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Abstract : In this memoir, | introduce the
reader to my postdoctoral work, which fo-
cuses on characterizing the uniform recti-
fiability (UR) of sets of codimension higher
than one using estimates for solutions of
elliptic PDEs. To this end, we developed an
elliptic theory in the complement of a gi-
ven set S C R”" based on operators that
are uniformly elliptic with respect to a de-

generate weight adapted to the dimension
d < n — 1 of S. Within this framework, we
sought a suitable analogue of the Laplacian
that could serve to characterize UR sets.

| outline the state of the art prior to our
contribution, the difficulties we encounte-
red, and the solution we ultimately pro-
pose.

Titre : Problemes aux limites dans des domaines a bords de codimension plus grande

que 1 ou de codimension mixe

Mots clés: Problemes aux limites, Rectifiabilité uniforme, Mesures elliptiques, Functions

de Green, Mesures de Carleson.

Résumé : Dans ce mémoire, jintroduis
le lecteur a mon travail postdoctoral, qui
porte sur la caractérisation de la rectifia-
bilité uniforme (UR) de sous-ensembles de
codimension supérieure a un, au moyen
d’estimations sur les solutions d’EDP ellip-
tiques. A cette fin, nous avons développé
une théorie elliptique dans le complément
d’'un ensemble donné S C R", fondée sur
des opérateurs uniformément elliptiques

par rapport a un poids dégénéré adapté
a la dimension de S. Dans ce cadre, nous
avons recherché un analogue approprié du
laplacien, susceptible de permettre la ca-
ractérisation des ensembles UR.

Dans ce qui suit, je présente I'état de
I'art avant notre contribution, les difficul-
tés rencontrées au cours de ce travail, ainsi
que la solution que nous proposons.
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Introduction

The behavior of solutions to a partial differential equation (PDE) is inherently linked
to both the geometry of the domain’s boundary and the regularity of the associated
operator. For instance, it has been established that, if v satisfies Lu = 0 in a domain (2,
where L := — div AV is a uniformly elliptic operator, then u belongs to the Holder space
C*+1(Q) for any k € N provided that Q is a C**! domain and the coefficients A are in
C*(9Q). However, when we assume less regularity on the domain (e.g. Lipschitz domains)
or the coefficients (e.g. L), the behavior of solutions becomes more complicated to
study.

The intricate relationship between PDEs and the geometry of the domain remains
a topic of significant mathematical interest. One seeks to understand how the geome-
try of the boundary influences the qualitative and quantitative behavior of solutions.
For instance, in practical applications, this includes determining which boundary struc-
tures optimize noise dampening, or identifying the lung surface geometry that maxi-
mizes oxygen transfer to the bloodstream. Additionally, understanding the behavior of
solutions in the worst case scenario (bad boundary or initial data) for a given geometry
of a domain is crucial in areas such as fluid dynamics (e.g., analyzing river flow) and
climatology (e.g., predicting climate patterns).

In this memoir, we will mainly focus on one particular geometry of the boundary :
uniform rectifiability, and one specific PDE property : the absolute continuity of the har-
monic or elliptic measure with respect to the surface measure. Let us quickly remind
the reader that the harmonic measure wi _ 5 (F) represents the probability that a Brow-
nian particle starting at X exits the domain €2 through the set E; the elliptic measure
is a generalization of the harmonic measure corresponding to other stochastic pro-
cesses. Furthermore, we consider a quantitative and scale-invariant’ formulation of
absolute continuity, which is known to be equivalent to the solvability of the Dirichlet
problem for L? boundary data, where p € (1, o) is sufficiently large.

The characterization of the (quantitative) absolute continuity of the harmonic mea-
sure in terms of the geometry of the domain is the culmination of decades of research
by numerous mathematicians. This line of inquiry began with the work of the bothers
Frigyes and Marcel Riesz in the 1910s for planar domains. For domains in R", n > 3,
the first breakthrough contribution on the topic is from Bjorg Dahlberg in the 1970s,
and shows that the Dirichlet problem for the Laplacian is solvable in any Lipschitz do-
main and any L? boundary data, which implies that, in Lipschitz domains, the harmonic
measure is (qualitatively) absolutely continuous with respect to the surface measure.
In the 1980s and the 1990s, research in this area soared with the involvement of Carlos
Kenig, David Jerison, and Jill Pipher, Charles Fefferman, and Tatiano Toro, to name a
few. In that time, the research was mainly on extended the class of operators in Lip-
schitz domains for which the L? Dirichlet problem and the L?» Neumann problem was
solvable, and introduce the world to the notion of ¢-independent operators, Carleson
perturbations, and DKP (for Dahlberg, Kenig, Pipher) operators. After a comparably cal-
mer decade, Steve Hofmann and José Maria Martell reignited the area by taking a turn
towards geometric measure theory and linking the quantitative absolute continuity of

1. Although non-quantitative results exist, they are not the focus of this work and will not be discussed
here.



the harmonic measure to domains with uniformly rectifiable boundaries, which are a
bit beyond Lipschitz domains (but that do not go up to domains with Holder regular
boundaries) and where introduced by Guy David and Stephen Semmes in the early
1990s. They were quickly joined by Ignacio Uriarte-Tuero, Svitlana Mayboroda, Jonas
Azzam, Mihalis Mourgoglou, Xavier Tolsa, Alexander Volberg, Kaj Nystrém, John Gar-
nett, Tatiano Toro, Le Phi, Matthew Badger, Simon Bortz, Zihui Zhao, Murat Akman. In
parallel, progress has been made in the 2010s in the study of elliptic operators with com-
plex or elliptic systems by Pascal Auscher, Andreas Rosén, Mihalis Mourgoglou, Moritz
Egert, and Olli Saari (for t-independent operators) and Martin Dindos, Jill Pipher, Suk-
jung Hwang, David Rule, and Marius Mitrea (for operators verifying a Carleson condi-
tion). Of course, they are probably many more that deserve to be named here, and the
contributions are not equally distributed across people listed here, but it gives an idea
of the scale and the length of the research undertaken to just study the solvability of
boundary value problem with L? data. Moreover, we will not just drop a list of articles
here to show the contributions of each, as the reader will find more precise results and
the corresponding bibliography in Chapter 1.

Before proceeding, we introduce the notion of “smallness" or “proximity." The con-
cept of “smallness" most suitable for the study of the quantitative absolute continuity of
the elliptic measure is typically expressed in terms of Carleson measures or functions
in the space of bounded mean oscillation (BMO), depending on the context. If £ C R”
is the support of a doubling measure o, and f is a function on E x (0, c0), we say that
f is often almost zero if there is a C' > 0 such that, for any ball A(x,r) C E, we have

/“/ |f(y,t |—da<Oo(A(x,r)).

Alternatively, if f is a function on R™\ £ and £ C R" has dimension d, and if we choose
o to be the Hausdorff measure H?|; then we say that f is often almost zero if there is
a C > 0 such that, for any ball B(z,r) centered on £, we have

/ FOX)[2 dist(X, B)*" dX < Co(B(z,r) N E). (0)
B(z,r)\E
Other ways to express smallness and proximity will have a similar spirit.

f=0
h=0 fi=0 =0 f2=0

T

Figure 1- f1 and f, are often almost zero in R%, while f3 is not.

We begin by presenting alternative PDE characterizations of the quantitative abso-
lute continuity of the elliptic measure, utilizing our notion of smallness. In this intro-
duction, we will state the results in two forms : (1) their exact formulation, omitting
technical definitions that will be provided in the main body of the manuscript, and (2)
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their “informal” counterparts, which offer a more intuitive understanding but lack full
mathematical precision.

Theorem 0.1 (Informal). Let Q2 C R™ be a domain with quantitative non-tangential access
to its entire boundary, the boundary being of dimension n — 1 in a scale invariant way. Let
L := —div AV be a uniformly elliptic operator. TFAE :

(i) The elliptic measure of L is absolutely continuous with respect to the surface measure
in a quantitative and scale invariant way.

(i) The elliptic measure of L is often almost equivalent to a multiple of the surface mea-
sure.

(iii) Bounded solutions to Lu = 0 are often almost constant.

Theorem 0.1 (Formal). Let Q@ C R"™ be a uniform domain with (n — 1)-Ahlfors regular
boundaries. Let L. := — div AV be a uniformly elliptic operator whose elliptic measure is
wX. TFAE :

(i) The elliptic measure wy is A..-absolutely continuous with respect to o := 7—[‘"851.

(i) The elliptic measure w;y* is absolutely continuous with respect to o := H%}; and the
Poisson kernel kX := 9~ js such that

log(k™) € BMO(99, o).

(iii) There exists C' > 0 such that, for any bounded solution to Lu = 0 in Q and any ball
B(z,r) centered on 05, we have

/ dist(X, E)|Vu(X)|* dX < Cl|u||p=@o(B(z,r) N E).
B(z,r)\E

By the 2010s, a comprehensive understanding of the relationship between the geo-
metry of the domain and the absolute continuity of harmonic measure was finally achie-
ved, revealing that :

Theorem o.2 (Informal). Let Q) C R™ be a domain with quantitative non-tangential access
to its entire boundary, the boundary being of dimension n — 1 in a scale invariant way.
Let L := —div AV be a uniformly elliptic operator whose coefficients are often almost
constant. TFAE:

(i) The elliptic measure of L is often almost equivalent to a multiple of the surface mea-
sure.

(i) The boundary 0 is often almost flat.




Theorem 0.2 (Formal). Let Q@ C R™ be a uniform domain with (n — 1)-Ahlfors regular
boundaries. Let . .= — div AV be a uniformly elliptic operator whose coefficients satisfy
the DKP condlition. TFAE :

(i) The elliptic measure of L is A..-absolutely continuous with respect to o := 7‘%?21'
(ii) The boundary 0$2 is uniformly rectifiable.

There exist multiple versions of the above theorem, each depending on the specific
assumptions imposed a priori on the operator and the domain. Note that a particu-
lar instance of the elliptic operator L in Theorem 0.2 is the Laplacian. In this case, the
theorem asserts that the boundary of Q2 is uniformly rectifiable if and only if bounded
harmonic functions in €2 are "often almost constant."

The concept of uniform rectifiability extends to any integer dimension d < n. Intui-
tively, uniformly rectifiable sets of dimension d are subsets of R™ that are often almost
flat, i.e. often close to a d-dimensional plane. However, a prerequisite for the characteri-
zation provided in Theorem 0.2 is that the boundary has dimension n—1, hence limiting
the characterization to codimension 1 sets.

Question 1: Do we have a notion of harmonic/elliptic measure on sets £ of codimen-
sion bigger than 1?

Answer 1 : The harmonic measure or elliptic measure of uniformly elliptic operators
can only be defined for sets of dimension d € (n —2,n); for further details, see Section
1.5. To extend the definition of elliptic measures on sets E of any dimension d € [0, n),
my coauthors, Guy David and Svitlana Mayboroda, and | developed an elliptic theory
based on operators in the form L := — div AV where A satisfies an ellipticity and boun-
dedness condition with respect to a carefully chosen weight.

More precisely, if £ C R™ is an Ahlfors regular set of dimension d € [0,n) - that is
if £ looks d-dimensional at all scales - then we define uniformly elliptic operators on
R™ \ E as the operators L in the form — div AV, where the coefficients A verify

A(X)E-€> C M dist(X, B)™ €2, for X e R"\ E, £ € R” (0.2)

=wg(X)

and
[AX)E- ¢l < C7Hdist(X, E)T I [gl[¢],  for X e R"\ B, &, €R". (0.3)

—wp(X)

The appropriate space for solutions is then the weighted homogeneous Sobolev space
W= {f € Lj,(R"), Vf € L*(R", wp dX)}.

More precisely, any functions in W have traces in L? (FE,H%g), and the Lax-Milgram
theorem guarantees the existence of solutions to Lu = 0 in W with a given trace g €
C3°(E). From there, many results established for classical uniformly elliptic operators
can be adapted to our setting. In particular, the following holds :

« Amaximum principle : for any solution u € W to Lu = 0, we have

sup u < sup u.
R\ E E
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+ De Giorgi-Nash-Moser estimates : any solution v € W with traces in C%(E) lies
in CO%(R™).
* A Green function associated with L can be constructed.
* An elliptic measure associated with L can be constructed.
The elliptic theory was developed to provide the necessary tools to prove PDE charac-
terizations of the A.-absolute continuity of the elliptic measure similar to Theorem o0.1.

References 1: This elliptic theory was established by my coauthors and myself in [DFM21]
and further extended in [DFM20]. An even more general version is presented in Chap-
ter 2 of this memoir. With Svitlana Mayboroda and Zihui Zhao, we also proved a Moser
estimate for operators with complex coefficients in [FMZ21], by adapting and improving
the Moser estimate shown by Dindos and Pipher in [DP19] (operators with complex co-
efficients lie outside of the scope of this memoir).

PDE characterizations of the quantitative absolute continuity of the elliptic mea-
sure with respect to H%| are given by Mayboroda and Zhao in [MZ19] in the setting
of [DFM21]. In the setting of [DFM20], a few characterizations were provided by Bruno
Poggi and myself in [FP22], and additional ones were proven by Cao and Yabuta in
[CY25]. The results, along with new proofs, are presented in Section 3.2.

Question 2 : When £ C R" is of dimension d < n — 1, it is immediately clear that the
coefficients of the uniformly elliptic operators defined in (0.2)-(0.3) are never constant
- nor even often almost constant - as it is the case in Theorem o0.2. Therefore, when d <
n— 1, which operator will be the analogue of the Laplacian in the statement of Theorem
0.27

Answer 2: Ourinitial choice was to take L = — divjwg V]. However, this operator turned
out to be insufficiently smooth for our purpose, because the coefficients wg were not
suited to the Carleson-type condition (0.1). Instead, we opted for the following “distance”

D)= ([ X =g eantat))

which is equivalent to dist(X, ') but smoother, and then define
Lo = —div[DE V). (0.4)

We generalized one implication of Theorem 0.2, namely that the elliptic measure
wX of L, is A,-absolutely continuous with respect to H?|z whenever E is uniformly
rectifiable. The converse is false when ay := n —d — 2 > 0 and the operatoris L,, : in
this case, it fails spectacularly, as we have the equivalence of measures

CT'HYp <w) < CHYp.

We conjecture that, excluding this special value of «, the converse will indeed hold.

References 2: D, was introduced for the first time by Guy David, Svitlana Mayboroda
and myself in [DFM19a]. The proof of the fact that uniformly rectifiable boundaries of
low dimension imply A..-absolute continuity of the elliptic measure was established by
David and Mayboroda in [DM23] and by myself in [Fen22a], with intermediate results
provided in [DFM19a]. The counterexample to the converse is given by David, Engelstein
and Mayboroda in [DEM21].
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The choice of D, and L, is explained in Section 3.5, while the adaptation of Theorem
0.2to domains with boundaries of codimension higher than 1is discussed in Section 3.6.

Question 3 : Even though a characterization of uniformly rectifiable sets via the abso-
lute continuity of the elliptic measure of the L, operator can be achieved, having to
exclude L, - which is very similar to the other L, - seems like a major setback, does it
not?

Answer 3 : We prefer to view this counterexample as an opportunity rather than a
setback. While it is true that it makes the theory appear less stable, it also highlights
the fact that there is still much to be understood. In fact, this apparent setback has led
to most of the novel ideas of the project.

When we take oy := n — d — 2 > 0 and the specific operator L,, on R" \ £, the
function D, is a positive solution of L,, with zero boundary data, i.e. D,, acts as a
Green function “with pole at infinity”. Prior to this discovery, explicit expressions for
the Green functions were extremely rare - typically only in the cases where L = —A
and Q2 is either the ball, the half space, the quarter space, and a few other cases.

Amidst all the L,,, the operator L, is also the only one where we can compute expli-
cit solutions. When the boundary E is irregular and a # «y, explicit solutionsto L,u = 0
in R™\ E is far from achievable. From this, we learned several important facts :

1. First, L, is a “lucky” guess that works exceptionally well and computations for
this case differ significantly from those for a # «y. Thus, we strongly believe the
converse statement - that the A, -absolute continuity of the elliptic measure with
respect to the Hausdorff measure implies F is uniformly rectifiable - remains true
by excluding the value ay. However, it is highly likely that proving this will require
distinguishing between the cases a > oy and a < «ay.

2. Second, as the question suggests, L,, isindeed close to L,,. Since we know an ope-
rator close to L, for which the elliptic measure is A..-absolutely continuous with
respect to the Hausdorff measure, we can use a perturbation technique to obtain
the A,.-absolute continuity of the elliptic measure of L, for uniformly rectifiable
boundaries with significantly less effort. This approach was completed by myself
in [Fen22a], providing a shorter and alternative proof compared to the original
one found in [DM23].

It does not end here. Following the ideas of [Fen22a], we obtained an entirely new
estimate on the Green function when the domain has uniformly rectifiable boun-
daries. The estimate was first established in the case d < n — 1 in the article
[DFM23c] written by Guy David, Svitlana Maydoroda and myself, and its proof
relies on the existence of the special operator L, 2. This was later extended to
d = n — 1 with a more complex method by Linhan Li, Svitlana Maydoroda and
myself in [FLM24]. We will discuss this further when answering the next question.

3. Finally, we now understand that we can (probably) always construct an opera-
tor adapted to the boundary such that the elliptic measure and the Hausdorff
measure become equivalent. So far, we only know of such an operator for some
specific boundaries : David and Mayboroda constructed such an operator in the

2. A careful reader will notice thatwe setd < n—1,and ag = n—d—2 > 0 exists onlywhend < n—2.
The proof was actually done originally when d < n — 2, and then adapted to d = n — 2; see Subsection
3.6.2 for details.
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complement of the 4 corners Cantor sets in [DM21], and Perstneva did the same
in the complement of a Wolff snowflake in [Per23a].

In [Vol22], Volberg made the following conjecture :

Conjecture 0.3 (Informal). Let 2 C R" be a domain with quantitative non-
tangential access to its entire boundary, the boundary being of dimension d in a scale
invariant way. If moreover, on the boundary 05}

the harmonic measure is equivalent to the d-dimensional Hausdorff measure,

then d = n — 1 and 0% is uniformly rectifiable.

Conjecture 0.3 (Formal). Let 2 C R" be a uniform domain with d-Ahlfors regular
boundaries, d € (n — 2,n). Assume that there exists C' > 0, such that for any X € Q
and any Borel E C 8 Bx N 0f), the harmonic measure satisfies

CTHHYE) < W)\ (E) < CHY(E),
where Bx := B(X,dist(X, 02)/2). Then
d =n — 1 and 0% is uniformly rectifiable.

However, the conjecture fails, as demonstrated by David, Jeznach and Julia in
[DJ)23], where they constructed a Cantor set of dimension d < 1 in R? on which
the harmonic measure and the Hausdorff measure are equivalent. This result
illustrates that, in Theorem 0.2, one cannot simply replace the assumption that
the boundary is (n — 1)-Ahlfors regular by the fact that 0f2 is d-Ahlfors regular
forad € (n — 2,n). Consequently, this reinforces the idea that a control on the
harmonic/elliptic measure does not automatically translate to any flatness of the
boundary.

Question 4 : Is there any possibility of salvaging a characterization of uniformly recti-
fiable sets of codimension greater than 1 via PDE in the complement?

Answer 4 : After encountering challenges in obtaining a characterization of the rectifia-
bility through the absolute continuity of the harmonic measure, we pursued an alter-
native approach by studying the Green function3. The Green function of an operator
and the elliptic measure are deeply connected to each other : if the domain Q@ C R”
is sufficiently connected and its boundary has dimension d (both quantitatively), and if
L is a uniformly elliptic operator with Green function G(X,Y’) and elliptic measure w?,
then the following well known equivalence holds

C~tdist(X,00)"2G(Y, X) < w¥ (4Bx) < COdist(X,00)"2G(Y, X)

forY € Q,8Bx C 4By, and Bx := B(X,dist(X, 02)/2) as before. Long story short : if
wY behaves like a (n — 1)-Ahlfors regular measure, then

dist(X, 09) ) et

i
w' (4Bx) is comparable to <dist(Y, 09)

3. Morally, the Green function G.(.,y) is the solution to Lu = 4, in {2 with zero trace; see Subsection
2.3.3.
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and hence
dist(X, 092)

dist(Y, 0Q)»—1
Thus we seek to compare the function G(Y,.) with a distance to the boundary.

G(Y, X) is comparable to

If G¥ := G(Y,.) is the Green function of an operator with smooth coefficients, it
will also be smooth far from the pole. Moreover, let us remind the reader that D, is
a “Green function with pole at infinity” associated with L,,. So it makes more sense to
compare GY to the smooth distance D, than to compare GY to dist(., ). Our first
resultis:

Theorem 0.4 (Informal). Let E be a d-dimensional often almost flat set, @ := R" \ E,
and L, be as in (0.4). Then the “Green function with pole at infinity” is often almost equal
to a multiple of D.,,.

Theorem 0.4 (Formal). Let Q) := R"™\ E be a domain, where E is a d-uniformly rectifiable
set, d <n— 1. Leta > 0 and L, be as in (0.4). There exists C' > 0 such that, if x € E and
r > 0, then any positive solution u to Lu = 0 in B(z,2r) \ E with zero trace on E N B(x, 2r)

satisfies
/B(x,r)

Since D, is the Green function with pole at infinity of L,, for all sets of dimension
d < n — 2, itis still not possible to achieve a characterization of uniformly rectifiable
sets of low dimension using this approach. Nevertheless, this bound was previously
unknown, even for domains with boundaries of codimension 1. Following this, we were
able to obtain the result in the case of codimension 1:

an (Di> ‘QD;{“‘” dX < Crd,

(67

Theorem o.5 (Informal). With the assumptions of Theorem 0.2 and . > 0, TFAE :
(i) The “Green function with pole at infinity” is often almost equal to a multiple of D,
(i) 092 is often almost flat.

Theorem o.5 (Formal). With the assumptions of Theorem 0.2 and « > 0, TFAE :

(i) There exists C' > 0 such that, if x € 02 and r > 0, then any positive solution u to
Lu = 0in B(x,2r) N with zero trace on B(x,2r) N 0X2 satisfies

o (50)

(i) 0X) is uniformly rectifiable.

2
D, dX < Cr.

Ultimately, we managed to obtain a characterization of uniform rectifiability using
PDE in all dimensions and codimensions.

Theorem 0.6 (Informal). With the same assumptions as Theorem 0.4, TFAE :

(i) The length of the gradient of the “Green function with pole at infinity” is often almost
constant.

(i) d € N and 052 is often almost flat.
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Theorem 0.6 (Formal). With the same assumptions as Theorem 0.4, TFAE :

(i) There exists C' > O such that, if x € E andr > 0, then any positive solution u to Lu = 0
in B(z,2r) N Q with zero trace on B(x,2r) N E satisfies

u?

/ |V|VU|| Dd+4 nAdx < CT’
B(z,r)

(i) d € N and 0% is uniformly rectifiable.

X

Theorem 0.7 (Informal). With the same assumptions as Theorem 0.5, TFAE :
(i) The gradient of the “Green function with pole at infinity” is often almost constant.

(ii) The length of the gradient of the “Green function with pole at infinity” is often almost
constant.

(iii) d € N and 0N is often almost flat.

Theorem 0.7 (Formal). With the same assumptions as Theorem o.5, TFAE :
(i) There exists C' > 0such that, if x € E and r > 0, then any positive solution v to Lu = 0

in B(x,2r) N Q with zero trace on B(x,2r) N 0X2 satisfies

u2

2 2
/ [V7ull O p3ax < or,
(z,r)NQ

(ii) Same as (i) but with the bound

2
/ NIVUE ps ax < ot
B(z,r)NQ u?

(iii) d € N and 02 is uniformly rectifiable.

References 4 : Theorem 0.4 is a result from [DFM23c], co-authored by Guy David, Svit-
lana Mayboroda and myself . The adaptation to codimension 1, presented in Theorem
0.5, was established by Linhan Li, Svitlana Mayboroda and myself in [FLM24]. The cha-
racterizations provided in Theorems 0.6 and 0.7 appear in the article [FL23] written by
Linhan Li and myself, and rely on an estimate on D,, proved by David, Engelstein, and
Mayboroda in [DEM21].

Question 5 : What comes next?

Answer 5 : In this introduction, | only highlighted a few key results from this memoir.
A vast literature is dedicated to exploring all possible operators for which the elliptic
measure is absolutely continuous with respect to the surface or the Hausdorff measure.
| barely address these results in this introduction, although | have many results in this
direction, particularly for boundaries of mixed or high codimension (see [FMZ21, Fen22c,
FP22, Fen22b, Fen24]). The absolute continuity of the elliptic measure is also closely
related to the solvability of the L? Dirichlet problem, and | have studied other boundary
value problems, such as the regularity problem or the Neumann problem, in works like
[DFM23a, DFM23b, Fen23, FL24].

Finally, to emphasize the vastness of what remains unknown and yet to be explored,
| have compiled a list of open questions in Chapter 5. Enjoy!
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Organization of the memoir

The memoir is organized as follows.

The first chapter provides a thorough introduction to the geometric and analytic
concepts used throughout the work. We will introduce uniformly rectifiable sets and
explain what we mean by the solvability of the Dirichlet problem with LP data. This
chapter will primarily serve as an overview of the state of the art before | began wor-
king on the topics presented here, with minimal contributions from my own work. In
contrast, the subsequent chapters will focus on my contributions, either original results
or developments stemming from my work. | will conclude the chapter by outlining the
direction in which we want to extend the results, and by explaining why we need to
have a new elliptic theory is necessary to even makes sense to the generalization.

The second chapter builds upon the elliptic theory developed in [DFM21] and [DFM20]
for studying sets with high codimension of mixed dimension, and extends the elliptic
theory by relaxing the connectedness condition on the domain. While the results pre-
sented here are new, the huge majority of the proofs are either identical or only slightly
different those found in [DFM21] and [DFM2o0]. For completeness, | gave in Subsection
2.2.3 a proof of the equivalence between boundary Poincaré inequalities and capacity.
As such, the elliptic theory presented here - unlike in [DFM21] and [DFM20] - incorpo-
rates the elliptic theory based on capacity, as developed in [HKMg3]4.

The third chapter presents my contributions to the Dirichlet boundary problem
when the boundaries are of high or mixed codimension. We also include our new proof
of the equivalence between A..-absolute continuity of the elliptic measure and solvabi-
lity of the Dirichlet problem in BM O, which works in the elliptic setting given in Chapter
2.

The fourth chapter presents my work on Green functions. In particular, we show
how a certain Carleson-type bound on the Green function imply uniform rectifiability
of the boundary, and we provide a unified approach to all the known cases.

The last chapter presents a list of open questions that naturally follow from my work,
suggesting avenues for future research.

Where to find my results in the memoir?

Below is a table listing my research articles in chronological order, with references
to the corresponding sections of the memoir. Let me point out that none of the articles
mentioned here are covered in my Ph.D. thesis.

[DFM21] The entire Chapter 2, together with [DFM20].
[DFM19a] Section 3.4, an early version of Theorem 3.26;
the entire Section 3.5, whose main result is Theorem 3.32.
[DFM19b] Section 1.5, Proposition 1.55.
[DFM20] The entire Chapter 2, together with [DFM21].
[Fen22a] The entire Subsection 3.6.2, whose main result is 3.35.
[Fen22c] Section 3.4, an intermediate version of Theorem 3.26;
Section 4.1, Example 4.1.
[FP22] Section 3.1, Theorem 3.1, (ii);
Section 3.2, part of Theorem 3.19;

4. Actually, [HKM93] develop an elliptic theory around the p-Laplacian and p-capacity, while our elliptic
theory only incorporate p = 2. Our theory is superior in the sense that it includes unbounded domains,
and the study of Green functions, elliptic measure and comparison principle.
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Section 3.3, Theorem 3.23, first part.

[DFM23c] Subsection 4.4.2, Theorem 4.31.

[Fen22b] Subsection 1.2.2, Proposition 1.38;
Section 3.4, Theorem 3.26;

[DFM23a] Section 3.7, Theorem 3.40, (1).

[DFM23b] Section 3.7, Theorem 3.41.

[FLM24] Section 4.3, some cases of Theorems 4.20 and 4.23;
Subsection 4.4.2, Theorem 4.32.

[FL23] Section 4.2, some parts of Proposition 4.7 and Corollary 4.9;
Subsection 4.4.2, Theorems 4.33 and 4.34.

[Fen23] Section 1.3, Theorem 1.45, (1);
Section 3.7, Theorem 3.40, (2).

[Fen24] Subsection 1.2.2, Theorem 1.36 (1');
Section 3.3, Theorem 3.23, second part.

[FL24] Section 1.4, Proposition 1.50.
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1 - Definitions and history

In this chapter, we aim to introduce the reader to the state of the art prior to the
author’s involvement with the topic. We do not intend to be exhaustive, as that would
be an immense task; for example, we will not cover most qualitative results.

1.1. Geometry and topology

1.1.1. Qualitative geometry

Let us begin by discussing the concept of the dimension of a set. We will provide an
overview of the key definitions in this section, and for more in-depth discussions, the
reader is referred to Chapter 2 of [Fal86] or Chapter 4 of [Matgs].

It is well understood that a line is one-dimensional, a square is two-dimensional,
and a cube is three-dimensional or higher. But what about sets £ C R™ with more
complicated geometries? For these, we turn to the Hausdorff dimension, the definition
of which we briefly recall here.

Definition 1.1 (Hausdorff Measure, Hausdorff Dimension). For any set U C R", we
define the diameter of U as diam(U) := sup |z — y|,,z,y € U.

Now, let £ C R"and 0 < s < oo. For § > 0, we define the §-Hausdorff measure of £
as

H3(E) :=inf Y diam(U;)*,
i=1
where the infimum is taken over all countable collections of sets U;;2, such that
E C U U; and supdiam(U;) < 4.
i=1 21
The Hausdorff measure of E'is then

H(F) :=supH3(E) = (lsi_r}(l) Hi(E).

0—0

The Hausdorff dimension of £ is defined as
dimy F :=inf{s > 0: H*(E) =0}

with the convention that dimy ) = —oo.
Alternatively, the Hausdorff dimension can also be defined using coverings by sphe-
rical balls instead of arbitrary sets.

A set can have a fractional dimension. For example, the Koch snowflake, shown in
Figure 1.1, is a fractal with fractional dimension. However, the reverse is not true : a
fractal set can have an integer dimension, such as the 4-corners Cantor set (shown in
Figure 1.2), which has Hausdorff dimension 1.

Calculating the Hausdorff measure of a set is often quite challenging, even for frac-
tals. However, calculating the dimension is often more intuitive.
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Figure 1.1 - Koch snowflake

Figure 1.2 - 4-corners Cantor set

Even though both the 4-corners Cantor set and a smooth curve in R? have Hausdorff
dimension 1, they exhibit very different properties. The smooth curve has tangents at
every point and is connected, whereas the Cantor set is neither connected nor has
tangents at any point. To distinguish these two behaviors, we introduce the notion of
rectifiability.

Definition 1.2. Aset £ C R" is said to be d-rectifiable if dimy,(£) = d and there exists
a countable collection of continuously differentiable functions f; : R — R" such that

H (E \ Dfi(Rd)> = 0. (1.1)

Aset E C R"is said to be purely unrectifiable if 0 < H¢(E) < coand HY(ENR) =0
for any rectifiable set R.

In this context, rectifiability and pure unrectifiability represent two extreme cases.
Any set £ can be decomposed as £ = A U B, where A is rectifiable and B is purely
unrectifiable.

Remarks 1.3. * Rectifiable sets have approximate tangents at almost every point.

+ In Definition 1.2, the functions f; can be taken to be Lipschitz functions rather than

continuously differentiable.
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Figure 1.3 - The function z + sin(1/x)

Figure 1.4 - Some Lego structures viewed as 2-dimensional sets in R3

* Rectifiability is essentially the simplest concept that contains the images of Lip-
schitz functions and is stable under countable unions.

* The 4-corners Cantor set (Figure 1.2) is purely unrectifiable.

* The sets shown in Figures 1.3 and 1.4 are rectifiable.

We now highlight a few theorems that are fundamental in geometric measure theory
and further illuminate the concept of rectifiability.

Theorem 1.4 (Besicovitch-Federer Projection Theorem, see [Bes39] in R? and [Fed47]
in R™). Aset E is d-purely unrectifiable if, for almost every d-dimensional affine plane P, the
projection of E onto P has zero H%measure.

According to the above theorem, purely unrectifiable sets are “almost invisible",
since they cast no significant shadow in almost every direction.

Let us end the paragraph with a nice result, that can be found in for instance [Fal86,
Theorem 3.14].

Theorem 1.5. If E C R™ is a compact connected set with H'(E) < oo, then E is rectifiable
(and arcwise connected).

1.1.2. Quantitative geometry

Take a look at Figures 1.5 and 1.6.
In the first image, the Hausdorff dimension of the set is 1. However, if we look at
it from a distance, it appears to be a flat surface, which would be more appropriately
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Figure 1.5 - A planar mesh (S1)

Figure 1.6 - An infinite cylinder (S2)

modeled as a 2-dimensional plane. In the second image, we see the opposite : an in-
finite cylinder with Hausdorff dimension 2, yet from a sufficient distance, it resembles
a 1-dimensional string. This illustrates that the Hausdorff dimension only captures the
dimension at the smallest scale.

One might naively assume there are only two dimensions : one at the small scale
and another at the large scale, as seen, for example, in Lie groups. However, this is not
the case. The next image combines the two previous examples : a Z? mesh rolled up to
form a cylinder.

Figure 1.7 - Rolled mesh (Ss)

In this third case, the Hausdorff dimension is 1 at a very small scale, becomes 2 at an
intermediate scale, and returns to 1 when viewed from afar. But the complexity doesn't
stop there. The cylinder could loop back, forming a part of an object that appears as a
ring from a distance, and as a dot—effectively a set with zero dimension—from even
further away. These varying dimensions are crucial because the properties of the solu-
tion we want to study in the complement, around a point X € R" \ E will reflect the
dimension of E seen from the viewpoint of X.
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For this reason, it is useful to focus on properties of E that are uniform—i.e., in-
dependent of the position in R" \ £ from which we observe E. A set is “uniformly d-
dimensional” if it satisfies the following property.

Definition 1.6 (Ahlfors regular). A closed set E is d-Ahlfors regular if there exists C' > 0
Crt <HYB(z,r)NE)<Cr?  forx € E,r € (0,diam E). (1.2)

More generally, a measure y is d-Ahlfors regular if,
Clr? < o(B(z,r)) < Cr? for x € suppo, r € (0,diamsupp o). (1.3)

Remarks 1.7. + Itisimportant to note that the Ahlfors regularity is quite distinct from
regularity in the sense of smoothness!

* The 4 corners Cantor set (Figure 1.2) is 1-Ahlfors regular, as it is scale-invariant (up
to harmless rotations).

* The sets S; and S, (Figure 1.6) above are not Ahlfors regular. The set S5 (Figure 1.7)
is actually Ahlfors regular, but with a very large constant. This reflects the fact that
the dimension 1is a bad dimension for the set at the intermediate scale.

* The graph of x — sin(1/x) (Figure 1.3) is not 1-Ahlfors regular, as visually, the graph
of the function looks like a 2-dimensional object near {0} x [—1,1].

Lemma 1.8. If a measure o is d-Ahlfors regular, then supp(o) is Ahlfors regular.

Proof. The result is well known, but let us give a proof for practice. Write £ for supp(o).
We want to prove that, whenever o is Ahlfors regular, there exists a constant C’ such
that for x € 092 and r € (0, diam F), we have

C 't <HYE N B(z,r)) < C'r?

In one hand, by definition of the Hausdorff measure, for any ¢ > 0, we have a cover
{Bi}icr of E N B(z,r) by balls of radius r; such that H*(E N B(z,r)) > >, (r;)* — €.
Consequently, using the Ahlfors regularity of o,

C™'r' < o(ENBx,r)) <> o(ENB) < CY ()" < CHYEN B(x,r)) + e

Since ¢ is as small as we want, we obtain C~2r¢ < H4(E N B(z,7)).

Inthe other hand, take 6 > 0. By Vitali's covering lemma, we can take a non-overlapping
subcollection {B;}ic; of {B(y,0/5) }yepnp(ar) Such that {5B;},c; covers £ N B(x,r) and
thus

HYENB(x,1) <) < CY o(ENB;) < Co(ENB(x,2r)) < 2'Cr.
iel el
Since the result is true for all § > 0, we have H4(E N B(z,r)) < C'r? as desired. O

The quantitative and scale invariant version of rectifiability is simply called uniform
rectifiability and is introduced by David and Semmes in [DS91, DS93].

Definition 1.9 (uniform rectifiability). Let d € N. A set E is d-uniformly rectifiable if £
is d-Ahlfors regular and there exists e > 0 and M > 0 such that for any x € E and
r € (0,diam E), there exists a M-Lipschitz function f,,. : R? = R" such that

HYUE N B(x,7) N fo, (RY) > ert. (1.4)
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Figure 1.8 - The bottom right corner is a rescaling of the full picture.

D DDD o o 2 &
oo oo == e
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Figure 1.9 - The unbounded set consisting of the succession of the boundary of Ey, where Ej is
the k" step of the construction of the 4 corners Cantor set.

Remarks 1.10. + The sets despicted in Figures 1.4 and 1.7 are uniformly rectifiable. In
constrast, the ones in Figures 1.1, 1.2, 1.3, 1.5, 1.6 are not uniformly rectifiable.

+ The set in Figure 1.8 is uniformly rectifiable because, for any ball centered at the
boundary, there is a cube within the ball whose side length is comparable to the
radius of the ball.

* The set shown in Figure 1.9 is rectifiable and 1-Ahlfors regular, but not uniformly
rectifiable. A bounded, rectifiable and 1-Ahlfors regular set can be obtained using
the same strategy. The key is to have, for any k& € N, arescaled version of Ej, within
the set.

+ The definition of uniform rectifiability has to be constrasted with that of purely
unrectifiability : there is a Lipschitz image (special case of rectifiable set) in which
the set has a fair intersection.

* Although the function f,, might seem to capture only a small portion of E, sug-
gesting that the rest is uncontrolled, this is not the case. Indeed, ify € ENB(x,r)\
fz-(R%), we can use the definition of uniform rectifiability at a smaller scale to say
that there is a Lipschitz image closer to y than f,..(R?). Roughly speaking, the pro-
perty (1.4) captures 1% of the set £ N B(x,r), but using the property at a smaller
scale will capture an extra 1% of the remaining of ENB(x, r). Iterating the process
will eventually capture all E N B(x,r).

+ Theimages of Lipschitz functions are, by definitions, uniformly rectifiable. Uniform
rectifiability is the notion which encompasses images of Lipschitz functions and
which is stable by locally finite unions.
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Uniformly rectifiable sets are those that can be well approximated by planes at al-
most every point across most scales. Before we provide a precise definition, let's first
introduce some tools to measure the distance to planes. The S-numbers, introduced
by Peter Jones in his work [Jon89], serve as a key tool for this purpose.

Definition 1.11 (Peter Jones' 5 number). We let P be the collection of all affine d-planes
inR”. If E'is a d-Ahlfors regular set and ¢ € (0, o), then we define 5, on E x (0, diam E)

as
, _ dist(y, P)\¢ i
._ d AU, )N yayd
Pulz.r) = 11’2;’ (r /EﬂB(:p,r) ( r ) ! (y)) .

Instead of using the Hausdorff measure #? in the definition of 3, above, we could use
any d-Ahlfors regular measure o whose support is E. We also define

dist(y, P dist(z,
Do) = inf [ sup WP, BB}
PepP yeEENB(z,r) r zePNB(x,r) r

An analogue of this tool for Ahlfors regular measures o - in the sense that it also
penalizes the oscillations of da/d’Hd - has been introduced by Tolsa in [Tolog]..

Definition 1.12 (Tolsa's &« number). We let F be the collection of all flat measures, that
is
F:={cH%, c¢>0and P € P}.

If o is a d-Ahlfors regular measure, then we define a on E x (0,diam E) as

[tao= [ sau

where Lip(z, ) is the space of 1-Lipschitz functions on R” supported in B(z, 7).

1
a(z,r) = —inf sup

)
T peEF f€Lip(z,r)

Using these tools, we can establish several characterizations of uniform rectifiability.
These characterizations help capture the geometric structure of a set, revealing how
closely it can be approximated by planes at various scales.

Theorem 1.13 (David-Semmes, Tolsa). Let E be a d-Ahlfors regular set and let o be any
Ahlfors regular measure whose support equals E. We say that v is a Carleson measure on
E x (0,diam E) if there exists C' > 0 such that

.
sup  sup r_d/ / dv < C.
z€E re(0,diam E) 0 JB(z,r)

The following statements are equivalents :
(i) E is uniformly rectifiable,

(ii) given any q < 2% (¢ < oo if d = 1),

t
is a Carleson measure on E x (0,diam E),
(i) forall e > Q,

d dt
]lbﬁoo(mbe% is a Carleson measure on E x (0,diam FE),
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d dt
(iv) o?(x, t)% is a Carleson measure on E x (0, diam E).

Theorem 1.13 is a consequence of [DS91] and [Tolog], and gives a small taste of all
the known characterizations of uniform rectifiability. Many additional characterizations
can be found in the pioneer books [DS91] and [DS93]; and let us give a special mention
to the David-Semmes conjecture :

Conjecture 1.14 (David-Semmes). Letn € Nand 0 < d < n. Let E be a d-Ahlfors regular
set, and write o for a Ahlfors regular measure on E. Then the following are equivalent :

(i) d € Nand FE is uniformly rectifiable;
(i) the Riesz transform R, defined as

Rol(f)(x) = po. / e W) do () (1.5)

is bounded on L*(o).

The implication (i) = (i) is true and is a special case of the theory developed by
David and Semmes in [DS91]. The conjecture pertains to the converse. Twenty-five years
after it was made, Nazarov, Tolsa, and Volberg proved in [NTV14] the David-Semmes
conjecture in the case when d = n — 1. The general case is still open.

1.1.3 . Quantitative topology

Let us now turn our focus on the domain of “observation”, denoted by (2, where the
solution to our boundary value problem will exist. This domain will be either R™ \ E or
one of its connected component. To simplify the notation, we use

Soa(X) 1= dist(X, 09) (1.6)

and
Bx := B(X,distgq(X))/4. (1.7)

Our next assumption we introduce is the quantitative openness. The idea behind
this is as follows : we want to ensure that for any given point x and scale r, we can find
a suitable location in the domain where we can “observe” the ball Bg(x,r) := Bgn(z,7)N
E. If such a location exists, it is called a corkscrew point for x at scale r.

Definition 1.15 (corkscrew point). Let 2 C R". We say that (2 satisfies the corkscrew
point condition if there exists e € (0, 1) such that, forany xz € 9Qand anyr € (0, diam ),
there exists

X € QN B(z,r) satisfying B(X,e) C Q. (1.8)

We call e-corkscrew point for x at scale r any point X satisfying (1.8); the ball B(X, er)
is called a corkscrew ball. If (2 satisfies the corkscrew point condition (with the constant
€qn), we call corkscrew point (for x at scale r) any eq-corkscrew point (for z at scale 7).
Alternatively, a corkscrew point for a boundary ball A = B(z,r) N 0L is a corkscrew
point for x at scale r.

The next concept we need to introduce is quantitative connectedness. This notion
allows us to connect corkscrew points within €2 using paths that are both relatively short
and not too narrow.

26



. 1| corkscrew
W Ui balls

Figure 1.10 - On the left, the small ball is radius er of corkscrew ball for x at scale r.
On the right, a domain that does not satisfy the corkscrew point condition.

Figure 1.1 - An example of Harnack chain between 2 points x and y
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path

7 too long ~~

Figure 1.12 - Two domains which do not satisfy the Harnack chain condition

Definition 1.16 (Harnack chain). Let 2 C R". We say that (2 satisfies the Harnack chain
condition if, forany A > 0, there exists Cy > 0 suchthat, forany X,Y € Qsatisfying | X —
Y| < Amin{dga(X), daa(Y)}, there exists N < C, and a collection of points {Z;}o<i<n
suchthat Zy = X, Z, =Y, and | Z; — Z; 11| < dsa(Z;) forall0 <i < N — 1.

The collection { B(Z;, dsa(Z;)/2) }o<i<n is called a Harnack chain of balls linking X to
Y.

Definition 1.17 (uniform). A domain €2 is uniform if it satisfies both the corkscrew point
condition and the Harnack chain condition.

It is important to note that any Lipschitz domain, or any domain that lies above
a Lipschitz graph, is uniform. In fact, the understanding of uniform domains may be
clearer when approached from their original definition.

Proposition 1.18. A domain ) is uniform if and only if there exists C > 0 such that,
for any X,Y € Q, there exists a smooth “cigar with bounded turning” curve linking X
to Y, that is to say a rectifiable curve v : [0,1] — € such that v(0) = X, v(1) =Y,
min{/. (X, v(t)), (Y, 7(t))} < Coaa(y(t)) forallt € (0,1) and ¢,(X,Y) < C|X - Y|
Here (.,(A, B) denotes the length of the curve -y between the two points A and B.

Remark 1.19. As an immediate corollary of the proposition, one can observe that, if the
domain Q is uniform, then we can actually choose C, = C'log(A) in the Harnack chain
condition.

Proof. Proposition 1.18 is well known, although the authors cannot pinpoint the first
time it was proved. One direction is a consequence of [DFM20, Proposition 2.18], and
the other one is fairly immediate. Several other characterizations of uniform domains
are provided in [V88]. 0

Note that the notion of uniform domain allows us to construct, for any boundary
point z € 0f, connected “cones” with vertex at z. The cones will give us non-tangentially
access to the boundary, which means - with our extended metaphor - that any points
in the boundary are “observable”. Those cones can be constructed as follows. Given
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x € 0F), we let the set of corkscrew points be

CP(z) :={X €, there exists r € (0, diam 0)
such that X if a corkscrew point for z at scale r}.

"

Then for any couple X,Y € CP(x), we take a smooth “cigar with bounded turning
curve vxy between X and Y as given by Proposition 1.18, the “cigar” set C(X,Y) is
{Ze€Q,3te|0,1]:|Z—~()| < dsa(v(t))/2}. And then the cones are

Twir(x) = | ) CXY) (1.9)

X,YeCP(x)
This notion of cones is coherent with the one that we will introduce later, as we have :

Proposition 1.20. for a > 0 and = € 0%}, we define
Fo(z) ={X € Q| X —z| < (1 +a)dsa(X)}. (1.10)
If Q0 is a uniform domain, then there exists 0 < o < [ such that, for all x € 0%,
Lo(z) C Tunip(z) C ().

Proof. Letecp € (0, 1) be the constant in the definition of corkscrew points, and C.,,; ¢ >
1 be the constant in Proposition 1.18. We choose o > 0 such that (1+a)™! < ecp and we
check that any pointin I',, is a corkscrew point for z at scale | X — z|, which means that
I'y, € CP(x) C L'ynis. To get the reverse, let Z € T'y,i¢(x). So there exists X € CP(x)
and Y = ~(t) € Qsuch that

|1Z = Y| <d9a(Y)/2, |V — X| < L,(X,Y) < Cunifdoa(Y), and dpa(X) > ecp|X — x|.
Observe that these three estimates imply
0o (X) < Goa(Y) + £4(X,Y) < (Cunis + 1)000(Y) < 2(Cunis + 1)d00(Z)
and
12— 2] S1Z = Y]+ 1Y = X+ |X ~ 2] < 50o0(Y") + CunigboalY) + (ccr) " dan(X).

The combination of these two inequalities easily gives |Z — z| < (1 + ()dga(Z) for
1+ 8 =214 (ecp) ')(1 4+ Cunis). The proposition follows. O

For our next definition and results, we combine the quantitative geometry and the
quantitative topology.

Proposition 1.21. If d € [0,n — 1) and E C R" is d-Ahlfors regular, then Q := R" \ E is
uniform.

Proof. Proposition 1.21 is the combination of Lemmas 2.2 and 11.6 in [DFM21]. O

Note that in the above proposition, d is not necessarily an integer.

Theorem 1.22 ([AHM™17]). If Q C R™ is uniform and 02 is (n — 1)-Ahlfors regular, then
the following are equivalent :
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1. R™\ Q satisfies the corkscrew point condition.
2. 0N) is uniformly rectifiable.

We call Chord-Arc Domain (CAD for short) any domain satisfying the assumptions of the
Theorem and either (1) or (2).

Remarks 1.23. « If 9Q is d-Ahlfors regular with d < n— 1, then R™\ Q is empty. Conse-
quently, the above characterization of uniform rectifiability cannot be extended to
these cases.

* In the case where Q is the Koch snowflake, 2 is uniform, R™ \ Q satisfies the corks-
crew point condition, and 952 is Ahlfors regular (with some fractional dimension).
However, €2 is not uniformly rectifiable.

* The two previous remarks highlight that the theorem cannot be extended to Ahl-
fors regular boundaries 02 with dimension d # n — 1.

Our final definition is the weak local John condition, which will be instrumental in
characterizing the solvability of the Dirichlet problem. Intuitively, this condition ensures
that each point of the domain is well-connected to a significant portion of its nearby
boundary.

Definition 1.24 (weal local John). We say that a set Q@ C R™ with (n — 1)-Ahlfors regular
boundaries is weak local John if there exists C' > 1, A > 8, and € > 0 such that, for any
point X € (),

o({y € 92N ABy, X andy are linked by a “cigar with bounded turning”) S
O'(AB)() -

€,

i.e., if E ¢ x is the set of points in 92 N ABx such that there exists a rectifiable curve
v :10,1] = Qsuch that v(0) =y, v(1) = X, £,(y,(t)) < Cdan(y(t)) forallt € (0,1), and
l(y, X) < C|X —y|, theno(Excx)/o(ABx) > e.

1.2. The Dirichlet problem with L? boundary data

The Dirichlet problem - or more specifically the Dirichlet boundary value problem
- involves finding a solution to an equation with prescribed data on the boundary. In
this memoir, we focus on uniformly elliptic operators, which are operators in the form
L = —divAV on Q C R"/ Here A = A(X) is a (Lebesgue) measurable n x n matrix
function on Q that satisfies the conditions

JA(X)E- (I < CIEl[¢] for X €, §,(eR” (1.11)

and
AX)E-E>07NE)PP forX €Q, € eRY (1.12)

where of course C' > 0 is independent of X, ¢ and (.
We say that v is solution to Lu = f in Q, where f € L2 (Q), when u € W,"*(Q2) and

loc loc

/AVU-VgodX:/fgodX. (1.13)
Q Q

One of the initial boundary value problems to examine is the Dirichlet problem with
continuous data. It is widely known (see [Wie24] in R?, [LSW63] in R") that :
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Theorem 1.25 (Wiener criterion). Let 2 C R" be an open domain and L = — div AV be
a uniformly elliptic operator. Then the following are equivalent :

(i) The continuous Dirichlet is solvable, that is, for any g € C(0RQ), there is a unique

u e WhA(Q) N C°(Q) such that u is a weak solution to Lu = 0 satisfying u|sq = g and

loc
thGQ,X%oo U(X) =0.

(ii) € is Wiener regular, i.e., for all z € 09,

/1 Cap(B(z,r) \ Q, B(x,2r))

Tn—l

dr < 00.

The concept of capacity will not be introduced here, as it is not pertinent to our
current discussion and will be covered in the next chapter (Definition 2.38). However, it
is worth noting that domains with (n—1)-Ahlfors regular boundaries are Wiener regular.

The next step is to move beyond continuous boundary data and explore the sol-
vability of the Dirichlet problem with data in spaces such as L*. Since the extension
of discontinuous boundary data cannot be continuous on Q anymore, it is more chal-
lenging to define u = g on 0f2. To address this, we need the notion of non-tangential
convergence, which involves (generalized) cones in 2 with vertex at x € 052 as previously
defined in (1.10), i.e.

Fo(z) :={X € Q,|X —z] < (1 +a)dga(X)},
where 0y := dist(X, 092). The non-tangential maximal function N, is

Ny(u)(z) := sup |u|, forue L5 (Q2) and x € 09,

loc
Fo(x)

and the square function is

loc

So(u)(z) = / 0oa|Vul?dX, foru e W*(Q)and z € 09.
Lao(x)

The parameter « will play little role in our theory, as we have the equivalence

INa(W)ll2r(00.0) < CalNs(W)llr@00)  and  [[Sa(u)l|r@n.e) < CasllSp(u)llir@n.0)

whenever «, 5 > 0, with a constant independent of the function u (see for instance
[SM93]). Consequently, we write N and S for N; and S respectively, and the parameter
a is needed solely for intermediate computations. It will be also useful to introduce the
averaged non-tangential maximal function N,, . as

1
Noo(u) :== sup (f \u|2dX>2,
XeTa(z) N J B(X,e659)

Note that we also have
H Na,c(u) ||LP(BQ,U) S Ca,ﬁ,c,c’ |Nﬁ,c’ (U) ||LP(BQ,J)

whenever o, 5 > 0and ¢, € (0,1); see [MPT23]. As such, we write N for ]\71,1/4 and the
parameter ¢ will also only be used in proofs.
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Definition 1.26 (L” Dirichlet problem). Let 2 C R" be an open (possibly unbounded)
domain with (n — 1)-Ahlfors regular boundaries and L = — div AV is a uniformly elliptic
operator on 2. We say that the L? Dirichlet problem is solvable if there exists C' > 0 such
that, for any g € C3°(R™), the solution u € W,2(€2) N C°() to the continuous Dirichlet
problem satisfies

IN(W)llzr00.0) < Cligllr@0.0)s

where we remind the reader that o is any Ahlfors regular measure on 0f2.

1.2.1. Equivalent characterizations of the solvability of the L? Dirichlet problem.

Elliptic measures and Green functions are fundamental tools for solving the Dirichlet
problem. The precise definitions and properties of these tools are provided in the more
general framework developed in Chapter 2. Therefore, we will only give a brief overview
here. Assuming that our domain Q C R" has (n — 1)-Ahlfors regular boundaries and
L = —div AV is a uniformly elliptic operator on (2, the elliptic measure” is the tool
used to solve the Dirichlet problem. Specifically, the elliptic measure wy, := {w; }xcq is
a collection of probability measures such that, for any g € C{(09), the function defined
forall X € Qas

typ(X) = / o) ()

is the solution to the continuous Dirichlet problem Lu = 0 with boundary data g. The
Green function G, : ©2 x 2 — R is used to solve inhomegenous equations. In fact, for
any f € Cg°(Q2), the function defined for all X €  as

ws(X) 1= | GUXYIFY) X (119)

is the solution to the continuous Dirichlet problem Lu = f with boundary data 0.
The solvability of the L? Dirichlet problem can be characterized using the elliptic
measure and the Green function. Here is an example of the existing equivalences.

Theorem 1.27. Let @ C R™ with (n — 1)-Ahlfors regular boundaries and satisfying the
corkscrew point condition, let L := — div AV be a uniformly elliptic operator on 2, and let
p € (1,00). Then the following are equivalent.

(i) The L*-Dirichlet problem is solvable (for the operator L in the domain ).

(i) The elliptic measure wy, is absolutely continuous with respectto o and thereare A, C' > 2
such that the Poisson kernel kX := dw: /do satisfies the reverse Hélder bound

=

/ P C
EX|P da) < —
(]i(x,m ki (Bla,r))

forall z € 0, r € (0,diam 092/2), X € QN {0gn > r/A}.

(iii) The Green function satisfies the bound
IN(VGLX, Y ios\sy) | eoe < o ™" (X),

where Bx := B(X, dsa(X)/4) and C is independent of X.

1. The elliptic measure is called harmonic measure in the case where L is the Laplacian.
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(iv) Forany f € C5°(Q), the solution ug s constructed as in (1.14) verifies

IN (uo.) o) < CIA (830l ro0.0):
where A'(h)(z) := fw(m) (supp, h) dX /03, and C'is of course independent of f.

Proof. The equivalence (i) <= (ii) is found as Theorem 9.2 in [MT24], while (i) <=
(i1i) <= (iv) is a slight variant of Theorem 1.22 in [MPT23] (partial results are found
in [KP95]).

The idea here is to see that the solvability of the LP-Dirichlet problem is equivalent to
a condition on the elliptic measure [condition (ii)]. At the same time, the L? solvability of
the Dirichlet problem is equivalent to the L? solvability of the inhomogeneous “Poisson-
Dirichlet” problem [condition (iv)], which can be characterized by a bound on the Green
function [condition (iii)]. Many similar characterizations exist, and we refer to [MPT23]
for the extended literature on the topic. O

Corollary 1.28. Let O C R"™ with (n — 1)-Ahlfors regular boundaries and satisfying the
corkscrew point condition, let L := — div AV be a uniformly elliptic operator on 2. If the L?
Dirichlet problem is solvable for some p € (1,00), then there exists ¢ > 0 such that the L1
Dirichlet problem is solvable for all ¢ € (p — €, 00).

Proof. The characterization (ii) in Theorem 1.27 is a reverse-Holder estimate on the Pois-
son kernel, so solvability of the L? Dirichlet problem immediately implies the one of
the L4 Dirichlet problem for ¢ € (p, o). The L7 solvability in therange g € (p —¢,p) is a
consequence of the well known fact that reverse Holder estimates self-improve ([Gia83,
Proposition 1.1]). O

In many instances, the question is not whether the L? Dirichlet problem is solvable
for a specific p, but rather whether it is solvable for some (large) p € (1, 0). Even in the
simplest case where p = 2, a necessary and sufficient condition on the boundary for the
solvability of the L? Dirichlet problem remains unknown. While a sufficient condition
is known - specifically, that  is Lipschitz and L = —A - extending beyond Lipschitz
boundaries to uniformly rectifiable sets only ensures the solvability of the L? Dirichlet
problem for some p € (1, o0).

Theorem 1.29. Let  C R"™ with (n — 1)-Ahlfors regular boundaries and satisfying the
corkscrew point condition, and let L := — div AV be a uniformly elliptic operator on €). The
following are equivalent :

(i) The LP Dirichlet problem is solvable for some p € (1, c0).

(i) The elliptic measure is weak A..-absolutely continuous with respect to the Ahlfors re-
gular measure, meaning that there are positive constants C and s such that, for every
ball B centered on 0X2 with associated boundary ball A := B N 0X),

wX(E)<C (ZEB) wX(2A)  forall X € Q\4B and for all Borel E C A. (1.15)

If, in addition, we assume that 2 satisfies the Harnack chain condition - hence is uniform -
then the above statements are equivalent to :
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(i) The elliptic measure is A..-absolutely continuous with respect to the Ahlfors regular
measure, meaning that there are positive constants C, s such that, for every ball B
centered on 0X) with associated boundary ball A :== B N 0},

o(F)
o(A)

wX(E)<C ( ) wX(A)  forall X € Q\ 4B and for all Borel E C A. (1.16)

(iii) The Dirichlet problem is solvable in BMO, i.e. there exists C > 0 such that, for any
g € CY(09), the solution u, q to the continuous Dirichlet problem satisfies, for any ball
B centered on 0X2 with associated boundary ball A,

/ 5aQ|VU‘2dX S CHQHBMO(U)U(A) (1.17)
QNB

(iv) The solutions to Lu = 0 satisfy a Carleson measure estimate, i.e. there exists C' > 0
such that, for any bounded solution to Lu = 0 in €2, any ball B centered on 0S) with
associated boundary ball A,

/ So0 V|2 dX < Clful| ey (). (118)
QNB

(v) For any ¢ € (0,1), bounded solutions to Lu = 0 in ) are e-approximable, i.e. there
exists a constant C. > 0 and a function ®° such that

(@) [lu— & Loe() < effull L)
(b) ®° satisfies the L*-type Carleson measure estimate,

/ VO dX < Ccllul|re@o(A),
QNB

where B is any ball centered on 02 and A := B N 0%2 as usual,
(@ 160V P|[L(0) < Cellull L),
(d) there exists ¢ € L>(0N2) such that

lim ®°(X) = p(x) foro-a.e. x € 0N,

X—z
Xevy(z)

Proof. The proof of (iii) = (ii) = (i) can be found in [HL18], while (ii) <= (ii7)
is in [DKP11] and (i) == (éi) is [Hof19, Proposition 2]. The equivalence between (1)
and (i) is a consequence of the doubling property of the elliptic measure when 2
is uniform, which can be found in [CFMS81, Theorem 2.3] (for Lipschitz domains) and
[Kengg, Corollary 1.3.6] . The implication (it') = (iv) is easier than (i) = (iii), SO
we can refer to [HL18] and [DKP11], or to the [FP22] which deals with the situation in a
more general setting. The inverse (iv) = (ii’) requires that2is uniform and s proved
in [KKPT16] (when 2 is Lipschitz) and [CHMT20, Theorem 1.1]. Finally, (ii') < (v)
is established in [BPTT24], see also [Dah8o, KKPToo, HKMP15b, HMM16, GMT18, BT19,
HT20, Gar22] for previous works on e-approximability.

Let us also mention [CHPM24] for some nice equivalences involving weaker versions
of (ii) and (iv) when we do not assume that € is uniform. O

With these characterizations established, let us proceed to examine explicit scena-
rios where the Dirichlet problem is solvable in L?.
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1.2.2 . Positive results on the solvability of the Dirichlet problem.

We will present here a non-exhaustive collection of cases where the LP-Dirichlet
problem is solvable.

Theorem 1.30. Let Q) := {(z,t) € R"! x (0,00)}, and let L := — div AV be a uniformly
elliptic operator on Qq with coefficients independent of t, i.e. A(x,t) = A(x). Then there
exists a p € (1,00) such that the L? Dirichlet problem is solvable for the operator L.

If A is symmetric, then the L? Dirichlet problem is solvable.

Proof. The symmetric case was proved in [JK81a], the non-symmetric case in R? is in
[KKPToo0], and the non-symmetric case in R™ was left open for a long time before being
solved in [HKMP15b].

Many other important results were proved in the case of complex coefficients, or
for systems (e.g. [AAH08, AAM10, AAAT11]), but we will not present them here since it is
not the direction that interests us. O

As a corollary, we can solve the Dirichlet problem in Lipschitz domains.

Corollary 1.31. Let Q2 be a bounded Lipschitz domain, or a special Lipschitz domain - i.e.
is above the graph of a Lipschitz function. Then the Dirichlet problem is solvable in L?* for
the Laplacian.

Proof. This result, which is actually anterior to the theorem, is due to Dahlbergin [Dah77],
and is often considered as the pioneer work in the area . O

If the operator is the Laplacian, how much can we weaken the assumptions on the
domain? After decades of research and successive improvements, an optimal condition
was finally identified in the late 2010s.

Theorem 1.32. Let Q2 C R"™ be a domain with (n— 1)-Ahlfors regular boundaries and which
satisfies the corkscrew point condition. Then the following are equivalent :

(i) Thereisap € (1,00) such that L? Dirichlet problem is solvable for the Laplacian.

(i) The harmonic measure is weak A..-absolutely continuous with respect to the Ahlfors
regular measure.

(iii) 0%Y is uniformly rectifiable and €2 is weak local John.

Proof. (i) <= (ii) is Theorem 1.29, and the equivalence of (i) — (ii) to (ii7) is the
main result of [AHM*20]. The proof of the fact that the weak-A,, absolute continuity
of the harmonic measure implies uniformly rectifiable is in [HLMN17]. Similar results
assuming more a priori conditions include [D)Jgo, HM14, HMUT14, Azz21]. O

Remark 1.33. Corollary 1.31 deals with the solvability for the Laplacian of the Dirichlet
problem in L?, while Theorem 1.32 deals with the solvability of the Dirichlet problem
in L? for some p € (1, 00). Currently, we do not know what are the optimal conditions
for the solvability of the Dirichlet problem in L?, but people knew early on that, for any
p € (1,00), there is a uniform domain with uniformly rectifiable boundaries such that
the L? Dirichlet problem for the Laplacian is not solvable, see [Jer83].

If we are interested in the other characterizations in Theorem 1.29, we have :

Theorem 1.34. Let Q2 C R™ be a domain with (n— 1)-Ahlfors regular boundaries and which
satisfies the corkscrew point condition. Then the following are equivalent :

35



(i) 0 is uniformly rectifiable.
(ii) The bounded harmonic functions satisfy the Carleson estimate (1.18).
(iii) Bounded harmonic functions are e-approximable.

Proof. (i) = (ii), (iii) is [HMM16, Theorems 1.1 and 1.3] and (ii), (iii) = (i) is [GMT18,
Theorem 1.1] O

Theorem 1.35. Let Q2 C R" be a domain with (n — 1)-Ahlfors regular boundaries and that
satisfies the corkscrew point condition. Then the following are equivalent :

(i) The harmonic measure is A..-absolutely continuous with respect to the surface measure
ag.

(ii) 0%)is uniformly rectifiable and 2 is semi-uniform, meaning that there exists C' > 1 such
that, for any point X € Q and y € 02, X and y are linked by a “cigar with bounded
turning”, more precisely there exists a rectifiable curve v : [0, 1] — Q such that~y(0) = vy,
Y(1) = X, £,(y,7(t)) < Coa((t)) forallt € (0,1), and ¢, (y, X) < C|X —yl.

Proof. A more general version of this result is found in [Azz21]. In particular, [Azz21]
shows that the harmonic measure is doubling if and only if Q is semi-uniform. O

Researchers have also explored the flexibility of the coefficients of the operator L,
specifically investigating which modifications to these coefficients preserve the solvabi-
lity of the LP Dirichlet problem. It is important to note that if we consider all uniformly
elliptic operators, even in the half-space R, there exist counterexamples. Indeed, we
can find uniformly elliptic operators L := —div AV on R" for which the L? Dirichlet
problem is not solvable for any of the p € (1, 00); see for instance [MM81, CFK81].

Therefore, the goal is to identify conditions on the coefficients of our operators that
ensure the solvability of the L? Dirichlet problem when the Laplacian is solvable. For
domains without a privileged direction, these conditions involve Carleson measures.
For convenience, we will denote that f € CM, - or CM,(M) when highlighting the
constant - when the function f on (2 satisfies the smallness condition

dX
/ |fIP~— < Mo(A) for all ball B centered on 992, A := B N o).
onB 060

This condition is not new for the reader, as it appears in (1.17) as
doa|Vugol € CM(CllgllBro)),

and in (1.18) as
5aQ|VU| - CMU(CHUHLOO(Q)).

The L? Dirichlet problem is stable under Carleson perturbations.

Theorem 1.36. Let 2 C R" be a uniform domain with (n — 1)-Ahlfors regular boundaries.
Assume that Ly := —div AgV and L, := —div A,V are two uniformly elliptic operators,
and there is a p € (1, 00) such that the L? Dirichlet problem is solvable for Ly

(1) If X — supp, |Ay — Ai| € CM,, then thereis ar € (1,00) such that the L" Dirichlet
problem is solvable for L.

(1) If |Ag — Ay| € CM, and 65q|V A;| € L>(Q) for either i = 0 or i = 1, then there is a
r € (1,00) such that the L" Dirichlet problem is solvable for L.
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(2) Thereis ae = €(), Ly,p) > 0 such that if X — supp, |Ao — A1| € CM,(¢), then the L?
Dirichlet problem is also solvable for L.

Here we remind the reader that By := B(X, dsa(X)/4).

Proof. On smooth domains, (1) and (2) are proved in [FKP91], and weaker notions of
Carleson perturbations can be found in the earlier works [FJK84, Dah86, Fef89]. It was
then generalized for weaker geometry in [MT10, MPT, CHM19, CHMT20]. The variant (1)
is showed by the author in [Fen24].

We could have a (2') in the same spirit as (1') but for small perturbations. Moreover,
(2) would stay true if we do not assume that €2 is uniform (but only that € satisfies the
corkscrew point condition). However, as far as the author knows, none of those two
facts are written anywhere. O

In Theorem 1.32, we can replace the Laplacian by a more general class of operators
called DKP operators (for Dahlberg-Kenig-Pipher).

Theorem 1.37. Let Q C R" be a uniform domain with (n — 1)-Ahlfors regular boundaries,
and let L := — div AV be a uniformly elliptic operator whose coefficients satisfy dsa|V A| €
L*>(Q) N C'M,. Then the following are equivalent :

(i) Thereis ap € (1,00) such that the L? Dirichlet problem for L is solvable.

(ii) The elliptic measure wy, is A.-absolutely continuous with respect to the Ahlfors regular
measure.

(iii) 0%Y is uniformly rectifiable.

Note that this equivalence is compatible with Theorem 1.36, and we can thus enlarge the
class of operators for which the equivalence holds.

Proof. (i) <= (it) is again proved by Theorem 1.29. (iii) = (ii) is a combination of
[KPo1], which treats the case of Lipschitz domains, that then either [DJgo] or [HMM24],
which says that the bound (1.18) is transferred to a CAD as long as it holds for every
Lipschitz subdomain. The last implication (ii) = (iii) is the purpose of [HMM*21]. O

Note that Theorem 1.37 requires €2 to a priori be uniform, unlike Theorem 1.32. It is
conjectured that a more refined version of Theorem 1.37 exists, where we only assume
that €2 satisfies the corkscrew point condition and where we deduce that €2 is weak local
John from the weak-A . -absolute continuity of the elliptic measure. Many researchers
have attempted to prove this, but to the author’'s knowledge, no one has succeeded
yet.

To conclude this section, we highlight a recent result by the author that, under
certain conditions, allows us to view DKP operators as Carleson perturbations (see
[Fen22b]).

Proposition 1.38. Let ) = R" and let L := — div AV be a uniformly elliptic operator that
satisfies the DKP condition 5|V A| € CM,(M). Then there exists a bi-Lipschitz change of
variable p that fixes R~ such that the conjugate L, := — div A,V of L by p satisfies

A, = {3132} +C, (1.19)

with 0|V B;| + 8|V By | + |C,| € CM,(CM). The bi-Lipschitz constants of p depend only on
the elliptic and boundedness constants of L.
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Assume that A is written

Then we can choose
B, = (14141 — A3A2 and B; = A2 — Ag (1.20)

Note that L{ () = 0 whenever L, = —div A,V and A, has the form

By showing that t is a “Green function with pole at infinity” and by comparing Green
functions and elliptic measure, it is not too hard to demonstrate that the L? Dirichlet
problem for L is solvable for any p € (1, c0). One can readily verify that any statement
in Theorem 1.29 remains stable under a bi-Lipschitz change of variables. Consequently,
by combining Proposition 1.38 and Theorem 1.36 (1), we can establish that the L? Diri-
chlet problem for DKP operators on 2 = R’ is always solvable for a sufficiently large
p € (1,00).

Furthermore, if we consider small Carleson perturbations instead of large ones, we
can combine Proposition 1.38 and Theorem 1.36 (2) to obtain the following result for
operators with a “small DKP constant”, originally proved in [DPPo7] :

Theorem 1.39. Let y := {(z,t) € R"! x (0,00)}, let L := —div AV be a uniformly
elliptic operator, and let p € (1, o). There exists ¢ depending on p and the elliptic constants
of L such that if t|VA| € C'M,(e), then the L? Dirichlet problem for L is solvable.

1.3 . The L? regularity problem

The regularity problem is the natural follow up to the Dirichlet problem : instead
of solving the Dirichlet problem with L? boundary data, we aim to solve it with W*1?
boundary data. To study the regularity problem beyond Lipschitz domains, we need a
definition of WP (9Q) that applies to potentially very rough boundaries, ideally up to
Q2-Ahlfors regular boundaries.

For this purpose, we will employ the concept of the Hajtasz gradient, which can be
defined on any metric measure space since it relies on the notion of Lipschitz functions.
The Hajtasz gradient was introduced in [Hajo6] and was first applied to the study of the
regularity problem in [MT24].

Definition 1.40. (Hajtasz upper gradient) If ¢ is a Borel function on a metric measure
space (X, d, m), then his a Hajlasz upper gradient of ¢ if  is a positive Borel measurable
function and

h(z) + h(y)

5 for m-a.e. x,y € 3.

l9(x) = g(y)| < d(z,y)
Let D(g) be the collection of Hajtasz upper gradient of g, and we define the norm
l9lirso(w,m =, 30 Vllzr o m)-

heD(g

When p € (1, 00), due to the uniform convexity of LP(3, m), there exists a unique func-
tion h, that reaches the infimum inf,c p(g) ||| Lo (5,m), @and we write Vg for hy,.
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We always have Vg > |Vyg|, indicating that the Hajtasz gradient is always larger
than the classical gradient, if the later exists. If X is uniformly rectifiable, and V,g de-
notes the “classical” notion of gradient (obtained by approximating the sets by tangent
planes - which exist o-almost everywhere, and taking the gradient on those tangent
planes), then ||V 9|, and || V.g||, are equivalent whenever ¥ supportsa (1, p)-Poincaré
inequality on balls; see for instance Lemma 1.3 in [MT24]. We will not delve further into
this question, but it is important to note that the two notions of gradients on the boun-
dary are equivalent when (2 = R” or Q2 is Lipschitz. Therefore, in such scenarios, we will
simply write V instead of V,, or V,.

The Hajtasz gradient is indeed the natural gradient to use for boundary values pro-
blems, especially when the domain is uniform, as showed by the next proposition.

Proposition 1.41. Let (2 be a uniform domain with (n — 1)-Ahlfors regular boundaries, and
let L be a uniformly elliptic operator. The solution u, denotes the solution to the continuous
Dirichlet problem (Lu = 0) with data g € CQ(92).

Then there exist K > 1and o > 0 such that, for any g € C(092), the quantity K]\Nfa(Vug)
is a Hajtasz upper gradient of g. Consequently, for p € (1, o), we necessarily have

IN(Vug) (@) ro0.0) = CH |V itp9 000
with a constant C' independent of g.

Proof. Let x,y € 0N. Since ) is uniform, it satisfies the corkscrew point condition with
the constant €. So we can find Z € Q) which is a eq-corkscrew point to both x and y at
scale 2|z — yl.

Let us write vy (X) for f, udX,whereweremindthereaderthat Bx := B(X, dpa(X)/4).
We have

ug(z) = ug(y)] = [ug(z) — vg(2)] + |uy(y) — vy(2)]

so the proposition will be proven once we show that

fug (@) = v(2)] < K|z — ZINa(Vug)(@) and  [ug(y) — vy(2)| < Ky — Z|1Na(Vug)(y)
(1.21)
forsome K > 1, a > 0.
By symmetry of the roles of x and y, we just need to prove the first part of (1.21).
By the corkscrew point condition, we can take an infinite collection {4, };cn such that
Ay = Z and A; is a corkscrew point for = at scale 27!z — y|. By the Harnack chain
condition, we can find N such that two successive corkscrew points are linked by a
Harnack chain of length at most N. Altogether, we can find «, K’ (that both depend
only on the corkscrew point and Harnack chain constants of 2) and a sequence of points
{Z;}ien in Q such that

i. Zo=Z7andlim; ,o Z; = x;
i. foreachi € N, |Z; — Z; 11| < $min{dpa(Z:),090(Zi1)}, in particular dsa(Z;)
6o0(Ziv1);
iii. foreachj €N, > ... 000(Zi) < K'dpa(Z;);
iv. Z; € I'y(x) foralli € N.

The proof of this fact is just a variant of Proposition 1.18.

Q
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With those intermediate points in hand, and since limx_., v(X) = u(z), we have

|ug(z) —vy(Z)] < Z |vg(Z (Ziz1)l.

€N

Byz,..|and |Bz, N Bz, ,| have a comparable size,

so the Poincaré inequality entails that

udY — U(Zlqu)

0(Z) =z <| £ udy -z
Bz,NBg,

<C ][ | ][
Bz, Bz,44

<C <5aQ(ZZ)][ |VU| dY + 539( H—l)][
BZ B

BZimBZH»l

lu—wvgz, | dY)

|Vul dY)

< Cp0(Z)No(Vu) ().
by the properties ii. and iv. of the collection {Z; };cn. Summing over i € N entails

[ug(x) = vy(Z)| < CNu(Vu)(@) Y 600(Z:) < Cooa(Z)Na(Vu)(x) < Clz — Z|No(Vu)(2),
1EN

Ziy1

where we successively use the property iii. of the {Z; },cy and the fact that Z is a corks-
crew point. The proposition follows. 0J

We are ready for the definition of the L? regularity problem.

Definition 1.42 (L? regularity problem). Let Q2 be a domain with (n — 1)-Ahlfors regular
boundaries and let L := — div AV be a uniformly elliptic operator. Then we say that the
LP-regularity problem is solvable if there exists C' > 0 such that, for any g € C5°(R"),
the solution u € W2(Q) N C°(Q) to the continuous Dirichlet problem satisfies

[N (Vu)lLpoe) < CIVapgllr60.0)-

In the sequel, we will write (D,);, and (R,);, to say that the L?- Dirichlet and regularity
(respectively) problems are solvable.

Proposition 1.43. Let 2 C R" be a domain with (n — 1)-Ahlfors regular boundaries and
satisfying the corkscrew point condition. Let L := — div AV be a uniformly elliptic operator,
and write L* for its adjoint. Let p, q € (1,00) and write p', ¢’ for their Holder conjugate.

(1) (Ry), = (Dy)r- forall g € (p — €,00) and some e > 0,
2) (R)r. = (R)rforallqc (1,p);
(3) if Qis uniform, (R, + (D)) = (R L.

Proof. Conclusion 1 is [MT24, Theorem A.2, Remark 9.3], see [KPg3] for an earlier ver-
sion in smooth domains. Conclusion 2 is [GMT25, Theorem 1.3], with weaker results in
[MT24], [DK12] and [Keng4]. The main result from [Sheo7] shows conclusion 3 in Lip-
schitz domains, but the proof immediately extends to uniform domains. One can pro-
bably remove the condition that €2 is uniform by combining the proofs of [Sheo7] and
[GMT25, Theorem 1.6], but | don't think that the result is written anywhere. Finally, the
cited articles limit themselves to 2 € R", n > 3, but the arguments extend easily to
Q C R2, O

The best results on the LP-regularity problem to date are:
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Theorem 1.44. Let Qy := {(z,t) € R"! x (0,00)}, and let L := — div AV be a uniformly
elliptic operator on Q, with coefficients independent of t, i.e. A(x,t) = A(x). Then there
exists a p € (1,00) such that the L? regularity problem is solvable for the operator L.

If A is symmetric, then the L? regularity problem is solvable.

Proof. The general case is in [HKMP15a], while the symmetric case is a consequence of
the Rellich identity ([JK81a]). O

Theorem 1.45. Let Q) C R” be a uniform domain with (n — 1)-Ahlfors regular boundaries.
Assume that Ly := —div AgV and L, := —div A,V are two uniformly elliptic operators,
and there is a p € (1,00) such that the L? regularity problem is solvable for L.

(1) If X — supp, |Ag — Ai| € CM,, then there is a r € (1,00) such that the L" regularity
problem is solvable for L.

(1) If |Ag — Ay| € CM, and 65q|V A;| € L>(Q) for either i = 0 or i = 1, then there is a
r € (1,00) such that the L" regularity problem is solvable for L.

(2) Thereis ae = €(, Lo,p) > 0such that, if X — supg_ |Ao — A1| € CM,(e), then the L?
regularity problem is also solvable for L.

Proof. (1) is [KP95] in smooth domains, and [DFM23a] in uniform domains. The varia-
tion (1) is Theorem 2.11 in [Fen23]. (2) is an easy consequence of Theorem 1.36 (2) and
Proposition 1.43. O

Theorem 1.46. Let 2 C R"™ be a domain with (n — 1)-uniformly rectifiable boundaries and
satisfying the corkscrew point condition, let L := — div AV be a uniformly elliptic operator
satisfying 09a|VA| € CM,, and let p € (1,00). Then

(Dp’)L* — (RpL

Proof. The result is [MPT23, Theorem 1.33], see also [MT24], [DHP23] and [Fen23]. Note
that, when L. = —A, we can assume that © has (n — 1)-Ahlfors regular boundaries
instead of assuming that 0f2 is uniformly rectifiable because Theorem 1.32 gives that
(D,) = UR. However, if we only assume that 5| VA| € CM,, Theorem 1.37 does not
allow us to say that (D,) = UR. O

1.4 . The L.? Neumann problem

The elliptic measure and the Green function are essential tools for studying Dirichlet
and regularity boundary value problems. The analogous tool for the Neumann problem
is the Neumann function, which possesses the following properties :

Theorem 1.47. Let @ C R™ be a bounded uniform domain with (n — 1)-Ahlfors regular
boundaries, and L = — div AV be a uniformly elliptic operator. There exists a unique func-
tion N - called Neumann function - defined on Q2 x Q2 such that N is continuous except on the
diagonal {(X,X), X € Q}, N(X,.) is locally integrable in Q, [,, N(X,y)do(y) = 0, and
such that the following representation formula holds : for any Y € Q, any ® € W'2(Q) N
Co(Q),

/ AX)VxN(X,Y) - VO(X)dX = o(Y) —][ o do. (1.22)

Q B

Moreover,
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(i) forany XY € Q, NT(Y,X) = N(X,Y), where N*(X,Y) is the Neumann function
for the adjoint operator L* = — div(ATV);

(i) for any ball B = B(x,r) centered on the boundary and for Y € Q \ 2B, we have

(7[ IVxN(X,Y)|? dX) <Cortn (1.23)
BN
or equivalently

o5 N(X,Y) < Cr*™ (1.24)

with a constant that depends only on 2 and L.

Proof. Most of the proof follows the path from [KP93] but will diverge when we need
to prove (ii) because [KP93] assume the boundary to be smooth. We also assume that
basic estimates on solution with zero Neumann data are known, see [DDE*24]; and
that the reader is familiar with the notion of trace of function in W12(£2), which can be
otherwise found - although in a more general setting - in Chapter 2 below.

We define the space W'2(Q) to be

Wi2(Q) = {u e W(Q), /

Trudo = O},
o0
which is complete with the norm ||.[|1. ) = [IV-[l22(0)-

The definition makes sense because traces exist when the boundaries are (n — 1)-
Ahlfors regular regular, such a fact is proved in Theorem 2.34 below in a general setting
that includes our scenario.

For each Y € (), the Lax-Milgram theorem allows us to construct a function vy €

W12(Q) such that
/ AVoy - VédX = | (Tre)dw?. Vo e WH(Q), (1.25)
Q onN
meaning that

do
o(092)

/ AVvy -VedX = [ (Tr¢) [dwf* - Vo € WH2(Q). (1.26)
Q

P1Y)
The fact that ¢ € [,,(Tr ¢) dwy. belongs to the dual [W2(Q)]* is proved like [KP93,
Lemma 2.3] and requires an interior Moser estimate on the solutions and a Poincaré
inequality on the boundary. We define N(X,Y) = G(X,Y) + vy(X). Since

/ AX)VxG(X,Y) - VO(X)dX = d(Y) — ][ Trodwy. VoeWhH(Q), (1.27)
Q o0

we immediately get (1.22). The identity N(X,Y) = NT(Y, X) is then proved as in [KP93,
Lemma 2.5].

So there is only the proof of (ii) left, and more precisely the proof of (1.23) since (1.24)
follows from (1.23), a Moser estimate at the boundary for solution with zero Neumann
data (found in [DDE*24, Lemma 3.2]) and a Poincaré inequality at the boundary. Mo-
reover, observe that the estimate

2

(][ |VXG(X,Y)\2dX> < Cri
BNQ
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where B := B(zpg, ) is centered on the boundaryand Y € Q\ 2B, is a classical estimate
on the Green function; see (2.64) below for the estimate in a general setting or [GW82]
for the first article where this estimate was established. So we just need to prove the
estimate

(][ |Vuy 2 dX) < Ccrtm (1.28)
BNQ

for B is radius r centered on the boundary and Y € Q \ 2B. The proof is similar to
[DFM20, Lemma 14.6], so we only sketch the proof. We define wy as vy — meQ vy and
then Q, := {Z € Q, |lwy| > t}. We let the reader check that

Vo € WH(Q).  (1.29)

do
/QAV’wﬂ VodX < /m(Trcﬁ) sgn(wy ) [dwf* — 0(89)]

and, by using it with

t |wy|

we obtain that _— c
/ | wYZI dX S R

QWY t

where C depends only on the ellipticity constant of L. The Sobolev inequality entails

that
([ e fax) <[ Fela) <o
Q;/2N2B Q4/2N2B wY|

where 7 is the radius of B, and then

12 N 28|
2B|

< Ot/ (n=2)
Using Cavalieri's formula, we get

>, N 2B >
lwy|dX < C fun2B| <C [ min{l,r"t /DY dt < Cr*™. (1.30)
28|
QN2B 0 0

We just need to conclude. Recall that vy = N(.,Y)—G(.,Y), and both the Neumann
and the Green functions satisfy Caccioppoli and Moser estimates at the boundary, so

1
(7[ ]Vvy|2dX> < Cr][ lwy|dX + sup G(X,Y) < Cr*™
QNB onin

XeaniB

by (1.30) and the pointwise bound on the Green function (see Theorem 2.68 below). The
theorem follows. O

Proposition 1.48. Let Q) be a bounded uniform domain with (n — 1)-Ahlfors regular boun-
daries and L = — div AV be a uniformly elliptic operator. We define the conormal derivative
of a solution u € W2(Q) to Lu = 0 as the distribution

(0 'u, by == / AVu-VHdX  for He W"*(Q)and h = Tr H.
Q

We have the following properties :
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(1) When u € W'2(Q) is a solution to Lu = 0, the quantity (0;'u, h) depends on h and not
on the choice of the extension H.

(2) Forany g € C=(R") verifying [,, g do = 0, the function u? € WL2(Q) defined as

u!(X) :Z/QN(X,y)g(y) do(y)

is a weak solution to Lu = 0 that satisfies 0u = g|aq (in the sense of distribution).

Proof. (1) is a simple consequence of the fact that  is a solution to Lu = 0. (2) is obtained
from (1.22) after a careful interchange of integrals. O

Definition 1.49 (Solvability of the L? Neumann problem). Let 2 be a bounded uniform
domain with (n—1)-Ahlfors regular boundaries and L = — div AV be a uniformly elliptic
operator. We say that the L? Neumann problem is solvable - (N,), for short - if there
exists C' > 0 such that, for all g € C*°(R"), the solution ¢ defined as

u!(X) :=/QN(X7y)g(y) do(y)

satisfies N
IN(Vu)|Lro0.0) < Cllgllzro0.0)-

The Neumann problem is much less understood than the Dirichlet and even the re-
gularity problem. Even the basic properties of the Neumann problem requires to invoke
the Dirichlet or regularity problems.

Proposition 1.50. Let 2 C R™ be a bounded uniform domain with (n — 1)-Ahlfors regular
boundaries, let L :== — div AV be a uniformly elliptic operator, and let p € (1, o).

(N,)r + (Dy)r» = (N, forall g € (1,p+ €) and some e > 0.

Proof. This result is proved in [FL24]. We actually proved that the solvability of the so-
called L? Poisson-Neumann problem - (PN,);, for short - extrapolates and is equivalent
to the solvability of Neumann problem, assuming the solvability of the Dirichlet pro-
blem. More precisely, we proved that

(N,)L + (Dy)r- = (PN,), = (N,)r
and
(PN,), = (PNy), forallg € (1,p+¢€) and some e > 0.

Anterior results that require (R,),, instead of (D,/)- have been shown in [KP93] (when
the domain is smooth) and [HS24]. O

As for actual cases where we know the solvability of the LP Neumann problem, we
have :

Theorem 1.51. Take n > 3. Let Q) := {(z,t) € R"! x (0,00)} and let L := — div AV be
a uniformly elliptic operator on )y with coefficients independent of t, i.e. A(z,t) = A(z).

(1) If A is symmetric, then the L?> Neumann problem is solvable.

44



(2) Let A = A, + A, be the decomposition of A into its symmetric and antisymmetric parts.
There exists ¢ > 0 (depending on A,) such that the L> Neumann problem (for L) is
solvable whenever || A, || L=~ < e

Proof. The symmetric case is a consequence of the Rellich identity (see [JK81a]); see also
[JK81b] for a result on Lipschitz domain. The small perturbation result is a consequence
of a much stronger result on elliptic operators with complex coefficients; see [AAAT11,
Theorem 1.14]. O

Theorem 1.52. Let 2 C R™ be a bounded uniform domain with (n — 1)-Ahlfors regular
boundaries. Assume that Lo := —div AgV and L, := — div A,V are two uniformly elliptic
operators and that there is a p € (1, 00) such that the L regularity problem is solvable for
L.

(1) There is a ¢ > 0 (that depends on ), Lo, and p) such that, if X — supp, |Ag — Ai| €
C'M, (¢€), then the L? Neumann problem is also solvable for L.

(2) If 0p0|VA;| € L>®(Q), there is a ¢ > 0 (that depends on Q, Ly, and p) such that, if
|Ag — Ay| € CM,(¢), then the L? Neumann problem is also solvable for L.

Proof. (1) is [KP95, Theorem 2.2] in smooth domains, and easily extend to our seeting.
To prove (2), we just need to follow the proof of [KPg5, Theorem 2.2], and use the Mo-
ser estimate |Vu(X)| < CfBX |Vu|dY - which is true when §50|VA;| € L>(2) and
established for instance at (2.15) in [Fen23] - at the appropriate moment. O

Theorem 1.53. Let  := {(z,t) € R"! x (0,00)} and let L := — div AV be a uniformly
elliptic operator, and let p € (1, c0).

(1) If n = 2 and dsa|VA| € CM,, then there exists p € (1,00) such that the L? Neumann
problem is solvable.

(2) Then there exists ¢ > 0 depending on n, p, and the elliptic constants of L such that, if
doa|VA| € CM,(¢), then the LP Neumann problem is solvable.

Proof. (1) is in [DR10] and uses a trick from [KRog] that works only in Ri and transforms
a Neumann problem into a regularity problem for a different operator, which allows us
to get the result from Theorem 1.46. (2) is [DPR17, Theorem 7.1]. O

1.5 . Why do we need a new elliptic theory to study sets of higher codimension?

The purpose of this memoir is to study the geometry of a set £ by examining the
properties of harmonic or elliptic extensions in R™ \ E corresponding to L” data on E.

Consider a d-Ahlfors regular set E C R™ and investigate how the regularity or flat-
ness of F interacts with solutions of an elliptic operator L in R"\ E. Whend € (n—2,n),
the Ahlfors regular set E has non-zero capacity (with quantifiable, scale invariant pro-
perties), meaning that a rich elliptic theory based on classical uniformly elliptic opera-
tors can be developed. However, when d < n — 2, studying E through harmonic solu-
tions in R \ E becomes pointless because the Laplacian does not “detect” the boun-
dary. To discuss the solvability of the (continuous, L?, etc.) Dirichlet problem, we need
to consider weak solutions uw € W(R™ \ E, L") to —Au =0inR"\ E, i.e.

Vu-VedX =0 forp € C5°(R™\ E). (1.31)

R™\E
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However, sets of codimension d < n — 2 have zero capacity, which means that we have
the following density result :

Proposition 1.54. Let E C R" be a Ahlfors regular set of dimension d < n — 2. For any
¢ € C§°(R™), there exists a sequence oy, € C°(R™ \ E) such that

Jim IV (er = @)l r2@n,eny = 0.
—00

So W(R™\ E, L™; locally in R") = W,,.(R™, £") and (1.31) immediately self-improves
to
/ Vu-VepdX =0 for ¢ € Cg°(R™). (1.32)
Rn\E

In conclusion, the only bounded weak solutions to —Au = 0in R™\ £ are the constants,
rendering the notion of harmonic measure void. From a probabilistic perspective, it
means that, for any finite ¢y, the probability that a particle in R™\ E subject to a Brownian
motion will hit E in less than ¢, units of time is zero.

Proof of Proposition 1.54. We simply need to prove that ||V (¢.)||12 converges to 0 as
e tends to 0, where 1. is a cut-off function that is 1 on a neighborhood of E. The case
d < n — 2 only requires the use of the “classical” cut off function 0 < ¢, < 1 that takes
the value 1on {0 < ¢}, 0 when {0g > 2¢} and that satisfies |V | < 2/e.

In order to include the case d = n — 2, we will use a better cut-off function. Take
Ve C®R)tobesuchthat0 < ¥ <1, ¥ =00n(—0c0,1], ¥ =10n[2,00),and |¥'| < 3.
Then, for e € (0, 1), we construct

ln(SE(X))

Ine

be(X) = \1/<

and we observe that ¢.(X) = 0 when 6g(X) > ¢ ¥(X) = 1 when dx(X) < €% and
IV (X)| < C/(0r(X)|Ine|). The function p(1 — ¢.) € C§° and we need to prove
that [|V(¢ve)||2 — 0. If K, denotes {X € , dist(X,suppy < 1} and S, is {X €
K,, 0g(X) < €}, observe that

C 1
v €2dX<2/V 22X + 20/ ———dX = I} + L.
JVieedrax <2 [ et s rlell [ X < hoe

The term I, convergesto 0, as Vi € L?(R") and |S.| — 0. As for the term I,, we use the
Ahlfors regularity of 02 to get that

Sy \ Sn/2| <[S < Cﬁ”_dU(E NKy)
where ¢ is the Ahlfors regular measure of E. Consequently,
2 1 k(n—d—2) c 2
I < Cllel o(BNK,) Y. 2 < ——llelo(ENK,) =0

*[Inef? | In el
21Ing e<k<lInsz e

when ¢ tends to 0. The proposition follows. OJ

Let us define an appropriate notion of harmonic and elliptic measure on sets of high
codimension. To begin, consider the set R" \ R? := {(z,¢) € R? x R"4, ¢ = 0}, where
d < n — 1, which has a flat boundary. For this domain, we can readily construct accep-
table solutions that share properties with those in RZ™. For instance, the Laplacian in
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R%! will become — div [t|* "V in R™ \ R?. More generally, for a given uniformly elliptic
operator L on R%*!, by leveraging the radial symmetry of the domain, we can find £
such that our solutions v(z,t) to Lv = 0 in R \ R? to be such that v(x,t) = u(z, |t|)
and Lu = 0 in RE™. The construction of such operators L is given by the following

proposition.

Proposition 1.55 (Subsection 4.1in [DFM19b]). Let L = — div AV be a uniformly elliptic
operator in RE™ (m = L£"). Write

A B
A= { """ L } = (aij)1<ij<d+1

for the coefficients of A. Assume that v is such that v(z, t) = u(x, |t|) with u € W, (R, L)
being a weak solution to Lu = 0 in R4, Then v € Wi, (R™ \ RY, [t|4""dxdt) and is a weak
solution to Lv = — div AVv = 0, where

.A:|t|d+17n tT """ ------------ :‘t’d“’” ................. SR 1. (1.33)

| :0i,j0d+1,d+1

—CEaled_n ad+1,j|?

It
In the above matrix expression, t = (tq41,t,) is an horizontal vector, §; ; is the Kronecker
symbol, and the sizes of the bloc matrices are d x d, d x (n—d), (n—d) xd, (n—d) x (n—d)
respectively. Moreover, in the definition of A = A(x,t), we use the lightened notation a; ;

for ai;(z, [t]).

Let us now consider a domain 2 = R™ \ 912, where 052 is an Ahlfors regular set of
dimension d < n—1 (with d is not necessarily an integer). The class of “uniformly elliptic”
operators in Q is relatively simple. Observing that the coefficent [t|¢" = §go(X)" ¢
naturally appears in (1.33), we define a uniformly elliptic operator L = —div AV on
by the following conditions :

|A(X)E - ¢| < Cop(X)™7[¢][¢|  for X € Qand €, ¢ € R; 1.3)
A(X)E € > C L6y (X)4H1[¢]2 for X € Qand ¢ € R™. 34

Those operators fit within the framework of elliptic theory given in the next chapter (see
Subsection 2.1.2), enabling us to construct an elliptic measure and analyze the solvability
of the Dirichlet problem in L.

We immediately have from the results of this chapter :

« Examples of elliptic operators in R™ \ R? for which the elliptic measure is A.-
absolutely continuous with respect to the measure £¢ = H? on R¢, as shown by
combining Proposition 1.55 and Theorems 1.30 and 1.37).

« Examples of elliptic operators in R™ \ R? for which the elliptic measure is singular,
derived from Proposition 1.55 and the counterexamples in [MM81, CFK81]).

Our goals for the incoming chapters are :

1. To develop an elliptic theory that allows us to study boundary value problems
when the boundary is too thin to be detected by the Laplacian.

2. To identify a “good operator” that will serve as the alternative of the Laplacian
when studying the boundary value problemsin Q \ E, where E is Ahlfors regular
with dimension d < n — 2.
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2 - Elliptic theory for domains with mixed dimensional
boundaries

2.1. Elliptic theory : guiding examples

Let us present some examples where our elliptic theory, that will be introduced later,
can be applied.

2.1.1. Classical elliptic operators

Let L := —div AV be a classical uniformly elliptic operator in the divergence form,
that is A is a matrix valued function on a domain €2 that satisfies the elliptic and boun-
dedness conditions

[A(X)E - ¢l < CI¢JI¢]  for X e Qand ¢, ¢ € R,
AX)E-€>C7HEP? forX e Qand € € R™

To have the rich elliptic theory provided by this manuscript, it is sufficient for 02 to be
d-Ahlfors regular with d € (n—2,n). Indeed, we just need to prove that, in such context,
we have a boundary Poincaré inequality. The result is classical, but let us give a quick
proof. Take u € C§°(2) and a ball B = B(xp, ) centered on 0f2. We write B(y, k) for
the ball B(2' "%z + (1 — 217%)y,27%rp), B*(y, k) for B(y,2'~*rp), which contains both
B(y, k) and B(y, k + 1). We also write up for f, udX. For any y € 99, we have

ol = sy = )] < Y- Pty — st < C e} [ Vu(2)|dz

k>1 E>1 B*(y,k)

(2.1)

thanks to the (classical) Poincaré inequality on balls. If we average the last estimate over
y € B/2N 9%, and if we write S, for the set |, yon 5,2 B, - Whose measure is bounded

by C(rp)"2~*"=9 due to the Ahlfors regularity of 92 - we obtain

lups| < C Z(Zk?“B)lnj[ / \Vu(Z)|dZ do(y)
yeB/2n0 J B*(y,k)

k>1

< C(TB)dZ(ZkrB)Hd”/ \Vu(Z)|dZ

k>1 S(y,k)
< C(T’B)l_n/Q 2(2—k)1+(d—n)/2 (/ |VU(Z)|2 dZ)
k>1 S(y.k)

< C(rp)'—"? ( / Vu(Z)|? dZ) 2 D (2kyrrdmm
B k>1

< Crp (]i |Vu(Z)\2dZ>;

aslongas 1+ (d—mn)/2 >0, whichis true if d > n — 2. We conclude by saying

]i W(Z)Z < up)s + ]i W(Z) — ugpldZ < Cry (]i Vu(2)| dz>é

due to our previous computations and the Poincaré inequality. The boundary Poincaré
inequality requested for our elliptic theory to work follows.
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2.1.2. Complement of low dimensional Ahlfors regular set

In this paragraph, we take (2 to be R" \ F, where E is a Ahlfors regular set of dimen-
sion d < n — 1 (d is not necessarily an integer). Note that, in this case, the domain
is well connected and thus automatically uniform. When d € (n — 2,n — 1), an elliptic
theory can be obtained by using the classical elliptic operators defined above, but we
also want to be able to treat 0 < d < n — 2. The simplest choice of “uniformly ellip-
tic operators” would be in the form L := —div AV where the matrix A is elliptic and
uniform with respect to the weight w(X) = dist(X, E)?*1~", that is

|A(X)E - (| < Cdist(X, B)m|¢||¢| for X € Qand &, € R”;
AX)E-€ > C 1 dist(X, E)*"[¢2 for X € Qand € € R™. 22)
Instead of living in the homogeneous space W'2(Q), the solutions exist in some weigh-
ted Sobolev spaces, with the weight as in (2.2), that is w(X) = dist(X, E)?~". Note
that, in the limit case d = n — 1, we recover the classical uniformly elliptic operators.
The elliptic theory in this context, and the fact that §2 is automatically uniform, is proved
in [DFM21].

2.1.3 . Caffarelli and Silvestre fractional operators

We can get more freedom on the degeneracy of the operator. Indeed, assume that
L := —div AV, where there exists v such that

|A(X)¢ - ¢ < Cdist(X, E)[¢[|¢]  for X € Qand ¢ € R™;
A(X)E-€ > C N dist(X, E)[¢]>  for X € Qand ¢ € R™, (2.3)

Indeed, as long as the dimension d of the Ahlfors regular boundary 02 C R™ and the
degeneracy v of the weight w(X) := dist(X, F)? satisfy the estimate |y— (d+1—n)| < 1,
then our elliptic theory applies

Those operators can be seen as the generalization of the ones considered by Caffa-
relliand Silvestre in [CSo7]. Let us talk a bit about it. Take © := R" = {(z,t) € R", t > 0}
(the upper plane), which means 9Q) = R for d = n — 1. Caffarelli and Silvestre have
shown that the effect of the fractional operator (—A)®-for s € (0,1)andy:=2s—1 €
(—1,1) -onafunction f defined on R% can be seen as the trace of a Dirichlet to Neuman
boundary value problem. That is, up to a harmless constant,

ou
—A)* = — i N
(=A)'f(z) = ~lim¢*—, (2.4)
where u is the solution to L, := —divt”Vu = 0 in R’} with boundary data f. The ope-

rators L., v € (—1,1), are a special case of operators verifying (2.3) and will satisfy the
assumptions for the elliptic theory that we are going to provide.

We can generalize some of this to the context of the complement Q2 of a d-Ahlfors
regular set £ C R", where the operator is for instance L = —divdist(X, F)"V with
v —(d+1—mn)] < 1. When F' € C§°(R"), the Lax-Milgram theorem (Theorem 2.47)
allows us to solve the Dirichlet problem with boundary data f = F|g, i.e. find a function
u € Wh2(Q, dist(X,T')"7dX) such that Lu = 0 and u = F on E. Then we can define an
operator 7' that generalizes the fractional Laplacian on the plane, by saying that T'f is
a distribution on E such that

(T, ) = /Q dist(X, B)~ Vu(X) - VB(X)dX, (2.5)
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where & € C§°(R") is a smooth extension of ¢. A simple integration by parts and (2.4)
show that, when E is an hyperplane, the distribution 7' f is the fractional Laplacian on
E.

2.1.4 . Boundary of mixed dimensions

There are two situations that easily appear when working with low dimensional
Ahlfors regular boundaries. We take d-Ahlfors regular sets £ C R" withd < n — 1
and we want to study solutions of degenerate elliptic - i.e. satisfying (2.2) - operators
L = —div AV, but not in the full domain @ := R™\ E.

In the first scenario, instead of working in €2, we want to work in BN = B\ E,
where B is a ball that intersects E. In this case, the boundary of the new domain will
be composed of the boundary of B (which is of dimension n — 1) and the boundary of
Q2 (which is of a different dimension d).

In the second situation, we consider the so-called “saw-tooth” domains. An example
of such domains is

Q= {(z,t) e RT x R" % |t| > ()},

where ¢ : R? — [0, c0) is a Lipschitz function for which the set {z € R?, p(x) = 0} has
non-zero Lebesgue measure.

“/1:),

P
|
|
|
1
A

Figure 2.1 - A saw-tooth domain in R? whose boundary is partially of dimension 1 and partially
of dimension 2.

Our elliptic theory can be used in the two above cases, and the verification of our
assumptions is done in [DFM20, Section 3].

2.1.5. Nearly t-independent A;-weights

The t-independent elliptic operators have a special status among divergence form
operators, in particular because some control on the behavior of the coefficients in the
direction transversal to the boundary is necessary for absolute continuity of harmonic
measure with respect to the Lebesgue measure - see [CFK81, MM81].

Let w : R*! — R, be any Aj-weight on R? (see [Jou83, GCRAF85] for details). We
use it to define a weight w on R = R? x R by w(xz,t) = w(z) (and then dm(z,t) =
w(z,t)dxdt). We consider t-independent elliptic operators L := —div AV where, as
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usual, A satisfies the ellipticity and boundedness condition relatively to w(x,t), that
is
Az, )¢ - ¢| < Cw(@)|g]l¢]  for (x,) € RY and £,¢ € R™;

Az, )€ € > C-\w(2)|¢]? for (x,t) € R" and € € R, (2.6)

We can construct solutions in the weighted Sobolev space W?(R" , w), and we refer to
[DFM2o0, Subsection 3.6] for the proof of the fact that this situation satisfies the elliptic
theory given in [DFM20], which requires stronger assumptions than the one given here.

2.2 . Our most general assumptions for the elliptic theory

In this section, we present the elliptic theory that will be used later to study boun-
dary value problems. This theory is a contribution of the author, building upon and
improving the elliptic framework previously developed in collaboration with Guy David
and Svitlana Mayboroda, as outlined in [DFM21] and [DFM20]. The main innovation here
is the integration of our earlier work with the elliptic theory developed under a capacity
condition in [HMTon]. Our approach is largely inspired by the methods presented in
[HKM93].

2.2.1. Poincaré inequalities, traces, and weighted Sobolev spaces

The cornerstone in our theory is the careful selection of a weight w. From the weight
w, we define operator L = — div AV that are uniformly elliptic and bounded with res-
pect to w, and a measure m whose Radon-Nikodym derivative with respect to the Le-
besgue measure is the weight w.

Our goal is for the measure mm to be well adapted to both the domain 2 and its
boundary 0f). By “adapted”, we mean that m satisfies certain carefully chosen Poincaré
inequalities on balls, ensuring regularity properties for solutions of L. Specifically, we
require :

+ A Poincaré inequality inside €2, which guarantees Hdélder continuity of solutions

within the domain.

+ A Poincaré inequality on the boundary, which ensures Holder continuity up to 052.

This, in turn, plays a key role in constructing an associated elliptic measure and
Green function.

We first focus on defining m. Since we require a Radon-Nikodym derivative, we will
assume throughout this book that mm is absolutely continuous with respect to the
Lebesgue measure on R™. This assumption, while convenient, is somewhat restrictive.
In principle, we could (and eventually will) define a differentiation structure around m,
allowing us to extend our theory to Riemannian manifolds, fractals, or graphs. Howe-
ver, for now, we choose to remain within the familiar setting of R"™, postponing such
generalizations for future work.

Although m is initially only required to be defined on €2, we will assume it is also
defined on all of R™. This assumption is both practical and natural in many cases - par-
ticularly when € is the complement of a set with empty interior. Extending m to all of
R™ simplifies localization arguments : if m satisfies the desired properties in €2, it will
also retain these properties in any subdomain, making the analysis significantly more
manageable.

We now outline the precise conditions we impose on m.
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Definition 2.1 (derivative compatible). We say that a measure m is derivative compa-
tible in Q if the following property holds. Whenever K € Q) is compact, u; € C*(K) is
a sequence of functions such that [, |u;|dm — 0, and [ |Vu; —v[*dm — 0 asi — oo
where v is a vector valued function in L?(K, m), we necessary have v = 0.

Definition 2.2 (interior Poincaré inequality). We say that a measure m satisfies
+ the interior doubling property if there exists C' > 0 such that, for any ball B satis-
fying 2B C (2, there holds
m(2B) < Cm(B)

* the interior Poincaré inequality if there exists C' > 0 such that, for any ball B
satisfying 2B C Q and any function u € C*°(R"), one has the weak Poincaré

inequality
3
][ lu —ug|dm < Cr (][ |Vul? dm) :
B 2B

where vz stands for fB uwdm and r is the radius of B.

Definition 2.3 (suitable for PDE inside the domain). At last, we say that a measure m is
suitable for PDE inside the domain €2 if m is absolutely continuous with respect to the
Leguesgue measure, doubling inside 2, derivative compatible in €2, and satisfies the
interior Poincaré inequality.

We are not particularly interested in rough weights w or measures m that are not
comparable to the Lebesgue measure inside (2. Instead, our focus lies in the opposite
direction : identifying the optimal weight w and the most regular measure m that allow
us to formulate and study boundary value problems effectively.

With this in mind, we will primarily work within the following, much simpler setting.

Proposition 2.4. If m is absolutely continuous with respect to the Lebesgue measure L"
and if there exists C' > 0 such that the Radon-Nykodym derivative satisfies

dm dm
< Cinf = .
s%p arn = C’néf I for any ball B such that 2B C ), (2.7)

then m is suitable for PDE inside the domain.

Proof. The Lebesgue measure L" is suitable for PDE inside the domain R", and thanks
to (2.7), the property immediately transfers to m. O

Our final condition ensures that m properly detects the boundary. A common ap-
proach relies on capacity, but we instead prefer to use Poincaré inequalities. In Subsec-
tion 2.2.3, we will demonstrate that, in the classical setting, these two approaches are
equivalent.

Definition 2.5 (boundary Poincaré inequality). We say that a measure m satisfies
+ the boundary doubling condition if there exists C' > 0 such that for any = € 0%
and r € (0,diam 2), we have m(B(z,2r)) < Cm(B(z,1));
+ the boundary Poincaré inequality if there exists C' > 0 such that, for any z € 012,
any r € (0,diam ), and any u € C§°(2), we have

1
][ |uldm < Cr (][ |Vu\2dm)
B(:E,T) B(Z‘,QT)
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Definition 2.6 (suitable for PDE). We say that a measure m is suitable for PDE in Q if
m is suitable for PDE inside the domain 2, and satisfies both the boundary doubling
property and the boundary Poincaré inequality.

Remarks 2.7. * Itis unknown to the author whether the doubling property of m and
the interior Poincaré inequality alone imply that m is absolutely continuous with
respect to the Lebesgue measure or that it is derivative compatible in €.

+ The assumption derivative compatible is essential for constructing a weighted So-
bolev space. Without it, there is no a priori guarantee that a well-defined notion of
derivative - acting as a linear and local operator - exists when completing C>=(Q).

+ The interior Poincaré inequality ensures that m behaves locally in a manner suf-
ficiently similar to the Lebesgue measure. For example, this holds if w is in a A,
Muckenhoupt weight.

* The boundary Poincaré inequality is the key condition that ensures m is adapted
to the boundary 0f2. In particular, if 09 has a low dimension in R", this condition
forces the weight w to blow up to +oco near the boundary. This serves as our sub-
stitute for capacity considerations (see Subsection 2.2.3)

+ The multiplicative constant 2 in the balls appearing on the right-hand sides of the
interior Poincaré inequality and the boundary Poincaré inequality isarbitrary. Any
constant k > 1 could be used instead, yielding an equivalent definition of mea-
sures suitable for PDE. See in particular Theorem 2.10 below, which shows that
replacing 2 by 1 leads to an equivalent formulation.

One of the fundamental properties of this elliptic theory is its stability under restric-
tion to subdomains, as demonstrated in the next proposition.

Proposition 2.8. Let @ C R" be open and m be suitable for PDE in 2. Take D C R" be
an open set such that both D and R™ \ D satisfy the corkscrew point condition. Then m is
suitable for PDE in D.

Remark 2.9. From the proposition, if B(z, ) is a ball centered on 9052, then m is suitable
for PDE in QN B(z,r). Hence we are able to use all the elliptic theory developed in the
next subsection, in particular we can construct Green functions and elliptic measures
on QN B(x,r).

Proof. The measure m is trivially derivative compatible in D and satisfies the interior
Poincaré inequality (both come directly from the same properties on m). The existence
of corkscrew points implies the porosity of 0D, hence its zero Lebesgue measure. As a
consequence, since m is absolutely continuous with respect to the Lebesgue measure,
m(0D N ) = 0. The (interior and boundaries) doubling properties of m are true for D
since they are true for ).

It only remains to show that m satisfies the boundary Poincaré inequality. Take 2" €
0D, r > 0,and u € C§°(D) C C§°(2). If dist(2',0Q) < 2r, then take z € 92 such that
|z — 2’| < 2r, and we have

][ |u| dm = f lu| dm < ][ |u| dm
B(z!,r) B(z!,r) B(x,3r)
% %
< Cr (][ |Vul? dm) < Cr (][ ]Vu|2dm’)
B(x,67) B(x',8r)
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because m is doubling and satisfies the boundary Poincaré inequality. We established
a boundary Poincaré inequality with a scaling constant 8 instead of 2 for the balls in the
integral in right-hand side, but it does not matter, because we can always self-improve
the Poincaré inequalities and ultimately get 1 once we run the argument used to prove
Theorem 2.10 below.

When dist(2’, 0§2) > 2r, let B’ = B(X, er) where X is an exterior corkscrew point for
x’ at scale r, and e is the corkscrew constant of R” \ D. We have up = 0 and thus

][ ful dim = ][ (= | dm
B(z',r) B(z',r)

< ][ \u—uB(w/,r)|dm+][ ]u—uB(zgr)]dm
B(z',r) 4

< C'][ (U — up | dm < Cr (][ |Vu|2dm'>
B(z',r) B(a',2r)

by the doubling property of m and then the interior Poincaré inequality. O

Theorem 2.10 (Sobolev-Poincaré). Let 2 C R™. Let m satisfy the interior doubling property
and the interior Poincaré inequality.

(i) There existpy € (1,2), k > 1, and C' > 0 such that, for any p € [po, 2], any open ball B
satisfying 2B C ), and any function v € C*(R"), we have

(][ |u—uB\kpdm> v <Cr (][ |Vu|pdm)p , (2.8)
B B

where up stands for §, udm and r is the radius of B.

(i) If, in addition, m satisfies the boundary doubling property and the boundary Poincaré
inequality, then there exist p, € (1,2), k > 1, and C > 0 such that, for any x € 0%, any
r € (0,diam Q) and any function u € C§°(£2), we have

7 »
(7[ |u|*P dm) <Cr <][ |Vul? dm> : (2.9)
B(z,r)NQ B(z,r)NQ

Proof. The improvement (i) is a combination of [KZ08, Theorem 1.0.1] and [HKoo, Corol-
lary 9.8]. See also [HKg5, Theorem 1].

The second part (i¢) is a variant. When Q is uniform, the result is morally [DFM2o0,
Corollary 7.9]. The author intended to write the proof without assuming that €2 is uni-
form, because the strategy is similar to [KZo8]. However, if we admit that boundary
Poincaré inequalities are equivalent to a notion of capacity (see Subsection 2.2.3 for
such equivalence when m = £"~1), then the result is [BMSo1, Theorem 1.2]. ]

With this powerful theorem in hand, we want to push the limits on the functions u
that can satisfy (2.8) and (2.9).

Definition 2.11. Let D C Q be an open set. A function u belongs to W (D, m) if u €
L} (D, m) and there exists a vector valued function v € L?(D,m) such that, for some

loc

sequence {g; }ien € C*(D), we have

lim |pi —u|dm =0 forany compact K € D (2.10)
K

1—00
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and

1—00

lim [ |Vy; —v|[*dm = 0. (2.11)
D
We write uw € W (D, m; locally in E) if u € W(D N K, m) for any compact K € E.

Remark 2.12. A sample of Sobolev spaces that we will use are:

« W(§2, m) for global solutions, for instance given via the Lax-Milgram theorem;

* when B C Qs a ball, W(B,m) or Wj,.(B,m) := W (B, m; locally in B) for local
solutions inside the domain;

+ when Bis aball centered on the boundary, W (BN, m) or W(BNS2, m; locally in B)
for local solutions with a trace;

« W(Q,m; locally in R™) for global solutions whose behavior at o is not controlled
- like Green functions with pole at infinity - but still have a trace;

* Wiee(2,m) := W(Q,m; locally in Q) for global solutions without control at the
boundary.

The notion of derivative is formally established in the following proposition.

Proposition 2.13. If m is derivative compatible, then, for an open set D C Q2 and a given
u € W (D, m), the function v in Definition 2.11 is unique and locally defined. We write Vu for
such v and we equip W (92, m) with the seminorm

[ullw@.m) = llullw = IVull2@.m)- (2.12)

Proof. Obvious. O

We emphasize that the mapping v — Vu defines a linear operator, though it does
not necessarily coincide with the gradient in the sense of distributions. An example
illustrating this distinction can be found on page 13 of [HKMg3]. However, as one might
expect, in many cases, these two notions of differentiation do, in fact, coincide.

Proposition 2.14. Let m be absolutely continuous with respect to the Lebesgue measure L.
* If the Radon-Nykodym derivative w := dm/dL belongs to the Muckenhoupt class As -

that is if
sup <][ de) (][ w™! dX) < +00, (2.13)
B BNQ BNQ

where the supremum is taken over the balls such that 2B C D - then m is derivative
compatible and, for any u € W (D, m), Vu is the distribution gradient of u in D.
- Letm be derivative compatible and W,>(D) be the space of locally Lipschitz functions.

If u € W(D, m) N W,.>(D), then the two notions of gradient of u carried over from
W (D, m) and W,=>°(D) coincide.

loc
Proof. See page 14 and Lemma 1.1 (both) in [HKM93]. O

The next result addresses the fact that the approximating sequence in (2.10)-(2.11)
can be chosen to preserve the same bounds as .

Proposition 2.15. Let D C () be open and m be derivative compatible.

Take u € W(D,m) such that w > 0 a.e. on D. Then there exists {y; }ien € C*°(D) that
satisfies ¢; > 0 for all i € N, and (2.10)-(2.11).

Analogously, if u € W(D,m) is such that L < u < M a.e. on D, then there exists
{pi}ien € C>(D) that satisfies L < @; < M for all i € N, and (2.10)-(2.11).
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Proof. We take u > 0, and let {;}; be a function that approximates u € W in the sense
of (2.10)-(2.11).

In the first case, we take f; € C*(R) such that f; > —1/i, f;(t) = t whent > 0,
and |f/| < 1. With similar computations as the ones used to prove Lemma 6.1 (a) in
[DFM21], check that {f; o p; + %},- - which is non-negative - also approximates u in the
sense (2.10)-(2.11).

If u is essentially bounded, without loss of generality, we can take L = 0and M = 1.
We choose f; € C*°(R) such that —1/i < f; < 1+ 1/, fi(t) = t whent € [0,1], and
|f!] < 1. We then check that {ﬁw(f,- o p; + 1)}; is a C™ approximating sequence of u
that stays between o and 1. O

We also want to define the functions with zero trace.

Definition 2.16. We define W (D, m; 0 on F') as the subspace of W (D, m) composed of
the functions u for which we can find an approximating sequence {¢;};,en € C(D) -
that is the sequence satisfying (2.10)-(2.11) for some v € L?(D,m) - such that supp ¢; N
F=1.

To lighten the notion, we write W, (2, m) for W (€2, m; 0 on o).

Furthermore, the space W(D,m; 0 on F’; locally in E) contains the functions that
belong to W (D N K, m; 0 on F') for every compact set K C F.

With those definitions, we easily have :

Theorem 2.17 (Sobolev-Poincaré). If m is suitable for PDE inside the domain, the estimate
(2.8) is true for any uw € W (B, m). Furthermore, if m is suitable for PDE, the bound (2.9) is
true foranyw € W (BN, m; 0 on 02N B). In any case, the parameter p, and the constants
k> 1and C' > 0 do not change by extending to such a class of functions.

Proof. Immediate consequence of Theorem 2.10 and our definitions of W (D, m) and
Wo(D,m). O

Let us now state some basic properties of the Sobolev spaces that we constructed.

Proposition 2.18. Let m be derivative compatible and satisfy the interior Poincaré inequa-
lity, and let w € W (2, m). Then ||lullw = 0 if and only if, on each connected component of
), u is m-almost everywhere equal to a constant function.

Proof. Use Lemma 4.10 in [DFM20] on each connected component of §2. Note that, if {2/
is connected (and open), it means that we can always find a chain of ball linking any two
points of (V. O

The spaces W (D, m)and W(D,m; 0 on F') are compatible with the notion of cut-off
functions. For instance, we have the following equality of spaces :

Proposition 2.19. * Assume that m is suitable for PDE inside the domain. Let B be a
ball such that 2B C (). Then
Wiee(B,m) = {u € Lj,.(B) : V¢ € C*(B), ugp € Wy(2,m)}.

loc

* Assume that m is suitable for PDE. Let B be a ball centered on 0X2. Then

W (B NQ,m; 00noQ2N B; locally in B)
={ue L, (BNQ): Vo€ C&(B), up € Wy(Q,m)}.
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Proof. Let us prove only the first point, since the second one is similar.

(C) Let u € Wy, B, m). Let {p; }ien € C*°(B) that satisfies (2.10)-(2.11). Then the ap-
proximating sequence of u¢ is p;¢ € C§°(£2) and V(p;¢) converges to ¢Vu + uVe¢ in
L*(Q2). Indeed, (2.10) implies the convergence of ¢V, to $Vu in L?, while the conver-
gence of p; V¢ to uV¢ is due to a combination of (2.10), (2.11), and Theorem 2.17.

(D) Takeuw € {u € Li,.(B) : Yo € C5°(B), up € Wo(Q2,m)}. Choose ¢; € C§°(B)

such that ¢; = 1 on B; := (1—1/4)B. From the definition of W, (2, m), we can construct
ik € C®(Q) such that

/ [u — @kl dm = / [ug; — @ik dm <
B; B;

| =

and 1
/ Ve — Vul*dm < / Vi — V(ug;)|>dm < o
B; Q

For each i < j, {¢;x}k>; is an approximating sequence for u in B;, so the fact that m is
derivative compatible gives that the {V(u¢;)},-; are allequal on B;. So we can construct
v e L} (B)suchthat, forj > i,v := V(up;) on B;. The sequence ¢; ; € C*°(B)isthenan
approximating sequence of u in any compact K C B, which shows that u € W,.(B, m).
U

The space W (€2, m) is complete ‘up to constants’, in the following sense.

Proposition 2.20. Let () C R" be a connected open domain. Let m be suitable for PDE inside
the domain. The quotient space W (Q,m) := W (Q, m) /R, equipped with the quotient norm
| - |lw, is complete. Also, if a sequence {u;}3>, in W(§2,m) and a function u., € W(Q,m)
are such that ||uy — us|lw — 0, then there exist constants ¢, € R such that uy, — ¢, — win
LL, (2, m).

In particular, if (ux,)ken is a Cauchy sequence in W (€2, m) - in the sense that || u; —u; ||w —
0asi,j — oo-andifu, — win L}, (Q,m), thenu € W(Q, m) and ||us, — ul|w — 0.

loc

Proof. See Lemma 9.1and 9.10 in [DFM20]. Instead of using 75, and Uéo like in [DFM20],
use a collection {Q,} ey of C* precompact domains such that ©; 1 Q. Since the do-
mains ); are C* and m satisfies the interior Poincare inequality, we still have a Poincare
inequality on €2; (possibly with large constants, but it does not matter), see for instance
[HKgsg, Theorem 1]. O

As for the space Wy(D, m), it is complete in the classical sense.

Proposition 2.21. Let QO C R™ Let m be suitable for PDE. The space W;(€2, m) equipped
with the inner product (u,v)y, := [, Vu - Vvdm is a Hilbert space.

Proof. Without loss of generality, we can assume that €2 is connected. Then Theorem
2.17 shows that the constants are not in any Wy (€2, m), so ||.|lw is a norm on Wy(£2, m).
The completeness under ||.||w is now a simple consequence of the construction of
W()(Q, m) [l

Note the interesting following result.

Proposition 2.22. Let 2 C R™ and m be suitable for PDE. The space C§°(2) is dense in
W()(Q, m)

58



Proof. By definition of W (€2, m) (and knowing now that ||.||y is @ norm), W,(Q2, m) is the
completion of the functions that lie in W (2, m) N C*°(Q2) and have a support that does
notintersect 0. If Q2 is bounded, it means that W, (€2, m) is the completion of C§°(0Q). If
(2 is unbounded, we need to make sure that we can choose the approximate functions
so that their support is 0 at infinity. The proof of this part is the same as Part (ii) in the
proof of [DFM21, Lemma 5.5]. O

We want now to give a notion of trace on 0f2. We will stay vague at first on the space
of traces, and a trace will simply be a map from W (Q2, m) to a space containing the
functions on 02 that satisfy the following properties.

Definition 2.23 (Trace). Atrace Tr: W(Q,m) — S D F(01) is such that :
(i) if o € C®(Q) N W (2, m), then Tr(p) = plaq;

(ii) if u € Wy(22,m), then Tru = 0;

(iii) Tris a linear operator.

Moreover, if a trace exists on W (2, m), we can extend it to functions in W (BNS2, m; locally in B)
- where B is a ball centered on 952 - in the following manner. We say that Tru = g on
BN oQifforany ¢ € C5°(B), Tr(up) = gploq-

Remark 2.24. A few comments on our definition of traces.

+ We will not prove here that our definition is well-posed. For example, we will not
show that if u € W(Q,m), then u|gnq € W(2 N B) and Tru|gnq = (Tru)|snaq oN
B N 0N. These verifications are left to the reader. Computations similar to those
are carried out in the proofs of [DFM21, Lemma 5.4, Lemma 6.1].

+ The existence of an operator satisfying conditions (i) and (ii) is guaranteed only
by the boundary Poincaré inequality inequality. To illustrate this, consider 2 =
Bg4(0,1) \ D, where D is a diameter of the ball Bgs(0,1). When m = L% is the
Lebesgue measure, the function 1 — |z|* can be approximated by a sequence of
functions in C§°(Q2) in the sense of (2.10)-(2.11) (this fact is left as an exercise). Thus
1 — |z]* € Wy(2, £*) and by (ii), we have Tr(1 — |z|*) = 0 on D. However, since
1 — |z|*> € C=(Q), by (i), we should have Tr(1 — |z|?) =1 — |z|? # 0 on D.

* Note that Tru is not necessarily a function on 952. For example, nothing in our as-
sumptions prevents the space from being disconnected, as in R*\R"~!, or not well
connected, as in R? \ {(z,0) € R?, z < 0}. In such cases, Tr« would conceptually
represent the combination of the functions Tr, v and Tr_ u on 0f2 corresponding
to the values of u approaching the boundary from above or below, respectively.

* The trace will be a function in L}, (99, o) when (2, m, o) is suitable for PDE and
traces; see Definition 2.32 below. In this context, we will be able to express Tru
as a function in the fractional Sobolev space H({2, m, o) constructed in Definition

2.33.
Let us study the stability of W (2, m) and Wy (2, m).

Proposition 2.25. Let 2 C R™ and let m be derivative compatible. The following properties
hold :

(i) Let f € C'(R) besuch that f’ is bounded, and let u € W (2, m). Then fou € W (€, m),
V(fou)= f(u)Vu, and Tr(f o u) = Tr(f o u) whenever Tru = Tr @.
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(i) Let u,v € W(§2, m). Then max{u, v} and min{u, v} lie in

w
Vulz) ifu(z) >
¥ max{u, v} (z) :{ W((x; gv( )2

| [ Vu(x) ) < v(2)
V min{u, v}(z) = { Vo(z)  ifu(z) < u().

Moreover, Tr(max{u,v}) = Tr(max{u,v}) and Tr(min{u,v}) = Tr(min{u,v}) whe-
never Tru = Tru and Trv = Tr 2.

(iii) Let u,v € W(Q2,m) N L>®(Q). Then uv € W (2, m) N L>*(Q), with V]uv] = vVu + uVv,
and Tr(uv) = Tr(uv) whenever Tru = Tru and Trv = Tro.

Each time, the identities on the gradients hold by seeing the two quantities as the same
element in L*(Q2, m) (so they are equal almost everywhere).

Remark 2.26. Again, by virtue of Proposition 2.19, the properties discussed above can be
extended to the spaces W,,.(B,m) and W(B N Q,m; 0 on BN JQ; locally in B), where
B is either a ball satisfying 2B C 2 or a ball centered on 0.

Remark 2.27. Here is an example to clarify how we should interpret the statement on
traces. If Tru = 0, then Tr(f o u) = f(0). Similarly, if Tr(u) = ¢ for some non-positive
¢ € C°(R"), then Tr(max{u,0}) = 0.

Proof. See paragraphs 1.18 to 1.23 in [HKM93], or Lemmas 6.1 and 6.3 in [DFM21]. The
proofrelies onthe fact thatevery u € W (2, m) can be approached by smooth functions.
The statement on the traces is fairly easy : let us do (i) as an example. If Tru = Tra,
then we can find two smooth sequences ¢, and ;. that approximate - in the sense
of Definition 2.11 - w and u respectively and such that ¢, = 1 on a neighborhood of
05). We approach f by a sequence of C* functions such that || f' — fi|[cc — 0 and we
observe that f; o ¢, and fi o ¢, are approximating sequences of f o w and f o @ such
that fi o ¢, = fr o ¥y on a neighborhood of Q. That is Tr(f o u) = Tr(f o @). OJ

In view of Remark 2.27, we can define a partial order on the trace as follows :

Definition 2.28. We say that Tru < Trv if Tr(max{u,v}) = Trov or equivalently if
max{u,v} —v € Wy(2,m).

For L, M € R,wewrite Tru < M if Tr(max{u, M }) = M and Tru > L if Tr(min{u, L})
L.

If B is a ball centered at the boundary and if u > 0 a.e. in a neighborhood of 90N B
(seen as a subset of BN ), then Tru > 0on 02 N B.

Proposition 2.29. Let m be derivative compatible. If u,v € W(Q,m) and u < v a.e. on a
neighborhood of 05, then Tru < Trv.

Proof. By linearity, we only need to prove that v < 0 on a neighborhood of 092 implies
Tr(u) < 0. Butu < 0 on a neighborhood of 9% yields that v — min{0,u} € W, so
Tr(u) = Tr(min{0, «}), and thus we have Tr(max{0,u}) = Tr(max{0, min{0,u}}) = 0
by Proposition 2.25. The latter means, by definition, that Tr(u) < 0. The proposition
follows. O

Proposition 2.30. Let m be suitable for PDE. For v € W (), m), we define max(Tru) and
min(Tru) as

max(Tru) := min{M € R, Tru < M} and min(Tru) := max{L € R, Tru > L}.
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Proof. We need to prove that the minimum in M, := min{M € R, Tru < M} exists.
Let M, > M, be such that Tru < M, and M, — M. Define uy, := max{u, My} — M
and ue := max{u, Mo} — M. We have ||uo — ug||lw — 0 by the Lebesgue domination
convergence (and (ii) of Proposition 2.25) and u; € W, by choice of M. Therefore
U € Wy since Wy is complete, that is Tru < M. The existence of the maximum
max{m € R, Tru > m} follows from the same arguments. O

2.2.2. The measure o on the boundary

The previous subsection provides the appropriate framework for the elliptic theory
we want to develop. However, in many of our key examples, we will consider a measure
on the boundary 09. This is not surprising - in fact, it is essential - because the study of
the Dirichlet problem in L? requires extending functions from L?(052, o) to the domain,
... and o is a measure on 0.

Proposition 2.31. Let Q2 be a uniform domain in R". Let m be a doubling and derivative
compatible measure on $) that satisfies the interior Poincaré inequality. Let o be a doubling
measure on OS). If there exist a small e > 0 and large C' > 0 such that

m(B(z,7) N Q) o(B(z,s))
m(B(z,s) N Q) o(B(z,r))

2—e
<C <£> forall z € Q, r € (0,diam 0%), (2.14)

then m satisfies the boundary Poincaré inequality and hence is suitable for PDE.

Proof. The proof is based on the fact that, when € is uniform, we can find K and T'(z, r)
such that B(z,r)NQ C T(x,r) C B(x, Kr)and T'(x,r) is itself uniform (with constants
independent of x and r). The latter is equivalent to the fact that 7'(x,r) satisfies a
C(k, M) chain condition and is proved in [DFM20, Lemma 5.23]. Now, since all the
T(z,r) are uniform (with the same constant), they satisfy a Poincaré inequality (with
averages) with a uniform constant, see [DFM20, Theorem 5.24]. The proof of the boun-
dary Poincaré inequality is then done as in the proof of [DFM20, Theorem 7.1]. O

In view of the above proposition, we define :

Definition 2.32 (suitable for PDE and traces). We say that (€2, m, o) is suitable for PDE
and traces if 2, m, and o satisfy the assumptions of Proposition 2.31, including (2.14).

We write p(x,r) for the dimensionless quantity

m(B(z,r) N Q)

plx,r) = (2.15)
B
and we observe that (2.14) is equivalent to saying that
1—e
Por) ¢ (f) forallz € 89, r € (0, diam Q). (2.16)
p(z,s) s

Ideally, we have C~! < p(z,r) < C, and so p(z,r) is morally some error term whose
growth needs to be controlled.

This quantity is a corrective term that will appear in the definition of the space of
traces H (0, o, m).
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Definition 2.33. The function g € H(9%, 0, m) if g is o-measurable on 02 and ||g||x <
+00, where

If (2, m, o) is suitable for PDE and traces, then we can identify the traces of functions
in W (€2, m) as functions in H(052, o, m). All this is given by the following nice theorem.

Theorem 2.34 (Trace Theorem). Assume that (2, m, o) is suitable for PDE and traces. Then

Tr is a bounded linear operator from W (Q, m) to H(052, o, m). That is, when u € W (§2, m),

we can define a o-measurable function Tru on OS2 which satisfies the properties given in

Definition 2.23 and for which we have || Tr u|| g < C||u||w for some C' > 0 independent of .
Moreover, the trace of u € W (2, m) is such that

M.(u)(z) = ][ = Tru(z)| dm (2.17)
B(z,e)NQ
converges to 0 in L? (99, o). In particular, we have the Lebesgue density property
lim |lu — Tru(x)|dm =0 foro-a.e. x € 09, (2.18)

e—0 B(z,e)NQ

and, if I'(y) := Lynif(y) are the cones constructed in (1.9) with vertex at y, we have

Tru(x) = lim udm = lim udm foro-a.e.x € 0Q2.  (2.19)
—0 Xel(z)
€ B(z,6)NQ 5(x) 0 Y B(X,6(X)/2)

Proof. Let (2, m, o) be suitable for PDE and traces. We first pick X, . to be a corkscrew
point for = at scale ¢/2. We can replace X, . by any other pointin I';,,;;(z) N B(z, €) that
is ¢/C away from z. Let B, . := B(X,.¢, 090(Xs.e)/2) C B(z,€) N Q. We define

Tr! (u)(x) ::][ udm, (2.20)

Tr' (u)(z) := lim Tr (u) (),

e—0

and
Mi(u)(@)i= £ = T(w)(e)] dm (221
The bound (6.14) in [DFM20] shows that |
M!(u) convergesto oin L} (09, 0) (2.22)
and [DFM20o, Theorem 6.6] shows that
T’ is a linear map from W (2, m) to H(9%, o, m). (2.23)

We proved in [DFM20o, Lemma 9.18] that W, (2, m) is the subspace of W (2, m) made
of functions u verifying Tr' v = 0. This means that Tr’ satisfies the condition (ii) of

1. In [DFM20], we defined W, as the subspace of W = W (Q, m) with Tr' u = 0, and steps (i) and (iii)
of the proof of [DFM20, Lemma 9.18] show that W is the completion of the smooth functions which are
zero on a neighborhood of 92, hence Wy (€2, m)
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Definition 2.23; but since Tr" easily satisfies the conditions () and (i), it entails that
Tr’ is a trace as given in Definition 2.23. Thus, for the sequel, we set Tr := Tt’ and
Tr. := Trl.

It only remains to show that M, (u) converges to o in L} (92, o), since this conver-
gence immediately implies (2.18) and (2.19), the two other statements that we have not
demonstrated yet. To this end, we write

M, (u) < ]i e @] dm | T ) )~ T )

< Ce (][ \Vu|2dm) + M (u)(x)
B(z,Ke)NQ

for some K independent of € and z, thanks to Theorem 5.24, Lemma 5.23, and (5.15) in
[DFM20]. Since both terms in the right-hand side above converge to o in L7, (99) - the
first convergence is just by Fubini and the second one is (2.22) - then the convergence
of M.(u) to oin L2 (99, ) follows. O

loc
We also prove that Tr is a surjective map.

Theorem 2.35 (Extension Theorem). Let (X2, m, o) be suitable for PDE and traces. There
exists a map Ext such that, for any g € L}, (952, o), we have

TroExtg =g o-a.e. in 052. (2.24)

Moreover, Ext is a bounded linear operator from H (0%, o, m) to W (2, m), i.e. there exists
C > 0 such that, for any g € H(02, 0, m),

I Ext(g)llw < Cllglla-

Finally, there exists Ext,g € W N C=(Q) such that Ext,g — Extg in L} _(Q,m) and
| Exty g — Ext g||lw — 0.

Proof. Theorem 2.35 is mainly [DFM20, Theorem 8.5]. The only missing thing is the last
part, that is the fact that Ext g can be approached by functions in C*° up to the boun-
dary. With the notation from [DFM20, Section 8], we define W, as the non-overlapping
covering of 2 composed of all the dyadic cubes in W of side length ¢(Q) > 27* comple-
ted with dyadic cubes of side length 2=*. For a dyadic cube in I € W, \ W, we take simi-
larly ¢; € Cg°(I) such that 0 < ¢; < 1, [Ve;| < C27% and ZIeWk @1, and we construct
By, yr like in [DFM20, Section 8]. We set Exty, g(X) := Zjewk wr(X)ys, which is obviously
a function in C*(Q). By construction, we have Ext; g(X) = Ext g(X) if §go(X) > K27*
for K large enough, so in particular Ext;, g converges to Ext g in L}, (Q, m). In order to
prove that || Ext, ¢ — Ext g|lw — 0, we mimic the proof of [DFM2o, Theorem 8.5] and
we obtain

| Exty, g — Ext g3, < C’// |x —_ y| |x(—)y_|)f(y)| L,y i<100k2-+do(x) do(y).

The right-hand side above converges to o by the Lebesgue domination theorem when
k — oo, as desired. O

The last part of the above theorem allows us to deduce that the restrictions to €2 of
functions in C*(R™) are dense in W (2, m), as shown in the next proposition.
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Proposition 2.36. Let (2, m, o) be suitable for PDE and traces. Then, C*°(R™) N W (§2,m)
is dense in W (2, m), that is, for any u € W (€2, m), we can choose {y; }ien in (2.10)-(2.11) to
lie in C>°(R™) instead of C>°(£2).

As a consequence, functions in H (052, o, m) are well approximated by smooth functions.
That is, for every g € H (052, 0, m), we can find a sequence of functions (gi)ren € C*°(R")
whose restrictions to 0X) (we still call them g;) belong to H(0S2,o,m) and such that g
converges to g in L} (02, 0) and o-a.e., and such that ||g;. — g||z — 0 as k — oo.

Proof. Proposition 2.36 is proved like [DFM20, Lemma 9.19], but we use the last state-
ment of Theorem 2.35 to approach Ext o Tr u. The second part of the proposition is an
easy consequence of the first part and Theorem 2.34, it is also [DFM20, Lemma 8.12]. [J

At last, we finish by completing Proposition 2.25.

Proposition 2.37. Let (2, m, o) be suitable for PDE and traces. The following properties
hold :

(i) Let f € C'(R) be such that f" is bounded, and let w € W (Q,m). Then Tr(f o u) =
fo(Tru).
(i) Let u,v € W(,m). Then Tr(max{u,v}) = max{Tru, Trv} and Tr(min{u,v}) =
min{Tr u, Trv}.
(iii) Letu,v € W(Q, m)NL>(S2). Then Tr(uv) = Tru-Tr v and lies in the space H(Q2, o, m)N
L>(Q).
The identity of traces holds o-a.e.

Proof. The proofis asimple variant of Lemma 6.1in [DFM21] and Lemma 9.20 in [DFM20].
O

2.2.3. Link to capacity

A classical setting for studying elliptic operators is when the domain satisfies the
capacity condition. In this section, we will present this condition and explain how it
connects to our theory. It would not be surprising if the results discussed here are al-
ready established in the literature, though we cannot pinpoint the exact references,
and our results are relatively straightforward to prove.

There are many equivalent notions of capacity, and we have chosen the definition
that the author has encountered most frequently in the literature.

Definition 2.38 (Capacity). Givenanopenset D C R",n > 2,and acompactset K € D,
we define the capacity of K relatively to D as the quantity

Cap(K, D) := inf {/ Vu(X)2dX, u e C(D), u>1on K}. (2.25)
D

We say that the domain 2 C R" satisfies the capacity density condition if there exists
¢ > 0 such that

Cap(B(z,r) \ Q, B(x,2r)) -
Cap(B(z,r), B(z,2r))

Lemma 2.39. Let B C R"™ be an open ball of radius rg. There exists c, that depends only
on n such that if, K € B is a compact set of (Lebesgue) measure | K|, then

K
Cap(K,B) > c|—2’. (2.27)

]

forx € 09, 0 < r < diam(12). (2.26)
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Moreover, there exists c,, > 0 that depends only on n such that
Cap(B,2B) = d,ry 2. (2.28)

Proof. Let u € C§°(B) be such that u > 1 on K. The Poincaré inequality entails that

/WdX < Cr?g/ Vul?dX,
B B

where rp is the radius of B and C depends only on n. Using the fact that u > 1 on K,
we have

|K| gor%/ |Vul?dX
B

as desired. o
The first part shows that Cap(By,2B,) =: ¢, > 0, where B, = B(0, 1). The general
case follows from homogeneity. O

Lemma 2.40. I[f D C R" isopen and K € D is compact,

Cap(K. D) = inf { / Vu(X)PdX, u e C®(RM,
D
u = 0 on a neighborhood of K, uw > 1onR"\ D}. (2.29)

Proof. We write éavp(K, D) for the right-hand side of (2.29). We will only prove that
Cap(K, D) < Cap(K, D), since the other inequality is entirely similar.

Let (15)s>0 be a mollifier, thatis n € C5°(B(0,1)),n > 0, [p.ndX =1, and ns(X) =
d7"n(X/9). Given u € C3°(D), uw > 1 on K, we construct

Ues(X) = max{1, (1 + €)u} xns € C™.

Check that for 6 = d(e) small enough depending on ¢ and u, we have u.s = 1 on a
neighborhood of K. We construct then v, := 1 —wu, 5., which belongs to u € C5°(R™"\ K)
and satisfies u = 1 on R™ \ D. By the properties of mollifiers,

limsup/ |VUE(X)|2dX§// Vu(X)|? dX.
D D

e—0

Taking the infimum on all the possible u, we obtain %(K, D) < Cap(K, D), as desired.
U

A third lemma will provide us with a bit more flexibility to work with the capacity.

Lemma 2.41. Let B C beaball, K C B, E C 2B be two compact sets such that KN E = ()
and |E| > }gB\ Then there exists C > 0 independent of B, K and E such that

Cap(K,2B) < C Cap(K,R"\ E).

Proof. Step 1 : Construction of the minimizer. Set o := Cap(K,R" \ E). Let u; be a
sequence of functions that reaches the infimum in the definition of Cap(K,R"\ E), that
isu; € C*°(R"), u = 0on aneighborhood of K, uw > 1o0n E, and

1
ag/ [Vu; [ dX < a+ -,
Rn J
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Without loss of generality, we can even take u; such that 0 < u; < 1. Up to a sub-
sequence, for any compact J € R”, u; converges in L*(J) to a function u,., and Vu;
converges to Vu,, weakly in L2(R"\ E). The limit verifies 0 < us, <1, us = 1 a.€. 0N E
and
|V dX <inf | |Vu;|?dX = a.
R™ R™
Step 2: The minimizer is superharmonicin R"\ K and harmonicin R"\ (FUK).
Let ¢ be eitherin C°(R™\ (K U E)) or a non-negative function in C§°(R" \ K). Take any
e > 0. We have

2 Vi - VdX = lim 2 Vu; - VodX

R™ J—00 Rn

1
= - <lim V(u; + €p) - V(uj + ep) dX — Vuj~VujdX> —¢| Ve-VepdX.
Rn

€ \J—= Jpn R~

Since u; + ¢ lies in C*°(R") and satisfiesu = 0 on K and u > 1 on E, we have

1
V(u;+e€p) - V(u; +ep)dX > a > Vu; - Vu; dX — -,

Rn R J
As a consequence,

1 1
2 Vuoo-VgodXz—liminf<——,>—e Ve -VpdX.
R

But since € > 0 is arbitrary, the right-hand side above can be as close to o as we want,
so we conclude that

/ Vi, - VodX >0

whenever ¢ is a nonnegative function in C§°(R"\ K) or ¢ € C°(R™\ (K U E)). The first
set of test functions gives that u., is superharmonic in R" \ K, the second set of test
functions implies that u., is harmonicin R" \ (K U E).

Step 3 : Conclusion We proved that u,, is @ non-negative superharmonic function
in 4B\ B. Moreover,

{X €4B\ B, u(X) = 1}| > |E\ B| = cl4B\ B|

by assumption. So a density lemma (variant of Lemma 2.65 in our much simpler context,
see [HL11] for instance) gives
inf wu.o > M1
3B\2B
for a constant M > 0 independent of B, F and K.
We define v = (1 — n)ue + nuy, wheren € C*(2B),0 < ¢ < 1,9 = 1on B, and
|Vu| < 2/rp, we then can notice that

1
/ VUi PdX <2 [ |V(ue —uy)* + 8r;2/ oo — uj|> dX < C’(a + —,)
R R™ 4B J

where C' > (Oisindependent of j, B, K and E, and where we use the Poincaré inequality
for the function u., — u; (which is o on E).
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Now, observe that Mu); € C*°(R"), Mu; = 0 on a neighborhood of K, Mu; > 1 on
4B\ 2B. So, by definition of Cap(B \ E,2B), we have

1
Cap(K,2B) < MQ/ |Vu;~|2dx < CM2<Cap(K,R”\E) + _‘>.
2B i
Since j is arbitrary, the lemma follows. =

Let us turn to our objective of the paragraph.

Theorem 2.42. Let Q) C R™ be an open domain equipped with the Lebesgue measure. Then
(2 satisfies the capacity density condition if and only if the Lebesgue measure on ) is suitable
for PDE.

Proof. The Lebesgue measure on (2 is suitable for PDE in 2 if it satisfies the boundary
Poincaré inequality. So we have to link the notion of capacity to the boundary Poincaré
inequality.

The fact that L|, satisfies the boundary Poincaré inequality implies the capacity
density condition. By translation and dilatation invariance, it suffices to prove (2.26)
when B(z,r) = B(0,1) =: By. Take u € C*(R"), v = 0 on a neighborhood of B, \ €,
andu > 1onR"\ 2B,.

We assume that L], satisfies the boundary Poincaré inequality, which means by (i)

of Theorem 2.10 below that
/ lul?* dX < C/ |Vul? dX
Bo By

for a constant C' > 0 independent of «’. However, by using the classical Poincaré in-
equality on balls, we have

/ lu —up,|* dX < C’/ | — uyp,|* dX < C”/ |Vul* dX.
4BO 4BO

4By

Combining the two estimates gives

/ lul?dX < C/ |Vul?dX.
4BO 4BO

But since u = 1 on 4B, \ 2By, we get

/ Vul?dX > ¢
2By

for some ¢ > 0 that depends only on n and the constant in the boundary Poincaré
inequality. Taking the infimum on all the possible u gives

Cap(Bo \ Q, 2B0) > d

as desired.

The capacity density condition implies the fact that |, satisfies the boundary
Poincaré inequality. Let B be a ball centered on 92 and of radius r, u € C§°(B N ).
We want to prove that

][ lu| dX < Cr (][ |Vul? dX)
BNQ BNQ
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with a constant C' > 0 independent of B and u. By translation and dilatation invariance,
we can assume that B = B, := B(0,1). Moreover, we can assume that v > 0 and
f,udX = 1. Under those assumptions, we want to prove that

/ |Vul?dX > ¢
BoNQ

where ¢ depends only on n and a lower bound on Cap(3 B, \ 2, By).
Using the classical Poincaré inequality (using average), we have

1
1 2
HXE2BO,U<—H§2/ |u—1|dX§C'(/ |vu,2dX) ,
2 BonQ BoN$2

o)
HXeBo,u>%H 3
>1-M ( ]Vu]QdX)
|BO’ Bo
for some M > 0 depending only on n.
Either

2 |3B,/4
1—M( |Vu|2dX) g' o/4
By ’BO‘

and we have | 3B /42
Vul?dX > —<1——U> :
Bg| | M? | Bo
or )
2 3By/4
1—M( |Vu|2dX> > 13Bu/4
Bo | Bo|

and then the ball 1By, and the sets K := 1By \ Q and F := {X € By, u > %} satisfy the
assumption of Lemma 2.41, so we have
Cap(K, By) < C Cap(K,R"\ E) < 40/ IVul* dX
BoNQ

where the last inequality comes from the definition of the capacity for the function 2u.
In any case, we have

4 3Bo/4[\? 1 1—
2 > L 1 1 |
/BoﬁQ|VU| dX_mm{MQ (1 | By| ) " 40 Cap(2B0\Q,BO) >0

The theorem follows. 0

2.3 . Basic elliptic theory

In this section, we take an open domain 2 C R™ and a measure m on 2 which is -
as always in our report - absolutely continuous with respect to the Lebesgue measure.
We write w for the weight dm/dL", i.e. dm(X) = w(X)dX or

m(E) = / w(X)dX for any Borel E C (). (2.30)
E

In this section, we study the solutions of Lu = 0, where L = — div AV is an operator
in divergence form.
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Definition 2.43 (uniformly elliptic). We say that L = —div AV is a uniformly elliptic
operator if the matrix A satisfies the elliptic and boundary conditions with respect to
the weight w, that is there exists C' > 0 such that

[AX)E - ¢ < Clel[Clw(X)  for X € 2and &, ¢ € R";

(2.31)
AX)E-€> Cw(X)|€)* for X € Qand € € R™.

Thatis, the reduced matrix A(X) := A(X)/w(X) satisfies the classical elliptic conditions

JA(X)E - ¢l < ClEf[¢] for X e Qand €, € R™;

(2.32)
AX)E-E>CTHEP? for X € Qand € e R™.

The notion of weak solutions, subsolutions, and supersolutions is given in the weak
sense as follows. But first, we need to introduce the space W~1(Q,m) = (Wy(Q,m))*
as the set of linear forms f on W, such that

||f||VV71 = sup <f7 @)W‘l,Wu < +OO
peWp

llellyw =1

Definition 2.44 (solution). Consider an open set D C 2 and a uniformly elliptic opera-
tor Lon €. Let f € W=, m). We say that u € W (D, m) is a weak solution to Lu = f
in D if

/ AVu -VepdX = / AVu-Vodm = (f, o) for o € C3°(D). (2.33)
D D
We say that uw € W (D, m) is a subsolution [resp. supersolution] (to Lu = f) if
/ AVu-VpdX = / AVu-Vedm < [resp. >] (f,¥) forp € C5°(D). (2.34)
D D

If we say that u is a weak solution (resp. subsolution, supersolution) without mentioning
Lu = f,itmeans that f = 0 and L is clear from context.

Remark 2.45. If f € L*>*(Q) and F € L>*(£,R") are compactly supported in R", we
define the form

Ty p(u) = /D[fu—l—F-Vu] dm.

The boundary Poincaré inequality proves that 7, € W~(Q, m), so, from now on, for
R™-compactly supported f € L>(f2), we are allowed to talk about weak solutions to
Lu = fw + divjwF] in ©, which are such that

/AVu-Vgde—/AVU~V§0dm—/[fu+F-Vu]dm for ¢ € C§°(92).
Q Q D

Notice that the assumption that f and F' are bounded is far from optimal. For instance,
Theorem 2.17 shows that we can take f € L>7¢(Q2,m) for some ¢ > 0.

Remark 2.46. Note that, since W, (€2, m) is the completion of smooth functions (when m
is suitable for PDE), we can enlarge for free the set of functions ¢ that satisfies (2.33),
and (2.34). Moreover, we only need to assume « to be in a local versions of the Sobolev
spaces W (D, m). So, in particular, we have (2.33)-(2.34) when
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(i) weW(Q,m)and e e Wy(Q,m);

(i) [if B is a ball verifying 2B C Q:1u € Wi,.(B,m) and ¢ € W(B,m) is such that
suppy C B;

(iii) [if B is a ball centered at the boundary :]u € W(B N Q,m; locallyin B) and ¢ €
W(BNQ,m; 0on BNIN)is such that supp ¢ C B.

The proof of this fact is done for instance in [DFM21, Lemmma 8.3]. When subsolutions
and supersolutions are involved, we need to invoke Proposition 2.15 for the proof.

2.3.1. Existence of solutions

Our initial goal is to verify the existence of weak solutions. Indeed, such solutions
exist and can be derived using the Lax-Milgram theorem.

Theorem 2.47 (Lax-Milgram Theorem). Let Q2 C R"™ be open, m be suitable for PDE, and
L be a uniformly elliptic operator.

(a) For any f € W~YQ,m) and any v € W(Q,m), there exists a unique weak solution
u € W(Q,m) to Lu = f such that Tr u = Trv. Moreover

lullw < CULFllw—r + [lo]lw)-

(b) If (2, m, o) is suitable for PDE and traces, then for any f € W=(Q,m) and any g €
H(09Q, 0,m), there exists a unique weak solution v € W(Q, m) to Lu = f such that
Tru = g. Moreover,

[ullw < C([fllw- + [lgll)-

In both cases, the constant C' > 0 depends only on the constant in (2.31).

Proof. The Lax-Milgram theorem does not classically have the v or g boundary terms.
We can include the boundary terms by using the extension theorem, see for instance
[DFM21, Lemma 9.1]. ]

Another straightforward approach to obtaining solutions is through the use of ellip-
tic measures. These measures can be viewed as a consequence of the maximum prin-
ciple. One key advantage of elliptic measures is that they do not require the space of
traces H(012, o, m), enabling the construction of solutions without assuming the connec-
tedness of the domain. Additionally, elliptic measures provide a simple method to handle
solutions with highly irregular boundary data, as long as they are Borel measurable and
bounded.

However, to establish desirable properties for these solutions derived from elliptic
measures, we rely on the De Giorgi-Nash-Moser estimates, also known as the Holder
continuity of solutions. These estimates necessitate a well-developed elliptic theory,
which will be presented in the following subsection.

Before we proceed with the maximum principle, let us recall a stability result from
Stampacchia.

Lemma 2.48. Let D C 2 be an open set, m be suitable for PDE, L be uniformly elliptic, and
f e WHQ,m). Ifu,v € W(D,m) are subsolutions [resp. supersolutions] to Lu = f in D,
then max{u, v} [resp. min{u, v}] is also a subsolution [resp. supersolution] to Lu = f on D.

Remark 2.49. The above lemma will be used in the following situation : if u is a weak
solution, then max{u,0} and |u| are subsolutions to Lu = 0, while min{u,0} is a su-
persolution.
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Proof. Lemma 2.48 is proved like [Sta6s, Theorem 3.5] (see also [DFM21, Lemma 8.23]),
since it only uses convex analysis. O

This stability is used to prove the following maximum principles :

Proposition 2.50. Let () C R" be open, m be suitable for PDE, and L be uniformly elliptic.
If u e W(Q,m) is a weak solution to Lu = 0, then

min(Tru) < u(X) < max(Tru) fora.e. X €.

In addition, if u is a supersolution such that min(Trw) > 0, then u > 0 almost everywhere.
Proof. See the proof of [DFM21, Lemma 9.2]. O

Corollary 2.51. Let Q C R™ be open, m be suitable for PDE, and L be uniformly elliptic.
If a closed set F' and an open set E are such that dist(F,R" \ E) > 0, then for any u €
W(E N Q,m) satisfying

() Tru>00n 02N E and

(i) w>0ae in(E\F)NQ,
we have v > 0 a.e. in E N €.

Proof. See the proof of [DFM21, Lemma 11.3]. O

Remark 2.52. Corollary 2.51 is just a localized version of Proposition 2.50. Sometimes,
it will be easier to use Corollary 2.51 instead of using Proposition 2.50 on a subdomain
EnNQC Q, because the later would require to check that m|gnq is suitable for PDE.

Using Theorem 2.47 (Lax Milgram) and the continuity of solutions (Propositions 2.62
and 2.63), we can construct a bounded map U which sends ¢ € C§°(R") - or more pre-
cisely its restriction to 952 - to a solution to Lu = 0 in W N C(Q) - the space of bounded
functions that are continuous up to the boundary. Proposition 2.50 (Maximum Prin-
ciple) shows that the map U is bounded from (C5°(R"), ||.||o) t0 (C2(2), ||.||s). The den-
sity of C5°(R™) in CY(R™) - the space of continuous and compactly supported functions
on R” - shows that we can extend by continuity the map U into one from C{(R") to
C°(92). Since each function in CJ(92) is the restriction to 992 of a function in CJ(R™), we
can define a continuous map U : (CJ(99Q), ||.|ls) + (CAUQ), ||-]ls)- As such, the Riesz
representation lemma gives the existence of a (unique) positive Borel regular measure
wi on 0 such that

Ug(X) = / 60 0)

for any X € Q and any g € CJ(09). We gather the properties of the elliptic measure
wy in the next theorem.

Theorem 2.53. Let 2 C R", m be suitable for PDE, and L be uniformly elliptic. There exists
a family of positive Borel regular measures {w; }xcq on 99 - we write w* or w3 for short -
such that, for any g € C5°(R"), the function u, constructed as

ug(X) rz/ g(y)dw™(y), X €Q, (2.35)

onN
is the unique weak solution in W (2, m) to Lu = 0 in Q with Tru = g|sq given by Theorem
2.47. Moreover, w* is called the elliptic measure of L on 92 and enjoys the following

properties :
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(i) The elliptic measure is Borel regular, that is, for any Borel set E C 0},
wX(E) = sup{w* (K) : E D> K, Kcompact} = inf{w™(V): E CV, V open}.

(i) w*X is a probability measure, i.e. wX(0Q) = 1 and, for any Borel set E C 05, we have
wWwX(E) =1—w*(002\ E).

(iii) If Q is connected, the measures w*™ are all absolutely continuous with respect to each
other, i.e. if wX(E) = 0 for a Borel set E and a pole X € ), then w¥ (E) = 0 for all
Y e Q.

Let E C 0f) be a Borel set and let us write ug for the function defined on Q by up(X) =
WX (E).

(iv) The function ug lies in W,.(2, m) and is a weak solution to Lu = 0 in €.

(v) If B C R™ s a ball centered at the boundary such that BN E = (), then ug € W(B N
Q,m; 0on BN oQ; locally in B). In particular Trug = 0 on 9Q2 N B.

(vi) Similar/y_, if BCR"is al ball centered at the boundary such_ that E € B, then ug €
W(Q\ B,m; 0on Q2 \ B). In particular Trug = 0 on 02\ B.

Proof. See Lemmas 12.15 and 12.19 in [DFM20] (see also Lemmas 9.6 and 9.7 in [DFM21])
except for (vi), but the proof of the latter is very similar to (v). O

Given an elliptic measure wy,, one can construct numerous weak solutions using
the formula (2.35), as demonstrated in the following corollary.

Corollary 2.54. Let 2 C R", m be suitable for PDE and L be uniformly elliptic. If g € C(99)
- the space of continuous and bounded functions on 05 - then the function u, constructed
as in (2.35) lies in W,.(2,m), is a weak solution to Lu = 0 in Q and can be extended by
continuity to Q2 and the extension iy satisfies ;a0 = g.

Moreover, if B is a ball centered at the boundary such that suppg € B, then u, €
W(Q\B,m; 0 on 0Q\B). Similarly, if B is a ball centered at the boundary such that supp g C
o0\ B, thenu, € W(BNQ,m; 0on BN Y.

Proof. Corollary 2.53 is Lemma 12.13 in [DFM20] (see also Lemma 9.4 [DFM21]) when g is
compactly supported. For the general case, we approach g € C?(09) uniformly by step
functions and the proof is similar and easier than (iv)-(vi) of Theorem 2.53. O

2.3.2. Interior and boundary estimates for solutions

The elliptic theory for degenerate elliptic equations has been explored in various
works, including [Anc9o, FKS82, FJK82]. Our presentation below builds upon and slightly
enhances the content from [DFM17], [DFM21], and [DFM20], drawing inspiration from
the proofs in [GTo1], [HL11], and [GW82].

We begin with the Caccioppoli inequality, which essentially states that if « is a solu-
tion, we have an inverse for the interior Poincaré inequalityand the boundary Poincaré
inequalityinequalities.

Proposition 2.55 (interior Caccioppoli inequality). Let 2 C R™ be open, m be suitable for
PDE inside the domain and L be uniformly elliptic.

If E C Qis an open set and uw € W (E,m) is a non-negative subsolution in E, then, for
any a € C§°(E),

/oz2|Vu|2dm§ C’/ |Va|*u?dm, (2.36)
Q Q
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where C' > 0 depends only on the constant in (2.31).
In particular, if B is a ball of radius r such that 2B C Q and v € W (2B, m) is a non-
negative subsolution in 2B, then

/ |Vul?dm < CTQ/ uZdm. (2.37)
B 2B

Proposition 2.56 (Caccioppoli inequality on the boundary). Let 2 C R"™ be open, m be
suitable for PDE and L be uniformly elliptic.

If E C R"isanopensetandu € W(ENQ, m, 0 on ENON) is a non-negative subsolution
in E, then, for any a € C§°(E),

/ o?|Vul?dm < C / |Va|*u?dm, (2.38)
Q Q

where C' > 0 depends only on the constant in (2.31).
In particular, if B is a ball of radius r centered at the boundary and v € W (2B N
Q,m; 0 on 2B N 0S2) is a non-negative subsolution in 2B N <), then

/ |Vul*’dm < CT_2/ w?dm. (2.39)
BNQ 2BNQ

Remarks 2.57. * Instead of taking 2B in the left hand side of (2.37), we can take AB
for any A > 1. In this case, the constant C' depends also on A and will explode as
A— 1.

* Note that, if u € W(E,m) is a weak solution, then |u| is a subsolution by Lemma
2.48, and |V|u|| = |Vu| a.e. on E by Proposition 2.25. So the statements in Propo-
sitions 2.55 and 2.56 remain true when « is a weak solution, even when they are
not nonnegative.

Proofs of Proposition 2.55 and Proposition 2.56 are simple and proved in for instance
[DFM21, Lemmas 8.6 and 8.11]. O

One consequence of the Caccioppoli inequality is the Moser estimates, which es-
sentially allow for the equivalence of LP-norms of solutions across different values of
p. Notably, solutions that are initially assumed to be in L** (as per Theorem 2.17) are
actually locally bounded.

Proposition 2.58 (interior Moser estimate). Let 2 C R™ be open, m be suitable for PDE
inside the domain, L be uniformly elliptic, p > 0. There exists C' = C,, > 0 such that, if B is
a ball of radius r such that 2B C Q, f € L>(Q2), F € L>*(Q,R") and u € W(2B,m) is a
non-negative subsolution to Lu = fw + div[Fw)| in 2B, then

B

supu < C <][ uP dm) + Cr?|| fll =2y + Cr||F| 1o 28)- (2.40)
2B

Proposition 2.59 (Moser estimates on the boundary). Let 2 C R™ be open, m be suitable
for PDE, L be uniformly elliptic, and p > 0. There exists C' = C, > 0 such that, if B is a ball
centered on 022 and uw € W (2B N Q,m; 0 on 2B N 0f2) is a non-negative subsolution to

Lu=0in2B N, then )
supu < C, (7[ \u|pdm> " (2.41)
BNQ 2BNQ
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Remarks 2.60. + As for the Caccioppoli inequalities, in the above propositions, we
canreplace 2B by AB for A > 1. The constant C' will then depend on A and explode
when A — 1.

* In Proposition 2.58, we can actually allow f € L(Q2,m) for ¢ > k/(k — 1), where k
is the parameter in Theorem 2.10. In this case, || f||.~(25) Needs to be replaced by

fop f1dm.

Proofs of Proposition 2.59 and Proposition 2.58 when f = F = 0 can be found in
[KSoo, Theorems C.4 and C.5], [FKS82, Lemmas 2.3.1 and 2.4.1], [DFM20, Lemmas 11.18
and 11.20], [DFM21, Lemmas 8.7 and 8.12]. O

Proof of the inhomogeneous version of Proposition 2.58. Our proof will be similar to the
one of Theorem 8.17 in [GTo1], so we only give the outline of the proof. Pick ¢ > 0 and
set f := 12| f||r(@p) + || F|| 1 25) + €. We write @ for u + §, and then v for n?@” for some
n e C(2B)and g € (0,00). We have

Vv = 20u°Vn + Bn*a’ " Vu

and, assuming that ¥ € W,.(2B,m), one gets v € Wy(Q2,m) and, using v as a test
function against the weak solution u, we have

5/AVu Vu a1 2dm+2/.AVu Vi ndm</fn2uﬁdm (2.42)

Using the ellipticity of A, the Cauchy-Schwarz inequality, the boundedness of A, and
the fact that | f| < |u|/r? on supp 7, we obtain

2
/’VU|2ﬂﬂ_ln2dm§C/ |Vu|ﬂﬁ<nV77+n7> +C/ (77 +77V77> P+ dm
Q

72 r

</ V2@ 12 d ) (/Quﬂ+1<%+|vn|2> dm)
2
+C/ (%+|Vn|2>a5+1dm,
Q

that is ,
/ V@’ dm < C/ a’ (77—2 + \VnF) dm. (2.43)
Q Q r

If u(z) := a¥+Y/2, we can rewrite (2.43) as

/quW dm < C/ + V) )

If £ > 1is the parameter from Theorem 2.10, we can write

1/2k !
(][ |u | dm) <C <][ w’(n® + 3 Vn|?) dm)
2B 2B

Now, we pick 1 < k1 < ko < 2 and we construct  such thatn € C®(kyB), 0 <n <1,
n=1lonkBand|Vn| <Cr/(ke — k). We deduce

1/2k 1
(f |u|? dm> < ¢ (][ u? dm) .
k1B Ko — R1 ko B
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We write ®(p, k) == (f_, |ul” dm)l/p and so we proved that, for 1 < k; < k3 < 2 and

€ (1,400) \ {1},

D(kp, k1) < ( ) B(p, i) (2.44)

provided that (u)?~! € W,,.(2B, m). The later is automatically true for p < 2, since
u > f>0.Ifp > 2, then we actually need to rerun the argument with @y := min{a, N}
and vy = n*u(uy)P~2, using the p-ellipticity in order to prove that

Ro — Ry

/ [ Vul*(@y)P " dm < C/ AVu - Via(ay)" )’
Q Q

see for instance (3.4) in [FMZ21]. Ultimately, we get the bound

1/pk C 2/p 1
() ()" ()
k1B Rg — R1 ko B

with a constant C' independent of IV; see (3.17) in [FMZ21]. Taking N — oo gives (2.44).

We take k; = % — 27" (note that x; = 1) and, by iterating (2.47)-(2.44), we have, for

allm e Nandallp > 02,

m—1

<I><kmp, %) < {]:[ (021')2””/?} B(p, o).

7=

Taking the limit as m — oo, we deduce

3
u= li mn < = . .
sup lim ®(k"p, 1) < C,® (p, 2) (2.45)
The proposition follows by taking ¢ — 0. O

These properties are valid when u is a subsolution. For weak solutions, one can
anticipate even stronger properties.

Proposition 2.61 (Harnack Inequality). Let 2 C R™ be open, m be suitable for PDE inside
the domain, and L be uniformly elliptic.

There exists C' > 0 such that, if B is a ball of radius r such that 2B C Q, f € L>(Q),
F e L>*(Q,R") and u € W (2B, m) is a non-negative weak solution to Lu = fw + div[wF
in 2B, we have

supu < C’(i%fu + 72 fll 2y + rHFHLw(QB)). (2.46)

Proof. The Harnack inequality for solutions to Lu = 0 can be found as [FKS82, Lemma
2.3.5] and [DFM20, Lemma 11.35]. In pur general setting, the proof is similar to the one
of Theorem 8.18 in [GTo1]. We keep the notations used for the proof of Proposition 2.58.

Note that the same argument can be run when g < 0 and u is a supersolution to
Lu = fw + div[Fw] in 2B, and we still have (2.42) and then (2.43). When p € (—0,0),
instead of (2.44), we have

O (kp, K1) > ( ) D(p, ko) (2.47)

Ro — K1

2. We have a problem if £p = 1 for some m, but we can always take at any step k' € (0, k] instead k,
which allows us to avoid any discrete set of values.
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for 1 < k1 < Ky <2, and therefore

CD(p, g) < Gyinfa = C, lim <1></<;mp, 1). (2.48)

m—0o0

If uwis aweak solutionto Lu = fw+div[Fw], uis asupersolutionto Lu = fw+div[Fw)]
S0 (2.48) is true for all p < 0. In addition, Proposition 2.58 gives (2.45) for all p > 0. Now,
we want to prove that there exists py > 0 small enough such that

(I)<p0,;> < C(I)(—poé)- (2.49)

By taking 6 = —1in (2.43), B’ of radius " such that 2B’ C 2B, and n € C§°(2B’) such
thatn =1 on B’, we have

|V(Ina)[*dm < C(r')?,
B/

or, together with the interior Poincaré inequality (or more precisely Theorem 2.17),
][ I — (In@)p| dm < C.

If means that Inw is a function in BMO,,.(2B,m), so the John-Nirenberg lemma (See
[HL11, Chapter 3, Theorem 1.5],;the context is different but the proof only rely on the
Calderén-Zygmund decomposition, which is true since we assume that m is doubling)
entails the existence of py > 0 and C' > 0 such that

ePolma—(In@)sp ol 1y < C
3B B

2

and thus
(I)(po §>p0q)< — Do §>_p0 < Cepo(Int@)sp 2 o—po(Int)sp 2 <
) 2 ) 2 — _— .
The claim (2.49) follows. The combination of (2.45), (2.48) and (2.49) implies (2.46), as
desired. O

Building upon the previous proposition, we can establish the Hélder continuity of
solutions.

Proposition 2.62 (interior Holder continuity for inhomogeneous solutions). Let 2 C R
be open, m be suitable for PDE inside the domain, and L be uniformly elliptic.

For every € > 0, there exists 6 > 0 such that, for any f € L>(Q2), any F € L>*(Q,R"),
any ball B C Q of radius r and any weak solution u € W (B, m) to Lu = fw + div[Fw)|, we
have

<6 2 Flloo). .
oscu < O oseu+ e f o + 71| Fll) (2.50)
As a consequence, there exist C > 0 and a € (0, 1] such that, for any 7 € (0,1/2], any
f € L*>(Q), any ball B C 2 of radius r, and any weak solution v € W (B, m) to Lu =
fw + div[Fw] in B, we have

08C U < Cr“ (][ |u| dm + ?"ZHfHOO + rHFHOO) ) (2.51)
T B
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Proof. For homogeneous solutions, the result can be found as [FKS82, Lemmas 2.3.11,
Theorems 2.3.12], [HL11, Section 4.3, Theorem 2.4]. Our proof with inhomogeneous terms
is similar to the one of Theorem 8.22in [GTo1]. We keep the notations introduced in the
proofs of Propositions 2.58 and 2.61. We invoke Proposition 2.61 for u — (infz u) and
(supg u) — u, and we obtain
Spu = infu + 77 flloo < Cs(g;gu —infu+ e fl)
and
—inf u + sup u 4 72| flloo < Cc(—supu + supu + er?|| f]loo).
B/2 B B/2 B

By summing, we obtain

osct + 0scu + 272 || flloe < Ce(— 0scu + oscu + 2er?|| f]loo),
B2 B BJ2 B

that is

€

oscu <
B2 — C.+1

The bound (2.50) follows. Thanks to Lemma 8.23 in [GTo1], we obtain for all 7 € (0,1/2)
the estimate

(o]:s;cu + 2672/ floo)-

oscu < C’TO“(oscu + Cr2||f||oo>.
B2

7B

Check that |u| is a subsolution to Lu = |f|, so Proposition 2.58 entails that oscg/, u <
supp ), [ul < C f, [ul dm. The proposition follows. O

Proposition 2.63 (Hdlder continuity at the boundary). Let 2 C R™ be open, m be suitable
for PDE, and L be uniformly elliptic. Set

Tru:= T —min T 2.52
osc Tru n€r£18ao>(<3) (max Tr(nu) — min Tr(nu)), (2.52)
Inlloo <1

where the quantities max Tr(v) and min Tr(v) have been defined in Proposition 2.30.
There exists 6 € (0,1) such that, for any ball B C R" centered on 02 and any weak
solution u € W (2B N, m), we have

< - Tr u. :
B = O (0 e, T 253

As a consequence, there exist C > 0 and o € (0,1] such that, for any A > 2, any ball B
centered on 0X2 and any weak solution uw € W (AB N 2, m), we have

oscu < CXN % osc u+C osc Tru. (2.54)
BN ABNQ VABNQ

When Tru = 0 on AB N 0X), we can further obtain

osc u < COM\ ]irm |uldm. (2.55)
Remark 2.64. The reader might be a bit scared by the definition (2.52), but there is no-
thing to be worried about. The cut-off function is needed to make sense to the trace in
our general setting. When (2, m, o) is suitable for PDE and traces, then, the trace is gi-
ven by (2.19) and oscpnaq u is simply the difference between the o-essential supremum
and the g-essential infimum of w on B N 99).
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Proof. See [FKS82, Lemma 2.4.5, Theorem 2.4.6] and [DFM21, Lemma 8.16]. O

Interesting variants of the Harnack inequality and Hdlder continuity include the fol-
lowing density lemmas.

Lemma 2.65 (Density lemmas). Let 2 C R™ be open, m be suitable for PDE inside the
domain and L be uniformly elliptic.

Lete > 0. There exists c¢. > 0 such that if B is a ball satisfying 4B C Qand v € W (4B, m)
is a non-negative supersolution in 4B such that

m({X € 2B, u(X) > 1}) > em(2B),

then
i%fu > c.. (2.56)

Let m be suitable for PDE. There exists ¢ > 0 such that, if B is a ball centered on 052 and
u € W(2B,m) is a non-negative supersolution in 2B such that Tru > 1 on 2B N 0%, we
have

1 > c. .
ér%fg’zu_c (2.57)

Proof. The interior result can be copied from the one of Density Theorem (Section 4.3,
Theorem 4.9) in [HL11]. The boundary result is similar to [DFM21, Lemma 8.14]. O

Theorem 2.66 (boundary Harnack inequality). Let §2 be a uniform domain, m be suitable
for PDE, and L be uniformly elliptic.

There exists C' > 0 such that, for any ball B centered on 0f), any corkscrew point Ag for
the boundary ball B N 01 ...

(i) ... and any non-negative weak solution w € W (2B N, m; 0 on 2B N 0N2), we have

supu < Cu(Ag);
BNQ

(i) ... and any positive weak solutions u,v € W (2B N Q,m; 0 on 2B N 0S2), we have

u(X) _ u(Ap)
X)) = Co(As)

which is equivalent to

u(X)
o) = o) =S

for XY € BN,

(iii) ... and any positive weak solutions u,v € W(Q\ B, m; 0 on 992\ B), we have

LuY) u(X)
) S X

uY)

=)

for X,Y € Q\ 2B.

Proof. Theorem 2.66. Conclusion (i) was proved as [DFM20o, Lemma 15.14]; earlier re-
sults include : [JK82] for CAD domains, [Aiko4, Theorem 1.2] and [Aiko8, Corollary 2] for
a characterization of uniform domains. Conclusion (iz) is [DFM20, Lemma 15.64], gene-
ralizing the breakthrough result [CFMS81, Theorem 1.4]; see also [JK82] for CAD domains
and [Aiko1, Aiko6] for a characterization of uniform domains. Conclusion (iz) is proved
similarly to (i7). O
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The subsequent result enhances the Moser inequality for non-negative weak so-
lutions, as opposed to general solutions or non-negative subsolutions. The boundary
analogue of this interior result is also known as the“Carleson estimat” or“comparison
principle”.

Combining this with Holder continuity, we obtain an improved version of Theorem
2.66.

Corollary 2.67. Let Q2 C R" be a uniform domain, m be suitable for PDE, and L be uniformly
elliptic.

There exist C' > 0 and « € (0, 1] such that, for any A\ > 1, any ball B centered on 90X,
any corkscrew point A, , for the boundary ball B N 0} ...

(i) ... and any non-negative weak solution v € W (2B N, m; 0 on 2B N 0NY), we have

sup u < CA *u(Az,);
A~1BNQ

(i) ... and any positive weak solutions u,v € W (2B N Q,m; 0 on 2B N 0S2), we have

u(X)v(Y)

P e | 00 u(Y)

X, Yex—1BnQ

— 1’ <ONY

(iii) ... and any positive weak solutions u,v € W(Q\ B, m; 0 on 02 \ B), we have

u(X)v(Y
v(X)u(Y)

~—

sup
X,Y€Q\2AB

~1jzex

Proof. (i) is trivial from Theorem 2.66 (i) and Proposition 2.63. (ii) and (iii) are proved
like [DEM21, Corollary 6.4]. O

2.3.3. Green functions

Another important tool is the Green functions associated to a uniformly elliptic ope-
rator. For Y € Qand r € (0,090(Y)/10], let us introduce the quantity

don(Y) 82 dS
Yy (r) -:/T m? (2.58)
and note that
dyw . y____ T
dr (r) = m(B(Y, s))
and
> re
)2 )

We have the following properties.

Theorem 2.68. Let 2 C R”™ be open, m be suitable for PDE and L be uniformly elliptic.
There exists a unique function G : Q x Q — R U {400} such that G(X,.) is continuous on
Q\ {X} and locally integrable in X for every X € Q, and such that, for every f € C§°(5),
the function u given by

u(X) = / G(X,Y)f(Y)dm(Y) (2.59)
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belongs to Wy (€2, m) and is a solution of Lu = f in the sense that

/ AVu - Vodm = / fodm  forevery o € Wy(2,m). (2.60)
) Q

Such a function G is called Green function and satisfies the following properties.

(i) If n € C§°(2) is such that n = 1 on a neighborhood of {Y'}, then (1 — n)g(.,Y) €
Wo(Q, m)

(i) ForY € Qand ¢ € C§°(R2),
/ AV G(X,Y) - Vp(X)dX = (V). (2.61)
Q

In particular, G(.,Y) is a solution of Lu = 0in Q\ {Y}.
(iii) There exists « € (0, 1] such that, for X, Y € Q satisfying | X — Y| > daa(Y)/10,

X — Y[

0<G(X,Y) < caaQ(X)am(Bm XTI

(2.62)

In particular, G(., X') can be extended by continuity to 0%}, and G(., X') = 0 on 5.
(iv) For X,Y € Qsuchthat | X —Y| < dsa(Y)/2,
(X —Y[) SGX,)Y) < Cw (X -Y]). (2.63)

The constant ¢ > 0 above does not depend on the constant in the boundary Poincaré
inequality.

(v) Forr € (0,690(Y)/2) and y € Q,

/ V.G(X,Y)Pdm(z) < Cry (r). (2.64)
O\B(Y;r)

(vi) There exists q > 1 (depending only on the doubling constant of m) such that, for Y € €,

1 doa(Y
Py 60N N00) " < il e
In particular, VG(.,Y) € L ().
(vii) Finally, for any X, Y € Q, we have
G(X,Y) = Gp(Y, X), (2.66)
where g is the Green function for the adjoint operator L' := — div ATV. In particular,

all the above estimates stay true if x is replaced by y.

Proof. The statements and the proofs can be found in [DFM20]. Note that our conditions
are slightly more general but the proofs are exactly the same as in [DFM20]. The exis-
tence and uniqueness in Theorem 2.68 are given in [DFM20, Lemmas 14.87 and 14.91]
once you know that g” is continuous (this is given by Proposition 2.62). The bounds (i),
(i), (1v) and (v) are given by [DFM20, Theorem 14.60], (i7) by Lemma [DFM20, Lemma
14.83], and (vi) is [DFM20, Lemma 14.78]. Some of the bounds are found in [FJK82], and
the proofs in the codimension 1 case are in [Sta65] and [GW82]. O
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Corollary 2.69. Let Q2 C R"™ be open, m be suitable for PDE and L be uniformly elliptic.

ForY € Qand p < 6sq(Y)/100, take a non-negative function fy, € L*(2) such that
supp fv,, C B(Y,p) and [, fy,,dm = 1. The map v € Wy(Q,m) — [, fv,,o dm belongs to
W=1(Q, m) and so we can construct G*(X,Y) as the unique weak solution in Wy(£2, m) to
Lu = fy,, given by Theorem 2.47. Then, as p — 0, we have the following convergences :

(a) G*(.,Y) — G(.,Y) uniformly on compact of Q \ {Y},
(b) G*(.,Y) — G(.,Y) strongly in W (2 \ By,m; 0on 02), where By := B(Y, sa(Y)/4),
(c) VxGr(.,Y)—= VxGr(.,Y)weakly in L1(2By,m).
Moreover, G* satisfies the following estimates with constants independent of p.
(i) For X,Y € Qsatisfying | X — Y| > daa(Y)/10,

X Y

0= GY) = OB X =y )

(ii) For X,Y € Qsuch that 10p < |X — Y| < 6p0(Y)/2,
w (X —Y]) £G(X,Y) < Cw (]X = YY),

where ¢ > 0 above does not depend on (p, X, Y, and) the constant in the boundary
Poincaré inequality.

(iii) ForY € Qand r € (0,090(Y)/2],

/ IVxGP(X,Y)|?dm(X) < Cyy(r).
O\B(Yr)

(iv) There exists q > 1 (depending only on the doubling constant of m) such that

(oo o)

Proof. The uniform boundsin Corollary 2.69 are a consequences of the proofs in [DFM20],
the convergence is due to the fact that a limit G'(z, y) of any convergent subsequence
of G*(z,y) satisfies (2.59) and (2.60), so G'(z, y) has to be G(z,y) by uniqueness. O

Proposition 2.70. Let 2 C R"™ be an unbounded domain, m be suitable for PDE and L be
uniformly elliptic. There exists a non-zero non-negative solution G € W (2, m; 0 on 052; locally in R™)
to Lu = 0 in Q. By Propositions 2.62 and 2.63, such a function G is Hélder continuous on €
and G = 0 on 0f).

By Proposition 2.61, if ) is connected, then G is positive. By (ii) of Corollary 2.67, if 2 is
uniform, then G is unique up to a constant, that is, if G, € W(Q, m; 0 on 92; locally in R™
and Gy € W(§2,m; 0 on 092; locally in R™) are two non-zero non-negative solutions to Lu =
0in €, then G, /G, is a positive constant. We call such a function the Green function with
pole at infinity.

Proof. It can be proved like Lemma 3.7 in [KT99], Lemma 6.5 in [DEM21] or Lemma 3.2
in [DFM23a]. O
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2.3.4 . Properties of the elliptic measures

The interaction between the Green function and harmonic measure is crucial, as
they are primary tools in the study of solutions. Specifically, the comparison between
these two quantities is a key element in the proof of Theorem 2.66 parts (ii) and (iii),
which pertain to the comparison principle and boundary Harnack principle. These re-
sults were initially established for classical uniformly elliptic operators in [CFMS81], and
we have extended them to more general contexts in [DFM21, DFM20].

In this subsection, w* := w} , denotes the elliptic measure constructed in Theorem
2.53,and G(X,Y) = GL(X,Y) represents the Green function constructed in Theorem
2.68.

Our first result is the non-degeneracy of the harmonic measure, which is a specific
case of the second part of Lemma 2.65.

Lemma 2.71. Let Q) C R" be open, m be suitable for PDE, L be uniformly elliptic. For any
a € (0,1), there exists C' > 0 such that, for any ball B centered at the boundary,

inf w*(BNo) >0t
XeaB

As a consequence, if B is a ball centered on 02 and X is a e-corkscrew point for B N 02,
then
wX(BNo) > C 1,

where C. depends on X only via e.

Proof. The first part of the lemma is given by Lemma 2.65 when a = 1/2, but the proof
is the same for a general a € (0, 1). For the second part of the lemma, let ¢ be the one
in the definition of corkscrew points. Observe that a pointin B(X,¢/2) N (1 —¢/4)B is
non-empty, so contains a point Y. By the first part, w¥ (B N Q) > C, and we conclude
by using the Harnack inequality (Proposition 2.61) in B(X, ¢/2). O

The Green function and the elliptic measure are connected through the following
formula.

Proposition 2.72. Let (2 C R" be open, m be suitable for PDE, and L be uniformly ellip-
tic. Let G(X,Y) = G1(X,Y) be the Green function from Theorem 2.68 and w* = w; be
the measure from Theorem 2.53. For any X € Q and any ¢ € C*(R") which is 0 on a
neighborhood of { X'}, we have

/Q AV(Y) - V,G(X,Y) din(Y) = — / o)A ().

[5)9]
Proof. See for instance Lemma 2.18 in [DFM23a]. O

This relationship allows us to establish a comparison between Green functions and
elliptic measures, serving as an intermediate step in the proof of Theorem 2.66 part (iii).

Proposition 2.73. Let Q) C R"™ be open, m be suitable for PDE and L be uniformly elliptic.
We write G(X,Y) = G(X,Y) be the Green function from Theorem 2.68 and w™ = w;* be
the measure from Theorem 2.53.

There exists C' > 0 such that, for any x € 0S), any r > 0, and any corkscrew point X,
for x at scale r, we have

m(B(z,r) N Q)

2

G(Y,X,,) < Cw”(B(x,r)N oY) forY € Q\ B(X,,,doo(x,)/4)-

r
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Moreover, if Q) is uniform, then

(B(z,r)NQ)

r2

WY (BnaQ) <ol

G(Y,X,,) forY eQ\2B.

Remark 2.74. Note that the first inequality in the above proposition is a direct conse-
quence of the non-degeneracy of the harmonic measure (Lemma 2.71), the pointwise
bound (2.63) on the Green function, and the maximum principle (Corollary 2.51).

Proof. See Lemma 15.28 in [DFM20], generalizing [CFMS81, Lemma 2.2] (see also [DFM21,
Lemma 11.11]). O

Applying Theorem 2.66 part (iii) to two elliptic measures yields the following result :

Proposition 2.75 (Change of poles for the elliptic measure). Let ) be a uniform domain,
m be suitable for PDE, L be uniformly elliptic, and w* = w; be the measure from Theorem
2.53.

There exists C' > 0 such that, for any x € 92, any r > 0, any corkscrew point X, , for x
at scale r, and any Borel sets E, F' C B(z,r) N 0%, we have

Lwi(B) _wh(B) _  wN(E)
CUSXE) S o = Ok

< for X,Y € Q\ B(x,2r)

and

Y
C_leZ’T(E) < w (E)

= oV (B(e.r) N Q) < CwXor(E) forY € Q\ B(x,2r).

Proof. The change of poles is Lemma 15.61 in [DFM20] (see also [DFM21, Lemma 11.16]),
but it would be fair to say that it is only 2.66 applied to the elliptic measure. O

By combining Proposition 2.73 with the Harnack inequality (Proposition 2.61), we can
easily derive the doubling property of the harmonic measure for uniform domains. This
doubling property is expected to hold in the weaker "semi-uniform" domains. Such a
proof has been obtained in [Azz21] for classical uniformly elliptic operators, but has yet
to be verified in our more general context.

Proposition 2.76. Let $2 be a uniform domain, m be suitable for PDE, L be uniformly elliptic,
and wX = wyX be the measure from Theorem 2.53. Then, there exists C' > 0 such that, for
any z € 0Q, anyr > 0and any X € Q\ B(z,3r), we have

wX(B(x,2r) N 0Q) < Cw™ (B(x,r) N o).
Proof. See for instance [DFM20, Lemma 15.43]. O
To conclude this section, let us construct the elliptic measure “with pole at infinity”.

Proposition 2.77. Let 2 C R" be an unbounded uniform domain, m be suitable for PDE,
and L := div AV be uniformly elliptic. Let G .- be a positive solution in W (£2, m; 0 on 02; locally in R™)
to L*u = div ATVu = 0 in Q) (as given by Proposition 2.70).

Then there exists a Borel measure w := wi°® on 0€) such that

/ATVGL*-Vgodm:—/ Y dw forp € C5°(R™).
Q o0

Since G is unique up to a positive constant, w is also unique to L up to a positive constant.
We call w the elliptic measure with pole at .
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Proof. Proposition 2.77 can be proved like Lemma 6.5 in [DEM21] or Lemma 3.2 in [DFM23a].
O

In most cases, the pole is not particularly relevant. To avoid discussing the pole, it is
convenient to use the following quantity instead.

Definition 2.78. Let 2 C R"™ be a uniform domain, m be suitable for PDE and L :=
div AV be uniformly elliptic. We define the function GG, and the measure w;, as follows
« ifQisbounded, wetake G, = G (., Xo) andw;, = wfo, where X satisfies B( X, eq diam Q) C
2 and ¢q, is the corkscrew point constant of €2;
+ if Qis unbounded, we take GG, to be the function (defined up to a constant) given
by Proposition 2.70 and w;, to be the measure given by Proposition 2.77.

Proposition 2.79. Let 2 C R" be a uniform domain (eq is its corkscrew constant), m be
suitable for PDE and L := div AV be uniformly elliptic. Let G1-(X,Y), wy be respectively
the Green function associated to L* and the elliptic measure associated to L, and let G-,
wr, be the objects defined in Definition 2.78. There exists a constant C' > 0 such that, for any
boundary ball z € 09, any r € (0, eq diam Q/2) and any corkscrew point X, for x at scale
r, we have

(B(x,r)N Q)

r2

(B(z,r)N )

r2

o1 Gr-(Xos) < wi(B(z, 1) N9Q) < O

Gr(Xar).

If, moreover, E is a Borel subset of B(x,r) N 0S, then

E)
¥ () < — i < Cw¥(E).
¢ wi(B) < OB nagy = O« (F)
Atlast if Y € Q\ B(x,2r)3, we have

Gr(Y)
wr(B(x,r) NoN)

CV71GVL* (Xx,ra Y) S S C'GL* (X:r,ra Y)

Proof. This is simply Propositions 2.73 and 2.75. This is immediate when 2 is bounded.
It works also when €2 is unbounded because G- and wy, are constructed by taking a
limit of (appropriately rescaled) functions G- (., X;) and measures wf when | X;| — oo
(thanks to (4ii) of Corollary 2.67, the convergence to G- will be on compacts sets of
and the convergence to w, will be for all Borel sets). O

2.3.5. Absolute continuity of the elliptic measure

In our manuscript, we will not delve into the dimension of the support of the har-
monic measure, which is an entire theory by itself. Instead, we will take a step further
by investigating when the harmonic measure (or the elliptic measure) is mutually ab-
solutely continuous with respect to the Hausdorff measure, as well as its quantitative
version, known as A..-absolute continuity.

Definition 2.80 (absolute continuity). Let o, 4 be two Borel measures on FE.
We say that p is absolutely continuous with respect to o if, for any Borel set F C E,
o(F) = 0implies u(F) = 0.

3. If Q is bounded, we also assume that Y is not close to the pole X, used to define G-
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We say that u is A..-absolutely continuous with respect to o - and we write 1 €
A (o) - if, for any € > 0, there exists 6 > 0 such that, for any “boundary” ball Q C F,
and any Borel set F' C @,
() o(F)
— L <d=> —=F <e
Q) o(Q)
We say that the collection of elliptic measures {w: } xeq is As-absolutely continuous

with respect to o - and we still write w¥ € A, (o) - if, for any ¢ > 0, there exists § > 0
such that, for any ball B centered on 92, any F C BNnodQ2andany X € Q\ 2B,

o(F)

X
F
wi, ( )<5:>—<e. (2.67)

wi (Q) o(Q)

Of course, we can also say thatwy', is A..-absolutely continuous with respect to another
elliptic measure wfo if (2.67) is replaced by

wi (F) wi (F)
Q) TR Q

It is not practical to discuss a 'collection’ of measures. In fact, we can consolidate all
the information of the elliptic measure - which is essentially a collection of measures -
into a single measure.

Proposition 2.81. Let {2 be a uniform domain, m be suitable for PDE, and L be uniformly
elliptic, and let o be a Borel measure on 95). Let wy be the collection of elliptic measures
constructed in Theorem 2.53 and w;, be the (single) elliptic measure from Definition 2.78.
Then wy € Ay (o) ifand only if wy, € Ax(0).

Proof. The proposition is an immediate consequence of the second equivalence in Pro-
position 2.79. [

Several fundamental properties and characterizations of A, -absolute continuity
are presented in the following results, which can be found as Theorem 1.4.13 in [Keng4],
and draw from the works of [Muc74, CF74].

Proposition 2.82. (i) If u € A (o), then p is absolutely continuous with respect to o.

(i) A is an equivalence relationship, meaning that . € A (o) if and only if o € Ay (p).

Theorem 2.83. If o and 11 are two measures on E, then the following are equivalent :
() 1€ Ax(o);
(i) there exist ¢,6 € (0,1)? such that, for any ball Q C E and any Borel set F C Q,

@<6:>@<5-

o(Q) Q)

(i) there exist C' > 0, n > 0 such that, for any ball () C E and any Borel set F' C (),

0= ()
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(iv) p € Uysy By(o), where € By(o) If u is absolutely continuous with respect to o and
there exists C' > 0 such that, for any ball Q C E, the Radon derivative k = j—ﬁj verifies

(][ l{:qda)q gc][ kdo-
Q Q

Moreover, ;v € B, (o) implies that there exists e > 0 such that n € B, (o) forr € [1,q+¢€);
and . € B,(o) is equivalent to the L7 (o)-boundedness of the maximal operator M, where
141 _—1and
q q
M(£)(o) = sup f [
Q

Qball
Qox
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3 - The Dirichlet problem on domains with higher or mixed
codimensional boundaries

The purpose of this chapter is to adapt the theorem presented in Sections 1.2 and
1.3 to the framework developed in Chapter 2. We will start from scratch and reintroduce
all the necessary definitions.

3.1. The non-tangential maximal function N and the square function S

Our goal is to work with a measure on the boundary. Therefore, we will present the
literature for the case where (2, m, o) is suitable for PDE and traces. Given that this
memoir focuses on domains that are complements of low-dimensional sets - which
are inherently uniform by Proposition 1.21 - this restriction is reasonable. However, it is
important to note that in the classical setting, where the measure m is the Lebesgue
measure, many recent works have aimed to weaken the uniform and Ahlfors regular
assumptions as much as possible. Therefore, the result on the equivalent characteriza-
tion of the solvability of the L? Dirichlet problem are inherently not optimal.

The key functionals in this theory are the non-tangential maximal function and the
square function, defined below.

Definition 3.1. We define the cone with vertex on = € 92 and aperture a > 0 by
Fo(z) ={Y € Q, |Y —z| < (14 a)dsa(Y)},
which is used to defined some functionals on 012 : the non-tangential maximal function

Nou(z) :== sup |ul.
YeTa(x)

If we write By for B(Y,dsa(Y)/2), we also define and the square functions

Aou(w) = ( / e i”g—g) |

Sau(x) = ( / ) vu i”j—g) ,

that is S, (u) := 2, (dpaVu). The functionals are defined when u makes sense, that is
u € L2(Q) for N, u € L2 _(Q,m) for 2, and u € W,.(2, m) for S,,.

loc loc

and

Remark 3.2. Let us mention that in the classical setting when m is the n-dimensional
Lebesgue measure, then

m(B(Y, (SaQ(Y)) = Cn539<Y)n

where ¢, is the volume of the unit balls. Since dgo(Y) < |Y — x| < (1 4+ a)dga(Y) when
Y € I'y(z), in the classical setting, the square functionals can we rewritten as

(o) = ( [ P ﬁ) ,
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Let us study the dependence in the aperture a. The first result is quite straightfor-
ward.

Proposition 3.3. Let m and o be a doubling measures on 2 and 052 respectively, and let
a > 0. Then, for any u € L2 _(Q, m),

loc

-1 2y 0 (4By) 2 2y O (4By)
C, /Qu (Y) m(By) dm(Y) < . |20, (u)|* do < Ca/gu (Y) m(By)

where By = B(Y,ds0(Y)/2) and C,, depends only in a and the doubling constants of m
and o.

dm(Y'),

Proof. Simple use of Fubini's lemma. See the proof of [FP22, Proposition 3.2] for a similar
computation. 0J

Remark 3.4. Keep in mind that when m is the n-dimensional Lebesgue measure and o
is a (n — 1)-Ahlfors regular measure,

o(4By) | _ay

m(Y)~ ——. A
m(By) )R ) 3
If dm = §35,'""dY and o is a d-Ahlfors regular measure, we have instead
o(4By) dm(Y) ay
dm(Y) ~ = . (3.2)
m(By) ¥) doa(Y) 5g§d(Y) 3
If (2, m, o) is suitable for PDE and traces, then
O'(4By) —1 dm(Y)
dm(Y) = p(y, doa (Y : .
where p is the dimensionless quantity introduced in Definition 2.32 and y is such that

ly = Y[ =doa(Y).

Finally, let ©2 be uniform (eq is the corkscrew constant), m be suitable for PDE, and L
be uniformly elliptic. Set w;, and GG to be the elliptic measure (associated to L) and the
Green function (associated to L*) from Definition 2.78. If 0 = w;, and B(Y, eq diam €2/2)
intersects 0€2, then we have

dm ~ dm(Y). (3.4)
Thisis the first step in demonstrating independence from «. However, we can achieve
even more, as shown by the following :

Proposition 3.5. Let m and o be doubling measures on §2 and 0f) respectively, and let
a, > 0. Then, for any function u € L{°.(Q2) and any t > 0,

loc
o({z € 0Q, Ny(u) >t} < Cypo({x € 052, Ng(u) >t}
Moreover, if r > 0, for any v € (0,1), anyw € L} (2, m), and any t > 0,

o({x € 09, An(u) > t, My, (As(u)) < yr} < Copy’o({z € 0Q, Ao(u) > t/2},

where M, . is the uncentered maximal function

May(a)(a) = s (f \gwa)i |

Here C, 3 depends on o, 3, and the doubling constants of m and o, while C,, s, depends
also onr.
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Proof. The first part of Proposition 3.5 (about the non-tangential maximal function) is
due to Stein in the half-plane (see [SM93, Section 2.5.1]) but the proof extends imme-
diately to spaces with doubling measures. The second part (about the square function)
is a well known result that can be easily proven using a good-\ argument, although the
authors cannot pinpoint where it is proven. 0

Together with the Cavalieri formula, the LP norm of the functional N, (resp. 2l,,) are
comparable to the one of Ng (resp. 23). So in view of the next result, we will drop the
parameter « for the functionals N,, 2, and S,, and only write it in the proofs when it
becomes relevant.

Corollary 3.6. Let m and o be doubling measures on ) and 0f respectively. Let o, 5 > 0
and p > 0. Then there exists C, 3, > 0 such that

INa(u)ll2r(00.0) < Capll No ()| r(092,0)

whenever v € L. (2) and

[0 () || e @02.0) < Cappl|2As(w)]l L (90.0)

whenever u € L2 (2, m).

loc

The square function and the non-tangential maximal functions are interrelated through
the Carleson inequality, which also requires a notion of Carleson measure.

Definition 3.7. We define the functional C, for u € L? (2, m) as

Co(u)(z) := sup ( |Qla(u]13)]2do) 2 for z € 0Q.
o9

B>z

We say that u satisfies the Carleson measure condition with respect to o - or u € C'M,
for short - if C,(u) € L>(052,0). We write u € CM,(M) when we want to refer to the
norm M := ||Cs ()| o= (00,0)-

Remark 3.8. We can define equivalently C, as

) = (5 [ P2 ))dm<Y>)§.

By equivalently, we mean that when o and m are doubling, the Carleson norm ||C, () || L (90,0)
is equivalent with both definition of C,, and the proof of this fact is similar to the one
of Proposition 3.3.

One of our key tool is the following Carleson inequality.

Theorem 3.9 (Carleson inequality). Let m and o be doubling measures on 2 and 0f) res-
pectively. Then, for any u € L;2.(Q2) and any v € L} (2, m), we have

Awo)f do < € [ IN@PIC, () do
N o0N
for some C' > 0 that depends only on the doubling constants of m and o. In particular, if
v e CM, (M), then
[24(wv)]| r200.0) < CM|N ()| L2(60,0)-
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Proof. Theorem 3.9 is the generalization of Theorem 2 in [SM93, Section 2.2] in our
context (to which the proof of [SM9g3] extends). O

Remark 3.10. Let us restate Theorem 3.9. By Proposition 3.3, we have

2 2y 0 (4By) 2 2
| ) D () < Cle0)eioney [N do

Then Remark 3.4 allows us to replace ZE?E:)) dm(Y") depending on the setting.

Let us complete Theorem 2.83 with the following property on A..-absolute conti-
nuity.

Theorem 3.11. If o and . are two doubling measures on E C R" such that o € A (p),
then we have :

(i) thespaces BMO(E,o)and BMO(E, 1) are equal as Banach spaces, that is there exists
C > 0 such that

' sup ][A|f—fA,a|das sup ][A|f—fA,u|dM§C sup ][A|f—fA,U|da,

ball ACE ball ACE ball ACE

where A are boundary balls and fa, = f. fdv;
(ii) There exists C > 0 such that, for any measure m on Q and any u € L? (R"\ E,m),

loc

CHIC (WL (B,0) < Cu (W)l L) < ClICo (W)l (50
In particular, v € CM,(M) = ue CM,(CM).

Proof. The first part of Theorem 3.1 is a simple consequence of the John-Nirenberg
inequality and the fact that k = do/du belongs to the reverse Hélder class B, for some
g > 1 (see Theorem 2.83). The second part is similar, and its proof is also simple with
an analogue of the John-Nirenberg lemma for the Carleson measures. The result was
hinted in [DKP11] and the proof in our setting can be found in [FP22, Lemma 3.30] . [

Remark 3.12. We emphasize that the choice of the measure m in part (ii) of the above
theorem isinconsequential. Thus, (i) remains a property of the A -absolute continuity
of measures. It would not be surprising if the converse - that (i) or (i) implieso € A (1)
- were true. However, the author is unaware of any proof of such a result.

3.2. Equivalent characterizations of the solvability of the Dirichlet problem

For the next definitions, 2 C R™ is open, m is suitable for PDE, ¢ is a Borel measure
supported on 052, and L := —div AV is a uniformly elliptic operator (with respect to
the weight w := dm/dz). In particular, Theorem 2.53 gives the existence of an elliptic
measure wy on 9.

Definition 3.13. Given p € (1,00) and o a doubling measure on 052, we say that the
Dirichlet problem for L is solvable in LP(02, o) - or that (D, ). holds - if there exists
C' > 0 such that for every g € C5°(0%2), the solution u, given as in (2.35) by the elliptic
measure, that is

ug(X) = /mg(y) dwy (y) (3.5)

satisfies
[ Nugl|r00.0) < Cllgll L0 (00.0)- (3.6)
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Proposition 3.14. If (D, ), holds, then for any g € L?(052, o), the construction (3.5) makes
sense and gives a solution u, € W,.(2,m) to Lu = 0 in 2 that satisfies (3.6) and

li Y)= -a.e. Q. .
Yellg?x)ug( ) =g(x) foro-a.e.x €0 (3.7)

Proof. By density, we can find g, € Cy(09) such that ||g — gn||r(90,0) < 1/n. The bound
(3.6)implies that u,, is a Cauchy sequence for the uniform convergence on compact sets
of Q; in particular u,(X) is well defined - i.e. is independent on the the approximating
sequence g, - and is the limit of the Cauchy sequence u,, (X). Then the Caccioppoli
inequality (Proposition 2.55) implies that u,, converges in W (£, m) to u, and, since
the set of weak-solution is closed under the weak-topology of W,.(£2, m), we obtain
that u, is a solution to Lu = 0.

It remains to show (3.7). Since N(u,, — u,) and g, — g converge to o in L?, up to a
subsequence, they also converge o-almost everywhere. Take a point x where they both
convergeand e > 0. If Y € I'(z), we have

[ug(Y) = g(x)| < N(ug =g, ) () + g, (Y) = ga(2)| + [gn(2) = g(2)].

Choose first n (independent of Y) such that N(u, — u,, )(z) + |g.(x) — g(z)| < €/2. But
since g, is continuous, Proposition 2.63 shows that u,, (Y") converges to Tru,, (z) =
gn(z) and we can take Y close enough to z such that |u,, (Y') — g,(z)| < €/2. The pro-
position follows. O

Proposition 3.15. Let (2, m, o) be suitable for PDE and traces, L := —div AV be a uni-
formly elliptic operator on ), and p € (1, c0). Are equivalent :

(I) (Dp,O')L ’

(i) the elliptic measure wy, defined in (2.78) is absolutely continuous with respect to o and,
there exists C' > (0 such that the Poisson kernel kj, := dg—; verifies

1
<][ |/{:L‘p/da) e forxz e 0, r > 0.
B(z,r)NoQ

(iii) the elliptic measure {wy } xeq are absolutely continuous with respect to o and, there

X
exists C' > ( such that the Poisson kernels ki := d;JTL verify

1
7

(][ \kf,p’day <C forz e 00, r >0, X € Q\ B(z,2r).
B(z,r)NoN

Proof. (ii) <= (iii). This is the change of pole (Proposition 2.75).

(ii) = (i). If g € Cy(09) is the trace of a solution u, then we can construct a solution
to the Dirichlet problem with boundary data g as in see (2.35) and get

u(X) = /mg(y) dwi (1),

where QF is the elliptic measure. Let z € 9 and X € T'(z). Define A, as B(z, 2% X —
2[) MO ug(X) = [, lgldwi. For k > 1, we set X}, to be a corkscrew point for A,
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and ug(X) = fAk\AH |g| dwiX. Using the Holder continuity at the boundary (Proposi-
tion 2.63, the Carleson principle ((i) of Theorem 2.66), and the the change of pole in
Proposition 2.79, we obtain that

up(X) < CZ_ko‘uk(Xk) < C’Q‘ko‘][ lg| dwy, < CZ_kO‘MwL(u)(x)
Ay

As a consequence

uX) <Y (X)) < CY 27 My, (9)(x) < C M, (9)(2)

k>0 k>0

and hence
N(u)(z) < M., (9)(z). (3.8)

The Poisson kernel k, := dwy,/do is reverse class By, so by Theorem 2.83, the maxi-
mal Hardy-Littlewood functional M, is bounded from L?(o) to L?(o). Together with
(3.8), we have ||N(u)||zr(0) < ||g]|zr (o) @s desired for (ii) = (i).

(i) = (ii). First take g € C°(9Q) N L*(992, o), and u, defined as

ug(X) := /mg(y) dwr, (y).

X € Q. By setting r := §(X) and then = € 9 such that | X — z| = r, we have that
X € I'(z) forall z € Ax := B(z,r) N0 As a consequence,

4y (X) < N<ug><z>da<z>s(]£ \N(ugwda)”sca(Ax)1/pugnmm,o> (3.9

Ax X

by (D,,)z, with a constant independent of X.
Let now B be a ball centered on 992, A := BN o2, X be a corkscrew point associated

. dwX . .
to A. Define k;, := %L and k¥ = ;)UL the Poisson kernels, where wy, is the measure

from Definition 2.78. Proposition 2.79 yields that

_ kr(y)
X () < 29— opX f A
Ckp (y) < INE Ckr, (v) ory €A,

so, by the duality of (99, o) and L*' (2, ¢) and by the density of continuous functions
in L, we obtain

1
=7

(L) se(fpra)” = [
kr|” do <C k7 |P do = sup g(y)k* (y) do
i (fm 113 s [

=

lgllp<1
= sup u,(X) < Co(A)7MP
9eCH(A)
lglp<1
by (3.9) and the fact that o(A) ~ ¢(Ax), since ¢ is doubling. O

Corollary 3.16. Let (2, m, o) be suitable for PDE and traces, L := — div AV be a uniformly
elliptic operator on €2, and p € (1,00). Then (D, )., implies (D, ) for ¢ € (p — €¢,00) and
some e > 0.
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Proof. The characterization (ii)in Theorem 3.15 is a reverse-Holder estimate on the Pois-
son kernel, so the solvability of the L? Dirichlet problem for ¢ € (p, o). The L4 solvability
in the range ¢ € (p — ¢, p) is a consequence of the well known fact that reverse Holder
estimates self-improve; see [Gia83, Proposition 1.1, p. 122]. U

Our goal is to establish an analogue of Theorem 1.29, providing equivalent charac-
terizations of the solvability of the L Dirichlet problem for some p € (1,00). We will
begin by properly introducing the necessary concepts.

Definition 3.17. We say that (Dgy0,,) holds - or alternatively that the Dirichlet pro-
blem is solvable in BMO" - if there exists C' > 0 such that for any g € C§°(09) the
solution u, constructed as in (3.5) satisfies

daa|Vu| € CM,(C||gll Bro@o,e))-
In practice, we can utilize a weaker version of BM O-solvability.

Definition 3.18. We say that the solutions to Lu = 0 satisfies the o-Carleson Measure
Estimate - or L satisfies (CME,) - if there exists C' > 0 such that any bounded weak
solution v to Lu = 0 in Q) satisfies

5aQ|VU| c CMU(CHUHLOO(Q)).

Theorem 3.19. Let (2, m, o) be suitable for PDE and traces and let L := —div AV be a
uniformly elliptic operator (with respect to the weight w := dm/dx). We write w3 for the
elliptic measure constructed in Theorem 2.53. Then the following are equivalent :

(a) The elliptic measure wy is A.-absolutely continuous with respect to o - or equivalently
wr, € Ax(0) for the measure wy, from Definition 2.78.

(b) There exists p € (1, 00) such that (D, )y, is solvable in LP(0S, o).

(c) (Dpno o)L is solvable.

(d) L satisfies (CME,).

(e) There exists q € (1,00) and C' > 0 such that for any weak solution u to Lu = 0, we have

|1Sul| Laaa,e) < ClINu|| Lao0,0)- (3.10)

(f) Forany q € (0,00), there exists C' = C(q) such that we have (3.10) for any weak solution
wto Lu = 0.

Remark 3.20. The implications (a) = (c¢) and (a) = (d) do not require (2 to be
uniform, as shown by the proofs below.

Throughout this section, we will rigorously prove (a) < (b)) = (¢), (d), and pro-
vide intuition for the other equivalences. For further details, all the given equivalences
are proven in [CY25], although our approach will differ slightly from theirs.

Our strategy will involve proving (a) = (c¢) by refining the method used by the
author in [FP22] to establish (a) = (d).

In simpler settings, many of the estimates can be found in [Keng4], for instance
(a) <= (b) is [Keng4, Theorem 1.7.3], while (3.18) is [Ken94, Theorem 1.5.18], (a) =

1. While we could theoretically state that the Dirichlet problem is solvable in VMO, we will adhere to
the common terminology here.
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(e), (f) is [Keng4, Theorem 1.5.10], the good-\ argument is used to prove [Keng4, Theo-
rems 1.5.11 and 1.5.12]; note also that the results from [Keng4, Section 1.5] is based
in [JK82]. For domains satisfying some capacity condition, the theorem is proved in
[CDMT22]. The equivalence (¢) <= (a) was first established in [DKP11], see also
[HL18], [Zha18], [MZ19], [GH21] for more complicated settings or weaker assumptions.
The implication (d) = (a) was first proved in [KKPT16] improving an earlier result from
[KKPTo0], see also [DFM19a], [CHMT20], [CHM19].

(a) <= (b). Thisis Proposition 3.15 and Theorem 2.83 (i) < (iv).

(a) = (d).Letwy, G- be the elliptic measure and the Green function from Definition
2.78. We have w;, € A (o) so thanks to (ii) of Theorem 3.11, we only need to prove the
following lemma

Lemma 3.21. Let Q) C R™, m be suitable for PDE, and L := — div AV be a uniformly elliptic
operator (with respect to the weight w := dm/dx). Then there exists C' > 0 such that for any
weak solution u to Lu = 0, we have

Soa|Vu| € CM,, (C|lull)- (3.1)

More precisely, for any x € 92 and r > 0, we have

|Q[(50Q|vu|]lB(x,r))‘2 dwy, < C |N(U]1B(:c727“)) |2 dwry,. (3.12)
o0 o0

Proof. Observe that(3.11) is a direct consequence of (3.12), since the function N (ul gz 2)
is bounded by ||u||~ and supported in B(xz, 100r) NoS2. With Remark 3.8, we need to es-
tablish that

wL(4By)

/ 1600 (Y)Vu(Y)?——==Ldm(Y) < C IN(ul g an)|” dwr.
Ba,r)nQ m(By) 20

We can assume that r is sufficiently smaller than diam (2, as the estimate on |Vu|(Y)
when dsq(Y) ~ diam(Q2) can be treated with the Caccioppoli inequality (Proposition
2.55). When z € 902 and r is sufficiently small, we have in B(z, 2rr) N Q2 that the function
G~ is a solution to L*u = 0 and that dyq(Y)*w(4By)/m(By) ~ Gr(Y). So we can
write

- [ 550(V) V(@) P2 oy < [ v Gredm
B(z,r)NQ m(BY) B(z,r)NQ

< C/ AVu - Vu Gpdm
B(z,r)NQ

by the ellipticity of A =: wA. Let ¢ € C§°((B(z,2r)) be a cut-off function for B(x,r),
thatis0 < ¢ <1,¢=1on B(z,r), and [Vg| < 2/r. One can check that

[\]

91(589\V<P’)(y) < ;QL((SGQ]IB(LT)) < CﬂyéB(x,lOT)?

similarly

2
A0 Vel ) () < ﬁmw;{?ﬂmm) < Clyegeon,
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and even 51V
9’[<5<}9é22|v(70|1/2T*L*> (y) < C]lyEB(m,lor)7
because of the Caccioppoli and the Harnack inequalities. That is, thereisa M > 0 such

that
5|V G,
Saal Vel + C%QIV@I”Q(l 1 %) € CM,(M). (3.13)

for any measure ¢ on 0¢), in particular for o = wy..
Let us return to our integral. We have I < C'I, where

Iy = / AV - Vu (GL*@Q) dm
Q
= / AV - V[uG p-p* dm — 2/ AVu - Vo (Gr-pu) dm
Q Q
= / AVu - VG (up®)dm =: I} + Iy + I3. (3.14)
)

The term I is 0 because u is weak solution to Lu = 0. The term I, is bounded by

(Ip)'/? (/\VQOPUGL*dm) < C(Iy)Y? (/ ym(dmyw\u)y?m)
Q o0
< CM(10)1/2||N(U]13(x,2r))HL?(aQ,wL),

by the Carleson inequality (Theorem 3.9) and the fact that dsq| V| € CM,(M). As for
the term I3, we want to use the fact that G- is a solution to L*u = 0 so we write

1
Iy = -5 / AV [u?¢?] - VG- dm + / AV - VG- (u*p)dm = I, + I;.
0 Q

The integral 1, is zero, because G- is a weak solution on supp ¢, and I5 is bounded by

5(299’VGL* 2 9 12 2
C [ a0Vl <1 + G—2>U Gr-dm < C'M ||N(U1B(x,2r))||L2(6Q,wL)
Q L*

again by the Carleson inequality and (3.13). We conclude that
Iy < C(Io)*M||N (ull p(a.om) | 20020) + CMP [N (ull e 207200,
which self-improves? into
I < Cly < C|N(ulpaan)l 72000, (3.15)
as desired O

(a) = (c).Asfor (a) = (d), Theorem 3.11 can be used to reduce the proof to the
following lemma.

2. We should check that Iy is a priori finite. It is done by taking the cut-off ¢ € C§°(Q2) suchthatp =1
on B(z,r)N{Y > €}, o =00nQN{Y < ¢€/2},|[Vp| <2/eon{e/2 <Y < e}. Under those extra condition,
1y is finite, so we can do the self-improvement with the same upper bound which is independent on ¢,
and we conclude by taking e — 0.
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Lemma 3.22. Let 2 C R", m be suitable for PDE, and L := — div AV be a uniformly elliptic
operator (with respect to the weight w := dm/dz). Then, there exists C > 0 such that for
any g € Co(0N2), x € 05Y, and r > 0, the weak solution u, constructed in (2.35) satisfies

doalVuy| € CM,, (Cllgllzro@aws))- (3.16)

Proof. Write B for B(z,r) and A for B N 0f2. We decompose
g=co+(9—co)laa+ Y (9= cx)laeravznia + O (e — 1) Logziia

k>1 k>1
=:co+ ng + th

k>0 k>1

where ¢, := fQMA g dwr,. and we define uy, := u,4, and vy, := u;, asin(2.35). The function
gr is not continuous but that is not a problem. We have u := u, = »_, ., ux and thus

(a0l Vullp)| L2wy)
< Z 1260 | Vur| 1) || L2w,) + Z A (a0l VUi 1s) || L2 (w;)

k>0 k>1

< CZ | N (uxlap)|| L2, + CZ N (vilap)|| L2,y (317)

E>0 k>1
by (3.12). Arguing like in (a) <= (b), we obtain
N(uolap) < CMy, (|9 — collua),

that is, with the L?(w;) boundedness of M., ,

IN (uoL25) | 2w,y < Cllg — collz2(awy) < CllgllBrrog,wr (D)2,
When k£ > 1, we have instead
N(urlap)(y) < C27%* My, (19 — cilLarraproriin) ()
and thus,
IV (uTa5) | 2wy) < C275g — il z2guy 2rv28) < C27% gl Brrowyywr (D)2
Similarly, since |c, — cx—1| < Cl|g||BMmO(wy), We have
N(vp1ap)(y) < C27% ey — 1| < Cllgll Brotor),

hence L
IN (Ui L28) | 22y < C27*gll MO )WL (D)2

We gather the estimates so that (3.17) becomes

wi(A) 2|1 A(8aa| Vull )l 2w < Cllgllsrrogs). (3.18)

Since the bound is independent of A, we deduce that dpo|Vu| € CM,,, (C| gl Brow,))
as desired. O
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(a) = (e) < (f). Agood-) argumentis a type of method that will give the second
part of Proposition 3.5 from Proposition 3.3, and that relies on the fact that the func-
tionals V and 2l are defined on cones.

With a good-)\ argument, we can show that (3.12) self-improves into for any boun-
dary ball

t
A C St/g = {Q[((Sag‘vu’]lB(xm)) > 5}
satisfying 10A ¢ Sy, any v € (0,1), and any r > 0 we have
wr,(AN Sy N{MIN (ul p(z2m)] < Vt})
wr(A)

where ~isindependent of z, r, u, and A. Since w; € A (o), we can apply (iii) of Theorem
2.83, which gives that

O'(A N St N {MT[N(u]lB(JI,QT‘))] < ’Vt}>
o(A)

for some p € (1, 00). By doing a Whitney decomposition of S;/, and applying the pre-
vious line on every Whitney region, we have

a(SiN {MT[N(UEB(:E,%))] <nat}) < CT'YPU(Stﬂ)v
and then, thanks to the Cavalieri formula,
124000 VulLp@m)llLs0) < CglIN (ul b 2r)ll L) (3.19)

forany ¢ > 0. (e) and (f) are then obtained by taking r — oo in (3.19). Note that a similar
“good-\" argument gives (e¢) = (f).

S CT’VQ;

<GP,

(f) = (d). We obtain (3.12) - which is stronger than (d) - by localizing the estimate
1S (w)]| 22(0y) < C|N(w)]] £2(0)-

(c),(d) = (a). We want to prove that for all ¢ > 0, there exists § > 0 such that for
any boundary ball A := BN 0% and any Borel set E C A, we have

wr(E) o(E)
o™ < = o)

The proof is similar for both cases (c¢) or (d). We need to construct a “e;-good cover”
of £, namely we have

< €. (3.20)

E=0yC O C-C Oy =A,

where O, = Uj Q. is a union of dyadic cubes in 012, and w,(Ox N Qk11,5) < €owr(Qr+15)
for some relevant dyadic cubes Q. The key property is that we can do this construc-
tion with number N depends only on wy(E)/wr(A), €9, and the doubling constant of
wr, and such that N — oo as wy(F)/wr(A) — 0. We construct f to be morally 15 +
SV 10,,\0,_, Or @ smooth approximation of it, and u to be the solution with boun-
dary data f.

The solution u exhibits large oscillations on Whitney cubes, which in turn yield a
large square function 2(|Vu|1g)(x) for any point x € E, which is bounded from below
by cIn(wr(E)/wr(A)). Since u is bounded by 1, having (¢) or (d) implies then that

i (245

2
)| #(B) < 121V ulti05)l12) < Co(A),

which gives (3.20).
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3.3 . Carleson perturbations

We have identified a collection of operators for which the elliptic measure is A.-
absolutely continuous with respect to the surface measure. An intriguing question is
whether this A-absolute continuity remains stable under perturbations of the coef-
ficients. We will bypass the theory of ¢t-independent perturbations, as t-independent
operators are not well-suited for studying domains with rough boundaries, in particu-
lar of high or mixed codimension.

Given two uniformly elliptic operators Ly := —divA¢V and L; = div AgV in ,
we ask : Is there a condition on |4y — A;| such that the elliptic measure of L' is A..-
absolutely continuous with respect to the surface measure if and only if the elliptic
measure of Ly is? The answer is affirmative, and this condition is commonly referred
to as“Carleson perturbation”, due toits relation to Carleson measures and the Carleson
measure condition (see Definition 3.7). This is not surprising, as the appropriate notion
of perturbation was studied and established between 1984 and 1991, culminating in
Theorem 1.36 for the codimension 1 setting.

The concept of Carleson perturbation extends naturally to our framework. Although
many earlier proofs relied on certain geometric conditions on the boundaries, the proof
provided by Bruno Poggi and the author in [FP22] leverages the rich elliptic theory avai-
lable.

Theorem 3.23. Let 2 be uniform and m be suitable for PDE. Take two operators Ly :=
—div AyV and L, := —div A,V that are uniformly elliptic with respect to the weight w :=
dm/dX. Let wy and w, be the measures introduced in Definition 2.78 for Ly and L, respec-
tively. If the disagreement | Ay — A, | satisfies

X — sup{w Ay — Ay|} € CM,,, (M) (3.21)
Bx

for some constant M (where Bx := B(X,dsa(X)/2) as before), then w; € A (wp). By
Theorem 3.11, if we a priori had wy € A (o), then we also have w, € A, (o).
Moreover, if the function Gy, = G constructed in Definition 2.78 satisfies the pointwise

bound
doa| VG|
sup <

—— < 003, 22
u o (3.22)

then the condlition (3.21) on the disagreement can be replaced by
w Ay — Ay] € CM,,,(M). (3.23)

Proof. The following proof is largely taken from [FP22] and [Fen24]. By Theorem 3.19,
we only need to prove that the weak solutions « to L;u = 0 satisfies (CME,,,). The proof
is a variant of the one of Lemma 3.21, in particular, the preliminary computations are
the same. We write A; for w™A;, i € {0,1}. We replace then (3.14) by

Iy = / A1Vu - Vu (Gop?) dm
Q
= / A1Vu - V[uGop?] dm — 2/ A1 Vu - Vo (Gopu) dm
Q Q

— / AV - VG (ug®) dm =: I + I + Is.
Q

3. Thisis the case when w = 1 and dgn|V Ag| € L™ for instance, see Lemma 3.1in [GW82]
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The term I, is o, since u is a weak solution, and the term I, is treated as in the proof of
Lemma 3.21. As for I5, we write

[3 —_ _ / onu . VGO (U@Q) dm + /(»AO — Al)Vu . VGO (U@Q) dm
Q 0
- _% / AV[u?¢?) - VG- dm + / AV - VG- (u*p) dm
Q Q
+ /(-/40 — A))Vu - VG (u<,02) dm =: Iy + I + I§.
Q

The integral 1, is o since Gy is a solution to L}, I is treated as in the proof of Lemma
3.21, and the extra term I is bounded as follows.

530V Go? :
Is < I(}/Z (/ | Ao — A1|2U2¢2% Go dm)
e} 0
500 VG
<on|ea (0= 425D | N @l
L (wp)

by the Cauchy-Schwarz and the Carleson inequalities (Theorem 3.9). In both scenarios
(3.21)-(3.23), we have

which allow us to say that

<CM, (3.24)

doa|VG
Cus (|A0 _ AﬂM)

Go

Lo (wo)

Is < CIy"* M||N (ug)]| 12

and conclude as in the proof of Lemma 3.21.

Indeed, if d9a|VGy|/Gy is uniformly bounded, then the bound (3.24) is simply the
definition of the Carleson measure condition (3.23). In the other case, a simple use of
Fubini's lemma* gives that, for any f € L2 (Q,m), we have

loc

1Cen (Nllz= < ClICiy ()l

~ 2
with f(X) = (fo I? dm) . Thus with our choice f = | Ay — All%vf;d, we have

; 52|VGol? | \?
f(X) < C’(sup | Ao — A1|> (][ % dm) < C'sup |Ag — A (3.25)
Bx Bx 0 Bx

by applying the Caccioppoli inequality (Proposition 2.55) and the Harnack inequality
(Proposition 2.61) to Gy. The bound (3.24) is then a consequence of our assumption
(3.21). O

Remark 3.24. As mentioned in [FKP91, Proposition 2.22] and proved in [DSU22]. We can
weaken the assumption (3.21) to

X — (f |w_1(A0 — A1)|r dm) ' S CMWO(M) (3.26)
Bx

4. and Corollary 3.6, which allow us to use 2, for various values of a
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for some r large enough. Indeed, the combination of the Cacciopoli inequality, the Har-
nack inequality and the Poincaré inequality gives that for any ball B such that 2B C €,

(=55 an) < (f, 25 )

for some p < 2 and C independent of B and that depends on L only via the constants
in Definition 2.43, and as such, we can improve the bound to

q é 2 %
<][ dm) <’ ][ dm | <C”
B 2B

for some ¢ > 2 that depends only on p and C,, see for instance [Gia83, Proposition 1.1].
As a consequence, we can change (3.25) to
Rt
dm)

i) <c (f ! (A — Al>|7“ch)i (7@

<c (][ (A — A1>|Tdm)r . 327)
Bx

where r = ¢/(q — 2), which means that assuming (3.26) for this choice of  is sufficient.

Current results for small Carleson perturbations have not been proven in as general
a setting as in Theorem 3.23.

doaVGo
Go

dooVGo

0

090 VG
Go

9o VG
Go

A EN
Go

Theorem 3.25. Letd < n—1and ) C R™ be an open set such that 09X is d-Ahlfors regular(oc
is the Ahlfors regular measure). If d = n — 1, we also assume that ) is uniform. Take two
operators Ly := —div AgV and L, := —div A,V that are uniformly elliptic with respect to
the weight w := §a' "

Assume that (D, )1, is solvable for some p € (1, 00). Then there exists ¢ > 0 such that, if
the the disagreement |Ay — A | satisfies

X — sup{w ™' |Ag — A1|} € CM,(e), (3.28)
Bx

then (D, ,)1, Is solvable for the same p.

Proof. Theorem 3.25 is proved in [CHM19] in the classical case and [MP21] in higher co-
dimension. The author claims that the theorem can be extended to the general setting
assumed here - i.e. (€2,m, o) is suitable for PDE and traces - but the details, although
not terribly complicated, are too long to place here. O

3.4 . Solvability of the L” Dirichlet problem in domains with flat boundaries

In Section 1.5, we saw that when d < n— 1 is an integer, the natural equivalent of the
Laplacian in R™ \ R? := {(x,t) € R? x (R*~4\ {0})} is Ly := — div|[[t|**!~"V]. However,
this operator does not naturally extend to sets of the form R\ F, where F is a d-Ahlfors
regular set. A naive choice for a “Laplacian” on these sets would be

L = —div[§Et V),

but the lack of regularity in its coefficients makes it unsuitable for our methods.
The plan for this section is as follows :
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1. Identify the largest class of operators in R \ R¢ whose elliptic measure is A.-
absolutely continuous with respect to £¢, or equivalently, where the L? Dirichlet
problem is solvable for some p € (1, ).

2. Address domains that are complements of a Lipschitz graph E,.. The usual stra-
tegy involves a change of variables that maps R" \ E, to R™ \ R?, transforming
“simple" operators into those we can analyze from (1).

3. Determine a suitable choice of “simple” operators that can serve as the Laplacian
in higher codimensions.

Thus, we will seek the largest class of operators in R" \ R? = {(z,?) € R? x (R"~ %\
{0})} for which the elliptic measure is A-absolutely continuous with respect to the
Lebesgue measure on R¢, or equivalently for which the L? Dirichlet problem is solvable
forap e (1,00).

We will disregard operators L := — div AV where [t|¢"17" A is independent of ¢, as
these are ill-suited for studying boundaries without a uniform non-tangential direction.
Instead, we will focus on operators satisfying a Carleson condition.

When the boundary is a plane, we have :

Theorem 3.26. Let L := — div AV to be a uniformly elliptic operator (with respect to dm :=
[t|4T1=dt d) on R™ \ R? (the measure on R is o = L%). Assume that there exists X > 1,
M > 0 such that the reduced matrix A = |t|"~*~' A can be written as

A= VB0 i v er

where
(I) )\_1 S 7 S )\/
(i) |Cg‘ + ‘04’ + ’tHVCM’ € CMU(M),

(iii) either there is a vector bs such that B3 = %bg and |t||Vbs| € CM (M), or |t||VBs] €
CMpa(M).

Then the elliptic measure w;, is A.-absolutely continuous with respect to £¢ and (Dpo)r is
solvable for a p € (1, 00) large enough.

Furthermore, for any p € (1, c0), there exists €, > 0 that depends only on d, n, the elliptic
constants of A, A\, and p, such that if M < e, in the above condition (i) and (iii), then (D, ,)r,
holds.

When the boundary is a plane, we observe that no assumptions are needed on the
tangential directions of the matrix (i.e., the first d rows). The terms C; and C, are Carle-
son perturbations, which is expected if we seek the largest class. We want the bottom
right corner of A to be, up to a Carleson perturbation, a scalar multiple of the identity.
The intuition behind this is that we seek an operator L, = —div AyV close to L such
that Lj has an explicit Green function with a pole at infinity, equivalent to the distance to
the boundary. This allows us to perform integrations by parts, as in the proof of Lemma
3.21. To cancel the weight [¢t|%*1=", our best choice is to take [t| as the Green function
with a pole at infinity and the identity in the bottom right corner of Ay.

Proof. When B3 = 0, this theorem is [DFM19a, Theorem 7.10], and it was shown in
[Fen22b, Theorem 3.16] why we can go back to the situation where B; = 0 when ei-
ther [t||VBs| € CMpa or By = tTby with ||| Vbs| € C M.
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When B; = tTbs with |t||Vbs| € CM, (M), the small constant case is proved as in
[FMZ21]. When [t||VB;| € C'M 4, we use the trick of [Fen22b] that allow us to go back to
B3 = 0 at a price of a small Carleson perturbation.

Interested readers can refer to the above references for the full demonstration.
However, let us build some intuition and provide elements of the proof here (for large
Carleson perturbations). To simplify the proof, we will not be rigorous; in particular, we
will not justify why certain quantities are well-defined or a priori finite. Furthermore, we
will not include the term Bs in the proof.

Our goal is to prove that ||.S(u)||,2re) < C||N ()| 2(re)y, from which the L solvabi-
lity of the Dirichlet problem will follow by Theorem 3.19. Using Fubini’'s theorem, the
ellipticity of A, and the fact that b, ~ 1, we have

||S(u)||§§c// by ' AV - Vu [t dt da.
Rd JRn—d
But since w is a solution, one has by integration by parts® that
/ / b;lAvu-vu|t|d+2—”dtdx:/ AV - V[|tjuby ] [t dt da
Rd JRn—d Rd JRn—d
—// bglAvu-vyt\u|t|d+1—"dtdx—/ AVu-vm%\tyd“—"dtdaz
Rd JRn—d Rd JRn—d b4

:0—|—[1+[2

Using the expression of A, we have that AVu - V|t| = CVu - Vi|t| + b4 Viu - Vit|, where
C is the matrix [C3,C4], SO

I = —/ / by 'CVu- V|t u [t " dt dx—/ / Vu-V|t|u [t|""dt doe =: I3+,
Rd JRn—d Rd JRn—d
Note that div [¢t|9*1="V|t| = 0, so another integration by parts gives that

I, = _/ VIt - V] L[4 " dt da =/ Jul® dz < [|N (u)[|7 ga)-
Rd Rnfd Rd

As for I, and I3, they are bounded in a similar manner - using the equivalence b, ~ 1,
the Carleson inequality (Theorem 3.9) and then the fact that |C| + [¢||Vy4] € CM, - as
follows

yzzyﬂ[gygc(// [ycy+ytHVb4mu\2\t|d"dtdx> (// |vu\2|t\d+2"dtdx)
Rd JRn—d Rd JRn—d
< ClIC([IC] + [HVbal) | oo ey 1N (u) | 2 e[S () | 22t

-
finite by assumption and indep. of u

To summarize, we have
1S ()72 ey < CIN (@)1 72gay + C'lIN (W)l 2@y 1S () || 2 ey

such self-improves to
15 ()l z2ray < ClIN (u)]|2ra)

as desired. O

5. a.k.a the divergence theorem
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3.5 . Solvability of the L? Dirichlet problem in domains with Lipschitz bounda-
ries

Solving the Dirichlet problem in Lipschitz domains is an intermediate step toward
addressing domains with uniformly rectifiable boundaries. The strategy for handling
Lipschitz domains or domains above a Lipschitz graph has traditionally involved using
changes of variables. In this section, we will recall previously employed changes of va-
riables that, unfortunately, are not well-suited to higher codimensional settings. We will
then introduce a new change of variables proposed by Guy David, Svitlana Mayboroda,
and the author in [DFM19a].

3.5.1. Changes of variables in codimension 1
The domain that we consider is above a Lipschitz graph, i.e.

Q=0Q,:={(z,t) eER" I xR, t > pp(z)} (3.29)

for some Lipschitz function ¢. We leave it to the reader to verify that the L? solvability of
the Dirichlet problem is preserved under bi-Lipschitz changes of variable. This means
that studying the Laplacian in €2, is equivalent to studying a uniformly elliptic operator
L := —divA,V on R}, where p = p, is a bi-Lipschitz map from R" to R" that sends
Q, to R". Here Jac, is the Jacobian matrix of p, and A, is the conjugate matrix given by
| det(Jac,)| ™" Jac] Jac,,.

If Q is defined by a Lipschitz function like in (3.29), a simple initial choice for p is the
one defined by

pr(z,t) := (z, 1 — p(z)) (3.30)
which has the associated conjugate matrix
Ioy. | Ve
Ap (z,8) 1= | e <> """ (3.31)

The change of varaible p; is one that results in conjugate matrix independent of . This
independence is one reason for the extensive literature on the solvability of boundary
value problems for operators with ¢t-independent coefficients.

The second change of variable for (2 n introduced by Kenig and Pipher in [KPo1], is
defined as follows :

Py (@, 1) = (z, Kt + pi(2)), (3.32)
where x > 0 is chosen large enough and ¢; is the convolution of ¢ with a mollifier, that
is ¢, = ¢ *n, wheren € C°(B(0,1),Ry), [pn1nde = 1, and n(z) = t'""n(z/t). The
Jacobian matrix is

Jae(p 1) (@, 1) = [I _____ v so<>]

It is a simple exercise to verify that d,p; < C,||V¢l/. Thus, by choosing « sufficiently
large, p, " is indeed a bi-Lipschitz change of variable that maps R” to .. The conjugate
of the Laplacian by p; ' is given by L,, = —div A,,V, where

A L AtO0p()
P Vaoi(T) 1+ |vm90|2

_I{ + 3t<pt($) (’i + 6t(,0t($))2'
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A simple application of the Littlewood-Paley theory shows that
|0vee] + V2 00| € O M, (M),

hence A,, satisfies 5oV A,, € CM, and L, is a DKP operator. This change of variable
is one of the reason why DKP operators are a popular study.

3.5.2. The change of variable in higher codimension

Let E, := {((z,p(x)), = € R}, where ¢ : R? — R"% s a Lipschitz function. We
aim for our “simple” operator on 2 = R™ \ E,, - which will serve as our substitute of
the Laplacian in higher codimension - to exhibit isotropic behavior. Thus, we seek an
operator of the form L = —divaV, where a is a scalar function equivalent to §35" .
Why don't we take a = 644" ? We allow ourselves some extra flexibility for now®, as
5351‘” might not be the optimal choice (for instance, it is not smooth).

We want our change of variable p from Q = R™ \ E, to R" \ R? to be so that the
conjugate of L by p is an operator that satisfies the assumption of Theorem 3.26. The
reader can verify that the two bi-Lipschitz changes of variables introduced in the pre-
vious paragraph will not be adequate. Specifically, p; is not adapted to the Carleson
measure conditions C'M,, and the conjugate of py will not preserve the nearly scalar
structure of the bottom right corner. So we want a new change of variable which is an
isometry in ¢ (up to errors controllable with Carleson measures).

For our third choice of change of variable, we still write ¢, = ¢ * 1, where 7, is
a smooth and compactly supported mollifier. We introduce P(x,t) to be the d-plane
tangent to the graph of ¢, at the point (z, ¢.(z)), and R, to be a linear isometry of R™

that maps R¢ to the d-plane P(x,t)7 We define the map from R" \ R to R" \ E,, as

(p3) Mz, t) = (z, () + Rey(0,8)  for (z,t) € R*\ R, (3.33)
see Figure 3.1.
(93)71(—2: 2) — craph of ¢
- = - graph of ¢

—1
(p3)~"(1.5,1) ... graph of ¢o

(p3)~ (1.5, -1)

8

Figure 3.1 - Contruction of (p3)~1.

6. The authors initially attempted to use L = — div d34' "V, but found it unsuitable for our proofs.
7. Note that ¢;(z), P(x,t) and R, ; depends on ¢ only via |t|. We avoided writing ¢, (z), P(z, [t|) and
R, |y to lighten the notation.
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Proposition 3.27 (Theorem 3.57 in [DFM19a]). There exists ¢, > 0 (that depends on the
mollifier n,) such that if ¢ : R? s R"~% s a ey-Lipschitz function, the map

(ZL’, t) € Rn \ Rd = (IE, Spt(f)) + Rx,t(ov t) (334)
is bi-Lipschitz from R? — R4 to R\ E, := {(z,t) € R? x R~ t £ p(z)}.

The reader can verify that the map in (3.34) may not remain injective if the Lipschitz
constant of ¢ is not sufficiently small. Aside from this limitation to Lipschitz graph with
small constants, the change of variable (3.34) meets our needs, asitturns L = — divaV
into an elliptic operator with coefficients displaying the correct block form.

Proposition 3.28 (Lemma 4.4 in [DFM19a]). Let ¢y as in Proposition 3.27 and take ¢ :
R? — R"4 js a eg-Lipschitz function. Set E,, := {(z,t) € R* x R"? ¢ +# o(z)} and let a be
a scalar function satisfying

Colopt (X)) < a(X) < Cudgl i (X)

for X e R"\ E, = {(x,t) € R x R" t # (x)}. Then the conjugate of L := — divaV
by ps - where p3 ' is given in by (3.33) - can be written as L,, := — div[|t|*"1""A,, V] where

-1 :
_(@ops \|Bii 0
Ao = (i) [0 ] <€

and

() M~' <b< M,

(i) |C| + |t||VB1| + |t]|Vbs| € CMa(M).
for some M > 0 that depends only on C,.

By combining this proposition with Theorem 3.26, we derive the following corollary,
which provides insight into the desired properties of a.

Corollary 3.29. Let ¢, a, and L as in Proposition 3.28. Assume moreover that we have the
decomposition

a(ps ' (x,1))

|t|dH+1-n = b(x,t) +c(x,t), |V +|c] € CMa(C) (3.35)

Then the elliptic measure wy, associated to L is A..-absolutely continuous with respect to
o= HdEw and (D, )y, is solvable for a large enough p € (1, c0).

3.5.3. The choice of the Laplacian in higher codimension

We are seeking a substitute for the Laplacian in higher codimension. When the Lip-
schitz graph has a dimension d < n — 1, we cannot use constant coefficient elliptic
operators. Instead, the coefficients must depend on the distance to the boundary. It is
also reasonable to consider operators of the form L = — div[aV] with a being a scalar,
representing isotropic diffusion.

A natural choice for the scalar function a,, := 045", We need to verify if condition
(3.35) is satisfied. Intuitively, a is the inverse of a minimum and is related to Peter Jones’
P as defined in Definition 1.11. Verifying (3.35) involves checking whether the 5., are
“Carleson packing”, i.e., B € C'M,. According to Theorem 1.13, this is true when (and
only when) the dimension d is 1. Thus, we have our first result :
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Theorem 3.30 (Corollary 6.44 in [DFM19al). There exists ¢, > 0 suchthatif ¢ : R — R*1
is a eo-Lipschitz function, E,, is the graph of ¢, and L, is the operator — div [5%;"V], then the
elliptic measure wy,__ associated to L. is A-absolutely continuous with respectto o := ng
and (D, )., is solvable for a large enough p € (1, c0).

For Lipschitz boundaries of other dimensions, the behavior of these operators is
unknown. However, we suspect that the elliptic measure of L., := — div[éé;”V] may
not always be Aoo(’H‘gw), making L., an inappropriate substitute for the Laplacian.

What is our next best choice? Because we aim to characterize uniformly rectifiable,
we want a construction of the operator L that is possible in the complement of any Ahl-
fors regular set E of any dimension. We seek a construction that is explicit and simple.
Our choice is the coefficient :

Qg = D (3.36)
where o > 0,
Du(X) = D)= ([ 1X =l dot) 5.37)
E
with o being an Ahlfors regular measure on E. Note that the weight a, (and thus the
operator L, := — div|a,V]) satisfies the elliptic theory developed in the previous chap-

ter. D, acts as a “regularized distance," being smooth and satisfying :

Proposition 3.31(Lemma 5.1in [DFM19a]). Let E C R™ be an unbounded d-Ahlfors regular
set (with Ahlfors regular measure o) and o« > 0. Then there exists C depending only on d, «,
and the constant in (1.3) such that

C (X)) < Do(X) <6p(X)  for X e R"\ E.

Moreover, if k = (ki,. .., k,) € N" is a multi-indice, |k| = 3", ki, and 9 = 9% ... 9k, then
there exists Cy, depending only on d, «, the constant in (1.3), and k such that

10" Do (X)| < Crop(X)H for X e R"\ E.

If E is bounded instead, the above inequalities hold only when X lies in Bg := B(e, 1000 diam(F)),
where e € E.

Proof. Given X € R™\ E, we take z € E such that 0g(X) = |X — z|. We define Bx =
B(x,2|X — z|). We have then

D, = / X =y do(y) + )
Bx

J=1

/_ X =y o (y)
QJB)(\QJ_IBX

~ 05" (X)o(Bx) + Y27 o(2Bx \ 27" Bx). (3.38)

j>1
But ¢ is Ahlfors regular, so o(Bx) ~ dg(X)% and
0(2'Bx \ 27'Bx) < 0(2Bx) ~ 2/ 5(X)".

Using those identities in (3.38) gives D, * ~ 6,%(X), as desired.
It is fairly easy to check that

%[ D>2)| < CrD oy -1t
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so the bound on the derivatives can be showed by a simple induction. O

As a is linked to S, a, is related to Tolsa's a-number. This means a,(X) and
Dg o(X) consider an average of points in E weighted by their distance to X, rather
than just the nearest point. Since Tolsa’'s a-numbers are “Carleson packing” by Theo-
rem 1.13, a, satisfies (3.35), leading to our conclusion :

Theorem 3.32. There exists ¢y > 0 such thatif ¢ : R — R"~4 s a e-Lipschitz function, E,,
is the graph of v, and L, is the operator — div]a, V|, then the elliptic measure w;,, associated
to L, is A.-absolutely continuous with respectto o := HdEw and (D, ), is solvable for a large
enough p € (1, 00).

Proof. The condition (3.35) is a consequence of Lemmas 5.49 and 5.59 in [DFM19a]. [J

3.6 . L? Dirichlet problem in domains with rough boundaries.

3.6.1. Magic o

Our ultimate goal is to characterize low-dimensional uniformly rectifiable sets using
solutions in their complements, similar to how Theorems 1.32 and 1.37 characterize
uniformly rectifiable boundaries of codimension 1. Along the way, we faced numerous
challenges, but our primary obstacle was proving the converse : that the solvability of
the L? Dirichlet problem implies the uniform rectifiability of the boundary.

To be direct, at the time of writing this memoir, our best result regarding the converse
is the stability result from [Per23b]. Additionally, we discovered early on that the converse
can be false if not approached carefully. Specifically, there exists a choice of a in (3.37)
such that the L? Dirichlet problem for the operator L, := — div D¢1="V is solvable for
all Ahlfors regular boundary and all p € (1, ).

Lemma 3.33 (Section 6 in [DEM21]). Let d < n — 2 and E be a d-Ahlfors regular set (o is
any Ahlfors regular measure). If g :==n —d — 2 > 0, then

LogDay(X) =0  for X e R"\ E.

As a consequence, the Green function and elliptic measure with pole at infinity associated
to L., (Definition 2.78) are respectively G>* = D,, and w>* = o, and so the L? Dirichlet
problem for L, is solvable for all p € (1, o).

The value ay = n — d — 2 will be referred as “magic "

Remark 3.34. This is surprising because there are very few instances where the Green
function or the Green function with a pole at infinity is explicitly known (e.g., the disc,
the half-plane, the quarter-plane, and only when the operator is the Laplacian). Remar-
kably, for this particular «, we have explicit expressions for the Green function and the
elliptic measure with a pole at infinity for any Ahlfors regular set.

Proof. Let H, = D_“. We simply compute

1
o«

Hye ! / VxllX — yl~2] do(y)
E

1
e / VX — gl ] do(y)
« E
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Soifa=n—d— 2, we have

1
D (X :_—Dn—d—l X — 2—n d
VLX) =~ D [ VX = a o),
and thus
1
LoDy = divDE' ™" VD (X) = ————— / Ax[|X —y|* " do(y) =0
n—d—2Jg

because | X — y|[* ™ is the fundamental solution of the Laplacian. Hence G* = D,,.

Then, if « = n — d — 2 as before, for ¢ € C§°(R"), we have

/ pdw™ = — DI GE® . VpdX = — DI D, - VpdX
E R\ E R\ E
1
- X —y[*™"d VepdX
iz L (L v laew)) v
1
= X -y dX | d
iz (L X = vpax ) oty

- s [ W)

because | X — y|*~" is the fundamental solution of the Laplacian and E has zero Le-
besgue measure. Since both G* and w™ are defined up to a constant, w™ = o. O

3.6.2 . Uniformly rectifiable boundaries

Despite the significant setback from discovering that the converse is false, we re-
main confident that for any other values of «, solutions to L, = 0 will capture the
non-flatness of the boundary. Specifically, we aim to prove that for each L, with a > 0,
the L? Dirichlet problem is solvable for some p € (1, c0) whenever the domain is the
complement of a uniformly rectifiable set.

The existence of a “magic” a has significantly aided our understanding of the theory.
We now recognize that certain operators are particularly suited to specific types of
boundaries. For example, the Laplacian is the operator for which the L? Dirichlet pro-
blem is solvable for all p € (1,00) in the half plane. Since uniformly rectifiable often
almost flat in a quantitative and scale invariant way, the Laplacian will be adequate to
characterize uniformly rectifiable sets. However, this comes at the cost of reducing the
range of p € (1, 00) for which L? Dirichlet problem is solvable.

In [DM21], David and Mayboroda constructed an isotropic operator on the comple-
ment of the 4-corners Cantor set where the elliptic measure is equivalent to the Haus-
dorff measure, ensuring that the L? Dirichlet problem is solvable for all p € (1, o). Si-
milarly, Perstneva, in [Per23a], built an operator adapted to the complement of a Wolff
snowflake.

For our current problem - the solvability of the L? Dirichlet problem for L, in com-
plement of uniformly rectifiable sets - the existence of the magic « is fortuitous. It allows
for a simple proof of the following result.
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Theorem 3.35 ([DM23], [Fen22a]). Let Q2 = R"™ \ E for a uniformly rectifiable set E = 052
of dimension d < n — 1 (hence automatically uniform). Let o > 0 and define L,, as

Lo = —div[DI"V].

Then the elliptic measure w,, associated to L, is A..-absolutely continuous with respect to
o = H% aq, or equivalently the Dirichlet problem (D,.»)1, Is solvable for a large p € (1, c0).

Idea of proof : The solvability of the Dirichlet problem (Theorem 3.35) was proved in
[DM23] for all the codimensions. An alternative proof - simpler, using the magic «, but
that works only in higher codimension - was proposed by the author in [Fen22a], and
its rough outline is given below.

Let o = n — d — 2. Then the function D, in R"\ E satisfies L, D.,,, S0 it works like
“It|" in the proof of Theorem 3.26. Indeed,

1S ()2 ~ 2 / | [ul? Diporax

—9 vu~vU1mm1X§1"dX”‘2/1 (Vu - VDo )u DE " dX
R™\E

R\ E

=2 / (Vu- VDo )u DI dX = — V[u’] - [DE"V D, | dX
R\ E

RM\E

- / ()| do(y), (3.39)

where the last equality comes from link between the Green function with pole at infinity
(G*= = D,,) and the elliptic measure with pole at infinity (w> = o), see Proposition 2.77.

The second part is to say that, if « is any positive number, then D, and D, are not
too far from each other in the Carleson sense, more precisely

Lemma 3.36 (Lemma 1.27 in [Fen22a]). Let E C R™ be a uniformly rectifiable set of dimen-
sion d, d < n. Then for any couple «, 5 > 0 and any couple o, i of Ahlfors regular measure
on E we have

Dy o

05V (522) € O,

D B

where the Carleson measure constant depends only on «, 3 and the Ahlfors regular constants
of o and pu.

Set b = [D,/Dg,]¢"'~".The operator is L, and L,, only differ by a multiplicative
scalar function on the coefficients. So we can adapt the proof of Theorem 3.26 by having
b play the role of by, D,, play the role of |t|, and L,, play the role of — div [¢|*"1="V in
the proof of Theorem 3.26.

What actually works. An attentive reader will notice that the above idea works when the
magic « exists, specifically whenn —d — 2 > 0. To address all the higher codimensions,
we must also consider the scenario where d = n — 2. The strategy is to examine the
difference between DZ"'~"V D, and the divergence free quantity DZ+'-"V D,,, rather
than the difference between D, and D,,,. When oy = n — d — 2, we formally have

X-y
Dd+1—n Da / d —H
a ¥ Deg | X —y|" W) =H,



but while D, exists only when the dimension of E' is smaller than n — d — 2, the diver-
gence free vector H exists whenever £ is a Ahlfors regular set of dimensiond < n — 1.
Thus, we gain one additional dimension!

Lemma 3.37 (Lemma 1.20 in [Fen22a]). Let E C R"™ be a uniformly rectifiable set of di-
mension d, d < n — 1. Then for any o« > 0 and any d-Ahlfors regular measure o on E, there
exists a scalar b and a vector V on R™ \ E such that

DIV D, + V) = / VEX —y)do(y) = H, (3-40)
E

where £ is the fundamental solution of the Laplacian. Moreover, there exists M > 1 depen-
ding only on «, d, n, and the Ahlfors regular and uniformly rectifiable constants of E such
that we can choose b and 'V satisfying

() M~' <b< M;

(i) [V| <M,
(iii) 6p|Vb| € CM, (M),
(iv) V.e€ CM,(M).

Assuming the lemma, why is it enough? Take a ball B = B(xp,r5) centered on the
boundary E = 0€). We want to prove that solutions to L,u = 0 satisfies ||S(u)|| 12(5,0) <
C||N(u)||2(e,+). Our proof will be similar to the one of Theorem 3.26, and similarly, we
will not justify the existence and finiteness of the quantities that we are using, and we

refer to [Fen22a] for the actual proof. Let b, V, and H as in Lemma 3.37. Since b > M !
and D, ~ dg, we have

1S )2y < C /Q VDY T

But but using an integration by parts (with no boundary terms because D, = 0 on 0f2),
we have

I= / DIy - Vu (bDy) dX = — / div[ DIy ub D, dX
Q Q

- / D"V - VhudX — / Vu - (bD "V Do) udX = Ly + Iy + L.
Q Q

The term I, is o, since u is a weak solution to L,u = 0. The term 5 is bounded with the
help of the Cauchy inequality and then the Carleson inequality.

1

L 2
| < o1} ( / u2|Vb|2Dz+2-”dx) < TN ()2
2B

since b < M and A,|Vb| € CM,, see Lemma 3.37 (i) and (iii). As for I3, we use (3.40) to
get

13:/Dg“—"vu-vud)(—/vu-ﬂudx = I+ I.
Q Q

The integral 1, is treated like I, using the fact that V € C'M,.
s ([ RIVEDERax ) S BINW e
Q
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To bound I5, we integrate by part again

1 1 1
Iy = ——/V[uQ] "HdX = —/u2dideX — —/ wH - ido =: I+ I,
2 Ja 2 Ja 2 Joa
where H-7i(z) morally denotes limx¢, D"~ 4"1(X)H(X)-VD,(X). Since His divergence
free, we have Is = 0, and since D" 4 1(X)H(X) - VD, (X) is bounded, we have

<O [ wdo < CING e,
o0
Altogether, we have
1
I < CIZ|N(u)ll (5,0 + CIIN (W 750y

which self-improves in ||S(u)|| 2z < CIV? < C'||N(u)|| 12,0 as desired. O

3.7 . The regularity problem in domains with lower dimensional boundaries

In the general setting introduced in Chapter 2, it is unclear what constitutes a good
statement for the L? regularity problem and the L? Neumann problem. To the best of
the author’s knowledge, the most general context in which the L? regularity problem
has been considered is as follows :

Definition 3.38. Let @ C R” be uniform, 02 be d-Ahlfors regular for some d € (0,n),
andlet L = — div AV be a uniformly elliptic operator with respect to the weight w(X) =
doa(X).

Forp € (1, 00), we say that the L? regularity problem is solvable - (R, ,)., for short - if
there exists C' > 0 such that, for g € C5°(R"), the solution u, € W (2, m) N C°(2) given

by
u(X) = / 00 )

verifies
[N (V)| zr@ae) < ClIVapgllroo.e),

where Vg is the Hajtasz gradient defined in Definition 1.40.

We recall that when 0%2 is flat or is the graph of a Lipschitz function, then the Hajtasz
gradient is equivalent to the classical local tangential gradient. Moreover, it would be
reasonable to assume that this definition extends to the case where (2, m, o) is suitable
for PDE and traces and the ratio p(z, ) defined in (2.15) is equivalent to 1. This means

Ct<plx,r)<C forz € 09, r € (0, diam Q). (3.41)

We may even be able to remove the Harnack chain condition, but it becomes clear that
the quantity p must be involved in some way in the formulation of the L? regularity
problem.

The main results in this context are obtained by the author in collaboration with Dai
and Mayboroda. The first result addresses Carleson perturbations.
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Proposition 3.39. Let Q) C R" be a uniform domain with d-Ahlfors regular boundaries. Let
L = —div AV be a uniformly elliptic operator with respect to the weight w(X) = dsa(X).
For p,q € (1, 00), we have

(Rpo)r = Dy o)1+

and
(Rpo)r + (Dyo)r- = (Ryo)L-

In particular
(Rp,U)L — (Rq,U)L forq € (Lp + 6)'

Proof. The firstimplication is[DFM23a, Theorem 1.5]. The second implication can be pro-
ven by generalizing the proof of [Sheo7] in the current setting. The proof relies heavily
on the elliptic theory, so it would not be surprising that if proposition could be extended
to domains without the Harnack chain condition or without Ahlfors regular boundaries.
O

Theorem 3.40. Let 2 C R" be a uniform domains with d-Ahlfors regular boundaries. Let
Ly = —div AV and L, = —div A,V be two uniformly elliptic operators with respect to the
weight w(X) = 0251"(X). Take p € (1,00) and suppose that (R, ,)r, holds, that is the L?
regularity problem for Ly is solvable. If
(1) either X — sup{w™'|Ay — A|} € CM,(M),

Bx

(2) or dpqw™ |V Aol and w=t| Ay — A;| € CM, (M),

then there exists q € (1, c0) such that (R, ), holds.

Moreover, there exists e > 0 depending on the constants in the (R, )1, such thatif M < e
in either (1) or (2), then we preserve the solvability of the L* regularity problem, i.e. (R, )z,
holds.

Proof. The theorem under (1) in both the large and small Carleson perturbation scenario
is [DFM23a, Corollary 1.6], and relies on the analogue result on the Dirichlet problem
(given in [FP22] and [MP21]). The theorem (2) in this generality is not written anywhere
but the arguments given in [Fen24] and [Fen23, Theorem 2.11] - which treat the case
where () = R - easily extend to this setting. O

Our final theorem establishes the solvability of the L? regularity problem in R™ \ R¢
for DKP-type operators.

Theorem 3.41. Let Oy = R"\R? := {(z,t) € RIx(R"\{0})}, and let L := — div|[[¢t|*" " AV]
be a uniformly elliptic operator with respect to the weight |t|**1=". Assume that A can be
written as

o[5 a2,

By baln-q

where I, , is the n — d identity matrix, and either |t|VA| € CM_g(M) or |t||VA| €
CMa(M), where B, = bQﬁ, Bs = %bg, and

~ |B1 by
A {bg 64]

(1) Then there exists p € (1, 00) such that the L? regularity problem is solvable.
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(2) Forall p € (1,00), there exists €, that depends only on d, n, p, and the elliptic constant
of L such that if M < €, then the L? regularity problem is solvable.

Remark 3.42. For more generality, the above theorem needs to be paired with Theorem
3.40 - that allows more elliptic operators. Furthermore, by the change of variable (3.33),
we will also be able to solve the L? regularity problem for L, in the complement of the
graph of a Lipschitz function with small constant.

Proof. The large constant case (1) is [Fen23, Theorem 3.6]. The small constant case (2) is
a consequence of the first part, the L? solvability of the Dirichlet problem for DKP ope-
rators with small constant (second part of Theorem 3.26), and the second implication
of Proposition 3.39; see also [DFM23b] for an earlier proof for p = 2. O
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4 - The Green function as an alternative for the elliptic
measure

4.1 . What one can expect from the Green function and early results

In domains with codimensional 1 boundaries, the A, -absolute continuity of the har-
monic measure (and the elliptic measure of DKP operators) is well understood. Howe-
ver, we have not yet a fully satisfactory analogue in domains with higher codimensio-
nal boundaries. Specifically, we have not succeeded in finding a PDE characterization
of uniform rectifiability that applies to uniformly rectifiable sets of any dimension and
codimension.

So we have shifted our focus from the harmonic measure to the Green function, two
closely related objects. Can we reformulate the A,-absolute continuity of the harmo-
nic measure in terms of bounds on the Green function? Can we characterize uniform
rectifiability with bounds on the Green function? Does this characterization on Green
function extends to domains with boundaries of codimension higher than 1? These are
the questions that we will explore in this chapter, and we will provide some answers.

First, what does the A, -absolute continuity of the elliptic measure w;, with respect
to the surface measure o imply for the Green function? Let us consider the classical
theory of domains with (n — 1)-Ahlfors regular boundaries. We will reuse the unformal
definition from the introduction. The A.-absolute continuity of the elliptic measure
means that wy, is “often almost equivalent” to a multiple of o, where “often” refers to
the fact that the dyadic cubes for which this equivalence fails are Carleson packing.
The boundary Harnack inequality for the Green function and the elliptic measure (see
Proposition 2.73) states that, if 4Bx stands for B(X, 2050 (X))).

gr(Y, X) = 69a(X)* "w) (4Bx) forY,X € Q,Y ¢ 8Bx. (4.1)

So if% ~ M, then

gr(Y, X) = M&pa(X)* "0(4Bx) = Méyo(X) forY, X € Q, Y ¢ 8By.

Thus, if Y € Qis a point far away from the considered region, the fact that w? is “often
almost equivalent” to a multiple of o morally means that

gr(Y,.) is “often almost equivalent” to a multiple of dsq. (4.2)

We will discuss the proper statements in the following sections, but all will relate this
informal statement (4.2).

Compared to the harmonic and elliptic measures, fewer results exist for the Green
function. Nevertheless, we must be cautious when stating that the informal statement
(4.2) is equivalent to the A -absolute continuity of the elliptic measure, as it will be false
without additional assumptions.

Example 4.1. Let Q = R := {(z,¢) € R""! x (0, 00)} be our domain, which means that
in our case dsq(z,t) = t. We set b(t) := 1/(2 + cos(t)), and then L, := — div[b(t)V]. We
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can compute explicitely the Green function with pole at infinity (defined in Proposition
2.70), and we obtain
G(z,t) == /t ot ¢ sin(t)
z,t) = o B0 = 1 .

However, there exists ¢y > 0 such that for any ¢ > 0 and any R > 100,

2R
/ |cG(z,t) — t|*dX > eR.
R
It means that the Green function with pole at co is not close to a multiple of dsq in a
Carleson sense, or in any of the sense that we will introduce in the next sections.

On the opposite, C~'t < G(z,t) < Ct, which means that w;, is A..-absolutely conti-
nuous with respect to the surface measure.

Example 4.1 is nice because we can compute many aspects of it. However, many
other examples would work, provided the coefficients oscillate sufficiently.

Before the authors began studying the Green function as an alternative to the elliptic
measure, to the best of the author's knowledge, only the following result had been
established :

Theorem 4.2 (Theorem VIin [Azz19]). Let Q) C R™ be a CAD, and let o be the Ahlfors regular
measure on 0S). Write G = G _x for the Green function in ) associated to the Laplacian, as
defined in Definition 2.78.

Then 02 is uniformly rectifiable if and only if 2,| V2G| /G € CM,, i.e. if and only if there
exists C' > 0 such that, for any ball B C R" centered on 0f),

2G 2
/Em %539 dX < Co(BNN). (4.3)

Remark 4.3. The result in [Azz19] are presented in a slightly different context (bounded
domain and only lower Ahlfors regular constant in (1.2)) but the proof easily extends to
our assumptions. The proof of 650 V2G/G € C' M, for uniformly rectifiable sets is based
on an integration by part from [HMT17]. The arguments of [HMT17] would allow us to
extend Theorem 4.2 to a larger class of operators, namely the L'-DKP operators, which
is strict subset of our target class of operators (the DKP operators).

Elements of proof. For the characterization of A.-absolute continuity of the elliptic mea-
sure via a corona decomposition, see [GMT18, Proposition 3.1] or [CHPM24].

Let us skip the converse, that is §2,|V*G|/G € CM, implies uniform rectifiability,
which will be discussed intensively in Section 4.3. We want to prove that a domain with
reasonable flat boundary implies (4.3).

Since () is CAD, the harmonic measure is A.-absolutely continuous with respect
to the surface measure. A characterization of this fact is given in terms of “corona de-
composition”, which will not be explained here. Eventually, it means that for any ball B
centered on 012, we can decompose 2 N B into Lipschitz regions {2, }c; such that

M J9=anB,
jeJ
(i) Y HH(0Q) S o(BNOQ),

jeJ
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(iii) for each j € J, there exists ¢; such that
w_a(Bx) = cjo(Bx) forX e,
where Bx = B(X,2dsq(X)) as before.
Think of the above as a precise formulation of
w_n is “often almost” equivalent to a multiple of o.
Thanks to Proposition 2.79, point (iii) above becomes
G(X) = c;0pa(X) for X € Q. (4.4)
Moreover, it is easy to check that
G(X)
o0

Note that VG is a vector of harmonic functions, so we have A|VG|? = 2|V2G|?. With all
this in mind, we have by (4.4) that

VG
o, G

0a0| V2G| S IVG(X)| S S 6

~ 7]

for X € Q;. (4.5)

05 dX ~ 2c; / IV2GIPGdX = c—3/ A[VGHGdX

J

:c;‘/ 8n|VG|2GdX—cj‘3/ IVGI*0,G dX,
oQ; 09

where 0, is the normal derivative. So

2 2
/ |VG§| Sp0 dX S H'HOQ)
Q

by (4.5). Summing over j € J gives, thanks to (ii), the desired bound (4.3). O

J

Why is Theorem 4.2 related to (4.2)? If 02 is uniformly rectifiable, then 65, is “often
almost” the distance to a plane, so Vg is “often almost” constant and V2§, is “often
almost” o

If we write A ~ B for A is “often almost” equal to B, the fact that 0f2 is uniformly
rectifiable means V255 ~ 0, or 6poV2d5q ~ 0 for homogeneity purpose. Then (4.2) is
V(G/9a) ~ 0, or 22V(G /5yq) ~ 0 for homogeneity purpose. We deduce that

68—QVG — (Sa_ﬂv <£ 589) ~ V50,

G G do0
and then
030 2 030 000 G
G “LiVG = G AV e —V(Gco 539

68&2 68(2 53(2 G
=4 ) —
oV ( G VG) 00 ( G VG) ( G V[amD
~ 850 V?090 + 0 ~ 0,

2
which, translated to Carleson measure conditions, gives %?QVQG € CM, as desired.

The reader might rightfully claim that the above explanation is far from a proof.
While it is true that nothing above is rigorous, the formal computations will lead to the
generalization of Theorem 4.2 to all DKP operators in the following sections. The main
difference is that the computations use the regularized distances D, ,, which appears
to be a much better analogue of dyq.
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4.2 . Uniform rectifiability and the regularized distance

In this section, we will delve deeper into the regularized distance D,. Recall that
when E' C R" is an d-Ahlfors regular set with Ahlfors regular measure ¢, and when
a > 0, the regularized distance D,, is

Da(X) = D) i= [ 1 =yt da<y>)i .

We refer to D,, as regularized distance or smooth distance because it is equivalent to ég
- the distance to E - see Proposition 3.31, but unlike éz, D, is smooth everywhere in
R™\ E.

Let us introduce the quantity

1 X -y
- D= ———2 __do(y).
H ’ d+ @v[ O’,Oé} /E‘ |X _ y‘d+2+a O-(y)

Note that X, , is conceptually close to R, 1, where R, is the Riesz transform on E

(Rof)(x _pv/|x—y|d+1 y)do(y), rekl

that we defined previously in (1.5). Morally, if the value & = —1 were permissible, we
would have R,1 = H_;.

The next question is whether H,, , is better than the Riesz transform. Indeed, can we
use H, . instead of R, in the David-Semmes conjecture (Conjecture 1.14) ? First, we need
to account for homogeneity in the expression of H, .. The unitless quantity associated
to He o IS
(8%

d+ o

Ro,al = Dileo,a = vDU,a- (46)

Our first attempt is to prove the David-Semmes conjecture with the modified Riesz
transform R, .. If R, 1 is analogous to R, .1, then the linear operator naturally arising
fromVD,,=cR,nlis

-1
o @ X — Yy
Roaflz :Xlé% (/ X — g™ do(y )> /Emﬂy)dow), (4.7)

forxz € E,whereI'(z)isthecone {X € R"\ E, | X —z| < 2g(X)} as usual. But trying to
prove a characterization of uniform rectifiability from the boundedness of the operator
R, on L*(0) is pointless, as we have

Lemma 4.4. Let E C R" be a d-Ahlfors regular set, 0 < d < n, with Ahlfors regular measure
o. Then, there exists C depending only on o and the Ahlfors regular constant such that

Ronf(x) < CM, f(2), (4.8)

where M, is the Hardy-Littlewood maximal operator
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Proof. Let z € E and X € I'(x). Set Bx := B(z,0(X)), Co.x := Bx N E, and Cj x =
(QkBk \ 2’“‘1Bk> N E when j > 1. We have that

'(/E|X—y|_d_ad0(y))_;_1/Ep(i(y%f(y)da(y)

< Dy (X)H /E X — g~ f(y) do(y)

S Doo(X)*T Y (256p(X)) 7072 fy)do(y)

k>0 Ck,x

S Do (X)*0p(X) "M, f(2) S Mo f ()

since D, (X) ~ 0g(X). Taking the supremum over the X € I'(x) gives (4.8), as desired.
0

After this simple result, we see that we need to take more information on R, f
than just a simple upper bound. If we come back to the discussion from the previous
subsection, if F is uniformly rectifiable, it would mean that VD, ~ {5 is “often almost”
close to the distance to a plane, and when uniformly rectifiable sets are involved, we
know that “often almost” has be interpreted as a quantity g on E x (0,00) or R* \ E
satisfies the Carleson measure condition. One natural way to achieve this would be to
define ¢ as

q¢(X):= inf / VD, — cViép|dY
Bx

P d-plane
c>0

and hope that
q € CM, <= Fisuniformly rectifiable. (4.9)

Actually, we do not know whether (4.9) is true. While it sounds completely reasonable,
to our knowledge, nobody has carefully proven it yet. The actual result involves taking
one extra derivative : if £ is a (n — 1)-plane, then V2jz = 0, so we have :

Theorem 4.5. Let E C R™ be a d-Ahlfors regular set, where d € (0,n) not necessarily an
integer, and o be a Ahlfors regular measure on E. Choose any o > 0.

Then the set E is (n — 1)-uniformly rectifiable if and only if 6xV?D,,, € C'M,, i.e. there
exists M > 0 such that for any ball B centered on E, we have

/ V2D, o(X)?65(X)dX < Mo(B).

Proof. This theorem is a special case of the theorems given below : Theorem 4.6 for the
converse and Corollary 4.9 for the direct implication. O

Can we generalize these results to higher codimensional sets, i.e. whend <n —1?
Actually, yes, we just need to consider slightly weaker condition : when F is plane of
dimensiond < n — 1, VD,, = V{g is not constant, but its length |VD, ,| is. Repla-
cing D, ., with its length is actually sufficient to characterize rectifiability and uniform
rectifiability.

Theorem 4.6 (Theorem 1.4 in [DEM21]). Let E C R" be a d-Ahlfors regular set, where
d € (0,n) not necessarily an integer, and o be a Ahlfors regular measure on E. Choose any
a > 0.

Then the following are equivalent
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(i) E is d-uniformly rectifiable;

(i) 0V |V D, .| € CM,, i.e. there exists C > 0 such that for any ball B centered on E, we
have

/ VIV D,o(X)|?66(X)dX < Co(B).

(i) 6pV[|VD,,|*] € CM,, i.e. there exists C > 0 such that for any ball B centered on E,
we have

éwwmeWmMMsmw»

Let us explain how uniformly rectifiable sets affects D, , and its derivative. Which
quantities should satisfy the Carleson measure condition when the set £ is uniformly
rectifiable? They are actually fairy easy to find : morally if a function F(xg, 1,22, ...,)
satisfies

F(Dyoy VD0, V?Dyoy...) =0

whenever ¢ is a flat measure - i.e. when D, , is the distance to a d-plane, then
F(Dyo,VDyo,V?Dyy,...) € CM,

whenever o is a d-Ahlfors regular measure on a uniformly rectifiable set, provided that
F(Dy o, VDyo, V2D, ., ...) is a “dimensionless” quantity’. The precise result is given
below.

Proposition 4.7. Let E C R"™ be a d-Ahlfors regular set, and let o be Ahlfors regular measure
on E. Take o > 0 and define

%:/u+m%%wy
Rd

If E is uniformly rectifiable, then there exists C' > 0 and a function a,, € CMq(M), such
that for any X € R™\ Q, there exist a constant cx > 0 and an affine d-plane Px that satisfy

Clt<ex <C, (4.10)

C™1op(X) < dist(X, Px) < Cp(X), (4.1)
and, if k € N and D, x(Y) := (o) Y@ dist(Y, Pyx),

0" Dy X) = (cx) 40" D x(X)| < Codp(X)a, o (X). (4.12)
One possible choice of cx is
C1 Dg’l(X)
Cx = — A
* 63/2 Do1/2(X) 413

in particular pVex € CM,, see Lemma 3.36.

The constant C' depends only on the Ahlfors-regular constant in (1.6), C,, depends also
on k, M depends only on o and the uniformly rectifiable constants of 02 (more precisely
4o IS 0 Sum of the a-Tolsa numbers defined in Definition 1.12).

1. if not there is a j € R such that D  F is “dimensionless”, and this rescaled quantity satisfies the
Carleson measure condition.
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Remark 4.8. The above proposition focuses on D,. However, similar estimates can be
obtained for the quantity H in Lemma 3.37. Actually, Lemma 3.36 and Lemma 3.37 are
just variants of the above proposition.

Proof. Proposition 4.7 comes from [FL23, Corollary 3.8], which gathers and generalizes
the computations from [Fen22a, Section 3] and [DEM21, Theorem 2.1], see also [DFM19a]
for a earlier similar result. O

How to read the above proposition? Take for instance d = n — 1, the quantities
Dg o x are - up to a harmless constant - the distance to the (n — 1)-plane Px, so in
particular, V2Dg . x = 0. This means that, in the codimension 1 case, 6z V2D, , € CM,,
as in Theorem 4.5. Similarly, we have the following consequences of Proposition 4.7 :

Corollary 4.9 (Corollary 3.13 in [FL23]). Let E C R™ be a d-dimensional uniformly rec-
tifiable set, and take o to be a Ahlfors regular measure on E. Let o« > 0. There exists M
depending only on a and the uniformly rectifiable constants of o such that

(i) ifd =n —1, then 65qV*D,, € CM,;
(ii) 00aV[|V Dy ol € CM,, and similarly 550V ||V D, |*] € CM,;
(iii) 045" div DLV D, € CM,,.

Cases (3) and (4) of Theorem 4.20 state the converse to (i) and (i) of Corollary 4.9,
but the converse to (iii) of Corollary 4.9 is false (see “magic «”, Lemma 3.33) at least
without any extra assumption. The proof of the converse, i.e. 69poV[|V D, .|| € CM,
implies that E is uniformly rectifiable, consists in a “blow-up” argument that reduce the
problem to the limit case where V|V D, ,| = 0: we can prove that if ¢ is a flat mea-
sure whenever V|V D, ,| = 0, then E'is uniformly rectifiable whenever §50V[|VD, .|| €
C'M,. Let us give more details.

4.3 . Weak-type Green function estimates

In this section, we will explore the relationship between estimates on the Green
function and uniform rectifiability. Our primary focus will be on the “free boundary”
direction, more precisely the fact that estimates on the Green function implies uniform
rectifiability.

This subsection is heavily inspired from [DM22]. But since the presentation will differ
from [DM22], and since we will give more results than [DM22], we will cite the bibliogra-
phy only at the end of the section (Subsection 4.3.4).

4.3.1. The limit case

In the terminology of Section 4.1, uniform rectifiable sets are those that are “often
almost flat”. We can often reduce the proof of the uniform rectifiability of a set under
certain condition - expressed in the form f € C'M, - to the proof of the “simpler” limit
case where we prove that a set is a plane whenever the quantity f is zero.

The purpose of this section is to present these “limit cases”, which are easier to
prove. In the literature, the lemmas presented in this subsection are not always stated
as results, but are often part of the proof of the larger theorems down the road.

Lemma 4.10. Let Q) C R™ be a domain and m be a measure suitable for PDE. Let G €

CY%(Q) be a positive function on ) that satisfies G = 0 on 0. Assume that one of the

loc

following case holds :
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(1) there exists a d-plane P such that G(X) = dist(X, P) forall X € Q;
(2) there exists a d-plane P such that VG(X) = V dist(X, P) fora.e. X € Q,
3) G e ChQ)and V2G =0a.e.in ),

loc

(4) Q=R"\ 0O, G € C*(Q),and VG| =10nQ,

(5) L = —div AV is a uniformly elliptic operator with constant coeffcients and G is a weak
solution to Lu = 0 satisfying VG| = 1 a.e. on €,

Then 0X) is a d-plane. In Case (1), 02 = P, in Case (2), 052 is parallel to P, in Case (3), d is
n — 1.

Remark 4.11. Note that in most cases, we do not need to know that G is a solution.
Proof. Case (1). Take y € 02 and Y,, € 2 such that Y,, — y. We have

0=G(y) = lim G(Y,) = lim dist(Y,, P) = dist(y, P).
n—00 n—o0
We deduce y € P and then 092 C P. If by contradiction, we have 02 C P, then it means
that 2 = R" \ 09 and thus any P\ 092 C Q. However, dist(Y,P) = 0whenY € P\ E
and G(Y) > 0when Y € Q. This leads to a contradiction, hence that P = 0f).

Case (2). Take X € Q. The property says that G(Y) = G(X) > 0forall Y € Px, where
Px is the plane parallel to P going through X. It means that Py C (). By approaching
boundary points x € 052 by points in X € (2, we show that P, is cannot be in €, but
for any e > 0, a e-translation of P, is in Q. It means that P, C 0f), and thus that 09 is
the union of parallel d-planes. Then we let the reader check that the identity VG(X) =
V dist(X, P) doesn't allow the boundary to contain 2 planes.

Case (3). If V2G = 0, then VG is constant, so we can find a (n — 1)-plane and ¢ > 0 such
that VG = cdist(., P). Case (3) follows then from case (2).

Case (4). Given X € ), we construct the path ¢ (t) as the solution to

{ px(0) =X
¢'(t) = —VG(p(t))

We check that (Gopx) = —1, which means that Gopx(t) = G(X)—t.So px existsift <
G(X), and we can extend it by continuity tot = G(X), wherewe have G(¢x(G(X))) =0,
or px(G(X)) € 98, or dga(px(G(X))) = 0. Then we have

doa(X) = 0(px(0)) < d(px(G(X))) + G(X) = G(X)
since daq o wx is 1-Lipschitz. Moreover, if x € 09 is such that | X — z| = dga(X), we have
G(X) < G(l’) + 569()() = (Sag(X)

since G is 1-Lipschitz. We deduce that G = dgq.

Let us sketch the rest. First, R™ \ 2 has to be convex, otherwise there will be a point
X € Q for which there exists two different boundary points x;,xs € 02 such that
doa(X) = |X — x| = |X — x9|; at such point X, Vi is not defined and thus the
G = §sq cannot be C'. Second, the convex hull of a set E has a integer dimension d and
is included in a d-plane, so since 092 = R" \ Q is convex, 99 is included in a d-plane P,
where d is the dimension of (the convex hull of) 9. Finally, the 02 - seen as a subset
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of P - cannot have boundary points in P, otherwise dsn will only be C*1(Q) above the
edges of J€2. We conclude that 02 is a d-plane.

Case (5). This case is a variant of (4). Since G is a weak solution of a constant coefficient
operator, then G € C*(Q). So as in Case (4), we deduce that R" \ Q is convex and
G = 0sn. We also know that d = n — 1, because any other integer choice of d would
make the measure m = L" not suitable for PDE.

Here is the idea to help us conclude. We locally parametrize 0S2 by a function ¢ and
brutally compute Adyq, and we observe that Adsq(X) = 0 if and only if VZp(z) = 0,
where (z, p(z))0f is the (unique) projection of X on 0. We deduce that ¢ is affine,
hence 99 is flat. 0

Instead of comparing G to the distance to a plane, it would also be interesting to
compare the Green function to the regularized distances D, ,. To this end, we define

Definition 4.12. Take a > 0 and A an elliptic matrix with constant coefficients. We say
that the property Vya(d, o, A) holds if for any domain 2 C R™ satisfying the corks-
crew point condition and whose boundary is d-Ahlfors regular (o is an Ahlfors regular
measure on 0f2), the fact that

—div DI AV D, =0 (4.14)

implies that d is an integer, 9% is a d-plane, and ¢ is a flat measure (i.e. ¢ = cL%yq for
some constant ¢ > 0).

We do not know whether Yy (d, o, A) is true, even when d = n — 1 and A is the
identity matrix. But we do know that it can fail, as shown in Lemma 3.33, where for
d < n — 2, the property Vy..(d,n —d — 2,1) is false. We invite the reader verify that
Definition 4.12 is coherent, i.e. that (4.14) holds whenever 02 is a d-place and ¢ a flat
measure. With this definition, we can extend Lemma 4.10 as follows :

Lemma 4.13. Let Q@ C R" be a uniform domain with d-Ahlfors regular boundaries, let L =
—div AV be a uniformly elliptic operator with respect to the weight w = §a0'", and let
a > 0. Assume

(6) there exists a Ahlfors regular measure o such that A := D;ﬁ;d‘lA is constant, D, ., is a
weak solution to L, and the property Vs (d, o, A) holds.

Then 02 is a d-plane.

You can see that the above lemma is trivial; it is merely a reformulation of the pro-
perty Vpa(d, o, A). Nevertheless, like Lemma 4.10, Lemma 4.13 will be the “limit” case
for an apparently stronger result.

We can still discuss the comparison of the Green function and the regularized dis-
tances Dg, but we need to take another approach that only works in codimension 1.
This approach requires the “free boundary” implication of Theorem 1.37. However, this
is not a direction we want to follow : we aim to develop a theory to replace elliptic mea-
sures by Green functions, hoping to advance further in the wild land of new knowledge.
Basing our proof on previously known results for the elliptic measures would probably
be unproductive.

Lemma 4.14. Let 2 C R™ be a uniform domain with (n — 1)-Ahlfors regular boundary, and
let L. = —div AV be a uniformly elliptic operator with constant coefficients. Assume that
there exists a > 0 and a Ahlfors regular measure o such that D, . is a weak solution to
Lu = 0in Q. Then Q is a CAD, in particular R™ \ 2 satisfies the corkscrew point condition.
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Proof. If D, is a weak solution in €, then D, , is the Green function with pole at co (See
Proposition 2.70). Then the elliptic measure measure with pole at oo is comparable to
o (see Proposition 2.79), which in turn means that € is a CAD (see Theorem 1.37). O

4.3.2. The compactness argument.

We aim to extend the lemmas from the previous paragraph into theorems that pro-
vide sufficient conditions for uniform rectifiability. To achieve this, we need to replace
conditions like G' = dist(., P) to conditions like G is close to dist(., P). For this purpose,
we start by introducing a slightly weaker notion of smallness; while the Carleson mea-
sure condition would suffice, we can be more general.

Definition 4.15. Let £ C R" be a d-Ahlfors regular set, and write o for a Ahlfors regular
measure on E. We say that a subset B of £/ x (0, +00) satisfies the Carleson packing
condition if there exists a constant C' > 0 such that, for any z € E'and any r > 0,

" dt
/ / 15(y,t) - do(y) < Co(E N B(x,r)). (4.15)
EnB(z,r) J0O
We say that G C E x (0,+00) is a Carleson prevalent set if £ x (0,+00) \ G satisfies
the Carleson packing condition.
We use this to introduce the notion of weak Carleson measure condition.

Definition 4.16. Let 2 C R™ be a domain with d-Ahlfors regular boundary, and write
o for a Ahlfors regular measure on 9. We say that f € L2 () satisfies the weak
Carleson measure condition if the set

Gr(1,K) = {(x,r) € 00 x (0,00), /

Wi (z,r)

|fldX < w”},
where
Wk (x,r) :={X € Bz, Kr), 0ga(X) > r/K},
is Carleson prevalent for each couple of constant 7 > 0, K > 2. We write f € wCM,.

It would be simple enough to extend Definition 4.16 to the same setting as Definition
3.7, but we refrain from doing so here to keep the presentation friendly. As expected,
the Carleson measure condition implies the weak Carleson measure condition.

Lemma 4.17. Let Q) C R" be a domain with d-Ahlfors regular boundary, and write o for a
Ahlfors regular measure on 0X). Then f € C'M, implies f € wCM,.

Proof. Let x € 02 and r > 0. Set By(1, K) = 0Q x (0,00) \ G¢(T, K).

" dt
[ [ e S doty)
ENB(z,r) J0O

r 2 at
<[ (t—” / |f|dx) w io(y)

ENB(z,r) J0 Wk (y,t) t

T dt

n__—2 2
<cuare [ [ pax ety
NB(z,r) JO JWg(y,t)
dt

gCnKnTz/ \f(X)P/ / ﬂXeWK(y’t)m do(y)
QNB(z,(K+1)r ENB(z,r) J0
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Butsince X € Wi (y,t) impliesthatt > dpq(X)/K andy € B(X, K?0pq(X)), we deduce

" dt
[ [ e S dotw)
ENB(z,r) J0O

< C,K"r? / |f(X) 2 (KSaa(X)) "o(B(X, K*650(X)) N 0NQ)
QNB(z,(K+1)r

S Co’,nKZ(ner) / ‘leégén dX

QNB(z,(K+1)r

S CK,T,O',TLM0-<B(:E7 7’) N aQ)

if f € CM,(M). The lemma follows. O

Remark 4.18. Note that the Carleson measure condition and the weak Carleson measure
condition are actually different. Indeed, the function

f:(x,t) R x (0,00) = (14 +/|In(t)]) "
satisfies the weak Carleson measure condition in R’} but not the Carleson measure
condition.
We define the weakest DKP operators with the following proposition.
Proposition 4.19. Let {) be a domain satisfying the corkscrew point condition whose boun-

dary os (n — 1)-Ahlfors regular, and let L := — div[.AV| be a uniformly elliptic operator on
(). Then the following are equivalent

(i) forany 7 > 0 and K > 2, the set G,.pxp(T, K) that contains the couples (x,r) €
08 x (0, 00) such that

inf / |A(X) — Aol dX < 711"
Wk (z,r)

Ao constant

is Carleson prevalent.
(i) A can be decomposed as A = B + C where 65q|VB| + |C| € wCM,.

We call a uniformly elliptic operator satisfying either (i) or (ii) a weakest DKP operator.
Alternatively, if A satisfies (i) or (ii), we say that A satisfies the weakest DKP condition.

Clearly, DKP operators - and more generally uniformly elliptic operators L = — div[B+
ClV with 09q|VB| + |C| € CM, - are weakest DKP operators. Now, we are ready for
our main theorem of the section.

Theorem 4.20. Let 2 C R" be a domain that satisfies the corkscrew point condition and

whose boundaries are d-Ahlfors regular. Let o be a Ahlfors regular measure on 0X2. Let L =

— div AV be a uniformly elliptic operator (with respect to the weight w = §a0' ™" = dm/dx).
Let Q. C Q2 be a Carleson prevalent domain in (), that is, for any K > 1, the set

Do(K) = {(x,r) € 0 x (0,00), B(w,2Kr) N Q C Qfat} (4.16)

is Carleson prevalent. Assume also that there exists C,n > 0 such that, for any (z,r) €
Dq (1), there exists a function G, € W(B(x,2r) N Q, m) with the following property
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(i) G is a positive weak solution to Lu = 0 in Q N B(x, 2r) satisfying Tr(G,,) = 0 on
B(z,2r) N oL,
. L (90X
(i) Gorn(X)>C | —= sup G, forany X € B(z,r) NS
r B(z,r)N
Assume moreover that one of the following case holds :

(1) G, is Carleson prevalently close to the distance to a d-plane, that is, for any 7 > 0 and
K > 2, the set G, (7, K) of couple (x,r) € Dq(K) such that

inf cG i (X) — dist(X, P)|dX < 7r™t!
Pd-plane w (CC T)
c>0 K\,

is Carleson prevalent;

(2) VG, is Carleson prevalently close to the gradient of the distance to a d-plane, that is,
forany v > 0 and K > 2, the set G,(7, K) of couple (x,r) € Dq(K) such that

in / VG (X)) — V dist(X, P)|dX < 7"
Wi (x,r)

Pd-plane
c>0

is Carleson prevalent;

) d=n—1,05qVA € L>*(Q), and V>G,,. k is Carleson prevalently close to o, that is, for
any T > 0 and K > 2, the set G5(7, K) of couple (z,r) € Dq(K) such that

/ 5§Q|V2GCE,KT<X)| AX < 71"
Wik (z,r) G%KT (X) N

is Carleson prevalent;

(4) Q = R"\ 09, |02,V A| + |05 74V2A| € L>(Q) and 83,V [V Gy kr|?]/G? € wCM,,
thatis, for any T > 0 and K > 2, the set G,(7, K) of couple (z,r) € Dq(K) such that

30| VIVG, kr(X)]?
/ 89‘ | ,K( )’ |dX STT’”
Wk (z,r)

GCE,KT‘ (X)2

is Carleson prevalent;

(5) d = n — 1, L is a weakest DKP operator, and |V G| is Carleson prevalently close to a
constant, that is for any T > 0 and K > 2, the set of couple (x,r) € Dqo(K) such that

inf/ c|VGa i (X)] — 1] dX < 71"
Wi (z,r)

c>0

is Carleson prevalent;

(6) d =n—1, Lis a weakest DKP operator, and there exists o > 0 such that (a) the property
Yrat(n — 1, a, Ag) holds for all constant matrices A, and (b) G, is prevalently close to
D, ., thatis, forany T > 0 and K > 2, the set Gs(7, K) of couple (x,r) € Dq(K) such
that

inf / |cGier(X) — Dy o( X)) dX < 77!
Wk (z,r)

c>0

is Carleson prevalent;
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(6bis) there exists o« > 0suchthat(a) L = — div[Djj;l‘"V], (b) the property Yiq:(d, o, I) holds,
and (¢c) G, is prevalently close to D, .

Then 052 is a uniformly rectifiable.

Some remarks are in order.

Remark 4.21. The property (ii) on G, is automatically satisfied when Q is uniform. That
is a simple consequence of the Carleson estimate (Point (i) of Theorem 2.66), the exis-
tence of Harnack chains, and the Harnack inequality (Proposition 2.61, with f = 0). Ho-
wever, it permits us to use the theorem even when the Harnack chain condition fails,
as long as we choose our positive function properly.

Remark 4.22. We consider G, = G(.,Y,,), where G is the Green functionand Y, , €
Q\B(z,2r). We can either make Y, . depend on z and r, or fix Y and exclude the (z, r) for
which Y € B(z,2r). When the domain is not uniform, we want to take an appropriate
linear combination of g(.,Y") to ensures that (ii) of the theorem holds.

Elements of proof for Theorem 4.20. As the reader can imagine, all the 6 (or 7) cases can
be treated in a similar manner. We present the ideas of the proof for Case (1), and just
point out the differences for the other cases.

Case (1). The proof is by contradiction. We assume that the set 02 is not uniformly
rectifiable, which is implied - thanks to Theorem 1.13 - by the fact that there exists ¢y > 0
such that, for each 7 > 0, K > 2, the set G, (7, K') N Dg(K) is not a subset of

Gur(€0) :={(z,7) € 09 X (0,00), bBs(z,7) < €}.

If it is not the case, it means that for any j > 1, there exists (z;,7;) € (G1(1/4,7)ND(5)) \
Gur(€0). We can translate and dilate the ambient space R™ to make (z;,7;) = (0,1). Let
Qj, 0;, Lj, and G; be the domain €2, the measure o, the operator L, and the function
G, r, after this translation and dilatation. Write B, for (0, 1) and €, ; for ;N W;(0, 1).
The collections {€;};, {o,}; and {G,}; satisfy

(a) 0e 8Qj,
(b) inf sup dist(y, P) + sup dist(z,09;) | > €,
Pisad-plane \ yep0;nBy 2€PNBy
(c) ; satisfies the corkscrew point condition (with constant uniform in j),

(d) 09, is d-Ahlfors regular regular, and o; is a Ahlfors regular measure on 9€; (with
constants uniform in j),

(e) L; are uniformly elliptic (with constants uniform in j).

(f) G, are weak solution to L;u = 0 in €2;;, in particular they are Holder continuous
(with constants uniform in j).

(8) G; > C "6, (X)" sup G

B(z,r)NQ;

(h) there exists a constant ¢; > 0 and a d-plane P; such that

1
/ 61Gy(X) = dist(X, P;)| dX < =" (4.17)

Q5
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We then extract a limit. Such extraction is not proven here, but they are fairly straight-
forward with just basic set theory, functional analysis, and elliptic theory.

Up to a subsequence R" \ €2; and 0f2; converges in the local Hausdorff distance to
R"™\ 2w and E respectively, where a sequence of set S; 5 0 converges to S, 3 0in
the local Hausdorff distance if, for all K > 0

lim( sup dist(y, Seo) +  sup dist(z,Sj)>:O.

J—=0 \ yeS;NK By 2€S5cNK By

Because the (), satisfy the corkscrew point condition, one can then check that 2., also
satisfies the corkscrew point condition, that €2; converges to Q. in the local Hausdorff
distance, and that 090, = E and is d-Ahlfors regular. Moreover, up to an extra sub-
sequence, o, converges weakly-* to a d-Ahlfors regular measure o, on 91, and ¢;G;
converges uniformly on bounded sets of R” to Holder continuous function G, which
is positive on ()., and satisfies G, = 0 on 0. The important point is that all the
constants relative to €., 90, 0o, and G (the corkscrew point constant of €2, the Ahl-
fors regular constant of 02, and o, the Holder constants of GG..,) depends only on
those of 2, 09, 0, and G ;..

Up to a subsequence, we also have that the plane P; from (h) converges to a plane
P.. Together with the convergence G;/c; = G and (4.17), we have G, = dist(., Px).
The domain Q, and the function G, verifies the assumptions of Lemma 4.10, Case (1),
which allow us to conclude that 092 is a d-plane. This is a contradiction, because we have

0= lim ( sup dist(y,0Q) +  sup dist(z,@Qj)> > €

J—00 \ yeaQ;nBy 2€09.,NK By

where we used : the fact that 9€2; converges to d{1, - which is a plane - in the local
Hausdorff distance, and then (b).

Case (2). Same as Case (1) without much difference : we take P; to be the plane going
through o to ensure that a subsequence of the P; converges; and we construct the
subsequence so that VG, converges weakly in L? (), the limit being necessarily to

both VG, and V dist(., Py, ). We invoke Case (2) of Lemma 4.10 to say that 92, is flat
and we conclude as in Case (1).

Case (3). The condition 65 V.A € L>(Q) is only here to guarantee that V2G € L} (D (K)),
so that the quantity makes sense a priori. We take G as a limit of G,;/G;(Xy), where
X is a corkscrew point for By N 99Q;. We have V2G;/G,(X, ;) converges weakly in
L% () to V2@, and 0. We invoke Case (3) of Lemma 4.10 to say that 992, is flat and we

loc

conclude as in Case (1).
Case (4). We extract the limit G, as in Case (3), in particular V2G;/G;(Xo,;) converges
weakly to V2G,.. Since V|V[G;/G,(Xo,;)]|*> converges to 0, we deduce that V|VG,| = 0,
that is - up to multiplication by an harmless constant - G, satisfies |[VG,| = 1.

The coefficients of L; = — div A;V are C,>} (), which means that the G, are C ().
The constants are uniform so G, is also C ().

We invoke Case (4) of Lemma 4.10 to say that 02, is flat and we conclude as in Case
(1).
Case (5). With a method similar to the previous cases, we can extract a limit G, that
satisfies [VG| = 1.
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The only real difference is the presence of weakest DKP operators. We want to prove
this time that, for any e > 0, there exists 7 > 0 and K > 2 such that G5 (7, K) N D (K) N
Guwiprp(T, K) C Gu(€). By contradiction, we assume that there exists ¢, such that, for
anyj>1,

<Q5(J'_1,J') NDa(j) N Qw*DKp(j_l,j)> \ Gur(€0) D {(zj,75)} # 0.

What it means is that, in addition to (a)-(h) above, we also have that the collection {L; =
—div A;V}; satisfies

(i) there exists a constant matrix A, ; such that

1
/ ’AJ — AO,j‘ dX < ;7‘"' (418)

QJ:J

Up to a subsequence, A, ; converges in to a constant matrix A... By invoking then (4.18),
the sequence A; converges to A, in L}, .(©2) and - since A, is uniformly bounded - also
in L7 .(Q). By the Caccioppoli inequality, we can take another subsequence so that VG,
converges weakly in L? () to VG... Using those two facts, it is fairly easy to see that
G is a weak solution to L, := —div A V.

We invoke Case (5) of Lemma 4.10 to say that 02, is flat and we conclude as in Case

(1).

Cases (6) and (6bis). Since o; weakly-+ converges to o, we have that D, , converges
to D,_ o uniformly on compact sets of €2... Ultimately, we find that G, = D,,__ , and we
use Case (6) of Lemma 4.13 to conclude. O

If Q is uniform, we can prove Case (6) with a different method.

Theorem 4.23. Let 2 C R™ be a uniform domain with (n — 1)-Ahlfors regular boundaries.
Let o be a Ahlfors regular measure on 0S). Let L = — div AV be a uniformly elliptic weakest
DKP operator.

Let Q. C 2 be a Carleson prevalent domain, and let D (K) be like in (4.16). Assume
that for any (z, ) € Dq(1), there exists a function G, € W,>*(Q)NC°(Q) with the following
property

(i) G, Is a positive weak solution to Lu = 0 in Q N B(x,2r) satisfying G,, = 0 on
B(x,2r)N oS,

(7) G.. is prevalently close to D, ., thatis, for any T > 0 and K > 2, the set G;(t, K) of
couple (z,r) € Dq(K) such that

c>0

inf/ |G kr(X) — Dy o(X)] dX < e
Wk (z,r)

is Carleson prevalent.

(7bis) 69oV In(G,.,/D,.) € wCM,, thatis, for any 7 > 0 and K > 2, the set G,(1, K) of
couple (x,r) € Dq(K) such that

/ 000
Wi (z,r)

is Carleson prevalent.

VG i(X)  VDya(X)
Gw,KT Da,a

dX <71r"
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Then 052 is uniformly rectifiable.

Elements of proof. We want to prove the existence of corkscrew pointin R\ . For ¢ > 0,
let us introduce G..;cp(€) as the couple (z,r) € 9Q x (0, 00) such that

Gemcp(€) = {(a:,r) € 90 x (0,00), B(z,r) \ {X € R", dist(X, Q) < er} # @}.

We can see that if (z,7) € Geiop(€), then there exists a e-corkscrew point associated to
(xz,r)in R™\ Q.

Case (7). We want to prove that there exists e > 0, 7 > 0 and K > 2 such that

G7(1, K) N Do(K) N Gusprp(T, K) C Gewrop(€). (4.19)

Why is the claim (4.19) enough? Since G;(1, K) N Do(K) N Gu«prp(T, K) is Carleson
prevalent, the set G...cp(€) is then also Carleson prevalent, meaning that there exists
M such that, forany z € 02 and any r > 0

" dt
B(z,r)No2 J 0O t

We can then find NV large, depending only on M and the Ahlfors regular constant, such

that
o(B(xz,r)NoQ)

o(B(z,7/2)NoQ)
The two last inequalities means that for any couple (z,7) € 90 x (0, 00), we can find
(y,5) € Gewor(e)N (B(z,7/2) x (r/2N,r/2)). Observe then that the exterior e-corkscrew

pointforyatscale sis an exterior e/2N-corkscrew point for z atscale r; thatis G...cp(e/2N) =
09 x (0, 00).

We prove the claim (4.19) by contradiction, that is we assume that for all ;7 > 1,

In(N) > M

(6:(1/39) 0 Dali) N G (1/3:1)) \ Geaicp(1/7) > {(a;,75)} 70,

Like in Theorem 4.20, we obtain some collections {€2;},, {o;},, {L; = —div A,;V};, and
{G;}, verifying

(a) 0e 8Qj,

(b) R™\ ©; has no 1/j-corkscrew point associated to (0, 1),
(c) ©; is uniform (with constants uniform in j),
)

(d) 092 is d-Ahlfors regular regular, and o; is a Ahlfors regular measure on 052; (with
constants uniform in j),

(e) L; are uniformly elliptic (with constants uniform in j).

(f) G; are weak solution to Lju = 0in §;
(with constants uniform in j),

,» in particular they are Holder continuous

(g) there exists a constant ¢; > 0 such that

1
/ ¢;G5(X) = Dy, 0| dX < Er"“, (4.20)

Q5
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(h) there exists a constant matrix A, ; such that

1
/ ’AJ — A(),j‘ dX < an' (4.21)

QJJ

We extract limits. Up to a subsequence, (2; and 0€2; converges to the uniform domain
(0 and the Ahlfors regular set 9, in the local Hausdorff distances, o; converges
weakly-x to the Ahlfors regular measure o, D, o cOnverges to D,_ , on compacts of
Q, A; converges to a constant matrix A, and ¢;G; converges to G, both on compact
sets of R” and weakly in W,.?(2), G, is a positive weak solution L., = — div A, Vu = 0
in Q0 with zero trace. The estimate (4.20) gives Go, = D,__ 4.

We can then apply Lemma 4.14 to Q,, L, and G, and we obtain that R\ ., satis-
fies the corkscrew point condition, with a constant e that depends only on the uniform
constant of 2., the Ahlfors regular constant of 992, and o, the elliptic constants of
A, and a. Butthen, since R™\ 2; converges to R\ (), it means that for j large enough,
a e-corkscrew point of R \ Q, associated to (0, 1) is a e/2-corkscrew point of R™ \ Q0
associated to (0, 1). This contradicts (b). The theorem follows.

G(X) )‘ dX < 1,7“”. (4.22)

/n Dy, o(X) J

Of course, VD, , also converges to VD, , on compact supports of 2., which means
that VIn(Go/Dy., o) = 0,0r G = cD,__ o. We conclude as in Case (7), applying Lemma
4.4 at the appropriate time. U

Case (7b). We replace (g) by
(g) there holds

Vln(

753

4.3.3 . Uniform rectifiability implies weak estimates on the Green function

In this paragraph, we examine the converse of Theorem 4.20 and Theorem 4.23.
While these results may not be the most impressive, as we will derive better “strong”
estimate on the Green function later. But they are still worth mentioning. This is be-
cause they require fewer assumptions on the operator (weakest DKP instead of weak
DKP).

Theorem 4.24. Let 2 C R" be a uniform domain whose boundary 0% is (n — 1)-uniformly
rectifiable. Let L := — div AV be a weakest DKP uniformly elliptic operator. For any (z,r) €
00 x (0,00) G, € W(B(x,2r) N Q) be a collection of positive weak solution to Lu = 0 in
B(z,2r) N Q satisfying Tr G,.,, = 0 on B(x, 2r) N 082 Then the following holds
(i) VG, is (L>)-Carleson prevalently close to the distance to a plane, that is, forany T > 0
and K > 2, the set of couple (x,r) € 92 x (0, 00) such that

inf sup  [eGy g (X) — dist(X, P)| < 77

Pd-pl
2 B(z,Km)NQ

is Carleson prevalent;

(i) VG, is (L?)-Carleson prevalently close to the distance to a plane, that is, for any 7 > 0
and K > 2, the set of couple (x,r) € 02 x (0, 00) such that

Pd-plane
c>0

inf / |cVG, k(X)) — Vdist(X, P)?dX < 71"
Wk (z,r)
is Carleson prevalent.
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Moreover, for any 8 > 0 and any Ahlfors regular measure 1 on 02,

(iii) G is (L>)-Carleson prevalently close to D,, 5, that is, for any 7 > 0 and K > 2, the
set of couple (x,r) € 09 x (0, 00) such that

inf  sup |Gy (X)— Dup(X)| <77

>0 B(z,Kr)nQ

is Carleson prevalent;

(iv) VG, is (L?)-Carleson prevalently close to VD, s, that is, for any 7 > 0 and K > 2, the
set of couple (x,r) € 092 x (0, 00) such that

in / VG r(X) = VD, 5(X)F < 707
Wi (z,r)

c>0

is Carleson prevalent.
Alternatively, in higher codimension, we have

Theorem 4.25. Let 2 C R”™ be a uniform domain whose boundary OS2 is d-uniformly
rectifiable, and write o for a Ahlfors regular measure on 0S). Let « > 0 and set L :=
— div[DZEI"V]. For any (z,r) € 0Q x (0,00) Gor € W(B(z,2r) N Q, 554" "dX) be a
collection of positive weak solution to Lu = 0 in B(x,2r) N 2 satisfying Tr G, = 0 on
B(z,2r) N 0L Then the same conclusions as Theorem 4.24 hold

(i) VG, is (L>=)-Carleson prevalently close to the distance to a plane;

(i) VG, is (L?)-Carleson prevalently close to the distance to a plane.
And if 5 > 0 and . is another Ahlfors regular measure on 052,

(iii) G, is (L*)-Carleson prevalently close to D,, g,

(iv) VG, is (L*)-Carleson prevalently close to VD,

Remark 4.26. Inthe above theorem, we could allow a bit more flexibility on the operator.
Indeed, the proof permits the operator to be in the form

L := —div[Di " AV

where A is a matrix which is Carleson prevalently close to the identity, that is, for any
7> 0and K > 2, the set that contains the couples (z,r) € 992 x (0,c0) such that

inf/ lcA(X) —IldX < T1r"
c>0 WK(x,r)

is Carleson prevalent. We could consider even more matrices with a suitable definition
of DKP operators in higher codimension, but this project will be left for future work.

4.3.4 . References and comments on the section

Lemmas 4.10, 4.13 and 4.14 are not always stated, see but are part of the proof of the
bigger theorems down the road. Lemma 4.13, Lemma 4.14, and Case (1) of Lemma 4.10
are in [DM22]. Cases (4) and (5) of Lemma 4.10 are part of [FL23, Section 6], although
the proofs are not optimal in [FL23]. Definition 4.12 comes from [DM22, Section 8].

Definition 4.16 is taken from [DM22]. Proposition 4.19 is proven by a smoothing ar-
gument similar to [FLM24, Lemma 2.1] or [Fen23, Proposition 2.8], and is inspired by a
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similar smoothing method in [DPP0o7]. The extraction of limits from Theorems 4.20 and
4.23 are variants of the ones found in [HMM ™21, Theorem 4.8], [DM22, Theorem 2.19] or
[FL23, Proposition 7.1]. Various cases of Theorem 4.20 are found as [DM22, Theorems
6.1, 8.7, 8.8] and [FL23, Theorem 7.14], although we notice in the present manuscript
that we do not need to assume that the domain is uniform as long as G satisfies the
lower Holder bound (i7), which allow us - for instance - to take the sum of several Green
functions with different poles. Theorem 4.23 is [DM22, Theorem 7.1] and [FLM24, Theo-
rem 9.1].
The direct cases (Theorem 4.24 and 4.25) are [DM22, Theorems 3.1, 3.43, 4.5].

4.4 . Strong-type Green function estimates

In Subsection 4.3.3, we saw that the uniform rectifiability of the boundary implies
some weak-type Carleson estimate on the Green function. Why weak type? If ¢ is a
dimensionless quantity that measures the difference between the Green function esti-
mate and a distance, then a weak type estimate takes the form “1¢ > ¢ € CM,, for all
¢”, while a strong-type estimate will simply be “q € C'M,."

We first encountered weak and strong Carleson estimates in Theorem 1.13 : uni-
formly rectifiable sets can be characterized equivalently by a strong Carleson estimate
(see (ii) of Theorem 1.13 ) or by a weak Carleson estimate (ee (iii) of Theorem 1.13). The
fact that both conditions equivalently characterize uniform rectifiability is one of the
most surprising aspects of the theory developed by David and Semmes in [DS91, DS93].

Returning to our topic, uniformly rectifiable sets do not differentiate between weak
or strong Carleson estimates. Therefore, we should extend Subsection 4.3.3 further and
aim for strong-type Carleson estimates on the Green function. Two approaches have
been developed, each with its advantages and disadvantages.

4.4.1 . Approach by compacity

Let us separate the codimension 1 case to the higher codimension setting, which,
while not surprising, is more complex to articulate.

Theorem 4.27 (Theorem 1.13 in [DLM22b]). Let y = {(x,t) € R"! x (0,00)}, and
o = L" Y gn-1. Take L := —div AV be a uniformly elliptic operator such that A can be
decomposed as A = B + C where t|VB| + |C| € CM,(M). Then for any ball B centered
on the boundary, any positive solution v € W?(B N Q) to Lu = 0in BN Qg with Tru = 0
on BN oYy, and any T € (0,1/2), we have

Ju,TB

€ CM,(CT* + CM),

u, 7B

where C', o > 0 depend only on n and the ellipticity constant of L,
Burnlar) = [[ Vuf*dy dt
B(z,r)NT BN

Jurp(e.r) = int // V] — a)Pdy dt. (4.23)
B(z,r)NT BN

a€R

and

Note that instead of taking the infimum in a € R in (4.23), we can equivalently take

]
4@ == Owu(y,t) dy dt.
B(.Cl}, 7’) N QO B(z,r)NTBNQ ' ( )
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The theorem allows us to estimate the second derivatives, in the spirit of Theorem
4.2.

Corollary 4.28 (Corollary 1.17 in [DLM22b]). Let Qy := {(x,t) € R"! x (0,00)}, and
o = L" Ygn-1. Take L := —div AV be a uniformly elliptic operator and assume that
tVA € CM,(M). Then for any ball B centered on the boundary and any positive solution
u € WH2(2B N Q) to Lu = 0in 2B N Qg with Tru = 0 on 2B N 9, we have

2| V?u|
u

e CM, (M),

where M’ depend only on n, the ellipticity constant of L, and M.
The higher codimension analogue of Theorem 4.27 is

Theorem 4.29 (Theorem 1.18 in [DLM22a]). Letd < n — 1, Qg := {(z,t) € R? x (R"¢\
{0})}, and o := L%|ga. Take L := — div AV be a uniformly elliptic operator such that A can
be decomposed as A = B + C where

(a) B can be written as

B =
by byl,_g

It

B, bgltﬂ ]

(b) t|VB| + |C| € CM,(M), where

5. |B1 by
B b

Then for any ball B centered on the boundary, any positive solution u € W?(B N Q) to
Lu = 0in BNQywith Tru = 0o0n BNy, and any T € (0,1/2), we have

Jurh ¢ AL (Cre 4 OM),

u, 7B

where C', o« > 0 depend only on n and the ellipticity constant of L,
Burnlen) = | [Vufdy [t
B(z,r)NT BN

Jurp(,r) = inf // Ve — ale] 2dy [t dr. (4.22)
B(z,r)NT BN

a€R

and

Let us discuss about those results. The proof relies on a compactness argument : we
first verify that the theorems hold when the operator L has constant coefficients. We
then extend this to “weak DKP” operators (the operators that we consider) by saying
that weak DKP operators are sufficiently close to constants coefficients operators.

One of the main advantage of this approach is its independence from previously
known results on the elliptic measure, allowing us to derive new insights on the elliptic
measure. Indeed, Theorem 4.27 is a key ingredient of the “small constant” analogue of
Theorem 1.37 (iii) = (ii).

Note that if @ C R™ is a CAD - i.e. a uniform domain with (n — 1)-uniformly rec-
tifiable boundaries - and L := —div AV is a “weak DKP" uniformly elliptic operator -
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i.e. a uniformly elliptic operator for which A can be decomposed as A = B + C with
doa|VB| + |C| € CM, - then Theorem 1.37 (iii) = (ii) implies w;, € A, (c)2. Conse-
quently, (iv) of Theorem 2.83 implies log(k.) € BMO(o). The small constant variant of
this resultis:

Theorem 4.30 ([BTZ23, DLM23]). Let Q0 := {(z,t) € R"™! x (0,00)}, and ¢ := L™ |gn-1.
Take L := — div AV be a uniformly elliptic operator.

For all ¢ > 0, there exists 6 > 0 such that if A can be decomposed as A = B + C with
t|VB| +|C| € CM,(¢), then

H 1n(kZL)||BM0(Rn717U) S €.

The above result can be extended to “Chord-Arc Surfaces with Small Constants”
(CASSC) that can be seen as the “small constant” version of uniform domains with uni-
formly rectifiable boundaries. However, we will not delve into the definition here and
we let the reader check [DLM23] for the statements.

The disadvantage of Theorems 4.27 and 4.29 is that it is not clear what would be the
statements when the boundaries are Lipschitz, let alone uniformly rectifiable. We can
see that Theorem 4.2 and Corollary 4.28 are two sides of the same coin : they are saying
that the Green function GG, defined in Definition 2.78 satisfies

BaV'C

e CM, (4.25)

whenever
(@) either L = —A and Q is a CAD (Theorem 4.2),
(b) or L is a DKP operator and €2 = R’} (Corollary 4.28).

Thus, it is reasonable to expect that the estimate (4.25) holds when both L is a DKP
operator and ) is a CAD. However, none of the two proofs (of Theorem 4.2 and Corollary
4.28), which relies on completely different arguments, seem adaptable to this general
setting.

4.4.2 . Approach by integration by parts

An alternative approach was initiated by David, Mayboroda, and the author. This
approach began even before the results in Subsection 4.4.1. We aimed to adapt the
strategy of [Fen22a] using the magic a from Subsection 3.6.1. Indeed, if g :=n—d—2 >
0, then the Green function with pole at co G, is Da,. When E'is d-uniformly rectifiable,
L, is a “multiplicative” Carleson perturbation of L,,, so the ratio between G, and D,
should be close to a constant.

Theorem 4.31 (Theorem 1.8 in [DFM23c]). Letd < n — 1, E C R™ a d-uniformly recti-
fiable set with Ahlfors regular measure o,and ) := R" \ E. For « > 0, define the operator
L, = —div Dg{f(}*”V, where D, , is as in (3.37), Then for any ball B centered on E and
any solution uto Lu = 0in 2B\ E with Tr(u) = 0 on 2B N E, we have

u
Da,o

2. wy, is the elliptic measure with pole at infinity (see Definition 2.78) and k;, = dwy,/do.

5E’V1n< )(]13 € CM,.
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Subsequently, the previous theorem was adapted to boundaries of codimension
1 through a much more technical argument. This marked the first time that a higher
codimension result was proved beforehand and was used to determine the existence
of an estimate in the “classical” settings of domains with codimension 1 boundaries.

Theorem 4.32 (Theorem 1.12 in [FLM24]). Let 2 C R™ be a that is a uniform domain with
(n — 1)-Ahlfors regular boundaries. Let L := — div AV be a uniformly elliptic operator that
satisfies the DKP condition dyq|V A| € C'M,. Then are equivalent :

(i) 0 is uniformly rectifiable, or equivalently that ) is CAD.

(i) for all o > 0 and any Ahlfors regular measure 1. on Ow, there exists M > 0 such that
for any ball B centered on 052 and any solution w to Lu = 0 in 2B N Q with Tr(u) = 0

on 2B N 0%}, we have
u

Da,u

(iii) there exists a > 0 such that the Green function G, defined in Definition 2.78 verifies

539‘V1n< )\]13 e CM,(M).

G
00|V (5 )| € OM,.
Da,a

Note that the proof of (iii) = (i) in Theorem 4.32 is a consequence of Theorem
4.23 (7bis).

The above estimates are actually the missing key ingredient needed to extend Theo-
rem 4.2 to DKP operators or to domain with high codimensional boundaries. To present
more readable statements, we separate the cases for codimension 1 boundaries and hi-
gher codimensional boundaries. For domains with codimension 1 boundaries, we have :

Theorem 4.33. Let 2 C R™ be a uniform domain with (n — 1)-Ahlfors regular boundary,
and let . = —div. AV be a DKP-operator, i.e. 6po|VA| € CM,. Then the following are
equivalent :

(i) 02 is uniformly rectifiable;

(i) there exists M > 0 such that for any ball B centered on 02 and any positive weak
solutionu € W (Q, L™; locally in R™) to Lu = 0in QN2B satisfying Tru = 0in 0Q2N2B,

we have V2u(X)
u
5éy—5C§7—ﬂfge<7wa<A4x (4.26)
(iii) if G is the Green function defined in Definition 2.78,
, VIIVGL?
%% € CM,. (4.27)
L

For domains with higher codimensional boundaries, we have :

Theorem 4.34. Letd < n — 1, E C R" be a d-Ahlfors regular set, Q) := R" \ E, and a > 0.
Take L, := — div Dt!1="V. Then the following are equivalent :

(i) dis an integer and 02 is d-uniformly rectifiable;
(i) there exists M > 0 such that for any ball B centered on 0S) and any positive weak
solution u € W (€, 6451-"dL™; locally in R™) to Lou = 0 in Q N 2B satisfying Tru = 0

in 9Q N 2B, we have
V|Vul

350 I € CM,(M); (4.28)
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(iii) if G, is the Green function defined in Definition 2.78,

VIVGL,|’]

53
o0 2
GLa

e CM,. (4.29)

Ideas of the proof of Theorem 4.34 from Theorem 4.31 and Corollary 4.9 : First, let us men-
tion that the ideas to prove Theorem 4.33 are similar, using Theorem 4.32 instead. The
proof of Theorem 4.34 (iii) = (i) is a simple consequence of Theorem 4.20 (5) and the
Poincaré inequality, so we will not mention this direction anymore, and we will focus
on (i) = (iii).

We write G for G, and D for D, . First note that there exists C' depending only on
« and o such that

\VD| +

DIVG]
< (. .
o = C (4.30)

Then we write G as D.£, which leads to

e %VD + DV(%) - %VD +GVin (%)

D3V[|VG|?
G2

We compute then | from the above expression of VG, and we observe that

DAIVIVGP

o SC(D|V[|VD|2]|+D‘V1n <§>‘+D2‘V21n (E)D

D D

where we use (4.30) as many times as necessary.
Theorem 4.31 and Corollary 4.9 gives respectively that

DVIn (%) € CM, and DV[VD[? e CM,,

so our theorem will be proved as long as we show that D*V?In(G/D) € C'M, as well.
However, by a Caccioppoli-type argument, we can show that for any ball B C €, we

have
v (§) vin(§)

2
/ Dd+2—n dx
B/4
+ / | D" div(D1 ="V D)2 D dX].
B/2

2
Dd+4—ndX S Cv|:/
B/2

So D*V?In(G/D) € CM, as long as DV In(G/D) € CM, and D"~ ¢div(D41="V D) €
C'M,, and the latter are given again by Theorem 4.31 and Corollary 4.9 respectively. [J
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5 - Open and on-going problems

Here is a non-exhaustive and randomly ordered list of problems to solve in relation
with the contents of this memoir. Many of the questions listed here are not originally
from me, but from discussions with my peers.

(1) Show the stability of the weak- A, of the elliptic measure under large Carleson per-
turbations without assuming that the domain has Harnack chain, that is drop the
existence of Harnack chains from Theorem 1.36.

(2) Characterize (D;)a - the L? solvability of the Dirichlet problem for the Laplacian - in
terms of geometry and topology on the domain. More generally, characterize (D,)a.

(3) Characterize the weak A, of the elliptic measure of DKP operators in terms of geo-
metry and topology of €2, without a priori assuming connectedness. That is, prove
Theorem 1.37 without assuming that 2 has Harnack chains.

(4) For each uniform domain 2 with (n — 1)-Ahlfors regular set, find an isotropic opera-
tor L such that wy is equivalent to the Ahlfors regular measure o, that is, adapt the
construction from [DM21] to all domains with (n — 1)-Ahlfors regular boundaries.
We can also aim for something weaker : to construct L such that w;, € A (o).

(5) Same as before, but assuming instead a capacity condition on the boundary. A non
(n — 1)-Ahlfors regular boundary was treated in [Per23al.

(6) Find a proof of w; € A, (o) when 09 is uniformly rectifiable without using a Corona
decomposition, but by using the smooth distance D,,.

(7) Find the range of d € (n — 2,n — 1) for which we can find Q C R" with d-Ahlfors
regular boundary and p € (1, 00) such that (D,)a holds. Partial results are given in
[DJ)23] (we can find such 2 when n = 2 and d is suffisament petit) and [Tol23] (we
cannot find such Q whenn =2, d > 3, and R? \ Q := dQ is included in a plane).

(8) Study the Dirichlet problem with data in Besov or Triebel-Lizorkin spaces, that is
with data in B¢ and T??for s € (0,1), p € (1,00) and g € [1, o).

(9) Prove or disprove that the solvability of (D,);, implies weak local John for any uni-
formly elliptic operator.

(10) Study the L? Dirichlet problem without assuming a priori the corkscrew point condi-
tion.

(11) The Laplacian on the paraboloid domain {(z,¢) € R"' x R, ¢t > |z|*} is outside the
elliptic theory that was developed in Chapter 2. Can we say anything about the L?
Dirichlet problem?

(12) We know from Proposition 1.41 that the Hajtasz gradient is optimal for uniform do-
mains. But is it optimal when €2 is not uniform? That is, can we find a weaker notion
of gradient V,, such that we still have (D,) = (R,) for the Laplacian (or DKP ope-
rators), but such that ||V, f||Lr90,0) is not equivalent to ||V, || zra0,.) When the
domain is not uniform?

(13) Define the Neumann problem in an unbounded domain. Is it even possible to do
soin R??

(14) Show that (N,), = (N,); for ¢ € (1, p) without assuming (D).
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(15) Find a limit problem (N;),, such that (N;), = (N,). forone ¢ > 1.

(16) If L is an operator on R} with non-symmetric ¢-independent coefficients, is there
ap € (1,00) such that (N,),, holds? Morally, do we have Theorem 1.51 (2) without
assuming that A, is small?

(17) Is the solvability of the L» Neumann problem for some p € (1, oo) stable under large
Carleson perturbations? l.e. do we have Theorem 1.52 for large Carleson perturba-
tions?

(18) Is the L” Neumann problem solvable for DKP operators with large constants? l.e.
do we have a large constant analogue of Theorem 1.53?

(19) Are quantities in C'M, even adapted to the Neumann problem? The Dirichlet pro-
blem relies on a S < N type estimate that has not been proved for the Neumann
problem, and it might be possible that one needs to rely on a completely different
estimate for the Neumann problem, one for which DKP operators and uniformly
rectifiable sets are not adapted to.

(20) Instead of using the regularity problem as an intermediate step towards the Neu-
mann problem, use the subregular Neumann problem or the Poisson Neumann
problem.

(21) Can we have a comparison principle for the Neumann problem? Which form will it
take? Ultimately, can we have a tool that proves that the Poisson-Neumann problem
from [FL24] is equivalent to the Neumann problem?

(22) Show that an interior Poincaré inequality on m implies that m is derivative compa-
tible.

(23) Link the boundary Poincaré inequality and the capacity in our general setting.

(24) Define a space of traces for W (£2, m) without assuming the Harnack chain condition.
Basically, we want to construct a space of traces, maybe using currents, in which the
direction of non-tangential limit matters. Then construct an elliptic measure and
study (D,) on this space of traces.

(25) On domains that are not well connected, define a distance based on the length of
Harnack chains, and prove a comparison principle with this notion of distance.

(26) Find the maximum dimension of the harmonic measure in domains of R", when
n > 3. The case n = 2 is discussed in [Mak85a, Mak85b, JW88]. For the case n > 3,
see [Bou87] (dim. harmonic measure < n), [BG24] (explicit upper bound), [Azz20]
(dim. harmonic measure always drops for sets of codimension <1).

(27) Study the link between dimension drop of the elliptic measure and oscillations of
the coefficients of the operator.

(28) Prove Theorem1.27-the equivalence between the Dirichlet problem and the Poisson-
Dirichlet problem - in the setting of Chapter 2.

(29) Define (R,) and (N,), p € (1,00), in the general setting of Chapter 2. The difficulty
comes from the dimensionless quantity p defined in (2.15). The definition is pretty
straightforward when p is equivalent to 1, but when p is not equivalent to 1, one will
quickly see that p needs to be involved in the definitions of (R,) and (N,) to make
reasonable sense.

(30) Find exampleswhen (N,)a when Q2is not uniformly rectifiable. Find various examples
of couples © and L such that (N,)., holds. Find a case where (N,) holds and the p in
(2.15) is not equivalent to 1.
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(31)

(32)

(35)

(37)

(38)

(39)

(40)

(41)

Define e-approximability in the general setting of Chapter 2, and prove an equiva-
lence with the solvability of the L? Dirichlet problem.

Study the solvability/non-solvability of the L? Dirichlet problem in R™ \ R? when
the bottom right corner of the coefficients of the operator are not close to a scalar
multiplicative of the identity. More precisely, assuming L := — div |t|¢"1 " AV is such

that
[ o
A._[O AJ,

is there a condition (C) on scalar functions’ such that w;, € A, (o) whenever each
coefficient of A, satisfies (C)?

Alternatively, define a notion of DKP operators that works in in domains whose
boundary is non-flat and of higher codimension.

Show whether V(222 ) — 0 — ¢ is a flat measure. Knowin this, we will be able
De o g

Ds.o

to show that V(Di’j) € CM, = o is a Ahlfors regular measure on a uniformly

rectifiable set®. We can assume at first that the property V(Ds,/D,.,) = 0 holds

for all couple (a, 3) € (0,00)?% and then aim for the property to be true for a single
couple where o # f.

If d <nand L, := —div DI"'="V, show a converse to Theorem 3.35, that is
wr, € Ax(o) foralla >0 = o is uniformly rectifiable,

wr, € Ax(o)forone0 < o #n—d—2 = o is uniformly rectifiable.

Define a Laplacian L, in all doubling measures . such that, if 1 is often well approxi-
mated by a plane of any dimension (in a quantitative way, using « or 5 numbers),
then w;, € A.. Basically, can we have a mixed codimension analogue of Theorem
3.357

What happens if 2 = R” and we take a measure z on R"~" which is not absolutely
continuous with respect to the surface measure? What behavior will have wy, ?

Prove that, if @ = R™\ E with E being a d-uniformly rectifiable set of low dimension,
then (R,).,, holds for some p € (1, 00). l.e. prove the higher codimension analogue
of Theorem 1.46.

Do we have
Gr, = Doy = oisaflat measure

whenaorf#n—d—2?

If  is a domain with uniformly rectifiable boundaries, do we have VIn(G./D,) €
C'M, if we don't assume that €2 is uniform? What are the minimal topological condi-
tions on () that still ensure the equivalence of Theorem 4.327?

Can we find some implications between VIn(G./D,) € CM, and w;, € Ax(0)?
What are the minimal conditions on L and () that guarantee the equivalence? Can
we relate bounds on the Green function to the L? regularity problem?

au

1. A condition like the DKP condition, that does not distinguish between coefficients
2. From now on, we say that ¢ is uniformly rectifiable if o is a Ahlfors regular measure supported on
niformly rectifiable set
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(42) Same two questions as above, but with V|VG| € CM, instead of VIn(GL/D,) €
CM,.

(43) Can we use the approach of [DLM22b] to domains with Lipschitz or uniformly rec-
tifiable boundaries? That consists first in finding what would even be the right for-
mulation of Theorem 4.27 for such domains.

(44)

Prove the David-Semmes conjecture (Conjecture 1.14) in codimension different from
1. The conjecture has been proved in codimension 1in [NTV14]. The idea of charac-
terizing uniformly rectifiable sets of higher codimension via solution of a PDEs in
the complement partially comes from the fact that such characterization could be
helpful to solve the David-Semmes conjecture.

Those general directions have also been considered :

Study the LP Dirichlet problem (for the sub-Laplacian) in the Heisenberg group.
To the best of the author's knowledge, so far, people only know such solvability in
flag domains (see Theorem 1.8 in [OV23]).

Look at higher order elliptic operators. The L? boundary value problems for -
independent operators has been studied in for instance [BM13], [BM14], [BHM17]
or [BHM19], but we are not aware of articles that deal with DKP-type operators
and uniformly rectifiable boundaries.

Similarly, study systems of equations; and | am not aware that it has been touched
when the domain is not Lipschitz.

The L? Robin problem is another boundary value problem that recently gathered
interest (see [DDE™24)).

Study the L? solvability of boundary value problem for parabolic equations.
Study the L? solvability of boundary value problem for elliptic operator with lower
terms (drifts, potentials).

All the estimates given here are quantitative estimates, and their qualitative ana-
logues have not always been established.
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