [X3
0 : X2

0X1 : X0X
2
1 : X3

1 ]

denoted by γ := Im(v) ⊂ P(R4).

Proposition 0.14.
γ = {F1 = F2 = F3 = 0}

where
F1(X0, X1, X2, X3) = X0X2 − (X1)2

F2(X0, X1, X2, X3) = X1X2 − (X2)2

F3(X0, X1, X2, X3) = X1X2 −X0X3

Proof. The inclusion ⊂ is clear.
Conversely, let p = [X0 : X1 : X2 : X3] ∈ P3 such that

X0X2 = (Z1)2

X1X3 = (Z2)2

X1X2 = X0X3

Either Z0 or Z3 must be nonzero.
If X0 6= 0, then p = v([X0 : X1]), else (X3 6= 0) then p = v([X2 : X3]).

�

Note that R4 = �3R2 then we can define the twisted cubic on this space.

Definition 0.15. The twisted cubic γ ⊂ P(�3R2) is the image of the Veronese map

v :

{
P(R2) −→ P(�R2)

[w] 7−→ [w � w � w]
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Indeed, let (e1, e2) be a basis of R2.
Let w = se1 + te2, (s, t) ∈ R2.

w � w � w = s3E1 + s2tE2 + st2E3 + t3E4

Then v([w] = [s : t]) = [s3 : s2t : st2 : t3] where

E1e1 � e1 � e1 =: e3
1,

E2 = 3e1 � e1 � e2 =: 3e2
1e2,

E3 = 3e1 � e2 � e2 =: 3e1e
2
2,

E4 = e3
2,

form a basis of �3R2, denoted E∗.

Let {E1, E2, E3, E4} its dual basis.

By the previous proposition, we can say

γ = {g1 = g2 = g3}

where
g1 = E1E3 − (E2)2,

g2 = E2E4 − (E3)2,

g3 = E2E3 − E1E4,

are three quadratic forms on �3R2.

With respect to the introduced basis, let ρ be an irreducible representation of GL(2,R)
on �3R2 given by

ρ : A :=

(
α β
ε δ

)
7→MatE∗(A

3) =


α3 3α2β 3αβ2 β3

α2ε α2δ + 2αβε 2αβδ β2δ
αε2 2αδε+ βε2 αδ2 + 2βδε βδ2

ε3 3δε2 3δ2ε δ3


(0.16)

such that ρ(A)E1 = α3E1 + α2εE2 + αε2E3 + ε3E4.

Then the tangent map at the identity of ρ defines an irreducible Lie algebra representa-
tion

ρ′ = Teρ : gl(2,R) −→ End(�3R2).

Then we have

Proposition 0.17. The subalgebra of End(�3R2) preserving γ ⊂ P(�3R2) is precisely
ρ′(gl(2,R)).

Remark 0.18.
det(ρ(A)) = (δα− βε)6
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Definition 0.19. Let ρ : G→ GL(n,R) be a representation of G.
A multilinear form F : Rk → R is called (G, ρ)-invariant if

F (ρ(a)X1, . . . , ρ(a)Xk) = det(ρ(a))
k
nF (X1, . . . , Xk) (a∈G;X1,...,Xk∈Rk)

There is a skew-symmetric form ω on �3R2 preserved by the GL(2,R)-action ρ up to
scalar :
Let (F 1, ,̇F 4) be a basis of (�3R2)∗ such that F = ρ(A)Ė :

F 1 = α3E1 + α2εE2 + αε2E3 + ε3E4,

F2 = 3α2βE1 + (α2δ + 2αβε)E2 + (2αβδ + βε2)E3 + 3δε2E4,

F 3 = 3αβ2E1 + (2αβδ + β2ε)E2 + (αδ2 + 2βδε)E3 + 3δ2εE4,

F 4 = β3E1 + β2δE2 + βδ2E3 + δ3E4.

The we compute

F 1 ∧ F 4 − 3F 2 ∧ F 3 = (αδ − βε)3(E1 ∧ E4 − 3E2 ∧ E3)

Definition 0.20. A symplectic form on V , a n-dimensional space over R, is a map ω :
V × V → R such that

(1) ω is bilinear,

(2) skew-symmetric,

(3) nondegenerate ; ∀x ∈ V , ∃y ∈ V , ω(x, y) 6= 0.

Remark 0.21. For {ei}16i6n a basis of V a n-dimensional vector space and its dual basis
{e∗i}16i6n.
A symplectic form ω has the form ω = 1

2

∑
16i<j6n ωi,je

∗i ∧ e∗j , ωi,j ∈ R.

Proposition 0.22. Let ω be a symplectic form on V an n-dimensional vector space over R.
There exists η ∈ End(V ) such that

ω(x, y) =t XHY (x,y∈V )

and η∗ = −η, where for a basis e of V

X = Mate(x),

Y = Mate(y),

H = Mate(η).

Our symplectic form ω has the following form in E = {E1, E2, E3, E4}

MatE∗(ω) =


0 0 0 −1
0 0 3 0
0 −3 0 0
1 0 0 0


Definition 0.23. Let V be a n-dimensional vector space over R and X ⊂ P(V ).
We denote X̂ = {(λx) | [x] ∈ X,λ ∈ R} the affine cone of X .
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Definition 0.24. Let ω be a symplectic form on V a n-dimensional vector space over R.
A linear subspace W ⊂ V is a Lagrangian subspace with respect to ω if it is a maximal
subspace such that ω|W ≡ 0.
(So dim(W ) = 1

2
dim(V ))

Definition 0.25. Let V be a n-dimensional vector space over R.
A sub variety X ⊂ P(V ) is Legendrian if for each point of its affine cone X̂ , the tangent
space is Lagrangian.

Definition 0.26. Let ω be a symplectic form on �3R3

The conformal class of [ω] is the set of ω′ symplectic form on �3R2 such that there is
α ∈ R∗ such that ω′ = αω.

Proposition 0.27. The conformal symplectic structure [ω] generated by ω =
E1 ∧ E4 − 3E2 ∧ E3 is the unique conformal structure such that the twisted cubic
γ is Legendrian with respect to ω.

Proof. For p̂ = s3E1 + s2tE2 + st2E3 + t3E4 ∈ γ̂,

Tp̂γ̂ = 〈∂v̂
∂s

(s, t),
∂v̂

∂t
(s, t)〉,

where v̂ :

{
R2 −→ R4

(s, t) 7−→ (s3, s2t, st2, t3)
. Then

∂v̂

∂s
(s, t) = 3s2E1 + 2stE2 + t3E3 =: x,

∂v̂

∂t
(s, t) = s2E2 + 2stE3 + 3t2E4 =: y.

Let ω = 1
2

∑
16i<j64 ωi,jE

i ∧ Ej be a symplectic form on �3R2.
Then,

ω(x, y) = 3s4ω1,2 + 6s3tω1,3 + 3s2t2(3ω1,4 + ω2, 3) + 6st3ω2,4 + 3t4ω3,4

Thus γ is Legendrian at p̂ with respect to ω if and only if ωTp̂γ̂ ≡ 0 if and only if
ω1,2 = ω1,3 = ω2,4 = ω3,4 = 0,

ω1,4 = −1

3
ω2,3 = α.

Then

Mate(ω) =


0 0 0 α
0 0 −3α 0
0 3α 0 0
−α 0 0 0


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Then

[Mate(ω)] =


0 0 0 1
0 0 −3 0
0 3 0 0
−1 0 0 0


�

Now we introduce a new notion.

Definition 0.28. The twisted cubic is marked if there is p ∈ γ ⊂ P(�3R2) distinguished
i.e. it is an origine of γ.

Now we assume that the twisted cubic γ is marked.
Let p = [η � η � η] a distinguished point in γ and L = (η) be a one-dimensional vector
space.

Let a :

{
γ̂ −→ γ

(w � w � w) 7−→ [w � w � w]
.

We have a(V ect({w � w � w | w ∈ L})) = p, then we set

p = V ect({w � w � w | w ∈ L}) = l ∈ γ̂

We can see that

Proposition 0.29. The GL(2,R)-action ρ acts transitively on γ.

Proof. we have {
GL(2,R)× γ −→ γ

(T, [w � w � w]) 7−→ [T (w)� T (w)� T (w)]

Let x = [w � w � w] and y = [v � v � v].

Assume there is T =

(
α β
ε δ

)
∈ GL(2,R) such that y = T · x.

It is sufficient to have T such that v =

(
v1

v2

)
= T (w).(

v1

v2

)
= T

(
w1

w2

)
⇐⇒

{
αw1 + βw2 = v1

εw1 + δw2 = v2

(1) Case : (w1, w2) = (0, 0), we take T = 02.

(2) Case : w1 6= 0, w2 = 0, then we take T =

( v1

w1
β

v2

w1
δ

)
with β, δ ∈ R such that

v1δ − βv2 6= 0.

(3) Case : w1 = 0, w2 6= 0, it is the previous case by changing the roles.
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(4) Case : w1, w2 6= 0, then we take T =

( v1

w1
− β w2

w1
β

v2

w1
− β w2

w1
δ

)
with β, δ ∈ R such that

δv1 − βv2 6= 0.

�

By this proposition there is just one orbit by this action :

γ = O(x),

where x = [w � w � w].
we can choose x = [e2 � e2 � e2].
Thus we can choose l as follow

l = V ect(e2 � e2 � e2).

Definition 0.30. A Borel subgroup B of an algebraic group G is a maximal Zariski closed
and connected solvable algebraic subgroup.

Example 0.31. For G = GL(2,R), B is a group of upper or lower triangular matrices.

Let B a Borel subgroup of GL(2,R) defined as follow

B = {A ∈ GL(2,R) | ρ(A)(l) ⊂ l} = {A | A(L) ⊂ L}.

Indeed :

For l = V ect(e2 � e2 � e2), L = (e2) and A =

(
α β
ε δ

)
We have

ρ(A)(l) ⊂ l⇐⇒ Ae2 ∈ L
Then β = 0.

Then

B = {A ∈ GL(2,R) |


α3 0 0 0
α2ε α2δ 0 0
αε2 2αδε αδ2 0
ε3 3δε2 3δ2ε δ3

} = {
(
α 0
ε δ

)
} (0.32)

By its shape B preserves filtrations of R4.

Then we have :

Lemma 0.33. A distinguished point p ∈ γ determine a filtration by subspaces

{p} ⊂ l ⊂ D ⊂ H ⊂ R4.

Moreover, if γ is Legendrian, then D is a Lagrangian subspace and H is the symplectic
orthogonal to l.
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Proof. For p distinguished point in γ, there is a line l = V ect({t � t � t | t ∈ L}) for a
unique one-dimensional subspace L ⊂ R2.
Then we set D = V ect({t� t� e | t ∈ L, e ∈ R2}) the de-projectivized tangent line to γ
at p and H = V ect({t� e� f | t ∈ L, e, f ∈ R2}) the de-projectivized osculating plan to
γ at p.

�

—————–
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Definitions and descriptions of (marked) contact twisted cubic
structures

1. Notions on graded Lie algebras

We begin with definitions.

Definition 1.1. A filtered vector space is a vector space V together with a sequence {V i |
i ∈ Z} of subspaces V i ⊂ V such that

V i+1 ⊂ V i, (i∈Z)

V =
⋃
i∈Z

V i,⋂
u∈Z

V i = {0}.

We will deal with the case of finite-dimensional spaces and finite filtrations, which we will
write

V = V j ⊃ V j+1 ⊃ · · · ⊃ V k

It is always assumed that for all l < j, V l = V , and for fall l > k, V l = {0}.

Example 1.2. The trivial filtration on a vector space V is given by for all i 6 0, V i = V
and for i > 0, V i = 0.

From a filtration {V i}i∈Z of a vector space V , we can canonically construct a graded
vector space noted gr(V ) as follows

gr(V ) =
⊕
i∈Z

gri(V ),

where
gri(V ) = V i/V i+1. (i∈Z)

It is called the associated graded to the filtered vector space V .

In the case of a finite filtration V = V j ⊃ V j+1 ⊃ · · · ⊃ V k, we obtain a finite grading

gr(V ) = grj(V )⊕ · · · ⊕ grk(V ),

by omitting the zero summands gri(V ) for i < j and i > k.
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Definition 1.3. A filtered vector bundle over a smooth manifold M us a smooth vector
bundle p : E → M together with a sequence {Ei | i ∈ Z} of a smooth sub bundles such
that

Ei+1 ⊂ Ei
(i∈Z)

and there is i0 < j0 ∈ Z such that

Ei = E (i6i0)

Ei = M (i>j0)

Given a such filtered bundle, we may form the quotient bundles

gri(E) = Ei/Ei+1
(i∈Z)

and the associated graded vector bundle to E

gr(E) =
⊕
i∈Z

gri(E)

Let g be a Lie algebra.

Definition 1.4. A Lie sub algebra h of g is a linear subspace such that

[h, h] ⊂ h

Then we write h 6 g.

Remark 1.5. ∗ Any intersection of arbitrary family of Lie subalgebras of g is a subalgebra.
∗ For a subset A ⊂ g, we call the Lie subalgebra generated by A, the Lie algebra
〈A〉 =

⋂
h⊃A h.

Definition 1.6. We say that a Lie subalgebra h 6 g is an ideal if

[g, h] ⊂ h

We write h / g.

Remark 1.7. [g, g] is called the commutator ideal.

[g, g] gives to rise two sequences of ideals of g in g ;

(1) Let us define g1 := [g, g] and

gk+1 := [g, gk] (k∈N∗)

We see that
gk 6 g (k∈N)

and we have the sequence called the lower central series of g :

g ⊃ g2 ⊃ · · · ⊃ gk ⊃ gk+1 ⊃ . . .

Definition 1.8. The Lie algebra g is called nilpotent if there is k ∈ N such that

gk = 0
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(2) Let us define g(1) := g and

g(k+1) = [g(k), g(k)] (k∈N∗)

We see that
g(k) 6 g (k∈N)

and we have the sequence called the derived series of g :

g ⊃ g(2) ⊃ · · · ⊃ g(k) ⊃ g(k+1) ⊃ . . .

Definition 1.9. The Lie algebra g is called solvable if there is k ∈ N such that

g(k) = 0

Definition 1.10. A Lie algebra g is said semisimple if it has no nonzero solvable ideal.
A Lie algebra g is said simple if g = [g, g] and the only ideals in g are {0} and g.

Remark 1.11. g simple implies g semisimple.

Definition 1.12. Let g be a semi simple Lie algebra and k ∈ N∗.
A k-grading on g is a decomposition

g = g−k ⊕ · · · ⊕ gk,

such that
[gi, gj] ⊂ gi+j (i,j∈Z)

g− := g−k ⊕ · · · ⊕ g−1

is generated as a Lie algebra by g−1 and

g−k 6= {0}, gk 6= {0}

By definition, if g = g−k ⊕ · · · ⊕ gk is a k-grading, then p = g0 ⊕ · · · ⊕ gk is a
subalgebra of g, and p+ := g1 ⊕ · · · ⊕ gk is a nilpotent ideal of p.
Similarly, the subalgebra g− is nilpotent.

Remark 1.13. Given a such that k-grading on g, we can form the associated filtration

g = g−k ⊃ g−k+1 ⊃ · · · ⊃ gk

defined by
gi :=

⊕
j>i

gi

and the associated graded Lie algebra :

gr(g) =
⊕
i∈Z

gri(g),

where
gri(g) = gi/gi+1

(i∈Z)

Example 1.14. For K a field, Kn = K ⊕ · · · ⊕ K is a n-grading of Kn with the filtration
Kn ⊃ Kn−1 ⊃ · · · ⊃ K2 ⊃ K.
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Consider a k-grading semisimple Lie algebra g = g−k ⊕ · · · ⊕ g−k and a Lie group G
with Lie algebra g.

For a subset A ⊂ g, the normalizer NG(A) of A in G is defined as

NG(A) = {g ∈ G | Ad(g)(A) ⊂ A}
As before, we denote by {gi}i∈Z the filtration induced by the k-grading.

Lemma 1.15. (1) The Lie subalgebra g0 ⊂ p ⊂ g can be characterized as
g0 = {X ∈ g | adX(gi) ⊂ gi, −k 6 i 6 k},
p = {X ∈ g | adX(gi) ⊂ gi, −k 6 i 6 k},

where adX(Y ) = [X, Y ] for X, Y ∈ g.
(2) Let G be a Lie group with Lie algebra g.
P :=

⋂k
i=−kNG(gi) ⊂ G is a closed subgroup with Lie group p.

Proof. (1) In both statement, ⊂ is clear.
Conversely, take X ∈ g,

X = X−k + · · ·+Xk.

Let E ∈ g0 ⊂ p be the grading element ; it is the unique element E ∈ g such that

[E,X] = jX (X∈gj ,−k6j6k)

Indeed : E exists and lies in g0 ;
Consider D : g→ g such that D(X) = jX for X ∈ gj and −k 6 j 6 k.
Since for all i, j ∈ Z, [gi, gj] ⊂ gi+j then

D([X, Y ]) = [D(X), Y ] + [X,D(Y )] (X,Y ∈g)

Semisimplicity of g implies there is a unique E ∈ g such that

D(X) = [E,X] (X∈g)

Decomposing E = E−k + · · ·+ Ek with Ei ∈ gi, we get

0 = [E,E] =
k∑

j=−k

jEj

Hence E = E0 ∈ g.

Then we have

adX(E) = kX−k + · · ·+X−1 −X1 − · · · − kXk

Conversely, if adX(g0) ⊂ g0, then for i 6= 0, Xi = 0 then X ∈ g.
Likewise, if adX(p) ⊂ p we must have for all i < 0 Xi = 0, then X ∈ p.

(2) For each i, the subset gi ⊂ g is closed, and NG(gi) is a closed subgroup of G, so
P ⊂ G is a closed subgroup.
Since for X ∈ g, Ad(exp(X)) = ead(X), p = {X ∈ g | adX(gi) ⊂ gi, −k 6 i 6 k} is the
Lie algebra of P .

�
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Definition 1.16. Let g = g−k ⊕ · · · ⊕ gk be a k-grading semi simple Lie algebra and let G
be a Lie group with Lie algebra g.
(1) A parabolic subgroup G correspond to the given k-grading is a subgroup P ⊂ G which
lies between

⋂k
i=−kNg(g

i) and its connected component of the identity.
(2) Given a parabolic subgroup P ⊂ G, we define the Levi subgroup G0 ⊂ P by

G0 := {g ∈ P | Ad(g)(gi) ⊂ gi, −k 6 i 6 k}

Remark 1.17. Any parabolic subgroup P ⊂ G is closed and has Lie algebra p. Further,
G0 ⊂ P is an intersection of normalizers of closed subsets, and hence a closed subgroup
of P . From the lemma and its proof, we see that G0 ⊂ P corresponds to the Lie algebra
g0 ⊂ p.

Definition 1.18. A parabolic geometry is a Cartan geometry of type (G,P ) where G is a
semisimple Lie group (a Lie group which doesn’t have nontrivial abelian norma subgroup)
and P is a parabolic subgroup corresponding to some k-grading of the Lie algebra g of G.

2. (Marked) contact twisted cubic structures

Now we come to the contact structures.

Definition 2.1. A contact form ω on a smooth manifold M of dimension 2n + 1 is a form
such that ω ∧ (dω)n is a volume form on M .

If ω is a contact form on M then ω doesn’t vanish on M . Then C = ker(dω) is a
codimension one-subbundle of TM called the contact subbundle.

Moreover, dω : C × C → R is a non degenerate skew-symmetric bilinear form i.e. a
non degenerate symplectic form on C.

Let T−2M = TM , and T−1M = C a filtration of TM with the associated graded
gr(TM) = TM/C ⊕ C.
The Levi bracket

L :

{
Λ2C −→ TM/C

ξx ∧ νx 7−→ [ξ, ν]xmod(Cx)

is non degenerate and

gr(TxM) ' R⊕ R2n
(x∈M)

with [, ] : Λ2R2n → R non degenerate.
Then gr(TM) is called the real Heisenberg algebra h2n+1.

Now we define a contact distribution structure on M .
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Definition 2.2. A contact distribution structure on a smooth manifold M of dimension
2n+ 1 as a subbundle C ⊂ TM of rank 2n such that the Levi bracket

L :

{
Λ2C −→ TM/C

ξx ∧ νx 7−→ [ξ, ν]xmod(Cx)

is a non degenerate symplectic form.

For each point x ∈ M , Lx endows each fiber Cx with the structure of conformal
symplectic vector space. Locally C is the kernel of a contact form i.e. C = ker(dα) where
α is a differential 1-one form such that α ∧ (dα)n 6= 0 and the conformal symplectic
structure on Cx is generated by dα|Cx .

We can associate to gr(TM) = TM/C ⊕ C a natural graded frame bundle F with
structure bundle Autgr(h2n+1).
Precisely,

Fx = {ϕ : gr(TxM)→ h2n+1} (x∈M)

Lemma 2.3. (1) Any automorphism of h2n+1 is uniquely determined by its restriction
R2n → R2n.
(2) Viewed as a subgroup of GL(2n,R), the group Autgr(h2n+1) is generated by
Sp(2n,R), multiple of I2n, and the diagonal matrice In,n ; the first n entries equal to 1 and
the other n equal to −1.
(3) The subgroup of those automorphisms, which in addition preserve an orientation on
R ⊂ h2n+1, is the conformal symplectic group CSp(2n,R) generated by Sp(2n,R) and
multiples of I2n.

Proof. Let [, ] : R2n × R2n → R be the bracket in h2n+1 given by the standard symplectic
form on Rn.
We have (1) by subjectivity of [, ].
For A ∈ Sp(2n,R) and for all x, y ∈ R2n, [Ax,Ay] = [x, y]. This gives an automorphism.
Likewise, for a ∈ R∗, we get [ax, ay] = a2[x, y].
So multiples of I2n are in Autgr(h2n+1) too.
Finally,

[In,nx, In,ny] = [x, y] (x,y∈R2n)

Conversely, we assume A ∈ GL(2n,R), a ∈ R∗ such that

[Ax,Ay] = [x, y] (x,y∈R2n)

If a < 0, replace A by In,nA to get an element for which a > 0.
Dividing then by

√
a, we obtain an element which preserve [, ] and thus lies in Sp(2n,R).

So we have (2).
The statement (3) is clear.

�

Now we are in position to define the central objects.
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Definition 2.4. A contact twisted cubic structure on a 5-dimensional smooth manifold M
and a contact distribution C ⊂ TM together with a subbundle γ ⊂ P(C) whose at each
x ∈M , γx is a Legendrian twisted cubic with respect to the conformal symplectic structure
Lx on Cx.
An equivalence between contact cubic structures (M,C, γ) and (M̃, C̃, γ̃) is a diffeomor-
phism f : M → M̃ such that for all x ∈M ,

f∗(Cx) = C̃f(x),

f∗(γx) = γ̃f(x).

A self equivalence is called an automorphism, or a symmetry.

Definition 2.5. A marked contact twisted cubic structure is a contact twisted cubic
structure equipped with smooth section σ : M → γ.
An equivalence between marked contact twisted cubic structures (M,C, γ, σ) and
(M̃, C̃, γ̃, σ̃) is an equivalence f between the underlying contact twisted cubic structures
(M,C, γ) and (M̃, C̃, γ̃) such that

f∗(σx) = σ̃f(x) (x∈M)

A self equivalence is called an automorphism or a symmetry.

Then we see various viewpoints on (marked) contact twisted cubic structure.

Proposition 2.6. A contact twisted cubic structure on a 5-dimensional manifold M , admits
the following locally equivalent descriptions :

(1) It is given by a contact distribution C ⊂ TM , an auxiliary rank 2 bundle E → M
and a vector bundle isomorphism

Ψ : �3E → C (2.7)

compatible in the sense that for all x ∈ M , it pulls back the conformal symplectic
structure Lx GL(Ex)-invariant on Cx one on �3Ex.

(2) It is given by a reduction of the graded frame bundle F →M of a contact structure
to the structure group ρ(GL(2,R)) with respect to an irreducible representation

ρ : GL(2,R)→ CSp(2,R)

(3) It is given by a contact distribution C = ker(α) on M and a reduction of the
structure group of the frame bundle of C from GL(4,R) to the irreducible
GL(2,R) ⊂ CSp(dα).

Proof. Given an isomorphism (2.7), for x ∈M , the image of the map

ι :

{
P(Ex) −→ P(�3Ex) ' P(Cx)

λ 7−→ [Ψ(λ� λ� λ)]

is a twisted cubic γx. By the compatibility requirement of the conformal symplectic struc-
tures and result about filtration of R4, the twisted cubic is Legendrian.
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Conversely, given a subbundle γ ⊂ P(C) of twisted cubics, then in a neighborhood of each
point there exists a rank 2 bundle E and a vector bundle isomorphism Ψ : �3E ' C. The
compatibility of the conformal symplectic structures follows from the fact that the twisted
cubic is Legendrian and by the result of filtration of R4.
We omit the remaining equivalences.

�

Proposition 2.8. A marked contact twisted cubic structure on a 5-dimensional manifold
M , admits the following locally equivalent descriptions :

(1) It is given by a contact distribution C ⊂ TM , an auxiliary rank 2 bundle E → M
and a vector bundle isomorphism

Ψ : �3E → C (2.9)

compatible with the conformal symplectic structure and, in addition, a line bundle
L ⊂ E .

(2) It is given by a reduction of the graded frame bundle F →M of a contact structure
to the structure group ρ(GL(2,R)) with respect to the irreducible representation

ρ : B → CSp(2,R)

of an irreducible GL(2,R)-representation ρ to a Borel subgroup B ⊂ GL(2,R).

(3) It is given by a contact twisted cubic structure equipped with a γ-congruence, that
is, a foliation of M by curves whose tangent directions are everywhere contained
in γ ⊂ P(C).

Proposition 2.10. A marked contact twisted cubic structure (M,C, γ, σ) is equipped with
a flag of distributions

lσ ⊂ Dσ ⊂ Hσ ⊂ C ⊂ TM

where the 2-rank distribution Dσ ⊂ C is Legendrian and the 3-rank distribution Hσ is the
symplectic orthogonal to lσ.

Definition 2.11. We say that a marked contact twisted cubic structure is integrable if the
distribution Dσ is integrable.
In this case, the section σ : M → γ is called an integrable section.

—————–
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Complex semisimple Lie algebras and their representations

In this section we will talk about the structure of complex semisimple Lie algebra and
their complex representation ; presentation of Cartan subalgebras and the corresponding
roots, or orderings, the resulting concepts of positive and simple roots, and the Dynkin
diagram.
After this, we will talk about the classification of connected Dynkin diagrams and the its
relation to the classification of complex simple Lie algebra. However, before we begin
with the notion of the Killing form of a Lie algebra.

1. The Killing form

Let g be a Lie algebra and V a finite dimensional vector space over K a field. Let
ρ : g→ gl(V ) be a finite-dimensional representation of g.

Definition 1.1. We define a bilinear form called the trace form associated to ρ.

BV = Bρ :

{
g× g −→ K

(X, Y ) 7−→ tr(ρ(X) ◦ ρ(Y ))

We can see that Bρ is invariant ;

Bρ([X, Y ], Z) = Bρ(X, [Y, Z]) (X,Y ∈g)

Definition 1.2. We call the Killing form B of the Lie algebra g, the trace form asso-
ciated to the adjoint representation adwhere ad(X)(Y ) = adX(Y ) = [X, Y ], (X, Y ) ∈ g2.

Remark 1.3. Now we use the Killing form B.

Remark 1.4. For all φ ∈ Aut(g),

B(φ(X), φ(Y )) = B(X, Y ) (X,Y ∈g)

i.e. B is invariant under arbitrary automorphisms of g.

Now we will characterize the Lie algebra g in terms of the Killing form.

Lemma 1.5. Let V be a finite dimensional vector space and let X ∈ gl(V ).
We write X = Xs + Xn the Jordan decomposition of X where Xs is the diagonalizable
part and Xn the nilpotent part. Then, the Jordan decomposition of ad(X) is given by

ad(X) = ad(Xs) + ad(Xn)
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Proof. Xs and Xn commute then ad(Xs) and ad(Xn) too.
Thus, it suffices to show that ad(Xs) is diagonalizable and ad(Xn) nilpotent.
Note for X ∈ g,

ad(Xn)k(Y ) =
k∑
i=0

αiX
i
nY

k−i
n

Thus, if XN
n = 0 then ad(Xn)2N = 0.

Take a basis of V with respect to which Xs is diagonale.
Consider Ei,j the elementary matrix, Ei,j is an eigenvector for ad(Xs) with eigenvalue
given by the difference of the ith and the jth diagonal entries of Xs.

�

We can talk about the Cartan’s criteria.

Theorem 1.6. (1) Let V be a vector space and g ⊂ gl(V ) be a Lie algebra.
If BV is a zero on g then g is solvable.
Cartan’s criteria : (For solvability and simplicity)
(2) A Lie algebra g is solvable if, and only if, B(g, [g, g]) = 0.
(3) A Lie algebra g is semisimple if, and only if, B is non degenerate.

Proof. (1) By complexification of V , we can view g ⊂ gl(VC) and g|C ⊂ gl(VC).
If gC is solvable then g is solvable.
We may assume V is a complex vector space and g is a complex Lie subalgebra of gl(V ).

Since g/[g, g] is abelian, it is sufficient to show that [g, g] is nilpotent.
Let X ∈ [g, g], X = Xs +Xn.
Let X̃s be the linear map which has the same eigenspaces as Xs but complex conjugate
eigenvalues.
Using a basis of V such that X is its Jordan form, we see tr(X̃s ◦X) =

∑n
j=1 |λj|2, where

the λj are the eigenvalues of X .
If this vanishes, then X is nilpotent.
We mention the Engel’s theorem which says that : If each element X ∈ g acts as a
nilpotent endomorphism of V , then there is v ∈ V \{0} such that for all X ∈ g, X(v) = 0.

This implies that [g, g] is nilpotent.
We show that tr(X̃s ◦X) = 0 ;
We have

ad(X) = ad(Xs) + ad(Xn)

and ad(Xs) can be written as a polynomial in ad(X).
Then ad(Xs)(g) ⊂ g.
On the other hand, from the previous proof, ad(X̃s) has the same eigenspaces as ad(Xs).
Since the projections onto the eigenspaces of ad(Xs) can be written as polynomial in
ad(Xs), we see that ad(X̃s) is a polynomial in ad(Xs).
So ad(X̃s)(g) ⊂ g.
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Now since X ∈ [g, g], X =
∑

finite[Yi, Zi], for (Yi, Zi) ∈ g2.
Then

tr(X̃s ◦X) =
∑
finite

tr(X̃s ◦ [Yi, Zi]) =
∑
finite

tr([X̃i, Yi] ◦ Zi)

=
∑
finite

BV (ad(X̃s)(Yi), Zi)

= 0

(1) The necessity of the condition is clear.
Conversely, we assume B([g, g], [g, g]) = 0 (which implies B(g, [g, g]) = 0).
By (1) the image of [g, g] under the adjoint representation is solvable since ker(ad([g, g]))
is the center of [g, g] which is an abelian ideal, [g, g] is solvable.
Since the quotient of g by [g, g] is abelian, then g is solvable.

(3) For g semisimple, consider

h = {X ∈ g | B(X, Y ) = 0,∀Y ∈ g}

By invariance of the Killing form, h is an ideal of g and by (1) ad(h) ⊂ ad(g) is solvable.

Since ker(ad(h)) = Z(g) ∩ h is abelian, then h is solvable, thus h = {0}.

Conversely, we assume that B is non degenerate and h ⊂ g is an abelian ideal.
For X ∈ h, Y ∈ g, ad(Y ) ◦ ad(X) maps g to h and h to {0}.
Then this map is nilpotent then is tracefree.
Hence X is the null space (= the kernel) of B, so X = 0.
This show that g has no trivial abelian ideal.

�

Next, we note an important consequence.

Corollary 1.7. (1) If g is a semisimple Lie algebra, then there are simple ideals g1, . . . , gk
in g such that g = g1 ⊕ · · · ⊕ gk as a Lie algebra.
Moreover, g = [g, g] and any ideal in g as well as any homomorphic image of g is simple.
(2) A real Lie algebra g is semisimple if, and only if, its complexification gC is semisimple.
(3) If g is a complex simple Lie algebra and Φ : g × g → C is a g-invariant complex
bilinear form, then Φ is a multiple of the Killing form.

Proof. (1) If h ⊂ g is an ideal, then h⊥, with respect to the Killing form, is an ideal by
invariance of the Killing form.
We have K|h∩h⊥×h∩h⊥ = 0 then h⊥ is solvable.

By semisimplicity, h ∩ h⊥ = {0}, hence g = h⊕ h⊥ and [h, h⊥] = {0}.
Then the Killing form of h is the restriction of the Killing form of g and is non degenerate.
Thus, h is semisimple and cannot be abelian, so the decomposition of g into a sum of
simple ideals, gi = [gi, gi] then g = [g, g].
Finally, let a be a Lie algebra and φ : g→ a be a homomorphism.
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Then φ(g) ' g/ker(φ) ' ker(φ)⊥ which is semisimple.

(2) We know that if gC is semisimple then g is semisimple.
Conversely, we use the point (3) of the previous theorem and the fact that the Killing form
of gC is the complex bilinear extension of the Killing form of g.

(3) A g-invariant subspace of g is an ideal of g then it follows that the adjoint represen-
tation of g is a complex representation which is irreducible.
A complex bilinear form Φ : g× g→ C induces a map

Φv :

{
g −→ g∗ = L (g,C)

X 7−→ (Y 7→ Φ(X, Y ))

Since Φ([Z,X], Y ) = −Φ(X, [Z, Y ]) for (X, Y, Z) ∈ g3, then Φv is a homomorphism of
g-modules.
By (3) of the previous theorem, the map Bv induced by the Killing form is an isomorphism
(since B is non degenerate). Thus, (Bv)−1 ◦ Φ is an endomorphism of the irreducible re-
presentation g of g.
Now, we can have the result by Schur’s lemma.

�

2. Cartan subalgebras

We mention an important lemma.

Lemma 2.1. (Jordan decomposition) Let g be a complex semisimple Lie algebra.
(1) Assume that g 6 gl(V ) for a finite-dimensional complex vector space V . For X ∈ g,
let X = S +N be the Jordan decomposition of the linear map X : V → V .
Then S,N ∈ g.
(2) For any X ∈ g, there are unique Xs, Xn ∈ g such that ad(X) = ad(Xs) + ad(Xn) is
the Jordan decomposition of ad(X) : g→ g.
(3) If ρ : g → gl(V ) is a finite-dimensional complex representation, then for any element
X ∈ g, the Jordan decomposition of ρ(X) : V → V is given by ρ(X) = ρ(Xs) + ρ(Xn).

Definition 2.2. An element X ∈ g is called semisimple if the linear map ad(X) : g → g
is diagonalizable.

Remark 2.3. A such nonzero element always exists ; if not by the the lemma for any
X ∈ g, Xs = 0. So for any X ∈ g, ad(X) is nilpotent.
However by the Engel’s theorem, this implies that g is nilpotent and it is a contradiction.

To understand the theory of complex semisimple Lie algebra, we study the decomposi-
tion of g onto eigenspaces for ad(X) and X ∈ g a semisimple element.

Let X ∈ g be a semisimple element and g =
⊕

λ gλ(X) be the decomposition onto
eigenspaces for ad(X).
By the Jacobi identity, for every λ, µ eigenvalues, [gλ(X), gµ(X)] ⊂ gλ+µ(X).
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By the part (3) of the proviso lemma, for any finite-dimensional complex representation
ρ : g→ gl(V ) the map ρ(X) : V → V is diagonalizable.
Let V =

⊕
µ Vµ(X) be the decomposition into eigenspaces for the linear map ρ(X).

Since for every v ∈ V , (X, Y ) ∈ g2, X ·Y · v = [X, Y ] · v+Y ·X · v, then for Y ∈ gλ(X),
v ∈ Vµ(X), we have Y · v ∈ Vλ+µ(X).
So we get information on the possible eigenvalues of g.

Next we will refine this decomposition in using the notion of simultaneous diagonali-
zation with a type of subalgebra.

Definition 2.4. A Cartan subalgebra of complex semisimple Lie algebra is a maximal
commutative subalgebra which consists of semisimple elements.

Is there Cartan subalgebra in a complex semisimple Lie algebra ?

To answer we need to introduce the centralizer.

Definition 2.5. Let g be a complex semisimple Lie algebra and let H ∈ g. We define the
centralizer of H in g by

c(H) = {X ∈ g | [X,H] = 0}

For every H ∈ g, c(H) ⊂ g is a Lie subalgebra.

Remark 2.6. We only are interested in the case of H a semisimple element of g.

Definition 2.7. Let g be a complex semisimple Lie algebra.
We define the rank of g :

rank(g) = minH semisimple element of gdim(c(H))

Moreover, a H0 such that dim(c(H0)) = rank(g) is called a regular semisimple element of
g.

Example 2.8. Let g = sl(C), and H = diag(a1, . . . , an) such that a1 + · · ·+ an = 0.
We have for i 6= j, [H,Ei,j] = (ai − aj)Ei,j .
Then h = {H ∈ g | tr(H) = 0} is a Cartan subalgebra and rank(g) = n− 1.

Moreover, we need to introduce some notions about automorphisms of a Lie algebra g.
Since a Φ ∈ Aut(g) satisfies by definition

Φ([X, Y ]) = [Φ(X),Φ(Y )] (X,Y ∈g)

Then Aut(g) is a closed subgroup of GL(g) and thus a Lie subgroup.
The Lie algebra of this Lie subgroup is given by all maps A : g→ g which satisfies

A([X, Y ])− [A(X), Y ]− [X,A(Y )] = 0, (X,Y ∈g)
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and this Lie algebra is noted der(g).

In the semisimple case, Aut(g) is isomorphic to g.
The connected component of the identity in Aut(g) is called the group of inner automor-
phisms of g, noted Int(g).

Now we mention the theorem answering to the question.

Theorem 2.9. Let g be a complex semisimple Lie algebra.
(1) If H ∈ g is a regular semisimple element, then c(H) 6 g is a Cartan subalgebra.
(2) Any two Cartan subalgebra in g are conjugate by an inner automorphism of g.

With the notion of Cartan subalgebra we can refine the decomposition g =
⊕

λ gλ(X)
with X ∈ g a semisimple element.

Let h ⊂ g be a Cartan subalgebra. For any finite-dimensional complex representation
ρ : g→ gl(V ) the operators ρ(H) : V → V for H ∈ g are simultaneously diagonalizable.
Then the eigenvalues describe a linear functional

λ : h→ C.

Definition 2.10. The functionals corresponding to nontrivial eigenspaces are called the
weights of the representation ρ.
Let λ a weight, we call the weight space the space

Vλ := v ∈ V | ∀H ∈ h, ρ(H)(v) = λ(H)v}.

Remark 2.11. wt(V ) = {λ ∈ h∗ | λ weight} is a finite subset of h∗.

Consider the adjoint representation.
The nonzero weight are called the roots of the Lie algebra g and the weight space corres-
ponding to root is called the root space.
We will denote the set of all roots of g by ∆ ⊂ h∗ (for ρ = adj).
The weight space corresponding to the weight zero is the Cartan subalgebra, so we have

g = h⊕
⊕
α∈∆

gα.

By the Jacobi identity

[gα, gβ] ⊂ gα+β. (α,β∈∆)

gγ = {0}. (γ /∈∆)

Remark 2.12.

[gα, gα] ⊂ g0 = h (α∈∆)
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Example 2.13. For g = sl(C), for 1 6 i 6 n, ei :

{
h −→ C
H 7−→ Hi,i

.

∆ = {ei − ej | 1 6 i 6= j 6 n} ⊂ h∗,

h∗0 = {H ∈ g | tr(H) = 1, H ∈M(n,R)},

g = h⊕
⊕
i 6=j

gei−ej .

3. The root system of a semisimple Lie algebra

Let a semisimple Lie algebra g with a Cartan subalgebra h and the corresponding root
decomposition g = h⊕

⊕
α∈∆ gα.

We can observe that α ∈ ∆ implies −α ∈ ∆ and that the Killing form induces a duality
between gα and g−α.
Indeed, for every α, β ∈ ∆, [gα, gβ] ⊂ gα+β then for X ∈ gα, Y ∈ gβ
ad(X) ◦ ad(Y )(gγ) ⊂ gα+β+γ .
so B(gα, gβ) = 0 unless β = −α.
The non degeneracy of the Killing form implies that for α ∈ ∆ also −α ∈ ∆ and the
duality between gα and g−α.

We can see that B|h×h is nondegenerate.

For each λ ∈ h∗, there is a unique Hλ ∈ h such that

λ(H) = B(Hλ, H). (H∈h)

Then we define a nondegenerate complex bilinear form on h∗ by

〈λ, µ〉 := B(Hλ, Hµ).

Thus, we can have the following proposition.

Proposition 3.1. Let g be a complex semisimple Lie algebra, h 6 g a Cartan subalgebra,
∆ 6 h∗ the corresponding set of roots, and 〈, 〉 the complex bilinear form on h∗ induced by
the Killing form.
Then we have

(1) For any α ∈ ∆, also −α ∈ ∆ and there are the only complex multiples of α which
are roots.

(2) For any α ∈ ∆, the root space gα is one-dimensional and the space sα =
V ect(gα, g−α) with [gα, g−α] ⊂ h is a Lie subalgebra isomorphic to sl(2,C).

(3) For α, β ∈ ∆, with β 6= −α we have{
[gα, gβ] = gα+β , if α + β ∈ ∆

[gα, gβ] = {0} , otherwise
.

(4) For α, β ∈ ∆ with β 6= ±α, and z ∈ C, a functional of the form β + zα is a root if,
and only if, z ∈ Z.
The roots of this form are an unbroken string

β − pα ; β − (p− 1)α ; . . . ; β + (q − 1)α ; β + qα,
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where p, q > 0 and p− q = 2〈β,α〉
〈α,α〉 .

Next, we will talk about the Dynkin diagram. Then, we will work in the real space.
More precisely, let V ⊂ h∗ be the real span of the set ∆ of roots and let h0 ⊂ h be the real
subspace spanned by the Hα, for α ∈ ∆.
We will work on the real Euclidian space h∗0 equipped by the complex bilinear form 〈, 〉.

We claim that h0 is the real form of h, its dual is V = h∗, the form B|h0×h0 , and 〈, 〉|h∗×h∗
are positive definite.
Indeed :
Let α ∈ ∆, 〈α, α〉 = B(Hα, Hα) = tr(ad(Hα) ◦ ad(Hα)).
ad(Hα) acts trivially on h∗ and by multiplication by β(Hα) on gβ . Thus, 〈α, α〉 =∑

β∈∆ β(Hα)2.
Since β(Hα) = 〈α, β〉,

〈α, α〉 = 2〈α, α〉2 +
∑
β∈∆
β 6=±α

〈β, α〉2. (3.2)

By the part (4) of the proposition, 〈β,α〉〈α,α〉 ∈ Q.
Dividing (3.2) by 〈α, α〉2, we have 〈α, α〉 = α(Hα) ∈ Q.
Then, for every β ∈ ∆, β(Hα) ∈ Q.
Again by (3.2), for all α ∈ ∆, 〈α, α〉 > 0.
Hence, the reduction of 〈, 〉 to h0 is positive definite.
Moreover, the restriction of all roots to h0 are real valued.
Thus, the real dimension of h0 can be at most the complex dimension of h, since the
roots span h∗, it cannot be smaller than that either. The remaining claim follows from
dimensional consideration.

By these results, we consider the reflections of h∗0.
For α ∈ ∆, the root reflection sα : h∗0 → h∗0 on the hyperplan α⊥ is given by

sα(φ) = φ− 2〈φ, α〉
〈α, α〉

α. (φ∈h∗0)

We have for every α ∈ ∆, sα(α) = −α ∈ ∆.

For β ∈ ∆, and β 6= ±α, sα(β) = β − (p − q)α where the α-string through β has the
form gβ−pα ⊕ · · · ⊕ gβ+qα.
Since −p 6 q − p 6 q, then sα(β) ∈ ∆.

By this, we can obtain the following theorem.

Theorem 3.3. Let g be a semisimple Lie algebra of rank r, and let h 6 g be a Cartan
subalgebra, ∆ ⊂ h∗ the corresponding set of roots, h∗0 ⊂ h∗ the real span of ∆ and let 〈, 〉
be the complex bilinear form on h∗ induced by the Killing form. Then,

(1) h∗0 has real dimension r, and 〈, 〉|h∗0×h∗0 is positive definite.
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(2) ∆ ⊂ h∗0 spans h∗0, any root reflection sα for α ∈ ∆ maps ∆ to itself and for α, β ∈ ∆

we have 2 〈β,α〉〈α,α〉 ∈ Z.

(3) For α ∈ ∆, 2α 6= ∆.

Remark 3.4. A finite subset in a Euclidian vector space which satisfies the condition (2)
is called an abstract root system.
If in addition, the condition (3) is satisfied, then this abstract root system is called reduced.

4. Positive and simple roots ; Dynkin diagram

Now, we will talk about Dynkin diagrams.
Since an abstract root system ∆ on a Euclidian vector space h∗ is symmetric under root
reflections, it follows that α ∈ ∆ implies −α ∈ ∆.
A natural idea is to split the set of roots into positive and negative roots.

Definition 4.1. Let V be a set. We define the positive V noted V + such that

V = −V + ∪ {0} ∪ V +.

and V + is stable under addition and multiplication by positive scalars.

Remark 4.2. ∗ A such decomposition gives a total ordering on V , defined by

v 6 w ⇐⇒ v = w or w − v ∈ V +.

∗We can get an ordering of V with a basis of V ∗ ;
Let φ1, . . . , φn be a basis of V ∗ and then

v ∈ V + ⇐⇒ ∃j ∈ [|1, n|],
{
φi(v) = 0 , if i < j

φj(v) > 0
.

Let V = h∗ and V + be a positive set chosen, we define the set of positive roots ∆+ ⊂
V + by

∆+ = ∆ ∩ V +,

Then ∆ = −∆+ ∪ {0} ∪∆+.

Notation : α > 0 if α ∈ ∆+.

Moreover, we define the set of simple roots ∆0 ⊂ ∆+ as the set of those positive roots,
which cannot be written as the sum of two positive roots.

Remark 4.3. ∗ V ect(∆0) = h∗, and any root can be written as a linear combination of
simple roots, in which the coefficient are either all positives or all negatives.

Example 4.4. With the notation of the previous example, we let {E1,1 −
En,n; . . . ;En−1,n−1 − En,n} as the ordered basis for h∗0 to construct a positive subset
in h∗0, then we obtain ∆+ = {ei − ej | 1 6 i < j 6 n} and ∆0 = {α1, . . . , αn−1}, where
for all 1 6 i 6 n− 1, αi = ei − ei−1.
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Now, we look the map sα for α ∈ ∆.

For α, β ∈ ∆, the Cauchy-Schwarz shows that |2〈β,α〉〈β,α〉〈α,〉〈β,β〉 ≤ 4 and equality if, and only
if, α and β are propositional.
Hence, 2〈β,α〉

〈α,α〉 ∈ [−4, 4].
Moreover, for α 6= β, and a reduced abstract root system, the borders cannot be attempted.
For α, β ∈ ∆0, α− β /∈ ∆, and then 〈α, β〉 6 0.
Finally, for a reduced abstract root system and α, β ∈ ∆ with α 6= ±β. The elements
of ∆ of the form β + nα form an unbroken string of the form β − pα; . . . ; β + pα with
p− q = 2〈β,α〉

〈α,α〉 .
Replacing β by β − pα, we obtain that a such string has length at most four.

Definition 4.5. Let ∆ be an abstract root system on h∗ and ∆0 = {α1; . . . ;αl} be the
corresponding set of simple roots.
We define the Cartan matrix of ∆, the l × l-matrix A = (ai,j) defined by

ai,j = 2
〈αi, αj〉
〈αi, αi〉

= cαi,αj . (16i,j6l)

Clearly, the matrix depend on ∆0 = {αi | 1 6 i 6 l}.
For all 1 6 i 6 l, ai,i = 2.
For all 1 6 i, j 6 l, ai,j ∈ Z.
For all 1 6 i < j 6 l, ai,j = 0 =⇒ aj,i = 0.

Remark 4.6. ∗ For all 1 6 i 6= j 6 l, |cαi,αj | = 1 or |cαj ,αi | = 1.
∗ For all 1 6 i, j 6 l, sαj(αi) = αi − ai,jαj = αi − cαi,αjαj .

Definition 4.7. we say that two Cartan matrix of ∆ and ∆′ are equivalent if, and only if,
there is a bijection α 7→ α′ from ∆ to ∆′ such that for every 1 6 i, j 6 l = l(∆) = l(∆′),
ai,j = a′i,j .

Example 4.8. (1) Let g = sl(n,C) with the Cartan subalgebra.
h = {H ∈ g | tr(H) = 0}.
For 1 6 i 6 n, let ei : H ∈ h 7→ Hi,i ∈ C.
We have ∆ = {ei − ej | 1 6 i 6= j 6 n} ⊂ h∗ and g = h ⊕

⊕
i 6=j gei−ej , where gei−ej is

the one-dimensional subspace spanned by the Ei,j .
Moreover, for {E1,1 − En,n; . . . ;En−1,n−1 − En,n} as an ordered basis of h0, we have

∆ = {ei − ej | 1 6 i < j 6 n},
∆0 = {α1; . . . ;αn−1},
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where for 1 6 i 6 n− 1, αi = ei − ei+1.
Let H = diag(a1; . . . ; an) and H2 = diag(b1; . . . ; bn), we have

B(H1, H2) =
∑

16i 6=j6n

(ai − aj)(bi − bj)

=
∑

16i6n

∑
i 6=j

(aibi + ajbj − aibj − ajbi).

With
∑

i 6=j aj = −ai we have

B(H1, H2) = 2n
∑

16i6n

aibi = 2n〈

 a1

. . .
an

 ,

 b1

. . .
bn

〉.
In particular, for 1 6 i, j 6, Hei−ej = 1

2n
(Eii − Ejj).

Hence, for all 1 6 i 6 n 〈αi, αj〉 = 1
n

, for all 1 6 i 6 n − 2 〈αi, αi+ 1〉 = − 1
2n

, and for
all |i− j| > 1 then 〈αi, αj〉 = 0.
Then, the associated Cartan matrix is

2 −1
−1 2 −1

. . . . . . . . .
. . . . . . . . .

−1 2 −1
−1 2

 .

Having a Cartan matrix of ∆, we can associate a Dynkin diagram as follow :
Let A = (ai,j) the Cartan matrix.
We define a partial oriented graph ;

– ∆ is the set of vertices.
– For αi 6= αj ∈ ∆, the number of edges between αi and αj is nαi,αj := cαi,αjcαj ,αi .

If nαi,αj > 1 and |cαi,αj | = 1 then we use the orientation

αi −→ αj

Conversely, having a Dynkin diagram Γ, we can associate a Cartan matrix C(Γ) = C =
(cαi,αj) as follow :

– cαi,αi = 2.

– cαi,αj =

{−nαi,αj , if nαi,αj < 2 or αj −→ αi

−1 , if nαi,αj > 2 or αi −→ αj
.

Example 4.9. For g = sl(n,C), the Dynkin diagram is

With n− 1 vertices.
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5. The Weyl group

The classification of finite-dimensional simple Lie algebra is reduce to the classification
of Dynkin diagrams.
Now, we have seen how to associate to a semisimple Lie algebra a Dynkin diagram making
two choices ; we need to choose a Cartan subalgebra and a subset ∆+ ⊂ ∆ of positive
roots.
We have seen that any two Cartan subalgebras are conjugate under an inner automorphism
of g, then the Dynkin diagram is independent of the chosen Cartan subalgebra.
To see that it doesn’t depend on the subset ∆+, we need to introduce the Weyl group of an
abstract root system.

Definition 5.1. Let g be a semisimple Lie algebra and h be a Cartan subalgebra.
We define the Weyl group W = W (∆) of the corresponding abstract root system is called
the Weyl group W = W (g, h) of g with respect to h.
Let ∆ ⊂ V is an abstract root system, then for every α ∈ ∆, sα(∆) ⊂ ∆.
Then the Weyl group is

W (∆) = V ect(sα)α∈∆ ⊂ O(h∗).

Remark 5.2. We have an associated action{
W ×∆ −→ ∆

(w, α) 7−→ w(α)
.

Then, W ⊂ S|∆| is finite.

Definition 5.3. Let W be the Weyl group of ∆.
We define the sign of w ∈ W by

sign(w) = det(w).

Definition 5.4. We say that ∆0 = {α1, . . . , αn} ⊂ ∆ is a simple subsystem of ∆ if it is
defined to be a basis of V consisting of reduced roots (i.e. for all 1 6 j 6 n, 2αj /∈ ∆) such
that any element of ∆ can be written as a linear combination of the αj with all coefficients
of the same sign.

Having a such simple subsystem, we defines the corresponding positive roots ∆+ ⊂ ∆
as consisting of those roots for which all coefficient are positives. Then, to choose a simple
subsystem ∆0 is equivalent to choose a set of positive roots ∆+.

Definition 5.5. Let ∆0 = {α1, . . . , δn} be a simple subsystem. We define the height of a
root by the map

ht :


∆ −→ Z

n∑
i=1

aiαi 7−→
n∑
i=1

ai
.

Then we mention the following proposition.
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Proposition 5.6. Let ∆ be an abstract root system and let ∆0 = {α1, . . . , αn} be a simple
subsystem.

(1) W (∆) = V ect(sαi)16i6n.

(2) There is a bijection{
W (∆) −→ {Simple subsystem of ∆}

w 7−→ w(∆0)
.

We see that any two simple subsystem are related by an orthogonal isomorphism
(w ∈ W (∆)).
Then, the associated Cartan matrix which depends on inner products, do not change.
Thus, the associated Dynkin diagram do not change.

6. The classification of Dynkin diagram and of complex simple Lie algebra

We mention the main theorem.

Theorem 6.1. Any connected Dynkin diagram is of the following form.

(1) An

with n vertices.

(2) Bn

with n vertices.

(3) Cn

with n vertices.

(4) Dn

with n vertices.
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Or of the "exceptional" form :

(1) G2

(2) E6

(3) E7

(4) E8

(5) F4

Then, this implies that isomorphic simple Lie algebras lead to the same Dynkin
diagram.
Conversely,

Theorem 6.2. (1) Any reduced abstract root system is isomorphic to the root system of
some finite-dimensional complex simple Lie algebra.

(2) Two complex simple Lie algebra are isomorphic if, and only if root systems are
isomorphism i.e. if, and only if they have the same Dynkin diagram, if and only if
their root systems are isomorphic.

Example 6.3. We describe the root system of G2.
Its Dynkin diagram is given by

∆0 = {α1, α2}, nα1,α2 = 3.

Then

C(G2) =

(
2 −1
−3 2

)
,
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and ||α1α2|| =
√

3.
Since cα1,α2 < 0, then cos(α̂1α2) = − ||α1α2

||α2|| = −
√

3
2

.
Then α̂1α2 = π

3
.

We know that α, β ∈ ∆ implies sα(β) ∈ ∆ and for β1, . . . , βr ∈ ∆0

sβ1 ◦ · · · ◦ sβr(α1) ∈ {±α1,±α2,±(α1 + α2),±(2α1 + α2),±(3α1 + α2),±(3α1 + 2α2)},
sβ1 ◦ · · · ◦ sβr(α2) ∈ {±α1,±α2,±(α1 + α2),±(2α1 + α2),±(3α1 + α2),±(3α1 + 2α2)}.
Then

∆ = {±α1,±α2,±(α1 + α2),±(2α1 + α2),±(3α1 + α2),±(3α1 + 2α2)}.
Finally, the root diagram is

—————–
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(Marked) contact Engel structures and the exponential Lie group G2

1. Example of Lie group of type G2

Now, we construct G2 in terms of complex simple Lie algebra.
Let F ∈ {R,C}.

Proposition 1.1. We define

L = {M(a,x,y) =

 0 −2yt −2xt

x a ly
y lx −at

 | a ∈ sl(3,F), x, y ∈ F3}

a Lie algebra of gl(7,F) of dimension 14, where

lx =

 0 0 0
0 0 0
0 0 0

 . (x=


x1

x2

x3

∈F3)

Let {e1, e2, e3} the canonical basis of F3, and (Ei,j)16i,j63 the elementary matrix of
Mat(3,F).
Let h = {M(a,0,0) diagonal | a ∈ sl(3,F)} be an abelian subalgebra of L.
We define for 1 6 i 6 3, εi : h→ F by

εi(diag(0; s1; s2; s3;−s1;−s2;−s3)) = si,

where
∑3

i=1 si = 0.
Then {ε1, ε2} is a basis of h∗, since

∑3
i=1 εi = 0.

Now, we compute a basis of L of eigenvalues for ad(h) where h =
diag(0; s1; s2; s3;−s1;−s2;−s3).
We have

[h,M(Ei,j ,0,0)] = M([
∑n
k=1 δkEk,k,Ei,j ],0,0) = (si − sj)M(Ei,j ,0,0) = (εi − εj)(h)M(Ei,j ,0,0),

[h,M(0,ei,0)] = εi(h)M(0,ei,0),

[h,M(0,0,ei)] = −εi(h)M(0,ei,0);

Hence h is a Cartan subalgebra and

L = h⊕ (
⊕
α∈∆

Lα),

where
∆ = {εi − εj | 1 6 i 6= j 6 n} ∪ {±εi | 1 6 i 6 3} ⊂ h∗.

We have
Lεi−εj = FM(Ei,j ,0,0), (16i 6=j63)
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Lεi = FM(0,ei,0), (16i63)

L−εi = FM(0,0,ei). (16i63)

Proposition 1.2. L is a simple Lie algebra of type G2.

Proof. Assume L admits an ideal I 6= (0) and L.
Since h ⊂ L, [h, I] ⊂ I then,

I = I ∩ h⊕ (
⊕
α∈∆

I ∩ Lα).

Let S = {M(a,0,0) | a ∈ sl(3,F)} be a Lie algebra of L isomorphic to sl(3,F).
If I∩S 6= (0), by simplicity of S, then I∩S = S, then h ⊂ S ⊂ I , hence L = h+[h, L] ⊂
I + [I, L] ⊂ I and I = L (contradiction).
Otherwise, I ∩ S = (0), there is a some α ∈ {±εi | 1 6 i 6 3} such that I ∩ Lα 6= (0).
Since dim(Lα) = 1, then Lα ⊂ I and so

[Lα, L−α] ⊂ [I, L] ⊂ I.

But by property of root decomposition of simple Lie algebra

0 6= [Lα, L−α] ⊂ L0 = h ⊂ S

But I ∩ S = (0), so it is a contradiction.
Thus, L is simple.

�

Now, we call α1 := ε2 and α2 := ε1 − ε2.
Then

α1 + α2ε1,

3α1 + α2 = ε2 − ε3,
2α1 + α2 = −ε3,

3α1 + 2α2 = ε1 − ε3;

so that ∆ = ±{α1, α2, α1+α2, 2α1+α2, 3α1+α2+3α1+2α2} is the root system of typeG2.

Remark 1.3. For F = R, LR =: g2,2.
For F = C, LC =: g2.

2. Real forms of a complex semisimple Lie algebra

Definition 2.1. Let g be a complex Lie algebra. A real form of g is a subalgebra g0 of the
real Lie algebra gR (viewed as a R-vector space) such that gR = g0 + ig0.

Theorem 2.2. Every complex semisimple Lie algebra g has a real form which is compact.

Remark 2.3. A compact real form of g can be construct as follows ; a real form of g,
where the Killing form is strictly negative definite ; is compact.
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Definition 2.4. Let g0 be a real semisimple Lie algebra, g its complexification, and σ the
conjugaison of g with respect to g0.
A direct decomposition g0 = t0 + p0 of g0, into a subalgebra t0 and a vector space p0, is
called a Cartan decomposition if there exists a compact real form gc of g such that

σ(gc) ⊂ gc , t0 = g0 ∩ gc , p0 = g0 ∩ (igc).

Remark 2.5. Each semisimple real Lie algebra g0 as a Cartan decomposition.

We can see that any two Cartan decomposition are conjugate under an inner automor-
phism.

Theorem 2.6. Let g0 be a real semisimple Lie algebra.
Suppose g0 = t1 + p1, g0 = t2 + p2 are two Cartan decompositions of g0. Then there exists
ψ ∈ Int(g0) such that

ψ(t1) = t2 , ψ(p1) = p2.

Definition 2.7. Let g be a complex semisimple Lie algebra.
A real form g0 of g is called normal or split if in each Cartan decomposition g0 = t + p,
the space p contains a Cartan subalgebra of g0.

Theorem 2.8. Each complex semisimple Lie algebra has a split real form and this is
unique up to isomorphism.

Remark 2.9. We mention the fact that from the notion of Stake diagram, we can classify
the real simple Lie algebras.

We can also obtain the real forms of complex simple Lie algebra.

For example, g2 has two real forms ; the split real form g̃2 and the compact real form gc2.

Now we will discuss about g̃2.

3. Example of Lie algebra of type g̃2

Now, we give an example of a Lie group having a Lie algebra isomorphic to g̃2 and let
it G̃2.

G̃2 is related to the action of GL(7,R) on 3-forms on R7.

Let (τ 1, . . . , τ 4) be an orthonormal coframe for the flat Riemannian metric η =∑4
i=1(τ i)2 in R4.
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Let (σ1, σ2, σ3) the standard basis of the self-dual 2-forms :

σ1 = τ 1 ∧ τ 3 + τ 4 ∧ τ 2,

σ2 = τ 4 ∧ τ 1 + τ 3 ∧ τ 2,

σ3 = τ 1 ∧ τ 2 + τ 3 ∧ τ 4,

and we define two 3-forms on R7 by

σ− = σ1 ∧ τ 5 + σ2 ∧ τ 6 + σ3 ∧ τ 6 − τ 5 ∧ τ 6 ∧ τ 7,

where (τ 1, . . . , τ 4, τ 5, . . . , τ 7) is a coframe on R7.

We can define an action of GL(7,R) on the 3-forms via :


GL(7,R)× {3-forms on R7} −→ {3-forms on R7}

((ai,j)i,j, σ =
∑
µ<ν<ρ

1

6
σµ<ν<ρτ

µ ∧ τ ν ∧ τ ρ) 7−→ σ′ =
1

6

∑
α<β<γ

aµ,αaν,βaρ,γσµ,ν,ρτ
α ∧ τβ ∧ τ γ.

We have

Proposition 3.1. The stabilizer of this action

S− := {a ∈ GL(7,R) |
∑
µ<ν<ρ

aµ,αaν,βaρ,γσ
−
µ,ν,ρ = σ−α,β,γ}

has a Lie algebra isomorphic to g̃2.
Then we set S− =: G̃2.

In the proof we see

g̃2 = {X ∈Mat(7,R) | X = A+B + C},
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where

A =



0 4
3
α2

4
3
α0

4
9
α1 − α3 −4

9
α1 − α3 −4

3
α0 0

−4
3
α2 0 2α3 0 0 −2α3 −4

3
α2

−4
3
α0 −2α3 0 −2

3
α2 + 3

2
α4

2
3
α2 + 3

2
α4 0 −4

3
α0

−4
9
α1 + α3 0 2

3
α2 − 3

2
α4 0 0 −2

3
α2 + 3

2
α4 −4

9
α1 + α3

−4
9
α1 − α3 0 2

3
α2 + 3

2
α4 0 0 −2

3
α2 − 3

2
α4 −4

9
α1 − α3

−4
3
α0 −2α3 0 −2

3
α2 + 3

2
α4

2
3
α2 + 3

2
α4 0 −4

3
α0

0 −4
3
α2 −4

3
α0 −4

9
α1 + α3

4
9
α1 + α3

4
3
α0 0


,

B =



0 0 3
4
β2 − 1

3
β3 0 0 −3

4
β2 − 1

3
β3 3β1 + β4

0 0 0 3
2
β2 − 2

3
β3

3
2
β2 + 2

3
β3 0 0

−3
4
β2 + 1

3
β3 0 0 0 0 −3β1 + β4

3
4
β2 + 1

3
β3

0 −3
2
β2 + 2

3
β3 0 0 −2β4 0 0

0 3
2
β2 + 2

3
β3 0 −2β4 0 0 0

−3
4
β1 − 1

3
β3 0 −3β1 + β4 0 0 0 3

4
β2 − 1

3
β3

3β1 + β4 0 3
4
β2 + 1

3
β3 0 0 −3

4
β2 + 1

3
β3 0


,

C =



0 −3
2
γ3 −9

8
γ0 −1

2
γ2 + 27

8
γ4

1
2
γ2 + 27

8
γ4 −9

8
γ0 0

3
2
γ3 0 γ2 0 0 γ2 −3

2
γ3

9
8
γ0 −γ2 0 −γ1 + 3

4
γ3 γ1 + 3

4
γ3 0 −9

8
γ0

1
2
γ2 − 27

8
γ4 0 γ1 − 3

4
γ3 0 0 γ1 − 3

4
γ3 −1

2
γ2 + 27

8
γ4

1
2
γ2 + 27

8
γ4 0 γ1 + 3

4
γ3 0 0 γ1 + 3

4
γ3 −1

2
γ2 − 27

8
γ4

−9
8
γ0 γ2 0 γ1 − 3

4
γ3 −γ1 − 3

4
γ3 0 9

8
γ0

0 −3
2
γ3 −9

8
γ0 −1

2
γ2 + 27

8
γ4

1
2
γ2 + 27

8
γ4 −9

8
γ0 0


,

where α0, . . . , α4, β1, . . . β4, γ0, . . . , γ4 are 14 arbitrary real constants.
Then

e0 =
dA

dα0

, ei =
dA

dαi
, e4+j =

dB

dβj
, e8+i =

dC

dγi
, e13 =

dC

dγ0

,

where 1 6 i, j 6 4, form a basis of g̃2.

4. Complex parabolic subalgebras

Now, we talk about parabolic subalgebras of complex semisimple Lie algebras.

Definition 4.1. A Borel subalgebra of g a complex semisimple Lie algebra is a maximal
solvable subalgebra b 6 g.

Proposition 4.2. For h a Cartan subalgebra of g a complex semisimple Lie algebra, the
associated Borel subalgebra is b = h⊕ n+ where n+ =

⊕
α∈∆+ gα and ∆+ is the positive

system associated to h.
We call b the standard Borel subalgebra associated to h and ∆+.

Proof. n+ is a nilpotent subalgebra and [b, b] ⊂ n+.
So b is solvable.
Any subalgebra of g, which strictly contains b ; has to contain at least one negative root
space, say g−α for a some α ∈ ∆+. But then g−α⊕[g−α, gα]⊕gα is a subalgebra isomorphic
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to the simple Lie algebra sl(2,C).
Since any subalgebra of a solvable Lie algebra is solvable, b is a maximal solvable Lie
subalgebra of g.

�

Remark 4.3. The choice of Cartan subalgebra and positive roots are unique up to conju-
gaison is equivalent to the fact that any two Borel subalgebras of a complex semisimple
Lie algebra are conjugate by an inner automorphism of g.

Definition 4.4. Let g be a complex semisimple Lie algebra.
A parabolic subalgebra p of g is a Lie subalgebra containing a Borel subalgebra.
Lie subalgebra contaminé a standard Borel subalgebra are called standard parabolic
subalgebras.

Since any Borel subalgebra is conjugate to b, any parabolic subalgebra of g is conjugate
to a standard one.
Therefore, to understand parabolic subalgebras suffices to deal with the standard parabolic
subalgebras.

Remark 4.5. Let g be a complex semisimple Lie algebra with h a Cartan subalgebra and
∆ the set of all roots.
α is a positive root if, and only if α cannot be written as the sum of two positive roots.
If α ∈ ∆+ is not simple (i.e. α ∈ ∆0), then there is a simple root α ∈ ∆0 such that
α− αi ∈ ∆.

With this remark, we can have the following proposition.

Proposition 4.6. Let g be a complex semisimple Lie algebra, h 6 g a Cartan subalgebra,
∆ the corresponding set of roots and ∆0 the set of simple roots for some choice of a
positive system.
Then standard parabolic subalgebra p 6 g are in bijective correspondance with subsets
Σ ⊂ ∆0.
Precisely, we associate to p the subset Σf = {α ∈ ∆0 | g−α 6⊂ p}.
Conversely, the standard parabolic subalgebra pΣ corresponding to a subset Σ is the sum
of the standard Borel subalgebra b and all negative root space corresponding to roots
which can be written as a linear combination of elements of ∆0\Σ.

Remark 4.7.
Σ ⊂ Σ′ ⊂ ∆0 =⇒ pΣ′ ⊂ pΣ

The description of standard parabolic subalgebras p ⊂ g suggest a relation to k-grading.

Let g be a complex semisimple Lie algebra.
Let Σ ⊂ ∆0 = {α1, . . . , αr} of simple roots and a root α ∈ ∆.
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We define the Σ-height htΣ already defined.
For i ∈ Z\{0}, let gi :=

⊕
α|htΣ(α)=i gα and g0 = h⊕

⊕
α|htΣ(α)=0 gα.

There is a maximal root in this ordering Σ ; k = maxα∈ΣhtΣ(α).
Then we have a k-grading of g

g = g−k ⊕ · · · ⊕ gk.

Theorem 4.8. Let g be a complex semisimple Lie algebra, h 6 g a Cartan subalgebra
with corresponding roots ∆, ∆+ a set of positive roots and ∆0 ⊂ ∆+ the set of simple roots.

(1) For any standard parabolic standard p 6 g corresponding to the subset Σ ⊂ ∆0,
the decomposition g = g−k ⊕ · · · ⊕ gk according to Σ-height makes g into a k-
graded Lie algebra such that p = g0 = g0 ⊕ · · · ⊕ gk.
Moreover, the subalgebra g0 ⊂ g is reductive and the dimension of its center
z(g0) = {x ∈ g0 | ∀y ∈ g0, xy = yx} coincides with the number of elements
of Σ.

(2) Conversely, for any k-grading g = g−k⊕· · ·⊕g−k ; the subalgebra g0 is parabolic,
and choosing a Cartan subalgebra and positive roots in such a way that g0 is a
standard parabolic subalgebra pΣ, the grading is given by the Σ-height.

Definition 4.9. Let g be a complex semisimple Lie algebra endowed with a Cartan
subalgebra h 6 g and a set ∆+ of positive roots.
We denote the parabolic subalgebra pΣ ⊂ g corresponding to Σ ⊂ ∆0 by representing in
the Dynkin diagram of g the nodes corresponding to elements of Σ by a cross instead of a
dot.

Example 4.10. (The parabolic subalgebras of g2)

Its Dynkin diagram, with ∆0 = {α1, α2}.

The parabolic subalgebras are
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Where
p1 = h⊕ gα2 ⊕ gα1+α2 ⊕ g3α1+2α2 ⊕ g2α1+α2 ⊕ g3α1+α2 ⊕ gα1 ⊕ g−α2 ,

p2 = h⊕ g−α1 ⊕ gα2 ⊕ gα1+α2 ⊕ g3α1+2α2 ⊕ g2α1+α2 ⊕ g3α1+α2 ⊕ gα1 ,

p1,2 = h⊕ gα2 ⊕ gα1+α2 ⊕ g3α1+2α2 ⊕ g2α1+α2 ⊕ g3α1+α2 ⊕ gα1 .

Remark 4.11. To talk about contact Engel structures, we interest in the case of the Lie
algebra g̃2 =: g and its parabolic subalgebras.

Theorem 4.12. g has, up to conjugacy, 3 parabolic subalgebras noted again p1, p2 and
p1,2 with associated Lie groups P1, P2, and P1,2.

Now, we describe P2.

Definition 4.13. Let g be a metric of a non-Riemannian signature on Rn.
A real vector subspace N ⊂ Rn is called a totally null k-plane of k = dim(N) and for all
v1, v2 ∈ N , g(v1, v2) = 0.

Definition 4.14. We note R(p,q) the space Rp+q equipped with a signature metric of type
(p, q).

We will focus on totally null 2-planes in R(4,3) equipped with signature metric (4, 3)

g =
4∑
i=1

(τ i)2 −
7∑
i=5

(τ i)2, (4.15)

and the 3-form

σ− = σ1 ∧ τ 5 + σ2 ∧ τ 6 + σ3 ∧ τ 6 − τ 5 ∧ τ 6 ∧ τ 7, (4.16)

where (τ 1, . . . , τ 7) is a coframe on R7.

Let N = V ect(v1, v2) be a totally null 2-plane in (R(4,3), g, σ−).
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Remark 4.17. We recall the inner product y of a vector v ∈ R7 and a p-form ω.

vyω : (x1; . . . ;xp−1) 7−→ ω(v;x1; . . . ;xp−1).

We have two possibilities :

(1) v1yv2y(σ−) ≡ 0,

(2) v1yv2y(σ−) 6≡ 0.

In the case (2), v3 = g−1(v1yv2yσ−) 6= 0 is yet another null vector in R(4,3).
Then v3 is transversal to the 2-plane N and orthogonal to it.
Thus, we have N ′ = V ect(v1, v2, v3) a null 3-plane (not interested here).

In the case (1), we call N a proper totally null 2-plane in (R(4,3), g, σ−).

Given a proper totally null 2-plan N in (R(4,3), g, σ−), we can chose a coframe (τ i)16i67

on R(4,3) such that σ− is as in (4.14), g is as in (4.13), and N is given by

N = V ect(v1, v2),

with v1 = h1 + h7, v2 = h3 − h6, where (hi)16i67 the dual basis of (τ i)16i67.

Then we have the following proposition.

Proposition 4.18. The stabilizer P2 in G̃2 of a proper totally null 2-plane N in
(R(4,3), g, σ−) is a 9-dimensional parabolic subgroup of G̃2 and the parabolic subalgebra
is p2.

Remark 4.19. We can see that P1 is the stabilizer of a null line in R(4,3).

5. (Marked) contact Engel structures

We will construct a natural contact twisted cubic structure on G2/P2, then we will
define the notion of (marked) contact Engel structure.

Let P2, and G+ ⊂ P2 the unipotent radical of P2.

We recall that the radical of P2 is the identity component of its maximal normal solvable
subgroup.
Then the unipotent radical of P2 is the set of unipotent elements in the radical of P2.

Let G0 := P2/G+ be the reductive Levi factor ;

P2 = G0 nG+.

Denote g+ and g0 = p2/g+ be the corresponding Lie algebras.

Via the adjoint action, P2 preserve a filtration

g = g−k ⊃ g−k+1 ⊃ · · · ⊃ g0 ⊃ g1 ⊃ · · · ⊃ gk, (5.1)
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where g1 := g+, for j > 2, gj := [gj−1, g+], and for j 6 −1 gj+1 = (g−j)⊥ with respect to
the Killing form.
In particular g0 = p2.

This determines an identification of the filtered Lie algebra g := g̃2 with its associated
graded Lie algebra

gr(g) = g−k ⊕ · · · ⊕ g0 ⊕ · · · ⊕ gk.

We have G0 = GL(2,R) and g0 = gl(2,R).
Moreover, g− = g−1 ⊕ g−2 and g+ = g1 ⊕ g2 where

p2 = g2 ⊕ g1 ⊕ g0. (5.2)

Now, we can construct a Engel structure on (marked) contact twisted cubic structures.

Proposition 5.3. The homogeneous space G̃2/P2 is naturally equipped with a G̃2-invariant
contact twisted cubic structure.

Proof. The tangent bundle of G̃2/P2 is the associated bundle

T (G̃2/P2) = G̃2 ×P2 (g/p2), (5.4)

where g := g̃2.
The identification is induced by the trivialization of the tangent bundle of the Lie group G̃2

by left-invariant vector fields. Using the Maurer-Cartan form ωG̃2
, it can be written as

ξx 7−→ [g, ωG̃2
(ξx) + p2],

where g ∈ ωG̃2
, x = gP2, and ξx ∈ Tx(G̃2/P2).

The filtration (5.1) induces a P2-invariant filtration

Co = g−1/p2 ⊂ g/p2 = To(G̃2/P2)

where o = eP2 and, via the identification (5.3), a subbundle C ⊂ T (G2/P2) of codimen-
sion one.
The Levi bracket L : Λ2C → TM/C corresponds to the Lie bracket on g− = gr(g/p2).
Since this is the 5-dimensional Heisenberg Lie algebra, C is a contact subbundle.
Moreover, since the unipotent radical acts trivially on g−1/p2, the P2 action factors to a
G0-action on Co = g−1/p2. The latter action is irreducible, and the orbit through a highest
weight line defines a G0-invariant Lengendrian twisted cubic γo ⊂ P(Co).

�

Definition 5.5. A contact twisted cubic structure is called a contact Engel structure if, and
only if it locally equivalent to the G̃2-invariant structure on G̃2/P2.

Proposition 5.6. Let γ ⊂ P(C) be the G̃2-invariant contact twisted cubic structure on
G̃2/P2. Then

γ = G̃2 ×P2 P2/P1,2 = G̃2/P1,2.
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Proof. The left G̃2-action on G̃2/P2 lifts to a G̃2-action on γ. Consider the fibre γo ⊂
P(g−1/p2) over the origin o = eP2.
Then the G̃2-action on γ restricts to a P2-action on γo, which factors to an action of G0 =
GL(2,R), since the unipotent radical acts trivially. The latter action is transitive on γo and
the stabilizer of a point in γo (which is a height weight line in g−1/p2) is the Borel subgroup
B ⊂ GL(2,R) as in (0.31). Then the stabilizer in P2 of the point is B o exp(g+), which is
the Borel subgroup P1,2 ⊂ G2, and so

γ = G̃2 ×P2 γo = G̃2 ×P2 P2/P1,2 = G̃2/P1,2.

�

Definition 5.7. A marked contact Engel structure is a marked contact twisted cubic
structure whose underlying contact twisted cubic structure is flat.

—————–
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Local invariant and homogeneous models of marked contact Engel
structures via’s Cartan method

In this chapter, we apply the Cartan method to the local equivalence problem of marked
contact Engel structures.

1. Adapted coframes

We begin with the adapted coframes.

Definition 1.1. Let (M,C, γ) be a contact twisted cubic structure.
A local coframe (ω0, ω1, ω2, ω3, ω4) where for all 1 6 i 6 4, ωi : U 7→ C∗|U , on U an
open set of M , is adapted to the contact twisted cubic structure if it terms of this coframe
C = ker(ω0) and γ ⊂ P(C) is the projectivization of the set of all tangent vectors contained
in C that are simultaneously null for the following three symmetric tensor fields

g1 = ω1 ∧ ω3 − (ω2)3, , g2 = ω2 ∧ ω4 − (ω3)2 , g3 = ω2 ∧ ω3 − ω1 ∧ ω4.

Then we have the following proposition.

Proposition 1.2. – Two coframes (ω̂0, . . . , ŵ4) and (ω0, . . . ω4) on U are adapted to the
same twisted cubic structures if, and only if
ω̂0

ω̂1

ω̂2

ω̂3

ω̂4

 =


s0 0 0 0 0
s1 s3

5 3s2
5s6 3s5s

2
6 s3

6

s2 s2
5s7 s5(s5s8 + 2s6s7) s6(2s5s8 + s6s7) s2

6s8

s3 s5s
2
7 s7(2s5s8 + s6s7) s8(s5s8 + 2s6s7) s6s

2
8

s4 s3
7 3s2

7s8 3s7s
2
8 s3

8




ω0

ω1

ω2

ω3

ω4

 , (1.3)

where s0, . . . , s8 are smooth functions on U such that the determinant s0(s6s7 −
s5s8)6 6= 0.

– Two contact twisted cubic structures represented by (ω0, . . . ω4) on U and
(ω̂0, . . . , ŵ4) on V are locally equivalent if, and only if there is a local diffeo-
morphism f : U → V such that

f ∗(ω̂0)
f ∗(ω̂1)
f ∗(ω̂2)
f ∗(ω̂3)
f ∗(ω̂4)

 = M


ω0

ω1

ω2

ω3

ω4

 ,

where M is a matrix of the form as in (1.3).
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Remark 1.4. The bottom 4× 4 block in the transformation matrix form (1.3) is GL(2,R)
in the 4-dimensional irreducible representation viewed.

Definition 1.5. Let σ : U → γ ⊂ P(C) be a section, and (M,C, γ, σ) be a marked contact
twisted cubic structure on U .
A local coframe (ω0, . . . ω4) s adapted to the marked contact twisted cubic structure
(M,C, γ, σ) if it is adapted to the underlying contact twisted and moreover the line field lσ

is given by lσ = ker(ω0, . . . ω4).

Then we have the following proposition.

Proposition 1.6. – Two coframes (ω̂0, . . . , ŵ4) and (ω0, . . . ω4) on U are adapted to the
same twisted cubic structures if, and only if

ω̂0

ω̂1

ω̂2

ω̂3

ω̂4

 =


s0 0 0 0 0
s1 s3

5 0 0 0
s2 s2

5s7 s2
5s8 0 0

s3 s5s
2
7 2s7s5s8 s5s

2
8 0

s4 s3
7 3s2

7s8 3s7s
2
8 s3

8




ω0

ω1

ω2

ω3

ω4

 , (1.7)

where s0, . . . , s8 are smooth functions on U such that the determinant s0s5s8 6= 0.
– Two contact twisted cubic structures represented by (ω0, . . . ω4) on U and

(ω̂0, . . . , ŵ4) on V are locally equivalent if, and only if there is a local diffeo-
morphism f : U → V such that

f ∗(ω̂0)
f ∗(ω̂1)
f ∗(ω̂2)
f ∗(ω̂3)
f ∗(ω̂4)

 = M


ω0

ω1

ω2

ω3

ω4

 ,

where M is a matrix of the form as in (1.3).

2. Structure equations for marked contact Engel structures

In this section, we will construct an adapted coframe for a marked contact Engel
structure.

Let (M,C, γ, σ) a marked contact Engel structure.

Since the equivalence problem is local, we can assume

M = G̃2/P2.

Now, we will determine the Maurer-Cartan equation of G̃2 with respect to the basis
(e0, . . . , e13) of g := g̃2, which is adapted to the contact grading (see (5.2) in the previous
chapter) :

g = gr(g) = g− ⊕ g0 ⊕ g+ = g−2 ⊕ g−1 ⊕ g0 ⊕ g1 ⊕ g2.
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There is a basis of 1-forms (θi)06613 on the Lie group G̃2 consisting of the right-invariant
forms (θi)06613 such that the Maurer-Cartan form α in G̃2 is

α =
13∑
i=0

θiei.

The θi satisfies the fundamental structure equations

dθi = −1

2

∑
06j<k613

cij,kθ
j ∧ θk. (06i613)

Then we obtain by computing

dθ0 = −6θ0 ∧ θ5 + θ1 ∧ θ4 − 3θ2 ∧ θ3,

dθ1 = 6θ0 ∧ θ9 − 3θ1 ∧ θ5 − 3θ1 ∧ θ8 + 3θ2 ∧ θ7,

dθ2 = 2θ0 ∧ θ10 + θ1 ∧ θ6 − 3θ2 ∧ θ5 − θ2 ∧ θ8 + 2θ3 ∧ θ7,

dθ3 = 2θ0 ∧ θ11 + 2θ2 ∧ θ6 − 3θ3 ∧ θ5 + θ3 ∧ θ8 + θ4 ∧ θ7,

dθ4 = 6θ0 ∧ θ12 + 3θ3 ∧ θ6 − 3θ4 ∧ θ5 + 3θ4 ∧ θ8,

dθ5 = 2θ0 ∧ θ13 − θ1 ∧ θ12 + θ2 ∧ θ11 − θ3 ∧ θ10 + θ4 ∧ θ9,

dθ6 = 6θ2 ∧ θ12 − 4θ3 ∧ θ11 + 2θ4 ∧ θ10 + 2θ6 ∧ θ8,

dθ7 = −2θ1 ∧ θ11 + 4θ2 ∧ θ10 − 6θ3 ∧ θ9 − 2θ7 ∧ θ8,

dθ8 = −3θ1 ∧ θ12 + θ2 ∧ θ11 + θ3 ∧ θ10 − 3θ4 ∧ θ9 − θ6 ∧ θ7,

dθ9 = −θ1 ∧ θ13 − 3θ5 ∧ θ9 − θ7 ∧ θ10 + 3θ8 ∧ θ9,

dθ10 = −3θ2 ∧ θ13 − 3θ5 ∧ θ10 − 3θ6 ∧ θ9 − 2θ7θ11 + θ8 ∧ θ10,

dθ11 = −3θ3 ∧ θ13 − 3θ5 ∧ θ11 − 2θ6 ∧ θ10 − 3θ7 ∧ θ12 − θ8 ∧ θ11,

dθ12 = −θ4 ∧ θ13 − 3θ5 ∧ θ12 − θ6 ∧ θ11 − 3θ8 ∧ θ12,

dθ13 = −6θ5 ∧ θ13 − 6θ9 ∧ θ12 + 2θ10 ∧ θ11.

(2.1)

The kernel of the nine right-invariant forms θ5, θ6, . . . , θ13 defines an integrable
distribution and the leaves of the corresponding foliation correspond to certain sections of
G̃2 → G̃2/P2.

For any section of G̃2 → G̃2/P2 the pullbacks of the forms θ5, θ6, . . . , θ13 vanish.
Moreover, the remaining forms θ0, θ1, . . . , θ4 define an adapted coframe (α0, . . . , α4) for
the contact Engel structure on G̃2 → G̃2/P2, which satisfies the system

dα0 = α1 ∧ α4 − 3α2 ∧ α3 , dα1 = 0 , dα2 = 0 , dα3 = 0 , dα4 = 0. (2.2)
Integrating this system yields local coordinates (x0, x1, x2, x3, x4) such that

α0 = dx0 + x1dx4 − 3x2dx3 , α1 = dx1 , α2 = dx2 , α3 = dx3 , α4 = dx4. (2.3)

Then a such coframe (α0, α1, α2, α3, α4) is an adapted coframe for the contact Engel
structure (M,C, γ).
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Now, we construct an adapted coframe for the marked contact Engel structure
(M,C, γ, σ).

We denote by (X0, X1, X2, X3, X4) the frame dual to the coframe (α0, α1, α2, α3, α4).

We may assume that the section σ : U → γ, where U is an open set of G̃2/P2, is of the
form

σ = [−t3X1 + t2X2 − tX3 +X4], (2.4)

where t = t(x0, x1, x2, x3, x4) is smooth function on U .

Remark 2.5. The choice of t determines a marked contact Engel structure, and up to
equivalence, all marked contact Engel structures can be obtained by this way.
Different t’s can correspond to the same structure (up to local equivalence).

By the proposition 2.10 of the chapter "Definitions and descriptions of (marked) contact
twisted cubic structures", the filtration is of the form

lσ = V ect(ξ4) ⊂ Dσ = V ect(ξ4, ξ3) ⊂ Hσ = V ect(ξ4, ξ3, ξ2) ⊂ Cσ = V ect(ξ4, ξ3, ξ2, ξ1),
(2.6)

where

ξ4 := −t3X1 + t2X2 − tX3 +X4 = −(x1 + 3tx2)
∂

∂x0
− t3 ∂

∂x1
+ t2

∂

∂x2
− t ∂

∂x3
+

∂

∂x4
,

ξ3 := 3t2X1 − 2tX2 +X3 = 3x2 ∂

∂x0
+ 3t2

∂

∂x1
− 2t

∂

∂x2
+

∂

∂x3
,

ξ2 := −3tX1 +X2 = −3t
∂

∂x1
+

∂

∂x2
,

ξ1 := X1 =
∂

∂x0
,

ξ0 := X0 =
∂

∂x1
.

Passing to the coframe (ω0, ω1, ω2, ω3, ω4) dual to the frame (ξ0, ξ1, ξ2, ξ3, ξ4), we
obtain the following lemma.

Lemma 2.7. The most general marked contact Engel structure (M,C, γ, σ) can be locally
represented in terms of the following adapted coframe.

ω0

ω1

ω2

ω3

ω4

 =


dx0 + x1dx4 − 3x2dx3

dx1 + 3tdx2 + 3t2dx3 + t3dx4

dx2 + 2tdx3 + t2dx4

dx3 + tdx4

dx4

 , (2.8)

where t = t(x0, x1, x2, x3, x4) a smooth function on U .
The filtration (2.6) associated the a marked contact Engel structure is given in terms of this
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coframe as

lσ = V ect(ω0, ω1, ω2, ω3) ⊂ Dσ = V ect(ω0, ω1, ω2) ⊂ Hσ = V ect(ω0, ω1) ⊂ Cσ = V ect(ω0).
(2.9)

Definition 2.10. A marked contact Engel structure is flat if it can be locally represented in
terms of an adapted coframe (α0, α1, α2, α3, α4) as in (2.3).
In other word, t = 0 for the marked contact Engel structure.

Then we obtain the following lemma.

Lemma 2.11. Any marked contact Engel structure admits an adapted coframe
(ω0, ω1, ω2, ω3, ω4) satisfying

dω0 = ω1 ∧ ω4 − 3ω2 ∧ ω3,

dω1 =
3

4
(b2 − 4ac+M − P )ω0 ∧ ω2 + 3cω1 ∧ ω2 − 3aω2 ∧ ω3 + 3Jω2 ∧ ω4,

dω2 =
1

2
(b2 − 4ac+M − P )ω0 ∧ ω3 + 2cω1 ∧ ω3 − 2bω2 ∧ ω3 + 2Jω3 ∧ ω4,

dω3 =
1

4
(b2 − 4ac+M − P )ω0 ∧ ω4 + cω1 ∧ ω4 − bω2 ∧ ω4 + aω3 ∧ ω4,

dω4 = 0.

(2.12)

for functions a, b, c, J,M, P .

Proof. We differentiate the adapted coframe in the previous lemma.

dω0 = ω1 ∧ ω4 − 3ω2 ∧ ω3,

dω1 = 3dt ∧ ω2,

dω2 = 2dt ∧ ω3,

dω3 = dt ∧ ω4,

dω4 = 0.

Let dt =
∑4

i=0 tωiω
i. There is a unique solution for a, b, c, J,M, P in terms of the function

t and its derivatives.
�

Applying again the exterior derivative on (2.12), we obtain the following result.
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Lemma 2.13. The functions a, b, c, J from the previous lemma satisfy

dJ = Jω0ω0 + Jω1ω1 + Jω2ω2 + Jω3ω3 + Jω4ω4,

da = aω0ω0 + aω1ω1 +
1

4
(−3b2 +M + 3P )ω2 + Lω3 + (a3 − 2bJ − Jω3)ω4,

db =
1

4
(−4aω1b+ 6b2c− 8ac2 + 4cM −Mω2 + Pω2 + 2bQ− 4aR)ω0 + (2c2 +R)ω1

+ (2aω1 − 3bc−Q)ω2 +
1

2
(−b2 +M − 3P )ω3 + (ab− 3cJ + Jω2)ω4,

dc = cω0ω0 + Sω1 + (c2 −R)ω2 + (aω1 − 2bc)ω3 +
1

4
(b2 − 4Jω2 +M − P )ω4,

(2.14)
for function L,Q,R, S.

Lemma 2.15. The functions a, b, c, J, L,M, P,Q,R, S are uniquely determined by (2.12)
and (2.14). Explicitly,

a = tω3 , b = −tω2 , c = tω1 , J = −tω4 , M = 6tω0 − 2(tω2)2 + 6tω3tω1 + tω2ω3 ,

P = 2tω0 − (tω2)2 + 2tω3tω1 + tω2ω3 , Q = 2tω3ω1 + tω2ω3 + 3tω2ω1 , R = −tω2ω1 − 2(tω1)2,

S = t(ω1)2 .

3. The main invariants and a characterization of the flat model

In this section we will prove the following theorem.

Before we introduce the group S defined by

S = {(Sµν )06ν,µ64 =


s0 0 0 0 0
s1 s3

5 0 0 0
s2 s2

5s7 s2
5s8 0 0

s3 s5s
2
7 2s7s5s8 s5s

2
8 0

s4 s3
7 3s2

7s8 3s7s
2
8 s3

8

 | det(Sµν ) = s0s
6
5s

6
8 6= 0}.

Then

Theorem 3.1. Given the most general marked contact Engel structure on U , consider an
adapted coframe ω = (ω0, ω1, ω2, ω3, ω4) that satisfies structure equations (2.12), and let
J, L,M, P,Q,R, S be the functions defined via (2.12) and (2.14).

(1) Let ω̂ = (ω̂0, ω̂1, ω̂2, ω̂3, ω̂4) be another coframe related to ω via ω̂ = A · f ∗(ω),
with f : U → U a diffeomorphism and A : U → S a function with values in the
structure group S.
Suppose that ω̂ satisfies the structure equations (2.12) for some fonctions
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â, b̂, ĉ, Ĵ , M̂ , P̂ , and let Q̂, R̂, Ŝ be the derived functions as in (2.14). Then

(a)J = 0 iff Ĵ = 0

(b)J = L = 0 iff Ĵ = L̂ = 0

(c)J = L = M = 0 iff Ĵ = L̂ = M̂ = 0

(d)J = L = M = P = 0 iff Ĵ = L̂ = M̂ = P̂ = 0

(e)J = L = M = P = Q = 0 iff Ĵ = L̂ = M̂ = P̂ = Q̂ = 0

(f)J = L = M = P = Q = R = 0 iff Ĵ = L̂ = M̂ = P̂ = Q̂ = R̂ = 0

(f)J = L = M = P = Q = R = S = 0 iff Ĵ = L̂ = M̂ = P̂ = Q̂ = R̂ = Ŝ = 0.

(2) A marked contact Engel structure is flat if, and only if

J = L = M = P = Q = R = S = 0 (3.2)

holds.
In this case the structure has a 9-dimensional algebra of infinitesimal symmetries
isomorphic to the parabolic subalgebra p1.

Proof. Let ω = (ω0, ω1, ω2, ω3, ω4) an adapted coframe that satisfies (2.12).
We have a trivialization of the bundle of all adapted coframes, identified by π : U×S→ U .
Then we lift ω to the lifted coframe

θµ =
4∑

ν=0

Sµνω
ν , (06µ64)

on U × S.
With the equation (2.14) written in the following form

dωµ = −1

2

∑
06ν<ρ64

F µ
ν,ρω

ν ∧ ωρ, (06µ64)

we express the differentials dθ0, . . . , dθ4 as

dθµ =
4∑

ν=0

(d(Sµν )∧ων+Sµνdω
ν) =

4∑
ν,σ=0

dSνµ(S−1)ρσ∧θσ−
4∑

ν,ρ<σ,α<β=0

SµνF
ν
ρ,σ(S−1)ρσ(S−1)σβθ

α∧θβ.

We set

δ = −s5s8.

To prove this theorem, we will find the unknowns which are the group parameters
s0, . . . , s7, δ and the 1-forms θ5, θ6, θ8 and θ12.
We will find them in resolving the Maurer-Cartan equations of the parabolic subgroup
P1 ⊂ G̃2.
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These equations are ei = 0 for i ∈ {0, 1, . . . , 6, 8, 12} where

e0 = dθ0 − (−6θ0 ∧ θ5 + θ1 ∧ θ4 − 3θ2 ∧ θ3),

e1 = dθ1 − (−3θ1 ∧ θ5 − 3θ1 ∧ θ8),

e2 = dθ2 − (θ1 ∧ θ6 − 3θ2 ∧ θ5 − θ2 ∧ θ8),

e3 = dθ3 − (2θ2 ∧ θ6 − 3θ3 ∧ θ5 + θ3 ∧ θ8),

e4 = dθ4 − (3θ3 ∧ θ6 − 3θ4 ∧ θ5 + 3θ4 ∧ θ8),

e5 = dθ5 − (−θ1 ∧ θ12),

e6 = dθ6 − (6θ2 ∧ θ12 + 2θ6 ∧ θ8),

e8 = dθ8 − (−3θ1 ∧ θ12),

e12 = dθ12 − (−3θ5 ∧ θ12 − 3θ8 ∧ θ12).

(3.3)

We describe the proof in several steps.

Step 1 : e0 = 0.

Computing

dθ0 =
1

s0

ds0∧θ0− s4

δ3
θ0∧θ1 +

3s3

δ3
θ0∧θ2−3

s2

δ3
θ0∧θ3 +

s1

δ3
θ0∧θ4− s0

δ3
θ1∧θ4 +3

s0

δ3
θ2∧θ3,

and inserting it into e0 = 0, it gives

(−1− s0

δ3
)δ1 ∧ θ4 ∧ θ0 + (3 +

3s0

δ3
)θ2 ∧ θ3 ∧ θ0 = 0,

whose the unique solution is
s0 = −δ3. (3.4)

Then the general solution for e0 = 0 is

θ5 :=
1

2δ
dδ +

s4

6δ3
θ1 − s3

2δ3
θ2 +

s2

2δ3
θ3 − s1

6δ3
θ4 − 1

6
u0θ

0, (3.5)

where u0 is new variable.

Step 2 : e1 = 0.

By e1 ∧ θ0 ∧ θ1 = 0, we find

3(s1δ + as3
5δ − 3Js4

5s7)

δ4
θ0 ∧ θ1 ∧ θ2 ∧ θ3 +

3Js5
5

δ4
θ0 ∧ θ1 ∧ θ2 ∧ θ4 = 0. (3.6)

Since s5 cannot be zero, it is equivalent to J = 0.
In other words, we have shown that under a transformation that maps one adapted coframe
ω to another adapted coframe ω̂.
Then J = 0 if, and only if Ĵ = 0.

Now, we assume J = 0.
By this assumption and (3.6) we have

s1 = −as3
5.
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By e1 ∧ θ1 = 0, we have

−s3
5

δ5
(Mδ + 2Ls5s7)θ0 ∧ θ1 ∧ θ2 +

s4
5

δ5
Lθ0 ∧ θ1 ∧ θ3 = 0. (3.7)

By the same argument, we find L = 0 and that L = 0 if, and only if L̂ = 0.

Now, we assume J = L = 0. Again by (3.7), we have M = 0 and that M = 0 if, and
only if M̂ = 0.

Then the simultaneous vanishing of J, L and M is an invariant property and necessary
for flatness.

Now, we assume J = L = M = 0.

We have the general solution for e1 = 0 :

θ8 := − 1

2δ
dδ +

1

s5

ds5

− −6cs2δ
2 + 2as5δ

3 + 2as4s
4
5 − 6acs2

5s7δ
2 − 6as3s

3
5s7 + 6as2s

2
5s

2
7 + 2a2s4

5s
3
7 − s5u0δ

6

6s5δ6
θ0

+
2cδ2 + s3s5 − 2as2

5s
2
7

2s5δ3
θ2 − s2 − 2as2

5s7

2δ3
θ3 − as3

5

2δ3
θ4 − 1

3
u1θ

4,

where u1 is a new variable.

Step 3 : e2 = 0.

By e2 ∧ θ0 ∧ θ1 = 0, we have

s2 =
1

2
bs5δ − as2

5s7. (3.8)

By e2 ∧ θ1 = 0, we find the invariance property of the simultaneous vanishing of
J, L,M, P and

u0 =
(4a− 6bc− 3Q)δ3 + 3b2s5s7δ

2 − 3(s3 + 2as2
7s5)bs5δ + 2as2

5(−s4s5 + 3s3s7 + 2as5s
3
7)

2δ6
.

(3.9)
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Then the general solution for e2 = 0 is

θ6 :=
s7

s5δ
dδ − s7

s2
5

ds5 −
1

s5

ds7

− [
2(2c2 +R)δ4 − 2(4bc+Q)s5s7δ

3 + (8cs3 + 5b2s5s
2
7 + 8acs5s

2
7)s5δ

2

4s2
5δ

6

+
2(s4s5 − 4s3s7 − 6as5s

3
7)bs2

5δ − 4(s4s5 − 3s3s7 − 2as5s
3
7)as3

5s7

4s2
5δ

6
]θ0

+
2s2

5u1δ
3 + 6cs7δ

2 − 12bs5s
2
7δ − 3s4s

2
5 + 18as2

5s
3
7

6s2
5

θ2

− 2cδ2 − 2bs5s7δ + 3as2
5s

2
7

s5δ3
θ3

− s5(bδ − 2as5s7)

2δ3
θ4

+ u2θ
1.

Step 4 : e3 = 0.

By e3 ∧ θ0 = 0, we have

s3 =
−cδ2 + bs5s7δ − as2

5s
2
7

s5

, (3.10)

u1 =
−3(2cs7δ

2 − 2bs5s
2
7δ + s4s

2
5 + 2as2

5s
3
7)

2s2
5δ

3
, (3.11)

u2 =
−s2

7(cδ2 − bs5s7δ + as2
5s

2
7)

s3
5δ

3
. (3.12)

By the expression of e3 = 0, we find the invariance property of the simultaneous vanishing
of J, L,M, P,Q.

Then assuming the simultaneous vanishing of J, L,M, P,Q, again by e3 = 0, we find
the simultaneous vanishing of J, L,M, P,Q and R.

Step 5 : e4 = 0.
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By e4 = 0, we find the general solution for θ12 :

θ12 = −cs7δ
2bs5s

2
7δ + s4s

2
5 + as2

5s
3
7

2s2
5δ

4
dδ +

1

6δ3
ds4 +

cs7δ
2bs5s

2
7δ + s4s

2
5 + as2

5s
3
7

2s3
5δ

3
ds5

+
cδ2bs5s7δ + as2

5s
2
7

2s2
5δ

3
ds7 +

[3c2s2
7δ46bcs5s

3
7δ

3 + 3(cs4s
2
5s7 + b2s2

5s
4
7 + 2acs2

5s
4
7)δ2

6s4
5δ

6

− 3(bs4s
3
5s

2
7 + 2abs3

5s
5
7)δ + s2

4s
4
5 + 3as4s

4
5s

3
7 + 3a2s4

5s7

6s4
5δ

6

]
θ1

+
bcs2

7δ
3 + (cs4s5b

2s5s
3
72acs5s

3
7)δ2 + 3abs2

5s
4
7δas4s

3
5s

2
72a2s3

5s75

2s2
5δ

6
θ2

+
c2δ42bcs5s7δ

3 + (b2s2
5s

2
7 + 3acs2

5s
2
7)δ23abs3

5s
3
7δ + as4s

4
5s7 + 2a2s4

5s
4
7

2s2
5δ

6
θ3

+
4aδ3(3b2s5s7 + 12acs5s− 7)δ2 + 12abs2

5s
2
7δ4as4s

3
58a2s3

5s
3
7

24δ6
θ4

+
1

6
u3θ

0,

where u3 is a new variable.

Step 6 : e5 = 0.

By e5 = 0, we find

u3 =
8c3δ6 + 24bc2s5s7δ

5(21b2cs2
5s

2
7 + 36ac2s2

5s
2
7)δ4 + (6bcs4s

3
5 + 5b3s3

5s
3
7 + 60abcs3

5s
3
7)δ3

4s3
5δ

9

+
(3b2s4s

4
5s7 + 24acs4s

4
5s7 + 21ab2s4

5s
4
7 + 36a2cs4

5s
4
7)δ2

4s3
5δ

9

− (18abs4s
5
5s

2
7 + 24a2bs5

5s
5
7)δ + 4s2

4s
6
5 + 12a2s4s

6
5s

3
7 + 8a3s6

5s
6
7

4s3
5δ

9
.

Step 7 :
We show that the 1-form θi for i ∈ {0, . . . , 6, 8, 12} satisfy e6 = 0, e8 = 0, and e12 = 0.

In assuming J = L = M = P = Q = R = S = 0, we obtain the solution
for the Maurer-Cartan equations for P1. Then the symmetry group of the coframe
(θ0, θ1, θ2, θ3, θ4) is P1 (since the structure functions are constant).

Finally, in assuming J = L = M = P = Q = R = S = 0, we uniquely determined

(1) a 9-dimensional subbundle P of the 13-dimensional bundle π : U × S→ U .

(2) a well defined coframe (θ0, θ1, θ2, θ3, θ4, θ5, θ6, θ8, θ12) on P satisfying the
Maurer-Cartan equations of P1 whose the first five forms (θ0, θ1, θ2, θ3, θ4) when
pulled back with respect to any section of P → U are contained in the equivalence
class [(ω0, ω1, ω2, ω3, ω4)].

�
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4. A rigid coframe for marked contact Engel structure

In the previous section, we have explicitly construe a coframe (θ0, θ1, θ2, θ3, θ4, θ5, θ6, θ8, θ12)
on a 9-dimensional bundle over the flat marked contact Engel structure, called a rigid
coframe.

In this section we will apply the Cartan’s equivalence methods to show how to associate
a rigid coframe on a 9-dimensional bundle to a general marked contact Engel structure.

Let a marked contact Engel structure with an adapted coframe (ω0, ω1, ω2, ω3, ω4) satis-
fying (2.12).
Let (θ0, θ1, θ2, θ3, θ4) the lifted coframe

θµ =
4∑

ν=0

Sµνω
ν , (06µ64)

on U × S.
With the equation (2.14) written in the following form

dωµ = −1

2

∑
06ν<ρ64

F µ
ν,ρω

ν ∧ ωρ, (06µ64)

we express the differentials dθ0, . . . , dθ4 as

dθµ =
4∑

ν=0

(d(Sµν )∧ων+Sµνdω
ν) =

4∑
ν,σ=0

dSνµ(S−1)ρσ∧θσ−
4∑

ν,ρ<σ,α<β=0

SµνF
ν
ρ,σ(S−1)ρσ(S−1)σβθ

α∧θβ.

Remark 4.1. Next, we have to apply the absorption step.
However, a method to avoid the absorption step and its complicated expression, we will
compute the product of dθµ’s with some θν to determine equations allowing to go directly
to the normalization step.

∗ Begin with dθ0, we have

dθ0 ∧ θ0 = −s0

δ3
θ1 ∧ θ4 ∧ θ0 +

3s0

δ3
θ2 ∧ θ3 ∧ θ0.

Then we can also normalize the coefficient of the θ1 ∧ θ4 ∧ θ0 to 1 by setting

s0 = −δ3 (4.2)

We already have seen, in the previous theorem, that there exists a 1-form θ5, which is
uniquely defined up to addition of multiples of θ0, satisfying the equation

dθ0 = −6θ0 ∧ θ5 + θ1 ∧ θ4 − 3θ2 ∧ θ3.

∗ Next, with dθ1, we compute

dθ1 ∧ θ0 ∧ θ1 ∧ θ4 =
3(s1δ + as3

5δ − 3Js4
5s7)

δ4
θ0 ∧ θ1 ∧ θ2 ∧ θ3 ∧ θ4

By normalization of the coefficient to 0, we have

s1 =
−aδs3

5 + 3Js4
5s7

δ
. (4.3)
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Then there is exists a 1-form θ8, uniquely defined up to addition of multiples of θ0 and θ1,
satisfying

dθ1 = −3θ1 ∧ θ5 − 3θ1 ∧ θ8.

∗ Now with dθ2, we compute

dθ2 ∧ θ0 ∧ θ1 =
2(2δs2 − bδ2s5 + 2aδs2

5s7 − 3Js3
5s

2
7)

δ4
θ0 ∧ θ1 ∧ θ2 ∧ θ3 − 3θ0 ∧ θ1 ∧ θ2 ∧ θ5

− θ0 ∧ θ1 ∧ θ2 ∧ θ8 +
2Js5

5

δ4
θ0 ∧ θ1 ∧ θ2 ∧ θ4,

and we can normalize the θ0 ∧ θ1 ∧ θ2 ∧ θ3-term to 0 by setting

s2 =
s5

2δ
(bδ2 − 2aδs5s7 + 3Js2

5s
2
7). (4.4)

∗ Next with dθ3, we compute

dθ3 ∧ θ0 ∧ θ2 ∧ θ3 = −cδ
3 + δs3s5 − bδ2s5s7 + aδs2

5s
2
7 − Js3

5s
3
7

δ4s5

θ0 ∧ θ1 ∧ θ2 ∧ θ4

and we can normalize the θ0 ∧ θ1 ∧ θ2 ∧ θ4-term to 0 by setting

s3 = − 1

δs5

(cδ3 − bδ2s5s7 + aδs2
5s

2
7 − Js3

5s
3
7). (4.5)

With this normalization, we obtain, on the subbundle G 9 ⊂ U × S defined by
(4.2),(4.3),(4.4) and (4.5), the following new lifted coframe :

θ0 = −δ3ω3,

θ1 =
s3

5(3Js5s7 − aδ)
δ

ω0 + s3
5ω

1,

θ2 =
s5(bδ2 − 2aδs5s7 + 3Js52s2

7)

2δ
ω0 + s2

5s7ω
1 − δs5ω

2,

θ3 =
−cδ3 + bδ2s5s7 − aδs2

5s
2
7 + Js3

5s
3
7

s5

ω0 + s5s
2
7ω

1 − 2δs7ω
2 +

δ2

s5

ω3,

θ4 = s4ω
0 + s3

7ω
1 − 3δs2

7

s5

ω2 +
3δ2s7

s2
5

ω3 − δ3

s3
5

ω4.

(4.6)

We can summarize this result in this proposition.

Proposition 4.7. The five forms (4.6) on the 9-dimensional subbundle G 9 ⊂ U × S
given by (4.2),(4.3),(4.4) and (4.5) can be supplemented to a rigid coframe
(θ0, θ1, θ2, θ3, θ4, θ5, θ6, θ8, θ12) which is uniquely determined by the fact that it sa-
tisfies

dθ0 = −6θ0 ∧ θ5 + θ1 ∧ θ4 − 3θ2 ∧ θ3,

dθ1 = −3θ1 ∧ θ5 − 3θ1 ∧ θ8 + T 1
0,2θ

0 ∧ θ2 + T 1
0,3θ

0 ∧ θ3 + T 1
0,4θ

0 ∧ θ4 + T 1
0,6θ

0 ∧ θ6 + T 1
2,4θ

2 ∧ θ4,

dθ2 = θ1 ∧ θ6 − 3θ2 ∧ θ5 − θ2 ∧ θ8 + T 2
0,3θ

0 ∧ θ3 − T 2
0,4θ

0 ∧ θ4 + T 2
3,4θ

3 ∧ θ4,

dθ3 = 2θ2 ∧ θ6 − 3θ3 ∧ θ5 + θ3 ∧ θ8 + T 3
0,1θ

0 ∧ θ1 + T 3
0,2θ

0 ∧ θ2 − T 3
0,3θ

0 ∧ θ3 + T 3
0,4θ

0 ∧ θ4,

dθ4 = 6θ0 ∧ θ12 + 3θ3 ∧ θ6 − 3θ4 ∧ θ5 + 3θ4 ∧ θ8,
(4.8)
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for some functions T ij,k, and the additional normalization that dθ5, when written with
respect to the basis of forms θi ∧ θj , has zero coefficient at the θ0 ∧ θ1 term.

Remark 4.9. The bundle G 9 has as structure group the subgroup of S of matrix of the form
−δ3 0 0 0 0

0 s3
5 0 0 0

0 s2
5s7 −δs5 0 0

0 s5s
2
7 −2δs7

δ2

s5
0

s4 s3
7 −3δs27

s5

3δ2s7
s25

− δ3

s35

 .

Remark 4.10. By the proof of the proposition, we obtain some expressions of the T ij,k

T 1
2,4 = −T 1

0,6 =
3

2
T 2

3,4 =
3Js5

5

δ4
,

T 1
0,2 =

s2
5(δ4M − 6δJs4s

3
5 − 9cδ3Js5s7 − 3δ3Jω2s5s7 + 2δ3Ls5s7 − 9bδ2Js2

5s
2
7)

δ8

+
s2

5(−9δ2Jω3s2
5s

2
7 + 21aδJs3

5s
3
7 − 9δJω4s3

5s
3
7 − 27J2s4

5s
4
7)

δ8
.

(4.11)

To obtain all expressions of T ij,k’s we have to differentiate the lifted coframe (4.6).

5. A tree of homogeneous models

In this last section, we reach the goal of the marked contact Engel structure : it is to
find all locally non-equivalent homogeneous model of marked contact Engel structure with
symmetry group of dimension greater than or equal to 6.

The structure of the classification is the following :

(1) Beginning with the coframe (ω0, ω1, ω2, ω3, ω4) and the rigid coframe
(θ0, θ1, θ2, θ3, θ4, θ5, θ6, θ8, θ12) viewed in the previous proposition, we divide
the marked contact Engel structure into classes of mutually non-equivalent
structures.

(2) J 6= 0 ; J = 0, L 6= 0 ; J = L = 0,M = 0 ; J = L = M = 0, P = 0 ;
J = L = M = P = 0, Q 6= 0.

(3) With this distinction, we will obtain different structure equations express in terms
of the wedge product θi ∧ θj of the coframe forms

dθk =
∑
i<j

i,j∈{0,...6,8,12}

T ki,jθ
i ∧ θj,

where the T ki,j are the structure functions.
Remark : We forget the Maurer-Cartan forms of the subgroup of S.

(4) Then we will take the constant structure functions i.e. equal to zero if there
dependency of group and variable parameters.
Thus, we will have for each case Maurer-Cartan equations of a some Lie G
consisting the symmetry group.
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Finally we will have the homogeneous models given by G/Ge where Ge is the
isotropy group of e.

We will often abus notation : we will denote various different sub bundles G i ⊂ G 9

of dimension i by the same symbol. Moreover, we will frequently pullback the forms
θ0, θ1, θ2, θ3, θ4, θ5, θ6, θ8, θ12 to these various sub bundles and always reuse the same
names for the pulled back forms.

Classification :

∗ Step 1 : J 6= 0.

We assume J 6= 0.
The structure equation for dθ0 already has constant structure fonctions, so we look dθ1 in
the previous proposition, we see that we can normalize the coefficient T 1

2,4 =
3s55
δ4 J by 3.

Also we can normalize the coefficient T 1
0,2 to zero.

This means that we restrict to a subbundle G 7 ⊂ G 9 given by

s5 = (
δ4

J
)

1
5 ,

s4 =
δ4M − 9cδ3Js5s7 − 3δ3Jω2s5s7 + 2δ3Ls5s7 − 9bδ2Js2

5s
2
7 − 9δ2Jω3s2

5s
2
7 + 21aδJs3

5s
3
7

6δJs3
5

+
−9δJω4s3

5s
3
7 − 27J2s4

5s
4
7

6δJs3
5

.

Then we have a new coframe θ0, θ1, θ2, θ3, θ4, θ5, θ6, θ8, θ12. We compute the new structure
equations and look dθ1. We normalize the coefficient of dθ1 at the θ1 ∧ θ4-term to zero,
which determines a 6-dimensional subbundle G 6 ⊂ G 7 given by

s7 =
δ

1
5 (3aJ − Jω4)

14J
9
5

.
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Then we have a new coframe (θ0, θ1, θ2, θ3, θ4, θ5) satisfying

dθ0 = −6θ0 ∧ θ5 + θ1 ∧ θ4 − 3θ2 ∧ θ3,

dθ1 =
α1

δ3
θ0 ∧ θ1 +

α2

δ
12
5

θ0 ∧ θ2 +
α3

δ
9
5

θ0 ∧ θ3 +
α4

δ
6
5

θ0 ∧ θ4 +
α5

δ
9
5

θ1 ∧ θ2 +
α6

δ
6
5

θ1 ∧ θ3

− 24

5
θ1 ∧ θ5 + 3θ2 ∧ θ4,

dθ2 =
α7

δ
18
5

θ0 ∧ θ1 +
α8

δ3
θ0 ∧ θ2 +

α9

δ
12
5

θ0 ∧ θ3 +
5α5

6δ
9
5

θ0 ∧ θ4 +
α10

δ
12
5

θ1 ∧ θ2 +
α11

δ
9
5

θ1 ∧ θ3

− 3α4 + 5α6

9δ
6
5

θ1 ∧ θ4 +
α6

3δ
6
5

θ2 ∧ θ3 − 18

5
θ2 ∧ θ5 + 2θ3 ∧ θ4,

dθ3 =
α12

δ
21
5

θ0 ∧ θ1 +
α13

δ
18
5

θ0 ∧ θ2 +
α14

δ3
θ0 ∧ θ3 +

6α9 + 75α10 + 25α2

15δ
12
5

θ0 ∧ θ4 +
2(α1 − 3α8)

3δ3
θ1 ∧ θ2

− 3α10 + α2

3δ
12
5

θ1 ∧ θ3 +
α5 + 6α11

3δ
9
5

θ2 ∧ θ3 − 6α4 + 10α6

9δ
6
5

θ2 ∧ θ4 − 12

5
θ3 ∧ θ5,

dθ4 =
α15

δ
24
5

θ0 ∧ θ1 +
α16

δ
21
5

θ0 ∧ θ2 +
α17

δ
18
5

θ0 ∧ θ3 +
α18

δ3
θ0 ∧ θ4 − α1 − 3α8

δ3
θ1 ∧ θ3 − 3α10 + α2

δ
12
5

θ1 ∧ θ4

+
α2

δ
12
5

θ2 ∧ θ3 +
α5

δ
9
5

θ2 ∧ θ4 − 3α4 + 2α6

3δ
6
5

θ3 ∧ θ4 − 6

5
θ4 ∧ θ5,

dθ5 =
α19

δ
27
5

θ0 ∧ θ1 +
α20

δ
24
5

θ0 ∧ θ2 +
α21

δ
21
5

θ0 ∧ θ3 +
α22

δ
18
5

θ0 ∧ θ4 − 3α12 + α16

6δ
21
5

θ1 ∧ θ2 − α17 − 3α7

6δ
18
5

θ1 ∧ θ3

− α1 + α18

6δ3
θ1 ∧ θ4 +

α8 + α14

2δ3
θ2 ∧ θ3 − 6α9 + 75α10 + 20α2

30δ
12
5

θ2 ∧ θ4 − 2α3 − 5α5

12δ
9
5

θ3 ∧ θ4,

(5.1)
where α1, . . . , α22 are the pullbacks of fonctions on U , that is, as functions on G 6 they do
not depend on δ.

Now we are looking for homogeneous model with 6-dimensional symmetry group.
For a such structure all of the structure functions are constants. In particular, all those that
depend on δ have to be identically zero.
Then we have :

dθ0 = −6θ0 ∧ θ5 + θ1 ∧ θ4 − 3θ2 ∧ θ3,

dθ1 = −24

5
θ1 ∧ θ5 + 3θ2 ∧ θ4,

dθ2 = −18

5
θ2 ∧ θ5 + 2θ3 ∧ θ4,

dθ3 = −12

5
θ3 ∧ θ5,

dθ4 = −6

5
θ4 ∧ θ5,

dθ5 = 0.

(5.2)

This means there is a unique local model with 6-dimensional symmetry group in the
branch whose symmetry algebra has Maurer-Cartan equations (5.2).
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∗ Step 2 : J = 0, L 6= 0.

We assume J = 0, L 6= 0.
We look dθ1 from the previous proposition. We normalize the coefficient T 1

0,2 = 0 and
T 1

0,3 = 1 then we can expresse θ6 and θ8 in terms of the remaining forms, which constitute
a coframe.
We recompute the structure equations.
We look dθ3. We normalize the coefficient at the θ1 ∧ θ3-term to 0.
Then we have a 6-dimensional subbundle G 6 ⊂ G 9 defined by

s7 =
M

2L
4
5 s

1
5
5

,

δ = −L
1
5 s

4
5
5 ,

s4 = −8L2Lω1 + 16cL2M − 4LLω2M + 8bLM2 + 2Lω3M2 + aM3

8L
12
5 s

3
5
5

,

which (the pullbacks of) the forms θ0, . . . , θ5 define a coframe.

If there is a homogeneous model with a 6-dimensional symmetry group in this branch,
then for these structures all of of the structures functions of the structure equations with
respect to the coframe (θ0, . . . , θ5) on G 6 have to be constants.
However, this assumption leads to a contradiction. So there is no homogeneous model
6-dimensional symmetry group in this branch.

Then there are structures with 5-dimensional symmetry group in this branch ;
The structure equations leads up to distinguish two subclass of structures.

Case 1 : M − P 6= 0.
This allows us to normalize the coefficient at the θ0 ∧ θ3-term of dθ2. This determines a
5-dimensional subbundle of G 6 → U , and thus a rigid coframe (θ0, . . . , θ4) on U .
However, assuming that the structure equations with respect this coframe have only
constant structure functions quickly leads to a contradiction.
Then there is no homogeneous model in this branch.

Case 2 : M − P = 0.
In this case, we obtain a new relative invariant, namely 5bL+ 2Lω3 .
Case 2.1 : 5bL+ 2Lω3 6= 0.
We can normalize the coefficients of dθ1 at the θ1 ∧ θ3-term to 3

8
.

This determines a 5-dimensional subbundle G 5 ⊂ G 6 given by

s5 = (
(5bL+ 2Lω3)5

L7
)

1
3 ,

and a rigid coframe θ0, . . . , θ4 on U .
Assuming that all of the structure functions with respect the coframe are contant and using
d2 = 0, we find that there is a locally unique homogeneous model with a 5-dimensional
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symmetry group in this branch. It has Maurer-Cartan equations :

dθ0 = −5

6
θ0 ∧ θ3 + 24θ0 ∧ θ4 + θ1 ∧ θ3 − 3θ2 ∧ θ3,

dθ1 = θ0 ∧ θ3 − 2

3
θ1 ∧ θ3 − 30θ1 ∧ θ4,

dθ2 = −1

2
θ2 ∧ θ3 + 18θ2 ∧ θ4,

dθ3 = −6θ3 ∧ θ4,

dθ4 = −1

6
θ3 ∧ θ4.

(5.3)

Case 2.2 : 5bL+ 2Lω3 = 0.
In this subclass, we obtain a contradiction. Then there is no homogeneous model in this
branch.

∗ Step 3 : J = L = 0,M 6= 0.

We assume J = L = 0,M 6= 0.
We look dθ1 and we normalize the coefficient T 1

0,2 by ε = sign(M) to obtain a 8-
dimensional subbundle G 8 ⊂ G 9 defined by

s5 =
δ2

√
εM

.

Then we can find with the new 1-forms θ0, . . . , θ6, θ8, θ12 on G 8 that θ8 is linearly dependent
on the other 1-forms.
We recompute the dθi for i ∈ {0, . . . 6, 12} on G 8.
The coefficient of dθ5 at the θ2 ∧ θ3-term is

√
εMQ+ 6δPs7

2δ3
√
εM

.

Then we distinguish :

Case 1 : P 6= 0.
This coefficient normalized to 0 gives a 7-dimensional subbundle G 7 ⊂ G 8 given by

s7 = −
√
εMQ

6δP
.

Again, we compute the structure equations and we normalize the coefficient of dθ4 at the
θ2 ∧ θ3-term to 0. Then we obtain a 6-dimensional subbundle G 6 ⊂ G 7 given by

s4 = (εM)
3
2 (

60cMPQ− 30Mω2PQ+ 180cP 2Q+ 126PPω2Q+ 84aω0Q2 + 84aaω1Q2

432(δP )3

+
−21b3Q2 − 21bMQ2 + 81bPQ2 + 2aQ3 − 72P2Qω2

432(δP )3
),

on which we express θ12 in terms of the remaining forms.
Moreover, since P 6= 0, we have 2cM−Mω2 6= 0, this allows us to normalize the coefficient
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of dθ1 at the θ1 ∧ θ2-term with respect to the coframe G 6 to 12.
This determines a 5-dimensional subbundle G 5 ⊂ G 6 given by

δ = (
2cM −Mω2

8
√
εM

)
1
3 .

We have obtained a unique coframe on the 5-dimensional manifold.
Then there are two locally non-equivalent homogeneous models with 5-dimensional sym-
metry group in this branch, whose Maurer-Cartan equations are

dθ0 = −15

2
θ0 ∧ θ2 − 1

6
εθ0 ∧ θ4 + θ1 ∧ θ4 − 3θ2 ∧ θ3,

dθ1 = εθ0 ∧ θ2 − 3θ1 ∧ θ2 − 3θ1 ∧ θ2 − 1

3
εθ1 ∧ θ4,

dθ2 =
1

4
θ0 ∧ θ1 − 1

12
εθ0 ∧ θ3 − 1

2
θ1 ∧ θ3 − 1

6
εθ2 ∧ θ4,

dθ3 =
9

2
θ0 ∧ θ2 +

1

6
εθ0 ∧ θ4 + 9εθ1 ∧ θ2 + 3θ2 ∧ θ3,

dθ4 = −27

4
εθ0 ∧ θ1 +

9

4
θ0 ∧ θ3 +

27

2
εθ1 ∧ θ3 +

9

2
θ2 ∧ θ4,

(5.4)

where ε = ±1.

Case 2 : P = 0.
We obtain

dθ1 = −9Q

2δ3
θ0 ∧ θ1 + εθ0 ∧ θ2 +

3(2cM −Mω2)

2δ3
√
εM

θ1 ∧ θ2 − 12θ1 ∧ θ5.

Case 2.1 : Q 6= 0.
This allows to perform further normalization, which determines a unique coframe on the
5-dimensional manifold. But further analyst shows that there is no homogeneous model in
this branch.
Case 2.2 : Q = 0.
In this case, the differential consequence allows us to obtain that R = S = 0.
The only structure satisfying this assumption are defined by

dθ0 = −6θ0 ∧ θ5 + θ1 ∧ θ4 − 3θ2 ∧ θ3,

dθ1 = εθ0 ∧ θ2 − 12εθ1 ∧ θ4,

dθ2 =
3

4
εθ0 ∧ θ3 + θ1 ∧ θ6 − 6θ2 ∧ θ5,

dθ3 =
1

2
εθ0 ∧ θ4 + 2θ2 ∧ θ6,

dθ4 = 6θ0 ∧ θ12 + 3θ3 ∧ θ6 + 6θ4 ∧ θ5,

dθ5 = − 1

12
εθ0 ∧ θ6 − θ1 ∧ θ12 +

1

12
εθ2 ∧ θ4,

dθ6 = 6θ2 ∧ θ12 − 3

4
εθ3 ∧ θ4 − 6θ5 ∧ θ6,

dθ12 =
1

6
εθ4 ∧ θ6 − 12θ5 ∧ θ12.

(5.5)
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These are Maurer-Cartan equations for sl(3,R) if ε < 0 and for su(2, 1) if ε > 0.

Remark 5.6. su(2, 1) is the Lie algebra of SU(2, 1) the special unitary group of O(2, 1).
Recall, O(p, q) is the subgroup of GL(p + q,R) constituted of isometries for the standard
quadratique form of signature (p, q).

∗ Step 4 : J = L = M = 0, P 6= 0.

We look dθ3 and we normalize the coefficient T 3
0,3 to 0. Then we obtain a subbundle

and we can express θ6 in terms of the others forms.
After recomputing of the structures equations, we normalize the coefficient of dθ4 at the
θ2 ∧ θ3-term to 0, and the coefficient of dθ2 at the θ0 ∧ θ3-term to −5ε

4
, where ε = sign(P ).

These normalization determines a 6-dimensional subbundle G 6 ⊂ G 9 on which θ6, θ8, θ12

are expressible in terms of the forms θ0, . . . , θ5 which form a coframe.
Assuming that the structure equations have only constant coefficients yields a contradic-
tion, and we conclude that there is no homogeneous model with 6-dimensional symmetry
group in this branch.

∗ Step 5 : J = L = M = P = 0, Q 6= 0.

With this assumption, we normalize the coefficient of dθ3 at the θ0 ∧ θ3-term to 1 and
the coefficient of dθ6 at the θ0 ∧ θ3-term to 0.
This determines a 6-dimensional subbundle G 6 ⊂ G 9 given by

s7 = − R

Q
2
3 s5

,

s5 = −Q
1
3 ,

s4 =
2a(ω1)2Q2 − 4c3Q2 + 8cQ2R + 2QQω2R− 3bQR2 + 2aR3 − 2Q2Rω2 − 3bQ2S

2Q2s3
5

.

We expresse the pullbacks of the forms θ5, θ6, and θ12 to G 6 in terms of θ0, . . . , θ4, θ8.
Assuming that the structure equations have only constant coefficients then quickly implies
that they are of the form

dθ0 = θ1 ∧ θ4 − 3θ2 ∧ θ3,

dθ1 =
1

2
εθ0 ∧ θ1 − 3εθ1 ∧ θ8,

dθ2 =
1

2
εθ0 ∧ θ2 − θ2 ∧ θ8,

dθ3 = −1

2
εθ0 ∧ θ3 + θ3 ∧ θ8,

dθ4 = −1

2
θ0 ∧ θ4 + 3θ4 ∧ θ8,

dθ8 = −1

2
εθ1 ∧ θ4 + 3θ2 ∧ θ3.

(5.7)
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These are the Maurer-Cartan equations of sl(2,R)⊕ sl(2,R).
Then there is a locally unique maximally symmetric homogeneous model with 6-
dimensional symmetry group.

Summary :

We summarize the result in the following theorem :

Theorem 5.8 (Manno-Nurowski-Sagerschnig 2018). (1) Up to local equivalence,
there is a unique homogeneous model of marked contact Engel structure with
9-dimensional symmetry group. The symmetry algebra is isomorphic to p1. The
structure is characterized by

J = L = M = P = Q = R = S = 0.

(2) Up to local equivalence, there are precisely two homogeneous models of marked
contact Engel structure with a 8-dimensional symmetry groups. The symmetry al-
gebras are isomorphic to sl(3,R) and su(1, 2). The structures are characterized
by

J = L = P = Q = 0 and M 6= 0.

(3) There is no homogeneous model of marked contact Engel structure with 7-
dimension symmetry group.

(4) Up to local equivalence, there are precisely two homogeneous models marked
contact Engel structures with 6-dimensional symmetry groups. The respective
Maurer-Cartan equations are given by (XX) and (XX) ; the second symmetry
algebra is isomorphic to sl(2,R)⊕ sl(2,R).

(5) There are examples of homogeneous marked contact Engel structures with
5-dimensional symmetry groups, whose Maurer-Cartan equations are given by
(XX) and (XX).

Remark 5.9. The case of classification of homogeneous models of marked contact Engel
structures with 5-dimensional symmetry group is a problem still open.
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