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Abstract

Julien Heyd
University of Grenoble-Alpes, France

e This memory begins to understand the main part of the theory of the equivalence problem : the
answer to the equivalence problem, which is the Cartan’s algorithm.

e Then we will apply this theory in talking about the famous equivalence problem of second-order
ordinary differential equations : this problem will be discussed in different ways; using the
Cartan’s algorithm and the Cartan connections.

Doubrov-Komrakov : The geometry of second-order ordinary differential equations, arXiv :
1602.00913v1. 57 pp.
¢ Finally, we will talk about another application of the Cartan’s method : the equivalence problem

of the marked contact Engel structures.

Manno-Nurowski-Sagerschnig : The geometry of marked contact Engel structures, arXiv :
1809.06455v1. 43 pp
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Geometric foundations part 1

1. Manifolds

Before working about the equivalence problem, we will talk about the geometric tools
useful for the problem.

Definition 1.1. An m-dimensional manifold M is a separable and Hausdorff topological
space which is covered by a collection of open subset W, C M, called coordinate charts,
and one-to-one maps x, : W, — V, onto connected open subset V, C R™, which
serve to define local coordinates on M. The manifold is smooth (respectively analytic) if

the composite "overlap maps” xs. = X3 © Xa are smooth (respectively analytic) from
Xa(Wa N Wg) to Xﬂ(Wa N Wﬁ)

We shall also have occasion to use complex (analytic) manifolds, which are defined in
the same fashion, with C™ replacing R™ ; the overlap maps are assumed to be holomorphic.
In order to keep the exposition straightforward, we will usually state our results for real
manifolds.

Remark 1.2. The topology of a manifold is induced by that of R™. Thus, a subset V' C M
is open if and only if its intersection V' N W, with every coordinate chart maps it to an
open subset x,(V NW,) C R™.

Remark 1.3. More generally, every manifold is the union of a countable number of
disjoint connected components.

Example 1.4. 1) R™

2) Sml ={x e R™| |z| =1}

3) RP™ ! the projective plane defined as the space of lines through the origin in
R™. Coordinate charts on RIP"~! are constructed by considering all lines with a given
component, say z’ non zero ; the coordinates are then provided by ratios p* = 2% /2%, k # i.
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2. Functions
Let M and N be two smooth manifolds of dimension m and n.

Definition 2.1. A map F' : M — N between two smooth manifolds is called smooth if it
is smooth in local coordinates.

Definition 2.2. The rank of amap F': M — N ata point z € M is defined to be the rank

of the n x m Jacobian matrix (2%:(z)),<;<, of any local coordinate expression for F' at

Oz, 1<5<m
the point p. The map F' is called regular if its rank is constant.

The first of the equivalence problems which we encounter is to determine whether two
different maps y = F(z) and ¥ = F(T) between manifolds of the same dimension are
locally the same, meaning that they can be transformed into each other be appropriate
changes of coordinates T = x(z), 7 = ¥(y).

In the regular case, the Implicit Function Theorem solves the local equivalence problem,
and provides a canonical form for regular form.

Theorem 2.3 (of regular maps). Let F' : M — N be regular map of rank r. Then there
exist local coordinates x = (x1, ...,x;,) on M and y = (y1, ..., yn) on N such that F takes
the canonical form

y=F(z) = (21,...,2,,0,...,0)

Then, all maps of constant rank are locally equivalent and can be linearized by the
introduction of appropriate local coordinates. The places where the rank of a map decreases
are singularities. the canonical forms at singularities are much more complicated - this is
the subject of singularity theory.

We will just talk about the regular cases.

Definition 2.4. The differential of a smooth function f : M — R is given by the expression

=1

in any local coordinate.
We can denote also the differential f,.

Definition 2.5. Let .# be a family of smooth real-valued functions f : M — R. The rank
of .# atapoint x € M is the number

r(z) = dm(vect({df,} fez))
The family is regular if r is constant on M.

Definition 2.6. A set {f1, ..., fx} of smooth real-valued functions on a manifold M having
a common domain of definition is called functionally dependent if, for each z(, € M, there
is a neighborhood U and a smooth function H : R* — R, not identically zero on any
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subset of R”, such that for all x € U, H(f1(z), ...fr(z)) =
The functions are called functionally independent if they are not functionally dependent
when restricted to any open subset to M.

Example 2.7. fi(z,y) = z/y and fo(z,y) = zy/(2* + y?) are functionally dependent on
the upper half plan {y > 0} since fo = f1/(1 + f2).

For a regular family of functions, the rank tells us how many functionally independent
functions it contains.

Theorem 2.8. If a family of function .% is regular of rank r, then in a neighborhood of any
point, there exist r functionally independent functions fi, ..., f, with the property that any
other function f € F can be expressed as a function thereof f = H(f1, ..., f;)-

Proof. Given x € M, choose f1,..., f, € % such that their differential dfi, ..., df, are
linearly independent at z, and hence, by continuity, in a neighborhood of x. According
to the theorem of regular maps, we can locally choose coordinates (y, z) near = such that
forl <i<r, fi(y,2) = vy If f € Fis any other function, then, since the rank is r, its
differential must be a linear combinaison of the differentials {df; }1<;<,, so that in the new
coordinates df =Y _._, h;(y, z)dy;.

To conclude, we invoke the following lemma.

Lemma 2.9. Let U C R™ be a convex open set. A function f : U — R has differential
df =>"i_, hi(x)dx; given as a linear combinaison of the first r coordinate differentials if
and only if f = f(x1, ..., x,) is a function of the first v coordinates. In particular, df = 0 if
and only if f is constant.

Thus, by shrinking the neighborhood of p if necessary so that it is convex in the (y, z)-
coordinates. The lemma implies that f (1, ..., ¥,) is a function of y alone. Reverting to the

original x coordinates completes the proof.
0

Remark 2.10. Consequently, if fi,..., f, is a set of functions whose m X r Jacobian

matrix ( gf )1<i<r has maximal rank r at z, then by continuity, they also have rank r in
1<k<m

a neighborhood of z, and hence are functionally independent near x. Note also that, the
theorem implies that, locally, there are at most m functionally independent functions on
any m-dimensional manifold M.

3. Submanifolds

Definition 3.1. A smooth (analytic) n-dimensional immersed submanifold of a ma-
nifold M is a subset N C M parametrized by a smooth (analytic), one-to-one map
F : N - N C M, whose domaine N the parameter space, is a smooth (analytic)
n-dimensional manifold, and such that /" is everywhere regular, of maximal rank n.
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Definition 3.2. A submanifold is regular if, in addition to the regularity of the parameter
map, at each point p € N there exist arbitrarily small neighborhood U of x in M such that
F~Y(U N N) is a connected open subset of N.

The Implicit Function Theorem gives a canonical form for the regular manifolds ;

Theorem 3.3. An n-dimensional submanifold N C M of an m-dimensional manifold M

is regular if and only if for each x € N there exist local coordinates x = (x1,...,T,)
defined on a neighborhood U of x such thatU "N = {x | 1 = ... = z,_, = 0}

Remark 3.4. Every regular n-dimensional submanifold of an m-dimensional manifold
locally looks like an n-dimensional subspace of R”~".
Thus, all regular n-dimensional submanifolds are locally equivalent.

Definition 3.5. A curve in a manifold M is defined by a smooth map ¢ : ¢ — M where
I C R is an open subinterval.

Remark 3.6. Irregular submanifold are trickier, since the same subset can be parametrized
as a submanifold in several inequivalent ways.

Example 3.7. Let the curve ¢o(t) = (sin(t), 2sin(2t)) describes below in the plane.

(> (D

The map ¢;(t) = (sin(2arctan(t)), 2sin(4arctan(t))) parametrizes the same figure, but
now is one-to-one, and so described an immersed submanifold, which is not regular since
lim;00(t) = 0 = ¢(0).

Note that the alternative one-to-one map ¢,(t) = (—sin(2arctan(t)), 2sin(4arctan(t)))
defines an inequivalent means of parametrizing the figure eight.

Thus, in the irregular case, a given subset can be parametrized as a submanifold in
fundamentally different ways.

Definition 3.8. Two n-dimensional manifolds N and N of a manifold M are said to
overlap if their intersection N N N is a non empty n-dimensional submanifold of M.
They are said to strictly overlap if their union N U N is also a connected n-dimensional
submanifold of M, containing N and N as open submanifolds.
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Definition 3.9. Let .# be a family of real-valued functions. We define the variety Sz by
Syg={zxeM|VfeZF, flx)=0}

We will call the variety regular if S is not empty, and the rank if .% is constant in a
neighborhood of S .

By the Implicit Function Theorem and the theorem of regular submanifold, we obtain
the following theorem.

Theorem 3.10. Let .% be a family of functions defined on an m-dimensional manifold M.
If S is regular, then it defined a regular submanifold of dimension m — r.

Example 3.11. x Let F' : (z,y, 2) — %+ y* + 2% — 1 has rank one everywhere except at
the origin, and its variety - the unit sphere - is a regular 2-dimensional submanifold of R3.
x Let F' : (x,y,2) — xyz is not regular and its variety - the three coordinate planes - is
not a submanifold.

4. Vector fields and 1-parameter group of transformations

Let M a manifold of dimension m.

A tangent vector to a manifold M at a point x € M is geometrically defined by the
tangent vector to a smooth curve passing through x. In local coordinates, the tangent vector
X|, to the parametrized curve c is determined by the derivative X}, = /(). The collection
of all such tangent vectors forms the tangent space to M at z. Each tangent space 1, M is
a vector space of the same dimension of M. TM = |J,.,, T: M is the tangent bundle of
M which is a 2m-dimensional manifold, and forms a vector bundle over M.

Definition 4.1. A vector field X is smoothly (or analytically) varying assignment of tangent
vector X, € T, M, i.e. a section of the tangent bundle 7'M .
We write the local coordinate formula for a vector field in the form

0
Xzzlfza—xl

whee the coefficients &; are smooth (analytic) functions.
We will now talk about 1-parameter group of transformations.

Definition 4.2. Let X be a vector field on a manifold M. A curve ¢ : I — M in M is
called an integral curve of X if, for every parameter ¢, the vector X, is tangent to the
curve c at c(ty).
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Remark 4.3. Let X be a vector field on M. For any point x € M, there is a unique integral
curve c of X, defined for || < ¢, for some € > 0, such that = = ¢(0).
In fact, let x4, ..., x,, be a local coordinate system in a neighborhood U of = and let X =

0
> §igy-onU.
Then an integral curve c of X is a solution of

dCi

E = 5@'(61 (t), cey Cm(t)) (1<j<m)

i.e. the equation & = (¢, c).
Our assertion follows form the fundamental theorem for systems of ordinary differential
equations.

Example 4.4. Let y/ = f(x,y) be a first order of ordinary differential equation.

B

(“Ll‘f(""ﬁlﬁa))

/ -

c is an integral curve of direction 0, + f0,,.

Definition 4.5. A differential transformation of M is a homeomorphism ¢ : M — M such
that ¢ and ! are differentiable.

Definition 4.6. A 1-parameter group of differentiable transformation of M is a map
RxM— M
’ { (t,2) — ()
which satisfies the following conditions :

1) Foreacht € R, ¢; : p— () is a transformation of M
2)Forall s,t € R,and v € M, p;15(z) = ¢1(ps())

Remark 4.7. Each 1-parameter group of transformation ¢, induces a vector field X as
follow ;

For every point x € M, X|, is the vector tangent to the curve ¢ = ¢.)(x) called the orbit
of x at x = @g(x).

By the equation solved by ¢, we will be able to take, further, the following notation :

() = exp(tX|y) - @ (teR ,peM)

To say that ¢ induces X means by the new notation

d
Xz = E(exp(tXh;) - ) jt=0 (zeM)
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Remark 4.8. For x € M, The orbit ¢(.y(x) is an integral curve of X starting at x.

Remark 4.9. A local 1-parameter group of local transformations can be defined in the same
way, except that ¢ is defined only for ¢ in a neighborhood of 0 and z in an open set of M.
More precisely, let I, = (—¢,¢) and U an open set of M. A local 1-parameter group of
local transformations defined is a map

‘ I.xU—M
v { (t,z) — ()

which satisfies the following conditions :
1) Foreacht € I, ¢; : © — ¢y(x) is a transformation of U onto ¢;(U)
2) For all Sat € [67 and v ) @s($) € Ua (pHS(:U) = @t(gps(x))

As the case of 1-parameter group of transformations, ¢ induces a vector field X defined
on U, an open set of M.
We have the converse :

Proposition 4.10. Let X be a vector field on a manifold M. For each point x € M,
there exist a neighborhood U of x, a ¢ > 0, and a local 1-parameter group of local
transformations ; fort € 1., py : U — M, such that ¢ induces the given X.

Definition 4.11. In the case of the proposition, we will say that X generates a local
1-parameter group of local transformations in a neighborhood of each point x € M,
denoted . Often, we say that ¢ is the flow generated by X.

Definition 4.12. Let X be a vector field on M.
X is said complete if X generates a global 1-parameter group of transformations of M.

Remark 4.13. If o is defined on I, X M for a e > 0, then the vector field is complete.
Indeed, the solution of % = {(t, ¢) can be prolonged by local lipschitzianity of &.

Proof of the Proposition. Letp € M and (1, ..., x,,) a local coordinate chart in a neighbo-
rhood W of z such that z;(x) = ... = x,,(z) = 0.
Let X = 7" &2 in W,
consider the following system of ordinary linear differential equations
df

pie §i(f1s s fim) (1<i<m)

By the fundamental theorem for system of ordinary differential equations, there exists a
unique set of functions

(1<i<m)

y I. x B(0,0) — M
v { (t,z) — fi(t,z)
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which form a solution of the differential equation for each fixed z = (x4, ..., x,,) and satisfy
the initial conditions

fi(0,2) = x; (1<i<m)
Set U = B(0,4) and

I.xU— M
’ { () — (it ), s fun(t, )

Ift,sandt + s € I, x,ps(x) € U, then the functions defined by

I.— M

Ji: { t— fi(t+s,7)

(1<i<m)

are easily seen to be a solution of the differential equation for the initial conditions

(f1(57 I)v i} fm(s7 33))
By uniqueness of the solution, we have for all 1 < < m, g; = f(-, ps(2)).
This proves that

ei(ps(z)) = pris(T) (sitele)
Since, ¢y is the identity transformation of U, there exist 6 > 0, and € > 0, such that, for
U={z|VIi<i<m,|z;)| <o}, t€l,o(U)CU.
Hence, forevery x € U and t € I, p_i(p(2)) = pr(p—t(2)) = po(z) = .
This proves that for ¢ € I, ¢, is a diffeomorphism of U. Thus, ¢ is a local 1-parameter

group of local transformations defined on /. x U and by construction, ¢ induces X on U.
4

For X =", &a% on M with a local coordinate chart (x1, ..., z,,).
There is a local 1-parameter group of local transformation ¢ defined on I, x U, which
induces X . By the proof,

(2, 2l) = (fi(t, ), ..., frn(t, 7)) = i) (tel. zeU)

Then we restate the proposition as follow :

Proposition 4.14. Let X be a vector field on M.
Let x, ..., x,, be a local coordinate chart.
There exists a local 1-parameter group of local transformation

= fi(t;xy, ., ) (1<i<m)

which induces the given X and satisfying the differential equations of the form :

dd_ft.i :gl(fhvfm) (1<i<m)

Remark 4.15. By definition, the flow satisfies
filta; fi(ti;2)) = filta + ;@) (1<i<m)
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Proposition 4.16. On a compact manifold M, every vector field X is complete.

Proof. For each point x € M, and let U(z) be a neighborhood of z and €(x) > 0 such that
the vector field X generate the flow  on I.(,) x U(x).
Since M is compact, the open covering {U(z) | x € M} has a finite sub covering {U (x;) |
1 < i < k}. Let € := minyg;<xe(x;) > 0, it is clear that ¢ is defined on I, x M then on
R x M.

U

Proposition 4.17. Let v a transformation of M. If a vector field X generates a flow, then
the vector field 1, X generates

o ot (t,x) = Yoy oy(x)

Proof. Tt is clear that ¢ o ¢. 0 9 is a local 1-parameter group of local transformations.
Letz € M and y = ¢! (z).

Since ¢ induces X, the vector X, € T, M is tangent to the curve ¢ = ¢.(y) at y = ¢(0). It
follows that the vector (1, X )|, = ¥.(X,) € T, M is tangent to the curve ¢; = 1o p.(y) =

o o (z).
d

Now, we will see another equivalence problem. We need a definition.

Definition 4.18. Let X be a vector field on M.
A point x € M such that X, = 0 is said a singularity or equilibrium point.

Remark 4.19. In this case, the flow satisfies for all t € R, ¢;(2) = exp(tX|,) - = = .

Theorem 4.20 (Linearization of vector fields,1). Let X be a vector field defined on M. If
x is not a singularity, so X, # 0, then there exist a local coordinate y = (y1, ..., Y ) near
p such that X = 8%1 generates the translational flow exp(tX )y = (y1 + £, Y2, ..., Ym)

By the local reformulation of the flow, we can restate the theorem as follow

Theorem 4.21 (Linearization of vector fields,2). Every local 1-parameter group of local
transformations

2= filt;x1, o, Tn) (1<i<m)
which induces a vector field X = )", &% satisfying the differential equations of the
form :

df

d_ti :§z<f177fm) (1<i<m)
is locally equivalent, through a suitable change of variables y; = y;(x), to a group of

translations :
Y=Y+t Y = Y2 Yy = Un
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Proof. We may suppose from the beginning that the coordinate z1, ..., x,, had been chosen
so that £;(0) = 1 and &(0) = ... = &,,(0) = 0.

In an auxiliary space of coordinates ¥y, ..., y,, drawn on the left figure, we consider all
points (0,%) := (0, ys, ..., ¥, ) near the origin lying on the coordinate hyperplane which is
complementary to the y;-axis, and we introduce the diffeomorphism

yr—x=2(y) = f(y;0,y) = ®(y)

A

defined by the following flow up to time y; from (0, ) : this is indeed a diffeomorphism
fixing the origin thanks to 421(0) = 521(0) = & (0) = 1, to 52(0) = %£(0) = &(0) = 0
and to ®,(0,y) = gy fork =2,...,m.

Consequently,we get that the flow represented on the right figure side has been straigh-
tened on the left side to be just a uniform translation directed by the y;-axis, because by
substituting :

= fy1;0,9) = flyr +0,9) = f(t; f(y1;0,7)) = f(t,x)

We recover the uniquely defined flow 2’ = f(¢,x) wen assuming that ' = ¥ and y] =
y1 +t.
U

Remark 4.22. By the restatement of the theorem, we see that it gives a solution to the
basic equivalence problem for systems of autonomous first order systems of ordinary
differential equations. However, the equivalence problem of vector fields at singularities is
much more delicate.

Example 4.23. For M = R, we have :
(1) exp(tdy)x =z +1
(2) exp(tzd,)x = e'x

Remark 4.24. Let X be a vector field on M.
Since, X|, = 4 (exp(tX) - p)ji=o, we have in local coordinate chart

exp(tX|;)  x = + t X}z + Opo(t?)
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5. Lie bracket

The most important operation on vector field is the Lie bracket or commutator.

Let M a manifold of dimension m.

Definition 5.1. Let X and Y be two vector field on M. We define the Lie bracket as the
vector field noted [ X, Y] which satisfies for all f : A/ — R smooth,

(X, Y](f) = X(Y () = Y (X(1))

In a local coordinate chart, for X = > ", §i% andY =>"", Vi%, we have

m

X, Y] =D (X(n) — Y(&))a% = Z@g_; - ng—i)%

i=1 i=1 j=1

Proposition 5.2. Let X, Y, Z three vector fields on M The Lie bracket is anti-symmetric ;
(X, Y| = =Y, X]| and satisfies the Jacobi identity ;

XY 2+ Y, [Z U] + [2,[U Y]] = 0

Remark 5.3. The Lie bracket of X and Y two vector fields on M satisfy
exp(—tY], )exp(—t X, )exp(tY],)exp(tX )z = = + t*[X, Y]je + Opo(£?)

Example 5.4. On R we have [0, 0, = 0,.

Theorem 5.5. Let X, Y be two vector fields on M.
(X,Y] = 0 if and only if for all t,s € I, for all x € M, exp(tY);)exp(tX;) - =
exp(t X, )exp(tY|,) - x, where I is the interval where the equation is defined.

Definition 5.6. Let X be a vector field on M and v a transformation of M.
X is said invariant by v if ¢, X = X.

Proposition 5.7. Let X be a vector field on M.
X is invariant by 1 if and only if b commute with, ¢y, the flow of X.

We now give a geometric interpretation of the Lie bracket [ X, Y] of two vector fields.
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Proposition 5.8. Let X and Y be two vector fields on M. If X generates a local 1-
parameter groups of local transformation @y, then

X, V] = e [V = (0.7 )] wenn)

We need two lemma.

Lemma 5.9. Let ¢ > 0, and I, = (—¢,€).

If f: 1. x M — R is a function such that for all x € M, f(0,z) = O, then there is a
function g : I. x M — R such that for all (t,p) € I. x M, f(t,z) = tg(t, ).

Moreover, for x € M, g(0,x) = %(O,x).

Proof. It is sufficient to define
1
g(t,x) = / f'(ts,x)ds (ta)elex M
0

O

Lemma 5.10. Let X be a vector field which generates ;.
For any function f : M — R, there exist a e > 0, and a function g : I. x M — R such that
forallte I, fop,=f+t-g and gy = X[ onM, where g,(-) = g(t,-).

Proof. Consider f(t,x) = f(ypi(z)) — f(x) and apply the previous lemma, then f o ¢, =
f+t-g; and

im0 [ ((2)) = ()] = ime s (1, 2) = b g1 (2) = g0(2)

U

Proof of the proposition. Let f : M — R a function and g, such that f o o, = f + tg, and
go=XfonM.
Set 2(t) := ¢, ' (x), then

()Y ) f = (Y(f o e))aty = (Y ww) +HY 9 e

and
IimtaO%[Y - (Sﬁt)*thf = ”tho%[(Yf)x - (Yf>x(t)] - Iimt%0<ygt)x(t)

= X.(Yof) = Yiego()

g

Corollary 5.11. With the same notation as in the previous proposition, we have more ge-
nerally

d

_E ((9015)*Y)|15=S

(£, Y] = Wm0 71(0)Y = (0ur)Y] =
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Proof. To apply the previous proposition to (¢;).Y).
O

Corollary 5.12. Let X and Y be two vector fields which generate local 1-parameter

groups o, and 1.
For every t, s, p; 0 1y = s 0 py if and only if [ X, Y] = 0.

Proof. For every t, Y is invariant by every ;. By the previous proposition [X, Y] = 0.
Conversely, if [X, Y] = 0, then the previous corollary gives for every ¢,

d

S((p0.Y) =0

Therefor for every ¢, (;).Y is a constant vector field at each point of M so that YV is
invariant by every ;. Then every 1) commute with every ;.
g

6. The differential

A smooth map F' : M — N between manifolds will map smooth curves on M to
smooth curves on N, and thus induce a map between their tangent vectors.
This result is a linear map called the differential of F, dF, : T,M — Tp)N. If the
parametrized curve c has tangent vector X|, = ¢/(t) at = c(t), then the image curve
¢ = F(c) will have tangent vector Y|p(,) = dF,(X|;) = .

Definition 6.1. Let M, N be two manifolds, and ' : M — N a smooth map.
We define dF' : T'M — TN the differential of F as follow ; In local coordinate chart, for
X ="tz eTM

8
d X|a: —Z Zfzaxl

7j=1 =1 ay“

We can also denote the differential F.,.

Remark 6.2. If X is vector field is mapped to a well-defined vector field dF'(X) on N then
the flows match up, meaning

F(exp(tX) - ) = exp(tdF (X)) F(z) (zeM)

The definition of the Lie bracket of two vector field give us

Proposition 6.3. Let X and Y be two vector fields which are tangent to a submanifold
N C M; X,Y € TN. Then their Lie bracket [X,Y] € TN.
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Example 6.4. Let X = 20, — y0, and Y = y0, — 20, generates the rotational flows
around the z-axis and the z-axis respectively. They are both tangent to S? C R?, then their
Lie bracket [X, Y] = 20, — z0,, which generates the rotational flows around the y-axis, is
also tangent to S*.

7. Differential forms
In this section, we firstly talk about some recalls of differential forms R-valued before

talking about V'-valued (V' a finite-dimensional vector space).

Let M a manifold of dimension m.

Definition 7.1. Let x € M, a real-valued linear function w : 7, M — R on the tangent
space is said to define a one-form at z.

Definition 7.2. The space of one-forms at p is the dual vector space of 7, M and is called
the cotangent space, denoted 77y M.
We define also the cotangent bundle T*M = (J,.,, 7= M.

Definition 7.3. A frame on an M is an ordered set of vector fields ¥ = {vq, ..., v, } such
that for all x € M, /|, is a basis of T,, M.

Example 7.4. The coordinate vector field {;2}1<;<,, is a frame on M.

Definition 7.5. A coframe on an M is an ordered set of one-form #" = {wy, ..., wy, } such
that for all x € M, #], is a basis of T} M.

Example 7.6. The set {dz;}1<;<n, is a coframe on M.

Definition 7.7. A differential k-form map 2 : TM* — R such that at a point x € M,
Qx) : (T,M)* — R is a k-linear map which is skew-symmetric (or antisymmetric) in its
arguments, meaning that

Q@) (Vo (1), - Vo)) = sign(o)2(x)(vy, ..., vg) (V1 0k €T M ,0EG))

Proposition-Definition 7.8. Let wq,...,wy be k one-form. We define the wedge product
wi A ... Awy as follow

(w1 Ao Awg) (@) (v1, ...y vg) = det((wi(2)(v)))1<i,j<k) (z,M,v1,....05 €T, M)
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Remark 7.9. For a k-form w, if k£ is odd, w A w = 0.

Proposition 7.10. Let f1, ..., fr : M — R smooth functions.
If dfy N ... N dfy # 0, then they are functionally independent.
Ifdfy A\ ... Ndfy =0, then f1, ..., fr are functionally dependent.

Definition 7.11. Let ' : M — N be a smooth map.
We define the pull-back of F' denoted F™, which maps a differential form on NV back to a
differential form on M.
Let x € M, if 0 is one-form of N aty = F'(z), then w := [*(0) is a one-form of M defined
by

w(X) = F*(0)(X) =0(F(X)) (XET, M)

Theorem 7.12. Let ' : M — N be a smooth map and Let §) be a differential form on N.
d(F*Q) = F*(dQ))

Definition 7.13. Let F' : N — M be a parametrized map of a submanifold N C N.
We define the restriction of the submanifold IV, and denote it 2|y as the pull-back F*€) of
a differential form 2 on M.

Corollary 7.14. Let N C M a submanifold and () be a differential form such that
Q|N = 0, then dQ‘N =0.

Theorem 7.15. Let () be a differential form.
d(dQ) =0

Definition 7.16. A differential form (2 is said to be closed if df2 = 0.
Let k£ > 0. A differential k-form (2 is said exact if it exists © a differential (k — 1)-form
such that €2 = dO.

Theorem 7.17. Let k > 0. Let M C R™ be a convex open subset, and ) be a closed
k-form defined on M, then () is exact.

Then, we discuss about a generalization of R-valued differential forms.

Let V' be a finite dimensional vector space such that v := dim(V/).
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Definition 7.18. Let £ > 0. A smooth V' -valued k-form on M is a smooth map
k
w PTM =V
i=1

such that for all z € M, w(zx) : @le T, M — V is multilinear and totally skew-symmetric
in its vector arguments.

Definition 7.19. The k-forms make up an infinite dimensional vector space denoted by
AM(M, V). Let A(M,V) = @, AK(M, V).

Remark 7.20. Let fi, ..., f, a basis of V.

1) we have w € A(M, V) if and only if w € Ak(M, V') for some 0 < k£ < m.
Letx € M and (U;xy, ..., x,,) alocal coordinate.
For all y € U(x), a neighborhood of «

= (Z a1 (y)dyr) fi

where for 0 < k& < m, wi(y) € AK(M,V), (y1,...,ym) are local coordinate of y and

2) A smooth map f : M — N induces the pullback map f* : A¥(N,V) — A*(M,V)
defined by

(ffw)(@)( X1, ..., Xi) = w(f (@) ([ X1, ., [ Xk) (2,EM,X1,..., X €Ty M)

Definition 7.21. The exterior product of a V;-valued k-form w; on M with a V;-valued
[-form wy on M is a V; ® Vi-valued (k + [)-form noted w; A w, defined by

(wiAwa)(2)(X1, oo, X)) = Y e(0)w1 () (Xo1)s s Xo(r)Bwa(2) (Xo(rs)s - Xohr1)
U€6k+l
(@EM, X1 ..., X, €T, M)

where ¢(0) is the signature of o.
Remark 7.22. If f : M — N is a smooth map, then f*(w; A wsp) = f*wi A fHws.

As for the case of R-valued differential forms, we define the k' exterior derivative
d*: AF(M,V) — A*TY(M, V) by the following way ;
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Let f1,..., fyabasisof V,p € M and (U; x4, ..., ,,) a coordinate chart of p.
Forzx e U, w, = Zle Zlflzk’ a;r(x)dw f;

v

(d*w)(z) = Z Z dai,r(x) A dxyfi

i=1 |I|=k

Quickly, we use the notation d = d* without specified the dimension of the form space.

This value is independent of the choice of the coordinate chart on M (known with the
R-valued differential forms).
Moreover, if we have (f;)1<;<, and (e;)1<j<, two basis of V, then (dw)(z)) = (dw)(x).
with the following relations

v
fi=>_ P.e
i=1

i1 (x) = P (x)
=1

((1.3,2, P)E[|L0]]x M X G Ly (R))

Then the exterior derivative for V -valued k-form is well defined.

It follows by R-valued forms the following lemmas.

Lemma 7.23. (1) Let wy,ws be V-valued forms,
d(wy + wy) = dwy + dwsy
(2) Let Vy-valued k-form wy on M with V-valued [-form wy on M,
d(wy A ws) = dwy A wy + (=1)Fw; A dw,

(3) Let w be a V -valued form.
d(dw) =0

Lemma 7.24. If two vector-valued operators on forms satisfy the three properties of the
previous lemma and agree on functions, then they are identical.

Corollary 7.25. There is a unique operator d : A¥(M,V) — A*Y(M,V) defined
for all k € N and all V, that satisfies (1), (2), (3) and for f : M — V, reduces to
df =37 2Ly,

=1 8:@

Let X € TM and f : M — R, we know that d,, f(X) = X|,,(f).
Then we have
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Proposition 7.26. Forall x € M, X € TM, and f : M — R smooth,

There are similar expressions for the derivate dw of a k-form w valued on k + 1 vector
field Xl, ceey Xk+1.

Lemma 7.27 (Cartan’s formula, 1). Let w be a V-valued 1-form on M and X,Y be two
vector fields on M.

dw(X,Y) = X(w(Y)) = Y(X(w)) = w([X,Y])

Proof. By linearity of d, it enough to assume w = fdx; ® e with f : M — R, e € V and
(U;xq, ..., ) a coordinate chart.

If the lemma is true for w = fdx;, it will be true for w = fdr; ® e. Then assume w = fdx;
or more generally w = fdg where g : M — R.

We have dw = df A dg and so

dw(X,Y) = df (X)dg(Y) — df (Y)dg(X) = X(f)Y(9) — Y (f)X(9)

and
X(w(Y)) = Y(w(X)) —w([X,Y]) = X(fdg(Y)) = Y(fdg(X)) — fdg([X,Y])
= X(fY(9)) - Y(fX(9)) — fIX,Y](9)
= X(N)Y(9) + fX(Y(9) - Y (f)X(g9) — fY(X(9))
— [1X,Y](9)
= X(N)Y(9) =Y (/)X (9)

Corollary 7.28 (Cartan’s formula, 2). Let w be a V -valued k form on M.
We have for X1, ..., X1 € TM

k+1
dw(Xh ey Xk+1) - Z(_l)l—l—lX( (le s Xi7 RS Xk—i—l))

+ Z D) Hw([Xe, X1, X1, oo Xay oo X ooy Xis1)

1<i<yj<k+1

Proof. Letw € AP(M,V).
To prove this, we use the following theorem proved in Spivak [1] page 118 (Theorem 2)

Theorem 7.29. If o : TM"* — F = {f € €} is multilinear over .F then there exists a
unique tensor field A with of = A where A(X1, ..., X,)(x) = A(2)(X1(2), ..., X, (2)).
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Call X, et 335 the two sums above. Clearly, the operator which send (X1, ..., Xy, Xi11)
on X; + X5 1s multilinear for the multiplication of vector field by real constants.

Moreover, we can see that this operator is, in fact, multilinear for the multiplication by
%> functions on M.

Indeed, for X1, take any index 1 < 79 < k+1, replace the vector field X;, by f X;, where
f: M — Ris €. From deﬁmtlon of k-forms, the are linear compared to multiplication
by functions.
Then for all 7 # 7o, we have :

W(Xl,...,fXZ‘O,...,XV\Z',...7Xk+1) = fu)(Xl,...7XZ'0,...,3(\Z‘,...7X]€+1),

where we have fixed ideas, assume in the written that 75 < 1.
Then the first sum where we extract the term ¢ = g :

k+1
) = (—1)ot X, <w(X1,...,5(§0,...,Xk+1)) +3 Xi<w(X1,...,E,...,Xkﬂ)),
z‘l;o
becomes by Leibniz’s formula :
/\ k+1 /\
S = (—1)H £ X, <w(X1,...,XiO,...,Xk+1)) +3 Xi<fw(X1,...,XZ-,...,XM))
i;io
- k+1 /\
_ (—1)i0+1in0<w(X1,...,Xio,...,XkH ) Z fX( Xl,...,XZ-,...,XkH))
z#zo
k+1 e
Y Xif w(X X Xe)
iz;z'o
k+1 -
= f21+ZXf (Xiyoo s Xay ooy X))
7#%0

Now, for X, take any index 1 < ig < k + 1, replace the vector field X, by f X, where
f:M—RisE>.
To proceed, we decompose Y}, plainly in three sub-sums :

2. o= 2t > )
1<i<j<k+1 1<i=ip<y<k+1 1i<j=io<k+1  io¢{i,j}

For the two first sums, we use

[f 0> ] f[szX ] X (f) : Xio (1<io<j<k+1)

(Xi, [ Xi,] = f1Xi, Xao) + Xa(f) - X (1<i<io<k+1)
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Then

2/2: Z (_1)i0+jX< ([f i) ] X(],--.;551'07m;ij'-an—i-l))

1<i=ig<j<k+1

+ Y (—1)"”0)(( (10, £Xi), Xo, oo XZ,...,)@O,‘..,XW))
1<i<j=ig<k+1

‘l‘f Z ””w Xj],XQ,...,)?i,...,)?j,...,Xk+1)
i (0.7}

= ¥

+ ) (FY)TOX(f) - (@K Xos ooy Xy ooes Xigs oony Xi1))

1<i<j=io<h+1

— Y (FD)PHXG) (WK Koy ooy Xigy s Xy ooy Xii1))

1<i=ig<j<k+1

=[S > (=D)HX(f)  (W(Xoy ooy Xiy ooy Xii1))

1<i<k+1
i#ig

Then by multilinearity under the multiplication by € functions, there exists a unique
tensor field noted dw satisfying

k+1
dw = Z( 1>Z+1X< (Xl,...,Xi,...,XkJrl))
=1
+ Y (—1)”%([)(,,)(] X, . X\X\]XkH)
1<i<j<k+1

where § : A¥(M,V) — AML(M, V).
To show that § = d, we can assume w = fdx; A ... A dxy, with (U, x4, ...,x,,) a local
coordinate on M.

We have
0 o)
ow = Z 5w(a$. 0 B Ydxi, AN dx,
1< <. <igp1<m n Tht1
We have 5W(%,...,%L) = 0 unless some (z’l,...,/i\k,...,z'kﬂ)is a permutation of
‘1 Tht1
(1,..., k).

Since the 7’s are increasing, this happened only if
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Therefore

0
ow = Z(—l)ka—idm A ... Ndxy N\ dx;

— Z ﬁd:pj ANdzi A ... Ndzy,
al’j

of
=y o dry A doy A A day

J>k

g

Proposition 7.30. If f : M — N is a smooth map, then the following diagram commutes
forall k € N

AR(N, V) —2 AFL(N, V)

f*l lf*
Ak<M7 V) T Ak+1(M7 V)

In other words,
fH(dw) = d(f*w) (keNwe A* (M, V)

Proof. The proof is by induction on k.
Let X € T'M.
xk=0:

fdg(X)) = dg(f(X)) = f.(X)g = X(f*g) = X(gf) = d(fg)(X)
x Let k£ € N, and assume the result for the j-forms with j < k.
By linearity we can assume w = gdx; where |I| = k.
We separate w as follow :

w=gdr; N\drg
with |J|,|K| < kand |J| + |K| = |1].

Then

d(f*w) =d(f*(gdx; Ndzk))
=d(f*(gdzs) A [*(dzk))
=d(f*(gdzs)) N f*(deg) £ [*(gdz ) A d(f = (drk))
= frd(gdz ) A f*(dzk) £ [*(gdzs) A f*(dzk)
f*(d(gdzy N dxg))

= [*(dw)
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We can notice that the wedge product of two V'-valued differential forms gives a new
differential form but which not live in the same space; V' ® V. We will talk about map
allowing to solve this problem.

Let o : V3 — V; be a linear map of vector spaces, then it induces a linear map ¢, :
A(M, V) — A(M, V,) defined by
Ou(W) (X1, ooy X)) = p(w(X1, ..y X)) (ki X1,...,Xy) ENXTMF
We can remark that ¢, commute with d;

pu(dw) = d(pu(w)) (weA(M, )

LetVi=V®VandV, =V.
We assume that ¢ =: m is not necessarily commutative or associate (in fact we can think
m := [,] is the Lie bracket).
Then we obtain a corresponding map

_ {A(M,V@V) — A(M,V)
M w — m(w)

This map turns A(M, V') into an algebra with multiplication given by m, o A.

Remark 7.31. Let wq, ws be V-valued k-forms and [-forms respectively.

d(m (w1 A wy)) = my(dwy Aws) 4+ (—1)Fm, (w1 A dw,)

. . . . gRg—49 .
An important particular case is V' = g a Lie group and m : the Lie
v w— [v,w]

bracket.

Definition 7.32. Let w', w? be V-valued differential forms. We define the Lie bracket of
two forms noted [w!, w?] by

w! Agw? = mu(w' Aw?)

Lemma 7.33. Let w1, ws be V-valued differential forms and X,Y € T'M. We have
(w! Ag w?)(X,Y) = [0 (X),w* (V)] + [w*(X),w' (V)]

In particular for w a V-valued form,
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Proof.
(W' Ag W) (X,Y) = mu(w' Aw?)(X,Y)

= m(w' Aw?(X,Y))

For {e1,...,e.} abasis of g, a I-formw € A(M, g)

W = E WEEk

1<k<r

where wy, € A(M,R) and for w! and w? € A(M, g), we have

1 2 _ 1 2
w /\9 W = E : wkl N wk‘g [eklﬁ ek’Q]Q
1<k ka<r

Remark 7.34. Let w” € AP(M, g), w? € A9(M,g) and w” € A"(M, g). We have :

(1) d(wP Ny w?) = dw? Ngw? + (—1)P(wP Ny dw?)

(2) W Ag wP = (=1)PTHH (WP Ag w?)

(3) (=1)"((w" Ag ) Agw") + (=1)PI((WT Ag w") AgwP) + (=1)((W" Agw” Ag ) = 0.

Remark 7.35. Let f : M — N be a smooth map and let ¢ : h — g be a Lie alge-
bra homomorphism. Then ¢, f* : A(N,h) — A(M, g) is a homomorphism of Lie algebras.

8. Cartan’s lemmas

Now, we see important lemmas.

Lemma 8.1 (of Cartan, 1). On RN?!, equipped with a number 1 < M < N of local
independent differential one-forms {1, ..., Ta }, if given differential one-form {1, ..., \yr}

satisfy
0 = Z Tj A )‘j
1<j<M
Then
Ai = 0mod(Ty, ..., Tar) (1<i<M)

Precisely, there exist functions (A; j)1<ij<m such that
)\i = Z AZ'J‘T]' (1<i<M)
1<G<M

Ai,j = Ajﬂ‘ (1<i<yj<M)
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Proof. Complete {7y, ..., 7ps} as a coframe {7y, ..., Tas, X1, ---, X~—u } and decompose

A = E AiJTj + g Bz,ka (1<i<M)
1<j<M 1<kSKN-M
By
E T A /\j = E E Ai,jTi N Tj + E E Bi7k7-i A Xk
1<j<M 1<i<M 1<j<M 1<i<M 1<kSN-M

Since {7, x} =: {\; | 1 <i < N}isacoframe, then {\;, A \j, }1<iy<i,<v form a basis of
2-form.

Then
Bir =0 (1<i<M1<k<N—M)
Then
O = E E Ai,jTi N Tj
1<i<M 1<j<M
(1<i<M)
)\i = E Ai,jTi
1<j<M
‘We have
0 = E E Ai,jTi A\ 7']'
1<i<M 1<j<M
= g E A i NTj A+ g A”TZ/\TJ-i—g
1<7,<M 1<i<j<M 1<j<is<M
=2 (> AyniAm+ ), AumAm)
1<i<M 1<i<j<M 1I<i<y<M
=) Y (Aij— AT AT
1<i<M 1<i<j<M
Then
Ai,j = Ajﬂ‘ (1<i<M)
O

Lemma 8.2 (of Cartan,2). On RN>! equipped with a number 1 < M < N of local inde-
pendent differential 1-forms {7, ..., Tp1}, if given differential 2-forms {Qy, ..., Qp } satisfy

0= Z Ti A Qz
1<i<M
Then
Q; = 0mod(1, ..., Tar) (1<i<M)

Precisely, completing {T1, ..., Tar } as a coframe {7y, ..., Tpr, X1, ---, XN—M }, there exist func-
tions A; j, ;, and B, ;j, such that

Q; = § AijrjaTin N Tip + § § BijkTi N X (1<i<M)
1<j1<ja<M 1<j<M 1<k<N—M
where
Ai,jh]é - Ajl,i»jz + Aj27i7j1 =0 (1<i<ji<ja<M)

Bk = Bjik (1<i<j<M,1<k<N—M)
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Proof. For 1 < i < M, decompose 2; in

{750 AN Tjos T A X Xoy AN Xko} 1<k<N—M 1< <M, 1<) <jo<M
1<ky <kg<N—M

Then
Q= > AijpTiMpt D Y BigaTiAet ) Clker Jo Xk N Xk
1<j1<je<M 1M 1<kSN-M 1<k <ko<N-M
By
1<i<M
= E Ai,ijQTi /\’7']'1 /\Tj2 + E Bi,j,kTi /\Tj /\Tk
1<i<M 1<GEM 1<6<M
1<1 <jo <M 1<kSN-—M
+ E , Ci,khszi A Xy N\ Thy
1<i<M

1<k <kg<KN—M

The coframe {7, x} =: {\; | 1 < ¢ < N} then {\;; A Xiy A N\ig Fi<iy<ip<is<ny fOrm a basis
of 3-form.

Then
Ciky ks =0 (1<i<M,1<ky <ko<N—DM)
Then
Q= § AijrjaTin N Tip + E E Bi jkTi N Xk (1<i<M)
1<j1<ja <M 1<i<M 1<k<N—-M
and
0= § ( § AijrjaTi N Tiy N Tjp + § AijrjaTi N Ty N Tjy
<12 Je <M 1<i< 1= ja<M 1< 1 <i<ja<M
+ E Aij1joTi NTjy AN Tjy) + E ( E B jkTi N Tj N Xk
1<j1<ja<i<M 1<k<N—M 1<i<j<M
-+ E Bi,j,kTi A\ Tj A\ Xk)
1<j<i<M

0= Z ( Z [Ai,jhjoi N Tj N Tjy, + Aj17,~7j27‘j1 N Ty N Tj,

1<y <go <M 1<i<ji<jo<M

+ Apign T AT AT+ D ([BigwTi ATi A Xk + BiawTi ATi A X))

1<kSKN—-M
0= E (Aijrge — Ajrige T Agnin)Ti NTjy ATy, + E (Bijk — Bjig)Ti ANTj A X
1<j1<jo<M 1<i<j<M
1<k<SN—M
Then
Aijrgs — Ajrige T Ajnsin =0 (1<i<j1 <ja<M)
Bijr = Bjik (1<i<j<M,1<k<N—M)

g
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9. Equivalence of differential forms

Now, we talk about the equivalence problem of differential forms.
We begin by noting that any one-form w on a m-dimensional manifold M defines, using
the differential and wedge product, a sequence of auxiliary differential forms :

W) =w
we = dw

wy = dws = dw A dw
ws = w A dw A dw, etc...

Note that each wy, is k-form, so w,,+1 = 0 automatically.

Definition 9.1. The rank of a one-form w at a point x € M is the integer
0 < r = r(x) < m, such that for 0 < r < k, wg(z) # 0, whereas for k > r,
wi(z) = 0.

Remark 9.2. The rank of a one-form is not always well defined, since if £ is odd, it is
possible wy(x) = 0 while wy1(z) # 0.

Definition 9.3. A one-form is regular if its rank is constant.

Theorem 9.4. Let w is a one-form of constant rank r on an m-dimensional manifold M.
There exist local coordinates x = (1, ..., Tp,) such that w has the canonical form.

$1d$2 + ...+ 2723_1611‘25, r=2s
W= ZElde‘Q + ...+ ZEQS_leEQS + dl’QS_H, r=2s + 1

depending on whether the rank is even or odd.
Corollary 9.5. Every regular one-form of the same rank is locally equivalent.

Definition 9.6. We define the rank of () a two-form at z to be the smallest integer 0 < r <

% such that
(Q)"(z) #0
@+ @) =0

We have also the equivalence problem of closed two-forms :

Theorem 9.7. Let () a closed two-form such that the rank of ) is constant equal to r. There
exist local coordinates x = (x4, ..., T,,) such that

Q= d$1 VAN dﬂ?g + ...+ dl’grfl A d[[’gr
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10. Tensors

Now, we talk about tensors.

Definition 10.1. Let V be an n-dimensional R-vector space with its dual space V™.
The elements in the tensor product

V;:V@)---@V@V*@---@V*,

where 7 is the number of V' and s of V*, are called the (r, s)-type tensors.

We call r the contravariant order and s the covariant order.

In particular, the element in V" are called contravariant tensors of order r and those in V?
are called covariant tensors of order s.

Remark 10.2. Vi’ =R; V} =V V) = V.
The elements of V' are called contravectors ; the vectors.
The elements of V* are called covectors ; the linear form on V.

For s,r € N,
dim(V/) =n"**
Vi=2ZWV*. . ; VsV, 5 V),
with r terms of V* and s terms of V.
Then Vj = Z2(V*...;V* R)and V2 = Z(V;..;R).
Suppose {e; }<i<n and {€*}1<i<,, are dual basis in V and V* respectively, then

€, ®---®e, & e @... et (1<iyynnyir <n31<ky .. ks <)

form a basis of V.

Therefore a (7, s)-type tensor 7" can be uniquely expressed as

_ 91...% *kq xk,
T = E Tkl...k2€i1®"'®eir®e ® - Qe
1<in,ir<n
1<k ..., ks<n

where T} =T(e™, ..., " ey, ... e,) €R.

Definition 10.3. Let 7 be a (11, s1)-type tensor and 75 be a (rz, s3)-type tensor on V. We
define the tensor product 77 ® Ty a (11 + 72, $1 + S2)-type tensor given by

T @Ty: (v 02 0 g ,)
Tt v v, v ) T (0 0 T g U s,
Remark 10.4.
T, @T, = Z Tlllkllr}cglTQZTIi:H“}cZisg e, @ ® €iryin, ® e*k1 R ® e*Fs1+so

1<k11---1k51+52 <n
11 sevip) g <2
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Definition 10.5. V" := > _, V7 is an infinite-dimensional vector space.

Any element 7' € V" can be expressed as the formal form

T=>Y 1T

r>0

where T € Vj.

Let S, the permutation group of {1,...,7}.
Any element of ¢ € S, determines an automorphism of 7 (V).
Let T € V{, we define o'"*°" : V' — V', denote again o, by

a(T)(*, ... ") =T (W, . v*o0)

Then, forT =v; ® - - ® v,,
0(T) = vom1) ® -+ @ V1)

Definition 10.6. Let 7" € V.

We say that 7" is a symmetric contravariant tensor of order r if o(7) = T.

We let .7 (V) the set of such tensors.

.....

’U*TEV*)

We say that T is an alterning contravariant tensor of order r if o(7') = €(0)T, where €(0)

is the signature of o.
We let A”(V) the set of such tensors.

Definition 10.7. Let 7" € V.
We define automorphisms of Vjj" by

the symmetric map on contravariant tensors of order r and
T T
Vo — Vo

Ay T % S €(0)o(T)

’ ceB,

We have the theorem.

Theorem 10.8. For s,r € N,

We can define a bigger space.

Definition 10.9. We define the space of symmetric contravariant tensors by

SV)=Y (V)

r=0



10. Tensors 33

and the space of alterning contravariant tensors by
AV) =) A'(V)
r=0

Moreover, we define the symmetric and alterning map, noted S : V; — (V) and A :
Vy- — A(V), on contravariant tensors by

S(T) = S,.(T) (TeVy)
A(T) = A.(T) (TeVy)
Remark 10.10. Similarly, we can do it for V'*.

In particular, for V* = T'M*, with M a n-dimensional manifold, we have A(V*) the space
of differential R-valued forms.

As for differential forms in A(7T'M*), we can define a product on .7 (V).

Definition 10.11. We define a product on .7 (V) by
ol =5T &T)
called the symmetrized tensor product.
Then, we can use the notations
oV =.2(V)
and
"V =.77(V) (r>0)

Exemple 10.12. Let {¢;}1<;<, a basis of V. We have

(1) {ei ® ej}lgigjgn a basis of ®2V

(2) {ei VAN ej}l§i<j<n a basis of AZV

—1
dim@rV:(n+r )

r

Proposition 10.13.

Proof. Let T € .#7(V') and write
T — Z T’L‘l...ireil ® - ® 6%
1<it .. ir<n

for some basis {ej,...,e; } of V.
We need to determine the number of k£ combinations with possible repetitions, of integers

{1,...,n}.

This number is ("+:_1) .

g

Exemple 10.14. ©>R? is a 4-dimensional vector space.
Then we can have the identification

®*R? = R%.

We end with a definition.
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Definition 10.15. Let [ : ©"V — ©"V a map.
[ is an endomorphism of ®"V if there is (my,...,m,) € (®"V)" such that

l=m ©---Om,
i.e. fOI' (Ui)lgigr - VT,

(o1 ®...v) =my(v) © -+ ©my(v,)
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Lie groups

1. Introduction

Definition 1.1. A Lie group G is a smooth manifold which is also a group such that the
group multiplication (g, h) — ¢ - h and inversion g — g~! define smooth maps.

Remark 1.2. A local Lie group G is a set such that there exists a neighborhood of e
satisfying that G|y = U is a Lie group.

Remark 1.3. Often, an r-dimensional Lie group is referred to as an r parameter group,
the "group parameters" referring to a choice of local coordinates on the group manifold.

Example 1.4. The simplest example of an r parameter Lie group is R".
Example 1.5. The prototypical example of a real Lie group is the general group GL(n, R).

Definition 1.6. The subgroup H is called a Lie subgroup if it is also an immersed
submanifold parametrized by a smooth group homomorphism F': H — H C G.

Proposition 1.7. If H C G is a subgroup of a Lie group G, which is also a topological
closed subset, then H is a Lie subgroup of G.

Example 1.8. We have :

x If G is a Lie group, then the connected component of GG containing the identity element,
denoted G is itself a Lie group.

* GL(n,R)*+ = {A € GL(n,R) | det(A) > 0} is a Lie group.

x SL(n,R) = {A € GL(n,R) | det(A) = 1} is a Lie group.

x O(n) = {A € GL(n,R) |" AA = I,,} is a Lie group.

x Sp(2r) = {A € GL(n,R) |" AJA = J} is a Lie group with J = < _O] IOT )

x F(n) = O(n) x R™ The Euclidean group generated by the groups of orthogonal
transformations and translations.

x SE(n) = SO(n) x R™
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Definition 1.9. A discreet subgroup I' C G of a Lie group is a subgroup whose intersection
with some neighborhood {e¢} C U C G of the identity consists only for the identity :
I'nU = {e}.

Example 1.10. The integer lattices Z" and SL(n Z) are discret subgroups.

Example 1.11. The quotient group G/T" by a discrete normal subgroup, is a Lie group
which is locally isomorphic to G itself.

2. Transformation groups

Let M be a smooth manifold of dimension m and G be a Lie group.

Definition 2.1. A transformation group acting on M is determined by a Lie group G and a
GxM-—M
smooth map P : { which satisfies :

(9.2) —rg-x
(1) Forallz € M,e-x ==

(2) Forallz € M,g,h e G,g-(h-x)=(g-h)-x.

The definition assume that the action is global, but an action may only be defined
"locally", meaning that, for a given x € M, transformation g - = is only defined for a group
element g sufficiently near the identity. Thus

Definition 2.2. A local transformation group acting on M is determined by a Lie group

G, and 7 an open subset such that {¢} x M C ¥ C G x M and a smooth map ¢ :
{ VvV — M
(

9.5) — g 3 which satisfies :

(1) Forall (e,z) € ¥,e -z ==x

(2) For all (g,h,z) € G? x M such that (h,z) € ¥, (¢g,h - x) € ¥, we have
g-(h-x)=(g-h)- =

Example 2.3. We give some examples of transformations :
GL(2,R) x R? — R?
* The linear action of GL(2,R) on R? : a b
(& 0) @ rttyeas iy
GL(2,R) x RP! — RP*
* The Mobius transformation : a b ap+b
<< ¢ d ) P i

Definition 2.4. The isotropy subgroup of a pointz € MisG, ={g € G| g-x = z}.
Letz € M.
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x is said fixed by the group action if G, = G.
Remark 2.5. For all x € M, GG, is a Lie group.

Proposition 2.6. Let z,y € M.
Ify=g-xthenG, =g -G, g "

Definition 2.7. A transformation group acts freely if all isotropy subgroup are trivial.

A transformation group acts locally freely if it exists U a neighborhood of e such that for
allz € M,G,NU ={e}.

A transformation group acts effectively if for all g, h € G,z € M,wehave g-x = h - x if
and only if g = h.

Definition 2.8. We call the global isotropy subgroup G = (), Go ={9 € G| g-2 =
z, forall z € M}.

Remark 2.9. A transformation group acts effectively if G,; = {e}.

Definition 2.10. A transformation group acts locally effectively if it exists U a neighbo-
rhood of e such that forall x € M, G,y NU = {e}.
In other words, the restriction of the group action to U x M acts effectively.

We have :

Proposition 2.11. Let G be a Lie group acting on M.

The global isotropy subgroup Gy is a normal Lie subgroup of G.

Moreover, there is a well-defined effective action of the quotient group G /G y; on M, which
"coincides" with that of G in the sense that two group elements g and g have the same
actionon M, so forall x € M, g-x = g-x, if and only if it exists h € G such that g = g-h.

Remark 2.12. Thus, if a transformation group GG does not act effectively, we can without
any sufficient loss of information or generality, replace it by the quotient group G /G ;.

Remark 2.13. A group action acts effectively freely if and only if G/G ), acts freely.
It is equivalent to that for every z € M, G, = G;.

Example 2.14. GL(n,R) acts effectively on R".

3. Invariant subsets and equations

Let M be a smooth manifold of dimension m and G be a Lie group.
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Definition 3.1. A subset S C M is called G-invariant if for every g € G, x € S, we have
g-x €S.

Definition 3.2. Let F, ..., F}, : M — R.
A group G is called a symmetry group of a system of equation

Fi(z)=..=Fy(z)=0
if the variety Sp = {x € M | Fi(z) = ... = Fy(z) = 0} is a G-invariant subset of M.

Definition 3.3. An orbit of a transformation group is a minimal nonempty invariant subset.
Example 3.4. For a global action, the orbit through a pointx € M is 0, = {g-z | g € G}.

Example 3.5. For a local action, the orbit through a point x € M is 0, = {g1-g2- - gn - T |
g€ G, neN}.

Remark 3.6. If GG is connected, then the orbits are connected.
Proposition 3.7. A subset S C M is G-invariant if and only if it is the union of orbits.
Definition 3.8. The group action is called transitive if there is only one orbit.

Example 3.9. A fixed point is a zero-dimensional orbit.
For a connected group, the converse holds.

Example 3.10. x The linear action GL(n,R) on R" has two orbits : the origin {0} and
R™\{0}.

« The same hold for SL(n) on R™.

 For the orthogonal group O(n) it is different : the orbits are spheres {|z| = ¢} for ¢ € R}.
Any other invariant for this action is a union of spheres.

* The induces projective actions of each of these three groups on RP"~! are all transitive.

We have an important theorem.

Theorem 3.11. A Lie group G acts globally and transitively on M if and only if M ~ G /H
where G/ H is called the homogeneous space of G by the isotropy subgroup H = G, of
any designated point x € M.

Remark 3.12. Mostow showed that every local transitive group action on M of dimension
m > 4 is locally isomorphic to a homogeneous space G/ H where dim(G) — dim(H) = m.
However, it not true that M itself is globally isomorphic to an open subset of a homoge-
neous space.
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Moreover, Mostow showed that even the local result is not true if m > 5.

Example 3.13. The affine group A(n) is defined as the group of affine transformation
r — Az + ain R" with A € GL(n,R) and a € R". The affine group can be realized
as a subgroup of GL(n + 1,R) by identifying the group element (A, a) with the matrix
A a
0 1)
With the identification we have R"\{0} ~ G'L(n)/A(n— 1) another possible identification.

Definition 3.14. A group action is called semi-regular if its orbits have the same di-
mension. A group action is called regular if its orbits have the same dimension and each
point x € M has arbitrarily small neighborhoods whose intersection with each orbit is a
connected subset.

Proposition 3.15. An r-dimensional Lie group G acts locally freely on M if and only if its
orbits have the same dimension r as G itself.

The group acts effectively freely if and only if its orbits have dimension
s = dim(G) — dim(Gyy).

Theorem 3.16. Let G be a Lie group acting regularly on M with s-dimensional orbits.
Near every point of M, there exists rectifying local coordinates (Y1, ..., Ys, 21, -, Zm—s)
having the property that any orbit intersects the coordinate chart in at most one slice
N.={z1=c1, .., Zm_s = Cm_s} for constants ¢ = (c1, ..., Cpp_s)-

If the action is semi-regular, the same statement holds except that an orbit may intersect
the chart in more than one such slice.

4. Canonical forms

Let M be a smooth manifold of dimension m and G be a Lie group of dimension r.

Definition 4.1. A canonical form of an element x € M is representative x of the orbit
containing .

Example 4.2. The Jordan canonical form of a matrix correspond to the conjugation action
X — AXA7 of GL(n,C) on M(n,C).

Definition 4.3. Two objects are equivalent if they have the same canonical form.

Example 4.4. The canonical form of € R™ under the action of the rotation group SO(n)
can be chosen to be a positive multiple of the first unit basis vector ; re; with r = |x| > 0.
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5. Invariant functions

The determination of a complete set of invariant of a given group action is a problem of
supreme importance for the study of equivalence and canonical forms.

Definition 5.1. An invariant of (G is a real-valued function / : M — R such that for all
g€ G, I(g-x)=1(x).

Proposition 5.2. Let [ : M — R. The following conditions are equivalent :
(1) I is a G-invariant function.
(2) I is constant on the orbits of G.
(3) The level sets {x € M | I(x) = c} of I are G-invariant.

Example 5.3. In the case of O(n) acting on R™, the orbits are sphere of constant rays r,
hence any orthogonal invariant is a function of the radius : I = F'(r).

Remark 5.4. If G acts transitively on )M, then there is no nonconstant invariant.
If G acts transitively on a dense M, C M, then the only continuous invariants are the
constants.

Example 5.5. The only continuous invariants of the standard action of GL(n,R) on R"
are the constant functions.

Remark 5.6. Note that the canonical form x( of any element x € M, must have the same
invariants : I(x) = I(zo).

Proposition 5.7. Let x,y € M and a regular group actions.
x and y are in the same orbit if and only if for every invariant I of the group action,

I(z) = I(y).

Remark 5.8. Note that if /;,...,I;, : M — R are invariants and H : R” — R is any
function then I = H(Iy, ..., I},) is also invariant.

Therefore, we need only find a complete set of functionally independent invariants having
the property that any other invariant can be written as a function of these fundamental
invariants.

Definition 5.9. Let G be a Lie group acting on M.

A function [ : M — R defined an open subset U C M is called a local invariant of G if
there is U a neighborhood in M, and for all x € U, there is V,, a neighborhood in G such
thatforallz € M,g € V,, I(g- ) = I(x).

I is called a global invariant If for all z € U, and g € G, such that g - x € U, we have

I(g-z)=1I(x).
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Remark 5.10. The number of independent local invariants of a regular transformation
group is completely determined by the orbit dimension.

Theorem 5.11. Let GG be a Lie group acting semi-regularly on M of dimension m with
s-dimensional orbits.

At each x € M, there exist m — s functionally independent local invariant I, ..., I,
defined on a neighborhood U ofx, with the property that any other local invariant I defined
on U can be written as a function of the fundamental invariants : [ = H (11, ..., L,_s).

If G acts regularly, the we can choose the 1I;;’s to be global invariants on U.

Moreover, in the regular case, two point y, z € U lie in the same orbit of G if and only if
forall1 <k <m—s, I(y) = Ir(2).

Remark 5.12. The theorem provides a complete answer to the question of local invariant
of group actions.
Global considerations are more delicate.

Definition 5.13. If G acts simultaneously on M, ..., M, then be a joint invariant we mean
an ordinary invariant [ : My x ... x M,, — R.

The invariants of regular group action can be used to completely characterize the
invariant submanifolds ;

Remark 5.14. If G acts on M and I, ...I; are any invariants, then {z € M | [(z) =
1, .., Ig(z) = ¢} is an invariant subset of M.

Conversely, if G acts regularly any invariant submanifold can be expressed locally as the
vanishing set for some collection of invariant functions.

Theorem 5.15. Let GG act regularly on M.
A regular n-dimensional submanifold N C M is G-invariant if and only if at each
point x € N, there exists a neighborhood U and invariant I, ..., I, _, such that

NAU={z €U | L(z)=...= Lhn(z) = 0}.

Proof. Choose rectifying local coordinate (v, ..., Yn, 21, ---, Zm—n)- Since any invariant sub-
manifold must be a collection of orbits which, in the given coordinate chart, are just the
slices where the invariant coordinates z are constant., we can characterize its intersec-
tion with the coordinate chart by the vanishing of one or more functions depending on
21, .-, Zm—n. But any function of the 2’s is a local invariant of the group action, so the result

follows.
O

6. Lie algebra

Let M be a smooth manifold of dimension m and G be a Lie group of dimension r
actingon M by ® : (g,x) — g - .
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Definition 6.1. A vector field v on M is called G-invariant if for all ¢ € G, x € M such
that g - x is defined, we have d(®,).(v|s) = v|g.a-
Sometime we write dg(v|;) = d(®y)e(v]z)-

Remark 6.2. The most import example is provided by the action of Lie group G on itself
be left and right multiplication ;

Definition 6.3. Let g € G.

We define L, : b+ g-hand R, : h > h - g respectively the left and right multiplication
maps.

A vector field v on G is called left-invariant if for all g € G, d(Lg)c(v)c) = v)g.

A vector field v on G is called right-invariant if for all g € G, d(Ry)c(vje) = vyg.

Definition 6.4. The left (respectively right) Lie algebra of a Lie group G is the space of all
left-invariant (respectively right-invariant) vector field on G.

Remark 6.5. There are two different Lie algebras associated with a Lie group denoted by

gL and IR-
But when we will talk about the Lie algebra associate with a Lie group, we will mean

g = gr.

Remark 6.6. Every v € g is uniquely determined by its value at the identity by definition.
Then we can identify g = gr = T.G.

So g is a finite-dimensional vector space of dimension 7.

Similarly g, ~ T.G.

Thus a given tangent vector v, € TG determines both a left- and a right-invariant vector
field on the Lie group G, which are different.

Moreover, we have gr ~ g;.

Remark 6.7. By the previous remark we use the identification v = v..

Remark 6.8. Each Lie algebra associated with a Lie group comes equipped with a natural
bracket, induces by the Lie bracket of vector field.

Definition 6.9. A Lie algebra g is a vector space equipped with a bracket operation
[-,-] : @ X g — g which is bilinear, skew-symmetric; for all X,Y € g, [X,Y] = —[Y, X]
and satisfies the Jacobi identity.

Example 6.10. The Lie algebra gl(n) of GL(n) can be identified with the space M (n, R).
In terms of the local coordinates provided by the matrix X = (z;;) € GL(n), the left-
invariant vector field associated with a matrix A = (a; ;) has the explicit formula
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and the right-invariant vector field associated with a matrix A = (a;;) has the explicit
formula

9]
va = E : Wik Thj gy
7/7]

1<,5,k<n

7. Structure constants

Definition 7.1. Let vy, ..., v, be a basis of a Lie algebra g.
We define the associated structure constants cﬁ ; by the braces relations

E k .
[UZ‘, ”Uj} = Ci i Vk (1<i,j<r)
1<k<r

By the skew-symmetry of the Lie bracket and the Jacobi identity we have

k k
ij — €

C ‘772 (1<Z,],k)<’f’)

and
I m l m l my __ ..
E (Ci,jcl,k + GGy Cj,kCl,i) =0 (1<i,g,k,m<r)
1<ILr

ir?(r — 1) constants satisfying the previous identities, we can

Conversely, given 3
reconstruct the Lie algebra g by introducing a basis vy, ..., v, and then imposing the bracket

relations.

Remark 7.2. The theory of Lie groups can be essentially reduced to the study of its
structure constants.

8. The exponential map

Let M be a smooth manifold of dimension m and G be a Lie group of dimension r.

Definition 8.1. Let g the right-invariant Lie algebra of a Lie group G.
Letv € g.
We recall the flow at ¢ is exp(tv) : G — G

Remark 8.2. In fact by continuous argument, for v € g, the flow is defined on all ¢ € R.

Definition 8.3. The vector field v of the subgroup {exp(tv) - e | t € R} of G is called the
infinitesimal generator.

Proposition 8.4. The right-invariant vector fields form the infinitesimal generators of the
action of G on itself by left multiplication.

Vice versa, the infinitesimal generators of the action of G on itself by right multiplication
is the Lie algebra g,
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Proof. For g € G,t € R, p(g) = exp(tv) - g = Ry(exp(tv)) and

d d

E\t:o%(g) = E‘tZO(RQ(eXp(tU))) = d(Ry)c(v)

g

Example 8.5. Consider the group GL(n).

The flow corresponding to the right-invariant vector field v4 already given is given by th
usual matrix exponential exp(tv4) X = e X.

The flow corresponding to the left-invariant vector field v4 already given is given by th
usual matrix exponential exp(tv4) X = Xe'/,

Evaluation of the flow exp(tv) at t = 1 for each v € g serves to define the exponential
map.

g —G

Definition 8.6. We call exp : { the exponential map.

v — exp(v)

Remark 8.7. Since exp(0) = e, and dexp = 1, then exponential map defines a local
diffeomorphism in a neighborhood of 0 € g.

Consequently, all Lie groups having the same Lie algebra look locally the same in a
neighborhood go the identity.

Proposition 8.8. Let G be a connected Lie group with Lie algebra g.
Every element g € G can be written as a product of exponentials :

g = exp(vy) - exp(va) - - - exp(vy)

for some vy, ..., v € g.

Remark 8.9. This result forms the basis of the infinitesimal or Lie algebraic approach to
symmetry groups and invariants.

Proof. Theset & ={g € G| Ik > 1,Jvy,...,ux € g, g = exp(vy) - exp(va) - - - exp(vg) }
is nonempty, an open and closed subgroup of G.

By connectivity, it follows.
O

9. Subgroups and subalgebra

Let M be a smooth manifold of dimension m and G be a Lie group of dimension r.

Definition 9.1. A sub algebra of a Lie algebra is a subspace h) C g which is invariant under
the Lie bracket.
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Example 9.2. Every one-dimensional subspace forms a sub algebra, and generates an
associated one-parameter subgroup of the associated Lie group via exponentiation.

Theorem 9.3. Let G be a Lie group with its Lie algebra g.
There is a one-to-one correspondence between connected s-dimensional subgroup H C G
and s-dimensional Lie sub algebra ) C g.

Remark 9.4. By the previous section, to determine the subalgebra fj, we need only find
T.H.

Example 9.5. x sl(n) = {A € M(n,R) | Tr(A) = 0}.
x 0(n) = so(n) is the set of all skew-symmetric matrix.

Remark 9.6. From "Lie Algebras", Interscience Publ. Inc., New York, 1962 of Jacobson,
we can see that the Ado’s theorem. It says that any finite-dimensional Lie algebra g is
isomorphic to a sub algebra of gl(n) for some 7.

Consequently, g is realized as the Lie algebra of the associated matrix Lie group

G C GL(n).

The full connection between Lie groups and Lie algebras is stated in the following
theorem.

Theorem 9.7. Each finite-dimensional Lie algebra g corresponds to a unique connected,
simply connected Lie group G.

Moreover, any other connected Lie group G having the same Lie algebra g is isomorphic
to the quotient G /T, where I is a normal discreet subgroup.

We can restate the theorem as follow :

Theorem 9.8. Let g an arbitrary Lie algebra.

There exists a local connected Lie group G such that g¢ is isomorphic to g.

Therefore, Let G,G" be two connected local Lie groups, and ga, gq their infinitesimal
groups (Lie algebras).

If there exists an isomorphism mapping g to g¢r, then there exists a local isomorphism
mapping G to G'.

Proof. To see the theorem 73 of "Topological Groups", Princeton Univ. Press, Princeton,
1946 of Pontrjagin, L.
]

The projection 7 : G — G from the theorem defines a covering map, so that Gisasa
covering group for any other connected GG having the same Lie algebra.
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Corollary 9.9. Any two Lie group having the same Lie algebra g are not only locally
isomorphic but are in fact both covered by a common Lie group.

Remark 9.10. By the theorem, the study of G is equivalent to the study of g.

Definition 9.11. A Lie algebra of dimension greater than 1 is called simple if it contains
no proper nonzero ideal.

Example 9.12. For n > 2, sl(n) is simple.
Forn > 3 and n # 4, so(n) is simple.
For r > 2, sp(2r) is simple.

10. Infinitesimal group actions

Let M be a smooth manifold of dimension m and G be a Lie group of dimension r.

As a one-parameter group of transformations is generated as the flow of vector field, so
a general Lie group of transformations GG acting on M will be generated by a set of vector
fields on M, known as the infinitesimal generators of the group action.

By the group action GG on M, firstly determine the Lie algebra g and a basis of itself.
For v € g, we want a vector field v on M.
Recall, v = v).
We use the flow generate by v :
©t (I’) = exp(tv)m (where t is defined,z€ M)
Note that the interval I where ¢ is defined contain always O and [ = {t € R | ¢" € G}.
Then we define the infinitesimal generator of the group action GG on M by

ol

= a(exp(tv)x)ﬁzo (zeM)

Then we identify v with v.
Then for a basis {vy, ..., v, } of g we obtain r infinitesimal generator of the group action :

{ol, .. v}

Example 10.1. Consider the action group of SL(2) on RP! by the Mébius transformation.
Its Lie algebra s[(2) = {A € M (2) | Tr(A) = 0} is generated by

- (01 o (1 0 + (00
m=(00)r=(o 5)r=(17)
By the identification J = v;, we have
v, - _ 1 ¢
©,(p) =€ p=(L+t] )-pZ(O 1)-p=p+t

Then vB_|p = 4D (p))mo =1 = a% by the identification.

If we do that for the other matrix, we find finally the basis actions :
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T ol

(1) Translation action : p — p + t with Vi = B

(2) Scaling action : p — e2p with UTIOIp = 2p8%.
(3) Inversion action : p — tp% with Uj}ﬂp = —pQB%.
The group action is decomposed in three fundamental actions.

By the section "Structure constants", since we have

T T — 9,1 T T _ T T T _ T
[UJ_|P’UJO|P] =20 [UJﬂp’UJOIp] = 2054 [UJ‘\p’UJﬂp] = U

7 0 = =207, [J5 ) =20, [T, T =
then the Lie algebra of vector fields generated by the v1’s coincide with s((2).

Remark 10.2. This previous example, show us the method to determine the Lie algebra of
vector fields of a group action;

Let GG a Lie group acting on M.

1) Determine g of G view in a some G L(n).

2) Determine a basis 5.

3) For every v € By, compute the flow associated to v ; ®; : x +— €™ -z where - is the group
action.

4) For every v € By, compute vf by

UL = a(exp(tv) - ) =0

Remark 10.3. For B = {v,...,vl} a basis of the Lie algebra of vector field on M, the
flow at v € Byi, @7, determine a basis action of the group action. We can understand the
group action as a composition of several basis actions.

Why can we make this identification ?

Since we have the following theorem.

Theorem 10.4. Let G be a transformation group actin on M.
g—TM

i defines a Lie algebra homomorphism satisfying for
Vv

The linear map p

v.w € g, pl[v,w]) = [p(v), p(w)]

Moreover the image g' = p(g) forms a finite-dimensional Lie algebra of the effectively
action quotient group G /G ;.

In particular, G acts locally effectively on M if and only if p is injective.

Moreover, if G acts freely on M, then for each v € g non zero, v' never vanishes on M.

Remark 10.5. If vy, ..., v, is a basis of g, the condition for local effectiveness is that the
corresponding vector fields UJ{, .., v} be linearly independent over R.
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Remark 10.6. By this theorem, and the fact we can assume without lost generality the
local effectiveness of (7, then we can use the identification v = v and g = g.

Given a finite-dimensional Lie algebra of vector fields on M, we can reconstruct a local
action of the corresponding Lie group via the exponentiation process.

Theorem 10.7. Let g be finite-dimensional Lie algebra of vector fields on M. Let G denote
a Lie group having Lie algebra g.

There is a local action of G whose infinitesimal generators coincide with the given Lie
algebra.

Proof. To see the theorem 88 of "Topological Groups", Princeton Univ. Press, Princeton,
1946 of Pontrjagin, L.
0

Proposition 10.8. Let G be a Lie group acting on M with a Lie algebra g of G.
Foreachx € M, g, = {Vx | v € v} C T, M.
In particular, for each x € M, dim(0,) = dim(g|,).

Corollary 10.9. A Lie group acts transitively on a connected manifold M if and only if for
allr € M, g, =T, M.

There is an important connection between the dimension of the isotropy subgroup at a
point and the dimension of the orbit through that point.

Proposition 10.10. If G is an r-dimensional Lie group acting on M, then the isotropy
subgroup G, of any point x € M has dimension r — s, where s = dim(0,,).

In particular, G acts semi-regularly if and only if all its isotropy subgroups have the same
dimension.

11. Classification of group actions
Let M be a smooth manifold of dimension m and G be a Lie group of dimension r.
The problem of classifying all possible Lie group actions on M is, by the previous

theorem, essentially the same as the problem of classifying finite-dimensional Lie algebras
of vector fields on M.

Definition 11.1. Two Lie algebras of vector fields, defined on open subsets of R™, are
considered to be equivalent if there is a local diffeomorphism on R™ taking one to the other.

which is equivalent to say that
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Definition 11.2. Two action groups are considered to be equivalent if the two Lie algebras
of vector fields associated are equivalent.

Remark 11.3. Often, to simplify we said that two groups GG and G’ are equivalent if their
group action are equivalent.

Example 11.4. A one-dimensional Lie group is generated by a vector field, and hence,
away from singularities, all such group action / Lie algebras are isomorphic to the group of
translations in a single coordinate direction.

Lie investigates the general classification problem. He succeeded in completely clas-
sifying all non singular finite-dimensional Lie group actions in one and two dimensions,
determining a complete list of local canonical forms for Lie algebras of vector fields on
one-dimensional and two-dimensional manifold.

Theorem 11.5. Let G be a connected finite-dimensional Lie group action locally effectively
on a one-dimensional real or complex manifold without singular point.
Then, locally the action group of G is equivalent to one of the following group actions :

(1) Translation action : x — x + b, Group : R, and generators : a%.
(2) Affine action : x — ax + b, Group : A(1), and generators : 8%, xa%.
(3) Projective action : © +— ax + b, Group : SL(2), and generators : a%’ xa%, x2a%.

Proof. We outline the proof in the complex case, the real case being similar but slightly
more complicated. The assumption that G has no singularities means that the vector fields
in the Lie algebra g do not all simultaneously vanish at a point.

Fin a point x; and choose v; € g such that vy, # 0. According to the linearization of
vector field, we can introduce a local coordinate x near x, which straightens out v; = a%'
Every other infinitesimal generator in g has the form v; = f (x)a% for some function
f(z);let # = {f} denote the finite-dimensional vector space spanned be these functions.
Since [v1,vs] = f/(2)2 must also be an infinitesimal generator, we deduce that [’ € #
whenever f € Z.

Smoothness implies that .# is a finite-dimensional translationally invariant space of
functions : if f € % and ¢ € R, then f(- +¢) € Z.

The following useful lemma now comes into play :

Lemma 11.6. A finite-dimensional space .% of smooth functions of a single variable x is
translationally if and only if it is the space of solutions to a linear, homogenous, content
coefficient ordinary differential equation.

Proof. Let f1, ..., f, abasis of .#. Each derivative f; for 1 < ¢ < n,belongs to.# and is the-
refore a constant coefficient linear combination of the basis elements : f/ = >, _, . a¥ fi.
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fi
Therefore, the column vector f = solves the first order linear system ' = Af
fn
where A = (a; ;) is a constant matrix.
Let p(\) = det(\,, — A) denote the characteristic polynomial of the matrix A. The Cayley-
Hamilton theorem demonstrates that each entry f; satisfies the n'* order linear homoge-
neous constant coefficient ordinary differential equation p(D)y = 0 obtained by replacing
A by the deviated operator D = %. Moreover, the solution space to the n'" order differen-
tial equation has dimension n, and coincide with .%.

i

Consequently, over C, our Lie algebra has, as a basis, a collection of vector fields of the
form z* ’\”8% where A € 9, a finite set of complex number containing 0, and 0 < i < n.
(The real case is similar but also involves sines and confines.)

We compute the commutator of two such vector fields

[x’e)“%, xje’“%] =[(p =Nz + (j — i)x”]_l]e(”\Jr“)z% (A HES,0<i<ny)
The simplest case occurs when S = {0}, so that g is spanned by xi% for 0 <7 < ny.
Taking 7 = ng, j = ng — 1, we have IQ”O_Q% € g, which implies 2ny — 2 < ng then
Un) < 2.
The cases ny = 0, 1, 2 are precisely the three Lie algebras stated in the theorem.
If S = {0, \} contains juste one nonzero complex number, then by the expression it is easy
to see that ng = n) = 0 in this case g is spanned by a%’ e”a%, and is mapped to the affine
algebra by the change of variables z 5 €.
The only other possible case is S = {0, \, —A}, with ng = n), = n_, = 0, which is
mapped to the projective algebra by the same change of variables.

4

Definition 11.7. A group action has no fixed point if it has no zero-dimensional orbits.

Remark 11.8. A group action has no fixed point if and only if not all vector fields in the
associated Lie algebra vanish at point.

Definition 11.9. A manifold has a foliation if it is decomposed in submanifold with same
dimension and locally pile up like R™ x R™™" for a some 0 < n < m.
A group action is called imprimitive if there is an invariant foliation of the manifold.

Example 11.10. The group generated by {a%, a%,xf% + aya%} admits two invariants
foliations of R? - by horizontal lines and by vertical lines.

Remark 11.11. Invariance is the fact that each group action maps every horizontal
(vertical) line to another horizontal (vertical) line.

Then we expose, next pages, tables of classifications of
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(1) Transitive, imprimitive Lie algebras of vector fields in C2.
(2) Primitive Lie algebras of vector fields in C2.

(3) Intransitive Lie algebras of vector fields in C2.

Transitive, Imprimitive Lie algebras of vector fields in C? (Table 1) :

Generators Dim Structure
1.1 %I 5/ % :cQZC 2auL- ) 3 sl(2)
1.2 g g—uau,x 22— (2zu+ 1) 3 s((2)
1.3 5 o u% 851 — @ ajua 4 al(2)
14 %T TSt S 8u B 6 s((2) 615[(2)
1.5 %z I/1<.Z'>6u, o V() 5 E+1 CxC
1.6 ()gu"' ()6@ k+2 C? x C*
1.7 ‘91 +Ozu8u, 2,22, .,x"“_laﬁ k+2 a(l) x Ck
1.8 b o ah) B8 e L kb2 (1) 0
1.9 v guau 2, xa—ux% ..,x_laau k+3 a(l)CxC
1.10 ?; 2%1 (k= D 2t (b= Drufy, k43 sl(2) 0 C
, P

%L % 2%“"”@ iy k
1.11 o g x R + (k — 1)‘%“%’ Uz, k+4 gl(2) x C

A Lo xau""’z 1%

In cases 1.5, 1.6, the functions v (z),. .., (z) satisfy a k'™ order constant coefficient

homogeneous linear ordinary differential equation Z[u] = 0.

In cases 1.5 — 1.11, we require £ > 1. Note though, that if we set £k = 0 in case 1.10, and
replace u by u2, we obtain the case 1.1.

Similarly, if we set £ = 0 in case 1.11, we obtain was 1.3. Case 1.7 and 1.8 for £ = 0 are
equivalent to the L1e algebra {& 50 €° 9 5.1 of type 1.5. Case 1.9 for k& = 0 is equivalent to the
Lie algebra {-Z B au, 5-1 of type 1. 6

Primitive Lie algebras of vector fields in C? (Table 2) :

Generators Dim. Structure
2.1 20 0 u 6 uL a2 5 sa(2
8& 8& 3r 896 ou ( )
2.2 5 5 6 a(2)
% %y 37” a” # é*
2.3 oz’ ou Yoz Uaz» 73 a
26.6; + xuaau xuam + u gi 8 sl(3)

Intransitive Lie algebras of vector fields in C? (Table 3) :

Generators Dim. Structure

3.1 Vl(x)%,...,yk(x)% k c*

3.2 Vl(fr)?,. (@) 2 ud k+1 C x CF
3.3 2 ul L 3 s((2)

Primitive lie algebras of vector fields in R? :
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Generators Dim. Structure C Type
%,;u a(z 3+uau)+u§_x_x8 3 RxR? 1.7
2 x4 ul, (2® —ud) 4+ 2zul 3 sl(2) 1.1
ul — (1+x )5 —|—231:ugj 3 50(3) 1.1
20ul —I—(l 2 +u )6‘1
%,% g+ué¢ ‘; z 4 R2xR?* 19
9 Uggo Uy z 5  sa(2) 21
agz ai gz ugy, g ugy 6 a2 22
50 B :U%jtuau ul —z 2, 6 s50(3,1) 1.4
(22 — u?) 2 + 2zul,
2xu8x + (u2 — x2)£ 8‘1, %, xa%, ua%, ua%, 8 sl(3) 2.3
0

za a K 28
— T Tug, Tus +u o

12. Infinitesimal invariance

Let M be a smooth manifold of dimension m and G be a Lie group of dimension r.

The fundamental feature of connected Lie groups ability of work infinitesimally,
thereby effectively linearizing complicated invariance criteria.

We begin with the infinitesimal criterion for the invariance of a real-valued-function.

Theorem 12.1. Let G be a connected group of transformations acting on M.
A function I : M — R is G-invariant if and only if

V[ I](x) =0 (zeM,veg)

Proof. Letv € g be fixed.
We differentiate the invariance condition [ (exp(tv)x) = I(x) (x € M) and set ¢ = 0 to
deduce the infinitesimal condition of the theorem.
Conversely, if we have the infinitesimal condition, then for all ¢, < (I (exp(tv)z)) = 0, then
I(exp(tv)x) is constant under the one-parameter subgroup generated by v.
The invariance of I under arbitrary group elements then follows from that fact that every
group element g = exp(vy) - - - exp(vy) wWith vy, ..., v, € g.

g

According the theorem, the invariant I of a one-parameter group with infinitesimal ge-
nerator v = >, ;. &(2) 2 - satisfy the first order, linear, homogeneous partial differential

equation
> Gy -

1<i<im
The solutions are effectively found by the method of characteristics.
We replace the partial differential equation be the characteristic system of ordinary diffe-
rential equations

dr;  dry _dzy,

G(x) &) T &ula)
The general solution can be locally written in the form I (z) = ¢4, ..., In_1(2) = ¢,
where ¢; are constants of integration.




12. Infinitesimal invariance 53

Then I4,...,1,—1 form a complete set of functionally independent invariants of the
one-parameter group generated by v.

Example 12.2. Consider the local one-parameter group generated by

0 9, 0
v=—y—+r—+ (1+2°)=—

ox oy 0z
Solving the system
(1) = —y(t)
y'(z) = (1)
Z(t) =1+ 2(t)
allow us to find the group transformation which is

R x R* — R?
sin(t) + zcos(t)
cos(t) — zsin(t)

)

(t,x,y,z) — (zcos(t) — ysin(t), xsin(t) + ycos(t),

The characteristic system is

dw dy dz
—y oz 14+ 1+ 22
The first equation reduces to a simple separable ordinary differential equation Zy = —%

with general solution ? + y? = ¢;, with ¢; € R. Therefore, r = /22 + y? provides one
invariant.

To solve the second characteristic equation, we replace z by /r~2 — y2, and treat r as
a constant. The solution is tan~!(2) — sin™!(y/r) = tan~*(z) — tan~!(y/z) = co, hence
tan~'(z) — tan"!(y/x) is a second invariant.

A more convenient choice is provided by the tangent of this invariant. We deduce that
for yz + x # 0, the function r = /22 4+ y? and w = e 2 form a complete system of
functionally independent invariants, whose common level sets describe the integral curves.

Remark 12.3. For multi-parameter groups, the invariants are simultaneous solutions to an
overdetermined system of linear, homogeneous, first order partial differential equations.
One solution methods is to look for invariants of each generator in turn and try to re-express
subsequent generators in terms of the invariants.
However, this method can become complicated.

Infinitesimal techniques are also effective for the determination of invariant submani-
folds and invariant systems of equations.

Theorem 12.4. A closed submanifold N C M is G-invariant if and only if for every
x €N, gz C T,.N.

Proof. It follows from the uniqueness of the flown, which implies that if v € T'N, then
exp(tv)N C N.
O
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Corollary 12.5. If the submanifold N is not closed, then N is merely locally G-invariant ;
meaning that for every x € N, and every g € G, in a neighborhood of the identity,
possibly depending on x, we have g - x € N.

Example 12.6. If G acts on R? by (¢, 2,y) — z + t,y) then any horizontal line segment,
e.g. {(z,0) | 0 < & < 1} is locally, but not globally, translationally invariant.

An important consequence of the theorem is the characterization of symmetry groups
of regular systems of equations.

Theorem 12.7. (Characterization of symmetry group of regular systems of equations) A
connected Lie group G is a symmetry group of the regular system of equations Fy(x) =

... = Fy(x) = 0 if and only if
U|$[F,,] (.CE) =0 (z such that Fy(z)=...=Fy(z)=0,1<v<k,ve€g)

Proof. By the previous theorem and the fact that for Sp = {F} = ... = F}} a regular
variety in M, we have

TxSF:{UETxM|d<Fu)m:071<V<k}

g

Example 12.8. The equation 22 + y? = 1 defines a circle, which is rotationally invariant ;
We use the group action of O(2) on R?. We know that o(2) is the set of skew-symmetric
0 —1

matrix generated by v = J = 1 0

The flow associated to v is D, : :yn ) — etV . ( z )

with J?* = (—=1)¥I, and J?**! = (—1)*J allows us to obtain
—¢2 .
o, (7)o (1+e_2)x+sml(t)y
(] (1+e )y — asin(t)
SO (B W)
U_< x )_ oz " oy

Let F: (z,y) — 2* +y*and v = —y%—FSC%.
We compute v(F) and find 0.

Then

13. Invariant vector fields

Let M be a smooth manifold of dimension m and G be a Lie group of dimension r.

Definition 13.1. A vector field on M is G-invariant if for all g,z € G, M,
d(Pg)e(wiz) = Wig.q.
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Theorem 13.2. Let G a connected transformation group acting on M.
A vector field w on M is G-invariant if and only if for all v € g, [v,w] = 0.

Proof. Letv € g.

We need to compare the value of w at exp(tv)z with its value at x. Since these two vectors
lie in different spaces, to effect the comparison we must map wexp(tv). back to x using the
differential dexp(—tv). We expand the resulting expression in powers of ¢ to obtain

dexp(—tv) [Wiexp(tv)z] = Wie + v, W] + ...

As a consequence, the Lie bracket v, w] represents the infinitesimal change of the vector
field w under the action of the flow induced by the vector field v.
In particular, if w is invariant under the flow induced by v then the Lie bracket vanishes.
The converse follows from the uniqueness theorem for ordinary differential equations.
Then we have the infinitesimal invariance condition for v : dexp(—tv)[wiexp(tv)z) = Wa-
Finally, if the infinitesimal invariance condition holds for every v € g, then by the fact for
g € G is decomposed in product of exp(tv) implies the result.

U

Proposition 13.3. If w is a G-invariant vector field, and I is any invariant function, then
Tw is also a G-invariant vector field.

More generally, if w, ..., wy are pointwise linearly independent invariant vector fields,
then w =, ;. Iywy, is G-invariant if and only if the I;’s are G-invariant functions.

Remark 13.4. In constrat to the situation for invariant functions and invariant vector field
on Lie group, the existence of invariant vector field of general transformation groups is not
so straightforward.

Theorem 13.5. Let G be an r-dimensional Lie group actin effectively freely on M. Then
locally, there exists m point wise linearly independent G-invariant vector field forming a
G-invariant frame on M.

Example 13.6. Let SE(2) the Euclidean group acting on R?, which is generated by

8[E’ Q_ay, 3 — y

U= oz | oy B2
Let w zfa% —I—V%—FC%.

9 9

9,0 L0 o ,
w is SFE(2)-invariant if and only if w € vect( 6\1/‘:;:’;’ , =, (1 + ) L).

14. Lie-derivatives-and-invariant-differential-forms

Let M be a smooth manifold of dimension m and G be a Lie group of dimension r.

Definition 14.1. A differential form 2 on M is called G-invariant for all (g, z) € G x M,
(@) () (x) = Q(x).



56 Julien Heyd, Université Grenoble-Alpes

Proposition 14.2. If I is an G-invariant function, its differential dI is G-invariant
one-form.

Definition 14.3. Let v be a vector field on M with flow exp(tv).
The Lie derivative v(£2) of a differential form 2 with respect to v is defined as

V() exp(tv)" () (x)) =0 (zeM)

:%(

Proposition 14.4. The Lie derivative satisfies for €2, © differential forms and v a vector
field :
V(24 0) =v(Q) +v(O)
V(QAANO)=0v(Q)ANO+QAV(O)
v(dQY) = dv(92)

Definition 14.5. Given a k-form (), we define the interior product with a vector field v as
the (k — 1)-form v_€) by

(v2Q) (z) (W, .oy wi—1) = Q) (V, W1, ooy We—1) (zEM w1, wy, 1 €T, M)

The interior product satisfies
v(2) = vi(dQ) + d(vaQ)

Proposition 14.6. Let G be a connected Lie group.
A differential form ) is G-invariant if and only if its Lie derivative with respect to every
v e v, gives v(Q2) = 0.

Example 14.7. Let dz = dxq A ... A dx,, the form volume on R™.

For v = Z1<i<m fi(x)a%i is given by v(dx) = (div(&))dx where div(§) = Z1<i<m gg
Then a group action on R™ preserve the volume if and only if each of its infinitesimal
generators satisfy div(¢) = 0.

Theorem 14.8. Let G be an r-dimensional Lie group acting effectively freely on M.

Locally, there exist m pointwise linearly independent G-invariant one-forms w?, ..., w™.

Remark 14.9. The vector fields vy, ..., v, form a G-invariant frame on M if and only if
the duals one-forms wy, ..., w,, is a G-invariant coframe on M.
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Example 14.10. Consider the action of SF(2) on R?. The invariant one-forms are the dual
to the invariant vector field, so for w a one-form of SFE(2) :

w is SE(2)-invariant if and only if w € vect(dx;r\/%jé’, de\/%j;’, (1+ 2%)dz).

15. The Maurer-Cartan forms and Maurer-Cartan form

Definition 15.1. A differential form 2 on a Lie group G is right-invariant if for all g € G,
(Ry). = Q.

Definition 15.2. The canonical one-form « on G called the Maurer-Cartan one-form is the
right-invariant g-valued one-form uniquely determined by

a(g)(v) = v (9€G,veg)
or by
a(g)(v) = (Rg1).(v) (9€GvET, G)

Let {v1,...,v,} be a basis of g.
For every g € G,v € T,G, a(g)(v) € g, hence there exists (57 (v), ..., 39(v)) such that

alg)(v) = > Bl(v)uk
1<k<r
and set also forevery 1 <i < r, o : g — ﬁig . Therefore,
o = Z a;U;
1<r
Note that by definition of «a, for every 1 < k < r, a(vg) = vy, then
Oéi(Uj) = 5i,j (9eGweTyqG)

Then {a, ..., .} is the dual basis of the {vy,...,v.}, precisely {a1,..., .} is a basis
of the right-invariant one-forms called the basis of the right-invariant Maurer-Cartan
one-forms associated to {vy,...,v,}.

The v’s satisfy

k y
i o] = > u (1<i.j<r)
1<k<r
where the cf ;’s are the structure constants associated to the basis {vy, ..., v,}.

Then the a’s satisfy the fundamental structure equation

doy = —— cijai s (1<k<r)
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Remark 15.3. If G C GL(n) for some n > 1, then a(g) = dg - g~

Indeed :

If g : G — G is the identity map then dg : T'G — T'G is the identity map.

Then a(g) = (Ry-1). - dg = Ry-1(dg) = dg - g~".

Then a basis of Maurer-Cartan forms is given among the entries of the matrix dg - g~ !.

Example 15.4. We know that A(1) can be identified with the group 2 x 2 matrices of the
a b
0 1)

A basis of Maurer-Cartan forms is given among the entries of the matrix

do oL — [ da db at —ba”'\ ([ a'da a'(adb— bda) -
99 = o0 o 0 1 - 0 0 (a€R*,bR)
Then the two Maurer-Cartan forms are
[ a b da
aq - 0 1 — Z

[ a D adb — bda
Qa9 : 0 1 '-)T

The Maurer-Cartan structure equation for the group A(1) are then
da A db

a

form

and

dOél == 0, dOég -

:Oél/\OéQ
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Geometric foundations part 2

1. Distributions

Now, we wish to generalize the part of study of integral curves to include leaves of
larger dimension. We shall formalize the idea of "prescribing the tangent planes" in the
notion of a distribution.

Definition 1.1. An r-dimensional distribution on M is a collection ¥ = {Z, | x € M} of
r-dimensional subspaces &, C T,M, one for each x € M, that are smooth in the sense
that they may described on any sufficiently small open set U C M as the span of » smooth
linearly independent vector fields { X1, ..., X,.} around a point z € M.

These vector fields themselves are called a local basis for Z on U.

A distribution on M is said to be integrable or involutive if for any point z € M there is a

local coordinate (U; 21, ..., ¥,,) around x such that {x;l(aizllx), (2

ey T (%m)} is a basis
of YonU.

Definition 1.2. A connected r-dimensional submanifold N of M is called an integral
submanifold for the r-dimensional distribution & if foreachx € N, T,N = &,..

Remark 1.3. For an integrable distribution & on a M, there is locally a r-dimensional
integrable submanifold N ; for all z € M, there is a U neighborhood of x such that
D, = Ued({x;l(%unl@@)) =T,N.
Indeed, let = € M and (U;xy,..,x,) a local coordinate around z. Set
(ai,...;m) = (z1(2),...,xm(x)) are the local coordinate of z, and N = z7'({y €
z(U) |Vr+1<j<m, 2;(y) = a;}).

In contrast to the case of a single vector field with integral curve, not every distribution
has an integral submanifold through every point.

Example 1.4. Let the 2-dimensional distribution on R? consisting of planes normal to the
vector field n(x,y, z) := (y, —x, 1).
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It it exists an integral surface, around 0 € R?; If we draw a loop at a neighborhood of
0 in the counterclockwise, necessarily the surface has singularity. This is absurd since we
always use smooth manifolds.

Suppose that N is a integral r-dimensional submanifold for a distribution on M. Let
x € N, and assume that a local basis for the distribution is given, on a neighborhood U, by
X1, X
Foralll <i<r,andy € U, X;,, € T,N.
Then for all 1 < ¢,j < r,and y € U, [X;,Xj];y, = Xy Xj,] € T,N =
vect( Xy, ..., Xppy) = Dy

Definition 1.5. The system of vector fields { X1, ..., X,.} on U C M is called Frobenius
integrable (or involutive) if for each 1 < ¢,j < r, [X;, X;] € vect(X;, ..., X,) on U.

Remark 1.6. We have just seen that Frobenius integrable is a necessary condition that
a system of » < m vector fields {Xj,..., X,.} on a m-dimensional manifold have an
integrable r-submanifold through each point.

Remark 1.7. The existence of an integral manifold through each point is in turn a necessary
condition for the distribution to be Frobenius integrable. But for the previous example, a
local basis for the distribution is given by

0 0 0 0
__i_x_

X1:£_y&;X2:8y 0z
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Indeed, let X = (a, 3,7) € R3

o y
X e @(x,%z) <~ 15} . —X =0
y 1
<~ ay—fr+v=0
(o= «
=< p=p
| 7= —ya+zp
1 0
— X=aua- 0 +6-1 1
— X =aX; + Xy
And
X0, 5] = (X(0) — Xa(0))-2 + (X, (1) — Xa(0)) 2+ (Xa(x) — Xo(—p)) 2
1, A2] = 1 2 or 1 2 3y 1\ 2\~ Y 02

[Xl,XQ] = 282 ¢ U@Ct(Xl,Xg)
y4

Then it is an other proof that the distribution has no integral surface.

Proposition 1.8. Let {Xi,...,X,} and {Y1,...,Y,} be two local basis on an open set
U C M for the distribution 9. One local basis is Frobenius integrable if and only if the
other is.

Proof. Forall z € U, I, = vect( Xy, ..., Xpjz) = vect(Yijz, ..o, Yoiz)-
Assume that { X1, ..., X, } is Frobenius integrable,

Foreach 1 <i,j < j, [X;, X;] € vect(X3, ..., X,) on U.

Letl <i,j<r,andz €U, Y, = 271;1-:1 afi(x)Xk‘x.

) k;
Yie Yl = Y ol (@)05 (0)[Xigge, X o
1<k; ji<r
But forall 1 <4,j <7, [Xije, Xiyja] € vect(Xuje, ..., Xpje) = vect(Yig, ..., Yoz ), then
Yiiz, Yj2] € vect(Yija, .., Yoie)

Then {Y7, ..., Y, } is Frobenius integrable.
Conversely, be the same way, {Y1, ..., Y,.} is Frobenius integrable implies { X7, ..., X,.} is

Frobenius integrable.
i

Then by this result, the Frobenius integrability is a property of the distribution itself’;

Definition 1.9. A r-dimensional distribution & on M is Frobenius integrable if for any
local basis # for &, 4 is Frobenius integrable.
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Remark 1.10. If a distribution ¥ is integrable, then & is Frobenius integrable.

2. Frobenius theorem

By the previous for a distribution, a necessary condition to by involutive is to be
Frobenius involutive. Moreover, we can see by the following that this condition is also
sufficient.

Theorem 2.1 (Frobenius). Let & be an r-dimensional distribution on M. The following
condition are equivalents :

(1) (1) Z is Frobenius integrable.
(2) (2) D is integrable.

Remark 2.2. This theorem allow us to dispense henceforth with the adjective "Frobenius"
in the "Frobenius integrable".

Proof. (1) = (2) is clear with what we have seen above.

(2) = (1)

* For r = 1, the theorem is implied by the theorem of linearization of vector fields.

x For r > 2, we process by induction on r.

The method is to use the inductive hypothesis and the theorem of linearization of vector
fields to successively improve a local basis of Z.

The theorem is local, so we can may assume M = U an open set of R™, p = 0, and & is
given on U by a local basis { X1, ..., X, }.

At each step the vector fields and the open set will change, but we will keep the same
notation for them.

Our goal is to produce a local coordinate (U, x = (x1, ..., ,,)) and a local basis for Z on

_ 0 _ 9
U of the form {lea—xl,..., r= 35}
Step 1 : There is a local coordinate system x = (z1, ..., Z,,) and a local basis for Z on
U of the form { X1, Xs, ..., X, = a%n .

Indeed, it is clear by he theorem of linearization of vector fields.

Step 2 : There is a local coordinate system x = (z1, ..., Z,,) and a local basis for Z on
U of the form { X1, X5, ..., X, = %} such that { Xy, ..., X, _1 } is Frobenius integrable and
foralll <j<r—1,X;(z,) =0.

Indeed, Set
X = X; — Xj(z,)X, (1<j<r—1)
X =X,
Note that
Xi(r,) =0 (a<j<r—1)
X (z,) =1

Writing for 1 < 4,5 <r—1
(X5, Xj] = [Xi — Xi(2) X, X — X(2) X
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(X5, X5 = [0, X5] = X)) [ X, Xo] = X)) [Xo, X5 4 X () X () [ X, X
(X7, X} € vect(Xy, ..., X,.)
Butforalll <k <r—1, X} = X} + Xi(z,)X,, then
(X7, Xj] € vect(X1, .., X, 1, X, = X,)
Then there exist a; ; : U — R, such that
(X7, Xj] — a;i; X, € vect(X7, ..., X, )

Forp e U,
[Xirtp, Xjrpp] = aij(p) Xopp + vect(Xurp, ..., X7/‘—1|p)

By the function z — z, we find a; ; = 0.
Then, forall 1 <i,j <r —1,

X/, X]] € veet(X], X/_,)
Then {X{, ..., X]_,} is Frobenius integrable.

Step 3 : There is a local coordinate system x = (1, ..., Z,,,) and a local basis for Z on
U of the form {X; = 81?1 Xoy oy Xooy = 52—, X, = ZlgAngA%} where the final
coefficients (4 for r < A < m, are functlons of x,,, Tpdly ooy Tone
Indeed, By inductive hypothesis applied to the result of the step 2, we can find a local
coordinate system y = (v, ..., Y ) such that

vect( Xy, ..., Xo1) = vect(aczl %)

} is a local basis for the distribution, and moreover for 1 <

It follows that { 83
J<r—1, axT = 0.
Like the step 2 we write for x € M,

0 0 0 0 0
| = bj(x)@m |xm0d(8_y1|x B
where A = Bmod(C') means A— B € vect(C') and b; : U — R By evaluating by = — =,
we see that forall 1 < j <r —1,0; = 0.

Thus, 5 o 5

1<k<r—1 ayk

78y

— s ) (1<j<r—1)
8y”x eru

Now, expressing a% in terms of the y’s we may write be the local basis,

> <:4—

1<k<r—1

&Er

Putting this in the previous formula yields
0
— = Cikm— 1<j<r—1
1<;§< CA > g (1<j<r=1)
r—1 1<k<r—-1

Thenforr <A< m,1<j <T_1,?9L;:o_
J
It follows that (,., ..., (,,, are functions of z,., T, 11, ..., T,
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Step 4 : There is a local coordinate system z = (z1, ..., Z,,) and a local basis for Z on

U of the form {Xl = aiwl? X27 ey Xp1 = %7 X, = ngAgm CA(xm s xm)% .
Indeed, set
X =X; (1<j<r—1)
X=X, — )  (aXa
1<A<Lr—1
Then {X7, ..., X/} is still a local basis for Z and X/ has the form
0
Z C(zpy .y 8x
r<A<m A

Step 5 : There is a local coordinate system « = (21, ..., Z,,) and a local basis for Z on
U of the form {X; = 81’1 X, = 8:57»
Indeed, By linearization of X,, we can ﬁnd change of variable 1, ..., z,,, that make X/ =
)

5. as a coordinate field without affecting the other variables.

4

Remark 2.3. The proof of Frobenius theorem not only tells us that the leaves through any
point exist, but also tell us something about their mutual disposition ; it says that locally,
an integrable r-dimensional distribution on a m-dimensional manifold looks like the affix
r-planes in R" x R™~" with "second coordinate" constants.

More formally, we have

Corollary 2.4. Let & be an integrable r-dimensional distribution on M. For each point
x € M, there is a local coordinate (U; x4, ..., x,,) about x such that the integral manifold
through p meets U in a set containing

Vi) ={yeU|VYm—r<j<m|z;(y) =z;(z)}

Moreover, if (U;xy,...,Ty) and (W;yy, ..., ym) are two such local coordinate, then the
coordinate changes ® := xy~* have the form

(¢)1($17 sy xm)a L) ¢)m—r($17 sy Zlfm), (I)m—r—i-l(:vm—r-l—la L) zm)7 ) (I)m(xm—r—i-la sy xm))

Proof. This is a consequence of step 5 in the proof of Frobenius theorem.
g

Remark 2.5. * For r = 1, it exists always an integral curve for any vector field X given;
indeed [X, X| = 0 and it follows by Frobenius theorem.
x For r > 2, it’s not always true, by the previous example.

For us, the most useful formulation of the Frobenius theorem is in terms of differential
forms. This is the context in which a distribution is given, not in local terms as a the span
of linearly independent smooth vector field, but in global terms as the kernel of a V' -valued
1-form.



2. Frobenius theorem 65

Proposition 2.6. Let w be a smooth V -valued 1-form on M.
i { M —N

p — dim(ker(w(p)))
r-dimensional distribution.

is constant equal to r, then for all p € M, ker(w(p)) is a

Proof. Let p € M, we have to show that, locally, ker(w(p)) is spanned by r linearly inde-
pendent smooth vector fields.

Let {e1,...,e,} a basis of V and write w(p) = >, ;., wi(p)e; where for all 1 < i < v,
w; € Al (M , R) .

Let (U, x) a local coordinate around p, and

1<g<m
so that
w(z) = Z a; ;(z)dzje;

1<j<m

1<igy
Set A = (a;j)1<j<m @ v X m matrix.

1<iy
Note that for X € T, M,
wE)(X) =0 Y ai;(x)X; =0 (1<i<v)
1<gsm

So

dim(ker(w(x))) = r <= rank(a; j(x)) =m —r
Thus we may assume, possibly after changing the basis of V' and reordering the z; that
the first (m — r) x (m — r) block of A(p) is invertible. Then, the same is true on some
neighborhood of p we again call it U, and because the rank, condition the last (v — (m —r))
rows are linearly dependent on the first (m — ) rows.
Thus, on U we clearly have ker(w) = [, ;c,n_, ker(ws).
Now set

(1<i<w)

wi,1<t<m—r
v = ‘
! de; m—r<i<m

The v; form a basis of the 1-form on U. We write forall 1 < i < m, z € U, yi(z) =
Zlgjgm bij(w)dz;.
For all 1 < i < m, the vector field X; = >, Cj,k(x)a%k dual to the v; are smooth
since the coefficients are given, on U, by (b; ) 1<i j<m(¢jk)1<jk<m = Lm and (b;;)1<i j<m
invertible.
Moreover, the smooth vector fields X; for m — r < j < m, form a local basis for the
distribution ker(w(x)).

O

Now, we are tin the position to ask what form the integrability conditions for a
distribution assumed when the distribution is given as the kernel of a /-valued 1-form w.
We have the next result which is the differential form version of the Frobenius’ theorem.
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Theorem 2.7 (Frobenius). Let w be a V -valued 1-form on M.

., , M — N
ssume t. at{ x +— dim(ker(w(z)))

M} be the associated distribution. The following conditions are equivalents :
(1) Z is integrable on M.

(2) For X,Y € TM, such that w(X) = w(Y) = 0, we have dw(X,Y’) = 0.

is constant equal to r, and let 9 = {ker(w(x)) | x €

Proof. Let us choose a local basis X, ..., X, for Z in a neighborhood U of a point M.
Then,
2 is integrable on U if and only if forall 1 < j, k < n, [X;, Xi] € vect(Xy, ..., X;)
And forall 1 < j <, X; € ker(w), then
2 is integrable on U if and only if for all 1 < j, k < n, w([X;, X}]) = 0. By the Cartan’s
formula ;

dw(X,Y) = X(w(Y)) - Y(X(w)) —w([X,Y]) (X,YETM)
We have

dw(X;, Xi) = —w([X;, Xk]) (1<jik<r)

Then,
9 is integrable if and only if for all 1 < j,k < n, dw(X;, X)) = 0.

Corollary 2.8. Let w be a V-valued 1-form on M and W C V' be a subspace.

A , M — N
ssume that { x — dim(ker(w(x)))

x € M} be a associated distribution.

is constant equal to r, and let 2 = {w(zx)"* (W) |

(1) Z is integrable on M.
(2) For X,Y € TM, such that w(X),w(Y) € W, we have dw(X,Y) € W.

Proof. The distribution & is the kernel of the w mod(W), then by the theorem, the corollary
follows.

U
w1
Proposition 2.9. Let w = | ... | be a R"-valued 1-form on M.
Wy
M — N
Assume that { v —s dim(ker(w(2)) is constant equal to r, and let 9 = {ker(w(z)) | z €

M} be the associated distribution. The following conditions are equivalents :
(1) (1) @ is integrable on M.
(2) (2) Forall1 < i< v, dw; € I(wy, ..., wy)

where (w1, ..., w,) is the ideal in A(M) generated by the w;’s.
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w1
Proof. We have for w = .. ),and 1 < i < v,
Wy

dw; € I(wy, ..., wy) <= dw; = Z A, pwi Ay,
1<k<o

where for 1 < i,k < v, A;; a smooth function on M, n, € AY(M). By A = (Aij)1<ij<ms
we have

dw; € I(wy,...,w,) <= dw = Aw A

The we know that, Z is integrable if and only of for all X,Y € TM, such that
w(X) =w(Y) =0, we have dw(X,Y) = 0.
Then (2) implies (1).

Conversely, we assume ¥ integrable.
We can, without lost generality, assume dim(V') = 1.
Let R" > (21,..., 2y, Tpy1) = 7, and let :

w = ai(x)dry + - + ap(z) dry, + apyr(z) drpyy,

a differential 1-form €’ defined at a neighborhood of 0 € R"*1. By linear transformation,
we can assume that at the origin = 0, the hyperplane {w = 0} is horizontal, given by
{dx, 11 = 0}, it means that :

0 = a1(0) = -+ = a,(0) whereas 0 # a,41(0).
With other functions ¢ °°, we can solve :
dx, 1 = by(x)dey + -+ by () day, + by (z) w.

It is not useful to express the formulas.
Every differential 2-form can be written :

Q= Z ﬂ’j (.Z‘) dl’z A dl’j

1<i,j<n+1

= Z (,-Ti,j (ZL’) — Tyj’z<l’> dIZ A dl’j + Z E7n+1($) dl‘l A\ d17n+1

1<i<j<n 1<isn
= Z Ui j(x)dx; A\ dx; + Z Vi(z) dx; A w,
1<i<j<n 1<i<n
with other function 4> — not useful to give the formulas.

Then, by hypothesis of integrability of (1), we assume that we have n vector fields ©>°
defined at 0 € R™*!, which are linearly independent, forming a local basis of Z.
Then we have for

X4

o = 24
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For Q2 = dw, we see that forall 1 <7 < j < n+1,U;;(0) = 0. Then for z near 0 and
fork=i<j=1I,

dw(z)(X jXi) = Z Ui j(z) (dz; A dxj)(X Z Vi(z) (dz; Aw)(X;, Xk)
1<i<j<n 1<i<n
= Up(x Z Vi(x) (0 pw(Xg) — 05w (X))
1<in
= Uk:,l +0

But by the Cartan’s formula
dw(z) (X, X;) = Xp(w(X1)) = Xi(w(Xp)) — w([Xe, X;])
= —w([Xy, X;])

By integrability of 2, w([X}, X;]|) = 0 then for all k < [, Uy, (z) = 0.
Then
dw = ( Z Vi(z) dx;) ANw
1<i<n

The result is proved near 0 and by translation it is true for all x € M.
U

Example 2.10. Take again the same example of this section, we will show in another way
why there is no integral surface for the distribution. We use the Frobenius theorem viewed
by 1-forms.

Let the distribution given by n(z,y, z) = (y, —z,1) in R3,

The plan is generated by

I 9 0
=2 _ ,9%. x,-92,,9
1= Yar oy To:

Then we need to find w such that
< X1, Xy >= ker(w)
Let (z,y,2) € R3, w(z,y, z) = Adr + Bdy + Cdz, we have
0=w(zr,y,2)(X1) =A—yC

and
OZW(XQ) :B+IEO
Then zA + yB = 0.
For A = y and B = —x we obtain
w(z,y,2) = ydr — xdy + dz

Now, assume 2 = {ker(w(z,y, 2)) | (z,y,2) € R3} is integrable.
Then dw € I(w), thus dw = aw A n forn € A'(R?) and a € C(R?).
We note that w A dw = 0 but dw = —2dzdy.

Then 0 = w A dw = —2dxdydz and it is absurd.
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3. Fibre bundle
Now, we will talk about fibre bundles. Then, let A/ a manifold and G a Lie group.

Definition 3.1. A differentiable principal fibre bundle over M with a Lie group G consist
of a manifold P and an action GG on P satisfying the following conditions :

(1) (1) G acts freely on P on the right by, for g € G,
{ P—P
Lp—ygp

(2) (2) M is the quotient space of P by the equivalence relation induced by G, M =
P/@, and the canonical projection 7w : P — M is differentiable.

(3) (3) Pislocally trivial ; every point x € M, has a neighborhood U such that 7= (U)
is isomorphic with U x G in the sense that there is a diffeomorphism

" ' (U) — UxG
' p— (7(p), v(p))

where ¢ : 7 H(U) — G such that for all p € 7~ 1(U) and g € G, ¢(L,(p)) =
Lyg(0(p))-

A principal fibre bundle will be denoted by P(M, G, w), P(M,G) or P. We call P the
total space, M the base space, GG the structure group and 7 the projection.

Foreachz € M, 7! (x) is a closed submanifold of P, called the fibre over p.

Letpem Hx), 7 z) ={g-p| g € G} = ¥, called the fibre through p.

Remark 3.2. We take this convention of fibre bundle and not with 12, since we want to
use the flow ¢;(p) = exp(tv) - p.

" o
A N H’Ll) )
5 ‘U){G— \C_
\
w
= = £
w M

Remark 3.3. Every fibre 77! (z) =4, = {g - p | g € G} is diffeomorphic to G.
Then P is foliated by copies of G and ¥ = UpE p %9, is the foliation of P.
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Example 3.4. P = M x G is called the trivial bundle.

Example 3.5. If TV is a submanifold of M, then 7! (W) (W, G) is a principal fibre bundle.
We call it the restriction of P to W and denote it Py .

Let P be a principal fibre bundle P(M, G), the action of G on P induces a homomor-
phism o of the Lie algebra g of G into the Lie algebra X(P) of the vector fields on P ; For
each v € g, v’ := o(v) is called the fundamental vector corresponding to v.

Since the action sends each fibre into itself, for all p € P, U‘Tp = %m(exp(tv) -p) € T,%,.

As G acts freely on P, if v # 0, v' never vanishes on P.
g — 1,9,

+  1s alinear isomorphism.
vy,

The dimension of each fibre is equal to dim(g) ; {
Proposition 3.6. Let v be the fundamental vector field corresponding to v € g. For each
g € G, (Ly).v' is the fundamental vector field corresponding to (Ad(g~"))v € g, where
Ad(g) : h € G+ ghg™.

Proof. Since v' is induced be the local 1-parameter group of transformation L, where
g = exp(tv), the vector field (L,).v' is induced be L,L,, L,~1 = L,-1,,,. The proposition
follows from the fact that g~'g,g is generated by (Ad(g~'))v.

U

The concept of fundamental vector fields will prove to be useful in the theory of
connections.

In order to relate our intrinsic definition of a principal fibre bundle to the definition and
the construction by means of an open covering, we need the concept of transition functions.
By (3) for a principal fibre bundle P(M, (), it is possible to choose an open covering {U, }

Uy — Uy x G

p— (7(p), Pa(p))
where ¢, : 71 (U,) —> G such that for all p € 77 *(U,) and g € G, o(Ly(u)) =

-1
T
of M, each 7~1(U,) provided with a diffeomorphism 1,, : { (
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Ly(o(p)).

If p € 771 (Ua N Us), then ¢5(Ly(p))(0a(Le(p))) ™" = ©5(p)(pa(p))~", with shows the
©5(0a) " depends only on 7(p) not on p. Then, we can define a mapping v, 5 : Uy NUs —
G by;forall p € 71 (Ua N Us), Yap(7(p)) = 95(p)(walp)) "

The family {¢, s}, s is called transition functions of the bundle P(M, G) corresponding
to the open covering {U, } of M.

We have the condition () :

V) = 1y 5(7) - Ypa(T) (z€UaNUzNU,)

Conversely, we have :

Proposition 3.7. Let {U,} an open covering of M and for all «, 3, such that U, NUg # 0,
let a mapping 1,5 : UoNUg — G in such way that the relations (x) are satisfied. Then, we
can construct a differentiable principal fibre bundle P(M, G) with the transition functions

Ya,p-

Proof. We first observe that the relation (x) imply for all x € Un 9, , = e and for all

x € Uy NUg, Yo p()Ysq(z) = €.
For each a, let X, = U, x G and X = |, X,, be the topological sum of X, ;

weX <= w=(vzx,9)

for a some o, x € U, and g € G.

Since each X, is a differentiable manifold, X is a differentiable manifold in a natural way.
We introduce an equivalence relation p in X as follows ;

We say that (o, x,9) € {a} x X, is equivalent to (5,y,h) € {8} x Xz if and only if
r=y€UsNUgand h = wﬁ,a(p)(g)'

We remark that (o, x, g) and (o, y, h) are equivalent if and only if x = y and g = h. Let P
be the quotient space of X by this equivalence relation p.

We first show that G acts freely on P on the right and that P/G = M.

By definition, each & € G maps the p-equivalence class of («, z, g) into the p-equivalence
class of (o, x, gh). It is easy t see that this definition is independent of the choice of repre-
sentative («, z, ¢g) and that G acts freely on P on the right.

The projection 7 : P — M maps, by definition, the p-equivalence class of (a, x, g) into x ;
the definition of 7 is independent of the choice of representative (o, x, g).

For p,q € P, n(p) = n(q) if and only if v = Ly (u) for some h € G. In fact, let («, x, g)
and (B, y, h) be representatives for u and v respectively. If v = Ly (u) for some k € G,
then = = y and hence 7(p) = 7(q). Conversely, if 7(p) = = = y = 7(q) € U, N Ug, then
v = Ly(u) where k = g " ,(z)"*h € G.

In order to make P into a differentiable manifold, we first note that, by the natural mapping
X — P = X/p, each X, = U, x G is mapped one-to-one onto 7' (U,,).

We introduce a differentiable structure in P by requiring that 7' (U,,) is an open subma-
nifold of P and that the mapping X — P, induces a diffeomorphism of X, = U, x G
onto 7~ *(U,). This possible since every point of P is contained in 7—!(U,) for some «
and the identification of («, p, g) with (5, p, ¥5..(p)g) is made by means of differentiable
mappings. It is easy to check that the action of G on P is differentiable and P(M, G, ) is
differentiable principal fibre bundle.

Finally, the transition functions on P corresponding to the covering {U, } are precisely the
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given g, if we define v, : 77 1(U,) — U, x G by ¥.(p) = (x,g) where u € 7= 1(U) is
the p-equivalence class of («, z, g).

4

Definition 3.8. A homeomorphism f of a principal fibre bundle P’ into another P consists
of a mapping f' : P/ — P and f” : G’ — G such that for all (u,g9) € P’ x G,
f'(Lg(w)) = Lynig) f'(u).

For the sake of simplicity, we shall denote f’ and f” by the same letter f.

Remark 3.9. Every homomorphism f : P’ — P maps each fibre of P’ into a fibre of P
and hence, induces a mapping of M’ into M, which denoted by f.

Definition 3.10. A homomorphism f : P’ — P is called an imbedding or injection if f is
an imbedding and if f : G’ — G is a monomorphism.

Remark 3.11. If f : P’ — P is an imbedding, the the induced mapping f : M’ — M is
also an imbedding.

By identifying P’ with f(P), and G’ with f(G’) and M’ with f(M'), we say that
P'(M',G’) is a subbundle of P(M, G).

Let P(M, G) be a principal fibre bundle and /' a manifold on which G acts on the lefts :
{ GxF—F

We will construct a fibre bundle E(M, F, G, P) associated with P with the standard fibre
F

On the manifold P x F, we let G act on the right as follows : for all ¢ € G,
{ PxF —PxF

(pa 6) — (Lg(p)7 Rg_1 (5)) .
The quotient space of P x [ by this action group is denoted &/ = P X F'.

At this moment £ is juste a set, we will introduce a differentiable structure.

- PxF —M defi _ E— PxM
rom{ (p’g)rﬁﬁ(p).we e neﬂE.{[(p,f)]'—)ﬂ'(p)

For each z € M, 75, (z) is called the fibre of E over .
Every point z € M, has a neighborhood U such that 7= *(U) is isomorphic to U x G. Then,
we can set 7 1(U) = U x G, and we see that the action of G on 771 (U) x F on the right
is given by

{ﬂ_l(U) x F— 7 ' (U)x F

(p,a,§) — (p, Lg(p), Ry (€))

It follow that the isomorphism 7~ (U) ~ U x G induces an isomorphism 7' (U) ~ E x F.
Then, we can introduce a differentiable structure in E by the requirement that 7' (U) is
an open submanifold of £, which is diffeomorphic with U x F' under the isomorphism
o (U)~ExF.

The projection 7 is then a differentiable mapping of £ onto M.
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Definition 3.12. We call E = E(M, F, G, P) = P X F the fibre bundle over the base M,
with fibre /" and the structure group G, which is associated with the principal fibre bundle
P.

We have easily,

Proposition 3.13. Let P(M, G) be a principal fibre bundle and F' a manifold on which G
acts on the left. Let E(M, F, G, P) be the fibre bundle associated with P. For each, p € P
and ¢ € F, denote by pé = [(p,€)]. Then each p € P, is a mapping of F onto F, = ;' ()
where x = 7(p) and

(Lg(p))€ = p(Ly(€)) (peP.geG g€ F)

4. Connections in a principal fiber bundle

Let P(M,G) be a principal fibre bundle over a manifold M with a Lie group G. For
each p € P, let T, P be the tangent space of P at p and ¥, the subspace of T}, P consisting
of vectors tangent to the fibre through p.

Definition 4.1. A connection I' in P is a collection of a subspace 1’2, of T),P at each
p € P such that

() T,P=T%,® 2,.
(2) Forpe P,gc G, 21,0 = (Lg)+Zp.
(3) 2, depends differentially on p.
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. P Q
By ( Fe—3¢
| — ¥

%

Remark 4.2. Condition (2) means that the distribution {2, | p € P} is invariant by G.

Definition 4.3. Letp € P.
We call 7%, the vertical subspace and 2, the horizontal subspace of T, P.

Remark 4.4. Let p € P, a vector X € T, P can be uniquely written as

X=Y+Z (XEeTY,,Z2€2,)

We call Y and Z respectively the vertical and the horizontal component of X denoted by
Xvertical and Xhorizontal.

The condition (3) means that if X is a differentiable vector field on P so are X ¢ 'l and
Xhorizontal .

Moreover, (3) is equivalent to say that the distribution {2, | p € P} is differentiable.
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T[Tﬂ "

Let I' a connection in P, we define a 1-form w on P with values in the Lie algebra
g of G as follows; We know that every v € g induces a vector field v on P, called
g — 1,9
t is a linear
p

$canné avec CamScanner

the fundamental vector field corresponding to v, and that {
Vv

isomorphism for each p € P.

Definition 4.5. Let I" a connection in P.

For each p € P, and X € T,P, we define w(X) to be the unique v € g such that
T vertical
v =X .
Ip

This form w is called the connection form of the given connection I'.

Remark 4.6. It is clear that

wX)=0«=Xec2, (X€ET,P)
Proposition 4.7. The connection form w of a connection I satisfies the following condi-
tions :
(1') For every v € g, w(vl) = w.
(2') Forevery g € G, X € TP, w((L,).X) = Ad(g~ ") (w(X)).
Conversely, given a g-valued 1-form w on P satisfying (1') and (2'), there is a unique
connection I' in P whose connection form is w.

Remark 4.8. (2') means that each
w(p) : 1,%, — g
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is the identity isomorphism, if we interpret 7,%, as the tangent space to the Lie group copy

4, ~G.

Proof. Let w be the connection form of a connection. The condition (1’) follows imme-
diately from the definition of w. Since very vector field of P can be decomposed into a
horizontal and vertical vector fields, it is sufficient to verify (2’) in the following two spe-
cial cases : (a) X horizontal and (b) X vertical.

If X is horizontal, so is (L,).X for every g € G, by the condition (2) for a connection.
Thus both w((L,).X) and Ad(g~")(w(X)) vanish.

In the case when X is vertical, we may further assume that X is a fundamental vector field
v'. Then (L,). X is the fundamental vector field corresponding to Ad(g~')v (to see pre-
vious section).

Thus we have

(Lgw)(P)(X) = w(Ly(p))((Lg)-X) = Ad(g™")v = Ad(g ") (w(p) (X))
Conversely, given a form w satisfying (1’) and (2’), we define
2,={X € T,P|w(X)=0} (pEP)
{2, | p € P} is also a connection whose connection form is w.

0

The projection @ : P — M induces, for every p € P, a linear mapping
. T,P — T, M, where v = m(p).
When a connection is given, for every p € P, m, maps (), isomorphically onto 7,,M.

Definition 4.9. The horizontal lift of a vector field X on M is a unique vector field X' on

P which is horizontal and which projects onto X, that is, for every p € P, 7, (X ‘lp) = Xin(p)-

< ‘ >

o ",
. i —

Scanné avec CamScanner
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Proposition 4.10. Let [' be a connection in P and X be a vector field on M. There is a
unique horizontal lift X' of X. The lift X' is invariant by the right action of G. Conversely,
every horizontal vector field Y on P invariant by the right action of G is the lift of a vector
field X on M ;Y = X!

Proof. The existence and uniqueness of X' is clear from the isomorphism 7, : 2, —
Ty M forevery p € P.
To prove that if X is differentiable then X !is differentiable, we take = € M and a neigh-
borhood U(z) such that 7= (U) ~ U x G.
Using this isomorphism, we first obtain a differentiable vector field Y on 7~ *(U) such that
7(Y) = X. Then X' is the horizontal component of Y and hence is differentiable.
The invariance of X! by G is clear from the invariance of the horizontal subspace by G.
Finally, let Y be a horizontal vector field on P invariant by G. For every x € M, take
a point p € P such that 7(p) = « and define X|, := m(Y},). The vector X|, is inde-
pendent of the choice of p such that 7(p) = x, since if for ¢ € G, p' = Ly(p), then
(V) = m(Ly(Y,)) = n(Y},). It is obvious that X" is then the lift of the vector field X.

4

Proposition 4.11. Let X' and Y be the horizontal lifts of X and Y respectively. Then
(1) X' + Y is the horizontal lift of X + Y.

(2) For every function f on M, f'- X! is the horizontal lift of f X where f' := f o .
(3) The horizontal component of [ X', Y] is the horizontal lift of [X,Y].

Proof. The first two assertions are trivial. As for the third, we have
W([Xl7 Yl]horizantal) — W([Xl, YlD — [X, Y]

Definition 4.12. A section o : M — P is a smooth map satisfying m o 0 = idy,.

Remark 4.13. We see by the drawing that the section map means we section the fibre
bundle P.
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Let + = (x1,...,xy) be local coordinate in a coordinate neighborhood U in M For
every 1 < < m, let X! be the horizontal lift in 7= (U) of the vector field X; = 35, mU.

Then {X!, ..., X! } form a local basis for the distribution {2, | p € 7=1(U)}.

We will now express a connection form w on P by a family of forms each defined in an
open subset of the base manifold.

Definition 4.14. Let {U,} be an open covering of M with a family of transition function
Vo + 7 (U,) = U, x G and the corresponding family of transition functions v, 5 :
Ua NnU B~ G.

For each o, let o, : U, — P be the cross section on U, defined by o,(z) = ¥ (z,¢),
x € U, and e the identity of G.

Let 0 be the left invariant g-valued canonical Maurer-Cartan 1-form.

For each non-empty U, N Up define a g-valued 1-form 6, 3 on U, N Us by

Oap = w;,gﬁ
For each «, define a g-valued 1-form w, on U, by
Wo = Oaw
Proposition 4.15. The forms {0, s} 3 and {w, } are subject to the conditions :
wg = Ad(@/);lﬁ)wa + 00 (on UaNUp)

Conversely, for every family of g-valued 1-forms {w, }. each defined on U, and satisfying
the preceding conditions, there is a unique connection form w on P which gives rise to
{Wa }a in the described manner.

Proof. Forall z € U, NUg, if U, NUs # 0, then 05(2) = 04(x)ha g(2).

For every x € U, N Up, and vector X € T,(U, N Up) the vector (0,).(X) € T,,(P) where
u = og(x), is the image of ((04)«(X), (Va,8)«(X)) € Ty P & T,G where p’ = 0,(z) and
g = ¥q.p(x) under the mapping P x G — P.

By Leibniz’s formula, we have

(08)«(X) = (00)«(X)a,5(x) + 0a(2)(Ya,5)+(X)

where (0,).(X)bas(p) = Ry, ((00)-(X)) and 04(p)(e,s)-(X) is the image of
(1a,3)«(X) by the differential of aa(x), 04 () being considered as a mapping of GG into

P which maps h € G into o,h.
Taking the values of w on both sides of the equality, we obtain

ws(X) = Ad(1h, 5)wa(X) + 0a,5(X)

Indeed, if v € g is the left invariant vector field on G which is equal to (¢, 3).(X) at g =
Vo () so that 0((1a5)«(X)) = v, then 0,(2)(¢a5)«(X) is the value of the fundamental
vector field v* at p = 0, ()14 5(x) and hence w(o, (P) (Ve 5)«(X)) = v.
The converse can be verified by following back the process of obtaining {w, } from w.

O
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Let {U,} be an open covering of M with a family of transition functions v, :
7 YU,) — U, X G and the corresponding family of transition functions v, g:UsNUg —
G.
By transition functions, look locally, and so take a o and assume P = 7~ (U,) = U, x G.
Then we can assume P = U x GG where U is an open set of M.
Leto,0 : M — P two sections.
We have, by the identification, o : p — (p, €) the zero (cross) section.
We want a relation between ¢ and 6 and we see that for all x € M, o(z) = (z,9) =

g-(z,e) =g-oo().
Then

o=poo
where ¢ : M — G a smooth function. Moreover, by the previous proposition, they satisfy

F*w = (Ad(p™ 1)) (w) + 0

5. Curvature form and structure equation

Let P(M,G) be a principal fibre bundle and p a representation of G on a finite
dimensional space V'; for all g € G, p(g) is a linear transformation and for all g, h € G,

p(gh) = p(g)p(h).

Definition 5.1. A pseudotensorial form of degree r on P of type (p, V) is a V-valued
r-form ¢ on P such that

Lio=plg )¢ (4€G)
A such form ¢ is called a tensorial form if it is horizontal in the sense that for all p € P,
and Xy,..., X, € T,P, if at least one of the tangent vector is tangent to a fibre, then

o(p) (X1, ..., Xy) = 0.

Example 5.2. If p, is the trivial representation of G on V/, that is, for each ¢ € G,
po(g) = idy, then a tensorial form of degree r of type (po, V') is a form ¢ on P on which
can be expressed as ¢ = 7@, where ¢, is a V-valued r-form on the base M.

Example 5.3. Let p be a representation of G on V' and F the bundle associated with P
with standard fibre V' on which G acts through p.
A tensorial form ¢ of degree r of type (p, V') is defined by the following relation

G(x)(X1, ..., X,) = plo)(p) (XL, ..., X1 (X1, X €T M)
where p € P, with 7(p) = p, (7).(X!) = X; and
M — L(T,M)", 75" (z))

@y
(Xl, ...,XT) — @(m)(Xl, ---»Xr)

and for x € M, ¢(x) is a multilinear skew-symmetric mapping.
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Let I' be a connection in P(M, G).
For p € P, let G, and (), be the vertical and the horizontal subspace of T, P respectively.

T,P— Q,
Let h : horizonta, D€ thE projection.
X )_> X orizonta.

Proposition 5.4. Let ¢ be a pseudotensorial r-form on P of type (p, V). We have

P — Z(T,P, g (z))

(1) The form ¢h defined by (T,P)" — 7' () is a
pr—

(X1, .., Xp) — p(2)(h(X1), ..., h(X}))
tensorial form of type (p, V).
(2) dp = @, is a pseudotensorial (r + 1)-form of type (p, V).
(3) The (r + 1)-form Dy defined by Dy = (dp)h is a tensorial form of type (p, V).

Proof. From L, o h = ho Ly, g € G, it follows that ph is a pseudotensorial form of type
(p, V). It is evident that if one of X/s is vertical, then (¢h)(p)(Xy, ..., X,) = 0.
(2) follows from L} od =do L;, g € G.
(3) follows from (1) and (2).
O

Definition 5.5. The form Dy := (dy)h is called the exterior covariant derivative of ¢ and
D is called exterior covariant differentiation.

If p is the adjoint representation of GG in the Lie algebra g = V/, a (pseudo) tensorial
form of type (p, g) is said to be of type Ad(G). The connection form w is a pseudotensorial
1-form of type Ad(G). Then by the previous proposition, we have

Definition 5.6. Let I" be a connection in P and w the connection form of I'.
Duw is tensorial 2-form of type Ad(G) called the curvature form of w.
We denote it 2 := Dw.

Theorem 5.7 (Structure equation). Let w be a connection form and () its curvature form.
We have
QXY) =dw(X,Y) + [w(X),w(Y)] (X,YETP)
and more formally,
Qp)(X,Y) = dw(p)(X,Y) + [w(p)(X),w(p)(Y)] (X.Y €T, PpeP)

Proof. Every vector of P is a sum of vertical vector field and a horizontal vector. Since both
sides of the above equality are bilinear and skew-symmetric in X and Y, it is sufficient to
verify the equality in the following three cases :

(1) X and Y are horizontal ;

We have w(X) = w(Y) = 0 and the equality reduces to the definition of (2.

(2) X and Y are vertical ;

Let X =o' and Y = w' at u, where v, w € g.

We have by Cartan’s formula

dwo(vt, w') = v (w(w?)) — wl(w(oh) - w(loh, wl]) = —[o, 0] = —[w),wwh)]
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since w(v') = v and w(w') = w and [v, wT] = [v, w]'. On the other hand, Q (v, w') = 0.
(3) X is horizontal and Y is vertical ;
We extend X to a horizontal vector field on P, which will be also denoted by X . Let Y = vf

at u, where v € g. Since the right hand side of the equality vanishes, it is sufficient to show
that dw(X,v") = 0.
We have by Cartan’s formula

dw(X,v') = X (w(v) = o' (w(X)) = w(X,0]) = —w([X, "))

Now it is sufficient to prove the following lemma.
U

Lemma 5.8. If v' is the fundamental vector field corresponding to an element v € g and
X is a horizontal vector field, then [ X, v'] is horizontal.

Proof. The fundamental vector field v' is induced by L,, where g; is the 1-parameter sub-
group of G generated by v € g. We have

(X, 0] = ano%[Lgt (X) — X]

If X is horizontal, so is Ly, (X). Thus [ X, v'] is horizontal.
Then we have

Corollary 5.9. Let X, Y be two horizontal vector fields on P. We have
The structure equation (often called "the structure equation of E. Cartan") is sometimes
written, for the sake of simplicity, as follows :
Q= dw+ [w,w]
In fact, we set [w,w|(X,Y) = [w(X),w(Y)].
Or we can use the definition of Ay ;

1
Q:dw+§w/\gw

Let {ey,...,e,} a basis of the Lie algebra g and ¢, for 1 < 4,7,k < r the structure
constants of g with respect ey, ..., e, that is,

lej, ex] = Z c;»,kei (1< k<r)
1<i<r
Letw = Zlgigr Ww;i€; and ) = Zlgigr Qlez
Then the structure equation can be expressed as follows :
1 :
Q; = dw; + 5 Z c;kwj N\ Wi (1<i<r)
1<g,k<r
Theorem 5.10 (Bianchi’s identity). We have
DQ =0
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Proof. By the definition of D, it suffices to prove that dQ(X,Y, Z) = 0 whenever X,Y, Z
are all horizontal vectors. We apply the exterior differentiation d to the structure equation.
Then

1 4 1 4
0=ddw;=—2 Y Cpdwj w5 Y iy Adwg +d
1<j,k<r 1<j,k<r

For 1 < i < r, since, if X is horizontal then w;(X) = 0, we have for X, Y, Z horizontal,
d0(X, Y, Z) — 0.

g
Proposition 5.11. The curvature form ) of a connection form w satisfies
(1) Forallg € G, L} = (Ad(g7"))Q.
(2) If at least one of the tangent vectors X, Y is vertical then Q(X,Y) =0
3) .
Q)= SQNnyw = DD L Awye
1<k<r 1<t1,202<r
Proof. For (1), it follows from definition of w.
For (2), we have seen in the proof of structure equation.
For (3), we use 2 = dw + %w Ng W3
1 1
dQ:ddw+§dw/\gw—§w/\gdw
1 1 1 1
= 5(9—§c<)/\gcu)/\gu)—§w/\g (Q—éw/\gw).
(3) follows from the following lemma.
d

Lemma 5.12. For any g-valued 1-form w = Zlgk@ wiek, we have
0= (w Ay @) N\g @

and
0=w Ay (w Ay @)

Proof. We check the first identity, the second one being similar.

We expand
(w Ng ?IJ) Ng @ = ( § Wk, Cky Ng E , wkzekz) Ng E : Wk3Chks
1<ki<r 1<ko<r 1<ks<r
= E Wiy A Dy €15 €ks)) E W3 Chs
1<k1,k2<r 1<k3<7“

= Z Wiy N Wy N\ Wiy [[eku ek’z]v 6k3]

1<k k2, ka<r
We decompose the sum ), , , plainly in six sub-sums :

2= 2t 2+

k1,k2,k3 k1<ko<ks  ks<ki<ks  ko<ks<ki

D SEEED DL DS

ko<ki<ks  kz<ko<k:i  ki<ks<ko
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We see, thanks to the Jaocobi identity, that this decomposition is equal to 0.

6. Cartan connections

Now, we talk about Cartan connections.
Let M a manifold.
Let GG be a Lie group of dimension r and H be a Lie subgroup of G of dimension s. Denote
by g and b their respective Lie algebras, with [h, h]; C b.

Definition 6.1. A Cartan geometry on M modeled on (g, ) consists go the following data :
* A principal fibre bundle P := P(M, H).
* A g-valued 1-form w on P(M, H) which satisfies the following three properties :

(1) Forevery p € P,w(p) : T,P — g is an isomorphism.
(2) For every y € b, we have w(y') = v.

3)
w(hp)((Ln)+(vp)) = Ad(h™")(w(p)(vy)) (PEPv, €T, P)
where Ly : p — hpon P

We call Cartan connection the 1-form w.

The difference between Cartan connection and connection on a principal fibre bundle is
that for Cartan connection we add H a Lie subgroup of GG ; the fibre of P is given by the
foliation 77 = J,p 74, with 5, = {p-h | h € H}.

Moreover, 1,7, is the set of vertical vector fields.

r\_/grr\/ P
W) My

el

Remark 6.2. * For w a Cartan connection,
dim(P) = dim(7,P) = dim(g) > dim(bh) (peP)

* For a general connection,
dim(P) > dim(g)
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Moreover, for a general connection, it is possible that dim(P) > dim(g); take P = G,
M = G/H and w the Maurer-Cartan 1-form.

By (3) we have an isomorphism and so :

Definition 6.3. Let x € g. We define a vector field on P by

Xpp :=w(p) " (x) (veP)

called the constant vector field associated to x.

Proposition 6.4. For any choice of a basis (ey)1<k<, of 8, we have a collection of r vector

fields
e = w Hep) (1<k<r)
such that for every p € P, {(€1)ip, .., (&) p} is a basis of T, P.

Furthermore, by (2), we have for every y € b
b =w )W) =T (veP)
Remark 6.5. So that only for the element y € b, we have
v =7

Remark 6.6. The Cartan curvature given by a Cartan connection satisfies the same relations
that an ordinary curvature connection ;

(1) X
Q) =dw+ Ew Ng W
(2) Forallg € G, L};Q = (Ad(g~"))<.
(3) If at least one of the tangent vectors X, Y is vertical then Q(X,Y) =0
4) X
dQ) = 59 Ngw = Z ( Z cflmﬂil A wi,)eér

1<k<r 1<91,22<r

Now, at each point p € P, for every x € g, the inverse image through w(p) of the
element x + b of the quotient g/b :

X+ b, = w(p) " (x+h) =wp) " 'x) +wp) " b) = wp) T (X) + T,
By (3), we have

Corollary 6.7.

~

Q(p)(x + h|p7'x’ + b|p) = Q(p)(/ikmx’@) (pEPx X’ €T P)

In other words, the curvature acts in fact on the quotient T P/ T 7 by the vertical foliation
T
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Since 2 : TP/TH# x TP/TH — g is a skew-symmetric and linear map, we can
define the curvature function of a Cartan connection w.

Definition 6.8. The curvature function of a Cartan connection w : T'P — g is the map
c € €>(P,Z(A*(g/h),g)) such that

C()'{ g/bAg/h— g
P 0,57 4 8) s Q) (3 )

Applying (3) of the definition of Cartan connection for X, where x € g, we have

w(gp)(d(Ly)p(X)) = Ad(g™)(x)

Then by w(gp) ™!

d(Lg)y(x) = Ad(g_l)(x>\gp (PEPgER)
Then for x < Ad(g)(x)

iIgp = d(Lg)p(Ad(g) (X>\u) (peP,geqG)

By this relation, we can have
Lemma 6.9. Forallp € P, g € G, c(gp) = (g71) - c(p).

Proof. For x,x’ € g,
c(gp)(x + 8.X" + 9) = QD) (Rigus X'|gp)
= Q(gp) (d(Ly),(Ad(9)(x),,), d(Ly),(Ad(g) (X))
= (L) () (Ad(9)(x),, Ad(9)(x"),,)

—Ad(g D(QUp)(Ad(g)(x),, Ad(g)(x"),,)
— (g7 e(p))(x + b,X’ +b)
]

We fix a basis {ey, ..., e, } of g such that {e, 5,1, ...e, } is a basis of b.
Forp € P,v € T,P,w(p)(v) € g, then there exists (57 (v), ..., 8 (v)) such that w(p)(v) =

Zlgkgr ﬁf (v)ew

We have also

Q0= Z lek

1<k<r

W = E w;€;

1<i<r

where w; : p — (7.

By
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Then forevery 1 < j, k < r, wk(ej) = 0
Thanks to this, {w1, ...,w,} is an independent family of the one-forms on P of dimension
r; This 1s a basis for the space of one-forms on P.

Every element ¢ € Z(A*(g/h), g) is defined by a set of structure constants ¢}; (1 <
Z.aj Sr—s+1,1< k <T),C§j = —Cﬁi,where
90(61‘ +b, ej + f)) = Z Cﬁjek (1<i,j<r—s+1)

1<k<r

Then, {w; A w, | i < j} constitute a basis of the 2-forms on P, and

Qk = E dﬁjwi A\ Wy (1<k<r)
1<i<j<r—s—+1
~ o~ k
(e, e5) = E ci ek (1<k<r)

1<i<j<r—s+1

Finally,
Q= Z lek
1<k<r
with
Qp = Z cﬁjwi A wj (1<k<r)

1<i<j<r—s+1
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Jets spaces and transformations

1. Transformations and functions

The equivalence problem is the question of determining, if two differential structures
are equivalent under a type of transformation.
Before talking about the Cartan equivalence to solve the equivalence problem, we will
discuss about symmetry groups of differential equations.
They allow us to understand differential equations.

In this chapter, we will talk about the space where the equivalence problem will
play, and submitting the action of a Lie group. Moreover, we will see some type of
transformations.

Remark 1.1. For the equivalence problem, we talk about the local equivalence problem.
So, all results are local.

Let G a Lie group of dimension 7.

A general system of differential equations involves p independent variables
r = (x1,...,%,), which we can view as local coordinates on the euclidean space
X ~ RP, and ¢ dependent variables u = (uy, ..., u,), coordinates on U ~ RY.

Definition 1.2. The total space is the euclidean space £ = X x U ~ RP'Y coordinated by
the independent and dependent variables.
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€
v
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The most basic type of transformation is the point transformation.

Definition 1.3. A point transformation is a local diffeomorphism & defined by

D (u,z) — (x(z,u),¥(x,u)) = (T, ).

Example 1.4. If G acts on F, then

g: (x7u) =g ("E>u) = (X(%,U),Qﬁ(:lf,ﬂ)).

is a point transformation.
Thus, a group G acting on E is said a group of point transformations.

There are others examples :
(1) Base transformation ; it is a point transformation with 7 = x(x) and @ = w.

(2) Fiber-preserving transformation ; it is a point transformation with 7 = y(z) and

u=v(x,u).

In the case of group action from a connected Lie group G on E, a general vector field of
the associated Lie algebra takes the form

b 0 E 0
v = ZZlfz(x,u) o + az:;goa(x,u)a—ua. (1.5)

Remark 1.6. Recall that we don’t distinguish the Lie algebra of (7, g and the Lie algebra
of vector field g on E by the action of G.
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The vector field will generate a one-parader group of fiber-preserving transformation if
and only if for every 1 < i < p, & = & ().

Definition 1.7. A vector field v of the form (1.4) is said vertical if the &; are equal to zero.
A vector field v of the form (1.4) is said horizontal if the 1); are equal to zero.

A classical solution to a system of differential equations will be described by a smooth
function u = f(z).
The graph of the function, I'y = {z, f(z)}, determines a regular p-dimensional submani-
fold of E. However, not every, regular p-dimensional submanifold of £ defines the graph
of a smooth function.

Definition 1.8. A submanifold I' of E is said transverse if its tangent space contains no
vertical tangent directions.
A group G acts on E transversally if for every function u = f(x), its graph I' is transverse.

Proposition 1.9. A regular p-dimensional submanifold T" of E which is transverse at a
point zg = (xo,ug) € I coincide in a neighborhood of xq with the graph of a smooth
function u = f(z).

Then in the case where the domain of f is compact, any point transformation, suffi-
ciently closed to the identity transformation, given by a group G will act on a function
u = f(x) by point wise transforming its graph; if I'y = {(z, f(x))} denotes the graph of
f, then the transformed function f = g - f will have the graph

Iy ={@ f@)}=9-Ty={g- (z, f(2))}

Example 1.10. Consider the one-parameter group of rotations
gt (r,u) € E~R xR — (xcos(t) — usin(t), xsin(t) + ucos(t)) (teR)

For a t not too large, a rotation transforms a function v = f(z) by rotating its graph.
The equation for the transformed function f := g, - f is given in implicitly form

T = zcos(t) — f(z)sin(t), u = zsin(t) + f(x)cos(t)

so that u = f(7) is found by eliminating = from these two equations.
For example, if u = ax + b, then the transformed function is also affine, and given by
sin(t) 4 acos(t) _ n b
T
cos(t) — asin(t) cos(t) — asin(t)

u =

which is defined provided the graph of f has not been rotated to be vertical.
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2. Invariant functions

Let GG a group of point transformation actingon £ ~ X x U.

Now, we talk about the important notion of invariant functions of the bundle .

Definition 2.1. A function v = f(x) is said to be invariant under the transformation group
G is its graph I'f is a locally G-invariant subset.

Example 2.2. The graph of any invariant function for the rotation group of the previous
example, must be an arc of a circle centered at the origin so u = ++/¢? — z2.
Moreover, there are no globally defined invariant functions in this case.

Example 2.3. It is important to distinguish between an "invariant function" the section of
the bundle F and the invariant function I (z, u) defined locally on E.

For f : X — U an invariant function of the bundle F, its graph I'; is a G-invariant
subset.
Then there is an action of GG on I'; denoted &, thus I'; locally a union of orbits in X.
Therefore

dim(7,0) < dim(X) =p (2=(z,u)€E)

Since for every 2 € E,T.0 = g., if I'; is transversal then for every z € E, g/, contain no
vertical tangent vectors.

Example 2.4. The infinitesimal generator of the rotation group v = —ua% + :va% is vertical
at u = 0. Thus, the rotation group fails the transversality criterion on the z-axis and there
is no smooth, rotationally invariants functions u = f(z) passing through such points.

However, in the case of the group acts semi-regularly and transversally, then we can
characterize the invariant function by the use the functionally independent real-valued in-
variant of the group action and the theorem of characterization of submanifold G-invariant
(theorem 5.15 of the chapter Lie groups).

Theorem 2.5. Let GG be a transformation group acting semi-regularly and transversally on
E ~ X x U with r-dimensional orbits.

Let I)(z,u),..., 1, s(z,u), Ji(z,u),...,J,(x,u) a complete set of functionally inde-
pendent invariants function for G.

Every G-invariant function uw = f(x) can locally be written in the implicit form

(Li(z,u),..., Lp—s(x,u)) = h(Ji(x,u),..., J(x,u))
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As usual, the most convenient characterization of the invariant functions is based on an
infinitesimal condition.
Since the graph of a function v = f(z) is defined by the vanishing of its components
Uy — fo(x), the theorem of the characterization of symmetry group of regular systems of
equations (the theorem 12.1 of the chapter Lie groups) imposes

dfa
8371‘

(1<a<q,veg)

0= v(ua = fa(@)) = Palr, u) - Zfi(% u)

Then we define a new notion.

Definition 2.6. The characteristic of a vector field v given by (1.4) is the g-uple of functions
defined by

Ol
3@

(1<a<q)

Qa(x’u(l)) = Qpa(xvu) - Z&(ZL‘,U)

Then, we have the following theorem.

Theorem 2.7. A function w = f(x) is invariant under a connected group of point transfor-
mations if and only if it is a solution to

Qa(z,uV) =0 (1<a<q)

determined by the set of infinitesimal generator v € g.

Example 2.8. The characteristic of the rotation vector field v = —ua% + :va% is
Q) = r + uu,, where u, := %.

Then any rotationally invariant function must satisty the differential equation x 4 uu, = 0.

3. Jets and prolongations

We keep the same notation for X, U and E as in the previous section.

Since we are interested in studying the symmetries of differential equations, we need
to know how the group of transformation act on £ and the derivatives of the dependent
variables.

To do this we need a space called the jet space of E, that we will introduce.

A smooth scalar-valued function f : X — U has (p+1271) different k%" order partial
o f

Oz, -..xj),

derivatives 0, f =
k=+#J.

where J = (j1,...,jk), forevery 1 <1 <k, 1 < j; < p, and

Definition 3.1. For the total space £ = X x U ~ RP x RY, we define the n'" jet space
J":= J"E = X x U™ is the euclidean space of dimension p+ ¢™ := p+¢("I"), whose
coordinate consist of the p independent variables z;, the ¢ dependent variables u,, and the

derivative u,.7, 1 < a < goforders 1 < #J < n.
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Remark 3.2. There is a natural projection #"™% . JrtF 5 Jn guch that
4, ) = (,10)

Remark 3.3. If M C F is an open subset, then J"M = (78)~*(M) C J"E is the open
subset of the n'" jet space which projects back down to M.

Definition 3.4. A smooth function u = f(z), with f : X — U has n'" prolongation
u™ = £ (x) which is the function f™ : X — U™ defined by all the partial derivatives
of f up to order n.

Remark 3.5. The graph of the prolonged function f(™, namely Fgcn) = {(z, f™(2))}isa
p-dimensional submanifold of J™.

Proposition 3.6. At a point v € X, two functions have the same n'" order prolongation,
and so determine the same point of J", if and only if they and their first n derivatives agree
at the point .

Note that it is the same they have the same n'" order Taylor polynomial at the point x.

Definition 3.7. We can define J" as the set of equivalence class of smooth functions using
the equivalence relation given in the previous proposition.

Remark 3.8. For f : X — U, 7"k o fnth) = f(n),

If g : (x,u) — g - (z,u) is a point transformation, then g acts on functions by trans-
forming their graph and hence on the derivatives of the functions. Then we can define the
induced prolonged transformation on J" by

Remark 3.9. For f : X — U and a point transformation g,

(n) @) _ )
g Ty =Ty

Example 3.10. Consider the one-parameter of rotations. We will compute the first prolon-
gation gél) in the case of linear function.
Let (zg, ug, po) where p = u, such that u = f(x) = po(x — x¢) + uo.
Note that ug = f(x0), f'(z0) = po and
—,— _ sin(t) + pocos(t) Uy — Poo

f(@) = cos(t) — posin(t)f + cos(t) — posin(t)
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=\ __ sin(t)+pcos(t)
Then f(T) = S5505 st
Then

sin(t) + pcos(t)
cos(t) — psin(t)

gV (x,u,p) — (zcos(t) — usin(t), zsin(t) 4+ ucos(t),

such that p # cos(t).

4. Total derivatives

To simplify the computations of prolongations, we introduce the concept of total
derivative.

Definition 4.1. A smooth real-valued function F' : J® — R defined on an open subset of
J" is called a differential function of order n.

Remark 4.2. Any n'" order differential equation will by the vanishing of a differential
function of order n.

For example, the planar Laplace equation is given by the vanishing of F' : (z,y,u®)
Ugg + Uy, Where E = R? x R.

Moreover, F is defined of any jet space J* for k > 2.

Remark 4.3. We won’t distinguish between £’ and its composition £ o 7%,

Then, we define

Definition 4.4. The order of a differential function refer to the maximal order derivative
coordinate upon which it depends.

Definition 4.5. Let F’ be a differential function of order n.
The total derivative F' which respect to z; is the (n + 1)** order differential function D;F
satisfying

DiF(a, () = - F(a, f(x))
T
for any function u = f(x).
Example 4.6. For £ = R x R,
" OF L
DLF (e, [0 () = 3 5 (o, u) 2 1)
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zifk =20
Whereyk: uwif k=1
u? if k= j
Then
" OF
D, F(x, u(”)) = — (=, u("))ykﬂ
o YYk
Example 4.7.

D, (zuttyy) = Ulgy + TUULLe + TUL UL,

In the general framework, the total derivative with respect to the 7*" independent variable
x; 1s the first order differential operator

0 d 0
axi + Z Z ua;Jau—aJ

a=1 J

Di:

where uq.; = D;(uq.y) = Uqsjy,...ji,s and the sum is over all symmetric multi-indices J of
arbitrary order.

Even though D, involves an infinite summation, when applying the total derivative to any
differential function, only finitely many term are needed; if we apply [’ a differential
function of order n, then #.J < n.

Definition 4.8. Higher order total derivatives are defined by
D;=D; ...D

Jk

for any multi-index J = (j1, ..., i), with 1 < j; < p.

5. Prolongation of vector fields

Definition 5.1. Let v be a vector field generating a one-parameter group of point transfor-
mation exp(tv) on £ = X x U.

The associated n'" order prolonged vector field v(™ is the vector field on J” which is the
infinitesimal generator of the prolonged one-parameter group exp(tv)™.

We have definition of the vector field generated by a flow :

m _d n n

However, we see a new formula based on the contact structure of the jet space with the
following theorem.
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Theorem 5.2. Let v be a vector field given by (1.4), and let Q) = (Q1,...,Q,) be its
characteristic.
The prolongation of v is given by

p 9 q n 9
o™ — ;fl(x,u) oz, + Z Z gDa;J(:c,u(J))a

U -
a=1 j=#J=0 o J

with coefficients

p
Loy = DJQa + Zfiua;J
=1

Proof. To see the theorem 2.36 page 110 of "Applications of Lie Groups to Differential
Equations" of Olver.
g

Example 5.3. Assume that E ~ R x R and let v = {(z,u) & + ¢(z, u) 2 with its charac-
teristic

Q(ZIZ’, u, ux) = QO(QT, U’) - 6(33', U)UI
The second prolongation of v is

0
ou,

0

Oy

0 0
v = €(x,u) = + o(z,u) = + o1 (2, uD) + 1oz, u?)

ox ou
on J2, whose the coefficients 1,1 and @q,5 are
P11 = DoQ + gy = 90 + (Pu — &)z — &t}
P12 = D2Q + Etlaws = Paz + (2000 — Eaa)lz + (Pun — 260u)2) — Euntid
+ (Pu = 262Uz — 3EuUsUss

Example 5.4. The second prolongation of the generator v = —ua—fxa% of the rotation
group is given by
0 0 0 0
@ - _, 7 il 1 2 3 -
! u@x + x@u +(1+ ug”)(()u;E + Stigliag Oy

An alternative approach to the prolongation formula for vector field is to introduce the
evolutionary vector field.

Definition 5.5. Let v be a vector field and its characteristic ().
We define the evolutionary vector field associated to v by

q
0
o = Z Qal, U(l))gT
a=1 &
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Then its n'* prolongation is

q
(n) _ wy_ 9
vy = E E D;Qu(x,u >8ua;J

a=1 #J>0

we see that

p
o™ = Ug) + Z &D;
=1

Remark 5.6. Since for every v, w € g,
[U7w](n) — [U(n)7w(n)]

then the prolongation process induces is a Lie algebra homomorphism from the Lie algebra
of vector fields on E to the Lie algebra of prolonged vector fields on J" E.

Thus, for {v',...,v"} a basis of g, a basis of g(™), the Lie algebra of vector field on J"E
is given by {(v))™ ... (v")™}.

6. Contact forms

we now investigate the contact structure of jet spaces, determining a remarkable system
of differential forms - the contact forms - which serves to characterize precisely prolonged
functions and transformations.
One immediate consequence of this approach is a simple proof of the prolongation formula
of a vector field.
Contact forms also prove to be of fundamental importance in setting up and solving
equivalence problems for differential equations. by the Cartan method; we will, in two
chapters, formulate equivalence problems of differential equations in terms of contact
forms.

Definition 6.1. A differential one-form 6 on J" is called a contact form if for every smooth
function f : X — U, (f™)*0 = 0.

Example 6.2. Consider the case of £ ~ R x R. On J!, with coordinates z, u,p = u,, a
general one-form takes the form 6 = adx + bdu + cdp, where a, b, c are functions of x, u, p.
A fonction f : X — U, u = f(x), has first prolongation p = f'(x), hence

(fV)0 = [a(z, f(x), f'(2)) + bz, f(x), (@) f'(2) + c(z, f(2), f'(2) " (2)|dz
This will vanish for all function f if and only if ¢ = 0 and a = —bp, hence 6 = b(x, u, p)b,

where 6y = du — pdx.
For a contact form 6 on .J?, we find

0 = bOy + cb,

where 6y = du — pdx and 6, = dp — qdx.
In general, the general contact form can be written as a linear combination of the basic
contact forms ), = duy — uy,1dw for 1 < k < n — 1 where u, = DFu is the k™" order
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derivative of w.
More generally,

Theorem 6.3. Every contact form on J" can be written as a linear combination, 0 =
¢ > sien_1 Po.iba.s, with smooth coefficient functions Po.y : J" — R, of the basic
contacts forms

On.y = dug,; — E Ug,ydT;. (1<a<q,0<#I<n—1)

We call #J the order of the contact form 0, ;.

Then we have
Theorem 6.4. A section v = F(x) of the jet space J" is the prolongation of some
function u = f(x), meaning f™ = F, if and only if
F*0,,=0 (1<a<q,0<#I<n—1)

In other words, a transverse p-dimensional submanifold '™ c Jm is locally the graph of
a prolonged function u = f(x) if and only if 0,.;(T'™) = 0.

The contact forms also provide us with a nice intrinsic characterization of the total
derivative operators defined earlier.

Definition 6.5. A one-form w is called horizontal if it annihilates all the vertical talent
directions in J".

In local coordinates, the horizontal one-forms are just linear combination, w =
Zf:l Qi (:Ev u(u))dmi'
To any one-form w on J", there is an intrinsically defined horizontal form wy on J"*!
called the horizontal component of w, which is defined such that w = wy + 6 where 6 is
a contact form of order n.
In coordinates, we find

w-ZQzu deJrZZPaun )dUg. g

a=1#J<n

q
<Qz + Z Z ua;J,iPa;J> dxz + Z Z Pa;Jea;J

i=1 a=1 #J<n—1 a=1#J<n—1

NIRRT

Then
p

wH—Z<Q,xu +Z Z (Y aun ))dm,

=1 a=1 #J<n—1
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Remark 6.6. The horizontal component wy of a form w on J" depends on (n + 1)* order
derivatives.
For example, if p = g = 1, the horizontal component of w = Qdx + Pdu is

wp = (Q + uyP)dx.

Definition 6.7. Let F' : J* — R, be a differential function of order n. The total differential
of F' is the horizontal component of its ordinary differential dF', written DF = (dF)p.

To compute the total differential D F', note that

L OF d OF
aF = a—xidxi.—kz > 5, e

i=1 a=1#J<n—1

Thus,

=1

Example 6.8. Let /' : J2 — R be a differential function of order 2, p = u,, and ¢ = ;.
We have

dF = Fydx + F,dx + F,dp + Fydq
= (Fy + pFy + qF, + rF,)dz + F,(du — pdx) + F,(dp — qdx) + F,(dg — rdz),

where r = Uggy.

7. Contact transformations

The n'* prolongation g™ : J® — J" of any point transformation g can be characterized
by that it maps the prolonged graph of any function to the prolonged graph of the prolonged
function.

By the theorem 6.4, g™ maps contact forms to contact forms.

Conversely, let a local diffeomorphism ¢ : J™ — J" which maps contact forms to contact
forms.

Since the graphs of prolonged functions are characterized by the vanishing of the contact
forms theorem, the image of @[F;")] of the prolonged graph of a function v = f(x) is,
provided it remains transverse, the graph of the n'" prolongation of some transformed

functions @ = f(Z), so CID[F;”)

u= f(z).
Finally, maps which preserve the set of contact forms are candidates for symmetries of
differential equations.

| = I’(?") serve to define an action of ® on functions

Definition 7.1. A local diffeomorphism ® : J® — J" defines a contact transformation of
order n if for every contact form 6 on J", ($)*6 is a contact form.



8. Classification of groups of contact transformations 99

Example 7.2. The Legendre transformation is the first order contact transformation ¢ :
(2,u,p = u,) = (T.7,p) given by

E:pa ﬂ:u_xpa 1_7:_];7
defined on J'.

We can see that there are relations between point transformations and contact transfor-
mations.

Theorem 7.3. (of Bdcklund)

Let E ~ RP x RY.

If ¢ > 1, then every contact transformation of order n is the n'" prolongation of a point
transformation.

If ¢ = 1, then there are first order contact transformation which do not come from point
transformation, but every contact transformation of order n is the (n — 1) prolongation
of a contact transformation on J*.

Proof. To see "Equivalence, Invariance and Symmetries" page 128-132 of Olver.
0

Remark 7.4. The proof of the theorem allow us to prove by another way the preceding
theorem 5.2.

8. Classification of groups of contact transformations

Lie found the complete classification of all-finite dimensional Lie groups of contact
transformations acting on a space of one dependent and one independent complex variable.
These include the groups of points transformations already discussed (section 11 of chapter
Lie groups).

We mention an important theorem of Lie.

Theorem 8.1. Every connected, finite-dimensional Lie group of contact transformation
action on a complex two-dimensional manifold without fixes points is locally equivalent,
under a contact transformation, to either one of the Lie group of point transformations
listed on Tables 1 — 3 (page 51), or to one of the three contact transformation groups listed
below.

Lie algebras of contact transformation in C?

Generators Dim. Structure

4.1 1z, 2%, Uy, 2y, U2 6 sa(2) x C
4.2 1z, 2% u, Uy, Ty, u2 7 a(2) x C
4.3 1,2, 2%, u, Uy, TUy, ¥2Uy — 27U,

u?, 2uu, — rul, dvuu, — 4u? — x?u? 10 50(5) ~ sp(4)

T
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Symmetries of differential equations

1. Symmetry groups and differential equations

In this chapter we discuss the foundations and some applications of Lie’s theory of
symmetry groups of differential equations. The base infinitesimal method for calculation
symmetry group is presented, and used to determine the general symmetry group of some
particular differential equations of interest.

Let £ = X x U ~ RP x R? the total space.

Consider a general n'" order system of differential equations
Al, (w, 'U/(n)> =0 (1<v<m)

in p independent variables = = (21, ..., z,) and ¢ dependent variables u = (uy, ..., u,).
The system of differential equations which we often abbreviate A = 0, is defined by the
vanishing of a collection of differential function A, : J" — R.

Definition 1.1. For a system of differential equations A = 0, we define the associated
variety
SA - {(x’u(n)) | Au(x)u(n)) - 0 (1 < 14 < m)}

contained in the n'* order jet space.

The defining functions A, are assumed to be regular in a neighborhood of Sa.
By the theorem 3.10 of the chapter Geometric foundations part 1, we have that Sh is a

submanifold of J" of dimension p + q(p Z") — r where 7 is the rank of the system.

Definition 1.2. A function v = f(x), where f : X — U, defines a solution to the system
A =0ifforevery 1 <v<m, A, (z, fM)=0.

Then,

Proposition 1.3. A function u = f(x), where f : X — U, defines a solution to the system
A = 0 if and only if the graph Fgcn) = {(z, ™)} is contained in Sa.

Definition 1.4. A symmetry of a system of differential equations A = 0 is a transformation
which maps smooth solutions to smooth solutions.
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Example 1.5. The most basic type of symmetry is a group of point transformations on E.

We will concentrate on studying on the basic point transformation symmetry groups.

Definition 1.6. Let A = 0 a system of differential equations.
A point transformation g : £ — FE, acting on E, is called a symmetry of the system of
differential equations A = 0 if, whenever u = f(x) is a solution and the transformed

function f = g - f is well-defined, then @ = f(Z) is also a solution to A = 0.
Now, trying to give a geometric formulation of this definition.

Proposition 1.7. Let A = 0 a system of differential equations, with the associated variety
Sa C J™

If the n'™ prolongation g™ : J* — J" of a point transformation g : E — E, satisfies
g™ (SA) C Sa then g is a symmetry of the system A = 0.

Proof. Note that u = f(z) is a solution of A = 0 if and only if F;") is a subset of Sa. Now
the invariance of Sx implies that g(") . F}") = Fgf} is also contained in S, hence it is also
a solution.

4

Remark 1.8. The proposition holds for the case of contact transformations ;
A contact map g™ : J® — J" will act on a solution u = f(x) by pointwise transforming

its prolonged graph T'")

which, in view of the contact conditions, forms the prolonged
graph of @ = f(7). The map g™ will determine a symmetry to the system A it it leaves

the variety S invariant.

Remark 1.9. The converse is not necessary true, whereas for a system of algebraic
equations, every point in the associated variety is tautologically a solution. This is no
longer the case for systems of differential equations.

Only those point in S which to actual solutions are required to be mapped to each other
by the prolonged symmetry transformation.

Then, we formalize the required notion.

Definition 1.10. A system of differential equations A = 0 is called locally solvable at a

point (o, u) € S if there exists a smooth solution v = f(z) defined in a neighborhood

of z0, which satisfies ul” = ™ (x).
A system of differential equation A = 0 is called fully regular if the system is regular and

locally solvable at every point in Sa.

Remark 1.11. The local solvability of a system of ordinary differential equations is the
same as the property of existence of solutions to the standard initial valued problem (the
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Cauchy problem).
Then,

Theorem 1.12. A transformation g : EE — E is a symmetry of a locally solvable system of
differential equation A = 0 if and only if g™ (Sa) C S.

Proof. Let zy = (xo, u(()")) € Sa such that Z, = ¢ - z; is defined.
By the local solvability of Sa to a smooth solution v = f(z) defined near x, with
u(()") = f™(zq). Then f = g...f is also a solution at least near the (T, o), hence

Zo = (To, f ") (Zo)), as desired.
U

2. Infinitesimal methods
We will assumed that we have a connected Lie group of point (or contact) transforma-
tions G.

In this case, the infinitesimal generators of Lie algebra of vector fields on F take the
form

i ) I o)
v = ;&(I’u)axz + ;goa(x,u)a—ua.

Definition 2.1. A group G of transformations acting on £ is called a symmetry group
of a fully regular and locally solvable system of differential equations A = 0 if every
g : E— Eis a symmetry of A = 0.

By the theorem 12.1 of the chapter Lie groups, we have

Theorem 2.2. A connected Lie group G of transformations is a symmetry group of a fully
regular and locally solvable system of differential equations A = 0 if and only if

v™(A,) =0 (2.3)
for every point (z,u™) € {A =0}, 1 <v<m,andv € g.

Remark 2.4. The condition (2.3) is the determining equations of the symmetry group for
the system A = 0.

For a the special case of contact transformations, we have
vS(A,) =0, (2.5)
for every point (z,u™) € {A =0},1 <v <m,andv € g.
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Example 2.6. Consider the second order ordinary differential equation
Ugy = 0. (2.7)

An infinitesimal point symmetry of (2.7) is a vector field on F = R?

0 0
v= §($,u)— + 90<m7u)

oz ou’
Computing the second prolongation, we find
0 0 0 0
2 — - — : — .
v f(l‘, U) ox + QO(.T, U) ou + @1,1(1’17 U) aux + $1;2 @uxx

on .J2, whose the coefficients 1,1 and ¢q9 are

P11 = DoQ + Etae = 00 + (00 — &o)ua — &y
P12 = DIQ + uaze = Paz + (200 — Eaa) iz + (Pun — 260)13) — Euui
+ (Pu = 260 Uoz — 3EuUaUss
The infinitesimal criterion (2.3) means that if u,, = 0, then
p1.2 = 0.

Substituting the formula of ¢;.2 equal to 0 gives, with u,, = 0,

Since we can prescribe z, u and u, arbitrarily, it is equivalent to

Prx = 0, 2gpa:u = fzaxa Puu = 2§$U) guu =0

Then the general solution given by
E(z,u)[c] = c12® + cazu + c3w + cqu + ¢, @(x,u)[c] = crru + cpu® + o + cru + cs,

forming
v = &z, uw)ld] + p(z, )]
C1
wherec= | ... | € R%
C8
Therefore, the equation (2.7) admits an eight-dimensional Lie algebra of infinitesimal sym-
metries, spanned by {v®[e;] | 1 < i < 8};
o 0 0 0 0 5 0 0 0 5 0
o ou o “ow "ow Tar T Mow Mo T ow
Note tant the Lie algebras appear in Case 2.3 of the Tables of classification (page 50). The
corresponding Lie group is SL(3) acting via linear fractional transformations

SL(3) x R* — R?

axr + bu + ¢ dx+eu—|—f>
hx + ju+k’ hx + ju+k

, T, U) — (

—
SR

b
€
J

T O



104 Julien Heyd, Université Grenoble-Alpes

Example 2.8. Consider the second order ordinary differential equation
Ugy = 0. 2.9

This equation admits under a fiber-preserving transformation a six-dimensional symmetry
group.

Example 2.10. The situation is different for contact symmetries.
With vy = Q(z, u, uz)a%, the U(QQ) = D2Q.
The infinitesimal criterion (2.5) is equivalent to
02 02 02
Q5 Q| 200
Ox? Oxdu ou?

where p = u,,, and is also equivalent to

o 0.,
(a—erp%)Q—O

=0

Therefore,
Therefore, the contact transformation group of u,, = 0 is infinite-dimensional.

Example 2.11. Consider the differential equation on £ = R? x R
Ut = Ugy

Its symmetry group is infinite-dimensional with its Lie algebra of vector field generated by

0 0 0 0 0
1—— 2:— 3: o 4: —_— -_—
Vo= p v 5%’ v u(‘?u’ v xax+2t8t’
0 0 0 0 0
5_ _ 6 _ 20 2
v —2t—ax Tups U 4xt8x+4t g (x +2t)uau,

0
Vo = a(x,t)— where oy = gy

ou

Now, we can see a partial solution of the equivalence problem of differential equation.
Before, define the notion of equivalence.

Definition 2.12. Let (A;) and (Aj3) be two system of differential equations defined on
JE.

We say that A; and A, are equivalent if there is a local diffeomorphism ® : £ — FE such
that ™ : Sx, — Sa, is a local diffeomorphism.

It is also equivalent to (®™)*(A;) = A,.

Then,

Theorem 2.13. Two equivalent system differential equations have isomorphic symmetry
groups.
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Proof. If ® : £ — E is a transformation, and g a symmetry of the first system, then
g™ = o . g . (M)~ is a symmetry of the second system.
O

Remark 2.14. If we make a change of variables outside the class of diffeomorphisms, then
there is no guarantee of the isomorphism between the both symmetry groups ; Consider

Vp = Ugy + 200,

Its symmetry group is five-dimensional.
Moreover, the system

Wt = Wgy
has an infinite-dimensional symmetry group.

alog( )

However, by the map w +—> , we can map the second to the first system.

We can mention a general theorem for the second order ordinary differential equation.

Theorem 2.15. The point transformation symmetry group of a second order ordinary
differential equation has dimension at most 8.
Moreover, the equation admits an 8-dimensional symmetry group if and only if it can be

mapped by a point transformation to the linear equation u,, = 0 which has symmetry
group SL(3).

Symmetry classification of order ordinary differential equations under point trans-
formations :

Symmetry group Dim. Type Invariant Equation
2 1 31 Uy = F(2,uy)
% o
g u
aw,e”au 2 1.5y —up = Fug —u)
59 x2 0 2:10u8i 3 1.1 Ugyy = % + cu?
% a:dii - u(i ‘9; (2zu+1)2 3 1.2 e = 6un, — 4u® + c(uy, — u?)?/?
a—2
o 9 _ a1
%, oy ar—l—ozuau &%{0,2,1,2} 3 L7 gy = cug™?
s 5 + (:c +u) 2 3 1.8y, =ce
¥y 37” 2o 20 )
o éau v u Lo, Uges T + TUz-, 8 23 Uy, =

TUZ +u 8
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Equivalence of coframes

1. Frames and coframes

Definition 1.1. Two coframes are said to be equivalent if they are mapped to each other by
a diffeomorphism.

The equivalence problem for coframes is the most important the equivalence problems
that we are to treat, because it includes all the others as special cases.
The Cartan equivalence method provides a explicit, practical algorithm for reducing
most other equivalence problems to an equivalence problem for a suitable coframe. The
exceptions are those problems admitting an infinite dimensional symmetry group.
Therefore, it is crucial to learn to equivalence problem for coframes.
In this chapter, we will describe the basic constructions required to solve the fundamental
equivalence problem for coframes.

Let M be a smooth manifold of dimension m.

We recall what is a frame and a coframe of M.

Definition 1.2. A frame on M is an ordered set of vector fields ¥ = {v, ..., v, } having
the property that they form a basis for 7, M at each point x € M.
A coframe on M is an ordered set of one-forms § = {#', ... 6™} having the property that

they form a basis for 7, M at each point x € M.

Remark 1.3. A set of one-forms 6 = {#',... 6™} defines a coframe on M if and only if
61 A -+ A O™ doesn’t vanish.

Definition 1.4. A frame and a coframe are dual to each other if and only if they form dual
bases for the tangent and cotangent space to M at each point.

Given a coframe {6, ..., 6™}, we denote the dual frame vector fields by {32;, ..., {55},
so that
i 0
0 (5g7) = dis- (1<ij<m)



2. The structure functions 107

Remark 1.5. If we introduce a local coordinate * = (x1,...,2,) on M, then the
coframe can be written in terms of the coordinate coframe; for every 1 < 7 < m,
0" =1, aij(x)dx;, where A = (a; ;) is a smooth matrix.

The dual frame si given by -2 = > iy i (x)a%j where B = A~

Then,

Proposition 1.6. For f : M — R a smooth function and a coframe © on M, we have

where 2 = S by (2) 2L

4f = Z 96"

007 ox;*

If0 ={6',...,0™m} is a coframe on M, then any one-form w can be written as a linear

combination

i=1

where h; : M — R are smooth functions.

More generally, if €2 is a k-form on M, then

0= Z R0 A - A G

1<ip << <m

where [ = (i1,... i) with1 <ip < -+ <ip <m

2. The structure functions

Let M, M be two m-dimensional manifolds.

Suppose we are given two coframes, 6§ = {#',...,6™} on M and 0 = {51, ...,68"} on

M.

The basic problem, but important, for coframe is to determine whet_her the two co-
frames can be mapped to each other by a diffeomorphism W : M — M, such that

0 = ¢ @2.1)

forl <7< m.

If (2.1) holds, then '
d*(df') = db'. (1<i<m)
Since 6 is a coframe on M, we have the fundamental structure equations for the

coframe 6 given by

Z N (1<i<m)

]<k
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Remark 2.2. If 6 is the Maurer-Cartan coframe for a Lie group G relative to a some choice
of basis for the Lie algebra g, then the structure equations coincide with the Maurer-Cartan
structure equations.

Thus, in this case, T;k = —c;'-,k.

Then, if  and @ are equivalent, we deduce that

D Tu@)o A0t = 3 T @ A6, sz
J?%kk J'J%kk

where 7 = ®(x).
Since the ¢* are linearly independent one-forms, we have

T (T) =T; . (2) (1<i<m,1<j<k<m)

We deduce invariants functions 75, : M — R.

Remark 2.3. If a structure function T; .. for the coframe 6 is constant, then T; , 18 constant
for any equivalent coframe 6.

However, more generally, the expression of T; . and T; . depend on the expression of W.
To answer to the question of equivalence of coframes we want necessary and sufficient
conditions independent to the expression of W that we don’t know. Then, we will work on
the relations between these invariants functions which are independent of W.

Example 2.4. A coframe on M C R? consists of a pair of one-forms
0' = Adx + Bdy, 6* = Cdx + Ddy,

where A, B, C, D are smooth functions of z,y satisfying AD — BC' doesn’t vanish such
that 0' A 62 = (AD — BC')dz A dy doesn’t vanish.
The structure functions are

A0t = JO' A 0%, d0® = KO' A 62,

where
3. Derived invariants
Let M, M be two m-dimensional manifolds.
__ Suppose we are given two coframes, 6 = {0',...,6™} on M and 0= {51, ...,6"} on

M.

The structure functions associated with a coframe provided us %mQ(m — 1) invariant
functions, but that is not all. 3
Let [ any invariant function, which is mapped to a corresponding invariant / under the
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given changes of variables : I(7) = I(®(x)) = I(z). ~
Then ®*(dI) = dI, and by re-expressing them in terms of the respective coframes ¢ and
moar & T
4 o5 (D = dI(z) = ©*(dI(7)) = Z ﬁ(x)ﬁj
7j=1 7j=1
Then, _
o1
o0’

ol
(f) = %([L') (1<j<m)

We can repeat the process to find an infinite collection of potentially different invariant
functions with the convention

0?1 0 01

00i 00k %(W)

Example 3.1. Consider the general coframe on M C R2 The corresponding coframe
derivatives are, for a function F' : M — R,

oF D oF ¢ OF
09t AD —BC 0x AD — BC 0y’
OF B OF A OF

902 ~ “AD _BCdxr  AD_BC oy

Remark 3.2.

O*1 0?1 ", oI
00i00k — 9O*00i ;TM@

Then by these formulas we can compute lots of invariant functions of this coframe.

4. Classifying functions
Let M, M be two m-dimensional manifolds.

Suppose we are given two coframes, § = {',...,6™} on M and = {51, ...,6"} on
M.

Now we are confronted with an overabundance of invariant functions.
How do we make effectively use this plethora of invariants ?

Much more fundamental are the relationships among the invariants.
Suppose that I}, I, I are three invariants and I, I, I3 are the corresponding in the barred
coordinates.
If the original invariants are functionally dependent, say I3 = H ([, I5) for some function
H, then by invariance, I;=H (71, 72). Thus, the function H is an invariant of the problem
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which is completely independent of the coordinates !
We will call the collection of all such functional relationships the classifying functions
associated with the given coframe.

We can note that if two coframes are equivalent, then they have the same classifying
functions.

To explain more formally the notion of classifying functions, continue with our coframe

.

Definition 4.1. For a coframe 6 on M, a structure invariant is a function defined by
T, = T
700001 ... 00’
where s = order(o) is defined as the order of T,.

(0=(ij kel ,.ds), <k, <05,k L s<m)

Proposition 4.2. If 0 and 0 are two coframes equivalents, then for T = ®(z), we have the
complete system of invariance equations

TU(E) = jﬁ(7 (.Z') (order(c)>0)

The structure invariants serves to define the components of the general structure map.

Definition 4.3. The s*" order classifying space K(®) = K{)(m) associated with an m-

dimensional manifold M is the euclidean space of dimension ¢,(m) = $m?*(m —1)("™"?),
which is coordinated by 2 = (..., z,,...).
The entries of 2(*) are labeled by nondecreasing multi-indices o = (4,7, k,l1,...,1,),

J<k1<LH < <L <m,0<r<s.
The s order structure map associated with a coframe § on M is the map T : M — K
whose the components are the structure invariants z, = 7, () for order o < s.

If § and 0 are equivalent coframes, then for all s > 0,
T (z) = TO(2)

where T = ¥(z).

Definition 4.4. The s*" order classifying set C*) := C®)(0, U) associated with a coframe
6 on an open subset U C M is defined as the image of the structure map T

CYO,U)={T¥(z) |z € U} c K®
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Then,

Proposition 4.5. Suppose 0 and 0 are equivalent coframes under ® : M — M.
For each s = 0, the s'" order classifying sets are the same. o
Thus C®)(0,U) = C)(0,U), where U C M is the domaine and U = ¥ (U).

Example 4.6. Consider a coframe on M C R? already discussed.
C® is considered with coordinate (z,w) and C(") with

oJ 0J 0K 0K

9617 002’ 00"’ 892)

If J, K are functionally independent, then C') will be an open subset of K(©).

If J, K are functionally dependent, then C'®) will be either a curve or a point.

If there zero functionally independent first order structure invariants, then C'") will be a
point in KM,

If there one functionally independent first order structure invariants, then C'") will be a
one-dimensional curve in K.

If there two functionally independent first order structure invariants, then C") will be a
two-dimensional curve in K.

21— (z,w, 21, 22, w1, w2) = (J, K,

Example 4.7. Consider the particular coframe

gl A g =
r+y r+y

dy

where 11, \ are nonzero constants, on M = {z +y > 0} C R
Then,

T

CW = (p=,-=X171,0,0,0,0).

5. The classifying manifolds

Now our goal is to determine in what sense our necessary conditions for equivalence
problem for coframes are also sufficient.

Let M be a m-dimensional manifold.

Definition 5.1. A coframe 6 is called full regular if, for each s > 0, the s order structure
map T®) : M — K is regular.

In this case, we let p, := rank(T®)), which is also the dimension of C'*).

Then, we call C'®) the s order classifying manifold associated with the coframe 6.
Moreover, we define

F) = FO(0) .= {T, | order(o) < s} (0<s)
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Locally, we can choose p, functionally independent structure invariants [, = 7, , 1 <
v < ps, which generate the full set s*" order structure invariant .%(*), in the sense that
every other invariant 7, of order inferior to s can be expressed as functions of the basic
invariants :

TU = HU(Il, e Ip$> (order(c)<s)

In this way, the invariants Iy,..., I, furnish local coordinates on the p,-dimensional
classifying manifold C'*®), which can be locally identified with an open subset of the graph
of the function H®) = (... H,, ...).
The components H,, which express the functional relation among the structure invariants,
are the classifying functions associated with the coframe.

Since we are interested in local equivalence of coframes, the classifying manifolds need
only agree locally, on the domain of the equivalence map V. Therefore, by the proposition
4.5, necessary conditions for the equivalence problem of coframes are that, for each s > 0,
their st order classifying manifolds overlap, in the sense of the definition 3.5 of the
chapter "Geometric foundation part 1".

Then, we can express the fundamental theorem for the equivalence problem for
coframes.

Theorem 5.2. (of equivalence problem for coframes)

Let 6 and 0 be smooth, fully regular coframes defined, respectively, on m-dimensional
manifolds M and M.

There exists a local diffeomorphism ® : M — M mapping the coframes to each other
®*0 = 0, if and only if for each s > 0, their s order classifying manifolds C®) () and
C®) () overlap.

Proof. To see the chapter 14 of "Equivalence, Invariance and Symmetries" of Olver.
t

Example 5.3. Consider the case of a coframe wit constant structure functions.

In this case, C'?) is a single point, defined by the constant values the invariants TJZ = Z s
1<i<m,1<j<k<<m.

We have for each s > 0, p, = 0.

We call a such coframe as having rank zero.

Therefore, any two rank zero coframes with the same constant functions are locally
equivalent.

Therefore, the theorem and the example give us the following result.

Corollary 5.4. Let © be a rank zero coframe on M, with constant structure functions
= —Cpl<i<m 1< j<k<m

Let G be a m dimensional Lie group whose Lie algebra g has structure constants c’ ;. rela-

tive to a basis {vy,... vy} and let {a', ... a™} denote the dual basis of Maurer-Cartan
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forms.
Then there exists a local diffeormorphism ® : M — G such that for every 1 < i < m,
d*al = 0.

Corollary 5.5. All coframe of rank 0 on M with m constant structure functions are
equivalent and their symmetry group is a m-dimensional manifold.

The one remaining difficulty in applying the theorem of equivalence problem for
coframes is that it requires us to verify an infinite number of conditions; one for each
s> 0.

The key is the fact that for each s > 0, ps < psy1 and ps < m, then
Proposition 5.6. Let 0 be a fully regular coframe, and let p, denote then rank of the s

order structure map T).
The smallest s for which ps = ps.1 is called the order of the coframe and we have

0<po<pr< - <ps=psp1=--=r<m

The stabilizing rank r will be referred to as rank of the coframe.

By this proposition, we can compute the order and the rank of a coframe ;

1) Let & (0)‘ = {T},}, and let py the number of functionally independent structure
functions 77 ,.

2) Next, compute p; > po,
* If p1 = po, then the order of the coframe is s = 0 and of rank 7 = py.
* Otherwise, py < pi, then we compute ps.

3) We repeat the processes up to find the order s and the rank 7.

Note that by the proposition, the algorithm will end.

Finally, we have the more refined version of the theorem of equivalence problem for
coframes, proved in the chapter 14 of "Equivalence, Invariance and Symmetries" of Olver.

Theorem 5.7. (of equivalence problem for coframes)

Let 0 and 0 be smooth, fully regular coframes defined, respectively, on m-dimensional
manifolds M and M. There exists a local diffeomorphism ® : M — M such that ®*0 = 6
if and only if they have the same orders = s, and their (s+ 1) order classifying manifolds
CEHV(0) and O+ (0) overlap.
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Example 5.8. Consider again the coframe on R2.
The coframe can have rank 0, 1 or 2 at each point in the regular case.

(1) If r =0, then s = 0.

2) If r=1,then s = 0.

3) If r =2, pg =2, then s = 0.

@ Ifr=2,pp=1<p; =2,thens = 1.

6. Symmetries of a coframe

Let M be a smooth manifold of dimension m.

Now, we talk about symmetry group for a coframe 6 defined on M.

Definition 6.1. Let § = {0',... 0™} be a coframe defined on a M.
The symmetry group of 6 is the group of self-equivalences, meaning local diffeomorphisms
® : M — M such that for every 1 < i < m, ®*0" = §°.

The main result, proved again in the chapter 14 of "Equivalence, Invariance and
Symmetries" of Olver, is

Theorem 6.2. If 0 is a coframe of rank r on m-dimensional manifold M, then the
symmetry group of 0 is a finite-dimensional Lie group of dimension m — 7.

Example 6.3. Consider again a coframe on R?. Its rank is either 0,1, or 2, hence its
symmetry group can have dimension 2, 1,or 0.

Example 6.4. Consider a coframe on M with rank zero; all the structure functions are
constant.

There is a local diffeomorphism ® : M — G, mapping the coframe to the Maurer-Cartan
coframe on the Lie group G whose structure constants coincide with the constant structure
functions (up to sign).

By right-invariance of the Maurer-Cartan forms, the Lie group G itself, acting via right
multiplication, provide the symmetry group of the coframe.
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Formulation of equivalence problems

1. Equivalence problems using differential forms

Now, we consider more general problems of equivalence, in which the equivalence
conditions can be rewritten using differential forms, but a fully regular invariant coframe
is not so immediately apparent.

However, the Cartan’s process, with the equivalent problem rewritten in differential forms,
will produce either an equivalence problem for a suitable coframes, either a direct solution
(transitive and intransitive cases) for the equivalence problem using differential forms.

In Cartan’s approach, the conditions of equivalence of two objects (differential equa-
tions, polynomials, differential operators, ...) must be reformulated in terms of differential
forms, more specifically, of one-forms.

In this chapter, we explain how a variety of equivalence problem can be reformulated in
language of differential forms.
The implementation of the Cartan’s algorithm will presented in the next chapter.

Example 1.1. The simplest example is the problem of equivalence of one-forms, which is
already in the proper form.

Let M and M be two m-dimensional manifolds.

Two one-forms w and @ defined on M and M are equivalent if there is a smooth local
diffeomorphism ® : M — M such that ®*T = w.

Example 1.2. Consider the equivalence problem of Riemannian metrics.

Let M and M be two m-dimensional Riemannian manifolds.

Let ds? and d35? two metrics on M and M.

The metrics are equivalent if there is a smooth local diffeomorphism ¥ : M — M such
that U*ds? = ds?.

We can introduce coframes w on M and @ on M, which diagonalize the metric at each
point :

m m

ds’ =) (W)’ ds* =) (@)’
i=1 i=1
Then, the two metrics will be equivalent if and only if their diagonalizing coframes satisfy

Ut = Zgi7j(x)wj (1<i<m)
j=1
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where g = (g, ;) € O(n).

Example 1.3. Consider the general equivalence problem of second order ordinary diffe-
rential equation (A)
Uz = Q(z,u, uy) (1.4)
where () : J' — R is a differential function of order 1.
There are number of possible classes of admissible changes of variables, and each class
will lead to a different equivalence problem with a different formulation in terms of
differential forms.
Here we explain how to set up the three most basic of these problems - equivalence
problem under fiber-preserving, point, and contact transformations.
Let (A) and (A) be two second order ordinary differential equation.
R* — R? . _
Let ® : ___ alocal diffeomorphism such that (®™M)*(Uzz) = Uy,
(x,u) — (T, 1)
We know that () is a contact transformation.
Firstly, we have, by the property of the first order contact forms :

(@WY*(du — pdT) = Mdu — pdz)

where )\ : J' — R is a differential function of order 1.
By omitting the pull-back, we have

du — pdz = A\(du — pdz) (1.5)
Similarly, by the property of the second order contact transformations :
dp — qdx = p(du — pdx) + v(dp — qdx) (1.6)

where p, v : J? — R are differential functions of order 2.
Moreover, replacing ¢ = u,, by (1.4) in (1.6) we obtain

dp — qdz = p(du — pdzx) + v(dp — Q(z,u, p)dx) (1.7)
Then,

Theorem 1.8. Let (A) and (A) be two second order ordinary differential equation.
(A) and (A) are equivalent under contact transformations if and only if there exists ¢ :
R*> — R?
____ alocal diffeomorphism satisfying
(x,u) — (T, )
(1) du — pdz = \N(du — pdx),
(2) dp — qd7 = p(du — pdx) + v(dp — Q(z, u, p)dz).

where i, v . J* — R are differential functions of order 2.

In the case of fiber-preserving transformation ®(z,u) = (p(z), ¥ (z, u)), then we have
an additional conditional

dT = adzx (1.9)
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where « : J' — R is a differential function of order 1.

Then,

Theorem 1.10. Let (A) and (A) be two second order ordinary differential equation.

(A) and (A) are equivalent under fiber-preserving transformations if and only if there

. R* — R’ : . L
exists P : (5. ) (7.7) a local diffeomorphism satisfying
r,u) — (T,
(1) dzr = adx

(2) du — pdx = A\(du — pdx),
(3) dp — qdT = p(du — pdx) + v(dp — Q(x, u, p)dx).

where o : J' — R is a differential function of order 1 and i, v : J* — R are differential
functions of order 2.

In the case of point transformation, we have an additional condition, compared to contact
transformations, which is
dz = adx + [Bdu (1.1D)

where «, 5 : J' — R are differential functions of order 1.

Then,

Theorem 1.12. Let (A) and (A) be two second order ordinary differential equation.
(A) and (A) are equivalent under point transformations if and only if there exists ¢ :
R?> — R?
____ alocal diffeomorphism satisfying
(x,u) — (T, 1)
(1) d7 = adx + Bdu
(2) du — pdz = \(du — pdx),
(3) dp — qdz = p(du — pdz) + v(dp — Q(z, u, p)dz).
where o, 3 : J' — R are differential functions of order 1 and p,v : J*> — R are
differential functions of order 2.

Remark 1.13. For the equivalence problem of second order ordinary differential equa-
tions, since we begin with ® : R? — R2, ®® is a contact transformation. Then, in this
case, the equivalence problem under contact transformations is a generalization of point or
fiber-preserving transformations.

2. Coframes and structure groups

In the preceding section, a class of equivalence problems can be completely reformula-
ted as a system of differential equations involving differential one-forms.
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The goal of Cartan equivalence method is to reduce the original one-form formulation
of the problem to an equivalence problem involving a full invariant coframe, to which the
results of the previous chapter can be applied.

In order to begin the Cartan’s algorithm, the problem must first be placed into a more
amendable formulation based on coframe on the underlying manifold.

Example 2.1. * Since the preceding problems, such as the equivalence problem for
Riemannian metrics are already based on coframe.

x Other are "underdetermined" equivalence problems in the that the equivalence
condition can be formulated using fewer one-forms than would be needed. However,
provided the original one-forms are linearly independent at each point, it is easy to convert
that underdetermined equivalence problems into the proper form merely by adjoining one
or more additional one-forms so as to form a coframe.

* A third possibility, that occasionally arises it that the most natural formulation of the
requisite equivalence conditions uses one-forms which are point wise linearly dependent,
and so cannot form a coframe ("overdetermined" equivalence problem).

But, we won’t talk about it.

Now, we describe what it is the "proper form" for an equivalence problem.

Let Q = {w',...,w™} and Q = {@',...,w™} be two coframe on m-dimensional
manifold M and M.

We use the identification between a coframe and its column vector.

Unlike the coframe equivalence problem, the one-forms are not directly mapped to each
other ; rather the pull-back ®*@" of each one-form on M is a linear combination of the
w'’s.

In fact, talking of equivalence problem means GG-equivalence problem for a some G Lie
group.

Definition 2.2. Let G C GL(m) be a Lie group.

Let w and w be two coframes defined, respectively, on M and M.

The G-valued equivalence problem for these coframes is to determine whether or not there
exists a local diffeomorphism ® : M — M and a G-valued function g : M — G such that

P'U=9g w (2.3)

In others words,

P* (') = Zgiijj (1<i<m)
j=1
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where g = (i)
We call G the structure group of the equivalence problem.

Remark 2.4. Two equivalents coframes have isomorphic symmetry group.

Example 2.5. * The simplest example is when G = {e}. The {e}-equivalence problem is
the equivalence problem for coframes treated in the previous chapter.

* At the extreme, if G = GL(m), then any local diffeomorphism ¥ satisfies the
property for some g € GL(m), and so two coframes are GG L(m)-equivalent.

The goal of the equivalence method is through a series of "invariant operations", to
reduce the structure GG to the trivial structure {e}, at which point the solution to the
equivalence problem for coframes can be used to solve the problem completely.

The reduction procedure provides an invariant specification of the entries of the unknown
matrix-valued function g, thereby determining an invariant coframe for the equivalence
problem.

This may not always possible, and subsequent chapter will describe other possible
outcomes of the equivalence procedure.

First, we show how the previously described equivalence problem examples can be into
the proper form of GG-valued equivalence problem for some matrix Lie group G.

Remark 2.6. For simplicity, we can omit the diffeomorphism W in the equivalence
problem.

Example 2.7. Consider the equivalence problem for second order ordinary differential
equation.

This problem is already in the proper form;

The coframe on M = J* with (z,u, p = uy) is

wh = du — pdz, W?=dp—Q(x,u,p)dr, w?=dr

* For the equivalence problem under contact transformations, the equivalence conditions
seen can be written

1

ot = ajw-, o>

2

= agwl + asw”, o

= a4w1 + a5w2 + a6w3

for suitable function a; = a;(x,u,p), 1 <i < 6.
The equivalence problem have the required form

aq 0 0
w = as as 0 %
a4 as Gg
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where the structure group is

aq 0 0
GC = { o asg 0 ‘ a1a30g 7é 0}
aqs as Qag

of dimension 6.

* Under point transformations, the coframe satisfies

1 1 2

W =aw, w2za2w1—i—a3w 3

—3 1
, W= auw + agw

where the structure group is

aq 0 0
Gp = { Qo as 0 | a1a30g 7é 0}
Qg 0 ag

of dimension 5.
* Under fiber-preserving transformations, the coframe satisfies
O =aw', @ =aw' +aw?, @ = agw?

where the structure group is

aq 0 0
Gp = { o as 0 | a1a30g 7é 0}
0 0 ag

of dimension 4.

Definition 2.8. The symmetry group of an differential equation is the symmetry group of
the associated coframe w or lifted coframe 6 = g - w describing the equivalence problem.

Example 2.9. The problem for equivalence of Riemannian metrics is already of the
required form with G = O(n).

3. Normalization

Once we have the property formulated an equivalence problem in terms of a coframe w
and structure group (G, we are in a position to apply Cartan’s equivalence algorithm.

The preliminary step is to modify the (G-equivalence problem si as to to make the two
of variables appear more symmetric.
We use the fact that for g : M — G, omitting the pull-back ;

O=g-w<=>3Ihh): MxM—=G|h-G=h-w (3.1)

Proof. (=) Weuse h = gand h = idy ¢

(=) Wesetg=h  -h.
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For 0, = h - w, then, o
w and w are G-equivalent if and only if there exist A : M — G, and h : M — G such that
05 = Oy.

Then we want to reduce the G-equivalence problem to the equivalence problem for
coframes. To obtain this equivalence, we need to specify the matrix entries i and h.
If we succeed, then w and @ are G-equivalent if and only if 6 and 6 are {e}-equivalent.

The question is :
How do we determine the functions 4 and A in an algorithm manner ?

The key to answering this question is to find combination of the group parameters g; ;
and possibly the coordinates zj, which are unchanged by the coordinate transformations,
meaning that they retain the same formula in the transformation coordinates g, ;, T.

Each such combination will enable us to normalize one of the parameters and thereby
reduce the dimension of the structure group by one.

If we can fund enough invariant combinations, we can effectively eliminate all the group
parameters, reducing G to {e}.

Hence the equivalence problem will be reduce to the coframe equivalence problem.

Suppose that for any coframe of the given form, we can find a function H : (g,w) +—
H(g,w) depending on the coordinates and the coframe elements which is invariant under
any diffeomorphism ¥, meaning that if 7 = ®(z), ®*(7- w)(z) = (¢ - w)(x), then

*H(g,w) = H(g(x),w(x))

Cartan observed that if /1 explicitly depends on the group parameters, we can normally
H to take any convenient constant values, e.g., I = 0 or i = 1, by specifying one of the
group parameters.
The effects is to eliminate one of the unspecified group parameters and thus reduce the
equivalence problem to an equivalence problem whose the structure group has dimension
one less than the original.

Example 3.2. Consider the equivalence problem for second order ordinary differential
equation under fiber-preserving transformations.
The Cartan formulation is given by

aq 0 0
w = o A3 0 - W,
0 0 Qg
where a1, a, as, ag : J* — R, or equivalently
ay 0 0 aj 0 0
as a3 0 cW = o as 0 - W,
0 0 uag 0 0 as

or,

G = qw!, Gw! + @00 = asw! + asw®, G° = agw’,
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and where for @ : (z,u) — (p(z), ¥ (z,u)) =: (T, 1)
B

(I)(l) : (:I:',u,p) = (iC,u, —>
Pz

Thanks to the coframe on M = J! replacing in the equivalence conditions, we find

_ _ Yy _
aﬂ?u =da; az3— = a3 agPy = Qg
X

Then,
a3ae

H(g,w) = o

is an invariant function, since we see that a%% = o,

We can equal both ratios to 1 without changing the invariant structure nature of the
equivalence conditions.

aq 0 0
Then the new equivalence problem is given by azag = a; and G = {| as ag'a; 0 |
0 0 Qg

a1030g 7é 0}

Jg-w=g- w, gGG(z»EI(h,E):MXM—)C?[E-ﬁ:h-w

Why is it clearly an equivalence between these both equivalence problems ?

In fact, H of the example is a special case, characterized of constant type for the
coframe w.

Let w and @ be two coframes which are G-equivalent based on M and M respectively.
Let N = Im(H).

Note that, for g, ¢* : M — Gand g,¢" : M — G,if g* = g* theng* - g-w=g* - g - w.
Then,
H(7" - g,w)=H(g" - g,w)
Consequently, there is an induced action of G on N,
GxXxN-—N
{ (hyz) —> h-z=H(h"- g,w)

where z = H(g,w).

Then,

w and W are G-equivalent if and only if for all z € M, H(e,w(z)) and H(e,w(x)) are in
the same orbit of G on V.

Definition 3.3. An invariant function H is said to define a normalization of constant type
for the corframe if, for each point z € M, H(e,w(x)) lie in a single orbit &,, C N = Im(H)
of the induced action of G on N.
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To answer the question why we can equivalently normalize an invariant function of
constant type is justified by

Proposition 3.4. Let o and w be of constant type for the invariant function H.

If w and W are G-equivalent then their associated orbits in Im(H) = N are the same;
O, = U B

Moreover, for a point z € O, we let G = G, C G its isotropy group.

We can construct smooth G-valued functions g, and gy such that H(G,,w) = z = H(go,w),
which we use to define the modified coframes

W=go W W=(gy W

Then,
W = g-w for some (g,7) : M x M — G ifand only if h - @ = h - w for some

7 -
(h,h): M x M — G.

Proof. Since H(g,w) = H(g,w) are assumed to both lie in the same orbit & of G,
then by regularity and invariance of H, we can choose a smooth group-valued function
g,9" : M — G such that for fixed z € 0, H(g* - g,0) = z = H(g" - g,w).

Replacing the original equivalence condition g -w = g-wbyg*-g-w = g* - g - w, we
see that if two coframes are equivalent, they are equivalent for some specification of group
parameter that fixes H = z.

Define the G-valued function A such that g* - g = h - gp.
Since H(h - go,w) = z = H(g* - g, w), we deduce that & takes values in G, = G.
Similarly define h : M — G such that g* - g = h - g,.
We deduce the equivalence of the modified coframes.
4

Remark 3.5. The reduced structure group G can be identified with the isotropy subgroup
of the chosen canonical form for the function H.

Remark 3.6. Other type of such function H is called non-constant type. This type is more
difficult, but we can see "The Method of Equivalence and Its Applications" of Gardner.
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Cartan’s equivalence method

1. Introduction

Once an equivalence problem has been reformulated in the proper Cartan form, in
terms of a coframe w on the m-dimensional base manifold M, along with a structure group
G C GL(m).

The Cartan’s equivalence problem consist to give an answer to the local equivalence
problem. A problem formulated in terms of differential one-forms.

We are ready to apply the Cartan equivalence method.
The goal is to normalize the structure group valued coefficients in a suitable invariant
manner, and this is accomplished through the determination of a sufficient number of
invariant combinations.

The Cartan method provides an algorithmic approach for finding such invariant
combinations.
Each group dependent invariant combinations allow us to normalize one group parameter.

In this chapter, we will describe the basic steps on the Cartan equivalence method, and
illustrate its applications to the equivalence problem of second order ordinary differential
equations.

2. The structure equations

Consider coframes w = {w!,...,w™} and W = {w',...,w™}, respectively, on a
m-dimensional manifold M and M.

The G-equivalence condition has the form in a more symmetrical form
for (g,9) : M x M — G.

This motivates the preliminary step in the Cartan method which is to introduce the lifted
coframe
0=g-w, (2.1)
or in full-detail

m
0'=2_ 95 asi<m
i=1
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where 0° : M x G — R.
Technically speaking, the 6" do not form a coframe on M x G.
Note that, ®*0 = 6 if and only if ®*07 = 6%, (1 < i < m).

The key to find invariant combinations is the exterior derivative.

We differentiate the lifted coframe.
Forl <7< m,

= d( Zgi,jwj> = Z (dgiJ A wj -+ gl-,jdwj),
j=1

j=1

-1 _

with w* = > 19 107,y =dg-g~' = (v;;) the Maurer-Cartan form.

We obtain
= Z’}/m' AN 9j + Z gmdwj.
j=1 J=1

Moreover, for 1 < i < m, dw’ = Y Tk=1 a;,w? Aw* and 67 = Z;”Zl gi;w’, then we can
j<k

express dw' in terms of sums of wedge of the 6°’s.
Then

Z%J/\Q +Z kxgﬁ”/\@’C

where T;k are the torsion coefficients, which may be constant, or may depend on the
variables z and the group parameters g.

If {a',...,a"} is a basis for the space of Maurer-Cartan forms, then
T
Yij = Z Al ol (1<i,j<m)

where A} ; are constant.

Then, we have the structure equation for the lifted coframe 6, forevery 1 <i < m
ZZAla A93+ZT]M9)6JA9’“ (2.2)
I=1 j=1 J=1
For the barred lifted coframe, we have the corresponding structure equation
d@i:ZZAlloz N +Z kxg@ NG (1<i<m)
=1 j=1

Remark 2.3. Note that the coefficients Aé-,l are the same as in the barred case.
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3. Absorption

The important idea is that any consistent specification of he group parameters as
function ¢ : M — G will reduce the Maurer-Cartan forms o/ on G to one forms

al = Zzl vy ;dz; on M, which we can re-express in terms of the coframe and even in the

R U Y
coframe 05 &' = ) 7" | 267

The problem is that we don’t know the g; ;’s.
However, we will observe the behavior of the structure equation if the Maurer-Cartan
forms o!’s are modified.
This will allow us to determine which of the associated torsion coefficients 77, are
invariants.
Then we will have candidate for invariant functions to reduce the equivalence problem.

Replace the Maurer-Cartan forms o!’s by a general combination of lifted coframe ele-
ments ;

m
ol — E 2293 (1<I<r)
where the zﬁ’s are unspecified coefficients.

Substituting this into the structure equation, we have

m

do' = Z < W(2) + T, g))@j A 6F (1<i<m)

Jik=1

where B (2) 1= 37 (A},25 — Aj120)-

4l
Similarly we have the same form for the barred lifted coframe.
If d*0 = 0, then for some unspecified coefficient z = z(x),z =7Z(T), foreach 1 < i <
m, and ®*d0’ = db', then
B!, (z) + T, ( 9) = B} (2) + T} (. 9) (=¥ (2))
) =

J7
If we find 2 such that Bj, (2
group parameters g, g,

= B; (%) for some j, k, i then for any specification

T;:(T,9) =T, ). (1<i,j,k<m)
A such torsion coefficients are called essential torsion coefficients for the structure
equation.

Remark 3.1. If an essential torsion coefficient does explicitly depend on the group
parameters, then it provides an invariant combination which can be normalized and thereby
reducing the structure group.

This process is called absorption of torsion for the lifted coframe.
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This process for a lifted coframe 6 is the following :

1) Compute the structure equation given by
ZZAla /\63+ZT;kxg)93/\6k (1<i<m)
=1 j=1 j=1

where {a'}, <<, are the Maurer-Cartan forms on G.

2) Substitute the o!’s by

m

1 1 Lgi
T =a — g 20 (1<i<r)

=1

ZZAZW /\9”+Z kmg&”\é”“ (1<i<m)
=1

7j=1

Then

3) Find the solutions (,zl)1<z<m which reduce to maximum the number of torsion
1<ILr

coefficients.

4) Obtain
ZZA’ZW /\9]+Z kxgej/\é’k (1<i<m)
=1 j5=1

where U ]’ .. are the essential torsion coefficient for the left coframe, and the 7'’s are the
modified Maurer-Cartan forms on G.

5) Apply the normalization process (see in the previous chapter).
6) Repeat the steps 1) — 5) up to if we cannot obtain one essential torsion coefficient

depending of the group parameters or if the equivalence problem is reduced to the
{e}-equivalence problem.

Example 3.2. Take again the equivalence problem for second order ordinary differential
equations u,, = Q(x,u,u,) with the coframe on J* > (x, u, u, = p)

wh =du —pdz, W =dp—Q(z,u,p)dr, w*=dx.

For the equivalence problem under contact transformations, the lifted coframe is

1 1 2 1 2 3 1 2 3
0" =aw, 0°=aw +asw’, 0°=aw + asw’ + agw”,

where the structure group is

aq 0 0
Gc = { o asg 0 ‘ a10a30g 7é 0}
aqs as Qag

of dimension 6.
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Then compute the differentials

do' = dayw' + a;dw?

da1

a1

dot = —0' — a,(dp A dx).

d0* = dasw* + asdw! + dasw? + agdw?®

d 62
a2<91 — as(dp N\ dx) + das(— — %uﬂ) —a3dQ N dx
ai as as
2 dCLQ 2 1 da3 2
do <— — da3>9 + ( —as — ang) dp A\ dx + —9 — a3Qdu N dx.
ai ai1as
3 1 1 2 5 dag 4
do® = dayw” + agdw” + azw® + asdw” + —06
ae
2
_ By dp A de + das(L — %wl) — asdQ A dx + %03
aq as as
dayg das dag 4
_ Mg asdp N dx + Hsp2 —da5 A0 — a5(Qudu + Q,dp) A dz + —p
aq as asay Qg
d das dag
d6° = (% — aa—zd%)el (—aq — asQy)dp A dz + —92 — a5Qudu Ao + = 93
1 103

Then express dp A dx, du A dz, and dp A du in terms of 01 A 62, 01 A 62 and 02 A 03 ;
0! A 6% = aywt A (agwl + a3w2> = ayazw! A w?

= aya3 (du ANdp — Qdu N\ —pdx N\ dp).

' A 62 = —aqasdp A du — Qajasdu A dz + aqaspdp A dz.

0' A 0® = a1wt A agw® = arag(du — pdx) A de = ayagdu A d.

Then
du N dx = oG 3.3)
aiag
02 NG = (agwl + a3w2> A agw® = asagw' A w* + azagw?® A w?
= asagdu N dx + azag(dp — Qdx) A dx
= %0103 + azagdp A da.
Then 1
dp A dz = PAE a2 g (3.4)
asag 1030
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Then
0% A 63

AN
a1Gg

QO AP + Lpp? A gP —
a10g Qg

a2

o' A 63

—aqasdp A du — Qajas + arasp( NN

a3ae 14306
a2

—po' A 63
Qg

ayas

—ajasdp N\ du —

Then

a2

@ 4

a1ae 10306

1
—ph* A G
a30g¢

dp N\ du = — 3.5

01/\92_(

ayas

p)@l NG+

Then we can express df, d9?, and d6® in terms of {6, 62,63} :

day (92 AG3 ol A 93)

a1 a3Ge

da a
! —L PN+
aq asag

(@— @2 93)A91—

aq as30g

ag

dot = —0' —

10306

2 9l A B3
a30g

g2 A3
a3ag

‘91

ay
— 92 A0,
a30¢

_291 A6 —
aszae

dot =o' NGt +

where o! = 91,

a2

de? = <@_

ay

da3>91 + ( —ay — ang> dp A\ dx + %92 — a3Q,du N dx

aas
e das)6' + ( — Qg — ang> (

aijas
da3)91 .

da2 da3

=(— —

a1

:<@_

aq

92 A 63 a9

a3ag

o' A 93)
10306

% 91 A 93 _ %92
10306 Qg

a3

a a
2 2 eAP 4+ NG+
a3Qe

ayas Q106

5 0.0 A OP

a1Gg

:<@_

3]

22 06+ ﬂ@ﬁ) A6+ (%
Qg a10g

a3

2
(05} a
da3 -2

ayas

_|_

3] a3a6 al a3ag

i Qu

— ara2a6Q), —

2 2
aiag

as + Qpa3
a30¢

2
d6% = o2 N 6" — a2a661/\93+a3/\92— 02 A 63

da3
as *

__ daz
ai

—22_da4 and o
aias

where o =

a2

de® = (@_

a1

as) 10+ (—as— s, ) (20

a3ae

o' A 93>

a1a30G6
d(l5

- CLSQU

AN

20,00 NG+

106
d&g

— 6

a3

2 g3y %03) A6

Qg

as ay + a’5QP 92

aszae

do® = a* N O' + JAOY AP +a® NG —

(a4 + as@yp)

a1a306

NG+l A3
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5 dag

ag *

das a2

o e das, o

where ot = = % and of =

Then we have the structure equations :

a a
A0 =o' N0+ 20" AN OP — — 02 AP,
a30¢ aszae

d6* = o> N 6" —

ata? asag
a2 a5Qu
a1a30g a10g

do® = a* A O' + [(as + a5Q,) JAOY NG+’ A6

_ast a5Qp02
a3ag

ANOP +ab AP

01Qu — 01206Qp — a305 1 P pge T2t s

6% A 63,

We do the absorption process with

Q2
mt=al — 63
a3ae
2 2 2
a;Qy — arasa6Q), — asa
2 2 1%u 18286%p 246 n3
™ =a" + 55 0°,
aiag
(lg—f-Q as
N P 93’
aszag
as(as + asQ asQ
7r4:a4—< ( p)_ “) g3,
10306 @106
ay + asQ
o p03’
azag
7% =al.

Then the structure equations give us to essential torsion coefficient ;

dot = 7' N0 + Ty 6% A6,
do? = m* NG + 13 A 62
d?® =t AN OY + 10 NG + 70 A6

ai
azae

where T, 3 = — is the only essential torsion coefficient.
We can normalize with
T21,3 =-1

Then
a1 = as0ag.

The G.-equivalence problem is equivalent to the éc—equivalence problem, where

_ aq 0 0
Ge={| ay aag’ 0 | |ayas#0}
as Qs Qe




3. Absorption 131

To be clearly equivalent, we need to express the structure equation with 5 Maurer-Cartan
forms. For this we re-compute the structure equation with the normalization a; = asag, we
find

do' = w' AOY — 62 N O3,
do* = w* N OF + @ A 62,
do® = w* AN O + P A6+ 0 A6

where
a2
wl — Oél - _03’
3]
2 2,2
a — a1a20 — asa
2 2 1Wu 102a6Q)) 206 3
w"=a" + 5 0°,
ayag
azag + Qpay
= o+ P 93’
a1Ge
as(as + asQ asQ
w4:a4—< ( p)_ g3,
alasag a10g
ay + asQ
o = ab + 10037
a3a6
b =af
where
1 da1
OC - _7
3]
d(lg a9
a? = — — —day + dag,
aq aj g
3 da3
OC - _7
as
4 dCL4 [05X0 73
a” = — — ——das,
Ge
o’ = —das,
3]
da6
o —
Qe
However, since
da1 a9 dCLG
wl—wl="— - =2 - =
ay ay ae
a2 Q a2
=’ (—+ —p)et 2 g3
ay Qe a1

and since, for wb := wb — %293 — %93, we have @b A 63 = @’ A 03, then we can have a
new Maurer-Cartan form

@’ «— b
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such that

do' = w' A O — 6% N 63,

do® = w® A0 + (@' — @°) A 02,

do® = o A0+ N0+ b A6
where there are 5 modified Maurer-Cartan forms.

We note that there is no longer essential torsion coefficient depending of group
parameters. We need to keep on the Cartan’s algorithm.

4. Involution

We now turn to the cases when the Cartan equivalence procedure doesn’t lead to a
complete reduction of the structure just with normalization and absorption process.

We may assume that, after perhaps one or more loops through the absorption and
reduction algorithm, we are left with a lifted coframe that still involves one or more of the
original group parameters, yet none of the remaining essential torsion coefficient explicitly
on the group parameters.

What do we do ?

Consider the possible symmetry group G of dimension r of an equivalence problem
on M (of dimension m). If the Cartan method leads to a complete reduction resulting in
an invariant coframe 6, then the associated symmetry group is an (m — r) dimensional
manifold.

Consequently, the dimension of the symmetry group can never exceed the dimension of
the manifold on which the problem is formulated as a Cartan equivalence problem.
However, we have already encounter equivalence problems where the symmetry group has
a larger dimension than the space on which the equivalence problem is formulated.

Example 4.1. The equivalence problem for second order ordinary differential equations
is formulated on the 3-dimensional jet space J!, but the dimension of under the point
transformation symmetry group can be as large as 8, e.g., for u,, = 0.

Then we cannot except that this equivalence problems could be reduce to an equivalence
of coframe an any manifold having dimension less than 8, and so we will be unable to
obtain an invariant coframe on J*.

Example 4.2. Every second order ordinary differential equations admits an infinite-
dimensional group of contact transformation, then we can never realize the equivalence
problem as an equivalence problem of coframes on any finite-dimensional manifold.

Fortunately, Cartan figured out how to deal with these types of problems as well.
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There are 2 types of problems :

The first, in which the symmetry group is finite-dimensional, but of larger dimension
than the underlying space, is solved by the process of "prolongation".

The second type of problem is when the symmetry group is infinite-dimensional. The
existence of an infinite-dimensional symmetry group is a consequence of the "involutivity"
of a certain differential system prescribed by the structure equations for the lifted coframe.

The decision as to whether we need to prolong an equivalence problem (finite-
dimensional symmetry group) or not (infinite-dimensional symmetry group) is handled by
an arithmetic test for involutivity due to Cartan.

In the next section, we will discuss how to implement the Cartan’s test practically, and
in the case of an involutive system, how the infinite-dimensional symmetry group and
canonical forms are determined.

Moreover, we will see further the prolongation algorithm in the case where the system is
not involutive.

Example 4.3. To illustrate our discussion, we consider the three basic equivalence pro-
blems for a second order ordinary differential equations wu,, = Q(z,u, u,), p = u,, under
respectively fiber-preserving, point, and contact transformation.

We know that the coframe on J' 3 (z,u, u, = p) is

wh =du —pdr, W =dp—Q(z,u,p)dr, w*=dx.

For the equivalence problem under contact transformations, the lifted coframe is

3

2 3 1 2
s 0 = aqqw + asw” + agw",

1 1 2 1
0" = aw, 0°=aw +asw

where the structure group is

aq 0 0
GC = { ag Qs 0 ‘ a1a30g 7é 0}
as QA Qg

of dimension 6.

We have seen after absorption and normalization that we obtain the structure equations

do' = w' A0t — 62 A B3,
(%) : do* = o> NO' + (@' — %) A 602,
do® = w* N0 + N0+ O A6

with !, @?, w?, @w®, b the modified Maurer-Cartan forms on G, where

ay 0 0
Ge={| ay aiag’ 0 | |ajag#0}
Qg as Qg
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* The case of point transformation is given by

7t =0

x The case of fiber-preserving transformation is given by

t=n"=0

Now, we must figure out whether the symmetry group of the equivalence problem is
infinite-dimensional, which is indicated by the previous system being in involution, or
finite-dimensional, so that the previous system must be prolonged.

5. Cartan’s test

The Cartan’s test distinguish between the two possibilities of involution versus prolon-
gation.

Let assume that we are given an equivalence problem based on the regular lifted
coframe # = {6',...6™} which are one-forms on the (m + r)-dimensional product space
M x @, since their coefficients depend on the group parameters.

Let r = dim(G), the dimension of the (reduced) structure group G.
The structure equations for the coframe have the form
' =Y "> Al AT+ > T A0 (1<i<m)
=1 j=1 Jik=1

i<k

where the o is a basis for the Maurer-Cartan forms on G, A} ;. are constant.

Note that replacing each Maurer-Cartan form o' by an arbitrary combination of the
coframe elements Y ", z!67 results in the linear absorption equations :
=177
T
> (Al iz — Ay ) =T, (1<i<m, 1<j<k<m)
=1

for the unknown coefficient zé

In solving the previous linear system, some of the variables zé will be specified (called
"basic variables") and other can be given arbitrary values (called "free variables").

Definition 5.1. The degree of indeterminacy ") of a lifted coframe is the number of free
variable in the solution of the associated linear absorption system.
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Remark 5.2. In other words,

T

r = dim{(zj-)llszf; | Z(A;lz,lg — leé) =0} (1<i<m,1<j<k<m)
=1

Remark 5.3. For 6 and 6 two lifted coframes. If 6 and @ are equivalent by ¥, then () is
the degree of indeterminacy of the both lifted coframes.

The degree of indeterminacy (") of the lifted coframe 6 playas important role for the
Cartan’s test.

Remark 5.4. (") only depends on how the (reduced) structure group G is realized as a
subgroup of GL(m) and not on the particular formulae for the base coframe elements.

Example 5.5. Consider the structure equations (x) for the equivalence of second order
ordinary differential equations.

To compute r"), we replace for each 1 < I < 7, @' by 2{0' 4 2467 + 2L6°.

Equating the resulting coefficients of the basis two-forms 67 A 6%, to zero leads to the
homogeneous linear system

The general solution is

1 _ 1 _ 2 _ 3 _
29 = 23 = 25 = 23 =0,
1_ .3 4 2 _ .3 3_ .5 _4_ .5

The seven parameters 27, 23, 21, 23, 27, 25, 25 can be chosen arbitrary.

Therefore () = 7 for contact transformations.
For point transformations, 7°> = 0, so ") = 4.
For fiber-preserving transformations, 7* = 7° = 0, so r(!) = 2 (since zy, 23 do not appear).

To describe the Cartan’s test, we need to introduce the reduced Cartan characters
associated with the structure equation of the coframe 6.

U1
Definition 5.6. For v = . € R™, we define
Um,

m
Ljjv] = E A v; (1<i<m,1<I<r)
j=1
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Thus L[v] is the coefficient matrix for the Maurer-Cartan forms {a'},<;, in the
structure equation upon replacing each coframe element §* by the corresponding entry v;.

Definition 5.7. We call the first reduced character for the lifted coframe, denoted by
sy = max{rank(L[v]) | v € R™},

and the second character s/, obtained by
1

s| + sb = max{rank ( 2%52% ) | vt v? € R™}
More generally,

Definition 5.8. Let 6 be a lifted coframe on a m-dimensional manifold with the -
dimensional structure group G.

The first m — 1 reduced characters s/, ..., s, _, of the coframe are defined as
Lv']
s+ 4 s, =max{rank | ... | ot 0F € R™} (1<k<m—1)
L[v*]

where L[v] is the m x r-matrix defined in the definition 5.6 and s/, is defined by
Syt Sy s, =T

Example 5.9. Consider our example under contact transformations.
The corresponding 3 x 5-matrix used to defines the reduced characters is

vy 0 0 0 O
L[] = 0 v1 vo 0 O . (v=(v1,v2,03)ER?)
V3 0 —UV3 V1 Vg

We have s} = 3; for example this achieved by v = (1,0, 0).

The second Cartan character is defined by

vy 0 0 0 O
0 v1 v 0 O
/ r v 0 —vg v vy
sy + s5, = max{rank 50 0 0 0
0 1 72 0 O
v 0 —U3 U Ty
achieved by v = (1,0,0) and v = (0, 1, 0).
The final reduced character is s5 = 5 — s} — s, = 0.

|v,5€R3} =5

The key tool for the Cartan’s test is started in the following definition.
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Definition 5.10. Let 0 be a lifted coframe with reduced characters s/, ..., s, and degree
of indeterminacy (1.
We say that ¢ is involutive if it satisfies the Cartan’s test :

s+ 28y + -+ msl, =l

6. The transitive case

The equivalence problem for involutive coframe has a complete solution.
There are two type of involutive coframe; thus of transitive structure equations and
intransitive structure equations.

Definition 6.1. An involutive lifted coframe 6 is said transitive or its structure equations is
transitive if their essential torsion coefficients of the structure equations are all constants.
Otherwise, their essential torsion coefficients contain a non-constant essential torsion
coefficient (not depending of any remaining group parameters), then we say 6 is intransitive
or the structure equations are intransitive.

We mention the following theorem to complete the process of the transitive case.

Theorem 6.2. (of transitive case)

Let 6 and 0 be regular lifted coframe on m-dimensional M and M having the same
structure group G C GL(m).

Assume that both 0 and 6 are involutive, and that all the essential torsion coefficients in
the two sets of structure equations are constants. Then 0 is locally equivalent to 6 if and
only if they have the same constant essential torsion.

Moreover, if s, > 0 is the last nonzero character, so for | > k, s; = 0, then the set of
equivalences depends on s)_arbitrary functions, each depending on k variables.

Corollary 6.3. An involutive lifted coframe has an infinite-dimensional symmetry group
depending on s), arbitrary functions of k variables.

Example 6.4. For the equivalence problem of second order ordinary differential equations,
see for different transformations.

« For contact transformations, »() = 7 and sy =3, sy = 2, s§ = 0 so the lifted coframe
satisfies the Cartan’s test.
Therefore, the structure equation for the contact transformations of second order ordinary
differential equations are involutive.

* For point transformations, r) = 4 and sy =3, s, =1, s5 = 0, so the lifted coframe
doesn’t satisfy the Cartan’s test.
Therefore, the structure equation for the point transformations of second order ordinary
differential equations are involutive.
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* For point transformations, ») = 4 and s}, = 3, s, = 1, sy = 0, so the lifted coframe
doesn’t satisfy the Cartan’s test.
Therefore, the structure equation for the point transformations of second order ordinary
differential equations are not involutive.

« For fiber-preserving transformations, r) = 2 and sp = 3,8, =1,s; =0, so the
lifted coframe doesn’t satisfy the Cartan’s test.
Therefore, the structure equation for the point transformations of second order ordinary
differential equations are not involutive.

Finally, we mention the follow gin theorem.

Theorem 6.5. All nonsingular, second order ordinary differential equations are locally
equivalent under contact contact transformations.

Moreover, every second order ordinary differential equation admits an infinite-dimensional
symmetry group of contact transformations depending on two arbitrary functions of two
variables, hence can be mapped to any other one in infinitely many ways.

Proof. See the chapter 15 of "Equivalence, Invariance and Symmetries" of Olver.

7. The intransitive case

We briefly explain this case.

The intransitive case, which arises when there are non constant essential torsion
coefficients is more complicated. The essential torsion coefficients will define invariants of
the problem, which must be included into the equivalence conditions.

To solve this problem, we mention the using of the following theorem.

Theorem 7.1. (of intransitive case)

Let 6 and 0 be regular lifted coframes on m-dimensional M and M having the same
structure group G C GL(m).

Assume that both 0 and 6 are involutive, and that all the essential torsion coefficients and
their coframe derivatives are independent of the group parameters, forming a regular
Sfamily of functions, and hence parametrizing the classifying manifolds for each coframe.
The coframes 0 and 6 are locally equivalent if and only if they have the same order s = s,
and their (s + 1) order classifying manifold C**) () and C*+)(0) overlap.

Moreover, the symmetry group of a such coframe is infinite-dimensional, depending on s,
arbitrary functions of k variables, where s), denotes the last nonzero reduced character of
the structure equations.

Proof. See the chapter 15 of "Equivalence, Invariance and Symmetries" of Olver.
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An example of this case is the equivalence of non-closed two forms proved in the
chapter 11 of "Equivalence, Invariance and Symmetries" of Olver.

Theorem 7.2. All non-closed two-forms on a three dimensional manifold are locally
equivalent.

8. The prolongation case

Finally, we must tackle the problem in which the Cartan equivalence procedure does not
lead to a complete reduction of the structure group, moreover, the structure equations are
not involutive, so that we cannot deduce the existence of an infinite-dimensional symmetry

group.

The reduction of the difficulty is to reformulate the problem on a suitably larger dimen-
sion manifold and then, if necessary, reapply the Cartan reduction algorithm (absorption
and normalization).

How to construct the required higher dimensional equivalence problem ?
The solution is the prolongation method of Cartan ;

We assume that, after perhaps one or more loop through the absorption and reduction
algorithm, we have produced a coframe that still involves one or more of the original
group parameters, yet, none of the remaining essential torsion coefficients, nor any of their
coframe derivative depends explicitly on the group parameters.

For simplicity, let G denote the reduced structure group at the point, and r = dim(G).
Moreover, we are assuming that our lifted coframe 6 is not involutive :

m
r) < Zzs;
i=1

Cartan prolonged the natural lifted coframe with new variables to be appended are the
group parameters or coordinates on the remaining structure group G itself.
In other words, the prolonged equivalence problem will be formulated in terms of a lifted
coframe on the (m + r)-dimensional manifold MM := M x G.
The prolonged lifted coframe will contain (") unspecified parameters to parametrize the
new structure group.

After this construction, the goal is, to using the same basic absorption and normalization
algorithm, to reduce the equivalence problem to one that we know how to solve.

The prolongation case is distinguished in between two subclasses ; the determinate case
and the indeterminate case.
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9. The determinate case

Let 8 be a lifted coframe not involutive on a m-dimensional manifold M with the
structure group GG (r-dimensional Lie group).

Suppose that after absorption and reductions, the lifted coframe 6 satisfies () = 0.

Definition 9.1. Let # be a lifted coframe not involutive on M with the structure group G.
We say that 6 is determinate if »™") = 0.
Otherwise, rM) > 0, we say that 6 is indeterminate.

Then, we use the absorption process. The structure equations are :

_iiAlﬁ/\ej"'_Z kxgej/\ek (1<i<m)

1=1 j=1

where U ’k are the essential torsion coefficients, which do not depend on any group
parameters and 7! the modified Maurer-Cartan forms.

As before, if two lifted coframes are equivalent, then essential torsion coefficients are
invariant.
The one-forms {7r1, ...,m"} are equal, modulo the 6’s, to Maurer-Cartan forms
{a!,...,a"} on G.
More precisely,

m

ml=al - E zéﬂj, (1<i<r)

i=1

where (z})1<;<m are the solution of the linear absorption equations
1<I<r

T

Z(A;lzfC - }”zé) =Ul,. (1<i<m,1<j<k<m)
=1
Since (1) = 0, the coefficients zé = S]l- (x,g) are all uniquely specified and the only
solution to
Z ZA k7r NG =0, (1<i<m)
=1 j=1

is the trivial one 7! = 0 (1 <1 < 7).

Now, suppose we have an equivalence ¥ : M — M, so that for every 1 < ¢ < m,
U0 =0 preserves the lifted coframes for some choice of the group parameters g = g(x)
and g = g(7). A
Then for every 1 < i < m, ¥*(df') = db'.
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Then,

jjﬁiA A9-+§:U':ngAek E:E:AlﬂA9W+§: i (2, 9)07 A O

=1 j=1 =1 j=1

Since the essential torsion coefficients are equivalents, we have

ZZA ﬁ—w ABO = 0. (1<i<m)

=1 j=1

Thus, if the equivalence problem is determinate, then forevery 1 <[ < r, 7 = 7!, or more
precisely
o*(7) = n'. (<i<r)

Then we have candidate to complete the lifted coframe on MY := M x G.

A prolonged invariant lifted coframe on M () is constituted of the original lifted
1
™
coframe on M 6 = g - w and the modified Maurer-Cartan forms 7 =
,ﬂ.’l"

Similarly, we construct a prolonged invariant lifted coframe on M(l) by (5, ).

The key point is that every equivalence between the original lifted coframe extends to
an equivalence between the prolonged lifted coframes and conversely.

Theorem 9.2. (of the determinate case)

Let = g -wand 6 = G - @ be two regular lifted coframes defined respectively on M and
M having the same structure group G, no group dependent essential torsion coefficient,
and degree of indeterminacy r™") = 0.

Let ™ and T be the modified Maurer-Cartan forms obtained by solving the absorption
equations.

Then there exists a diffeomorphism ® : M — M mapping 0 to 0 for some choice of
group parameters g = ¢g(x) and § = §(T) if and only if there is a diffeomorphism
U: M x G — M x G mapping (0,7) to (0, ).

Proof. First assume that the original equivalence problem has a solution, so there exists a
map ® : M — M and a G-valued matrix of function g, such that ®*@ = g, - w

The prolonged lifted coframes # = g-w and # = §-, where ¢ and § new denote coordinates
on the group G, will then be equivalent if and only if g = g - g, '

This serves to define the prolonged map ¥ : M x G — M x G, which is given by

U (z,9) = (B(2),9-95") (9.3)

Our earlier analysis of the structure equations implies that W preserves both arts of the
prolonged lifted coframes :

V=6, O'r=r (9.4)
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Conversely, consider amap ¥ : M x G — M x G which preserves the prolonged lifted
coframes (9.4). We must show that ¥ is necessary of the form (9.3).
The first set of conditions in (9.3) implies that each U*dz’ is a linear combination of the
dz’s.
Therefore W takes the projectable form ¥ (x, g) = (®(z), A(z, g)).
Write A(x,g) = (g - h)(x, g) for some G-valued function h.
Then,

U*(dg-g') =dg-g ' +g-dh-(gh)". 9.5)
But, according to (9.3), the Maurer-Cartan forms must match up to combinations of the
dx’s, so forevery 1 < I < r, U*(a!) = ol + 57" wida'.
Since the Maurer-Cartan forms are the independent entries of dg - g~! and dg - g~ *, (9.5)
implies that the entries of dh can only depend on the dx’s, and therefore h = h(z) depends
only on z. This means that the equivalence map must be of the previous form (9.3), with
go = h™'. It is now a simple matter to prove that, for this choice of g, the projection ® of

W to M satisfies P = gy - w, and hence we obtain the desired equivalence.
U

We can reformulate the theorem as follows, for M = M.

Corollary 9.6. Let 0 = g - w be coframe on M having G as structure group.

There is a self-equivalence ® : M — M if, and only if, there is a self-equivalence
UV:MxG—MxG.

Equivalently, the symmetry group of 0 is isomorphic to the symmetry group of a prolonged
coframe of 0.

After this prolongation process, the goal is the same, to use the same basic absorption
and normalization procedure in order to reduce the equivalence problem to one we know
to solve.

Let us give an example of the determinate case ; the equivalence of surfaces proved in
the chapter 12 of "Equivalence, Invariance and Symmetries" of Olver.

Theorem 9.7. Let S be a surface with first fundamental form ds* and Gaussian curvature k.
The group of isometries of S is a Lie group of dimension at most 3. Moreover, the isometry
group is 3-dimensional if and only if the surface has constant Gaussian curvature, in which
case :

(1) If k < 0 (hyperbolic geometry), the connected component of the symmetry group
has the structure SL(2,R).

(2) If k = 0 (euclidean geometry), the connected component of the symmetry group has
the structure SE(2,R).

(3) If k > 0 (hyperbolic geometry), the connected component of the symmetry group
has the structure SO(2,R).
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10. The indeterminate case

The only case yet to be treated occurs when the problem reduces to a lifted coframe
satisfying 7(!) > 0, the indeterminate case.

The prolongation process is essentially the same as before, but now every free parameter
in the solution of the linear absorption equations provides a new group parameter which
must essentially be normalized if we are to solve the prolonged problem.

The modified Maurer-Cartan forces are defined by the same formula in the determinate
case. In the determine case, this completely specified the zé-’s in terms of the base variables
and group parameters.

In the indeterminate case, 1) of the zé.’s are free variables.

Let us denote the free variables by w#, 1 < pu < rd,
So the general solution to the linear absorption equations take the form

z = Kw] + S,

where K : R™" — R™" is a linear map and S a vector formed by a particular solution of
the linear absorption equations, depending on z and g.
Thus, the modified Maurer-Cartan forms are defined by

m=a— (K[w]+ 5)0

Consequently, our prolongation procedure lead us to introduce a lifted coframe on the
prolonged manifold M) := M x G which is (0, ) where 6 is the original lifted coframe

on M and m = o — S6.
The new structure group is

G(l) _ {( I, ?r ) ”LU c er},

[w] I

with () = dim(GM).

We can prove the isomorphism between the original equivalence problem on M and M

with structure group G and the new equivalence problem on M (V) and ™" with structure
group GV by the following result, which is proved by the same way than the determinate
case.

Theorem 10.1. (of the indeterminate case)

Let (0, 7) and (0,7) be lifted prolonged coframes constructed above.

There exists a diffeomorphism ® : M — M mapping 6 to 6 for some choice of group
parameters g and G if and only if there is a diffeomorphism U : M x G — M x G mapping
(0,7) to (0, ) for some choice of prolonged group parameters w and .
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Corollary 10.2. Let 0 = g - w be lifted coframe on M having G as structure group.

There is a self-equivalence ® : M — M if, and only if, there is a self-equivalence
UV:MxG—MxGaG.

Equivalently, the symmetry group of 0 is isomorphic to the symmetry group of a prolonged
coframe of 0.

After this prolongation process, the goal is the same, to use the same basic absorption
and normalization procedure in order to reduce the equivalence problem to one we know
to solve.

Example 10.3. Consider the three basic equivalence problems for a second order ordinary
differential equations u,, = Q(x, u, u,), p = u,, under fiber-preserving transformations.

Etape 1 :
We know that the coframe on J' > (z,u, u, = p) is

wh =du — pdr, W =dp—Q(x,u,p)dr, w=dx.

The associated lifted coframe is
0! = qywt, 0% = apw! + asw?, 03 = agw?®,

where the structure group is

aq 0 0
Gf = { a9 ag 0 | a1a30g 7é 0}
0 0 Qg

of dimension 6.

Etape 2 :
We have seen after absorption and normalization that we obtain the structure equations :

o' = ' AOY — 62 NP,
do? = ® N O' + (' — @°) A 02,
A6 = b A 63,

2 % the modified Maurer-Cartan forms on CAJZ where

with !, @
N aq 0 0

Gr={| a ajagt 0 | ajag # 0}
0 0 Qg
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and
a2
wl — Oél _ _93’
a1
2 2,2
aiQ, — arasaeQ), — asa
o2 = o2 4 L 22zo 296 g3,
ajag
A20¢ + Q aq
N rfigs
a1G6
alQ + 2&2(16
o — b — P 93
a1G6
where
1 d(ll
o= —,
ai
das  as a
a?=—"=— —day + dag,
aq ai g1
da3
ad=—,
as
6 da6
a = —,
Qe
and by the normalization the lifted coframe becomes :
1 1 p2 1, M1 2 3 3
0" =aqw, 0°=aw + —w, 0°=agw’,
Qe

The degree of indeterminacy is r(!) = 2, then with 2} = 22 =r € Rand 2? = s € R.

Then

=o'+ r@l,

72 = w? + 50" 4+ r6?,
70 = @b,

are the modified Maurer-Cartan forms.

Etape 3 :
Now, we can extend the equivalence problem to

I 03
—~(1)
Gy =A{ F 00 | r,s € R}
s r 0 I3
0 0 0

with the lifted coframe {6',62, 63 7' 72 75} based on J! x é’vf 5 (z,u, p,ay, as, ag).

Etape 4 :
Then, we apply the Cartan’s process ;
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We need to compute the structure equations.
Since, 7 is the general solution of the linear absorption equation, we have :

Aot =t A0t — 6% A3,
do® =7 N0 + (7! — 7%) A 67,
ae® = 7® A 63

We need to compute for every i € {1,2,6}, dr" :

Remark 10.4. Note the computing of d? for every T,
* For d?0" :
0=dr' NO* + T NP AP — T2 AN NP+ (7h — 7)Y AP NG +0° A8 A3 (10.5)
* For d?0* = 0 we obtain :
0=dr* A0 +dr' NP>+ 7> NP NG> —drn® NO> + 7 Am® A6 (10.6)

x For d?6® = ( we obtain :
0=drS A 6. (10.7)

By the Cartan’s lemma applied to (10.5) , there exists (6$,b5, ..., b8) : J' x G; — R
such that

dr® = b50° A 6% + 150° A 01 + 050° A day + b50° A day + 20 A das.

Then substituting this expressing in (10.4) we find again by Cartan’s lemma
(b1,b3,...,b2) : J' x Gy — R such that

dr® = b20° N 0% + b30° A 0" + b30° A day + b360° A dag + 02603 A das.

Finally, by the same way, there exist (b}, b5, ..., bt) : J' x G; — R such that

dr' = b10° A 0% + b30° A 01 + b30° A day + by0° A day + bi0? A das.

Now, we will be more precise on the form of dr?, fori € {1,2,6}.

Compute dr' :
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drt = d(w") + rdf*
= da' — d(%93) +rat NGt —re? A GP
a1
=0—d(“2)0° — 2ag® + rrt A0 — r60? A O3
ay ay
_ _{dag)ay - [an)aa gy 92 6 5 g3 1 vt A 01— 2 09
_ oy 2 g0 92000y | 010200 T 050605 s s g g
a1 al a1 Aag aiae
d d
= <rw1+r291> N (—ﬂ—l——d a; — 42 %46 —7“6’2) NCA
aq CLl a1 QAg
d
= <7"ﬂ - T%QS) NGt — <w2 + 50" +rf* — 391)> NG?
aq aq

= <r@ —(s+ T%)m) ANOY— TN,

a1 ai

drt = p N0 — 72 N OP,

where

Compute dr? :
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dr? = dw? + sdf* + rdb*

dn? = do? + d(“m“ - ‘“agag% - “%“6) Q“ “np® — 22Q,d6° — a—§d83
aiag a10¢ ai
+s(mP At =P AP) + (7 A O+ (7 )/\92)
da Q a
2 _ 2\ uw\ _ 2 3
dﬂ- _d< aq > d< 1>dal+d<a6a1>da6+ [ <G6> d<a1a6Qp> d<a1>] /\9
a2
+ Q—;‘w6 NP — 2 QS NG — 2O NG+ s(' +r0") A 0" — 562 A 6P
g (106 aj
2
(e 4 50 4 ) A0 4 r(al —af — 2 Doge 2B g1y g
aq Qg aq
0 x a1 — dada das)a? — 2a4(day)a das)arag — |(day)ag + (dag)a
dr? — 1a2 1 2_( 2)a7 a41( 1)2da1—|—< 2)01 G [(aza12)6 (dag)as]
1 1 196
(dQu) — za@;(dag)Qu (dag)alag — [((ia;)ag + (daa)al GQQPQS - ao de93
a6 ajag ayag
B 2as(day)a? ! — 2ay(day)a’ 6 4 Qu (da6 %93 B @93> N
ay ag \ ag  ag ay

ag

a10g

<da6 Qp¢93 2a293) N a3 (daﬁ %93

Qg ag ay
2ra
A 03 202 A\ 63
(3]

2@2

93) NG

a9 da6
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(dag)ayas — [(day)as + (dag)a] asdag

dayday  (day)a? — 2ay(day)as da, +

dn? = — -
" af of
(dQ.)a2 — 2a6(dag) Q. (das)aiag — [(day)ag + (dag)aq]
: g v - o a2Qu’ = -dQf°
_ 2ay(day)at 42al(da1)a263 Qu <da6> Ag Q (da6> AP -2 (da6> N
aq a6 Qg a10¢ Qg ai \ Gg
+ s <% — a293> AOY —s0' NG 4 ro? A0 +r(% — %)02 7:292 AG3
1 1 1 6 1
o gy 222 ) g
a1
dayday  (day)a? — 2a;(day)ay (dag)ayag — [(day)as + (dag)aq]
dr? = — 2 - o daq + o asdag
(dQy)at — 2a6(da6)Qu (daQ)alag — [(day)ag + (dag)a]
" : a6 atag agQPQ?’ (11&6 de03
_ 2ay(day)aj —42a1(da1)a§93 Qu <da6> N Qp(da6> o (daﬁ) N
aq CL6 Qg a10g Qg CL1 ag
d
+s<ﬂ— 92 g3 ) NGO — s NG+ R,
ay aq
where
R=ra? A6 + r(@ - d“6>92 Lo p s Toge pgs 20202 5 g
a ag a Qg ai
Then,
daqd dasd 2 daod
dr? — aCILQCLz _ angal aag (da1)2 ;Lg s 62l2 daydag — ﬂ(d%)
1 1 1 106 ajae a10a¢
1 g
+ 5 (Quad + Quudu + Qpudp) N 67 — Q ag N 0° — an das6® + o L2 Q,da0"
6 6 106 106
2a3

da1«93

2
n —“22dea693 — B ( Qe + Qpuds + Qppdp) A O — L dag® + —2
a; a10g ay ay

2 d
+ %d 60° — C‘QQQPdaﬁei” — —2dagh’ + s—0' — =26° NG —s6? N6' + R
6 a1a al a1 aq
2 da2da6 a2
dr* = daldag + Quudu A dx + Qupdp Ndx + A — —=Qpdu N dz
Q106 alaﬁ a1
da,
~ R0, dp Adx + 520" — T2 A0 + 562 A0 + R
aq ay aq
where
20, p 22 . a2
A= -2 gaggs— Do a0, o Qpilarf —ﬂd 208+ =2 day 6+ Q dagh——5>—dagh?.

6 a1Ge



150 Julien Heyd, Université Grenoble-Alpes

Then,
dayd WO AP Oy 02 NG .
dr? = 12500 _ da1d6+Q 1 Qu ST N
a10g alag 6 aq CLG aq CL16L6
AN d
p 2 Qe — 20,07 N 6P + - Qppel A+ st
Qg aj Cll
—@93A91—592/\93+R.
a1

Now, we compute 72 A 7 :

(w® + 50" + r6*) A =
AT = A + 0 Ao +r6? A DO

2 2
- a2a693> A <&6 _

93>+ 02 A <6 %93

AT =

G%Qu - a1a2a6Qp
ajag

AT = <a2 +
106

20,2 2&2

+ 56 A (a6 — %93
Qg

a1 a1

alQp + 2@2&6

7)

w?)

w?)

2 u
AT =a® Aa® —a? A (%93 =260) + (Q—293 - 0,0 - “2 o) naf
Qg aq Q a10g
d 2 da
Lsoip 9 Qg s 250240 s g G—r%mmi”—z 9242 A g
73 Qe ay Qg Qg ay
d d d 2
7T2/\7r6:(2——d1+ 2clcm)/\ﬁ—(ﬂ——al1 ﬂdaﬁ)/\<Qp93 4
aq CLl (071458 Qg aq (11 (07145} aq
2
Q“03 Adag — "2 Q0% A dag — 20 A dag — -dag 16" + “D2g3 5 g1
6 a1a6 a1a6 Qg Qg
2
2% gt idaﬁ N2 —rog2 g 2r %202 p g3
ai ag ag a1
dasd 2a9
71'2/\7'(6 = (20ds — dal/\da6— Q—dag/\93— —da2A93 22de@1/\93
a10g a 106 a10g al aiag
2 2 u 2
293 Gy 0 — 22 g 7 65— Lodag A 0* 1+ "2 Qydag AP+ 2 dag A 6°
ay alag ay a10g (106
d d
_ 0 dag A — 5P 4 (Degs p gt 0P8 p gt 290 5 g2 TCngp g
aiag ae ag ax Q6 (e
—2r 2207 £ 6P,
a1
Then,
das N d d 2
w2 ant = TR0 P2 gy Adag + A+ [—sﬁthQ”H?’Jrﬂef”] A 0!
a1ae arae Qg ag ay
+(—r%)Ae2—<LQP 2”‘2)9%93
Qg Qg aq
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Finally,
dr? =7 A b — ( _ g + S;Qpe?’ 28a2e3> NG+ rdas 02 + (@ 2ra2)92 A3
ag ag ay Qg Qe ai
<_ %03 Q ‘I’ QQQQP 93 _ a?%PPQB + Sﬂ) A 01 + < QQPP QP >02 A 03
— s’ NP+ R
d 2 w g 2 " a?
dr? = 1® A 7° +( aﬁ—s;Qpﬁzg——S%HS—@ @ S+ GQQP (93——3 w0’
ag ag ay ai a1a6 CLlCL6 ai
sda da da da r 2ra ra
+ 1)/\01 (r—G—T—G—i- 1)/\92 <&+ 2——2Qpp—s——2
3] Qg Qg (3] Qg 3] a1
w T da “
+Q—p—&>92/\93+ (—2——da1—1— dG)A01+ (Q N
a10g Qg aq Cll e
3 1 ag 3 1
aane AT =230 /\0).
106 ajy
Then,
dr? =g N0 + p AN O* — AG* N O3 + 72 A 7,
where
d d d
o= <5ﬁ+ A day _raz,, 1+ﬂda6) (_3@_3%
Qg aq aq CLl a10g aq Qg
Quu | 202Qp a3 O raj P
_aa2+ aag a3 wt a2 ajag P a2 )’
1%¢ 146 1 6 1046 1
G2G6Q - alQ u
A=2s+ 2 2.
s a%afj

Compute dr® :
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dr® = dw

dn® = da® — d(Mg?))

a1Ge

i = a(52) - [(20) +a(22)
dn® = —d(%)e?’ g d<2“2)93 202 3

Qe Qe aq aj
d — (d 2(d —2(d
b = _( Qp)%‘ 2( aﬁ)Qpeza B %(71'6 /\03) _ ( az)a1 i ( al)ageg _
ag ag ay
dr® = — 9 gy g — Do gy p g Q””d NG+ Q”d 6 \O°
Qg ag aﬁ
- %@6 _ g @93) AP — 2da2 NG+ —da A 6
ag Qg a; a
_ @(aﬁ _ %93 _ @gﬁ) A9
aq Qg aq
2d
dr® = —Qpudu N\ dx — Qppdp N\ dv + = @ da6 NG — de ag N 0% — aa2 93
ag ag 1
2 2
+ “Rdayd® — “Pdag N6
a a
dn® = _@91 AB3 — %92 A3+ Qppa 0 A G+ ( 2das 2—a22da1
106 a1 ay aj

drS = A0 A 6P — 250" A 6P + (27~ Q””)W NGB — 2002 N GP
1

9das 2 9
+ (— 9@ 2 g, — ﬂd%) AG3.

Then,

ai

@71'6 NCA

dn® = A0 N 0P + BO* A\ O3 — 2% A 63,

where

QPP

1

B =2r—
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Then we have

do' = A OY — 02 NP,

do® =7 NO' + (7! — 7%) A 67,

d9® = 7% N 63,

drt = p N0t — 72 N 63,

dr* = o N0 + p AN O> — AP* N 0P + * A 7,

dn® = A0 N O® + BO> N> — 2% A 63,
where

d
p=r" (s +r22)p,

aq ai
dag day day  ras ra9 Sas Q
o= <s—+8—+r———2da1+—da6> + (—3——s—p
Qg aq aq ai a10g aq Qg
2 2
Quu . 202Qp, a3 rQu  Tay raz\ s
— St Syt @y~ —5 )0,
a2a6Qpp — a1Qpu
A =25 4 L2066 — Gl
B =2r— —gp.
aj

By the process of normalization we set A = B = 0, then

_ G

N 2@1

a1 Qpu — a2a6Qpp
2a3ag '

~(1
The parameter 7, s of the group G f( : are determined.

~(1
Then, for the lifted coframe (0, 7) the G f( )-equivalence problem is reduced to the
{e}-equivalence problem.

Remark 10.8. We have an invariant coframe on J! x 6:} However, do not apply the
theorem of equivalence for this coframe. Our equivalence problem is about ¢ and not the
pair (6, ).

Therefore, we need to determine the group parameters a1, as, ag of E}Vf

To do this, we use the structure equation of the coframe (6, 7) on J' x évf and extract
information.

Etape S :
Determine the structure equations of the coframe (6, 7) on J* x G;.
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* For every 1 < i < 3, df" doesn’t change.
* Compute the differentiate of the 7'’s.

Compute dr' :

ar' = (d=' + 1 g Y = dw +d(Qp”9 )+ + Yy

1 _ 1 % 1
dr = d’]rprevious + d( 2@1 ) N

d
dﬁlzp/\Ql—ﬂ/\HS—l—&/\Ql Qppda N
2&1 2&1

%)

2a1 /"

where p = p(r =

Calculus of dgT’f A

dQ 1
2a1ip Aot = 2a; (Qpprdx + Qppudtt + Qpppdp ) A8

dQup 1 1
S NO = T‘LIQppxda: A ar(du — pdx) + T‘LIQppudu A ay(du — pdx)

1
+ Q—Qpppdp A ay(du — pdx)
a1

d 1 1 1 1
Dy g — (= 5@ue = 5P@ppu ) du A i+ ~Qppydp A — ~Qppypip A
2a; > 2 > >

d - o' A 93 1
Qpp NGO = ( - Qpp Qmm> Qppp( 61 NO* — (i + = )91 AG°
1

2a4 2 a10g ajag G
P 0'NGP
oA 0°) - inppp(
dQpp AGL — (_ Qppe _ PQppu _ Qppp@ _ a2Qppp I ZQpppp> ol A 03
2a, 2a1a6 2a1a¢  2aiag 2a2 2a2

n ( 62Q;;Jpp>€1 AO? + (%zipp B %ipp>92 N

01 A 93)

Then

dQpp AGL — (_ Qppe _ PQppu _ Qppp@)el NG 1 (_ aﬁQppp)gl A0

2
2a1 2a1a6  2a1a¢ 2a1a6 2a7

Then

qu o Qpp:v - Qppu _ Qppp@

2&10/6 2@1&6 2@1@6 2@1@6

dr! :—%Qpppelwu( )01 A6 — 72 N6

drt = — 10" N 0> + 0" A0 — 7% A6,

where
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Qg
Ji 2a% Qppp
J2 — (qu o Dprp) — P - ppxr D pp o ppp .
2&1&6 20,1@6 2@1@6 2&1(16 2(1,1&6
where
A 0 0 0
Dx = a_ a 5 Wy a -
5 TP, T u p)ap

Compute dr? :

dr? = d<w2 + 56" + 7“02)
dr? = dw® + ds A O + sdf* + dr A 6% + rdh?
dr? = dr? +ds A0+ dr A6

previous

d7r2:a/\91+p/\92+7r2/\7r6+ds/\91+d(%:p>/\92
1

Qu Qu as Q
dn’ = [( Pdag + —2da; — —Q,pda +ﬂda>
2aa2 " 2a3ag ! a3 ! 2a3 2

4 <G2qu . quQp . Quu QPPQU>03] A o

2 2
2aiag 2a1ag a1a6 2a1a6

Q””d LAO? — Qpu P 3 ANG2 + P AT +ds A6

(Qpp> A B2 o

2a4
Calculus of ds A 6 :

ds A 0" = d(@> AOL— d(%czpp) A Q!

2@1&6

s gt — @) (2ara6) — 2|(dar)as + (dag)a)Qpu  p1 d(a—22> A Q0"
4ata? 2a7
a2
— ZTL%dep A §
ds N\ O = %/\ 1 9w dag N 0* — Cpu ~dag A 0"
2a1a¢ 2a3ag a1a6
day)(2a?) — 4(d
_ (( a2)( CL1> , ( al)ala’?) /\Qppel _ a_22dep/\91
da;
ds N o' =6 — qu a; N0 — Cpu —dag N 0" — Qppda2 A 6
alaﬁ aja’ 2a3

a
+ a—§Qppda1 NS
1

where
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dQpu

2(11&6

5= N

a2
ILL —= —2—angpp /\ 61.

1
" 2a1a (Qpuad + Qpuudu + Qppudp) N az (du — pd:r)

5 = _Qp};u 91 A 92 + (_ quac i pruu QQppu)el A 93,

2a% a

2 2 2
2a1ag 2a1a6 2a1a§
azaﬁ

a
K= <2a Qppz + 2p Qppu QQppp) 0' NG+ 3 meﬂl A6,
10

Then

quQp + Quu . Qpru)el /\93

2aq1a2 a1l 2aya%

az
d2:<— wt
: 2a3ag @

Qppd LA — Qpu U g3 A 92 4 2 A S Qppuel AO% 4+ (_ Qpuz Qpuu

a1a6 al

2aq1a2 " 2aya%

QQPP“)@I NG+ ( a2 Qppa I a2PCQppu n a?QQppp>01 A B3

2 2
2a1a6 2aiag 2aiag 2a3ag

I A d(Q”p> A 62,

1 2a,

Calculus of d (Q”> A 62

After a long calculus, we find

Q Qppz Qppu
A(Z2) N6 = — g2 7 7 G 2 N
2a, 2a1ag + 2a3 2a1a Qpp
0206 1 2 QQppp 3 Qpp 2
0" NGO —==0 N0 ~day NG
2a3 53 Qo 010 a2 a1
Then
9 1
dm® = [ala% <2Quu + Qpru - Qpru - qux - pruu
as ( Qpu  Qppe Qppu  QQ
—QQppu> __2< pu_ Xpp —p ppu_ ppp)}el/\eia
ai \2a1a¢  2aia6 2a1a¢ 2a1a¢
+ ( Qpu _ Qppe _ Qppu . QQppp>Q2 AO3 4 72 A 7
2&1&6 2@1@6 2@10,5 2@1@6
By

JS <2Quu + Qpru Qpru - qux - pruu

Qpu Qppa _ Qppu _ QQPPP)

2&1(1,6 2@10,6 20,16L6 2@10,6

CL16

Q@) — 2
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Finally, we obtain the structure equations of the prolonged coframe (x) :
do' = A OY — 02 NP,
do® = m* NO' + (r! — %) A 67,
do® = 7 N 03,
drl = — 0 N6? + L0 AN G2 — 2 A 6P,
dr? = J30' A 6P + J0% A 03 + 12 A 7S,
dn® = =212 A 93,

where a
6
Ji = 2_a% PPP>
1 ~
J2 - 2a1a6 (qu - Dz@pp)v
1 ~ Q9
JS - 2a1a§ <2Quu + Qpru - Dzqu - Qqup) - CL_1J27
where 5 9 p
[):L‘ = a_ a_ y Wy a_
5 T Pg, T Q@ u p)ap

Further reduction of the original group parameter depends on the precise value of the
invariant Jy, J5, Js. In fact, for J; = Jo = J3 = 0 we obtain the following theorem.

Theorem 10.9. Let u,, = Q(z,u,u,) be a second order ordinary differential equation.
The following conditions are equivalent :

(1) The equation admits a six-dimensional fiber-preserving symmetry group.
(2) The equation can be mapped to u,, = 0 by a fiber-preserving transformation.

(3) Q satisfies Q : (x,u, uy) — %Muui—i—qum—i—N with M i + (N My, — My My, —
2Ny, = 0, where M, N : E — R.

Proof. Assume (3), then J; = J, = J3 = 0.

By computing, we see that it is equivalent.

In this case, the prolonged coframe has rank zero, so the coframe is equivalent under
fiber-preserving transformation to the dual basis of Maurer-Cartan forms on G with
6 = dim(G).

But we know that, for u,, = 0 we obtain by the Cartan method () = 0), the prolonged
coframe as rank 0.

Then, we have a fiber-preserving equivalence between the prolonged coframes (¢, 7) and

(e{uzIZO} ) W{Uzzzo})'

By the theorem of the indeterminate case, equivalently, we deduce that ¢ and 0y,,,—o}
are equivalent under fiber preserving transformation, which is equivalent to, that is the
equation is equivalent to u,, = 0 by a fiber-preserving transformation.

Moreover by the corollary of the theorem of the indeterminate case, we deduce equi-
valently that the fiber-preserving group of ¢ and those of 0y,,,—o are isomorphic and the



158 Julien Heyd, Université Grenoble-Alpes

fiber-preserving symmetry group of u,, = 0 is 6-dimensional.
U

Remark 10.10. If the invariants functions Ji, J,, JJ3 are not all zero, then there are various
possible reductions, but in all cases, the equivalence problem reduces back to an invariant
coframe on the base manifold .J!.

Consequently, a second order ordinary differential equation admits a fiber-preserving
symmetry-group of dimension either 0, 1,2, 3 or 6.
(See "Classification of second-order ordinary differential equations admitting Lie groups
of fiber-preserving" of Hsu, L. and Kamran, N.).

Example 10.11. Assume J;.J; # 0, J3 = 0.
By these assumption, we find expression for aq, as, ag so substituting these values into the
original lifted coframe 6 results in an invariant coframe on J*, with structure group {e} and
structure equations of the form

dor = (I, + I, — I3)0" N 6% — L' N O> — 62 A 63,

do* = —20L,0" N O* + I50" A6 + [6° N 6,

d9® = L0 N6 + 1,62 N 6P,
where the structure invariant [y, ..., I5 are complicated expressions in () and its deriva-
tives.
Here, we can apply the equivalence theorem for invariant coframes !

In particular since dim(.J') = 3, the equation admits a three dimensional symmetry group
if and only if all five structure functions are constant.

Moreover, we mention the equivalence problem of second order ordinary differential
equations under point transformation, which by the same way, give the following theorem.

Theorem 10.12. Let u,, = Q(x,u,u,) be a second order ordinary differential equation.
The following conditions are equivalent :

(1) The equation admits a eight-dimensional point symmetry group.

(2) The equation can be mapped to u,, = 0 by a point transformation.

(3) Q satisfies Q : (z,u,uy) — Kud + 3Lu + 3Mu, + N with K, — 2Ly + My, —
NK,—2KN, =3(KM),+3LM,—6LL, =0, and L, —2M_,+ Ny, + KN, +
2NK, —3(LN), —3ML, +6MM, = 0where K, L, M,N : E — R.

11. Summary
Now, we summarize the Cartan’s method.

Let an equivalence problem describes in terms of one-forms w,w on a m-dimensional
manifold, with a structure Lie group G.
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W, w are G-equivalent <= 3(g,9) : M xM - G |g- W =g w

We want to specified the entries of g and g.
Then, set §# = g - w and § = § - @ the lifted coframes associated to w and @.

We use the Cartan’s algorithm summarized in this schema.

i\

¥ .
“-’JJ Nowmalipatoww J

y

[Stnkne Ec\wﬁﬁc B

Eseulial towew W~ J 9
g
L__/\No
| &- %“WMQ
{:jm‘z/ ol

mw%(ve w:\

§$canné avec CamScanner

Finally, it remains the fact if for an equivalence problem given, the Cartan’s algorithm
will end.
Cartan noted that in lot of examples, the answer is true.
More formally, Malgrange showed the ending of the Cartan’s algorithm in the paper
"Sur le probleme d’équivalence de Cartan" Ann. Fac. Toulouse, XXVI - 5, 2017, pages
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1087 — 1136.

Remark 11.1. Note that this algorithm doesn’t give us the synthesis of the equivalence
problem ; in the case where there is an equivalence problem, there is no information for a
such ® which allow the equivalence problem.
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Equivalence problem of second order ordinary differential equation
by Cartan’s connections

1. Second order ordinary equations and pairs of direction fields
Now, we give the equivalence problem for second order ordinary differential equations
under point transformations to y” = 0 by the Cartan connections.

Give a definition of the jet space in terms of tangent space.

Definition 1.1. The jet space J' of R?, denoted J'(IR?), is the set
J*(R?) = {l, | I, is a one-dimensional subspace in T, R*}
Let 7 : J'(R?) — R denote the natural projection which takes [, to the corresponding

point p of the plan R2.

Let (x,y, 21) and (x, vy, 29) two coordinate systems in J*(R?).
Forp = (z,y) € R%, wesetl, = (a2 + 5(%).

Let 5 9
U= {1y = {agy +f5.) | #0)

0 0
Uy={l,= <aa—x+5a—y> | B # 0}

5
If we identify 7, R? with R?, then U; will contain all direction which are not parallel to the

y-axis, while U, will consist of all those which are not parallel to the z-axis.
The transition function from U; to U, is

Then (z,y, 2 = g) and (z,y, 2o = ) will be respectively coordinates in U; and Us.

1
P12 ¢ (xayazl) = ($7y7 Z_)
1

These coordinate charts make J'(IR?) into a three-dimensional smooth manifold.
Then we note (z,y, z) the coordinate system of J'(R?).

Definition 1.2. Let IV be a 1-dimensional submanifold in the plane. The prolongation N ()
of N is a curve in J'(IR?) which has the form

N = {T,N |p € N}
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Example 1.3. If N is the graph of some function z — y(z); N = {(z,y(z)) | * € R}
then

NW = {(z,y(x),y/(2)) | € R}
The tangent space T(; y(z),y/ (2)) NV () is generated by
5 @ w0 0 0 PG,

z

Definition 1.4. The contact distribution C' on J*(R?) is the family
C={C,lqe J'(R")}

and
C, = {(T,ND) | N 5 ¢ N one-dimensional submanifold}

Remark 1.5. In local coordinates, for ¢ € J!(IR?)

0 0
Cy= <a% + ﬂa—y> = ker(dy — zdx)

kerdm, C C,

04y

Scanné avec CamScanner



1. Second order ordinary equations and pairs of direction fields 163

Definition 1.6. A map ¢ : M™ — N" has maximal rank if for all x € M,
rank(de,) = min{m, n}.

Lemma 1.7. If M is a curve in J'(R?) tangent to the contact distribution C and such that
s M — R? has maximal rank, then locally, M is the prolongation of some curve in the
plane.

Proof. Without loss of generality we may assume that the projection of M onto R?, locally,
is the graph of some function .
Then

M = {(z,y(x),y'(z)) | x € R}
But the vector 2 + y’(a:)a% + 2/(2) 2 lies in C(y y(z),»/(x if and only if z = ¢/ and M is
the prolongation of the curve N = {(z,y(z)) | x € R}.

U
Let ¢ : R? — R? an arbitrary diffeomorphism of the plane.
Definition 1.8. The diffeomorphism 1) : J}(R?) — J(R?) defined by
90(1) = (dp)p(ly)
is said to be the prolongation of ¢.
Let
y'=Qlx,y.y) (1.9)

be an arbitrary second order ordinary differential equation.

Consider the direction field £ in the chart U; with coordinate (x, y, z) defined by

0

0 0
E(:c,y,z) - <% + Za_y + Q(‘raya Z)E>

Lemma 1.10. Assume that N is the graph if the function x — y(x).

y is a solution of the equation (1.7) if and only if N (M) is an integral curve of the direction
field E.

Proof. Suppose y is a solution of (1.7). Then NV = {(x, y(z),/'(x)) | € R}, and the
tangent space to N () is generated by

0 . .0 w0 0 0 e,
B +y(l’)a—y +y (x)g = %+Za—y+Q($»y7y)&
Now since the coordinate z = 3’ for all point on N, we see that NV is an integral
manifold for E.
The converse is proved in a similar manner.

O
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Note that £ is contained in the contact distribution C' and that the projection of £ onto
R? by means of 7 has maximal rank.
Any integral curve of the direction field £ is therefor a lift of the graph of a solution of
equation (1.7).
Then, we have the following theorem.

Theorem 1.11. There is a one-to-one correspondence between the solution of equation
(1.7) and the integral curves of the direction field E ; the graphs of solutions are projec-
tions of the integral curves, while the integral curves are of the graphs of the solutions.

Let us now consider an arbitrary direction field £ in J'(R?) such
(1) E'is contained in the contact distribution C'.

(2) At each point ¢ € J'(R?), E, does not coincide with the vertical field V, =
ker(dm,).

Remark 1.12. E may be seen as a second order ordinary differential equation whose
solution are curves in the plane : a curve N C R? is by definition a solution of this equation
if N is an integral curve of the vector field E.

Thus, geometrically, the second order ordinary differential equations may be identified
with the direction fields in J!(R?) satisfying (1) and (2).

Finally, we define the equivalence problem of second order ordinary differential
equations under point transformations.

Definition 1.13. Let £, E» be two direction fields contained in the contact distribution C'
corresponding to two second order ordinary differential equations.

We say that these equations are locally equivalent if there exists a local diffeomorphism @
of the plane such that () (E,) = E,.

2. Cartan connections and pairs of direction fields

Let G = SL(3) the Lie group which is the symmetry group of y” = 0 under point
transformations (already seen in the chapter "Symmetries of differential equations").
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Let H the group of all upper-triangular matrices in GG, and My = G/ H.
H is a sub Lie group of G.

The corresponding Lie algebras has the form

T11 T12 T13
g=sl3), b={| 0 xn w3 ||z + x20+ 233 =0}
0 0 33

Any differential form w with values in g can be uniquely written in the form

w = (W j)1<ij<3, Wil +wa +wsz =0

We recall an important definition.

Definition 2.1. The curvature function of a Cartan connection w : TP — g is the map
c € (P, Z(A%(g/h),g)) such that

C()_{ g/bAg/h— g
Y 40,5 1 0) s Q) (), )

Definition 2.2. Let (F, F>) be a pair of directions fields in J'(R?) and P a principal fiber
bundle with Lie group G.
We say that a Cartan connection w : TP — g is associated with the pair (F1, E») if there
exists s : R* — P a section such that

By = (s*war, s*war) ™

Ey = (s*ws1, s*ws) ™t

We will prove the following important theorem.

Theorem 2.3. Let E a direction field in J*(R?) corresponding to a second order ordinary
differential equation y" = Q(x,y,y') and V = % the vertical vector field.

Up to isomorphism there exist a unique principal fiber bundle P, and a unique Cartan
connection w on P satisfying the following conditions :

(1) w is associated with the pair (E, V).
(2) Forallp € P, c(p) € W.
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where W is generated by

with (a,b,c,d) € R

Remark 2.4.

is a basis of g/b.

o

OO PR OO O+

—_

= OO OO0 OO O

o o

0
0| +HA
0

0

0| +HA
0

0

0| +HA
0

0

0 | +6,
0

_— o O

DO OO O OO

o o o

_— OO FHF OO OOoOO

o o o

+bh—

+bh—

+bh—

SO OO0 ooo

Remark 2.5. W is a G-invariant subset of .Z(A%(g/h), g).

Indeed :
Let

where ryz = 1.

Letp € W.

Then by computation,

g .

g .

Thengo ¢ €

(Yol

(Yol

0

1
0
0
0
1
0
1
0
Ww.

o

S OO oo o oo

S OO oo oo o

+HA

+HA

+HA

Proof. Proceeding by analysis,

We begin with the local case.

SO oo OO

—_— OO OO OOoOOo

S ORK

SO oo o ooo

o o+

u | €@G,

o o o

S OO oo oo o

_ o O

o o o

OO O OO0 OO

o oo

OO O O
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Assume P = R? x G.
Let s : R® — P the trivial section given by a — (a, €) with e the trivial element of G.
Let w a Cartan connection on P with values in g and its curvature form €.
Let & = s*w a form on R? with values in g.

Note that wuniquely determines w.
Indeed :
For point p = (a,e) € P, witha € R3, we have

w(p)|TaR3 = (:}(CL), W(p)|TeG - idgv
and from the definition of Cartan connection it follows that for any point p = (a, g),
w<p) = (Ad(g)) © LU(CL, 6) o d(Lgfl)(a,e)

Let O = s*Q and then in just the same way, the form ) uniquely determines the
curvature form (2.

Condition (1) of the theorem is equivalent to the condition (1)
Wo1 = adz + §(dy — zdx),
w31 = y(dy — zdx),
W3a = Ndy — zdx) + p(dz — Qdx).

Indeed :

For
Wo1 = Oéldl' + 5ldy + ’}/le,

w31 = OCle' + 52dy + ’}/de,
@32 = Oé3dl’ + 63dy + ’}/3d27

we use the conditions

0 2@21(%),
0 2@31(%),
0= @31(% + z(% + Q%),
0= w%z(% + Za% + Q%),

to find the previous relations.

Since W is a G-invariant subset of .2 (A%(g/h), g), condition (2) need to be verified
only for p = s(a), forall a € R3.
Indeed :
Letp € P, for a # 0 such that a™'p = (x,e) = s(x*).
Condition (2) for s(x) gives ¢(s(x)) € W and c(s(x)) = c(a™'p) = ac(p).
By G-invariance of W, ¢(p) = a tac(p) € W.
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Thus, the condition (2) is equivalent to the condition (2)

0 (]J(IJ21 N @31 b(:JQl N @31 + C(IJ31 N (1132
0 0 dwsz; N w3
0 0 0

Q

Then we need to show the existence of a unique w on P = R3 x G satisfying (1’) and

(2).

Note that the identification P = R?® x @ is not canonical and that all such identification
are in one-to-one correspondence with the section s’ : R® — P of the form s’ = sy where
¢ : R — G is a smooth function.

Then the form w becomes

&' = (s)'w = (Adp™"@ + ¢,

where 6 is the Maurer-Cartan form on G.

With a suitable choice of s, we can always ensure that
Wo1 = dx,
w31 = dy — zdx,
W3o = k(dz — Qdx).

Now, we will find the entries of @ by the condition (2') :

* We have le =0:

This is equivalent to
0 = dwsz1 + W31 A Wiy + W3 A Wy + W3z A W3y
0= —dz ANdz + (dy — zdx) N (@011 — @33) + k(dz — Qdx) A dx
0=—dzANdx+ (D33 —w11) A (dy — zdx) + kdy A dx
0=[(k—1)dz] Ndx + [(D33 — @011)] A (dy — zdx).
By the coframe {dz, dy — zdx,dz — Qdx} and Cartan’s lemma :
(k —1)dz = gdz + j(dy — zdx) + v(dz — Qdz),
W33 — W11 = hdx + u(dy — zdz) + w(dz — Qdx),

where j = A1 = As; = h,v = A3 = A3y and g = Aq; (notation of Cartan’s lemma).

Substituting the values of (k — 1)dz and w33 — @y; in
and expressing in terms of {dx A dy,dy A dz,dx A dz} giveus h = j + Qw, v = zw and
w = 0.
Thenv = w = 0, and j = h.
Then
(k —1)dz = gdz + j(dy — zdzx),
W33 — W11 = hdr + u(dy — zdx).
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But (k — 1)dz = gdx + jdy — zjdx, and by the coframe {dzx, dy, dz} we have
k=1 j=g=0.

Then and

(:}33 — (:}11 = u(dy — Zdl'),

where u € €(R?).

* We have le =0:

Similarly, we find with this condition that
Wy — W11 = vdx + t(dy — zdzx),
Wo3 = tdx + w(dy — zdx),
where v, w,t € € (R3).

By a suitable choice of a section s, ¢ can be made equal to zero thus,

‘@22 —wi = Udl’»‘

Wo3 = w(dy — zdz),

where v, w € €>(R?).
* We have Q32 =0:

Similarly than le = (), we can obtain from Qg2 = ( that and
(12 = Qydr — u(dz — Qdz) + A(dy — zdzx),

where A € €(R?).

~ ~ ~ 1
* Similarly from €99 + 233 — 2217 = 0, we find |u = —§sz and

1 1
W13 = Adx — ngzd:c — Eszz + p(dy — zdx),

where 1 € €(R3).

x Similarly from Qos — Oq1 = 0 we find

1
w = észzv

2 1
A=2Qy. — =
39 7%

Then we find
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Wo1 = du,
w31 = dy — zdx,
d}32 = (dZ - de)a

(1)22 — (;Jll = dex,
- - 1
W33 — Wi = —Esz(dy — zdx),
- 1 2 1.
~ 1 1 1
w13 = (ngz - éDxsz)dx - éd(sz> + ,U(dy — de),

~ 1
Wa3z = ngzz(dy - Zdl’),
where ;1 € €(R?).

The only arbitrary coefficient here is .
We will use the last information of (2') to find p.
The last information are the form of €215, {213, and (293.

2 3

1 ~ ~
0 3 | and the fact that Q Ay 0 = @ Ay €, we find
0

TN
o &'

0
ByQ=1] 0
0

03 = QA @ — DAy Q

le A <A:J21 + Ql3 N W3y } * R *
03 = Qa3 A\ Way Qo3 N\ Wyg — @31 A Qg *
0 —w31 A Qo *

Then

Qua A Qo1 + Q3 Adg =0, (1)
Qoz Az =0, (2)
Qua A Qa1 + Qog A2 =0, (3)

Qi A gy = 0. (4)

By Cartan’s lemma for (2), we have
Qaz = dis) A s + Qa1 A @31
Substituting this in (3) gives

Qo1 A gy + elag A D31 A @31 = 0. (2.6)

By Cartan’s lemma and the coframe {@q1 A W31, W1 A W32, W31 A W3z}, we have

Qg = awg A W31 + bwzy A Wsa + car A Wsa,

and in (2.6), we find
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and in (4), we find

Then

g = awg A W31 — ewsy A Waa.

Qq1 in (1) gives,
—e@9y A D31 A W3z + Qs A D = 0.
For
Qg = Bidgr A @1 + 01 A @y + Y@ A D3
in (2.7) gives
v =—e
Then

Qy3 = P9y A W31 + 031 A W3 — €Way A Waa.

Then, renaming the coefficient functions in a, b, ¢, d, e € €>°(R?), we have

2.7

Qg = awg A W31 — ewsy A Ws,

Qi3 = aWo A W31 + cwzy N W3a — eway A Wsa,

Q23 = dajgl VAN @32 + 6(:)21 A (I)gl.

_ Now, we use the condition (2') :
2 is of the form (2') if and only if e = 0.
Then, we use the expression for e = 0 in {253 :

ad)gl A (;)31 = ngg = d@zg + (;)21 A (1)13 + (;)22 A (;)23 + @23 A @33

then expressing in terms of {dz A dy, dy A dz,dx A dz}, we find

1
d=—— 2222
GQ

1

1
H = éQyzz - anszz -

Remark 2.8. Doing the same for Qm and ng allow us to find

1 1 2 1
a = _ny + §QQyzz + §QyQ2z + ngyz - éQxxzz

1

_Ea: Zz2z"
5 Q

1 1 1 2
- ngxyzz - ngszz - gQszzz + ngyyz
1 1 1 2
- 6Z2nyzz - EZQszzz - ngQyzzZ - ngQyz
1

1 1 )
+ éQzszz + ézQzQyzz - EQ szzz'
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From the structure equation of Q ; dQ) = %Q Ng w, we find
b=a,,

¢=—D,(d) —2Q.d.

Conversely, for this value i, we have the wished form for Q:

Qy9 = awo A Wsy,
Q13 = aloy A W31 + cgy N Wsa,

Qog = dwz) A Wso.

where

Wy = du,
w31 = dy — zdx,
@32 = (dZ - de)a

(.:)22 — (IJH = del’,
~ . 1
W3z — W11 = —inz(dy — zdx),
- 1 2 1
Wiy = Qydr + Esz(dZ — Qdz) + (ngz - ngsz)(dy — zdw),
- 1 1 1
w13 = (ngz - aDzsz)dx - éd(Qz2> + ,u(dy — Zdl’),

. 1
Waz = ngzz<dy - Zd:[;)?
where j1 = Q.. — $Q.Q... — %Dxszz--

Finally, for this choice of Cartan connection w on P = R? x @G, the theorem is proved.
Now, prove the theorem globally.

Let a covering {U,}acs Of the three-dimensional space J!'(R?), and using the local
consideration, we can construct a unique Cartan connection w,, on each trivial fiber bundle

U, x G.

Let s, ss be the trivial section of the fiber bundle U, x G and Ug x G, and let
Wo = SpWa, W3 = szwg.

Now, show that for any two disjoint domains U, and Ug, that there exists a unique
function
Pa,p - UaﬂUﬁ%G
such that
0p = (Adpg ) © Do + @5 5. (2.9)
Without loss of generality, we can assume that the form @, has the form started above.

The form ws on U, NUj satisfies the conditions (1) and (2) of the theorem, therefore can be
made w,, by a suitable choice of section. But, by the above, the section is uniquely defined.
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Thus there exists a unique function ¢, 5 : U, N Uz — G satisfying (2.8).
In its turn, the family {¢, g}a ger uniquely (up to isomorphism) determines a principal
fiber bundle P with structural group GG and a Cartan connection w on P.

4

Corollary 2.10. Two second order ordinary differential equations are locally equivalent if
and only if so are the corresponding Cartan connections.

Corollary 2.11. A second order ordinary differential equation is locally equivalent to
y" = 0 if and only if the structure function of the corresponding Cartan connection is

identically equal to zero.

Proof. The Cartan connection corresponding to the equation y” = 0 is equal to zero.
Thus, our original equation is equivalent to 4" = 0, if and only if, by the previous theorem,
its curvature form is zero if and only if its structure function is zero.

0
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The geometry of marked contact Engel structures

In General Relativity, we study the massless particles in the conformal Lorentzian
geometry in 4-dimensions (M*, [g]).

Definition 0.12. A congruence of (M? [g]) is a set of integral curves of a nowhere
vanishing vector field in (M*, [g]).

A special notion in (M*,[g]) is the null congruences i.e. foliations of (M*, [g]) by null
rays (a type of ray containing for example light rays).

Assume that (M*] [g]) has a null congruence. Let K C T'M* a line subbundle such that
any section s : M* — K be tangent to the congruence.
Then, (M*, [g], K) is called a a null congruence structure.
It is good structure to study the massless particules.
Moreover, study particules in a space with lot of symmetries simplify the study.
In the physic literature, we saw that the null congruence structure admits space with lot of
symmetries : homogeneous models associated to this structure.

In fact, the marked contact twisted cubic structures in mathematics are analogue of the
null congruence structures in physics.

In these next chapters, we will study the marked contact twisted cubic structures and
we will classify all non-equivalent homogeneous models of the marked contact Engel
structures.

The marked contact Engel structures are a subclass of the marked contact twisted cubic
structures.

Indeed, this leads us to a more general problem : The classification of all non-equivalent
homogeneous models of the marked contact twisted cubic structures.
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Notions on Legendrian twisted cubics

Let us give some notions about twisted cubics.

Definition 0.13. The twisted cubic is the image if the Veronese map
P! — P’ = P(R")
v
[(Xo: Xq] — [X3: X2X, : Xo X7 X}
denoted by v := Im(v) C P(R%).

Proposition 0.14.
y={F=F=F=0}
where
Fy(Xo, X1, X5, X3) = X X5 — (X1)?
FZ(X07X17X27X3) = X1 Xy — (X2)2
F3(Xo, X1, Xo, X3) = X1.Xo — X X3

Proof. The inclusion C is clear.
Conversely, let p = [Xp : X, : X5 : X3] € P3 such that

XXy = (Z,)?
X1 X3 = (Zy)?
X1 X = X X5

Either Z, or Z3 must be nonzero.
If Xy # 0, then p = v([Xo : X)), else (X3 # 0) then p = v([ X3 : X3]).

Note that R* = ©®3R? then we can define the twisted cubic on this space.

Definition 0.15. The twisted cubic v C P(®3R?) is the image of the Veronese map

. {P(RQ) — P(0R?)
Y = wowou
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Indeed, let (ey, e2) be a basis of R2.
Let w = se; + tey, (s,t) € R2.

WOWOwW=sFE) + s*tEy + st’E; + t°E,
Then v([w] = [s : t]) = [s® : st : st? : t3] where
Eier ©er ©ep =: 6:;),
FEy =3e1 ®el ®ey =: 36%62,
E3=3e1 ®ey ©®ey =: 36163,
E,=e3,

form a basis of ®3R?2, denoted F,.
Let {E', E? E3, E*} its dual basis.

By the previous proposition, we can say

Y =1{91 = g2 = g3}
where

g1 =EB'E° — (E?),

g2 = B°E" — (EP)?,

gs = B2E® — E'E*,

are three quadratic forms on ®3R2,

With respect to the introduced basis, let p be an irreducible representation of GL(2, R)
on ®3R? given by

a? 30?3 3a3? 33
A (B 5 | a%e a?d+2afe 2038 326
p.A.— ( e 5 ) l—>MatE*<A)* e 204(564—562 0452—1-25(56 552
e 30¢? 356%€ 53

(0.16)

such that p(A)E; = o®E) + o*c¢Ey + ae?Es + €6 E,.
Then the tangent map at the identity of p defines an irreducible Lie algebra representa-
tion
P =T.p:gl(2,R) — End(®°R?).
Then we have

Proposition 0.17. The subalgebra of End(®>R?) preserving v C P(®3R?) is precisely
p'(gl(2,R)).

Remark 0.18.
det(p(A)) = (6 — Be)°
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Definition 0.19. Let p : G — G L(n,R) be a representation of G.
A multilinear form F' : R* — R is called (G, p)-invariant if

F(p(a)X1,...,p(a)Xy) = det(p(a))» F(X1, ..., X3) (a€G: X1, X, €RF)

There is a skew-symmetric form w on ®3R? preserved by the G L(2,R)-action p up to
scalar : .
Let (F'!,;F'*) be a basis of (®>R?)* such that ' = p(A)E :

F' = o3FE' + o?¢E? + a®E? + S B,
Fy = 3a?BE" + (%6 + 2aBe)E* + (2046 + Be*)E? + 352 E*,
F? =3aB°E" + (2080 + f%€)E* + (ad? + 2Bde) B> + 35%€E*,
F4 — /83E1 +626E2 +552E3+(53E4.
The we compute
F'AF*—3F2ANF3 = (b — Be)*(E* N E* — 3E* A\ EP)
Definition 0.20. A symplectic form on V/, a n-dimensional space over R, is a map w :
V x V' — R such that
(1) w is bilinear,
(2) skew-symmetric,
(3) nondegenerate; Vx € V, Jy € V, w(x,y) # 0.

Remark 0.21. For {¢;}1<;<, a basis of V' a n-dimensional vector space and its dual basis

*7
{e” hcicn.
; -1 ¥t *J s s
A symplectic form w has the formw = 5>, wije™ Ae?, w;; € R.

Proposition 0.22. Let w be a symplectic form on V' an n-dimensional vector space over R.
There exists ) € End(V') such that

w(z,y) =" XHY (z.y€V)
and n* = —n, where for a basis e of V'
X = Mat.(x),
Y = Mat.(y),
H = Mat.(n).

Our symplectic form w has the following form in F = {Ey, Fy, E3, E4}

00 0 -1
00 3 0
Mate.(@) =19 3 0 o
10 0 0

Definition 0.23. Let |/ be a n-dimensional vector space over R and X C P(V').
We denote X = {(A\z) | [x] € X, A € R} the affine cone of X.
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Definition 0.24. Let w be a symplectic form on V' a n-dimensional vector space over R.
A linear subspace W C V is a Lagrangian subspace with respect to w if it is a maximal
subspace such that wjy = 0.

(So dim(W) = 1dim(V))

— 2

Definition 0.25. Let V' be a n-dimensional vector space over R.
A sub variety X C P(V) is Legendrian if for each point of its affine cone X, the tangent
space is Lagrangian.

Definition 0.26. Let w be a symplectic form on ®3R3
The conformal class of [w] is the set of w’ symplectic form on ®*R? such that there is
a € R* such that w' = aw.

Proposition 0.27. The conformal symplectic structure [w| generated by w =
E'' N E* — 3E? A E? is the unique conformal structure such that the twisted cubic
v is Legendrian with respect to w.

PVOOf FOI']/)\: 83E1 + S2tE2 + St2E3 + t3E4 c ’/Y\,

ov ov
TH = (= (s,1), — (s, t
m <88(S’ )7 at (S’ )>7
R R? — R*
where v : 3 o9, o .3 - Then
s,t) — (s°, s7t, st*,
(5,1) — (55, 82, 512, )
v 2 313
8—(8,t) = 3s E1+25tE2+t E° = xZ,
s
ov ) )
a(s,t) = s°Fy 4 2stFs + 3t°E, =: 4.
Letw = § 3 iejeq Wiy B’ A E7 be a symplectic form on ©°R?.
Then,

w(z,y) = 3stwy o + 653w 3 + 3572 (3w 4 + w2, 3) + 65t w4 + 3ttws 4
Thus 7 is Legendrian at p with respect to w if and only if wr5 = 0 if and only if

Wi = W13 = Wag = W34 = 0,
1

Wig4 = —5W23 = Q.

3
Then

o
w
e
o
cooQ
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Then
00 0 1
0 0 -3 0
Matw)]=1 "9 3 0 o
~10 0 0

Now we introduce a new notion.

Definition 0.28. The twisted cubic is marked if there is p € v C P(®3R?) distinguished
i.e. it is an origine of 7.

Now we assume that the twisted cubic ~y is marked.
Let p = [n ® n ® n] a distinguished point in v and L = (1) be a one-dimensional vector
space.

{ T
Leta: :
(wWEOWwE W) — [wEwE W]

We have a(Vect({w ©®©w @ w | w € L})) = p, then we set
p=Vect({fwowow|weL})=1le7y

We can see that
Proposition 0.29. The GL(2,R)-action p acts transitively on 7.

Proof. we have
{ GL(2,R) x v — v
(T, [w O w O w]) — [T(w) © T(w) ©T(w)]
Letz =[wOwow|landy =[v O v O v].

Assume there is 7' = < (j /(65) ) € GL(2,R) suchthaty =T - .

It is sufficient to have 7" such that v = ( Y1 ) =T(w).
<v1 ) :T(w1 > <:>{04w1+5w2:7)1
V2 Wo €wy + (S’LUQ = V2
(1) Case : (wy,wy) = (0,0), we take 7" = 0,.

V1

(2) Case : w; # 0, wy = 0, then we take T = ( b ? ) with 3,0 € R such that
U15 - 61)2 7£ 0. -

(3) Case : wy; = 0, wq # 0, it is the previous case by changing the roles.
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vy~ Py P ) with 3,8 € R such that

V2 _ pwz
w1 ﬂwl 6

(4) Case : wy,ws # 0, then we take T' = (
(5’01 - 61)2 7£ 0.

By this proposition there is just one orbit by this action :
v = 0(x),

where z = [w © w © w.
we can choose = = [e; ©® €3 © e3].
Thus we can choose [ as follow

[ =Vect(ea ® ey ® eg).

Definition 0.30. A Borel subgroup B of an algebraic group G is a maximal Zariski closed
and connected solvable algebraic subgroup.

Example 0.31. For G = GL(2,R), B is a group of upper or lower triangular matrices.

Let B a Borel subgroup of GL(2,RR) defined as follow
B={AeGL(2,R) | p(A)()cl}={A| A(L) C L}.

Indeed :
Forl = Vect(es ® ez ®ez), L = (ez) and A = ( (j g >
We have
p(A) () Cl< Aes € L
Then 5 = 0.
Then

a0 0 0
a’e %6 0 0 a 0
B={A€CGL2R)| ae? 2ade ad® 0 b= {( e 0 )} ©.32)
e 30e2 30% &
By its shape B preserves filtrations of R%.

Then we have :

Lemma 0.33. A distinguished point p € v determine a filtration by subspaces
{p}clcDcHCR.

Moreover, if v is Legendrian, then D is a Lagrangian subspace and H is the symplectic
orthogonal to l.
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Proof. For p distinguished point in ~, there is a line | = Vect({t ©t ®t | t € L}) for a
unique one-dimensional subspace L C R?.
Then we set D = Vect({t ©t ® e | t € L, e € R?}) the de-projectivized tangent line to y
atpand H = Vect({t ©e® f |t € L,e, f € R?}) the de-projectivized osculating plan to
7y atp.

U
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Definitions and descriptions of (marked) contact twisted cubic
structures

1. Notions on graded Lie algebras

We begin with definitions.

Definition 1.1. A filtered vector space is a vector space V' together with a sequence {V* |
i € Z} of subspaces V' C V such that

Vit c v (i€Z)
v=_Jv,
€L
(V' = {0}
UEZ

We will deal with the case of finite-dimensional spaces and finite filtrations, which we will
write

V=VioVyitt5...oypk
It is always assumed that for all [ < j, V! =V, and for fall | > k, V! = {0}.

Example 1.2. The trivial filtration on a vector space V is given by forall i < 0, V! =V
and fori > 0, V¢ = 0.

From a filtration {V*};c7 of a vector space V, we can canonically construct a graded
vector space noted gr(1) as follows

ar(V) = Por(v),
where

gri(V) = Vvt (i€z)
It is called the associated graded to the filtered vector space V.

In the case of a finite filtration V = V7 D> Vitl 5 ... 5 V* we obtain a finite grading
gr(V)=grj(V)&--- @ gri(V),
by omitting the zero summands gr; (V') fori < j and i > k.
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Definition 1.3. A filtered vector bundle over a smooth manifold M us a smooth vector
bundle p : E — M together with a sequence {E’ | i € Z} of a smooth sub bundles such
that

Efl c E (i€Z)
and there is g < jo € Z such that
E'=F (iio)
E'=M (ijo)
Given a such filtered bundle, we may form the quotient bundles
gri(E) = E'/E"! (i€Z)

and the associated graded vector bundle to E
gr(E) = @ gri(E)
1€Z
Let g be a Lie algebra.

Definition 1.4. A Lie sub algebra h of g is a linear subspace such that
[b,b] C b

Then we write h < g.

Remark 1.5. * Any intersection of arbitrary family of Lie subalgebras of g is a subalgebra.
x For a subset A C g, we call the Lie subalgebra generated by A, the Lie algebra

(A) =Myoab-

Definition 1.6. We say that a Lie subalgebra h < g is an ideal if

[9,6] C b
We write h < g.

Remark 1.7. [g, g] is called the commutator ideal.

[g, g] gives to rise two sequences of ideals of g in g;

(1) Let us define g' := [g, g] and

k+1 — [

g g, 9" (keN®)

We see that
g" <y (keN)
and we have the sequence called the lower central series of g :
gog’D---Dghogtlo. .
Definition 1.8. The Lie algebra g is called nilpotent if there is £ € N such that
k
g =0
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(2) Let us define gV := g and
g* ) = [g®, ™) (keN®)
We see that
g™ <y (keN)
and we have the sequence called the derived series of g :
Definition 1.9. The Lie algebra g is called solvable if there is k£ € N such that
g(k) -0

Definition 1.10. A Lie algebra g is said semisimple if it has no nonzero solvable ideal.
A Lie algebra g is said simple if g = [g, g] and the only ideals in g are {0} and g.

Remark 1.11. g simple implies g semisimple.

Definition 1.12. Let g be a semi simple Lie algebra and £ € N*.
A k-grading on g is a decomposition
9=0-D DGk,
such that
(95 95] C Gisj (i.J€Z)
g- =gk D - Dg
is generated as a Lie algebra by g_; and

g-x # {0}, ar # {0}

By definition, if g = g, & --- @ g is a k-grading, then p = go D --- D gi 1S a
subalgebra of g, and p, := g1 @ - - - P gy 1s a nilpotent ideal of p.
Similarly, the subalgebra g_ is nilpotent.

Remark 1.13. Given a such that k-grading on g, we can form the associated filtration

g=g "Dg ' >...0¢"

g = @gi

Jjzi

defined by

and the associated graded Lie algebra :

gr(g) = P gri(a),
icZ
where 4
i+1 (i€z)

gri(g) = g'/9
Example 1.14. For K a field, K" = K& --- & K is a n-grading of K" with the filtration
K'>K"!'>--->K*DOK
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Consider a k-grading semisimple Lie algebrag = g_, @ --- @ g_, and a Lie group GG
with Lie algebra g.

For a subset A C g, the normalizer N (A) of A in G is defined as
No(A) = {g € G | Ad(g)(A) C A}
As before, we denote by {g’}cz the filtration induced by the k-grading.

Lemma 1.15. (1) The Lie subalgebra g, C p C g can be characterized as
go=1{X €g|adx(g:;) C g;, —k <i <k},
p={X€cgladx(g) Cg', —k<i<k},
where adx(Y) = [X,Y] for X, Y € g.
(2) Let G be a Lie group with Lie algebra g.
P .= ﬂf:_k Na(g') C G is a closed subgroup with Lie group p.

Proof. (1) In both statement, C is clear.
Conversely, take X € g,

X=X+ -+ X;.
Let £/ € gy C p be the grading element ; it is the unique element £ € g such that

[E, X]=jX (Xeg;,—k<j<k)

Indeed : E exists and lies in gg ;
Consider D : g — g such that D(X) = jX for X € g; and —k < j < k.
Since for all i, j € Z, [g;, g;] C @i+, then

D([X.Y]) = [D(X),Y] + [X, D(Y) (xyeq
Semisimplicity of g implies there is a unique £ € g such that
D(X)=[E,X] (Xeg)

Decomposing £ = E_; + - -- + Ej with E; € g;, we get

0=[E, E] = Zk:jEj

j=—k
Hence £ = FE € g.

Then we have
adx(B) = kX p+ -+ X 1 — Xy — - — kXy

Conversely, if adx (go) C go, then for ¢ # 0, X; = 0 then X € g.
Likewise, if adx (p) C p we must have for all 1 < 0 X; = 0, then X € p.

(2) For each i, the subset g° C g is closed, and Ng(g') is a closed subgroup of G, so
P C G is aclosed subgroup.
Since for X € g, Ad(exp(X)) = X, p = {X € g | adx(g') C g', —k <i < k} is the
Lie algebra of P.
O
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Definition 1.16. Let g =g_, @ - - - @ gy, be a k-grading semi simple Lie algebra and let G
be a Lie group with Lie algebra g.
(1) A parabolic subgroup G correspond to the given k-grading is a subgroup P C G which

lies between ﬂf:_ . Ny (g") and its connected component of the identity.
(2) Given a parabolic subgroup P C G, we define the Levi subgroup Gy C P by

Go:={g € P| Ad(g)(g:) C gi;, —k <i <k}

Remark 1.17. Any parabolic subgroup P C G is closed and has Lie algebra p. Further,
Gy C P is an intersection of normalizers of closed subsets, and hence a closed subgroup
of P. From the lemma and its proof, we see that G, C P corresponds to the Lie algebra

go C p.

Definition 1.18. A parabolic geometry is a Cartan geometry of type (G, P) where G is a
semisimple Lie group (a Lie group which doesn’t have nontrivial abelian norma subgroup)
and P is a parabolic subgroup corresponding to some k-grading of the Lie algebra g of G.

2. (Marked) contact twisted cubic structures

Now we come to the contact structures.

Definition 2.1. A contact form w on a smooth manifold M of dimension 2n + 1 is a form
such that w A (dw)™ is a volume form on M.

If w is a contact form on M then w doesn’t vanish on M. Then C' = ker(dw) is a
codimension one-subbundle of 7'M called the contact subbundle.

Moreover, dw : C' x C' — R is a non degenerate skew-symmetric bilinear form i.e. a
non degenerate symplectic form on C.

Let T2M = TM, and T-*M = C a filtration of TM with the associated graded
gr(TM)=TM/C & C.
The Levi bracket

. { A2C — TM/C
| & A vy — €, v]omod(Cy)
is non degenerate and
gr(T,M) ~ R @ R*>" (zeM)
with [,] : A2R*" — R non degenerate.
Then gr(T M) is called the real Heisenberg algebra b, . ;.

Now we define a contact distribution structure on M.
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Definition 2.2. A contact distribution structure on a smooth manifold M of dimension
2n + 1 as a subbundle C C T'M of rank 2n such that the Levi bracket

[ A —TM/C
| & A vy — [€,v]emod(C)

is a non degenerate symplectic form.

For each point x € M, £, endows each fiber C, with the structure of conformal
symplectic vector space. Locally C'is the kernel of a contact form i.e. C' = ker(da)) where
« is a differential 1-one form such that o A (da)” # 0 and the conformal symplectic
structure on C, is generated by doc, .

We can associate to gr(TM) = TM/C @ C a natural graded frame bundle .# with
structure bundle Aut ;. (hopt1)-
Precisely,

ﬁx = {90 : g’f’(TxM) — h?n-‘rl} (zeM)

Lemma 2.3. (1) Any automorphism of Ya,.1 is uniquely determined by its restriction
R?" — R?",

(2) Viewed as a subgroup of GL(2n,R), the group Auty.(Da,41) is generated by
Sp(2n, R), multiple of I, and the diagonal matrice 1, ,, ; the first n entries equal to 1 and
the other n equal to —1.

(3) The subgroup of those automorphisms, which in addition preserve an orientation on
R C bopy1, is the conformal symplectic group C'Sp(2n,R) generated by Sp(2n,R) and
multiples of Is,.

Proof. Let [,] : R* x R?" — R be the bracket in by, given by the standard symplectic
form on R™.

We have (1) by subjectivity of [, ].

For A € Sp(2n,R) and for all 7,y € R*", [Az, Ay| = [z, y]. This gives an automorphism.
Likewise, for a € R*, we get [ax, ay] = a*[z, y].

So multiples of I5,, are in Autg, (hay,11) too.

Finally,

[In,nzy [n,ny] = [ZL‘, y] (z,y€R2™)
Conversely, we assume A € GL(2n,R), a € R* such that

[Az, Ay] = [z, 9] (2,y€R2")

If a < 0, replace A by I, , A to get an element for which a > 0.
Dividing then by \/a, we obtain an element which preserve [, ] and thus lies in Sp(2n,R).
So we have (2).
The statement (3) is clear.
U

Now we are in position to define the central objects.
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Definition 2.4. A contact twisted cubic structure on a 5-dimensional smooth manifold M
and a contact distribution C' C T'M together with a subbundle v C P(C') whose at each
x € M, , 1s a Legendrian twisted cubic with respect to the conformal symplectic structure
% on C,. o

An equivalence between contact cubic structures (M, C,~) and (M, C,7) is a diffeomor-
phism f : M — M such that for all x € M,

£(Cs) = Cya,

fe(z) =Vt @)
A self equivalence is called an automorphism, or a symmetry.

Definition 2.5. A marked contact twisted cubic structure is a contact twisted cubic
structure equipped with smooth section o : M — 7.
An equivalence between marked contact twisted cubic structures (M,C,v,0) and

(]Téf , C ,7,0) is an equivalence f between the underlying contact twisted cubic structures
(M,C,~) and (M, C,7) such that
fi(02) = T f(a) (eeM)

A self equivalence is called an automorphism or a symmetry.
Then we see various viewpoints on (marked) contact twisted cubic structure.

Proposition 2.6. A contact twisted cubic structure on a 5-dimensional manifold M, admits
the following locally equivalent descriptions :

(1) It is given by a contact distribution C C T'M, an auxiliary rank 2 bundle & — M
and a vector bundle isomorphism

U038 - C (2.7)

compatible in the sense that for all x € M, it pulls back the conformal symplectic
structure £, GL(&,)-invariant on C,, one on &*&,.

(2) It is given by a reduction of the graded frame bundle % — M of a contact structure
to the structure group p(GL(2,R)) with respect to an irreducible representation

p:GL(2,R) — CSp(2,R)

(3) It is given by a contact distribution C' = ker(«) on M and a reduction of the
structure group of the frame bundle of C from GL(4,R) to the irreducible
GL(2,R) C CSp(da).

Proof. Given an isomorphism (2.7), for x € M, the image of the map
| P(&) — P(O°E,) = P(C.)
' A [FAG A N)]

is a twisted cubic .. By the compatibility requirement of the conformal symplectic struc-
tures and result about filtration of R, the twisted cubic is Legendrian.
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Conversely, given a subbundle v C P(C') of twisted cubics, then in a neighborhood of each
point there exists a rank 2 bundle & and a vector bundle isomorphism ¥ : ®3& ~ C. The
compatibility of the conformal symplectic structures follows from the fact that the twisted
cubic is Legendrian and by the result of filtration of R*.
We omit the remaining equivalences.

g

Proposition 2.8. A marked contact twisted cubic structure on a 5-dimensional manifold
M, admits the following locally equivalent descriptions :

(1) It is given by a contact distribution C' C T'M, an auxiliary rank 2 bundle & — M
and a vector bundle isomorphism

U038 = C (2.9)

compatible with the conformal symplectic structure and, in addition, a line bundle
LcCé&.

(2) It is given by a reduction of the graded frame bundle % — M of a contact structure
to the structure group p(GL(2,R)) with respect to the irreducible representation

p: B — CSp(2,R)
of an irreducible GL(2, R)-representation p to a Borel subgroup B C GL(2,R).

(3) It is given by a contact twisted cubic structure equipped with a y-congruence, that
is, a foliation of M by curves whose tangent directions are everywhere contained
iny C P(C).

Proposition 2.10. A marked contact twisted cubic structure (M, C,~, o) is equipped with
a flag of distributions

I"cD’CcH°cCCTM
where the 2-rank distribution D° C C'is Legendrian and the 3-rank distribution H° is the
symplectic orthogonal to 1°.

Definition 2.11. We say that a marked contact twisted cubic structure is integrable if the
distribution D7 is integrable.
In this case, the section o : M — ~ is called an integrable section.
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Complex semisimple Lie algebras and their representations

In this section we will talk about the structure of complex semisimple Lie algebra and
their complex representation ; presentation of Cartan subalgebras and the corresponding
roots, or orderings, the resulting concepts of positive and simple roots, and the Dynkin
diagram.

After this, we will talk about the classification of connected Dynkin diagrams and the its
relation to the classification of complex simple Lie algebra. However, before we begin
with the notion of the Killing form of a Lie algebra.

1. The Killing form

Let g be a Lie algebra and V a finite dimensional vector space over K a field. Let
p: g — gl(V) be a finite-dimensional representation of g.

Definition 1.1. We define a bilinear form called the trace form associated to p.
xg—K
BV = Bp . { g g
(X,Y) = tr(p(X) o p(Y))
We can see that 5, is invariant ;
B,([X,Y],Z) = B,(X, Y, Z]) (X,Yeg)

Definition 1.2. We call the Killing form B of the Lie algebra g, the trace form asso-
ciated to the adjoint representation ad where ad(X)(Y) = adx(Y) = [X,Y], (X,Y) € g%

Remark 1.3. Now we use the Killing form B.

Remark 1.4. For all ¢ € Aut(g),
B(¢(X)v ¢(Y)) = B(X7 Y) (X,Yeg)

i.e. B is invariant under arbitrary automorphisms of g.
Now we will characterize the Lie algebra g in terms of the Killing form.

Lemma 1.5. Let V' be a finite dimensional vector space and let X € gl(V').
We write X = X, + X, the Jordan decomposition of X where X is the diagonalizable
part and X, the nilpotent part. Then, the Jordan decomposition of ad(X) is given by

ad(X) = ad(X,) + ad(X,,)
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Proof. X, and X,, commute then ad(X) and ad(X,,) too.
Thus, it suffices to show that ad(X) is diagonalizable and ad(X,) nilpotent.
Note for X € g,

k
ad(X,)F(Y) =D a; X,V
i=0
Thus, if X = 0 then ad(X,,)* = 0.

Take a basis of V' with respect to which X is diagonale.
Consider E;; the elementary matrix, F; ; is an eigenvector for ad(X;) with eigenvalue
given by the difference of the i** and the j* diagonal entries of X.
0

We can talk about the Cartan’s criteria.

Theorem 1.6. (1) Let V be a vector space and g C gl(V') be a Lie algebra.
If By is a zero on g then g is solvable.

Cartan’s criteria : (For solvability and simplicity)

(2) A Lie algebra g is solvable if, and only if, B(g, [g,¢9]) = 0.

(3) A Lie algebra g is semisimple if, and only if, B is non degenerate.

Proof. (1) By complexification of V', we can view g C gl(V¢) and gic C gl(V¢).
If gc is solvable then g is solvable.
We may assume V' is a complex vector space and g is a complex Lie subalgebra of gl(V/).

Since g/|g, g] is abelian, it is sufficient to show that [g, g] is nilpotent.
Let X € [g, 9], X = X, + X,.
Let )75 be the linear map which has the same eigenspaces as X but complex conjugate
eigenvalues. .
Using a basis of V' such that X is its Jordan form, we see t7(X, 0 X) = 3", |A;|?, where
the \; are the eigenvalues of X.
If this vanishes, then X is nilpotent.
We mention the Engel’s theorem which says that : If each element X € g acts as a
nilpotent endomorphism of V, then there is v € V'\{0} such that for all X € g, X(v) = 0.

This implies that [g, g] is nilpotent.
We show that tr()A(; 0X)=0;
We have

ad(X) = ad(X,) + ad(X,,)

and ad(X) can be written as a polynomial in ad(X).
Then ad(X;)(g) C g.
On the other hand, from the previous proof, ad(X,) has the same eigenspaces as ad(X,).
Since the projections onto the eigenspaces of ad(X;) can be written as polynomial in
ad(X,), we see that ad(X,) is a polynomial in ad(X,).
So ad(X,)(g) C g.
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Now since X € [g, 0], X = > ;.50 [Yas Zil for (Yi, Zi) € .

Then
tr(X,oX) =Y tr(X,0[V, Z]) = > tr([X;,Yi] o Z)
finite finite
= 3" Bu(ad(X)(Y). Z)
finite
=0

(1) The necessity of the condition is clear.
Conversely, we assume B(lg, g], [, g]) = 0 (which implies B(g, [g, g]) = 0).
By (1) the image of [g, g] under the adjoint representation is solvable since ker(ad([g, g]))
is the center of [g, g] which is an abelian ideal, [g, g] is solvable.
Since the quotient of g by [g, g| is abelian, then g is solvable.

(3) For g semisimple, consider
h={Xeg|BXY)=0VY g}
By invariance of the Killing form,  is an ideal of g and by (1) ad(h) C ad(g) is solvable.

Since ker(ad(h)) = Z(g) N b is abelian, then b is solvable, thus h = {0}.

Conversely, we assume that B is non degenerate and h C g is an abelian ideal.
For X € h,Y € g,ad(Y) oad(X) maps gto b and h to {0}.
Then this map is nilpotent then is tracefree.
Hence X is the null space (= the kernel) of B, so X = 0.
This show that g has no trivial abelian ideal.

Next, we note an important consequence.

Corollary 1.7. (1) If g is a semisimple Lie algebra, then there are simple ideals g, . . ., gy
ingsuchthat g =g, @ --- & gi as a Lie algebra.

Moreover, g = [g, g| and any ideal in g as well as any homomorphic image of g is simple.
(2) A real Lie algebra g is semisimple if, and only if, its complexification gc is semisimple.
(3) If g is a complex simple Lie algebra and ® : g x g — C is a g-invariant complex
bilinear form, then ® is a multiple of the Killing form.

Proof. (1) If h C g is an ideal, then h*, with respect to the Killing form, is an ideal by
invariance of the Killing form.
We have K|yt xpope = 0 then b is solvable.

By semisimplicity, h N b~ = {0}, hence g = b @ b+ and [h, h*] = {0}.
Then the Killing form of § is the restriction of the Killing form of g and is non degenerate.
Thus, b is semisimple and cannot be abelian, so the decomposition of g into a sum of
simple ideals, g; = [g;, g;| then g = [g, g].
Finally, let a be a Lie algebra and ¢ : g — a be a homomorphism.
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Then ¢(g) ~ g/ker(¢) ~ ker(¢)* which is semisimple.

(2) We know that if g¢ is semisimple then g is semisimple.
Conversely, we use the point (3) of the previous theorem and the fact that the Killing form
of gc is the complex bilinear extension of the Killing form of g.

(3) A g-invariant subspace of g is an ideal of g then it follows that the adjoint represen-
tation of g is a complex representation which is irreducible.
A complex bilinear form @ : g x g — C induces a map

@v_{ g— g =2(g,C)
X — (V= o(X,Y))

Since ®([Z, X],Y) = —®(X,[Z,Y]) for (X,Y, Z) € g>, then ®" is a homomorphism of
g-modules.

By (3) of the previous theorem, the map B" induced by the Killing form is an isomorphism
(since B is non degenerate). Thus, (B?)~! o ® is an endomorphism of the irreducible re-
presentation g of g.

Now, we can have the result by Schur’s lemma.
O

2. Cartan subalgebras

We mention an important lemma.

Lemma 2.1. (Jordan decomposition) Let g be a complex semisimple Lie algebra.

(1) Assume that g < gl(V') for a finite-dimensional complex vector space V. For X € g,
let X = S + N be the Jordan decomposition of the linear map X : V — V.

Then S, N € g.

(2) For any X € g, there are unique X, X, € g such that ad(X) = ad(Xs) + ad(X,,) is
the Jordan decomposition of ad(X) : g — g.

(3) If p : g — gl(V) is a finite-dimensional complex representation, then for any element
X € g, the Jordan decomposition of p(X) : V' — V is given by p(X) = p(X;) + p(X,).

Definition 2.2. An element X € g is called semisimple if the linear map ad(X) : g — g
is diagonalizable.

Remark 2.3. A such nonzero element always exists; if not by the the lemma for any
X € g, X; =0.Soforany X € g, ad(X) is nilpotent.
However by the Engel’s theorem, this implies that g is nilpotent and it is a contradiction.

To understand the theory of complex semisimple Lie algebra, we study the decomposi-
tion of g onto eigenspaces for ad(X ) and X € g a semisimple element.

Let X € g be a semisimple element and g = €D, g(X) be the decomposition onto
eigenspaces for ad(X).
By the Jacobi identity, for every A, u eigenvalues, [gx(X), g,(X)] C gxsu(X).
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By the part (3) of the proviso lemma, for any finite-dimensional complex representation
p:g— gl(V)the map p(X) : V — V is diagonalizable.

Let V = P, V,.(X) be the decomposition into eigenspaces for the linear map p(X).

Since foreveryv € V, (X, Y) € g, X - Y v = [X,Y] - v+Y - X v, then for Y € g,(X),
v eV, (X),wehave Y - v € Vi, (X).

So we get information on the possible eigenvalues of g.

Next we will refine this decomposition in using the notion of simultaneous diagonali-
zation with a type of subalgebra.

Definition 2.4. A Cartan subalgebra of complex semisimple Lie algebra is a maximal
commutative subalgebra which consists of semisimple elements.

Is there Cartan subalgebra in a complex semisimple Lie algebra ?

To answer we need to introduce the centralizer.

Definition 2.5. Let g be a complex semisimple Lie algebra and let H € g. We define the
centralizer of H in g by
«(H)={X eg|[X H =0}

Forevery H € g, ¢(H) C gis a Lie subalgebra.
Remark 2.6. We only are interested in the case of H a semisimple element of g.

Definition 2.7. Let g be a complex semisimple Lie algebra.
We define the rank of g :
Tank(g) - minH semisimple element of gd|m(c(H))

Moreover, a Hy such that dim(c(Hy)) = rank(g) is called a regular semisimple element of
g.

Example 2.8. Let g = s[(C), and H = diag(ay, . ..,a,) such thata; + - -- + a, = 0.
We have for ¢ 7£ j, [H, Ei,j] = (ai — aj)Em-.
Then h = {H € g | tr(H) = 0} is a Cartan subalgebra and rank(g) = n — 1.

Moreover, we need to introduce some notions about automorphisms of a Lie algebra g.
Since a & € Aut(g) satisfies by definition

O([X, Y]) = [®(X), 2(Y)] (X,Yeg)

Then Aut(g) is a closed subgroup of GL(g) and thus a Lie subgroup.
The Lie algebra of this Lie subgroup is given by all maps A : g — g which satisfies

A([Xv Y]) - [A(X)7Y] - [XvA(Y)] =0, (X,Yeg)
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and this Lie algebra is noted det(g).

In the semisimple case, Aut(g) is isomorphic to g.
The connected component of the identity in Aut(g) is called the group of inner automor-
phisms of g, noted Int(g).

Now we mention the theorem answering to the question.

Theorem 2.9. Let g be a complex semisimple Lie algebra.
(1) If H € g is a regular semisimple element, then ¢(H) < g is a Cartan subalgebra.
(2) Any two Cartan subalgebra in g are conjugate by an inner automorphism of g.

With the notion of Cartan subalgebra we can refine the decomposition g = @, ga(X)
with X € g a semisimple element.

Let h C g be a Cartan subalgebra. For any finite-dimensional complex representation
p: g — gl(V) the operators p(H) : V — V for H € g are simultaneously diagonalizable.
Then the eigenvalues describe a linear functional

A:h—C.

Definition 2.10. The functionals corresponding to nontrivial eigenspaces are called the
weights of the representation p.
Let A\ a weight, we call the weight space the space

Vi :=v eV |VH € b, p(H)(v) = A(H)v}.

Remark 2.11. wt(V') = {\ € h* | X weight} is a finite subset of h*.

Consider the adjoint representation.
The nonzero weight are called the roots of the Lie algebra g and the weight space corres-
ponding to root is called the root space.
We will denote the set of all roots of g by A C h* (for p = ady).
The weight space corresponding to the weight zero is the Cartan subalgebra, so we have

0="5oEP g

aEA
By the Jacobi identity
[gou gﬁ] C Jo+3- (a,BEA)
g, = {0} (v¢a)
Remark 2.12.

[80,80) Cg0=b (a€A)
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h —C
Hw— H,;;
A={e;—e;|1<i#j<n}Ch,
ho={Heg|tr(H)=1,H € M(n,R)},

g= b @@gei—ej-

i#]

Example 2.13. For g = sl(C), for 1 <i < n,e;: {

3. The root system of a semisimple Lie algebra

Let a semisimple Lie algebra g with a Cartan subalgebra  and the corresponding root
decomposition g = h ® P, A Ja-

We can observe that & € A implies —a € A and that the Killing form induces a duality
between g, and g_,,.
Indeed, for every «,f € A, [8a,05 C gaip then for X € g, Y € gs

ad(X) 0 ad(Y)(g) C g1
s0 B(ga,83) = Ounless § = —a.

The non degeneracy of the Killing form implies that for « € A also —a € A and the
duality between g, and g_.

We can see that By, is nondegenerate.

For each A\ € h*, there is a unique H) € § such that
MNH)=B(Hy), H). (Hen)
Then we define a nondegenerate complex bilinear form on h* by
(A, ) := B(H\,H,).

Thus, we can have the following proposition.

Proposition 3.1. Let g be a complex semisimple Lie algebra, b < g a Cartan subalgebra,
A < b* the corresponding set of roots, and (, ) the complex bilinear form on b* induced by
the Killing form.

Then we have

(1) Forany o € A, also —a € A and there are the only complex multiples of o which
are roots.

(2) For any o € A, the root space g, is one-dimensional and the space s, =
Vect(ga, 9—a) With [, 8_o] C b is a Lie subalgebra isomorphic to s((2, C).

(3) For o, € A, with 8 # —« we have
00, 08) = Gats, ifa+ B €A
(80, 85] = {0}, otherwise

(4) Fora, 8 € Awith § # +a, and z € C, a functional of the form [ + z« is a root if,
and only if, z € Z.
The roots of this form are an unbroken string

B—pa;B—(p—1a;...;B8+(q—a; B+qa,



3. The root system of a semisimple Lie algebra 197

where p,q > 0and p — q = 2220,

(a,)

Next, we will talk about the Dynkin diagram. Then, we will work in the real space.
More precisely, let V' C h* be the real span of the set A of roots and let h, C b be the real
subspace spanned by the H,, for a € A.

We will work on the real Euclidian space b;; equipped by the complex bilinear form (, ).

We claim that b is the real form of b, its dual is V' = h*, the form By, «p,, and (, )= xp=
are positive definite.
Indeed :
Let o € A, (o, o) = B(H,, H,) = tr(ad(H,) o ad(H,)).
ad(H,) acts trivially on h* and by multiplication by S(H,) on gg. Thus, (a,a) =
Z,BeA B(Hoc)2'
Since B(Ha) = (v, ),

(o) =2(a,a)2 + > (B a)2. (3.2)
BeA
BA+a
By the part (4) of the proposition, % € Q.

Dividing (3.2) by (o, )?, we have (o, a) = a(H,) € Q.

Then, for every § € A, 5(H,) € Q.

Again by (3.2), forall & € A, (o, ) > 0.

Hence, the reduction of (, ) to by is positive definite.

Moreover, the restriction of all roots to b, are real valued.

Thus, the real dimension of hy can be at most the complex dimension of h, since the
roots span b*, it cannot be smaller than that either. The remaining claim follows from
dimensional consideration.

By these results, we consider the reflections of .
For o € A, the root reflection s, : h; — by on the hyperplan ot is given by

26,0)

(@, a)

5a(P) = ¢ — (6€hg)

We have for every o € A, s,(a) = —a € A.

For f € A, and § # +a, s.(8) = 6 — (p — q¢)a where the a-string through [ has the
form gz pa @ -+ © gg4qa-
Since —p < ¢ — p < ¢, then s5,(5) € A.

By this, we can obtain the following theorem.

Theorem 3.3. Let g be a semisimple Lie algebra of rank r, and let ) < g be a Cartan
subalgebra, A C b* the corresponding set of roots, b}y C b* the real span of A and let ()
be the complex bilinear form on b* induced by the Killing form. Then,

(1) b has real dimension r, and (, ) sy is positive definite.
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(2) A C b spans b, any root reflection s,, for o« € A maps A to itself and for o, f € A

we have 2% € Z.
(3) Fora € A, 2a # A.

Remark 3.4. A finite subset in a Euclidian vector space which satisfies the condition (2)
is called an abstract root system.
If in addition, the condition (3) is satisfied, then this abstract root system is called reduced.

4. Positive and simple roots ; Dynkin diagram

Now, we will talk about Dynkin diagrams.
Since an abstract root system A on a Euclidian vector space h* is symmetric under root
reflections, it follows that & € A implies —a € A.
A natural idea is to split the set of roots into positive and negative roots.

Definition 4.1. Let V' be a set. We define the positive V noted V" such that
V=-vVtu{ojuvt.

and V7 is stable under addition and multiplication by positive scalars.

Remark 4.2. * A such decomposition gives a total ordering on V, defined by
v<we=v=worw—veEVT
* We can get an ordering of V' with a basis of V*;
Let ¢4, ..., ¢, be a basis of VV* and then
¢i(v)=0,ifi<j
¢;j(v) >0
+Let V = b* and V' be a positive set chosen, we define the set of positive roots A™ C
V™ by

veVT < 3Jje Hl,nﬂ,{

AT=ANVT,
Then A = —AT U {0} UA™.

Notation : o > 0if « € A™T.

Moreover, we define the set of simple roots A’ C AT as the set of those positive roots,
which cannot be written as the sum of two positive roots.

Remark 4.3. x Vect(A%) = b*, and any root can be written as a linear combination of
simple roots, in which the coefficient are either all positives or all negatives.

Example 4.4. With the notation of the previous example, we let {FE;; —
Enn;...iEn_1n-1 — E,n} as the ordered basis for b to construct a positive subset
in b, then we obtain AT = {e; —e; | 1 <i < j <n}and A = {ay,...,a, 1}, where
forall 1 gzén— 1,0[1' =€ —€;—1.
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Now, we look the map s,, for a € A.

For o, B € A, the Cauchy-Schwarz shows that |—§“> < 4 and equality if, and only
if, & and 3 are propositional.
Hence, <<6 5; € [—4,4].
Moreover, for o # 3, and a reduced abstract root system, the borders cannot be attempted.
Fora, € A, a — 3 ¢ A, and then (o, 8) < 0.
Finally, for a reduced abstract root system and o, 3 € A with « # =£(. The elements

of A of the form S + na form an unbroken string of the form 5 — pa;...; 5 + pa with

p—q= <<Ba>>_

Replacing 3 by 5 — pa, we obtain that a such string has length at most four.

Definition 4.5. Let A be an abstract root system on h* and A° = {ay;...;q;} be the
corresponding set of simple roots.
We define the Cartan matrix of A, the [ x [-matrix A = (a; ;) defined by

<ai7 aj>

Qij = 2 = Cq;,a;- (1<i,5<1)
<Oéi7 ai>

Clearly, the matrix depend on A° = {a; | 1 <@ < 1}
Forall1 <i <1, a;; = 2.
Forall1 <1i,j <[, a;; € Z.
Forall1<i<j<l,a,; =0=a;; =0.

Remark 4.6. * Forall 1 <7 # j <1, [ca; ;] = 101 |o, 0, = 1.
xForalll <i,7 <, saj(ozz) = — Qi ;0 = Q; — Coya,; 0

Definition 4.7. we say that two Cartan matrix of A and A’ are equivalent if, and only if,
there is a bijection a — o/ from A to A’ such that for every 1 < i,j <1 =1(A) = I(4’),
ai,j = CL;J

Example 4.8. (1) Let g = sl(n, C) with the Cartan subalgebra.

b= {H € g | tr(H) = 0}.

Forl<i<mnlete;: Heh— H;; € C.

Wehave A ={e; —¢; [ 1 <i#j<n} Ch"andg =h® D, ge;—e;, Where g, is
the one-dimensional subspace spanned by the £ ;.

Moreover, for {E11 — Ep ;. ..; Ey_1n-1 — Enn} as an ordered basis of by, we have

A={e,—¢;|1<i<j<n},
A% ={an;. . anl,
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whereforl <:<n—1,q0; = e; — ;1.
Let H = diag(ay;. .. ;a,) and Hy = diag(by;...;b,), we have

B(H\,Hy) = Y (a;i — a;)(bi — b))

1<i#j<n

= Z Z(aibz‘ + ajbj — a;b; — a;b;).

1<i<n i#j

With >, a; = —a; we have

b
B(Hy, Hy) —QnZab—Qn A -0 )
1<i<n Ap bn
In particular, for 1 < i, j <, He,—; = — Ej;).
Hence, forall 1 < i <n (o, 05) =1 for all 1<i<n-—2(yai+l)=—5,and for

all i — j| > 1 then (a;, ) = 0.
Then, the associated Cartan matrix is
2 -1
-1 2 -1

Having a Cartan matrix of A, we can associate a Dynkin diagram as follow :
Let A = (a; ;) the Cartan matrix.
We define a partial oriented graph ;

— A is the set of vertices.

— For o; # o € A, the number of edges between «; and ¢ is Ny = Caga;Coai
If ng,.0; > 1and |cq, o, = 1 then we use the orientation

O — Oy

Conversely, having a Dynkin diagram I, we can associate a Cartan matrix C'(I') = C' =

(Cayya,) as follow :
— Caja; = 2.
N, 5 1 Nay o, <2010 — oy
Caz,aj =

—1,if g0, = 201 a; —

Example 4.9. For g = sl(n, C), the Dynkin diagram is

o—O0—:-- —0—0

With n — 1 vertices.
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5. The Weyl group

The classification of finite-dimensional simple Lie algebra is reduce to the classification
of Dynkin diagrams.
Now, we have seen how to associate to a semisimple Lie algebra a Dynkin diagram making
two choices ; we need to choose a Cartan subalgebra and a subset AT C A of positive
roots.
We have seen that any two Cartan subalgebras are conjugate under an inner automorphism
of g, then the Dynkin diagram is independent of the chosen Cartan subalgebra.
To see that it doesn’t depend on the subset A™, we need to introduce the Weyl group of an
abstract root system.

Definition 5.1. Let g be a semisimple Lie algebra and h be a Cartan subalgebra.
We define the Weyl group W = W (A) of the corresponding abstract root system is called
the Weyl group W = W (g, b) of g with respect to b.
Let A C V is an abstract root system, then for every a € A, s,(A) C A.
Then the Weyl group is
W(A) = Vect(sa)aca C O(h).

Remark 5.2. We have an associated action
WxA—A
{ (0, @) — w(a)
Then, W C &4 is finite.

Definition 5.3. Let IV be the Weyl group of A.
We define the sign of w € W by

sign(w) = det(w).

Definition 5.4. We say that A = {ay,...,a,} C A is a simple subsystem of A if it is
defined to be a basis of V' consisting of reduced roots (i.e. forall 1 < j < n,2a; ¢ A) such
that any element of A can be written as a linear combination of the a; with all coefficients
of the same sign.

Having a such simple subsystem, we defines the corresponding positive roots A*™ C A
as consisting of those roots for which all coefficient are positives. Then, to choose a simple
subsystem A is equivalent to choose a set of positive roots A*,

Definition 5.5. Let A = {qay,...,d,} be a simple subsystem. We define the height of a

root by the map
A—7Z

h/t . n n
e S
i=1 i=1

Then we mention the following proposition.
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Proposition 5.6. Let A be an abstract root system and let A° = {a, . .
subsystem.
(1) W(A) = Vect(sa,;)1<i<n-
(2) There is a bijection
W(A) — {Simple subsystem of A}
{ w — w(A?) '

., } be a simple

We see that any two simple subsystem are related by an orthogonal isomorphism

(w e W(A)).
Then, the associated Cartan matrix which depends on inner products, do not change.

Thus, the associated Dynkin diagram do not change.

6. The classification of Dynkin diagram and of complex simple Lie algebra

We mention the main theorem.

Theorem 6.1. Any connected Dynkin diagram is of the following form.

(1 Ay

0-..0__0—0———0

with n vertices.
(2) B,

with n vertices.

3) Cy

with n vertices.
4) D,

with n vertices.
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Or of the "exceptional” form :

(1) Gy
O==0
(2) Es
O—O——E—O———-O
(3) Er
4) Eg
(5) Fiy

O—0=0—2O0

Then, this implies that isomorphic simple Lie algebras lead to the same Dynkin
diagram.
Conversely,

Theorem 6.2. (1) Any reduced abstract root system is isomorphic to the root system of
some finite-dimensional complex simple Lie algebra.

(2) Two complex simple Lie algebra are isomorphic if, and only if root systems are
isomorphism i.e. if, and only if they have the same Dynkin diagram, if and only if
their root systems are isomorphic.

Example 6.3. We describe the root system of Gs.
Its Dynkin diagram is given by

A = {a, 0}, M0y 0y = 3.

=245

Then
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and HOélOéQH = \/§
Since cqy 0, < 0, then cos(aray) =

_Nlazag 3

[[eez]] 2
T

Then a0 = -
We know that o, 8 € A implies s,(3) € A and for 3, ..., [, € AY
sg, 0---08a (1) € {an, £ag, £(a1 + a2), £(201 + a2), £(3cn + a2), £(30q + 2a2) },
Sg, ©---08g (a2) € {Fay, £ag, £(a1 + a2), £(20q + a2), £(3aq + a2), £(3aq + 2a9) }.
Then

A = {Fay, ag, (a1 + a2), £(201 + a2), (3 + a2), £ (301 + 2a2) }.

Finally, the root diagram is

?>°I\4'2°(7,
N

K

o 3ol

Scanné avec CamScanner
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(Marked) contact Engel structures and the exponential Lie group G-

1. Example of Lie group of type G-

Now, we construct GG in terms of complex simple Lie algebra.
LetF € {R,C}.

Proposition 1.1. We define

0 —2¢y¢ —22!
L = {M(avxvy) = Z a ly | ac 5[<37F)7 x,y € IF3}
y —at
a Lie algebra of gl(7,F) of dimension 14, where
0 00 1
l,=1 0 0 0 |. (z=| xo |eF®)
0 00 T3

Let {ey, ez, e3} the canonical basis of F?, and (F; ;)1<; j<3 the elementary matrix of
Mat(3,TF).
Let b = {M,,0,0) diagonal | a € s[(3,F)} be an abelian subalgebra of L.
We define for 1 < i< 3,¢ : h — Fby
€i(diag(0; 51; 523 53; —51; —S2; —53)) = i

where 32 s, = 0.
Then {e;, ¢, } is a basis of h*, since 37, ¢; = 0.

Now, we compute a basis of L of eigenvalues for ad(h) where h =
diag(0; 515 523 S3; —S1; —S2; —S3)-
We have
[h, M(E,-,ﬁj,o,O)] = M([ZgzlakEklk,Ei,j],o,o) = (Si - Sj)M(Ei,j,o,o) = (Ei - Ej)(h)M(Ei,j,o,o)a
[}% M(O,ei,O)] = Q(h)M(o,ei,o),
[ha M(O,O,ei)] = _6i<h)M(O,ei,0);

Hence b is a Cartan subalgebra and

L=ba (P La),
aEA
where
A={e—¢|1<i#j<n}U{xe |1 <i<3}Ch™.
We have

Le,—e; = ]FM(Ei,j ,0,0)> (1<i#j<3)
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Le, =FMe, 0 (1<i<3)
L_c; =FMgpope- (1<i<3)

Proposition 1.2. L is a simple Lie algebra of type Gb.

Proof. Assume L admits an ideal I # (0) and L.
Since h C L, [h, I] C I then,

I=Inbhe (@I1nL).

acA
Let S = { M0, | a € sl(3,F)} be a Lie algebra of L isomorphic to sl(3,F).
If /NS # (0), by simplicity of S,then /NS = S, thenh C S C I,hence L = h+1[h, L] C
I+ [I,L] C Iand = L (contradiction).
Otherwise, I N .S = (0), there is a some « € {+¢; | 1 < ¢ < 3} suchthat I N L, # (0).
Since dim(L,) = 1, then L, C I and so
Lo, L_o] C[I,L] CI.

But by property of root decomposition of simple Lie algebra

0#[La, Lo CLo=HCS

But / NS = (0), so it is a contradiction.
Thus, L is simple.

Now, we call a; := €9 and ag := €7 — €5.
Then
Q1 + Qo€q,

30(1 + o = €9 — €3,
20&1 + g = —e€3,
31 + 200 = €1 — €3;

sothat A = +{a, g, a1y, 200 +ag, 3ag +as+3a;1+2a5 } is the root system of type Gs.

Remark 1.3. For F = R, LR =:fg22.
For F = (C, L(c = go.

2. Real forms of a complex semisimple Lie algebra

Definition 2.1. Let g be a complex Lie algebra. A real form of g is a subalgebra g, of the
real Lie algebra g® (viewed as a R-vector space) such that g& = g, + igj.

Theorem 2.2. Every complex semisimple Lie algebra g has a real form which is compact.

Remark 2.3. A compact real form of g can be construct as follows; a real form of g,
where the Killing form is strictly negative definite ; is compact.
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Definition 2.4. Let g, be a real semisimple Lie algebra, g its complexification, and o the
conjugaison of g with respect to g.

A direct decomposition gy = ty + pg of g, into a subalgebra t; and a vector space py, is
called a Cartan decomposition if there exists a compact real form g, of g such that

o(gc) C ge» to = 80N Ge» Po = Fo N (ige)-

Remark 2.5. Each semisimple real Lie algebra g, as a Cartan decomposition.

We can see that any two Cartan decomposition are conjugate under an inner automor-
phism.

Theorem 2.6. Let g be a real semisimple Lie algebra.
Suppose gy =t + p1, g0 = to + P are two Cartan decompositions of go. Then there exists
Y € Int(go) such that

V() =ta, Y(p1) = po.

Definition 2.7. Let g be a complex semisimple Lie algebra.
A real form gg of g is called normal or split if in each Cartan decomposition gy = t + p,
the space p contains a Cartan subalgebra of go.

Theorem 2.8. Each complex semisimple Lie algebra has a split real form and this is
unique up to isomorphism.

Remark 2.9. We mention the fact that from the notion of Stake diagram, we can classify
the real simple Lie algebras.

We can also obtain the real forms of complex simple Lie algebra.
For example, g» has two real forms ; the split real form g and the compact real form gs.

Now we will discuss about gs.

3. Example of Lie algebra of type g

Now, we give an example of a Lie group having a Lie algebra isomorphic to g- and let
it Gs.

G, is related to the action of GL(7,R) on 3-forms on R”.

Let (t%,...,7%) be an orthonormal coframe for the flat Riemannian metric n =
S ()2 in RY
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Let (0%, 0%, 0%) the standard basis of the self-dual 2-forms :

ol =" AT+ TN,

o? :T4A71+73/\72,

o :7'1/\7'2+7'3/\T4,
and we define two 3-forms on R” by

a_:(71/\7'5—1—02/\7'6—1-03/\7'6—T5A7'6/\7'7,

where (71,...,74 75, ... 77) is a coframe on R".

We can define an action of GL(7,R) on the 3-forms via :

GL(7,R) x {3-forms on R"} — {3-forms on R"}
1 1
((aiz)ig, o = Z 60#<V<p7'“ ATYNTP) o = 6 Z s 507 O g T N TP AT,

pu<v<p a<f<y

We have

Proposition 3.1. The stabilizer of this action

S™:={a € GL(T,R) | Z U080 20 g = O gy )

p<v<p

has a Lie algebra isomorphic to go.
Then we set S~ =: (3.

In the proof we see

go={X € Mat(7,R) | X = A+ B+ C},
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where
0 %Oég %OZQ §O{1 — (3 —%Oq — (3 —gO[() 0
—4q, 0 203 0 0 —2as —%Oéz
—gozo —20(:), 0 —§Oé2 + %Oé4 %Oég + %&4 0 ) —gozo
A=| —204+0a3 O %Oég — 30y 0 0 —50@ + §a4 §a1 + as
—§Oél — (3 0 5062 + 5044 0 0 —5062 — 50&4 —§Oél — Q3
—%Oég —2&3 0 —%Ozz + %CM %ag + %Oq 0 —%Oég
0 —%Oég —%Oéo —gOél + Qa3 gal + Q3 %Oéo 0
0 0 36y — 505 0 0 —308, — 303 31+ Ba
0 0 0 3By —2B5 3024 203 0 0
—28 4 305 0 0 0 0 =361+ 81 2P+ 305
B= 0 —38 + 2 0 0 —20, 0 0
0 2By + 203 0 —20, 0 0 0
—361 — 355 0 ;351 +1 Ba 0 0 , 0 X 36y — 505
361+ B4 0 1082 + 353 0 0 —4B2+ 303 0
0 =3B —gn et Em st U~ 0
e 0 V2 0 0 V2 —3
s 0 —n+in ntin 0 )
C = 32 %74 0 m—37 0 0 M= 373 3 + é% ;
et 0yt 0 0 Nt -3
—37% P g) N %2773 o —2%73 8 2%
0 =373 —gY Tyt TV gt TV —g0 0
where ag, ..., a4, 51, ... 84,7, - - -, V4 are 14 arbitrary real constants.
Then
dA dA dB ac dc
€)= 57—, € = S , €41 = S, €81 = 5 ,€13= 5,

where 1 < 7, j < 4, form a basis of gs.

4. Complex parabolic subalgebras

Now, we talk about parabolic subalgebras of complex semisimple Lie algebras.

Definition 4.1. A Borel subalgebra of g a complex semisimple Lie algebra is a maximal
solvable subalgebra b < g.

Proposition 4.2. For b a Cartan subalgebra of g a complex semisimple Lie algebra, the
associated Borel subalgebra is b = b ® n where n, = @ .+ 9o and A" is the positive
system associated to .

We call b the standard Borel subalgebra associated to i and A™.

Proof. n, is a nilpotent subalgebra and [b, b] C n,.

So b is solvable.

Any subalgebra of g, which strictly contains b ; has to contain at least one negative root
space, say g_,, forasome o« € AT. Buttheng_,P®[g_n, §a| P g. is a subalgebra isomorphic
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to the simple Lie algebra s((2, C).
Since any subalgebra of a solvable Lie algebra is solvable, b is a maximal solvable Lie
subalgebra of g.

4

Remark 4.3. The choice of Cartan subalgebra and positive roots are unique up to conju-
gaison is equivalent to the fact that any two Borel subalgebras of a complex semisimple
Lie algebra are conjugate by an inner automorphism of g.

Definition 4.4. Let g be a complex semisimple Lie algebra.

A parabolic subalgebra p of g is a Lie subalgebra containing a Borel subalgebra.

Lie subalgebra contaminé a standard Borel subalgebra are called standard parabolic
subalgebras.

Since any Borel subalgebra is conjugate to b, any parabolic subalgebra of g is conjugate
to a standard one.
Therefore, to understand parabolic subalgebras suffices to deal with the standard parabolic
subalgebras.

Remark 4.5. Let g be a complex semisimple Lie algebra with ) a Cartan subalgebra and
A the set of all roots.

« 1s a positive root if, and only if o cannot be written as the sum of two positive roots.

If « € AT is not simple (i.e. « € AY), then there is a simple root &« € A such that
oa—qa; € A.

With this remark, we can have the following proposition.

Proposition 4.6. Let g be a complex semisimple Lie algebra, b < g a Cartan subalgebra,
A the corresponding set of roots and A° the set of simple roots for some choice of a
positive system.

Then standard parabolic subalgebra p < g are in bijective correspondance with subsets
¥ C A

Precisely, we associate to p the subset ¥y = {a € A" | g_,, ¢ p}.

Conversely, the standard parabolic subalgebra py. corresponding to a subset Y. is the sum
of the standard Borel subalgebra b and all negative root space corresponding to roots
which can be written as a linear combination of elements of A°\Y..

Remark 4.7.
Y CY A= py Cpy

The description of standard parabolic subalgebras p C g suggest a relation to k-grading.

Let g be a complex semisimple Lie algebra.
Let X C A% = {ay,...,a,} of simple roots and a root a € A.
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We define the Y -height hty, already defined.
Fori € Z\{0}, let g; := @41y, (a)=i G and go = h & @a|ht2(a):0 Ja-

There is a maximal root in this ordering ¥ ; k = max,exhts ().
Then we have a k-grading of g

0=9+D Do

Theorem 4.8. Let g be a complex semisimple Lie algebra, ) < g a Cartan subalgebra
with corresponding roots A\, A% a set of positive roots and A° C A™ the set of simple roots.

(1) For any standard parabolic standard p < g corresponding to the subset ¥, C A°,
the decomposition § = g_r @ --- & g according to X-height makes g into a k-
graded Lie algebra such thatp = g° = gy @ - - - ® gs.

Moreover, the subalgebra gy C g is reductive and the dimension of its center
2(go) = {x € g0 | Yy € g0, xy = yx} coincides with the number of elements
of X.

(2) Conversely, for any k-grading g = g_, - --®g_;.; the subalgebra g° is parabolic,
and choosing a Cartan subalgebra and positive roots in such a way that g° is a
standard parabolic subalgebra py, the grading is given by the Y-height.

Definition 4.9. Let g be a complex semisimple Lie algebra endowed with a Cartan
subalgebra h < g and a set A" of positive roots.

We denote the parabolic subalgebra py C g corresponding to ¥ C A° by representing in
the Dynkin diagram of g the nodes corresponding to elements of > by a cross instead of a
dot.

Example 4.10. (The parabolic subalgebras of g-)

Its Dynkin diagram, with A = {ay, as}.

The parabolic subalgebras are
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@EO : OE& ) @EQ

$2 1.1 211‘2/

0(1/ ql
0(;"’ 7 =
v [
“d ‘ o (' Q/’
Where

p1= b D Jao ) Jog+ao S 9301420 S 9201 +az S 9301 +az S Yoy S J—ao>
p2 - b S¥ g—oq S¥ gag S¥ 9a1+a2 S¥) g3a1+2a2 S g2a1+a2 S¥ g3a1+a2 b gau
p1,2 = b S Jay S Jog+ao S 9301 +200 S 9201 +az S 93a;+az D Ja; -

Remark 4.11. To talk about contact Engel structures, we interest in the case of the Lie
algebra g, =: g and its parabolic subalgebras.

Theorem 4.12. g has, up to conjugacy, 3 parabolic subalgebras noted again p,, po and
p1,2 with associated Lie groups Py, P>, and P 5.

Now, we describe Ps.

Definition 4.13. Let g be a metric of a non-Riemannian signature on R".
A real vector subspace N C R™ is called a totally null k-plane of k£ = dim(/V) and for all
v1,v3 € N, g(vy,v9) = 0.

Definition 4.14. We note R(»9 the space RP*? equipped with a signature metric of type
(, q)-

We will focus on totally null 2-planes in R*3) equipped with signature metric (4, 3)
4 7

g=> ()= (') (4.15)

i=1 i=5
and the 3-form
0= AT+ AT+ AT — P ATOATT (4.16)

where (7!,...,77) is a coframe on R”.

Let N = Vect(vy,v;) be a totally null 2-plane in (R*3) g o).
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Remark 4.17. We recall the inner product _ of a vector v € R” and a p-form w.
vow : (x5 xpn) > w(V Ty ).
We have two possibilities :
(1) viavea(o™) =0,
(2) viavea(o™) £ 0.

In the case (2), v3 = g~ !(v12v5007) # 0 is yet another null vector in R(*3),
Then vj is transversal to the 2-plane /N and orthogonal to it.
Thus, we have N’ = Vect(vy, va, v3) a null 3-plane (not interested here).

In the case (1), we call N a proper totally null 2-plane in (R*3) g, o).
Given a proper totally null 2-plan N in (R3¢, 07), we can chose a coframe (77);<;<7
on R™?) such that o~ is as in (4.14), g is as in (4.13), and N is given by
N = Vect(vy,vq),

with v; = hy + hy, v = hy — hg, where (h;)1<;<7 the dual basis of (77)1<;<7.

Then we have the following proposition.

Proposition 4.18. The stabilizer P, in ég of a proper totally null 2-plane N in
(RW3) | g,07) is a 9-dimensional parabolic subgroup of Gy and the parabolic subalgebra
is Pa.

Remark 4.19. We can see that P, is the stabilizer of a null line in R(*+3).

5. (Marked) contact Engel structures
We will construct a natural contact twisted cubic structure on G/ Ps, then we will
define the notion of (marked) contact Engel structure.

Let P, and G, C P; the unipotent radical of P.

We recall that the radical of P is the identity component of its maximal normal solvable
subgroup.
Then the unipotent radical of P is the set of unipotent elements in the radical of P.

Let G := P,/G. be the reductive Levi factor ;
P, = GO X G+.
Denote g, and gy = p/g. be the corresponding Lie algebras.

Via the adjoint action, P, preserve a filtration

g=g "og "' o...o¢"Dg' D D¢, (5.1)
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where g' :=g,,forj > 2, ¢’ := [¢7 !, g.],and for j < —1 g/t = (g77)* with respect to
the Killing form.
In particular g° = p,.

This determines an identification of the filtered Lie algebra g := g, with its associated
graded Lie algebra

We have Gy = GL(2,R) and go = gl(2,R).
Moreover, g =g 1 g o and g, = g1 ® g where

P2 =92D g1 D go- (5.2)

Now, we can construct a Engel structure on (marked) contact twisted cubic structures.

Proposition 5.3. The homogeneous space G5/ P; is naturally equipped with a Go-invariant
contact twisted cubic structure.

Proof. The tangent bundle of Gs / P; is the associated bundle
T(Gy/Ps) = G xp, (9/p2), (54

where g := go.
The identification is induced by the trivialization of the tangent bundle of the Lie group G,
by left-invariant vector fields. Using the Maurer-Cartan form Wa,» it can be written as

52 L [gawé2 (§r> + p2]7

where g € wg,, ¥ = gP,, and §, € TI(@Q/PQ).
The filtration (5.1) induces a P,-invariant filtration

Co=g""/p2 C g/p2 = T,(Ga/ Py)

where 0 = eP; and, via the identification (5.3), a subbundle C' C T'(G2/P») of codimen-
sion one.
The Levi bracket . : A2C' — T M /C corresponds to the Lie bracket on g_ = gr(g/p2).
Since this is the 5-dimensional Heisenberg Lie algebra, C' is a contact subbundle.
Moreover, since the unipotent radical acts trivially on g—* /P2, the P, action factors to a
Gy-action on C, = g~'/p,. The latter action is irreducible, and the orbit through a highest
weight line defines a G-invariant Lengendrian twisted cubic 7, C P(C,).

g

Definition 5.5. A contact twisted cubic structure is called a contact Engel structure if, and
only if it locally equivalent to the G-invariant structure on Gy / P;.

Proposition 5.6. Let v C P(C) be the Gy-invariant contact twisted cubic structure on
Go/Ps. Then

Y= 62 Xp, P2/P1,2 = 62/P1,2-
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Proof. The left ég—action on (NJQ /Py lifts to a éz—action on y. Consider the fibre v, C
P(g~! /p2) over the origin 0 = ePs.

Then the éQ—action on +y restricts to a P»-action on v, which factors to an action of Gy =
GL(2,R), since the unipotent radical acts trivially. The latter action is transitive on -, and
the stabilizer of a point in 7, (which is a height weight line in g~! /p,) is the Borel subgroup
B C GL(2,R) asin (0.31). Then the stabilizer in P, of the point is B x exp(g. ), which is

the Borel subgroup P; 5 C G2, and so
Y= éz Xpy, Yo = éz X p, PQ/PLZ = 52/131,2-
]

Definition 5.7. A marked contact Engel structure is a marked contact twisted cubic
structure whose underlying contact twisted cubic structure is flat.
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Local invariant and homogeneous models of marked contact Engel
structures via’s Cartan method

In this chapter, we apply the Cartan method to the local equivalence problem of marked
contact Engel structures.

1. Adapted coframes

We begin with the adapted coframes.

Definition 1.1. Let (M, C, ) be a contact twisted cubic structure.

A local coframe (w°, w!,w? w? w?) where forall 1 < i < 4, w' : U C’|*U, on U an
open set of M, is adapted to the contact twisted cubic structure if it terms of this coframe
C = ker(w”) and v C P(C) is the projectivization of the set of all tangent vectors contained

in C' that are simultaneously null for the following three symmetric tensor fields
g =w AW — (W3, g0 =W Awt — (W), g5 = W AW —wh AWt

Then we have the following proposition.

Proposition 1.2.  — Two coframes (@°, ..., w*) and (W°, .. .w*) on U are adapted to the
same twisted cubic structures if, and only if
@O So 0 0 0 0 wo
ot s1 s 35256 38552 s w?
W2 | = | s2 s2sy ss(ssss +2s657) S6(2855s + SeS7)  SEss w2 |, (1.3)
w3 S3 S5S%2  s7(2s588 + SeS7)  Ss(S5Ss + 25657)  SeSh w3
wt EYRH BECEN 35753 s3 w?
where s, ..., ss are smooth functions on U such that the determinant sy(sgs7 —
8588)6 7é 0.

— Two contact twisted cubic structures represented by (W°,...w") on U and
(@°% ..., 0% on V are locally equivalent if, and only if there is a local diffeo-
morphism f : U — V such that

(@) w’
fr@h w!
@) =M W,
(@) w’
7@ wt

where M is a matrix of the form as in (1.3).
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Remark 1.4. The bottom 4 x 4 block in the transformation matrix form (1.3) is GL(2,R)
in the 4-dimensional irreducible representation viewed.

Definition 1.5. Let o : U — v C P(C') be a section, and (M, C,~, o) be a marked contact
twisted cubic structure on U.

A local coframe (w';...w?) s adapted to the marked contact twisted cubic structure
(M, C,~,o) if it is adapted to the underlying contact twisted and moreover the line field [”

is given by 17 = ker(w”, ... w?).

Then we have the following proposition.

Proposition 1.6.  — Two coframes (@°, ..., w") and (W°, .. .w*) on U are adapted to the
same twisted cubic structures if, and only if
@ so 0 0 0 0 w?
ot s Sh 0 0 0 w?
W | =] so sisy  sisg 0 0 w? ol (1.7)
w3 S3 8382 2875583 s5sz 0 w3
wt s4 S5 3sisg  3syst si wt
where g, . .., sg are smooth functions on U such that the determinant sqSssg # 0.

— Two contact twisted cubic structures represented by (W°,...w') on U and
(@° ..., w") on V are locally equivalent if, and only if there is a local diffeo-
morphism [ : U — V such that

£ (@) w’
f@h w!
@) | =M] |,
(@) w’
fr@h w!

where M is a matrix of the form as in (1.3).

2. Structure equations for marked contact Engel structures
In this section, we will construct an adapted coframe for a marked contact Engel
structure.

Let (M, C,, o) a marked contact Engel structure.

Since the equivalence problem is local, we can assume
M = éQ/PQ.

Now, we will determine the Maurer-Cartan equation of ég with respect to the basis
(€9, ...,e13) of g := g, which is adapted to the contact grading (see (5.2) in the previous
chapter) :

g=97(9) =9- PP+ =92DP g1 D go D g1 D Po.
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There is a basis of 1-forms (#*)y<<13 on the Lie group Gy consisting of the right-invariant
forms (6")p<<13 such that the Maurer-Cartan form « in Gy is

o= Z Ole;.
i=0
The ¢ satisfies the fundamental structure equations
do" = ! Z ot N (0<i<13)
0<j<k<13
Then we obtain by computing
de® = —66° A O° + 61 N O — 3602 N 6P,
do* =660° N G° — 30" NO° — 30" NO® 367 NG,
do?> =200 N 010 0L NS — 302 N0° — 0P NGB+ 203 N6,
de® =200 N0 + 202 NG5 — 3P NP+ P NS+ 04 N0,
df* = 66° A 612 +36° A 0% — 30" A 6° + 30" A 6B,
do® =20 N0 — 0" NG+ NG — 0P NGO+ 0" AN O,
d® = 66% N 612 — 403 A OM 4201 A 00 4 20 A 6B,

d0" = —20" N O + 402 A 0" — 60° A 07 — 207 N 6P, @D
do® = —30' N0+ P N P N0 — 30 NO° — O NG,
de® = —0" N O3 — 305 N0 — 0" A OO 4 3608 A 6P,
do'0 = —360% A 612 — 305 A 90 — 365 A0 — 2070 + 63 A 61°,
do'™ = =303 A 6" — 3605 A OM — 20° A 010 — 307 A G'2 — 63 A9,
do™ = —0* A" —36° NG — 0° A O —30° A 62,
do'3 = —66° A 6% —66° A 62 4 2010 A 61
The kernel of the nine right-invariant forms 6°,6%, ..., 0 defines an integrable

distribution and the leaves of the corresponding foliation correspond to certain sections of
GQ — G2 / P. 2.

For any section of Gy — Gs/ P the pullbacks of the forms 6°,6°, ... 63 vanish.
Moreover, the remaining forms ¢°, 01, ... 6* define an adapted coframe (a?, ..., a*) for

the contact Engel structure on Gy — G5/ P,, which satisfies the system

do’ =at Aot =32 A, dat =0,da?=0,do® =0,da* =0. 2.2)

Integrating this system yields local coordinates (2°, !, 2%, 23, %) such that

o = dx® + ldet — 32%da? , ot = dat, o = da?, o = di?, ot = dat. (2.3)

Then a such coframe (a°, o', a?, o, ) is an adapted coframe for the contact Engel

structure (M, C, 7).
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Now, we construct an adapted coframe for the marked contact Engel structure
(M, C,~,0).

We denote by (Xo, X1, X5, X3, X,) the frame dual to the coframe (o, a!, a?, o?, a?).

We may assume that the section o : U — vy, where U is an open set of Gs / Ps, is of the
form

o= [-X] + 12Xy — t X3+ X4, (2.4)

where t = ¢(2°, 2!, 2%, 23, 2*) is smooth function on U.

Remark 2.5. The choice of ¢ determines a marked contact Engel structure, and up to
equivalence, all marked contact Engel structures can be obtained by this way.
Different ¢’s can correspond to the same structure (up to local equivalence).

By the proposition 2.10 of the chapter "Definitions and descriptions of (marked) contact
twisted cubic structures”, the filtration is of the form

17 =Vect(&) C D7 = Vect(&y,&) C H? = Vect(€4,E3,&) C C7 = Vect(€4,83,62,61),

(2.6)
where
= —PX +PXy —tXP+ X = — (2! + 3tw2)8i0 — t3£1 +t2£2 — tai3 + ai“
&3 := 32X, — 2t Xy + X3 = 39:2% + 312 ail — 2t 8‘12 + a(z«?”
£ = —3tX, + Xy = —Bt% + %,
& i=X1 = %,
§o = Xo = %

Passing to the coframe (w°, w!, w? w? w*) dual to the frame (£°,&1, €2, €3 €4), we

obtain the following lemma.

Lemma 2.7. The most general marked contact Engel structure (M, C,~y, o) can be locally
represented in terms of the following adapted coframe.

w? dx® + zldx* — 3a%dx?

wt dx' + 3tdx? + 3t2dz® + t3da?

wro| = dx? + 2tdz® + t2dx* , (2.8)
w3 dx® + tdz*

w dz?

where t = t(2°, 2, 22, 23, 2*) a smooth function on U.

The filtration (2.6) associated the a marked contact Engel structure is given in terms of this
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coframe as

1° = Vect(w?, w', w? W) C D7 = Vect(w®,w',w?®) C H = Vect(w?,w') C C7 = Vect(w°).
2.9

Definition 2.10. A marked contact Engel structure is flat if it can be locally represented in

terms of an adapted coframe (o, o', a2, a?, at) asin (2.3).
In other word, ¢ = 0 for the marked contact Engel structure.

Then we obtain the following lemma.

Lemma 2.11. Any marked contact Engel structure admits an adapted coframe

(W, wh, w?, W, wh) satisfying

dw® = wh A w? — 3w? A Wd,
3
dw' = Z(bQ —dac+ M — P)cuO A w? + 3cw! A w? — 3aw? A w? + 3Jw? A w?,
1
dw? = §(b2 —4dac+ M — P)w0 Aw? 4 2c0t Aw? — 2w A WP+ 20w AW, (2.12)

1
de:Z(bz—4ac+M—P)w0/\w4—|—cw1/\w4—bszw4+aw3Aw4,

dw* = 0.

for functions a, b, c, J, M, P.

Proof. We differentiate the adapted coframe in the previous lemma.

dw® = w' A w? — 3w? A W3,

dw! = 3dt A W2,
dw? = 2dt A w3,
dw® = dt A w,
dw* = 0.

Let dt = Z?:o t.iw'. There is a unique solution for a, b, ¢, J, M, P in terms of the function
t and its derivatives.

g

Applying again the exterior derivative on (2.12), we obtain the following result.
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Lemma 2.13. The functions a, b, c, J from the previous lemma satisfy
dJ = onwo + me)l + szw2 + stw?’ + Jw4w4

da = 0w’ + a,w +4( 36> + M + 3P)w? + Lw® + (a® — 2bJ — Js)w?

)

1
db = Z(_4%117 + 6b*c — 8ac® +4cM — M,z + P2 + 2bQ — 4aR)w’ + (2¢° + R)w?

)

+ (2a1 — 3bc — Q)w? +2( b+ M — 3P)w* + (ab — 3cJ + J 2 )w*

1
dc = cow’ + Sw' + (2 — R)w? + (a1 — 2bc)w® + Z(b2 —4J,. + M — P)u*

(2.14)
for function L, Q), R, S.

Lemma 2.15. The functions a,b,c, J, L, M, P,Q, R, S are uniquely determined by (2.12)
and (2.14). Explicitly,

a=ty,b=—te,c=t,,J=—t,, M =6t,o— 2(tw2>2 + 6t st,1 + 2,3,

P =2t,— (th)Z + 2t 5t 1 + t2es, Q = 2t 31 + L2 + 3tz , R = —t 2,1 — Q(tw1)2,
S = t(w1)2.

3. The main invariants and a characterization of the flat model

In this section we will prove the following theorem.

Before we introduce the group S defined by

sop O 0 0 0
sy s 0 0 0

S ={(S")ocvpuca = | s2 sisr siss 0 0 | |det(S") = 505253 # 0}.
S3 3553 2575588 S5S§ 0

sy S 3sisg  3s7si s

oo W

Then

Theorem 3.1. Given the most general marked contact Engel structure on U, consider an

adapted coframe w = (w°, W', w? w3, w*) that satisfies structure equations (2.12), and let
J,L, M, P,Q, R, S be the functions defined via (2.12) and (2.14).

(1) Let w = (2% @', &% &3, &%) be another coframe related to w via o = A - f*(w),

with f : U — U a dlﬁeomorphism and A : U — S a function with values in the
structure group S.

Suppose that @ satisfies the structure equations (2.12) for some fonctions
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—

3,3, c, j, M, P, and let @, E, S be the derived functions as in (2.14). Then

(a)J =0iff J=0

(b)J=L=0if J=L=0

(O J=L=M=0iffJ=L=M=0

(d)J=L=M=P=0ifJ=L=M=P=0

() J=L=M=P=Q=0iff [=L=M=P=0Q=0

()AJ=L=M=P=Q=R=0ifJ=L=M=P=Q=R=0

()J=L=M=P=Q=R=S=0iff I =L=M=P=Q=R=5=0

(2) A marked contact Engel structure is flat if, and only if
J=L=M=P=Q=R=S5=0 (3.2)

holds.
In this case the structure has a 9-dimensional algebra of infinitesimal symmetries
isomorphic to the parabolic subalgebra p,.

Proof. Letw = (w°, w!, w? w3, w*) an adapted coframe that satisfies (2.12).
We have a trivialization of the bundle of all adapted coframes, identifiedby 7 : U xS — U.
Then we lift w to the lifted coframe

4

or = Z Shw”, (0<p<4)
v=0
onU x S.
With the equation (2.14) written in the following form
dit — _1 Z FPr WY A wP
wh = 2 l/,pw W, (0<p<4)
0v<p<4

we express the differentials d6°, . .., df* as

4 4 4
dor = d(SH)Aw"+Stdw”) = dS”(S™HP 07— SEEY (STHP(STH%0N°.
v v n o B8

v op,o o
v=0 v,0=0 v,p<o,a<f=0

We set
0= —S5S8.

To prove this theorem, we will find the unknowns which are the group parameters
S0, .. .,57,0 and the 1-forms 6°, 0% 6% and 62
We will find them in resolving the Maurer-Cartan equations of the parabolic subgroup

P, C Gy.



3. The main invariants and a characterization of the flat model 223

These equations are ¢’ = 0 fori € {0,1,...,6,8,12} where
¥ =df® — (—660° N O° + 6 A O — 30> N\ OP),

et =dot — (=30 N O° — 30" A 6O®),

e =do* — (0" NO° — 30> NO° — 67 A 6P,

3 =de> — (202 NO° — 3P NG+ 03 NGB,

et =do* — (303 N O° — 30" A G5+ 30* A 6°), (3.3)
e’ =di° — (—0" A 0'%),

e® = do® — (60* A 6™ + 205 N 6°),

e =do® — (30" A 0",

12— 012 — (=365 A 02 — 368 A 02).

We describe the proof in several steps.

Step I : eV = 0.
Computing
1 3s
0o_ * 0 0 A pl 300 A p2 0 A p3 0 A pt 15 gt 2 A p3
do” = Sodso/\H 539 NG+ 5 —0"NO"— 539 N0 +539 NO™ — 539 NG +3539 NG”,

and inserting it into €® = 0, it gives

(=1 — 298 A g A6 + (3—1—3—)02/\93/\90—0

93 93
whose the unique solution is
so = —0°. (3.4)
Then the general solution for €® = 0 is
1 1
05— —do 4+ Lot - g2y gy Lt 2 g0 (3.5)

26 653 243 203 663 6
where ug is new variable.

Step 2 :e! = 0.

By el A 0% A 01 = 0, we find

) 36 —3J 3Js3
3ead ¥ e 5957) g0 5 g1 7 62 67+ RN AP NG =0, (36)
Since s5 cannot be zero, it is equivalent to J = 0.
In other words, we have shown that under a transformation that maps one adapted coframe
w to another adapted coframe @.

Then J = 0 if, and only if J=0.

Now, we assume J = 0.
By this assumption and (3.6) we have

s1 = —ass.
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By e! A 0! = 0, we have

3

. 4
%(Ma +2Ls557)0° A O A G + %L@O NOT NG =0. (.7)

By the same argument, we find L = 0 and that L = 0 if, and only if L =0.

Now, we assume J = L = 0. Again by (3.7), we have M = 0 and that M = 0 if, and
only if M = 0.

Then the simultaneous vanishing of J, L and M 1is an invariant property and necessary
for flatness.

Now, we assume J = L = M = 0.

We have the general solution for e! = 0 :

1 1
0% = ——ds+ —d
20 + S5 %
B —6¢590% + 2a550° + 2as,5: — 6acsis;0? — 6asysisy + 6asysis? + 2a*sisd — s5und® o
685(56
2c0% + s385 — 2as§s$92 S — 2a323793 B a_sg’94 B 1u194,
25503 263 203 3
where u; is a new variable.
Step 3 : e = 0.
By 2 A 0% A ' = 0, we have
1 2
Sg = §b35(5 — as;sz. (3.8)
By €2 A #! = 0, we find the invariance property of the simultaneous vanishing of

J, L, M, P and

(4a — 6bc — 3Q)> + 3b%s5570% — 3(s3 + 2as2s5)bs50 + 2as2(—s485 + 38357 + 2as553)
266

Ug =

(3.9)
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Then the general solution for e = 0 is

1
6% = idé — S—;d55 — —dsy

+

S50 CH S5
2(2¢% + R)6* — 2(4bc + Q) s5570° + (8csz + Hb%s5s2 + acsss?)ss0>

[ 45200
2(s485 — 45387 — 6as553)bs2d — 4(s485 — 38357 — 2as553)asisy

16"

45206
252u10% + 6¢570% — 12bs5s20 — 35452 + 18as2s? e

2
6sz

2¢0% — 2bsys70 + 3@8%3%03

85(53

s5(b0 — 2@3537)04

263

+ UQ@I.

Step 4 : e® = 0.

By e3 A 0 = 0, we have

—c0? + bszs70 — as:s?

S3 —

Y

S5

—3(2¢s70% — 2bs5s30 + 5452 + 2asis3)
25253 ’

Uy =

—52(cd? — bsss70 + asis?)
5303 '

U9y =

(3.10)

(3.11)

(3.12)

By the expression of € = 0, we find the invariance property of the simultaneous vanishing
of J,L, M, P, Q.

Then assuming the simultaneous vanishing of J, L, M, P, (), again by ¢* = 0, we find
the simultaneous vanishing of J, L, M, P, () and R.

Step5: et =0.
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By e = 0, we find the general solution for 62 :

cs70%bs5520 + s45% + asiss

S
012:_ 5 7d85

5707055530 + S453 + asisy 1
dd + —d
2525 et 2575
c62bs5s70 + as? 3c?s2546bcs5s30° + 3(csystsy + b2sish + 2acstst)s?
2520% 65206
_ 3(bsas3sy + 2absis?)d + sisy + 3asysysi + 3a’sgsy
65206
bes23 + (csyssbs5s32acsss3)0% + 3absisidas,sis?2a?s3 s
25256
0254260353753—F(b2s§s$~+—3acs§s$)523abs§s§5<+-as43§37«+—2a2s§s§03
25200
4a63(3b%s5s7 + 12acsss — 7)52~+-12abs§sgé4as4s§8a2$§s§94
24466

2
S7d87 +

91

82

1
+ —usb’,
G

where u3 is a new variable.
Step 6 : ¢° = 0.

By e® = 0, we find
4y = 8c308 + 24bc?s5570° (21b%cs2s2 + 36ac?s2s? )0t + (6besyss + HbPsisd + 60abesdss)d®
45309
(3b%s4s387 + 24acsysisy + 21ab?sist + 36a’csist)6?
45349
(18absys2s? + 24a*bs3s2)d + 4s3st + 12a?s,55s3 + 8a?s¢ss
45369 '

Step 7 :
We show that the 1-form 6° for i € {0, ...,6,8,12} satisfy €5 = 0, ¢® = 0, and e'? = 0.

In assuming J = L = M = P = ( = R = S = 0, we obtain the solution
for the Maurer-Cartan equations for P;. Then the symmetry group of the coframe
(6°,61,62,63,6) is P, (since the structure functions are constant).

Finally, in assuming J = L =M = P = (@ = R = S = 0, we uniquely determined

(1) a 9-dimensional subbundle & of the 13-dimensional bundle 7 : U x S — U.

(2) a well defined coframe (0°,0%,60% 6% 6% 6° 6% 6% 0'%) on &7 satisfying the
Maurer-Cartan equations of P, whose the first five forms (6°, 6,62 63, 0*) when

pulled back with respect to any section of & — U are contained in the equivalence
class [(w? w!, w? w?, wh)].
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4. A rigid coframe for marked contact Engel structure

In the previous section, we have explicitly construe a coframe (6%, 6%, 6%, 63,64, 65, 65 68 012)
on a 9-dimensional bundle over the flat marked contact Engel structure, called a rigid
coframe.

In this section we will apply the Cartan’s equivalence methods to show how to associate
a rigid coframe on a 9-dimensional bundle to a general marked contact Engel structure.
Let a marked contact Engel structure with an adapted coframe (w°, w!, w?, w3, w?) satis-
fying (2.12).
Let (6°,0%,0% 6%, 0%) the lifted coframe

4
" =) Shw, (0<p<a)
v=0
onU x S.
With the equation (2.14) written in the following form
1
dwt = —3 Z F,ﬁfpw” A w?, (0<pu<4d)
0v<p<4
we express the differentials d6°, . .., d9* as

4 4 4

do" = (d(SI)Aw"+8kdw”) = Y dSH(STAT— > SEFY (STH)A(STH507A6”.
v=0 v,0=0 v,p<o,a<f=0

Remark 4.1. Next, we have to apply the absorption step.

However, a method to avoid the absorption step and its complicated expression, we will

compute the product of df*’s with some 6" to determine equations allowing to go directly

to the normalization step.

* Begin with df°, we have

0 x 0 _  S001 , pd p g0, 35092 \ 93 40
dg” N0 ——59 NO*NO +5—3¢9 AN
Then we can also normalize the coefficient of the 0* A 6% A 0° to 1 by setting
so = —0° 4.2)

We already have seen, in the previous theorem, that there exists a 1-form 6°, which is
uniquely defined up to addition of multiples of #°, satisfying the equation

df® = —60° A O° + 6* N O* — 30> NP
* Next, with df', we compute
3(s10 + asid — 3JTsisq)
54
By normalization of the coefficient to 0, we have
—adsi + 3Js3s7
5 )

dO* NGO A O NG = O A O AG%A G NG

4.3)

S1 —
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Then there is exists a 1-form #%, uniquely defined up to addition of multiples of §° and 6*,
satisfying
do' = —30" N 6° — 30" A 65,
* Now with df?, we compute
2(28s9 — bd%s5 + 2adsisy — 3Js3s2)
5
2Js?

—90/\91/\92/\08—1—78590/\91/\92/\Q4,
and we can normalize the ° A 6 A 62 A §3-term to O by setting
272
* Next with 3, we compute

e + 55355 — b0%s557 + adsis? — Js3s3
_ 355 55457 557 55760 A g1 A 92 A 9
5

and we can normalize the #° A 61 A §% A §*-term to 0 by setting

de*> NGO A QT = OANOANPEAG —30O NG ANOPNG

s (b6% — 2ads5s7 + 3Js252). (4.4)

AP N NP NG =

1 .
S3 = —g(cé?’ — b6%s587 + adsiss — Jsis3). 4.5)
5

With this normalization, we obtain, on the subbundle ¥° C U x S defined by
(4.2),(4.3),(4.4) and (4.5), the following new lifted coframe :

00 = —5%w?,
gl — 32(3J35;7 - a5)wo I sgwl,
02 — 55(b6% — 2a5325§7 + 3Js5zs$)wo + 28wt — s, “46)
0 —c03 4 bd?s5s7 — ads2st + Js%s?wo + g5l — 2sm? + 5—2w3,
S5 S5

302 3625 53
4 _ 0 3.1 7,2 7 3 4
0" = sqw” + stw — wit 5w — Sw
Ss CH Sk

We can summarize this result in this proposition.

Proposition 4.7. The five forms (4.6) on the 9-dimensional subbundle 4° C U x S
given by (4.2),(4.3),(4.4) and (4.5) can be supplemented to a rigid coframe
(6°,01,62,03 0% 05 05 08 0'2) which is uniquely determined by the fact that it sa-
tisfies

de® = —60° A O° + 0 N O — 362 NP,
A6t = —30" N 6° — 30" N 6° + Tho0° A6 + Thy6° A 6% + T2 ,0° A6 + T80 A 6° + T ,6° A 6,
d6? = 0" NO° — 367 N> — 07 NG5+ Ty 300 N O° —T5,0° NO* + T5,6° A 6*,
d6® = 20" N 6% — 36> NO° + 6% N 0P+ T5,0° A O" + Tg,00 N O° —T5,6° N 6° + T5,6° A 6,
do* = 66° A G2 +36° A 0° — 30 A 6° + 30" N 6B,
(4.8)
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for some functions T; w and the additional normalization that dB®, when written with
respect to the basis of forms 0° N\ 07, has zero coefficient at the 8° A 0* term.

Remark 4.9. The bundle ¢? has as structure group the subgroup of S of matrix of the form
-2 0 0 0 0
0 s3 0 0 0
0 sis; —d0s5 0 0

2
0  s382 —2ds7 i_s 0
3 3052 3827 53
S4 7 T sy s2 si

Remark 4.10. By the proof of the proposition, we obtain some expressions of the T; &

3 3Js?
T214:_T01,6:§ 32,4: :

bl 54 )
) S2(6*M — 60T 54838 — 963 Js5s7 — 30%J, 28557 + 203 Lsssy — 9b6* T s2s2)
T, = - @.11)
$2(—962J 38252 + 21ad Js3s2 — 96T as3s2 — 27J%s357)

58
To obtain all expressions of T; . s we have to differentiate the lifted coframe (4.6).

5. A tree of homogeneous models

In this last section, we reach the goal of the marked contact Engel structure : it is to
find all locally non-equivalent homogeneous model of marked contact Engel structure with
symmetry group of dimension greater than or equal to 6.

The structure of the classification is the following :

(1) Beginning with the coframe (w° w! w? w? w?) and the rigid coframe

(6°,61,62,03 0% 05 05 6% 0'%) viewed in the previous proposition, we divide
the marked contact Engel structure into classes of mutually non-equivalent
structures.

2 J#£0;J=0L#0;J=L=0M=0,J=L=M=0P=0;
J=L=M=P=0,Q #0.

(3) With this distinction, we will obtain different structure equations express in terms
of the wedge product §° A ¢’ of the coframe forms

k_ k i A pi
b= Y THOAY,
i<j
i,5€{0,...6,8,12}
where the Tk are the structure functions.
Remark : We forget the Maurer-Cartan forms of the subgroup of S.

(4) Then we will take the constant structure functions i.e. equal to zero if there
dependency of group and variable parameters.
Thus, we will have for each case Maurer-Cartan equations of a some Lie G
consisting the symmetry group.
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Finally we will have the homogeneous models given by G/G. where G, is the
isotropy group of e.

We will often abus notation : we will denote various different sub bundles ¥ C ¥
of dimension 7 by the same symbol. Moreover, we will frequently pullback the forms
6°,0%, 62,03, 0% 65,0° 0% 6'2 to these various sub bundles and always reuse the same
names for the pulled back forms.

Classification : '

* Step 1 : J # 0.

We assume J # 0.
The structure equation for df° already has constant structure fonctions, so we look df! in
the previous proposition, we see that we can normalize the coefficient T2174 = ?’%EJ by 3.
Also we can normalize the coefficient T0172 to zero.
This means that we restrict to a subbundle ¢7 C ¥4 given by

6 1
S5 = (7) °,
_O'"M —9¢6® Js5s7 — 30° 28557 + 20° Lss sy — 9b0% T sis3 — 962 J s 5257 + 21ad Js3s3

= 6075

—96J, 45883 — 2T J%s3s3
66.Js3

Then we have a new coframe 6°, 6%, 0%, 03 6,65, 6%, 6%, 0'2. We compute the new structure
equations and look df'. We normalize the coefficient of df' at the §' A §*-term to zero,
which determines a 6-dimensional subbundle ¥° C 47 given by

S7 =

55 (3a] — Joa)
143 '
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Then we have a new coframe (6°, 01,62, 03, 0%, 0°) satisfying
de® = —60° A O° + 60 AN O — 362 N 6OP,

o = —390/\01+—90/\92 D20 N 0%+ Z20 N0+ Z200 A 02+ S80 A 6P
) 5% 55 55 &5 05

— gel AG° + 362 A6,

d6> = ;—;90 NG+ 360 A 6+ 5—0%93 Z?‘?QOAQ4+ ?}Sel NG+ %91 i
5 5 5 5

3as+5 8
3000 g g 96 g s LS g5 ogs g,
953 365 o
6ag + 75 25 2a; — 3
a6 = Q200 p g 4 Vg0 p g2y Vg0 oy 000 TTHOW F Bz ey 2on —B08) gy g
5% 5% 43 15675 303
_ St o g 0500 g s Oa 1006, e 1205 s
5 305 905 5
~3 3
a9* = S0 N0+ S0 A 07+ 6—38790 NG+ 513890 pot— S g O”g—mel A
5
3y + 2
L Q22 g3y Qg gr ST 2064 g 94/\95,
5 5 355
3 ~3
d6° = 0‘1990 AL+ 22000 792 4 P20 6 g3 4 0‘2290 At 202 T 6 flo‘wel Ag2— LT g1 g3
5% 5% 66% ¥
_ (03] + Q18 91 A 94 ag + 041492 A 93 60&9 + 750611()2+ 200&292 A 94 _ 5@593 A 94
63 253 300% s
where o, . . ., aipy are the pullbacks of fonctions on U, that is, as functions on ¢ they do

not depend on 9.

Now we are looking for homogeneous model with 6-dimensional symmetry group.
For a such structure all of the structure functions are constants. In particular, all those that
depend on 9 have to be identically zero.
Then we have :

de® = —66° N O° + 01 N\ O — 3602 A 63,
24
do' = ——91 AG° + 362 A6,

1
dh? = —3892 A 65+ 203 A 0L,

> (5.2)
d9® = ——03 A 05,

5
49" = —294 N3

de® = 0.

This means there is a unique local model with 6-dimensional symmetry group in the
branch whose symmetry algebra has Maurer-Cartan equations (5.2).
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xStep2:J=0,L#0.

We assume J = 0, L # 0.
We look df' from the previous proposition. We normalize the coefficient TO{Q = 0 and
Ty 5 = 1 then we can expresse 6° and #° in terms of the remaining forms, which constitute
a coframe.
We recompute the structure equations.
We look df?. We normalize the coefficient at the 0 A #3-term to 0.
Then we have a 6-dimensional subbundle ¥° C ¢° defined by

M
S7 = . Lo
2L5s?
1 4
0=—L5s?,
S8L?L,1 + 16¢L?M — ALL M + 8bLM? + 2L sM? + aM?
Sq4 = — s

12 3
8L5 s?
which (the pullbacks of) the forms #°, . .. #° define a coframe.

If there is a homogeneous model with a 6-dimensional symmetry group in this branch,
then for these structures all of of the structures functions of the structure equations with
respect to the coframe (6°, ..., 6°) on ¢° have to be constants.

However, this assumption leads to a contradiction. So there is no homogeneous model
6-dimensional symmetry group in this branch.

Then there are structures with 5-dimensional symmetry group in this branch ;
The structure equations leads up to distinguish two subclass of structures.

Casel: M — P #0.
This allows us to normalize the coefficient at the ° A 63-term of d#?. This determines a
5-dimensional subbundle of ¥° — U, and thus a rigid coframe (6°,...,6%) on U.
However, assuming that the structure equations with respect this coframe have only
constant structure functions quickly leads to a contradiction.
Then there is no homogeneous model in this branch.

Case2: M — P=0.
In this case, we obtain a new relative invariant, namely 5bL + 2L .
Case 2.1 :50L + 2L, # 0.
We can normalize the coefficients of df" at the ' A §3-term to 2.
This determines a 5-dimensional subbundle ¥° C ¥4° given by

(5bL + 2L.3)° 1
s=CE

and a rigid coframe 0°, ..., 0% on U.
Assuming that all of the structure functions with respect the coframe are contant and using
d*> = 0, we find that there is a locally unique homogeneous model with a 5-dimensional
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symmetry group in this branch. It has Maurer-Cartan equations :
5
do® = —600 ANO> 240 A O* + 01 N OP — 367 A 63,

2
o' =0° N 63 — 591 A6 — 300" A6,

1
d6” = —36° N6 4 186 7 6, (5.3)
46° = —60° A 60°,
4ot = —ée?’ A6

Case 2.2 : 50L + 2L, = 0.
In this subclass, we obtain a contradiction. Then there is no homogeneous model in this
branch.

xStep3:J=L=0,M #0.

We assume J = L = 0, M # 0.
We look df' and we normalize the coefficient Ty, by € = sign(M) to obtain a 8-
dimensional subbundle ¥® C ¥° defined by

62
55 = .
° vVeM
Then we can find with the new 1-forms 6°, ..., 6%, 0%, 6'2 on ¢3 that 6® is linearly dependent

on the other 1-forms.
We recompute the d6’ for i € {0,...6,12} on ¥5.
The coefficient of df° at the #? A 03-term is
V GMQ + 65P57
283 eM .

Then we distinguish :

Case 1: P #0.
This coefficient normalized to 0 gives a 7-dimensional subbundle ¢7 C ¢® given by

VeMQ
T 60P

Again, we compute the structure equations and we normalize the coefficient of df* at the
6 A 63-term to 0. Then we obtain a 6-dimensional subbundle 4% C 47 given by

3, 60cMPQ — 30M,2PQ + 180cP?Q + 126 PP,2Q + 84a,,0Q? + 84aa 1 Q?
sy = (eM)2(
432(6P)3
N —2163Q% — 21bM Q* + 81bPQ* + 2aQ® — 72P2Qw2)
432(6P)3 ’

S7 =

on which we express #'2 in terms of the remaining forms.
Moreover, since P # 0, we have 2cM — M,,2 # 0, this allows us to normalize the coefficient
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of df* at the 0 A 6?-term with respect to the coframe 4° to 12.
This determines a 5-dimensional subbundle ¢°> C 4° given by

2cM — sz)
8VeM =
We have obtained a unique coframe on the 5-dimensional manifold.

Then there are two locally non-equivalent homogeneous models with 5-dimensional sym-
metry group in this branch, whose Maurer-Cartan equations are

1 1
de° = —?590/\02 — 6600/\94+01/\94 —30% A 63,

W=

5=

1
dot = e N G? — 3601 N 9> — 301 NG — 5691 N

1 1 1 1
2 _ 20 Al 1 00 A3 _ ol apd_ T n2 A ph 54
dé 49 N 12e9 A6 29 N 669 A6, (5.4)
1
de® = 200 A 6% + 6600 A G+ 9e0' A 0% + 367 A 6P,
2 2
de* = ——76(90 NG+ 900 A —7691 A%+ 992 N
4 4 2 2
where ¢ = +1.
Case2: P=0.
‘We obtain
2eM — M,
d01:—9—%90/\91+60%02+3( ¢ ‘“2)61/\92—1261/\95.
26 203V eM
Case 2.1:Q # 0.

This allows to perform further normalization, which determines a unique coframe on the
5-dimensional manifold. But further analyst shows that there is no homogeneous model in
this branch.

Case 2.2:Q = 0.

In this case, the differential consequence allows us to obtain that R = S = 0.

The only structure satisfying this assumption are defined by

de® = —66° A O° + 01 A6 — 36 A 63,
do' = ed° A 62 — 1260 A O,

d92:2690/\93—1-91/\96—692/\957
1
d93:§EQOA94+292/\96,
do* = 66° A 0" + 30° A 05 + 66 A 67, (5.5)
1 1
5 __ _ ~ .90 6 _ pl 12, * p2 4
dg® = 1256 NO°—0" NO +12€€ N6,
do® = 66% N 912 — 2693 NG —66° A 65,

ot = %694 A% —120° A 912
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These are Maurer-Cartan equations for s[(3, R) if € < 0 and for su(2,1) if e > 0.

Remark 5.6. su(2, 1) is the Lie algebra of SU (2, 1) the special unitary group of O(2, 1).
Recall, O(p, q) is the subgroup of GL(p + ¢, R) constituted of isometries for the standard
quadratique form of signature (p, q).

xStepd: J=L=M=0,P #0.

We look df? and we normalize the coefficient 75 to 0. Then we obtain a subbundle
and we can express §° in terms of the others forms.
After recomputing of the structures equations, we normalize the coefficient of df* at the
62 A @3-term to 0, and the coefficient of df? at the 8° A #3-term to _TE’E, where € = sign(P).
These normalization determines a 6-dimensional subbundle ¢4° C 4° on which 6%, 6%, 12
are expressible in terms of the forms 6°, . .., #° which form a coframe.
Assuming that the structure equations have only constant coefficients yields a contradic-
tion, and we conclude that there is no homogeneous model with 6-dimensional symmetry
group in this branch.

xStepS:J=L=M=P=0,Q #0.
With this assumption, we normalize the coefficient of d6® at the 6° A #3-term to 1 and

the coefficient of df° at the 0° A 63-term to 0.
This determines a 6-dimensional subbundle 4% C ¥* given by

B R
T _Q%357
S5 = _Qéa
. — 2a(w1)2Q2 —4c2Q? + 8cQ*R + 2QQ 2R — 3bQR? + 2aR® — 2Q*R,» — 3bQ*S
4 — .

2Q%s3

We expresse the pullbacks of the forms 0%, 6%, and 6'2 to 46 in terms of 6, ..., 0%, 65,
Assuming that the structure equations have only constant coefficients then quickly implies
that they are of the form

do® = 0" A O — 302 N6,
do' = %eeo NG — 3¢ A OF,
do* = %600 NG — 02 A6,
d6° — _%690 NG 4 0% AP, (5.7)
do* = —%90 N Ot + 30" A 6F,

dp® = —%EGI AO* +360% A 63,
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These are the Maurer-Cartan equations of s[(2, R) & s[(2,R).
Then there is a locally unique maximally symmetric homogeneous model with 6-
dimensional symmetry group.

We summarize the result in the following theorem :

Theorem 5.8 (Manno-Nurowski-Sagerschnig 2018). (1) Up to local equivalence,
there is a unique homogeneous model of marked contact Engel structure with
9-dimensional symmetry group. The symmetry algebra is isomorphic to p,. The
structure is characterized by

J=L=M=P=Q=R=5=0.

(2) Up to local equivalence, there are precisely two homogeneous models of marked
contact Engel structure with a 8-dimensional symmetry groups. The symmetry al-
gebras are isomorphic to sl(3,R) and su(1,2). The structures are characterized
by

J=L=P=Q=0and M #0.

(3) There is no homogeneous model of marked contact Engel structure with 7-
dimension symmetry group.

(4) Up to local equivalence, there are precisely two homogeneous models marked
contact Engel structures with 6-dimensional symmetry groups. The respective
Maurer-Cartan equations are given by (X X) and (XX); the second symmetry
algebra is isomorphic to sl(2,R) & sl(2, R).

(5) There are examples of homogeneous marked contact Engel structures with
d-dimensional symmetry groups, whose Maurer-Cartan equations are given by
(XX)and (XX).

Remark 5.9. The case of classification of homogeneous models of marked contact Engel
structures with 5-dimensional symmetry group is a problem still open.
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