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Title : Boundary value problems in domains with boundaries of high or mixed codimen-sion
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Abstract : In this memoir, I introduce thereader to my postdoctoral work, which fo-cuses on characterizing the uniform recti-fiability (UR) of sets of codimension higherthan one using estimates for solutions ofelliptic PDEs. To this end, we developed anelliptic theory in the complement of a gi-ven set S ⊂ Rn based on operators thatare uniformly elliptic with respect to a de-

generate weight adapted to the dimension
d < n − 1 of S. Within this framework, wesought a suitable analogue of the Laplacianthat could serve to characterize UR sets.I outline the state of the art prior to ourcontribution, the difficulties we encounte-red, and the solution we ultimately pro-pose.

Titre : Problèmes aux limites dans des domaines à bords de codimension plus grandeque 1 ou de codimension mixe
Mots clés : Problèmes aux limites, Rectifiabilité uniforme,Mesures elliptiques, Functionsde Green, Mesures de Carleson.
Résumé : Dans ce mémoire, j’introduisle lecteur à mon travail postdoctoral, quiporte sur la caractérisation de la rectifia-bilité uniforme (UR) de sous-ensembles decodimension supérieure à un, au moyend’estimations sur les solutions d’EDP ellip-tiques. À cette fin, nous avons développéune théorie elliptique dans le complémentd’un ensemble donné S ⊂ Rn, fondée surdes opérateurs uniformément elliptiques

par rapport à un poids dégénéré adaptéà la dimension de S. Dans ce cadre, nousavons recherché un analogue approprié dulaplacien, susceptible de permettre la ca-ractérisation des ensembles UR.Dans ce qui suit, je présente l’état del’art avant notre contribution, les difficul-tés rencontrées au cours de ce travail, ainsique la solution que nous proposons.
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Introduction

The behavior of solutions to a partial differential equation (PDE) is inherently linkedto both the geometry of the domain’s boundary and the regularity of the associatedoperator. For instance, it has been established that, if u satisfies Lu = 0 in a domain Ω,whereL := − divA∇ is a uniformly elliptic operator, then u belongs to theHölder space
Ck+1

α (Ω) for any k ∈ N provided that Ω is a Ck+1
α domain and the coefficients A are in

Ck
α(Ω). However, whenweassume less regularity on the domain (e.g. Lipschitz domains)or the coefficients (e.g. L∞), the behavior of solutions becomes more complicated tostudy.
The intricate relationship between PDEs and the geometry of the domain remainsa topic of significant mathematical interest. One seeks to understand how the geome-try of the boundary influences the qualitative and quantitative behavior of solutions.For instance, in practical applications, this includes determining which boundary struc-tures optimize noise dampening, or identifying the lung surface geometry that maxi-mizes oxygen transfer to the bloodstream. Additionally, understanding the behavior ofsolutions in the worst case scenario (bad boundary or initial data) for a given geometryof a domain is crucial in areas such as fluid dynamics (e.g., analyzing river flow) andclimatology (e.g., predicting climate patterns).
In this memoir, we will mainly focus on one particular geometry of the boundary :uniform rectifiability, and one specific PDE property : the absolute continuity of the har-monic or elliptic measure with respect to the surface measure. Let us quickly remindthe reader that the harmonicmeasureωX

Ω,−∆(E) represents the probability that a Brow-nian particle starting at X exits the domain Ω through the set E ; the elliptic measureis a generalization of the harmonic measure corresponding to other stochastic pro-cesses. Furthermore, we consider a quantitative and scale-invariant 1 formulation ofabsolute continuity, which is known to be equivalent to the solvability of the Dirichletproblem for Lp boundary data, where p ∈ (1,∞) is sufficiently large.
The characterization of the (quantitative) absolute continuity of the harmonic mea-sure in terms of the geometry of the domain is the culmination of decades of researchby numerous mathematicians. This line of inquiry began with the work of the bothersFrigyes and Marcel Riesz in the 1910s for planar domains. For domains in Rn, n ≥ 3,the first breakthrough contribution on the topic is from Björg Dahlberg in the 1970s,and shows that the Dirichlet problem for the Laplacian is solvable in any Lipschitz do-main and any L2 boundary data, which implies that, in Lipschitz domains, the harmonicmeasure is (qualitatively) absolutely continuous with respect to the surface measure.In the 1980s and the 1990s, research in this area soared with the involvement of CarlosKenig, David Jerison, and Jill Pipher, Charles Fefferman, and Tatiano Toro, to name afew. In that time, the research was mainly on extended the class of operators in Lip-schitz domains for which the Lp Dirichlet problem and the Lp Neumann problem wassolvable, and introduce the world to the notion of t-independent operators, Carlesonperturbations, and DKP (for Dahlberg, Kenig, Pipher) operators. After a comparably cal-mer decade, Steve Hofmann and José Maria Martell reignited the area by taking a turntowards geometric measure theory and linking the quantitative absolute continuity of
1. Although non-quantitative results exist, they are not the focus of this work andwill not be discussedhere.
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the harmonic measure to domains with uniformly rectifiable boundaries, which are abit beyond Lipschitz domains (but that do not go up to domains with Hölder regularboundaries) and where introduced by Guy David and Stephen Semmes in the early1990s. They were quickly joined by Ignacio Uriarte-Tuero, Svitlana Mayboroda, JonasAzzam, Mihalis Mourgoglou, Xavier Tolsa, Alexander Volberg, Kaj Nyström, John Gar-nett, Tatiano Toro, Le Phi, Matthew Badger, Simon Bortz, Zihui Zhao, Murat Akman. Inparallel, progress has beenmade in the 2010s in the study of elliptic operatorswith com-plex or elliptic systems by Pascal Auscher, Andreas Rosén, Mihalis Mourgoglou, MoritzEgert, and Olli Saari (for t-independent operators) and Martin Dindoš, Jill Pipher, Suk-jung Hwang, David Rule, and Marius Mitrea (for operators verifying a Carleson condi-tion). Of course, they are probably many more that deserve to be named here, and thecontributions are not equally distributed across people listed here, but it gives an ideaof the scale and the length of the research undertaken to just study the solvability ofboundary value problem with Lp data. Moreover, we will not just drop a list of articleshere to show the contributions of each, as the reader will find more precise results andthe corresponding bibliography in Chapter 1.
Before proceeding, we introduce the notion of “smallness" or “proximity." The con-cept of “smallness"most suitable for the study of the quantitative absolute continuity ofthe elliptic measure is typically expressed in terms of Carleson measures or functionsin the space of bounded mean oscillation (BMO), depending on the context. If E ⊂ Rn

is the support of a doubling measure σ, and f is a function on E × (0,∞), we say that
f is often almost zero if there is a C > 0 such that, for any ball ∆(x, r) ⊂ E, we have

ˆ
∆(x,r)

ˆ r

0

|f(y, t)|2dt
t
dσ ≤ Cσ(∆(x, r)).

Alternatively, if f is a function on Rn \E and E ⊂ Rn has dimension d, and if we choose
σ to be the Hausdorff measureHd|E then we say that f is often almost zero if there isa C > 0 such that, for any ball B(x, r) centered on E, we have

ˆ
B(x,r)\E

|f(X)|2 dist(X,E)d−n dX ≤ Cσ(B(x, r) ∩ E). (0.1)
Other ways to express smallness and proximity will have a similar spirit.

f1 ≡ 1

f1 ≡ 1

f1 ≡ 0f1 ≡ 0

f1 ≡ 0 f2 ≡ 1

f2 ≡ 0

f2 ≡ 0

f3 ≡ 1

f3 ≡ 0

f3 ≡ 0

Figure 1 – f1 and f2 are often almost zero in R2
+, while f3 is not.

We begin by presenting alternative PDE characterizations of the quantitative abso-lute continuity of the elliptic measure, utilizing our notion of smallness. In this intro-duction, we will state the results in two forms : (1) their exact formulation, omittingtechnical definitions that will be provided in the main body of the manuscript, and (2)
8



their “informal” counterparts, which offer a more intuitive understanding but lack fullmathematical precision.
Theorem 0.1 (Informal). LetΩ ⊂ Rn be a domain with quantitative non-tangential accessto its entire boundary, the boundary being of dimension n− 1 in a scale invariant way. Let
L := − divA∇ be a uniformly elliptic operator. TFAE :
(i) The elliptic measure of L is absolutely continuous with respect to the surface measurein a quantitative and scale invariant way.
(ii) The elliptic measure of L is often almost equivalent to a multiple of the surface mea-sure.
(iii) Bounded solutions to Lu = 0 are often almost constant.

Theorem 0.1 (Formal). Let Ω ⊂ Rn be a uniform domain with (n − 1)-Ahlfors regularboundaries. Let L := − divA∇ be a uniformly elliptic operator whose elliptic measure is
ωX . TFAE :
(i) The elliptic measure ωX

L is A∞-absolutely continuous with respect to σ := Hn−1
|∂Ω .

(ii) The elliptic measure ωX
L is absolutely continuous with respect to σ := Hn−1

|∂Ω and the
Poisson kernel kX := dωX

dσ
is such that

log(kX) ∈ BMO(∂Ω, σ).

(iii) There exists C > 0 such that, for any bounded solution to Lu = 0 in Ω and any ball
B(x, r) centered on ∂Ω, we have

ˆ
B(x,r)\E

dist(X,E)|∇u(X)|2 dX ≤ C∥u∥L∞(Ω)σ(B(x, r) ∩ E).

By the 2010s, a comprehensive understanding of the relationship between the geo-metry of the domain and the absolute continuity of harmonicmeasurewas finally achie-ved, revealing that :
Theorem 0.2 (Informal). LetΩ ⊂ Rn be a domain with quantitative non-tangential accessto its entire boundary, the boundary being of dimension n − 1 in a scale invariant way.Let L := − divA∇ be a uniformly elliptic operator whose coefficients are often almostconstant. TFAE :
(i) The elliptic measure of L is often almost equivalent to a multiple of the surface mea-sure.
(ii) The boundary ∂Ω is often almost flat.
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Theorem 0.2 (Formal). Let Ω ⊂ Rn be a uniform domain with (n − 1)-Ahlfors regularboundaries. Let L := − divA∇ be a uniformly elliptic operator whose coefficients satisfythe DKP condition. TFAE :
(i) The elliptic measure of L is A∞-absolutely continuous with respect to σ := Hn−1

|∂Ω .
(ii) The boundary ∂Ω is uniformly rectifiable.
There exist multiple versions of the above theorem, each depending on the specificassumptions imposed a priori on the operator and the domain. Note that a particu-lar instance of the elliptic operator L in Theorem 0.2 is the Laplacian. In this case, thetheorem asserts that the boundary of Ω is uniformly rectifiable if and only if boundedharmonic functions in Ω are "often almost constant."
The concept of uniform rectifiability extends to any integer dimension d < n. Intui-tively, uniformly rectifiable sets of dimension d are subsets of Rn that are often almostflat, i.e. often close to a d-dimensional plane. However, a prerequisite for the characteri-zation provided in Theorem 0.2 is that the boundary has dimension n−1, hence limitingthe characterization to codimension 1 sets.

Question 1 : Do we have a notion of harmonic/elliptic measure on sets E of codimen-sion bigger than 1 ?
Answer 1 : The harmonic measure or elliptic measure of uniformly elliptic operatorscan only be defined for sets of dimension d ∈ (n− 2, n) ; for further details, see Section1.5. To extend the definition of elliptic measures on sets E of any dimension d ∈ [0, n),my coauthors, Guy David and Svitlana Mayboroda, and I developed an elliptic theorybased on operators in the form L := − divA∇whereA satisfies an ellipticity and boun-dedness condition with respect to a carefully chosen weight.More precisely, if E ⊂ Rn is an Ahlfors regular set of dimension d ∈ [0, n) - that isif E looks d-dimensional at all scales - then we define uniformly elliptic operators on
Rn \ E as the operators L in the form − divA∇, where the coefficients A verify

A(X)ξ · ξ ≥ C−1 dist(X,E)d+1−n︸ ︷︷ ︸
=:wE(X)

|ξ|2, for X ∈ Rn \ E, ξ ∈ Rn (0.2)

and
|A(X)ξ · ζ| ≤ C−1 dist(X,E)d+1−n︸ ︷︷ ︸

=wE(X)

|ξ||ζ|, for X ∈ Rn \ E, ξ, ζ ∈ Rn. (0.3)
The appropriate space for solutions is then the weighted homogeneous Sobolev space

W := {f ∈ L1
loc(Rn), ∇f ∈ L2(Rn, wE dX)}.

More precisely, any functions in W have traces in L2
loc(E,Hd|E), and the Lax-Milgramtheorem guarantees the existence of solutions to Lu = 0 in W with a given trace g ∈

C∞
0 (E). From there, many results established for classical uniformly elliptic operatorscan be adapted to our setting. In particular, the following holds :• A maximum principle : for any solution u ∈ W to Lu = 0, we have

sup
Rn\E

u ≤ sup
E
u.
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• De Giorgi-Nash-Moser estimates : any solution u ∈ W with traces in C0,α(E) liesin C0,α(Rn).• A Green function associated with L can be constructed.• An elliptic measure associated with L can be constructed.The elliptic theory was developed to provide the necessary tools to prove PDE charac-terizations of theA∞-absolute continuity of the elliptic measure similar to Theorem 0.1.
References 1 : This elliptic theorywas establishedbymy coauthors andmyself in [DFM21]and further extended in [DFM20]. An even more general version is presented in Chap-ter 2 of this memoir. With Svitlana Mayboroda and Zihui Zhao, we also proved a Moserestimate for operators with complex coefficients in [FMZ21], by adapting and improvingthe Moser estimate shown by Dindoš and Pipher in [DP19] (operators with complex co-efficients lie outside of the scope of this memoir).

PDE characterizations of the quantitative absolute continuity of the elliptic mea-sure with respect to Hd|E are given by Mayboroda and Zhao in [MZ19] in the settingof [DFM21]. In the setting of [DFM20], a few characterizations were provided by BrunoPoggi and myself in [FP22], and additional ones were proven by Cao and Yabuta in[CY25]. The results, along with new proofs, are presented in Section 3.2.
Question 2 : When E ⊂ Rn is of dimension d < n − 1, it is immediately clear that thecoefficients of the uniformly elliptic operators defined in (0.2)–(0.3) are never constant- nor even often almost constant - as it is the case in Theorem 0.2. Therefore, when d <
n−1, which operator will be the analogue of the Laplacian in the statement of Theorem0.2?
Answer 2 :Our initial choicewas to takeL = − div[wE∇]. However, this operator turnedout to be insufficiently smooth for our purpose, because the coefficients wE were notsuited to the Carleson-type condition (0.1). Instead, we opted for the following “distance”

Dα(X) :=

(ˆ
E

|X − y|−d−αdHd|E(y)
)− 1

α

,

which is equivalent to dist(X,E) but smoother, and then define
Lα := − div[Dd+1−n

α ∇]. (0.4)
We generalized one implication of Theorem 0.2, namely that the elliptic measure

ωX
α of Lα is A∞-absolutely continuous with respect to Hd|E whenever E is uniformlyrectifiable. The converse is false when α0 := n − d − 2 > 0 and the operator is Lα0 : inthis case, it fails spectacularly, as we have the equivalence of measures

C−1Hd|E ≤ ωX
α0

≤ CHd|E.

We conjecture that, excluding this special value of α, the converse will indeed hold.
References 2 :Dα was introduced for the first time by Guy David, Svitlana Mayborodaand myself in [DFM19a]. The proof of the fact that uniformly rectifiable boundaries oflow dimension implyA∞-absolute continuity of the elliptic measure was established byDavid and Mayboroda in [DM23] and by myself in [Fen22a], with intermediate resultsprovided in [DFM19a]. The counterexample to the converse is given byDavid, Engelsteinand Mayboroda in [DEM21].
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The choice ofDα andLα is explained in Section 3.5, while the adaptation of Theorem0.2 to domainswith boundaries of codimension higher than 1 is discussed in Section 3.6.
Question 3 : Even though a characterization of uniformly rectifiable sets via the abso-lute continuity of the elliptic measure of the Lα operator can be achieved, having toexclude Lα0 - which is very similar to the other Lα - seems like a major setback, does itnot?
Answer 3 : We prefer to view this counterexample as an opportunity rather than asetback. While it is true that it makes the theory appear less stable, it also highlightsthe fact that there is still much to be understood. In fact, this apparent setback has ledto most of the novel ideas of the project.

When we take α0 := n − d − 2 > 0 and the specific operator Lα0 on Rn \ E, thefunction Dα0 is a positive solution of Lα0 with zero boundary data, i.e. Dα0 acts as aGreen function “with pole at infinity”. Prior to this discovery, explicit expressions forthe Green functions were extremely rare - typically only in the cases where L = −∆and Ω is either the ball, the half space, the quarter space, and a few other cases.Amidst all theLα, the operatorLα0 is also the only one where we can compute expli-cit solutions. When the boundaryE is irregular and α ̸= α0, explicit solutions toLαu = 0in Rn \ E is far from achievable. From this, we learned several important facts :
1. First, Lα0 is a “lucky” guess that works exceptionally well and computations forthis case differ significantly from those for α ̸= α0. Thus, we strongly believe theconverse statement - that theA∞-absolute continuity of the elliptic measure withrespect to the Hausdorffmeasure impliesE is uniformly rectifiable - remains trueby excluding the value α0. However, it is highly likely that proving this will requiredistinguishing between the cases α > α0 and α < α0.
2. Second, as the question suggests,Lα is indeed close toLα0 . Sincewe know an ope-rator close to Lα for which the elliptic measure is A∞-absolutely continuous withrespect to the Hausdorffmeasure, we can use a perturbation technique to obtainthe A∞-absolute continuity of the elliptic measure of Lα for uniformly rectifiableboundaries with significantly less effort. This approach was completed by myselfin [Fen22a], providing a shorter and alternative proof compared to the originalone found in [DM23].

It does not end here. Following the ideas of [Fen22a], we obtained an entirely newestimate on the Green function when the domain has uniformly rectifiable boun-daries. The estimate was first established in the case d < n − 1 in the article[DFM23c] written by Guy David, Svitlana Maydoroda and myself, and its proofrelies on the existence of the special operator Lα0
2. This was later extended to

d = n − 1 with a more complex method by Linhan Li, Svitlana Maydoroda andmyself in [FLM24]. We will discuss this further when answering the next question.
3. Finally, we now understand that we can (probably) always construct an opera-tor adapted to the boundary such that the elliptic measure and the Hausdorffmeasure become equivalent. So far, we only know of such an operator for somespecific boundaries : David and Mayboroda constructed such an operator in the
2. A careful reader will notice that we set d < n−1, and α0 = n−d−2 > 0 exists only when d < n−2.The proof was actually done originally when d < n − 2, and then adapted to d = n − 2 ; see Subsection3.6.2 for details.
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complement of the 4 corners Cantor sets in [DM21], and Perstneva did the samein the complement of a Wolff snowflake in [Per23a].
In [Vol22], Volberg made the following conjecture :
Conjecture 0.3 (Informal). Let Ω ⊂ Rn be a domain with quantitative non-tangential access to its entire boundary, the boundary being of dimension d in a scaleinvariant way. If moreover, on the boundary ∂Ω

the harmonic measure is equivalent to the d-dimensional Hausdorff measure,
then d = n− 1 and ∂Ω is uniformly rectifiable.
Conjecture 0.3 (Formal). Let Ω ⊂ Rn be a uniform domain with d-Ahlfors regularboundaries, d ∈ (n − 2, n). Assume that there exists C > 0, such that for any X ∈ Ωand any Borel E ⊂ 8BX ∩ ∂Ω, the harmonic measure satisfies

C−1Hd(E) ≤ ωX
−∆(E) ≤ CHd(E),

where BX := B(X, dist(X, ∂Ω)/2). Then
d = n− 1 and ∂Ω is uniformly rectifiable.

However, the conjecture fails, as demonstrated by David, Jeznach and Julia in[DJJ23], where they constructed a Cantor set of dimension d < 1 in R2 on whichthe harmonic measure and the Hausdorff measure are equivalent. This resultillustrates that, in Theorem 0.2, one cannot simply replace the assumption thatthe boundary is (n − 1)-Ahlfors regular by the fact that ∂Ω is d-Ahlfors regularfor a d ∈ (n − 2, n). Consequently, this reinforces the idea that a control on theharmonic/elliptic measure does not automatically translate to any flatness of theboundary.
Question 4 : Is there any possibility of salvaging a characterization of uniformly recti-fiable sets of codimension greater than 1 via PDE in the complement?
Answer 4 : After encountering challenges in obtaining a characterization of the rectifia-bility through the absolute continuity of the harmonic measure, we pursued an alter-native approach by studying the Green function 3. The Green function of an operatorand the elliptic measure are deeply connected to each other : if the domain Ω ⊂ Rn

is sufficiently connected and its boundary has dimension d (both quantitatively), and if
L is a uniformly elliptic operator with Green function G(X, Y ) and elliptic measure ωY ,then the following well known equivalence holds

C−1 dist(X, ∂Ω)n−2G(Y,X) ≤ ωY (4BX) ≤ C dist(X, ∂Ω)n−2G(Y,X)

for Y ∈ Ω, 8BX ⊂ 4BY , and BX := B(X, dist(X, ∂Ω)/2) as before. Long story short : if
ωY behaves like a (n− 1)-Ahlfors regular measure, then

ωY (4BX) is comparable to
(
dist(X, ∂Ω)

dist(Y, ∂Ω)

)n−1

3. Morally, the Green functionGL(., y) is the solution to Lu = δy in Ω with zero trace ; see Subsection2.3.3.
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and hence
G(Y,X) is comparable to dist(X, ∂Ω)

dist(Y, ∂Ω)n−1
.

Thus we seek to compare the function G(Y, .) with a distance to the boundary.
If GY := G(Y, .) is the Green function of an operator with smooth coefficients, itwill also be smooth far from the pole. Moreover, let us remind the reader that Dα0 isa “Green function with pole at infinity” associated with Lα0 . So it makes more sense tocompare GY to the smooth distance Dα than to compare GY to dist(., ∂Ω). Our firstresult is :

Theorem 0.4 (Informal). Let E be a d-dimensional often almost flat set, Ω := Rn \ E,and Lα be as in (0.4). Then the “Green function with pole at infinity” is often almost equalto a multiple of Dα.
Theorem 0.4 (Formal). Let Ω := Rn \ E be a domain, where E is a d-uniformly rectifiableset, d < n − 1. Let α > 0 and Lα be as in (0.4). There exists C > 0 such that, if x ∈ E and
r > 0, then any positive solution u to Lu = 0 inB(x, 2r) \E with zero trace on E ∩B(x, 2r)satisfies ˆ

B(x,r)

∣∣∣∇ ln
( u

Dα

)∣∣∣2Dd+2−n
α dX ≤ Crd.

Since Dα0 is the Green function with pole at infinity of Lα0 for all sets of dimension
d < n − 2, it is still not possible to achieve a characterization of uniformly rectifiablesets of low dimension using this approach. Nevertheless, this bound was previouslyunknown, even for domains with boundaries of codimension 1. Following this, we wereable to obtain the result in the case of codimension 1 :
Theorem 0.5 (Informal). With the assumptions of Theorem 0.2 and α > 0, TFAE :
(i) The “Green function with pole at infinity” is often almost equal to a multiple of Dα.
(ii) ∂Ω is often almost flat.

Theorem 0.5 (Formal). With the assumptions of Theorem 0.2 and α > 0, TFAE :
(i) There exists C > 0 such that, if x ∈ ∂Ω and r > 0, then any positive solution u to

Lu = 0 in B(x, 2r) ∩ Ω with zero trace on B(x, 2r) ∩ ∂Ω satisfies
ˆ
B(x,r)∩Ω

∣∣∣∇ ln
( u

Dα

)∣∣∣2Dα dX ≤ Crd.

(ii) ∂Ω is uniformly rectifiable.
Ultimately, we managed to obtain a characterization of uniform rectifiability usingPDE in all dimensions and codimensions.

Theorem 0.6 (Informal). With the same assumptions as Theorem 0.4, TFAE :
(i) The length of the gradient of the “Green function with pole at infinity” is often almostconstant.
(ii) d ∈ N and ∂Ω is often almost flat.
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Theorem 0.6 (Formal). With the same assumptions as Theorem 0.4, TFAE :
(i) There exists C > 0 such that, if x ∈ E and r > 0, then any positive solution u to Lu = 0in B(x, 2r) ∩ Ω with zero trace on B(x, 2r) ∩ E satisfies

ˆ
B(x,r)

|∇|∇u||2
u2

Dd+4−n
α dX ≤ Crd.

(ii) d ∈ N and ∂Ω is uniformly rectifiable.
x

Theorem 0.7 (Informal). With the same assumptions as Theorem 0.5, TFAE :
(i) The gradient of the “Green function with pole at infinity” is often almost constant.
(ii) The length of the gradient of the “Green function with pole at infinity” is often almostconstant.
(iii) d ∈ N and ∂Ω is often almost flat.
Theorem 0.7 (Formal). With the same assumptions as Theorem 0.5, TFAE :
(i) There exists C > 0 such that, if x ∈ E and r > 0, then any positive solution u to Lu = 0in B(x, 2r) ∩ Ω with zero trace on B(x, 2r) ∩ ∂Ω satisfies

ˆ
B(x,r)∩Ω

|∇2u||2
u2

D3
α dX ≤ Crd.

(ii) Same as (i) but with the boundˆ
B(x,r)∩Ω

|∇|∇u||2
u2

D3
α dX ≤ Crd.

(iii) d ∈ N and ∂Ω is uniformly rectifiable.
References 4 : Theorem 0.4 is a result from [DFM23c], co-authored by Guy David, Svit-lana Mayboroda and myself . The adaptation to codimension 1, presented in Theorem0.5, was established by Linhan Li, Svitlana Mayboroda and myself in [FLM24]. The cha-racterizations provided in Theorems 0.6 and 0.7 appear in the article [FL23] written byLinhan Li and myself, and rely on an estimate on Dα proved by David, Engelstein, andMayboroda in [DEM21].
Question 5 :What comes next?
Answer 5 : In this introduction, I only highlighted a few key results from this memoir.A vast literature is dedicated to exploring all possible operators for which the ellipticmeasure is absolutely continuouswith respect to the surface or theHausdorffmeasure.I barely address these results in this introduction, although I have many results in thisdirection, particularly for boundaries ofmixed or high codimension (see [FMZ21, Fen22c,FP22, Fen22b, Fen24]). The absolute continuity of the elliptic measure is also closelyrelated to the solvability of the Lp Dirichlet problem, and I have studied other boundaryvalue problems, such as the regularity problem or the Neumann problem, in works like[DFM23a, DFM23b, Fen23, FL24].Finally, to emphasize the vastness of what remains unknown and yet to be explored,I have compiled a list of open questions in Chapter 5. Enjoy !
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Organization of the memoir

The memoir is organized as follows.The first chapter provides a thorough introduction to the geometric and analyticconcepts used throughout the work. We will introduce uniformly rectifiable sets andexplain what we mean by the solvability of the Dirichlet problem with Lp data. Thischapter will primarily serve as an overview of the state of the art before I began wor-king on the topics presented here, with minimal contributions from my own work. Incontrast, the subsequent chapters will focus onmy contributions, either original resultsor developments stemming from my work. I will conclude the chapter by outlining thedirection in which we want to extend the results, and by explaining why we need tohave a new elliptic theory is necessary to even makes sense to the generalization.The second chapter builds upon the elliptic theory developed in [DFM21] and [DFM20]for studying sets with high codimension of mixed dimension, and extends the elliptictheory by relaxing the connectedness condition on the domain. While the results pre-sented here are new, the hugemajority of the proofs are either identical or only slightlydifferent those found in [DFM21] and [DFM20]. For completeness, I gave in Subsection2.2.3 a proof of the equivalence between boundary Poincaré inequalities and capacity.As such, the elliptic theory presented here - unlike in [DFM21] and [DFM20] - incorpo-rates the elliptic theory based on capacity, as developed in [HKM93] 4.The third chapter presents my contributions to the Dirichlet boundary problemwhen the boundaries are of high ormixed codimension. We also include our new proofof the equivalence betweenA∞-absolute continuity of the elliptic measure and solvabi-lity of the Dirichlet problem inBMO, which works in the elliptic setting given in Chapter2. The fourth chapter presents my work on Green functions. In particular, we showhow a certain Carleson-type bound on the Green function imply uniform rectifiabilityof the boundary, and we provide a unified approach to all the known cases.The last chapter presents a list of openquestions that naturally follow frommywork,suggesting avenues for future research.
Where to find my results in the memoir?

Below is a table listing my research articles in chronological order, with referencesto the corresponding sections of the memoir. Let me point out that none of the articlesmentioned here are covered in my Ph.D. thesis.
[DFM21] The entire Chapter 2, together with [DFM20].[DFM19a] Section 3.4, an early version of Theorem 3.26 ;the entire Section 3.5, whose main result is Theorem 3.32.[DFM19b] Section 1.5, Proposition 1.55.[DFM20] The entire Chapter 2, together with [DFM21].[Fen22a] The entire Subsection 3.6.2, whose main result is 3.35.[Fen22c] Section 3.4, an intermediate version of Theorem 3.26 ;Section 4.1, Example 4.1.[FP22] Section 3.1, Theorem 3.11, (ii) ;Section 3.2, part of Theorem 3.19 ;

4. Actually, [HKM93] develop an elliptic theory around the p-Laplacian and p-capacity, while our elliptictheory only incorporate p = 2. Our theory is superior in the sense that it includes unbounded domains,and the study of Green functions, elliptic measure and comparison principle.
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Section 3.3, Theorem 3.23, first part.[DFM23c] Subsection 4.4.2, Theorem 4.31.[Fen22b] Subsection 1.2.2, Proposition 1.38 ;Section 3.4, Theorem 3.26 ;[DFM23a] Section 3.7, Theorem 3.40, (1).[DFM23b] Section 3.7, Theorem 3.41.[FLM24] Section 4.3, some cases of Theorems 4.20 and 4.23 ;Subsection 4.4.2, Theorem 4.32.[FL23] Section 4.2, some parts of Proposition 4.7 and Corollary 4.9 ;Subsection 4.4.2, Theorems 4.33 and 4.34.[Fen23] Section 1.3, Theorem 1.45, (1’) ;Section 3.7, Theorem 3.40, (2).[Fen24] Subsection 1.2.2, Theorem 1.36 (1’) ;Section 3.3, Theorem 3.23, second part.[FL24] Section 1.4, Proposition 1.50.
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1 - Definitions and history

In this chapter, we aim to introduce the reader to the state of the art prior to theauthor’s involvement with the topic. We do not intend to be exhaustive, as that wouldbe an immense task ; for example, we will not cover most qualitative results.

1.1 . Geometry and topology

1.1.1 . Qualitative geometry
Let us begin by discussing the concept of the dimension of a set. We will provide anoverview of the key definitions in this section, and for more in-depth discussions, thereader is referred to Chapter 2 of [Fal86] or Chapter 4 of [Mat95].It is well understood that a line is one-dimensional, a square is two-dimensional,and a cube is three-dimensional or higher. But what about sets E ⊂ Rn with morecomplicated geometries? For these, we turn to the Hausdorff dimension, the definitionof which we briefly recall here.

Definition 1.1 (Hausdorff Measure, Hausdorff Dimension). For any set U ⊂ Rn, wedefine the diameter of U as diam(U) := sup |x− y|, , x, y ∈ U .Now, let E ⊂ Rn and 0 ≤ s <∞. For δ > 0, we define the δ-Hausdorff measure of Eas
Hs

δ(E) := inf
∞∑
i=1

diam(Ui)
s,

where the infimum is taken over all countable collections of sets Ui
∞
i=1 such that

E ⊂
∞⋃
i=1

Ui and sup
i≥1

diam(Ui) ≤ δ.

The Hausdorff measure of E is then
Hs(E) := sup

δ→0
Hs

δ(E) = lim
δ→0

Hs
δ(E).

The Hausdorff dimension of E is defined as
dimHE := inf{s ≥ 0 : Hs(E) = 0}

with the convention that dimH ∅ = −∞.Alternatively, the Hausdorff dimension can also be defined using coverings by sphe-rical balls instead of arbitrary sets.
A set can have a fractional dimension. For example, the Koch snowflake, shown inFigure 1.1, is a fractal with fractional dimension. However, the reverse is not true : afractal set can have an integer dimension, such as the 4-corners Cantor set (shown inFigure 1.2), which has Hausdorff dimension 1.Calculating the Hausdorff measure of a set is often quite challenging, even for frac-tals. However, calculating the dimension is often more intuitive.
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Figure 1.1 – Koch snowflake

Figure 1.2 – 4-corners Cantor set

Even though both the 4-corners Cantor set and a smooth curve inR2 haveHausdorffdimension 1, they exhibit very different properties. The smooth curve has tangents atevery point and is connected, whereas the Cantor set is neither connected nor hastangents at any point. To distinguish these two behaviors, we introduce the notion ofrectifiability.
Definition 1.2. A set E ⊂ Rn is said to be d-rectifiable if dimH(E) = d and there existsa countable collection of continuously differentiable functions fi : Rd → Rn such that

Hd

(
E \

∞⋃
i=1

fi(Rd)

)
= 0. (1.1)

A set E ⊂ Rn is said to be purely unrectifiable if 0 < Hd(E) <∞ andHd(E ∩R) = 0for any rectifiable set R.
In this context, rectifiability and pure unrectifiability represent two extreme cases.Any set E can be decomposed as E = A ∪ B, where A is rectifiable and B is purelyunrectifiable.

Remarks 1.3. • Rectifiable sets have approximate tangents at almost every point.• In Definition 1.2, the functions fi can be taken to be Lipschitz functions rather thancontinuously differentiable.
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Figure 1.3 – The function x 7→ sin(1/x)

Figure 1.4 – Some Lego structures viewed as 2-dimensional sets in R3

• Rectifiability is essentially the simplest concept that contains the images of Lip-schitz functions and is stable under countable unions.• The 4-corners Cantor set (Figure 1.2) is purely unrectifiable.• The sets shown in Figures 1.3 and 1.4 are rectifiable.
Wenowhighlight a few theorems that are fundamental in geometricmeasure theoryand further illuminate the concept of rectifiability.

Theorem 1.4 (Besicovitch-Federer Projection Theorem, see [Bes39] in R2 and [Fed47]inRn). A setE is d-purely unrectifiable if, for almost every d-dimensional affine plane P , theprojection of E onto P has zeroHd-measure.
According to the above theorem, purely unrectifiable sets are “almost invisible",since they cast no significant shadow in almost every direction.Let us end the paragraph with a nice result, that can be found in for instance [Fal86,Theorem 3.14].

Theorem 1.5. If E ⊂ Rn is a compact connected set withH1(E) <∞, then E is rectifiable(and arcwise connected).
1.1.2 . Quantitative geometry

Take a look at Figures 1.5 and 1.6.In the first image, the Hausdorff dimension of the set is 1. However, if we look atit from a distance, it appears to be a flat surface, which would be more appropriately
21



Figure 1.5 – A planar mesh (S1)

Figure 1.6 – An infinite cylinder (S2)

modeled as a 2-dimensional plane. In the second image, we see the opposite : an in-finite cylinder with Hausdorff dimension 2, yet from a sufficient distance, it resemblesa 1-dimensional string. This illustrates that the Hausdorff dimension only captures thedimension at the smallest scale.One might naively assume there are only two dimensions : one at the small scaleand another at the large scale, as seen, for example, in Lie groups. However, this is notthe case. The next image combines the two previous examples : a Z2 mesh rolled up toform a cylinder.

Figure 1.7 – Rolled mesh (S3)
In this third case, the Hausdorff dimension is 1 at a very small scale, becomes 2 at anintermediate scale, and returns to 1 when viewed from afar. But the complexity doesn’tstop there. The cylinder could loop back, forming a part of an object that appears as aring from a distance, and as a dot—effectively a set with zero dimension—from evenfurther away. These varying dimensions are crucial because the properties of the solu-tion we want to study in the complement, around a point X ∈ Rn \ E will reflect thedimension of E seen from the viewpoint of X .
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For this reason, it is useful to focus on properties of E that are uniform—i.e., in-dependent of the position in Rn \ E from which we observe E. A set is “uniformly d-dimensional” if it satisfies the following property.
Definition 1.6 (Ahlfors regular). A closed set E is d-Ahlfors regular if there exists C > 0

C−1rd ≤ Hd(B(x, r) ∩ E) ≤ Crd for x ∈ E, r ∈ (0, diamE). (1.2)
More generally, a measure µ is d-Ahlfors regular if,

C−1rd ≤ σ(B(x, r)) ≤ Crd for x ∈ suppσ, r ∈ (0, diam suppσ). (1.3)
Remarks 1.7. • It is important to note that the Ahlfors regularity is quite distinct fromregularity in the sense of smoothness !• The 4 corners Cantor set (Figure 1.2) is 1-Ahlfors regular, as it is scale-invariant (upto harmless rotations).• The sets S1 and S2 (Figure 1.6) above are not Ahlfors regular. The set S3 (Figure 1.7)is actually Ahlfors regular, but with a very large constant. This reflects the fact thatthe dimension 1 is a bad dimension for the set at the intermediate scale.• The graph of x 7→ sin(1/x) (Figure 1.3) is not 1-Ahlfors regular, as visually, the graphof the function looks like a 2-dimensional object near {0} × [−1, 1].
Lemma 1.8. If a measure σ is d-Ahlfors regular, then supp(σ) is Ahlfors regular.
Proof. The result is well known, but let us give a proof for practice. Write E for supp(σ).We want to prove that, whenever σ is Ahlfors regular, there exists a constant C ′ suchthat for x ∈ ∂Ω and r ∈ (0, diamE), we have

C ′−1rd ≤ Hd(E ∩B(x, r)) ≤ C ′rd.

In one hand, by definition of the Hausdorff measure, for any ϵ > 0, we have a cover
{Bi}i∈I of E ∩ B(x, r) by balls of radius ri such that Hd(E ∩ B(x, r)) ≥ ∑

i∈I(ri)
d − ϵ.Consequently, using the Ahlfors regularity of σ,

C−1rd ≤ σ(E ∩ B(x, r)) ≤
∑
i∈I

σ(E ∩ Bi) ≤ C
∑
i∈I

(ri)
d ≤ CHd(E ∩ B(x, r)) + ϵ.

Since ϵ is as small as we want, we obtain C−2rd ≤ Hd(E ∩B(x, r)).In the other hand, take δ > 0. By Vitali’s covering lemma,we can take anon-overlappingsubcollection {Bi}i∈I of {B(y, δ/5)}y∈E∩B(x,r) such that {5Bi}i∈I covers E ∩B(x, r) andthus
Hd

δ(E ∩B(x, r)) ≤
∑
i∈I

δd ≤ C
∑
i∈I

σ(E ∩Bi) ≤ Cσ(E ∩B(x, 2r)) ≤ 2dC2rd.

Since the result is true for all δ > 0, we haveHd(E ∩B(x, r)) ≤ C ′rd as desired. □

The quantitative and scale invariant version of rectifiability is simply called uniformrectifiability and is introduced by David and Semmes in [DS91, DS93].
Definition 1.9 (uniform rectifiability). Let d ∈ N. A set E is d-uniformly rectifiable if Eis d-Ahlfors regular and there exists ϵ > 0 and M > 0 such that for any x ∈ E and
r ∈ (0, diamE), there exists aM -Lipschitz function fx,r : Rd 7→ Rn such that

Hd(E ∩B(x, r) ∩ fx,r(Rd)) ≥ ϵrd. (1.4)
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Figure 1.8 – The bottom right corner is a rescaling of the full picture.

Figure 1.9 – The unbounded set consisting of the succession of the boundary of Ek, where Ek isthe kth step of the construction of the 4 corners Cantor set.

Remarks 1.10. • The sets despicted in Figures 1.4 and 1.7 are uniformly rectifiable. Inconstrast, the ones in Figures 1.1, 1.2, 1.3, 1.5, 1.6 are not uniformly rectifiable.• The set in Figure 1.8 is uniformly rectifiable because, for any ball centered at theboundary, there is a cube within the ball whose side length is comparable to theradius of the ball.• The set shown in Figure 1.9 is rectifiable and 1-Ahlfors regular, but not uniformlyrectifiable. A bounded, rectifiable and 1-Ahlfors regular set can be obtained usingthe same strategy. The key is to have, for any k ∈ N, a rescaled version ofEk withinthe set.• The definition of uniform rectifiability has to be constrasted with that of purelyunrectifiability : there is a Lipschitz image (special case of rectifiable set) in whichthe set has a fair intersection.• Although the function fx,r might seem to capture only a small portion of E, sug-gesting that the rest is uncontrolled, this is not the case. Indeed, if y ∈ E∩B(x, r)\
fx,r(Rd), we can use the definition of uniform rectifiability at a smaller scale to saythat there is a Lipschitz image closer to y than fx,r(Rd). Roughly speaking, the pro-perty (1.4) captures 1% of the set E ∩ B(x, r), but using the property at a smallerscale will capture an extra 1% of the remaining ofE∩B(x, r). Iterating the processwill eventually capture all E ∩B(x, r).• The images of Lipschitz functions are, by definitions, uniformly rectifiable. Uniformrectifiability is the notion which encompasses images of Lipschitz functions andwhich is stable by locally finite unions.
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Uniformly rectifiable sets are those that can be well approximated by planes at al-most every point across most scales. Before we provide a precise definition, let’s firstintroduce some tools to measure the distance to planes. The β-numbers, introducedby Peter Jones in his work [Jon89], serve as a key tool for this purpose.
Definition 1.11 (Peter Jones’ β number). We let P be the collection of all affine d-planesin Rn. IfE is a d-Ahlfors regular set and q ∈ (0,∞), then we define βq on E× (0, diamE)as

βq(x, r) := inf
P∈P

(
r−d

ˆ
E∩B(x,r)

(dist(y, P )
r

)q
dHd(y)

) 1
q

.

Instead of using the Hausdorff measureHd in the definition of βq above, we could useany d-Ahlfors regular measure σ whose support is E. We also define
bβ∞(x, r) := inf

P∈P

(
sup

y∈E∩B(x,r)

dist(y, P )

r
+ sup

z∈P∩B(x,r)

dist(z, E)

r

)
.

An analogue of this tool for Ahlfors regular measures σ - in the sense that it alsopenalizes the oscillations of dσ/dHd - has been introduced by Tolsa in [Tol09]..
Definition 1.12 (Tolsa’s α number). We let F be the collection of all flat measures, thatis

F := {cHd
P , c > 0 and P ∈ P}.

If σ is a d-Ahlfors regular measure, then we define α on E × (0, diamE) as
α(x, r) :=

1

r
inf
µ∈F

sup
f∈Lip(x,r)

∣∣∣∣ˆ f dσ −
ˆ
f dµ

∣∣∣∣ ,
where Lip(x, r) is the space of 1-Lipschitz functions on Rn supported in B(x, r).

Using these tools, we can establish several characterizations of uniform rectifiability.These characterizations help capture the geometric structure of a set, revealing howclosely it can be approximated by planes at various scales.
Theorem 1.13 (David-Semmes, Tolsa). Let E be a d-Ahlfors regular set and let σ be anyAhlfors regular measure whose support equals E. We say that ν is a Carleson measure on
E × (0, diamE) if there exists C > 0 such that

sup
x∈E

sup
r∈(0,diamE)

r−d

ˆ r

0

ˆ
B(x,r)

dν ≤ C.

The following statements are equivalents :
(i) E is uniformly rectifiable,
(ii) given any q < 2d

d−2
(q ≤ ∞ if d = 1),

β2
q (x, t)

dσ(x) dt

t
is a Carleson measure on E × (0, diamE),

(iii) for all ϵ > 0,
1bβ∞(x,t)>ϵ

dσ(x) dt

t
is a Carleson measure on E × (0, diamE),
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(iv) α2(x, t)
dσ(x) dt

t
is a Carleson measure on E × (0, diamE).

Theorem 1.13 is a consequence of [DS91] and [Tol09], and gives a small taste of allthe known characterizations of uniform rectifiability. Many additional characterizationscan be found in the pioneer books [DS91] and [DS93] ; and let us give a special mentionto the David-Semmes conjecture :
Conjecture 1.14 (David-Semmes). Let n ∈ N and 0 < d < n. Let E be a d-Ahlfors regularset, and write σ for a Ahlfors regular measure on E. Then the following are equivalent :
(i) d ∈ N and E is uniformly rectifiable ;
(ii) the Riesz transformRσ defined as

Rσ(f)(x) := p.v.

ˆ
E

x− y

|x− y|d+1
f(y) dσ(y) (1.5)

is bounded on L2(σ).
The implication (i) =⇒ (ii) is true and is a special case of the theory developed byDavid and Semmes in [DS91]. The conjecture pertains to the converse. Twenty-five yearsafter it was made, Nazarov, Tolsa, and Volberg proved in [NTV14] the David-Semmesconjecture in the case when d = n− 1. The general case is still open.

1.1.3 . Quantitative topology
Let us now turn our focus on the domain of “observation”, denoted by Ω, where thesolution to our boundary value problem will exist. This domain will be either Rn \ E orone of its connected component. To simplify the notation, we use

δ∂Ω(X) := dist(X, ∂Ω) (1.6)
and

BX := B(X, dist∂Ω(X))/4. (1.7)
Our next assumption we introduce is the quantitative openness. The idea behindthis is as follows : we want to ensure that for any given point x and scale r, we can finda suitable location in the domainwherewe can “observe” the ballBE(x, r) := BRn(x, r)∩

E. If such a location exists, it is called a corkscrew point for x at scale r.
Definition 1.15 (corkscrew point). Let Ω ⊂ Rn. We say that Ω satisfies the corkscrewpoint condition if there exists ϵ ∈ (0, 1) such that, for any x ∈ ∂Ω and any r ∈ (0, diamΩ),there exists

X ∈ Ω ∩B(x, r) satisfying B(X, ϵ) ⊂ Ω. (1.8)
We call ϵ-corkscrew point for x at scale r any pointX satisfying (1.8) ; the ball B(X, ϵr)is called a corkscrew ball. If Ω satisfies the corkscrew point condition (with the constant
ϵΩ), we call corkscrew point (for x at scale r) any ϵΩ-corkscrew point (for x at scale r).Alternatively, a corkscrew point for a boundary ball ∆ = B(x, r) ∩ ∂Ω is a corkscrewpoint for x at scale r.

The next concept we need to introduce is quantitative connectedness. This notionallows us to connect corkscrew points withinΩ using paths that are both relatively shortand not too narrow.
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Figure 1.10 – On the left, the small ball is radius ϵr of corkscrew ball for x at scale r.On the right, a domain that does not satisfy the corkscrew point condition.
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Figure 1.11 – An example of Harnack chain between 2 points x and y
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Figure 1.12 – Two domains which do not satisfy the Harnack chain condition

Definition 1.16 (Harnack chain). Let Ω ⊂ Rn. We say that Ω satisfies the Harnack chaincondition if, for anyΛ > 0, there existsCΛ > 0 such that, for anyX, Y ∈ Ω satisfying |X−
Y | ≤ Λmin{δ∂Ω(X), δ∂Ω(Y )}, there exists N ≤ CΛ and a collection of points {Zi}0≤i≤Nsuch that Z0 = X , Zn = Y , and |Zi − Zi+1| ≤ δ∂Ω(Zi) for all 0 ≤ i ≤ N − 1.The collection {B(Zi, δ∂Ω(Zi)/2)}0≤i≤N is called a Harnack chain of balls linkingX to
Y .
Definition 1.17 (uniform). A domainΩ is uniform if it satisfies both the corkscrew pointcondition and the Harnack chain condition.

It is important to note that any Lipschitz domain, or any domain that lies abovea Lipschitz graph, is uniform. In fact, the understanding of uniform domains may beclearer when approached from their original definition.
Proposition 1.18. A domain Ω is uniform if and only if there exists C > 0 such that,for any X, Y ∈ Ω, there exists a smooth “cigar with bounded turning” curve linking Xto Y , that is to say a rectifiable curve γ : [0, 1] 7→ Ω such that γ(0) = X , γ(1) = Y ,
min{ℓγ(X, γ(t)), ℓγ(Y, γ(t))} ≤ Cδ∂Ω(γ(t)) for all t ∈ (0, 1) and ℓγ(X, Y ) ≤ C|X − Y |.Here ℓγ(A,B) denotes the length of the curve γ between the two points A and B.
Remark 1.19. As an immediate corollary of the proposition, one can observe that, if thedomain Ω is uniform, then we can actually choose CΛ = C log(Λ) in the Harnack chaincondition.
Proof. Proposition 1.18 is well known, although the authors cannot pinpoint the firsttime it was proved. One direction is a consequence of [DFM20, Proposition 2.18], andthe other one is fairly immediate. Several other characterizations of uniform domainsare provided in [V8̈8]. □

Note that the notion of uniform domain allows us to construct, for any boundarypoint x ∈ ∂Ω, connected “cones” with vertex at x. The coneswill give us non-tangentiallyaccess to the boundary, which means - with our extended metaphor - that any pointsin the boundary are “observable”. Those cones can be constructed as follows. Given
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x ∈ ∂Ω, we let the set of corkscrew points be
CP (x) := {X ∈ Ω, there exists r ∈ (0, diam ∂Ω)

such that X if a corkscrew point for x at scale r}.
Then for any couple X, Y ∈ CP (x), we take a smooth “cigar with bounded turning”curve γX,Y between X and Y as given by Proposition 1.18, the “cigar” set C(X, Y ) is
{Z ∈ Ω, ∃t ∈ [0, 1] : |Z − γ(t)| ≤ δ∂Ω(γ(t))/2}. And then the cones are

Γunif (x) :=
⋃

X,Y ∈CP (x)

C(X, Y ). (1.9)

This notion of cones is coherent with the one that we will introduce later, as we have :
Proposition 1.20. For a > 0 and x ∈ ∂Ω, we define

Γa(x) := {X ∈ Ω, |X − x| < (1 + a)δ∂Ω(X)}. (1.10)
If Ω is a uniform domain, then there exists 0 < α < β such that, for all x ∈ ∂Ω,

Γα(x) ⊂ Γunif (x) ⊂ Γβ(x).

Proof. Let ϵCP ∈ (0, 1) be the constant in the definition of corkscrew points, andCunif ≥
1 be the constant in Proposition 1.18. We choose α > 0 such that (1+α)−1 < ϵCP and wecheck that any point in Γα is a corkscrew point for x at scale |X − x|, which means that
Γα ⊂ CP (x) ⊂ Γunif . To get the reverse, let Z ∈ Γunif (x). So there exists X ∈ CP (x)and Y = γ(t) ∈ Ω such that
|Z − Y | ≤ δ∂Ω(Y )/2, |Y −X| ≤ ℓγ(X, Y ) ≤ Cunifδ∂Ω(Y ), and δ∂Ω(X) ≥ ϵCP |X − x|.

Observe that these three estimates imply
δ∂Ω(X) ≤ δ∂Ω(Y ) + ℓγ(X, Y ) ≤ (Cunif + 1)δ∂Ω(Y ) ≤ 2(Cunif + 1)δ∂Ω(Z)

and
|Z − x| ≤ |Z − Y |+ |Y −X|+ |X − x| ≤ 1

2
δ∂Ω(Y ) + Cunifδ∂Ω(Y ) + (ϵCP )

−1δ∂Ω(X).

The combination of these two inequalities easily gives |Z − x| < (1 + β)δ∂Ω(Z) for
1 + β = 2(1 + (ϵCP )

−1)(1 + Cunif ). The proposition follows. □

For our next definition and results, we combine the quantitative geometry and thequantitative topology.
Proposition 1.21. If d ∈ [0, n − 1) and E ⊂ Rn is d-Ahlfors regular, then Ω := Rn \ E isuniform.
Proof. Proposition 1.21 is the combination of Lemmas 2.2 and 11.6 in [DFM21]. □

Note that in the above proposition, d is not necessarily an integer.
Theorem 1.22 ([AHM+17]). If Ω ⊂ Rn is uniform and ∂Ω is (n − 1)-Ahlfors regular, thenthe following are equivalent :
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1. Rn \ Ω satisfies the corkscrew point condition.
2. ∂Ω is uniformly rectifiable.

We call Chord-Arc Domain (CAD for short) any domain satisfying the assumptions of theTheorem and either (1) or (2).
Remarks 1.23. • If ∂Ω is d-Ahlfors regular with d < n−1, thenRn \Ω is empty. Conse-quently, the above characterization of uniform rectifiability cannot be extended tothese cases.• In the case where Ω is the Koch snowflake, Ω is uniform, Rn \Ω satisfies the corks-crew point condition, and ∂Ω is Ahlfors regular (with some fractional dimension).However, Ω is not uniformly rectifiable.• The two previous remarks highlight that the theorem cannot be extended to Ahl-fors regular boundaries ∂Ω with dimension d ̸= n− 1.

Our final definition is the weak local John condition, which will be instrumental incharacterizing the solvability of the Dirichlet problem. Intuitively, this condition ensuresthat each point of the domain is well-connected to a significant portion of its nearbyboundary.
Definition 1.24 (weal local John). We say that a set Ω ⊂ Rn with (n− 1)-Ahlfors regularboundaries is weak local John if there exists C ≥ 1, Λ ≥ 8, and ϵ > 0 such that, for anypoint X ∈ Ω,

σ({y ∈ ∂Ω ∩ ΛBX , X and y are linked by a “cigar with bounded turning”)
σ(ΛBX)

≥ ϵ,

i.e., if EΛ,C,X is the set of points in ∂Ω ∩ ΛBX such that there exists a rectifiable curve
γ : [0, 1] → Ω such that γ(0) = y, γ(1) = X , ℓγ(y, γ(t)) ≤ Cδ∂Ω(γ(t)) for all t ∈ (0, 1), and
ℓγ(y,X) ≤ C|X − y|, then σ(EΛ,C,X)/σ(ΛBX) ≥ ϵ.

1.2 . The Dirichlet problem with Lp boundary data

The Dirichlet problem - or more specifically the Dirichlet boundary value problem- involves finding a solution to an equation with prescribed data on the boundary. Inthis memoir, we focus on uniformly elliptic operators, which are operators in the form
L = − divA∇ on Ω ⊂ Rn/ Here A = A(X) is a (Lebesgue) measurable n × n matrixfunction on Ω that satisfies the conditions

|A(X)ξ · ζ| ≤ C|ξ||ζ| for X ∈ Ω, ξ, ζ ∈ Rn (1.11)
and

A(X)ξ · ξ ≥ C−1|ξ|2 for X ∈ Ω, ξ ∈ Rn, (1.12)
where of course C > 0 is independent of X , ξ and ζ.We say that u is solution to Lu = f in Ω, where f ∈ L2

loc(Ω), when u ∈ W 1,2
loc (Ω) andˆ

Ω

A∇u · ∇φdX =

ˆ
Ω

fφ dX. (1.13)
One of the initial boundary value problems to examine is the Dirichlet problemwithcontinuous data. It is widely known (see [Wie24] in R2, [LSW63] in Rn) that :
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Theorem 1.25 (Wiener criterion). Let Ω ⊂ Rn be an open domain and L = − divA∇ bea uniformly elliptic operator. Then the following are equivalent :
(i) The continuous Dirichlet is solvable, that is, for any g ∈ C0

0(∂Ω), there is a unique
u ∈ W 1,2

loc (Ω) ∩ C0(Ω) such that u is a weak solution to Lu = 0 satisfying u|∂Ω = g and
limX∈Ω,X→∞ u(X) = 0.

(ii) Ω is Wiener regular, i.e., for all x ∈ ∂Ω,
ˆ 1

0

Cap(B(x, r) \ Ω, B(x, 2r))

rn−1
dr <∞.

The concept of capacity will not be introduced here, as it is not pertinent to ourcurrent discussion and will be covered in the next chapter (Definition 2.38). However, itis worth noting that domainswith (n−1)-Ahlfors regular boundaries areWiener regular.
The next step is to move beyond continuous boundary data and explore the sol-vability of the Dirichlet problem with data in spaces such as Lp. Since the extensionof discontinuous boundary data cannot be continuous on Ω anymore, it is more chal-lenging to define u = g on ∂Ω. To address this, we need the notion of non-tangentialconvergence,which involves (generalized) cones inΩwith vertex atx ∈ ∂Ω as previouslydefined in (1.10), i.e.

Γα(x) := {X ∈ Ω, |X − x| < (1 + α)δ∂Ω(X)},

where δ∂Ω := dist(X, ∂Ω). The non-tangential maximal function Na is
Nα(u)(x) := sup

Γα(x)

|u|, for u ∈ L∞
loc(Ω) and x ∈ ∂Ω,

and the square function is
Sα(u)(x) :=

ˆ
Γα(x)

δ∂Ω|∇u|2 dX, for u ∈ W 1,2
loc (Ω) and x ∈ ∂Ω.

The parameter α will play little role in our theory, as we have the equivalence
∥Nα(u)∥Lp(∂Ω,σ) ≤ Cα,β∥Nβ(u)∥Lp(∂Ω,σ) and ∥Sα(u)∥Lp(∂Ω,σ) ≤ Cα,β∥Sβ(u)∥Lp(∂Ω,σ)

whenever α, β > 0, with a constant independent of the function u (see for instance[SM93]). Consequently, we writeN and S forN1 and S1 respectively, and the parameter
α is needed solely for intermediate computations. It will be also useful to introduce theaveraged non-tangential maximal function Ñα,c as

Ñα,c(u) := sup
X∈Γα(x)

(  
B(X,cδ∂Ω)

|u|2 dX
) 1

2
,

Note that we also have
∥Ñα,c(u)∥Lp(∂Ω,σ) ≤ Cα,β,c,c′ |Ñβ,c′(u)∥Lp(∂Ω,σ)

whenever α, β > 0 and c, c′ ∈ (0, 1) ; see [MPT23]. As such, we write Ñ for Ñ1,1/4 and theparameter c will also only be used in proofs.
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Definition 1.26 (Lp Dirichlet problem). Let Ω ⊂ Rn be an open (possibly unbounded)domain with (n−1)-Ahlfors regular boundaries and L = − divA∇ is a uniformly ellipticoperator onΩ. We say that theLp Dirichlet problem is solvable if there existsC > 0 suchthat, for any g ∈ C∞
0 (Rn), the solution u ∈ W 1,2

loc (Ω) ∩ C0(Ω) to the continuous Dirichletproblem satisfies
∥N(u)∥Lp(∂Ω,σ) ≤ C∥g∥Lp(∂Ω,σ),

where we remind the reader that σ is any Ahlfors regular measure on ∂Ω.
1.2.1 . Equivalent characterizations of the solvability of the Lp Dirichlet problem.

Ellipticmeasures andGreen functions are fundamental tools for solving theDirichletproblem. The precise definitions and properties of these tools are provided in themoregeneral framework developed in Chapter 2. Therefore, wewill only give a brief overviewhere. Assuming that our domain Ω ⊂ Rn has (n − 1)-Ahlfors regular boundaries and
L = − divA∇ is a uniformly elliptic operator on Ω, the elliptic measure 1 is the toolused to solve the Dirichlet problem. Specifically, the elliptic measure ωL := {ωX

L }X∈Ω isa collection of probability measures such that, for any g ∈ C0
0(∂Ω), the function definedfor all X ∈ Ω as

ug,0(X) :=

ˆ
∂Ω

g(y)dωX
L (y)

is the solution to the continuous Dirichlet problem Lu = 0 with boundary data g. TheGreen function GL : Ω × Ω → R is used to solve inhomegenous equations. In fact, forany f ∈ C∞
0 (Ω), the function defined for all X ∈ Ω as

u0,f (X) :=

ˆ
Ω

GL(X, Y )f(Y ) dX (1.14)
is the solution to the continuous Dirichlet problem Lu = f with boundary data 0.The solvability of the Lp Dirichlet problem can be characterized using the ellipticmeasure and the Green function. Here is an example of the existing equivalences.
Theorem 1.27. Let Ω ⊂ Rn with (n − 1)-Ahlfors regular boundaries and satisfying thecorkscrew point condition, let L := − divA∇ be a uniformly elliptic operator on Ω, and let
p ∈ (1,∞). Then the following are equivalent.
(i) The Lp-Dirichlet problem is solvable (for the operator L in the domain Ω).
(ii) The ellipticmeasureωL is absolutely continuouswith respect to σ and there areΛ, C ≥ 2such that the Poisson kernel kXL := dωX

L /dσ satisfies the reverse Hölder bound( 
B(x,Λr)

|kXL |p′dσ
) 1

p′

≤ C

σ(B(x, r))

for all x ∈ ∂Ω, r ∈ (0, diam ∂Ω/2), X ∈ Ω ∩ {δ∂Ω ≥ r/Λ}.
(iii) The Green function satisfies the bound

∥Ñ(∇GL(X, .)110BX\BX
)∥Lp(∂Ω,σ) ≤ Cδ

(1−n)/p′

∂Ω (X),

where BX := B(X, δ∂Ω(X)/4) and C is independent of X .
1. The elliptic measure is called harmonic measure in the case where L is the Laplacian.
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(iv) For any f ∈ C∞
0 (Ω), the solution u0,f constructed as in (1.14) verifies

∥Ñ(u0,f )∥Lp(∂Ω,σ) ≤ C∥Ã1(δ2∂Ωf)∥Lp(∂Ω,σ),

where Ã1(h)(x) :=
´
γ(x)

(supBX
h) dX/δn∂Ω, and C is of course independent of f .

Proof. The equivalence (i) ⇐⇒ (ii) is found as Theorem 9.2 in [MT24], while (i) ⇐⇒
(iii) ⇐⇒ (iv) is a slight variant of Theorem 1.22 in [MPT23] (partial results are foundin [KP95]).The idea here is to see that the solvability of theLp-Dirichlet problem is equivalent toa condition on the elliptic measure [condition (ii)]. At the same time, theLp solvability ofthe Dirichlet problem is equivalent to theLp solvability of the inhomogeneous “Poisson-Dirichlet” problem [condition (iv)], which can be characterized by a bound on the Greenfunction [condition (iii)]. Many similar characterizations exist, and we refer to [MPT23]for the extended literature on the topic. □

Corollary 1.28. Let Ω ⊂ Rn with (n − 1)-Ahlfors regular boundaries and satisfying thecorkscrew point condition, let L := − divA∇ be a uniformly elliptic operator on Ω. If the Lp

Dirichlet problem is solvable for some p ∈ (1,∞), then there exists ϵ > 0 such that the Lq

Dirichlet problem is solvable for all q ∈ (p− ϵ,∞).
Proof. The characterization (ii) in Theorem 1.27 is a reverse-Hölder estimate on the Pois-son kernel, so solvability of the Lp Dirichlet problem immediately implies the one ofthe Lq Dirichlet problem for q ∈ (p,∞). The Lq solvability in the range q ∈ (p− ϵ, p) is aconsequence of the well known fact that reverse Hölder estimates self-improve ([Gia83,Proposition 1.1]). □

In many instances, the question is not whether the Lp Dirichlet problem is solvablefor a specific p, but rather whether it is solvable for some (large) p ∈ (1,∞). Even in thesimplest case where p = 2, a necessary and sufficient condition on the boundary for thesolvability of the L2 Dirichlet problem remains unknown. While a sufficient conditionis known - specifically, that Ω is Lipschitz and L = −∆ - extending beyond Lipschitzboundaries to uniformly rectifiable sets only ensures the solvability of the Lp Dirichletproblem for some p ∈ (1,∞).
Theorem 1.29. Let Ω ⊂ Rn with (n − 1)-Ahlfors regular boundaries and satisfying thecorkscrew point condition, and let L := − divA∇ be a uniformly elliptic operator on Ω. Thefollowing are equivalent :
(i) The Lp Dirichlet problem is solvable for some p ∈ (1,∞).
(ii) The elliptic measure is weak A∞-absolutely continuous with respect to the Ahlfors re-gular measure, meaning that there are positive constants C and s such that, for everyball B centered on ∂Ω with associated boundary ball ∆ := B ∩ ∂Ω,

ωX(E) ≤ C

(
σ(E)

σ(∆)

)s

ωX(2∆) for all X ∈ Ω\4B and for all Borel E ⊂ ∆. (1.15)

If, in addition, we assume that Ω satisfies the Harnack chain condition - hence is uniform -then the above statements are equivalent to :
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(ii’) The elliptic measure is A∞-absolutely continuous with respect to the Ahlfors regularmeasure, meaning that there are positive constants C, s such that, for every ball Bcentered on ∂Ω with associated boundary ball ∆ := B ∩ ∂Ω,
ωX(E) ≤ C

(
σ(E)

σ(∆)

)s

ωX(∆) for all X ∈ Ω \ 4B and for all Borel E ⊂ ∆. (1.16)
(iii) The Dirichlet problem is solvable in BMO, i.e. there exists C > 0 such that, for any

g ∈ C0
0(∂Ω), the solution ug,0 to the continuous Dirichlet problem satisfies, for any ball

B centered on ∂Ω with associated boundary ball ∆,
ˆ
Ω∩B

δ∂Ω|∇u|2 dX ≤ C∥g∥BMO(σ)σ(∆). (1.17)
(iv) The solutions to Lu = 0 satisfy a Carleson measure estimate, i.e. there exists C > 0such that, for any bounded solution to Lu = 0 in Ω, any ball B centered on ∂Ω withassociated boundary ball ∆,

ˆ
Ω∩B

δ∂Ω|∇u|2 dX ≤ C∥u∥L∞(Ω)σ(∆). (1.18)
(v) For any ϵ ∈ (0, 1), bounded solutions to Lu = 0 in Ω are ϵ-approximable, i.e. thereexists a constant Cϵ > 0 and a function Φϵ such that

(a) ∥u− Φϵ∥L∞(Ω) ≤ ϵ∥u∥L∞(Ω),(b) Φϵ satisfies the L1-type Carleson measure estimate,
ˆ
Ω∩B

|∇Φϵ| dX ≤ Cϵ∥u∥L∞(Ω)σ(∆),

where B is any ball centered on ∂Ω and ∆ := B ∩ ∂Ω as usual,
(c) ∥δ∂Ω∇Φ∥L∞(Ω) ≤ Cϵ∥u∥L∞(Ω),(d) there exists ϕ ∈ L∞(∂Ω) such that

lim
X→x

X∈γ(x)

Φϵ(X) = φ(x) for σ-a.e. x ∈ ∂Ω.

Proof. The proof of (iii) =⇒ (ii) =⇒ (i) can be found in [HL18], while (ii′) ⇐⇒ (iii)is in [DKP11] and (i) =⇒ (ii) is [Hof19, Proposition 2]. The equivalence between (ii)and (ii′) is a consequence of the doubling property of the elliptic measure when Ωis uniform, which can be found in [CFMS81, Theorem 2.3] (for Lipschitz domains) and[Ken94, Corollary 1.3.6] . The implication (ii′) =⇒ (iv) is easier than (ii′) =⇒ (iii), sowe can refer to [HL18] and [DKP11], or to the [FP22] which deals with the situation in amore general setting. The inverse (iv) =⇒ (ii′) requires thatΩ is uniformand is provedin [KKPT16] (when Ω is Lipschitz) and [CHMT20, Theorem 1.1]. Finally, (ii′) ⇐⇒ (v)is established in [BPTT24], see also [Dah80, KKPT00, HKMP15b, HMM16, GMT18, BT19,HT20, Gar22] for previous works on ϵ-approximability.Let us alsomention [CHPM24] for some nice equivalences involving weaker versionsof (ii) and (iv) when we do not assume that Ω is uniform. □

With these characterizations established, let us proceed to examine explicit scena-rios where the Dirichlet problem is solvable in Lp.
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1.2.2 . Positive results on the solvability of the Dirichlet problem.
We will present here a non-exhaustive collection of cases where the Lp-Dirichletproblem is solvable.

Theorem 1.30. Let Ω0 := {(x, t) ∈ Rn−1 × (0,∞)}, and let L := − divA∇ be a uniformlyelliptic operator on Ω0 with coefficients independent of t, i.e. A(x, t) = A(x). Then thereexists a p ∈ (1,∞) such that the Lp Dirichlet problem is solvable for the operator L.If A is symmetric, then the L2 Dirichlet problem is solvable.
Proof. The symmetric case was proved in [JK81a], the non-symmetric case in R2 is in[KKPT00], and the non-symmetric case in Rn was left open for a long time before beingsolved in [HKMP15b].Many other important results were proved in the case of complex coefficients, orfor systems (e.g. [AAH08, AAM10, AAA+11]), but we will not present them here since it isnot the direction that interests us. □

As a corollary, we can solve the Dirichlet problem in Lipschitz domains.
Corollary 1.31. Let Ω be a bounded Lipschitz domain, or a special Lipschitz domain - i.e. Ωis above the graph of a Lipschitz function. Then the Dirichlet problem is solvable in L2 forthe Laplacian.
Proof. This result, which is actually anterior to the theorem, is due toDahlberg in [Dah77],and is often considered as the pioneer work in the area . □

If the operator is the Laplacian, how much can we weaken the assumptions on thedomain? After decades of research and successive improvements, an optimal conditionwas finally identified in the late 2010s.
Theorem 1.32. LetΩ ⊂ Rn be a domain with (n−1)-Ahlfors regular boundaries and whichsatisfies the corkscrew point condition. Then the following are equivalent :
(i) There is a p ∈ (1,∞) such that Lp Dirichlet problem is solvable for the Laplacian.
(ii) The harmonic measure is weak A∞-absolutely continuous with respect to the Ahlforsregular measure.
(iii) ∂Ω is uniformly rectifiable and Ω is weak local John.
Proof. (i) ⇐⇒ (ii) is Theorem 1.29, and the equivalence of (i) − (ii) to (iii) is themain result of [AHM+20]. The proof of the fact that the weak-A∞ absolute continuityof the harmonic measure implies uniformly rectifiable is in [HLMN17]. Similar resultsassuming more a priori conditions include [DJ90, HM14, HMUT14, Azz21]. □

Remark 1.33. Corollary 1.31 deals with the solvability for the Laplacian of the Dirichletproblem in L2, while Theorem 1.32 deals with the solvability of the Dirichlet problemin Lp for some p ∈ (1,∞). Currently, we do not know what are the optimal conditionsfor the solvability of the Dirichlet problem in L2, but people knew early on that, for any
p ∈ (1,∞), there is a uniform domain with uniformly rectifiable boundaries such thatthe Lp Dirichlet problem for the Laplacian is not solvable, see [Jer83].

If we are interested in the other characterizations in Theorem 1.29, we have :
Theorem 1.34. LetΩ ⊂ Rn be a domain with (n−1)-Ahlfors regular boundaries and whichsatisfies the corkscrew point condition. Then the following are equivalent :
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(i) ∂Ω is uniformly rectifiable.
(ii) The bounded harmonic functions satisfy the Carleson estimate (1.18).
(iii) Bounded harmonic functions are ϵ-approximable.
Proof. (i) =⇒ (ii), (iii) is [HMM16, Theorems 1.1 and 1.3] and (ii), (iii) =⇒ (i) is [GMT18,Theorem 1.1] □

Theorem 1.35. Let Ω ⊂ Rn be a domain with (n− 1)-Ahlfors regular boundaries and thatsatisfies the corkscrew point condition. Then the following are equivalent :
(i) The harmonicmeasure isA∞-absolutely continuouswith respect to the surfacemeasure

σ.
(ii) ∂Ω is uniformly rectifiable andΩ is semi-uniform, meaning that there existsC ≥ 1 suchthat, for any point X ∈ Ω and y ∈ ∂Ω, X and y are linked by a “cigar with boundedturning”, more precisely there exists a rectifiable curve γ : [0, 1] → Ω such that γ(0) = y,

γ(1) = X , ℓγ(y, γ(t)) ≤ Cδ∂Ω(γ(t)) for all t ∈ (0, 1), and ℓγ(y,X) ≤ C|X − y|.
Proof. A more general version of this result is found in [Azz21]. In particular, [Azz21]shows that the harmonic measure is doubling if and only if Ω is semi-uniform. □

Researchers have also explored the flexibility of the coefficients of the operator L,specifically investigating whichmodifications to these coefficients preserve the solvabi-lity of the Lp Dirichlet problem. It is important to note that if we consider all uniformlyelliptic operators, even in the half-space Rn
+, there exist counterexamples. Indeed, wecan find uniformly elliptic operators L := − divA∇ on Rn

+ for which the Lp Dirichletproblem is not solvable for any of the p ∈ (1,∞) ; see for instance [MM81, CFK81].Therefore, the goal is to identify conditions on the coefficients of our operators thatensure the solvability of the Lp Dirichlet problem when the Laplacian is solvable. Fordomains without a privileged direction, these conditions involve Carleson measures.For convenience, we will denote that f ∈ CMσ - or CMσ(M) when highlighting theconstant - when the function f on Ω satisfies the smallness condition
ˆ
Ω∩B

|f |2dX
δ∂Ω

≤Mσ(∆) for all ball B centered on ∂Ω, ∆ := B ∩ ∂Ω.
This condition is not new for the reader, as it appears in (1.17) as

δ∂Ω|∇ug,0| ∈ CMσ(C∥g∥BMO(σ)),

and in (1.18) as
δ∂Ω|∇u| ∈ CMσ(C∥u∥L∞(Ω)).

The Lp Dirichlet problem is stable under Carleson perturbations.
Theorem 1.36. Let Ω ⊂ Rn be a uniform domain with (n− 1)-Ahlfors regular boundaries.Assume that L0 := − divA0∇ and L1 := − divA1∇ are two uniformly elliptic operators,and there is a p ∈ (1,∞) such that the Lp Dirichlet problem is solvable for L0.
(1) If X → supBX

|A0 − A1| ∈ CMσ, then there is a r ∈ (1,∞) such that the Lr Dirichletproblem is solvable for L1.
(1’) If |A0 − A1| ∈ CMσ and δ∂Ω|∇Ai| ∈ L∞(Ω) for either i = 0 or i = 1, then there is a

r ∈ (1,∞) such that the Lr Dirichlet problem is solvable for L1.
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(2) There is a ϵ = ϵ(Ω, L0, p) > 0 such that if X → supBX
|A0 − A1| ∈ CMσ(ϵ), then the Lp

Dirichlet problem is also solvable for L1.
Here we remind the reader that BX := B(X, δ∂Ω(X)/4).
Proof. On smooth domains, (1) and (2) are proved in [FKP91], and weaker notions ofCarleson perturbations can be found in the earlier works [FJK84, Dah86, Fef89]. It wasthen generalized for weaker geometry in [MT10, MPT, CHM19, CHMT20]. The variant (1’)is showed by the author in [Fen24].We could have a (2’) in the same spirit as (1’) but for small perturbations. Moreover,(2) would stay true if we do not assume that Ω is uniform (but only that Ω satisfies thecorkscrew point condition). However, as far as the author knows, none of those twofacts are written anywhere. □

In Theorem 1.32, we can replace the Laplacian by a more general class of operatorscalled DKP operators (for Dahlberg-Kenig-Pipher).
Theorem 1.37. Let Ω ⊂ Rn be a uniform domain with (n− 1)-Ahlfors regular boundaries,and let L := − divA∇ be a uniformly elliptic operator whose coefficients satisfy δ∂Ω|∇A| ∈
L∞(Ω) ∩ CMσ. Then the following are equivalent :
(i) There is a p ∈ (1,∞) such that the Lp Dirichlet problem for L is solvable.
(ii) The elliptic measure ωL is A∞-absolutely continuous with respect to the Ahlfors regularmeasure.
(iii) ∂Ω is uniformly rectifiable.
Note that this equivalence is compatible with Theorem 1.36, and we can thus enlarge theclass of operators for which the equivalence holds.
Proof. (i) ⇐⇒ (ii) is again proved by Theorem 1.29. (iii) =⇒ (ii) is a combination of[KP01], which treats the case of Lipschitz domains, that then either [DJ90] or [HMM24],which says that the bound (1.18) is transferred to a CAD as long as it holds for everyLipschitz subdomain. The last implication (ii) =⇒ (iii) is the purpose of [HMM+21]. □

Note that Theorem 1.37 requires Ω to a priori be uniform, unlike Theorem 1.32. It isconjectured that a more refined version of Theorem 1.37 exists, where we only assumethatΩ satisfies the corkscrew point condition and where we deduce thatΩ is weak localJohn from the weak-A∞-absolute continuity of the elliptic measure. Many researchershave attempted to prove this, but to the author’s knowledge, no one has succeededyet.
To conclude this section, we highlight a recent result by the author that, undercertain conditions, allows us to view DKP operators as Carleson perturbations (see[Fen22b]).

Proposition 1.38. Let Ω = Rn
+ and let L := − divA∇ be a uniformly elliptic operator thatsatisfies the DKP condition δ|∇A| ∈ CMσ(M). Then there exists a bi-Lipschitz change ofvariable ρ that fixes Rn−1 such that the conjugate Lρ := − divAρ∇ of L by ρ satisfies

Aρ =

[
B1 B2

0 1

]
+ Cρ (1.19)

with δ|∇B1| + δ|∇B1| + |Cρ| ∈ CMσ(CM). The bi-Lipschitz constants of ρ depend only onthe elliptic and boundedness constants of L.
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Assume that A is written
A :=

[
A1 A2

A3 a4

]
.

Then we can choose
B1 = a4A1 − A3A2 and B2 = A2 − AT

3 . (1.20)
Note that L∗

0(t) = 0 whenever L0 = − divA0∇ and A0 has the form
A0 =

[
A0,1 A0,2

0 1

]
By showing that t is a “Green function with pole at infinity” and by comparing Greenfunctions and elliptic measure, it is not too hard to demonstrate that the Lp Dirichletproblem for L0 is solvable for any p ∈ (1,∞). One can readily verify that any statementin Theorem 1.29 remains stable under a bi-Lipschitz change of variables. Consequently,by combining Proposition 1.38 and Theorem 1.36 (1), we can establish that the Lp Diri-chlet problem for DKP operators on Ω = Rn

+ is always solvable for a sufficiently large
p ∈ (1,∞).Furthermore, if we consider small Carleson perturbations instead of large ones, wecan combine Proposition 1.38 and Theorem 1.36 (2) to obtain the following result foroperators with a “small DKP constant", originally proved in [DPP07] :
Theorem 1.39. Let Ω0 := {(x, t) ∈ Rn−1 × (0,∞)}, let L := − divA∇ be a uniformlyelliptic operator, and let p ∈ (1,∞). There exists ϵ depending on p and the elliptic constantsof L such that if t|∇A| ∈ CMσ(ϵ), then the Lp Dirichlet problem for L is solvable.

1.3 . The Lp regularity problem

The regularity problem is the natural follow up to the Dirichlet problem : insteadof solving the Dirichlet problem with Lp boundary data, we aim to solve it with W 1,p

boundary data. To study the regularity problem beyond Lipschitz domains, we need adefinition of W 1,p(∂Ω) that applies to potentially very rough boundaries, ideally up to
Ω-Ahlfors regular boundaries.For this purpose, we will employ the concept of the Hajłasz gradient, which can bedefined on anymetric measure space since it relies on the notion of Lipschitz functions.The Hajłasz gradient was introduced in [Haj96] and was first applied to the study of theregularity problem in [MT24].
Definition 1.40. (Hajłasz upper gradient) If g is a Borel function on a metric measurespace (Σ, d,m), then h is a Haȷlasz upper gradient of g if h is a positive Borel measurablefunction and

|g(x)− g(y)| ≤ d(x, y)
h(x) + h(y)

2
form-a.e. x, y ∈ Σ.

Let D(g) be the collection of Hajłasz upper gradient of g, and we define the norm
∥g∥Ẇ 1,p(Σ,m) := inf

h∈D(g)
∥h∥Lp(Σ,m).

When p ∈ (1,∞), due to the uniform convexity of Lp(Σ,m), there exists a unique func-tion hg that reaches the infimum infh∈D(g) ∥h∥Lp(Σ,m), and we write∇H,pg for hg.
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We always have ∇H,pg ≥ |∇g|, indicating that the Hajłasz gradient is always largerthan the classical gradient, if the later exists. If Σ is uniformly rectifiable, and ∇tg de-notes the “classical” notion of gradient (obtained by approximating the sets by tangentplanes - which exist σ-almost everywhere, and taking the gradient on those tangentplanes), then ∥∇H,pg∥p and ∥∇tg∥p are equivalentwheneverΣ supports a (1, p)-Poincaréinequality on balls ; see for instance Lemma 1.3 in [MT24]. We will not delve further intothis question, but it is important to note that the two notions of gradients on the boun-dary are equivalent when Ω = Rn
+ or Ω is Lipschitz. Therefore, in such scenarios, we willsimply write∇ instead of∇H,p or∇t.

The Hajłasz gradient is indeed the natural gradient to use for boundary values pro-blems, especially when the domain is uniform, as showed by the next proposition.
Proposition 1.41. Let Ω be a uniform domain with (n−1)-Ahlfors regular boundaries, andlet L be a uniformly elliptic operator. The solution ug denotes the solution to the continuousDirichlet problem (Lu = 0) with data g ∈ C0

0(∂Ω).Then there existK ≥ 1 andα > 0 such that, for any g ∈ C0
0(∂Ω), the quantityKÑα(∇ug)is a Hajłasz upper gradient of g. Consequently, for p ∈ (1,∞), we necessarily have

∥Ñ(∇ug)(x)∥Lp(∂Ω,σ) ≥ C−1∥∇H,pg∥Lp(∂Ω,σ)

with a constant C independent of g.
Proof. Let x, y ∈ ∂Ω. Since Ω is uniform, it satisfies the corkscrew point condition withthe constant ϵΩ. So we can find Z ∈ Ω which is a ϵΩ-corkscrew point to both x and y atscale 2|x− y|.Let uswrite vg(X) for ffl

BX
u dX , wherewe remind the reader thatBX := B(X, δ∂Ω(X)/4).We have

|ug(x)− ug(y)| = |ug(x)− vg(Z)|+ |ug(y)− vg(Z)|
so the proposition will be proven once we show that
|ug(x)− vg(Z)| ≤ K|x− Z|Ñα(∇ug)(x) and |ug(y)− vg(Z)| ≤ K|y − Z|Ñα(∇ug)(y)(1.21)for someK ≥ 1, α > 0.By symmetry of the roles of x and y, we just need to prove the first part of (1.21).By the corkscrew point condition, we can take an infinite collection {Ai}i∈N such that
A0 = Z and Ai is a corkscrew point for x at scale 21−i|x − y|. By the Harnack chaincondition, we can find N such that two successive corkscrew points are linked by aHarnack chain of length at most N . Altogether, we can find α, K ′ (that both dependonly on the corkscrewpoint andHarnack chain constants ofΩ) and a sequence of points
{Zi}i∈N in Ω such that
i. Z0 = Z and limi→∞ Zi = x ;
ii. for each i ∈ N, |Zi − Zi+1| ≤ 1

4
min{δ∂Ω(Zi), δ∂Ω(Zi+1)}, in particular δ∂Ω(Zi) ≈

δ∂Ω(Zi+1) ;
iii. for each j ∈ N,∑i≥j δ∂Ω(Zi) ≤ K ′δ∂Ω(Zj) ;
iv. Zi ∈ Γα(x) for all i ∈ N.
The proof of this fact is just a variant of Proposition 1.18.
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With those intermediate points in hand, and since limX→x v(X) = u(x), we have
|ug(x)− vg(Z)| ≤

∑
i∈N

|vg(Zi)− vg(Zi+1)|.

But note that, by construction, |BZi
|, |BZi+1

| and |BZi
∩ BZi+1

| have a comparable size,so the Poincaré inequality entails that
|vg(Zi)− vg(Zi+1)| ≤

∣∣∣ 
BZi

∩BZi+1

u dY − v(Zi)
∣∣∣+ ∣∣∣  

BZi
∩BZi+1

u dY − v(Zi+1)
∣∣∣

≤ C

( 
BZi

|u− vZi
| dY +

 
BZi+1

|u− vZi+1
| dY

)

≤ C

(
δ∂Ω(Zi)

 
BZi

|∇u| dY + δ∂Ω(Zi+1)

 
BZi+1

|∇u| dY
)

≤ Cδ∂Ω(Zi)Ñα(∇u)(x).
by the properties ii. and iv. of the collection {Zi}i∈N. Summing over i ∈ N entails
|ug(x)− vg(Z)| ≤ CÑα(∇u)(x)

∑
i∈N

δ∂Ω(Zi) ≤ Cδ∂Ω(Z)Ñα(∇u)(x) ≤ C|x−Z|Ñα(∇u)(x),

where we successively use the property iii. of the {Zi}i∈N and the fact that Z is a corks-crew point. The proposition follows. □

We are ready for the definition of the Lp regularity problem.
Definition 1.42 (Lp regularity problem). Let Ω be a domain with (n− 1)-Ahlfors regularboundaries and let L := − divA∇ be a uniformly elliptic operator. Then we say that the
Lp-regularity problem is solvable if there exists C > 0 such that, for any g ∈ C∞

0 (Rn),the solution u ∈ W 1,2(Ω) ∩ C0(Ω) to the continuous Dirichlet problem satisfies
∥Ñ(∇u)∥Lp(∂Ω,σ) ≤ C∥∇H,pg∥Lp(∂Ω,σ).

In the sequel, we will write (Dp)L and (Rp)L to say that the Lp- Dirichlet and regularity(respectively) problems are solvable.
Proposition 1.43. Let Ω ⊂ Rn be a domain with (n − 1)-Ahlfors regular boundaries andsatisfying the corkscrew point condition. Let L := − divA∇ be a uniformly elliptic operator,and write L∗ for its adjoint. Let p, q ∈ (1,∞) and write p′, q′ for their Hölder conjugate.
(1) (Rp)L =⇒ (Dq′ )L∗ for all q ∈ (p′ − ϵ,∞) and some ϵ > 0 ;
(2) (Rp)L =⇒ (Rq)L for all q ∈ (1, p) ;
(3) if Ω is uniform, (Rp)L + (Dq)L∗ =⇒ (Rq)L.
Proof. Conclusion 1 is [MT24, Theorem A.2, Remark 9.3], see [KP93] for an earlier ver-sion in smooth domains. Conclusion 2 is [GMT25, Theorem 1.3], with weaker results in[MT24], [DK12] and [Ken94]. The main result from [She07] shows conclusion 3 in Lip-schitz domains, but the proof immediately extends to uniform domains. One can pro-bably remove the condition that Ω is uniform by combining the proofs of [She07] and[GMT25, Theorem 1.6], but I don’t think that the result is written anywhere. Finally, thecited articles limit themselves to Ω ⊂ Rn, n ≥ 3, but the arguments extend easily to
Ω ⊂ R2. □

The best results on the Lp-regularity problem to date are :
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Theorem 1.44. Let Ω0 := {(x, t) ∈ Rn−1 × (0,∞)}, and let L := − divA∇ be a uniformlyelliptic operator on Ω0 with coefficients independent of t, i.e. A(x, t) = A(x). Then thereexists a p ∈ (1,∞) such that the Lp regularity problem is solvable for the operator L.If A is symmetric, then the L2 regularity problem is solvable.
Proof. The general case is in [HKMP15a], while the symmetric case is a consequence ofthe Rellich identity ([JK81a]). □

Theorem 1.45. Let Ω ⊂ Rn be a uniform domain with (n− 1)-Ahlfors regular boundaries.Assume that L0 := − divA0∇ and L1 := − divA1∇ are two uniformly elliptic operators,and there is a p ∈ (1,∞) such that the Lp regularity problem is solvable for L0.
(1) If X → supBX

|A0 − A1| ∈ CMσ, then there is a r ∈ (1,∞) such that the Lr regularityproblem is solvable for L1.
(1’) If |A0 − A1| ∈ CMσ and δ∂Ω|∇Ai| ∈ L∞(Ω) for either i = 0 or i = 1, then there is a

r ∈ (1,∞) such that the Lr regularity problem is solvable for L1.
(2) There is a ϵ = ϵ(Ω, L0, p) > 0 such that, ifX → supBX

|A0 −A1| ∈ CMσ(ϵ), then the Lp

regularity problem is also solvable for L1.
Proof. (1) is [KP95] in smooth domains, and [DFM23a] in uniform domains. The varia-tion (1’) is Theorem 2.11 in [Fen23]. (2) is an easy consequence of Theorem 1.36 (2) andProposition 1.43. □

Theorem 1.46. Let Ω ⊂ Rn be a domain with (n− 1)-uniformly rectifiable boundaries andsatisfying the corkscrew point condition, let L := − divA∇ be a uniformly elliptic operatorsatisfying δ∂Ω|∇A| ∈ CMσ, and let p ∈ (1,∞). Then
(Dp′ )L∗ =⇒ (Rp)L

Proof. The result is [MPT23, Theorem 1.33], see also [MT24], [DHP23] and [Fen23]. Notethat, when L = −∆, we can assume that Ω has (n − 1)-Ahlfors regular boundariesinstead of assuming that ∂Ω is uniformly rectifiable because Theorem 1.32 gives that(Dp) =⇒ UR. However, if we only assume that δ∂Ω|∇A| ∈ CMσ, Theorem 1.37 does notallow us to say that (Dp) =⇒ UR. □

1.4 . The Lp Neumann problem

The ellipticmeasure and the Green function are essential tools for studying Dirichletand regularity boundary value problems. The analogous tool for theNeumann problemis the Neumann function, which possesses the following properties :
Theorem 1.47. Let Ω ⊂ Rn be a bounded uniform domain with (n − 1)-Ahlfors regularboundaries, and L = − divA∇ be a uniformly elliptic operator. There exists a unique func-tionN - called Neumann function - defined onΩ×Ω such thatN is continuous except on thediagonal {(X,X), X ∈ Ω}, N(X, .) is locally integrable in Ω, ´

∂Ω
N(X, y) dσ(y) = 0, and

such that the following representation formula holds : for any Y ∈ Ω, any Φ ∈ W 1,2(Ω) ∩
C0(Ω), ˆ

Ω

A(X)∇XN(X, Y ) · ∇Φ(X)dX = Φ(Y )−
 
∂Ω

Φ dσ. (1.22)
Moreover,
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(i) for any X, Y ∈ Ω, NT (Y,X) = N(X, Y ), where NT (X, Y ) is the Neumann functionfor the adjoint operator L∗ = − div(AT∇) ;
(ii) for any ball B = B(x, r) centered on the boundary and for Y ∈ Ω \ 2B, we have( 

B∩Ω
|∇XN(X, Y )|2 dX

) 1
2

≤ Cr1−n (1.23)
or equivalently

osc
X∈B∩Ω

N(X, Y ) ≤ Cr2−n (1.24)
with a constant that depends only on Ω and L.

Proof. Most of the proof follows the path from [KP93] but will diverge when we needto prove (ii) because [KP93] assume the boundary to be smooth. We also assume thatbasic estimates on solution with zero Neumann data are known, see [DDE+24] ; andthat the reader is familiar with the notion of trace of function inW 1,2(Ω), which can beotherwise found - although in a more general setting - in Chapter 2 below.
We define the space Ŵ 1,2(Ω) to be

Ŵ 1,2(Ω) :=
{
u ∈ W 1,2(Ω),

ˆ
∂Ω

Tru dσ = 0
}
,

which is complete with the norm ∥.∥Ŵ 1,2(Ω) = ∥∇.∥L2(Ω).The definition makes sense because traces exist when the boundaries are (n − 1)-Ahlfors regular regular, such a fact is proved in Theorem 2.34 below in a general settingthat includes our scenario.For each Y ∈ Ω, the Lax-Milgram theorem allows us to construct a function vY ∈
Ŵ 1,2(Ω) such that̂

Ω

A∇vY · ∇ϕ dX =

ˆ
∂Ω

(Trϕ) dωY
L∗ ∀ϕ ∈ Ŵ 1,2(Ω), (1.25)

meaning thatˆ
Ω

A∇vY · ∇ϕ dX =

ˆ
∂Ω

(Trϕ)
[
dωY

L∗ − dσ

σ(∂Ω)

]
∀ϕ ∈ W 1,2(Ω). (1.26)

The fact that ϕ ∈
´
∂Ω
(Trϕ) dωY

L∗ belongs to the dual [Ŵ 1,2(Ω)]∗ is proved like [KP93,Lemma 2.3] and requires an interior Moser estimate on the solutions and a Poincaréinequality on the boundary. We define N(X, Y ) = G(X, Y ) + vY (X). Sinceˆ
Ω

A(X)∇XG(X, Y ) · ∇Φ(X)dX = Φ(Y )−
 
∂Ω

Trϕ dωY
L∗ ∀ϕ ∈ W 1,2(Ω), (1.27)

we immediately get (1.22). The identityN(X, Y ) = NT (Y,X) is then proved as in [KP93,Lemma 2.5].
So there is only the proof of (ii) left, andmore precisely the proof of (1.23) since (1.24)follows from (1.23), a Moser estimate at the boundary for solution with zero Neumanndata (found in [DDE+24, Lemma 3.2]) and a Poincaré inequality at the boundary. Mo-reover, observe that the estimate( 

B∩Ω
|∇XG(X, Y )|2 dX

) 1
2

≤ Cr1−n,
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whereB := B(xB, r) is centered on the boundary and Y ∈ Ω\2B, is a classical estimateon the Green function ; see (2.64) below for the estimate in a general setting or [GW82]for the first article where this estimate was established. So we just need to prove theestimate ( 
B∩Ω

|∇vY |2 dX
) 1

2

≤ Cr1−n (1.28)
for B is radius r centered on the boundary and Y ∈ Ω \ 2B. The proof is similar to[DFM20, Lemma 14.6], so we only sketch the proof. We define wY as vY −

ffl
B∩Ω vY andthen Ωt := {Z ∈ Ω, |wY | > t}. We let the reader check that

ˆ
Ω

A∇|wY | · ∇ϕ dX ≤
ˆ
∂Ω

(Trϕ) sgn(wY )
[
dωY

L∗ − dσ

σ(∂Ω)

]
∀ϕ ∈ W 1,2(Ω). (1.29)

and, by using it with
ϕ := max

{
0,

2

t
− 1

|wY |
}
,

we obtain that ˆ
Ωt/2

|∇wY |2
|wY |2

dX ≤ C

t
,

where C depends only on the ellipticity constant of L. The Sobolev inequality entailsthat (ˆ
Ωt/2∩2B

∣∣∣ ln(|wY |/2t)+
∣∣∣2∗dX) 1

2∗

≤ C

(ˆ
Ωt/2∩2B

|∇wY |2
|wY |2

dX

) 1
2

≤ Ct−
1
2 ,

where r is the radius of B, and then
|Ωt ∩ 2B|

|2B| ≤ Crnt−n/(n−2).

Using Cavalieri’s formula, we get
 
Ω∩2B

|wY | dX ≤ C

ˆ ∞

0

|Ωt ∩ 2B|
|2B| dt ≤ C

ˆ ∞

0

min{1, rnt−n/(n−2)} dt ≤ Cr2−n. (1.30)
We just need to conclude. Recall that vY = N(., Y )−G(., Y ), and both the Neumannand the Green functions satisfy Caccioppoli and Moser estimates at the boundary, so( 

Ω∩B
|∇vY |2 dX

) 1
2

≤ Cr

 
Ω∩ 3

2
B

|wY | dX + sup
X∈Ω∩ 3

2
B

G(X, Y ) ≤ Cr2−n

by (1.30) and the pointwise bound on the Green function (see Theorem 2.68 below). Thetheorem follows. □

Proposition 1.48. Let Ω be a bounded uniform domain with (n− 1)-Ahlfors regular boun-daries andL = − divA∇ be a uniformly elliptic operator. We define the conormal derivativeof a solution u ∈ W 1,2(Ω) to Lu = 0 as the distribution〈
∂Aν u, h

〉
:=

ˆ
Ω

A∇u · ∇H dX for H ∈ W 1,2(Ω) and h = TrH.

We have the following properties :
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(1) When u ∈ W 1,2(Ω) is a solution to Lu = 0, the quantity 〈∂Aν u, h〉 depends on h and noton the choice of the extension H .
(2) For any g ∈ C∞(Rn) verifying ´

∂Ω
g dσ = 0, the function ug ∈ Ŵ 1,2(Ω) defined as

ug(X) :=

ˆ
Ω

N(X, y)g(y) dσ(y)

is a weak solution to Lu = 0 that satisfies ∂Aν u = g|∂Ω (in the sense of distribution).
Proof. (1) is a simple consequence of the fact that u is a solution toLu = 0. (2) is obtainedfrom (1.22) after a careful interchange of integrals. □

Definition 1.49 (Solvability of the Lp Neumann problem). Let Ω be a bounded uniformdomainwith (n−1)-Ahlfors regular boundaries andL = − divA∇ be a uniformly ellipticoperator. We say that the Lp Neumann problem is solvable - (Np)L for short - if thereexists C > 0 such that, for all g ∈ C∞(Rn), the solution ug defined as
ug(X) :=

ˆ
Ω

N(X, y)g(y) dσ(y)

satisfies
∥Ñ(∇ug)∥Lp(∂Ω,σ) ≤ C∥g∥Lp(∂Ω,σ).

The Neumann problem is much less understood than the Dirichlet and even the re-gularity problem. Even the basic properties of theNeumannproblem requires to invokethe Dirichlet or regularity problems.
Proposition 1.50. Let Ω ⊂ Rn be a bounded uniform domain with (n− 1)-Ahlfors regularboundaries, let L := − divA∇ be a uniformly elliptic operator, and let p ∈ (1,∞).

(Np)L + (Dp′ )L∗ =⇒ (Nq)L for all q ∈ (1, p+ ϵ) and some ϵ > 0.
Proof. This result is proved in [FL24]. We actually proved that the solvability of the so-called Lp Poisson-Neumann problem - (PNp)L for short - extrapolates and is equivalentto the solvability of Neumann problem, assuming the solvability of the Dirichlet pro-blem. More precisely, we proved that

(Np)L + (Dp′)L∗ =⇒ (PNp)L =⇒ (Np)L
and (PNp)L =⇒ (PNq)L for all q ∈ (1, p+ ϵ) and some ϵ > 0.
Anterior results that require (Rp)L instead of (Dp′)L∗ have been shown in [KP93] (whenthe domain is smooth) and [HS24]. □

As for actual cases where we know the solvability of the Lp Neumann problem, wehave :
Theorem 1.51. Take n ≥ 3. Let Ω0 := {(x, t) ∈ Rn−1 × (0,∞)} and let L := − divA∇ bea uniformly elliptic operator on Ω0 with coefficients independent of t, i.e. A(x, t) = A(x).
(1) If A is symmetric, then the L2 Neumann problem is solvable.
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(2) Let A = As +Aa be the decomposition of A into its symmetric and antisymmetric parts.There exists ϵ > 0 (depending on As) such that the L2 Neumann problem (for L) issolvable whenever ∥Aa∥L∞ < ϵ.
Proof. The symmetric case is a consequence of the Rellich identity (see [JK81a]) ; see also[JK81b] for a result on Lipschitz domain. The small perturbation result is a consequenceof a much stronger result on elliptic operators with complex coefficients ; see [AAA+11,Theorem 1.14]. □

Theorem 1.52. Let Ω ⊂ Rn be a bounded uniform domain with (n − 1)-Ahlfors regularboundaries. Assume that L0 := − divA0∇ and L1 := − divA1∇ are two uniformly ellipticoperators and that there is a p ∈ (1,∞) such that the Lp regularity problem is solvable for
L0.
(1) There is a ϵ > 0 (that depends on Ω, L0, and p) such that, if X → supBX

|A0 − A1| ∈
CMσ(ϵ), then the Lp Neumann problem is also solvable for L1.

(2) If δ∂Ω|∇Ai| ∈ L∞(Ω), there is a ϵ > 0 (that depends on Ω, L0, and p) such that, if
|A0 − A1| ∈ CMσ(ϵ), then the Lp Neumann problem is also solvable for L1.

Proof. (1) is [KP95, Theorem 2.2] in smooth domains, and easily extend to our seeting.To prove (2), we just need to follow the proof of [KP95, Theorem 2.2], and use the Mo-ser estimate |∇u(X)| ≤ C
ffl
BX

|∇u| dY - which is true when δ∂Ω|∇Ai| ∈ L∞(Ω) andestablished for instance at (2.15) in [Fen23] - at the appropriate moment. □

Theorem 1.53. Let Ω0 := {(x, t) ∈ Rn−1 × (0,∞)} and let L := − divA∇ be a uniformlyelliptic operator, and let p ∈ (1,∞).
(1) If n = 2 and δ∂Ω|∇A| ∈ CMσ, then there exists p ∈ (1,∞) such that the Lp Neumannproblem is solvable.
(2) Then there exists ϵ > 0 depending on n, p, and the elliptic constants of L such that, if

δ∂Ω|∇A| ∈ CMσ(ϵ), then the Lp Neumann problem is solvable.
Proof. (1) is in [DR10] and uses a trick from [KR09] that works only in R2

+ and transformsa Neumann problem into a regularity problem for a different operator, which allows usto get the result from Theorem 1.46. (2) is [DPR17, Theorem 7.1]. □

1.5 . Whydoweneedanewelliptic theory to study sets of higher codimension?

The purpose of this memoir is to study the geometry of a set E by examining theproperties of harmonic or elliptic extensions in Rn \ E corresponding to Lp data on E.Consider a d-Ahlfors regular set E ⊂ Rn and investigate how the regularity or flat-ness ofE interacts with solutions of an elliptic operator L inRn\E. When d ∈ (n−2, n),the Ahlfors regular set E has non-zero capacity (with quantifiable, scale invariant pro-perties), meaning that a rich elliptic theory based on classical uniformly elliptic opera-tors can be developed. However, when d ≤ n − 2, studying E through harmonic solu-tions in Rn \ E becomes pointless because the Laplacian does not “detect” the boun-dary. To discuss the solvability of the (continuous, Lp, etc.) Dirichlet problem, we needto consider weak solutions u ∈ W (Rn \ E,Ln) to −∆u = 0 in Rn \ E, i.e.
ˆ
Rn\E

∇u · ∇φdX = 0 for φ ∈ C∞
0 (Rn \ E). (1.31)
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However, sets of codimension d ≤ n− 2 have zero capacity, which means that we havethe following density result :
Proposition 1.54. Let E ⊂ Rn be a Ahlfors regular set of dimension d ≤ n − 2. For any
φ ∈ C∞

0 (Rn), there exists a sequence φk ∈ C∞
0 (Rn \ E) such that

lim
k→∞

∥∇(φk − φ)∥L2(Rn,Ln) = 0.

SoW (Rn \E,Ln; locally in Rn) = Wloc(Rn,Ln) and (1.31) immediately self-improvesto ˆ
Rn\E

∇u · ∇φdX = 0 for φ ∈ C∞
0 (Rn). (1.32)

In conclusion, the only bounded weak solutions to−∆u = 0 inRn\E are the constants,rendering the notion of harmonic measure void. From a probabilistic perspective, itmeans that, for any finite t0, the probability that a particle inRn\E subject to a Brownianmotion will hit E in less than t0 units of time is zero.
Proof of Proposition 1.54. We simply need to prove that ∥∇(φψϵ)∥L2 converges to 0 as
ϵ tends to 0, where ψϵ is a cut-off function that is 1 on a neighborhood of E. The case
d < n − 2 only requires the use of the “classical” cut off function 0 ≤ ψϵ ≤ 1 that takesthe value 1 on {δE ≤ ϵ}, 0 when {δE ≥ 2ϵ} and that satisfies |∇ψϵ| ≤ 2/ϵ.In order to include the case d = n − 2, we will use a better cut-off function. Take
Ψ ∈ C∞(R) to be such that 0 ≤ Ψ ≤ 1, Ψ ≡ 0 on (−∞, 1], Ψ ≡ 1 on [2,∞), and |Ψ′| ≤ 3.Then, for ϵ ∈ (0, 1

2
), we construct

ψϵ(X) := Ψ
( ln δE(X)

ln ϵ

)
and we observe that ψϵ(X) = 0 when δE(X) ≥ ϵ, ψϵ(X) = 1 when δE(X) ≤ ϵ2, and
|∇ψϵ(X)| ≤ C/(δE(X)| ln ϵ|). The function φ(1 − ψϵ) ∈ C∞

0 and we need to provethat ∥∇(φψϵ)∥L2 → 0. If Kφ denotes {X ∈ Ω, dist(X, suppφ ≤ 1} and Sϵ is {X ∈
Kφ, δE(X) ≤ ϵ}, observe that

ˆ
Ω

|∇[φψϵ]|2dX ≤ 2

ˆ
Sϵ

|∇φ|2ψ2
ϵdX +

C

| ln ϵ|2∥φ∥
2
∞

ˆ
Sϵ\Sϵ2

1

δE(X)2
dX =: I1 + I2.

The term I1 converges to 0, as∇φ ∈ L2(Rn) and |Sϵ| → 0. As for the term I2, we use theAhlfors regularity of ∂Ω to get that
|Sη \ Sη/2| ≤ |Sϵ| ≤ Cηn−dσ(E ∩Kφ)

where σ is the Ahlfors regular measure of E. Consequently,
I2 ≤ C∥φ∥2∞

1

| ln ϵ|2σ(E ∩Kφ)
∑

2 ln2 ϵ≤k≤ln2 ϵ

2k(n−d−2) ≤ C

| ln ϵ|∥φ∥
2
∞σ(E ∩Kφ) → 0

when ϵ tends to 0. The proposition follows. □

Let us define an appropriate notion of harmonic and elliptic measure on sets of highcodimension. To begin, consider the set Rn \ Rd := {(x, t) ∈ Rd × Rn−d, t = 0}, where
d < n− 1, which has a flat boundary. For this domain, we can readily construct accep-table solutions that share properties with those in Rd+1

+ . For instance, the Laplacian in
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Rd+1
+ will become − div |t|d−n∇ in Rn \ Rd. More generally, for a given uniformly ellipticoperator L on Rd+1

+ , by leveraging the radial symmetry of the domain, we can find Lsuch that our solutions v(x, t) to Lv = 0 in Rn \ Rd to be such that v(x, t) = u(x, |t|)and Lu = 0 in Rd+1
+ . The construction of such operators L is given by the followingproposition.

Proposition 1.55 (Subsection 4.1 in [DFM19b]). Let L = − divA∇ be a uniformly ellipticoperator in Rd+1
+ (m = Ln). Write

A =

[
A|| B

C a⊥

]
= (ai,j)1≤i,j≤d+1

for the coefficients ofA. Assume that v is such that v(x, t) = u(x, |t|)with u ∈ Wloc(Rd+1
+ ,Ln)being a weak solution to Lu = 0 in Rd+1

+ . Then v ∈ Wloc(Rn \ Rd, |t|d−ndxdt) and is a weaksolution to Lv = − divA∇v = 0, where

A = |t|d+1−n


A|| B

t

|t|
tT

|t|C a⊥Idd−n

 = |t|d+1−n

 ai,j ai,d+1
tj
|t|

ad+1,j
ti
|t| δi,jad+1,d+1

 . (1.33)

In the above matrix expression, t = (td+1, tn) is an horizontal vector, δi,j is the Kroneckersymbol, and the sizes of the bloc matrices are d×d, d× (n−d), (n−d)×d, (n−d)× (n−d)respectively. Moreover, in the definition of A = A(x, t), we use the lightened notation ai,jfor ai,j(x, |t|).
Let us now consider a domain Ω = Rn \ ∂Ω, where ∂Ω is an Ahlfors regular set ofdimension d < n−1 (with d is not necessarily an integer). The class of “uniformly elliptic”operators in Ω is relatively simple. Observing that the coefficent |t|d−n = δ∂Ω(X)n−d

naturally appears in (1.33), we define a uniformly elliptic operator L = − divA∇ on Ωby the following conditions :
|A(X)ξ · ζ| ≤ Cδ∂Ω(X)d+1−n|ξ||ζ| for X ∈ Ω and ξ, ζ ∈ Rn ;
A(X)ξ · ξ ≥ C−1δ∂Ω(X)d+1−n|ξ|2 for X ∈ Ω and ξ ∈ Rn. (1.34)

Those operators fit within the framework of elliptic theory given in the next chapter (seeSubsection 2.1.2), enabling us to construct an ellipticmeasure and analyze the solvabilityof the Dirichlet problem in Lp.We immediately have from the results of this chapter :• Examples of elliptic operators in Rn \ Rd for which the elliptic measure is A∞-absolutely continuous with respect to the measure Ld = Hd on Rd, as shown bycombining Proposition 1.55 and Theorems 1.30 and 1.37).• Examples of elliptic operators in Rn \Rd for which the elliptic measure is singular,derived from Proposition 1.55 and the counterexamples in [MM81, CFK81]).Our goals for the incoming chapters are :
1. To develop an elliptic theory that allows us to study boundary value problemswhen the boundary is too thin to be detected by the Laplacian.
2. To identify a “good operator” that will serve as the alternative of the Laplacianwhen studying the boundary value problems in Ω \E, where E is Ahlfors regularwith dimension d ≤ n− 2.
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2 - Elliptic theory for domains with mixed dimensional
boundaries

2.1 . Elliptic theory : guiding examples

Let us present someexampleswhere our elliptic theory, thatwill be introduced later,can be applied.
2.1.1 . Classical elliptic operators

Let L := − divA∇ be a classical uniformly elliptic operator in the divergence form,that is A is a matrix valued function on a domain Ω that satisfies the elliptic and boun-dedness conditions
|A(X)ξ · ζ| ≤ C|ξ||ζ| for X ∈ Ω and ξ, ζ ∈ Rn ;
A(X)ξ · ξ ≥ C−1|ξ|2 for X ∈ Ω and ξ ∈ Rn. (2.1)

To have the rich elliptic theory provided by this manuscript, it is sufficient for ∂Ω to be
d-Ahlfors regular with d ∈ (n−2, n). Indeed, we just need to prove that, in such context,we have a boundary Poincaré inequality. The result is classical, but let us give a quickproof. Take u ∈ C∞

0 (Ω) and a ball B = B(xB, rB) centered on ∂Ω. We write B(y, k) forthe ball B(21−kxB + (1 − 21−k)y, 2−krB), B∗(y, k) for B(y, 21−krB), which contains both
B(y, k) and B(y, k + 1). We also write uD for ffl

D
u dX . For any y ∈ ∂Ω, we have

|uB/2| = |uB/2 − u(y)| ≤
∑
k≥1

|uB(y,k) − uB(y,k+1)| ≤ C
∑
k≥1

(2−krB)
1−n

ˆ
B∗(y,k)

|∇u(Z)| dZ

thanks to the (classical) Poincaré inequality on balls. If we average the last estimate over
y ∈ B/2∩∂Ω, and if we write Sk for the set⋃y∈∂Ω∩B/2B

∗
y,k - whose measure is bounded

by C(rB)n2−k(n−d) due to the Ahlfors regularity of ∂Ω - we obtain
|uB/2| ≤ C

∑
k≥1

(2−krB)
1−n

 
y∈B/2∩∂Ω

ˆ
B∗(y,k)

|∇u(Z)| dZ dσ(y)

≤ C(rB)
−d
∑
k≥1

(2−krB)
1+d−n

ˆ
S(y,k)

|∇u(Z)| dZ

≤ C(rB)
1−n/2

∑
k≥1

(2−k)1+(d−n)/2

(ˆ
S(y,k)

|∇u(Z)|2 dZ
) 1

2

≤ C(rB)
1−n/2

(ˆ
B

|∇u(Z)|2 dZ
) 1

2 ∑
k≥1

(2−k)1+(d−n)/2

≤ CrB

( 
B

|∇u(Z)|2 dZ
) 1

2

as long as 1 + (d− n)/2 > 0, which is true if d > n− 2. We conclude by saying
 
B

|u(Z)|dZ ≤ uB/2 +

 
B

|u(Z)− uB/2|dZ ≤ CrB

( 
B

|∇u(Z)| dZ
) 1

2

due to our previous computations and the Poincaré inequality. The boundary Poincaréinequality requested for our elliptic theory to work follows.
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2.1.2 . Complement of low dimensional Ahlfors regular set
In this paragraph, we take Ω to be Rn \E, where E is a Ahlfors regular set of dimen-sion d < n − 1 (d is not necessarily an integer). Note that, in this case, the domain Ωis well connected and thus automatically uniform. When d ∈ (n − 2, n − 1), an elliptictheory can be obtained by using the classical elliptic operators defined above, but wealso want to be able to treat 0 ≤ d ≤ n − 2. The simplest choice of “uniformly ellip-tic operators” would be in the form L := − divA∇ where the matrix A is elliptic anduniform with respect to the weight w(X) = dist(X,E)d+1−n, that is

|A(X)ξ · ζ| ≤ C dist(X,E)d+1−n|ξ||ζ| for X ∈ Ω and ξ, ζ ∈ Rn ;
A(X)ξ · ξ ≥ C−1 dist(X,E)d+1−n|ξ|2 for X ∈ Ω and ξ ∈ Rn. (2.2)

Instead of living in the homogeneous space Ẇ 1,2(Ω), the solutions exist in some weigh-ted Sobolev spaces, with the weight as in (2.2), that is w(X) = dist(X,E)d+1−n. Notethat, in the limit case d = n − 1, we recover the classical uniformly elliptic operators.The elliptic theory in this context, and the fact thatΩ is automatically uniform, is provedin [DFM21].
2.1.3 . Caffarelli and Silvestre fractional operators

We can get more freedom on the degeneracy of the operator. Indeed, assume that
L := − divA∇, where there exists γ such that

|A(X)ξ · ζ| ≤ C dist(X,E)γ|ξ||ζ| for X ∈ Ω and ξ, ζ ∈ Rn ;
A(X)ξ · ξ ≥ C−1 dist(X,E)γ|ξ|2 for X ∈ Ω and ξ ∈ Rn. (2.3)

Indeed, as long as the dimension d of the Ahlfors regular boundary ∂Ω ⊂ Rn and thedegeneracy γ of the weightw(X) := dist(X,E)γ satisfy the estimate |γ−(d+1−n)| < 1,then our elliptic theory appliesThose operators can be seen as the generalization of the ones considered by Caffa-relli and Silvestre in [CS07]. Let us talk a bit about it. TakeΩ := Rn
+ = {(x, t) ∈ Rn, t > 0}(the upper plane), which means ∂Ω = Rd for d = n − 1. Caffarelli and Silvestre haveshown that the effect of the fractional operator (−∆)s - for s ∈ (0, 1) and γ := 2s− 1 ∈

(−1, 1) - on a function f defined onRd can be seen as the trace of a Dirichlet to Neumanboundary value problem. That is, up to a harmless constant,
(−∆)sf(x) = − lim

t→0
tγ
∂u

∂t
, (2.4)

where u is the solution to Lγ := − div tγ∇u = 0 in Rn
+ with boundary data f . The ope-rators Lγ , γ ∈ (−1, 1), are a special case of operators verifying (2.3) and will satisfy theassumptions for the elliptic theory that we are going to provide.We can generalize some of this to the context of the complement Ω of a d-Ahlforsregular set E ⊂ Rn, where the operator is for instance L = − div dist(X,E)γ∇ with

|γ − (d + 1 − n)| < 1. When F ∈ C∞
0 (Rn), the Lax-Milgram theorem (Theorem 2.47)allows us to solve the Dirichlet problemwith boundary data f = F |E , i.e. find a function

u ∈ W 1,2(Ω, dist(X,Γ)−γdX) such that Lu = 0 and u = F on E. Then we can define anoperator T that generalizes the fractional Laplacian on the plane, by saying that Tf isa distribution on E such that
⟨Tf, ϕ⟩ =

ˆ
Ω

dist(X,E)−γ ∇u(X) · ∇Φ(X)dX, (2.5)
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where Φ ∈ C∞
0 (Rn) is a smooth extension of ϕ. A simple integration by parts and (2.4)show that, when E is an hyperplane, the distribution Tf is the fractional Laplacian on

E.
2.1.4 . Boundary of mixed dimensions

There are two situations that easily appear when working with low dimensionalAhlfors regular boundaries. We take d-Ahlfors regular sets E ⊂ Rn with d < n − 1and we want to study solutions of degenerate elliptic - i.e. satisfying (2.2) - operators
L = − divA∇, but not in the full domain Ω := Rn \ E.In the first scenario, instead of working in Ω, we want to work in B ∩ Ω = B \ E,where B is a ball that intersects E. In this case, the boundary of the new domain willbe composed of the boundary of B (which is of dimension n− 1) and the boundary of
Ω (which is of a different dimension d).In the second situation, we consider the so-called “saw-tooth” domains. An exampleof such domains is

Ωs := {(x, t) ∈ Rd × Rn−d, |t| > φ(x)},
where φ : Rd 7→ [0,∞) is a Lipschitz function for which the set {x ∈ Rd, φ(x) = 0} hasnon-zero Lebesgue measure.

Figure 2.1 – A saw-tooth domain in R3 whose boundary is partially of dimension 1 and partiallyof dimension 2.
Our elliptic theory can be used in the two above cases, and the verification of ourassumptions is done in [DFM20, Section 3].

2.1.5 . Nearly t-independent A2-weights
The t-independent elliptic operators have a special status among divergence formoperators, in particular because some control on the behavior of the coefficients in thedirection transversal to the boundary is necessary for absolute continuity of harmonicmeasure with respect to the Lebesgue measure – see [CFK81, MM81].Let ω : Rn−1 → R+ be any A2-weight on Rd (see [Jou83, GCRdF85] for details). Weuse it to define a weight w on Rd+1

+ = Rd × R by w(x, t) = ω(x) (and then dm(x, t) =
w(x, t)dxdt). We consider t-independent elliptic operators L := − divA∇ where, as
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usual, A satisfies the ellipticity and boundedness condition relatively to w(x, t), thatis
|A(x, t)ξ · ζ| ≤ Cω(x)|ξ||ζ| for (x, t) ∈ Rn

+ and ξ, ζ ∈ Rn ;
A(x, t)ξ · ξ ≥ C−1ω(x)|ξ|2 for (x, t) ∈ Rn

+ and ξ ∈ Rn. (2.6)
We can construct solutions in the weighted Sobolev spaceW 1,2(Rn

+, w), and we refer to[DFM20, Subsection 3.6] for the proof of the fact that this situation satisfies the elliptictheory given in [DFM20], which requires stronger assumptions than the one given here.

2.2 . Our most general assumptions for the elliptic theory

In this section, we present the elliptic theory that will be used later to study boun-dary value problems. This theory is a contribution of the author, building upon andimproving the elliptic framework previously developed in collaboration with Guy Davidand SvitlanaMayboroda, as outlined in [DFM21] and [DFM20]. Themain innovation hereis the integration of our earlier work with the elliptic theory developed under a capacitycondition in [HMTon]. Our approach is largely inspired by the methods presented in[HKM93].
2.2.1 . Poincaré inequalities, traces, and weighted Sobolev spaces

The cornerstone in our theory is the careful selection of a weightw. From the weight
w, we define operator L = − divA∇ that are uniformly elliptic and bounded with res-pect to w, and a measure m whose Radon-Nikodym derivative with respect to the Le-besgue measure is the weight w.Our goal is for the measure mm to be well adapted to both the domain Ω and itsboundary ∂Ω. By “adapted”, we mean thatm satisfies certain carefully chosen Poincaréinequalities on balls, ensuring regularity properties for solutions of L. Specifically, werequire :• A Poincaré inequality inside Ω, which guarantees Hölder continuity of solutionswithin the domain.• A Poincaré inequality on the boundary, which ensures Hölder continuity up to ∂Ω.This, in turn, plays a key role in constructing an associated elliptic measure andGreen function.

We first focus on definingm. Since we require a Radon-Nikodym derivative, we willassume throughout this book that mm is absolutely continuous with respect to theLebesgue measure on Rn. This assumption, while convenient, is somewhat restrictive.In principle, we could (and eventually will) define a differentiation structure aroundm,allowing us to extend our theory to Riemannian manifolds, fractals, or graphs. Howe-ver, for now, we choose to remain within the familiar setting of Rn, postponing suchgeneralizations for future work.Although m is initially only required to be defined on Ω, we will assume it is alsodefined on all of Rn. This assumption is both practical and natural in many cases - par-ticularly when Ω is the complement of a set with empty interior. Extending m to all of
Rn simplifies localization arguments : if m satisfies the desired properties in Ω, it willalso retain these properties in any subdomain, making the analysis significantly moremanageable.

We now outline the precise conditions we impose onm.
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Definition 2.1 (derivative compatible). We say that a measure m is derivative compa-tible in Ω if the following property holds. Whenever K ⋐ Ω is compact, ui ∈ C∞(K) isa sequence of functions such that ´
K
|ui| dm → 0, and ´

K
|∇ui − v|2 dm → 0 as i → ∞where v is a vector valued function in L2(K,m), we necessary have v ≡ 0.

Definition 2.2 (interior Poincaré inequality). We say that a measurem satisfies• the interior doubling property if there exists C > 0 such that, for any ball B satis-fying 2B ⊂ Ω, there holds
m(2B) ≤ Cm(B)

• the interior Poincaré inequality if there exists C > 0 such that, for any ball Bsatisfying 2B ⊂ Ω and any function u ∈ C∞(Rn), one has the weak Poincaréinequality  
B

|u− uB| dm ≤ Cr

( 
2B

|∇u|2 dm
) 1

2

,

where uB stands for ffl
B
u dm and r is the radius of B.

Definition 2.3 (suitable for PDE inside the domain). At last, we say that a measurem issuitable for PDE inside the domain Ω if m is absolutely continuous with respect to theLeguesgue measure, doubling inside Ω, derivative compatible in Ω, and satisfies theinterior Poincaré inequality.
We are not particularly interested in rough weights w or measures m that are notcomparable to the Lebesgue measure inside Ω. Instead, our focus lies in the oppositedirection : identifying the optimal weight w and the most regular measurem that allowus to formulate and study boundary value problems effectively.With this in mind, we will primarily work within the following, much simpler setting.

Proposition 2.4. If m is absolutely continuous with respect to the Lebesgue measure Ln

and if there exists C > 0 such that the Radon-Nykodym derivative satisfies
sup
B

dm

dLn
≤ C inf

B

dm

dLn
for any ball B such that 2B ⊂ Ω, (2.7)

thenm is suitable for PDE inside the domain.
Proof. The Lebesgue measure Ln is suitable for PDE inside the domain Rn, and thanksto (2.7), the property immediately transfers tom. □

Our final condition ensures that m properly detects the boundary. A common ap-proach relies on capacity, but we instead prefer to use Poincaré inequalities. In Subsec-tion 2.2.3, we will demonstrate that, in the classical setting, these two approaches areequivalent.
Definition 2.5 (boundary Poincaré inequality). We say that a measurem satisfies• the boundary doubling condition if there exists C > 0 such that for any x ∈ ∂Ωand r ∈ (0, diamΩ), we havem(B(x, 2r)) ≤ Cm(B(x, r)) ;• the boundary Poincaré inequality if there exists C > 0 such that, for any x ∈ ∂Ω,any r ∈ (0, diamΩ), and any u ∈ C∞

0 (Ω), we have
 
B(x,r)

|u| dm ≤ Cr

( 
B(x,2r)

|∇u|2 dm
) 1

2

.
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Definition 2.6 (suitable for PDE). We say that a measure m is suitable for PDE in Ω if
m is suitable for PDE inside the domain Ω, and satisfies both the boundary doublingproperty and the boundary Poincaré inequality.
Remarks 2.7. • It is unknown to the author whether the doubling property ofm andthe interior Poincaré inequality alone imply that m is absolutely continuous withrespect to the Lebesgue measure or that it is derivative compatible in Ω.• The assumption derivative compatible is essential for constructing a weighted So-bolev space. Without it, there is no a priori guarantee that a well-defined notion ofderivative - acting as a linear and local operator - exists when completing C∞(Ω).• The interior Poincaré inequality ensures that m behaves locally in a manner suf-ficiently similar to the Lebesgue measure. For example, this holds if w is in a A2Muckenhoupt weight.• The boundary Poincaré inequality is the key condition that ensures m is adaptedto the boundary ∂Ω. In particular, if ∂Ω has a low dimension in Rn, this conditionforces the weight w to blow up to +∞ near the boundary. This serves as our sub-stitute for capacity considerations (see Subsection 2.2.3)• The multiplicative constant 2 in the balls appearing on the right-hand sides of theinterior Poincaré inequality and the boundary Poincaré inequality isarbitrary. Anyconstant κ ≥ 1 could be used instead, yielding an equivalent definition of mea-sures suitable for PDE. See in particular Theorem 2.10 below, which shows thatreplacing 2 by 1 leads to an equivalent formulation.

One of the fundamental properties of this elliptic theory is its stability under restric-tion to subdomains, as demonstrated in the next proposition.
Proposition 2.8. Let Ω ⊂ Rn be open and m be suitable for PDE in Ω. Take D ⊂ Rn bean open set such that both D and Rn \ D satisfy the corkscrew point condition. Then m issuitable for PDE in D.
Remark 2.9. From the proposition, if B(x, r) is a ball centered on ∂Ω, thenm is suitablefor PDE in Ω ∩B(x, r). Hence we are able to use all the elliptic theory developed in thenext subsection, in particular we can construct Green functions and elliptic measureson Ω ∩B(x, r).
Proof. The measure m is trivially derivative compatible in D and satisfies the interiorPoincaré inequality (both come directly from the same properties onm). The existenceof corkscrew points implies the porosity of ∂D, hence its zero Lebesgue measure. As aconsequence, sincem is absolutely continuous with respect to the Lebesgue measure,
m(∂D ∩ Ω) = 0. The (interior and boundaries) doubling properties ofm are true for Dsince they are true for Ω.It only remains to show thatm satisfies the boundary Poincaré inequality. Take x′ ∈
∂D, r > 0, and u ∈ C∞

0 (D) ⊂ C∞
0 (Ω). If dist(x′, ∂Ω) < 2r, then take x ∈ ∂Ω such that

|x− x′| < 2r, and we have
 
B(x′,r)

|u| dm =

 
B(x′,r)

|u| dm ≤
 
B(x,3r)

|u| dm

≤ Cr

( 
B(x,6r)

|∇u|2 dm
) 1

2

≤ Cr

( 
B(x′,8r)

|∇u|2 dm′
) 1

2
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because m is doubling and satisfies the boundary Poincaré inequality. We establisheda boundary Poincaré inequality with a scaling constant 8 instead of 2 for the balls in theintegral in right-hand side, but it does not matter, because we can always self-improvethe Poincaré inequalities and ultimately get 1 once we run the argument used to proveTheorem 2.10 below.When dist(x′, ∂Ω) ≥ 2r, letB′ = B(X, ϵr)whereX is an exterior corkscrew point for
x′ at scale r, and ϵ is the corkscrew constant of Rn \D. We have uB′ = 0 and thus
 
B(x′,r)

|u| dm =

 
B(x′,r)

|u− uB′| dm

≤
 
B(x′,r)

|u− uB(x′,r)| dm+

 
B′
|u− uB(x′,r)| dm

≤ C

 
B(x′,r)

|u− uB(x′,r)| dm ≤ Cr

( 
B(x′,2r)

|∇u|2 dm′
) 1

2

by the doubling property ofm and then the interior Poincaré inequality. □

Theorem2.10 (Sobolev-Poincaré). LetΩ ⊂ Rn. Letm satisfy the interior doubling propertyand the interior Poincaré inequality.
(i) There exist p0 ∈ (1, 2), k > 1, and C > 0 such that, for any p ∈ [p0, 2], any open ball Bsatisfying 2B ⊂ Ω, and any function u ∈ C∞(Rn), we have( 

B

|u− uB|kp dm
) 1

kp

≤ Cr

( 
B

|∇u|p dm
) 1

p

, (2.8)
where uB stands for ffl

B
u dm and r is the radius of B.

(ii) If, in addition, m satisfies the boundary doubling property and the boundary Poincaréinequality, then there exist p0 ∈ (1, 2), k > 1, and C > 0 such that, for any x ∈ ∂Ω, any
r ∈ (0, diamΩ) and any function u ∈ C∞

0 (Ω), we have( 
B(x,r)∩Ω

|u|kp dm
) 1

kp

≤ Cr

( 
B(x,r)∩Ω

|∇u|p dm
) 1

p

. (2.9)
Proof. The improvement (i) is a combination of [KZ08, Theorem 1.0.1] and [HK00, Corol-lary 9.8]. See also [HK95, Theorem 1].The second part (ii) is a variant. When Ω is uniform, the result is morally [DFM20,Corollary 7.9]. The author intended to write the proof without assuming that Ω is uni-form, because the strategy is similar to [KZ08]. However, if we admit that boundaryPoincaré inequalities are equivalent to a notion of capacity (see Subsection 2.2.3 forsuch equivalence whenm = Ln−1), then the result is [BMS01, Theorem 1.2]. □

With this powerful theorem in hand, we want to push the limits on the functions uthat can satisfy (2.8) and (2.9).
Definition 2.11. Let D ⊆ Ω be an open set. A function u belongs to W (D,m) if u ∈
L1
loc(D,m) and there exists a vector valued function v ∈ L2(D,m) such that, for somesequence {φi}i∈N ∈ C∞(D), we have

lim
i→∞

ˆ
K

|φi − u| dm = 0 for any compactK ⋐ D (2.10)
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and
lim
i→∞

ˆ
D

|∇φi − v|2 dm = 0. (2.11)
We write u ∈ W (D,m; locally in E) if u ∈ W (D ∩K,m) for any compactK ⋐ E.

Remark 2.12. A sample of Sobolev spaces that we will use are :• W (Ω,m) for global solutions, for instance given via the Lax-Milgram theorem;• when B ⊂ Ω is a ball, W (B,m) or Wloc(B,m) := W (B,m; locally in B) for localsolutions inside the domain ;• whenB is a ball centeredon theboundary,W (B∩Ω,m)orW (B∩Ω,m; locally in B)for local solutions with a trace ;• W (Ω,m; locally in Rn) for global solutions whose behavior at∞ is not controlled- like Green functions with pole at infinity - but still have a trace ;• Wloc(Ω,m) := W (Ω,m; locally in Ω) for global solutions without control at theboundary.
The notion of derivative is formally established in the following proposition.

Proposition 2.13. If m is derivative compatible, then, for an open set D ⊆ Ω and a given
u ∈ W (D,m), the function v in Definition 2.11 is unique and locally defined. We write∇u forsuch v and we equipW (Ω,m) with the seminorm

∥u∥W (Ω,m) = ∥u∥W := ∥∇u∥L2(Ω,m). (2.12)
Proof. Obvious. □

We emphasize that the mapping u 7→ ∇u defines a linear operator, though it doesnot necessarily coincide with the gradient in the sense of distributions. An exampleillustrating this distinction can be found on page 13 of [HKM93]. However, as one mightexpect, in many cases, these two notions of differentiation do, in fact, coincide.
Proposition 2.14. Letm be absolutely continuous with respect to the Lebesgue measure L.• If the Radon-Nykodym derivative w := dm/dL belongs to the Muckenhoupt class A2 -that is if

sup
B

( 
B∩Ω

w dX

)( 
B∩Ω

w−1 dX

)
< +∞, (2.13)

where the supremum is taken over the balls such that 2B ⊆ D - then m is derivativecompatible and, for any u ∈ W (D,m),∇u is the distribution gradient of u in D.• Letm be derivative compatible andW 1,∞
loc (D) be the space of locally Lipschitz functions.If u ∈ W (D,m) ∩W 1,∞

loc (D), then the two notions of gradient of u carried over from
W (D,m) andW 1,∞

loc (D) coincide.
Proof. See page 14 and Lemma 1.11 (both) in [HKM93]. □

The next result addresses the fact that the approximating sequence in (2.10)–(2.11)can be chosen to preserve the same bounds as u.
Proposition 2.15. Let D ⊆ Ω be open andm be derivative compatible.Take u ∈ W (D,m) such that u ≥ 0 a.e. on D. Then there exists {φi}i∈N ∈ C∞(D) thatsatisfies φi ≥ 0 for all i ∈ N, and (2.10)–(2.11).Analogously, if u ∈ W (D,m) is such that L ≤ u ≤ M a.e. on D, then there exists
{φi}i∈N ∈ C∞(D) that satisfies L ≤ φi ≤M for all i ∈ N, and (2.10)–(2.11).
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Proof. We take u ≥ 0, and let {φi}i be a function that approximates u ∈ W in the senseof (2.10)–(2.11).In the first case, we take fi ∈ C∞(R) such that fi ≥ −1/i, fi(t) = t when t ≥ 0,and |f ′
i | ≤ 1. With similar computations as the ones used to prove Lemma 6.1 (a) in[DFM21], check that {fi ◦ φi +

1
i
}i - which is non-negative - also approximates u in thesense (2.10)–(2.11).If u is essentially bounded, without loss of generality, we can take L = 0 andM = 1.We choose fi ∈ C∞(R) such that −1/i ≤ fi ≤ 1 + 1/i, fi(t) = t when t ∈ [0, 1], and

|f ′
i | ≤ 1. We then check that { 1

1+2/i
(fi ◦ φi +

1
i
)}i is a C∞ approximating sequence of u

that stays between 0 and 1. □

We also want to define the functions with zero trace.
Definition 2.16. We defineW (D,m; 0 on F ) as the subspace ofW (D,m) composed ofthe functions u for which we can find an approximating sequence {φi}i∈N ∈ C∞(D) -that is the sequence satisfying (2.10)–(2.11) for some v ∈ L2(D,m) - such that suppφi ∩
F = ∅.To lighten the notion, we writeW0(Ω,m) forW (Ω,m; 0 on ∂Ω).

Furthermore, the space W (D,m; 0 on F ; locally in E) contains the functions thatbelong toW (D ∩K,m; 0 on F ) for every compact setK ⊂ E.
With those definitions, we easily have :

Theorem 2.17 (Sobolev-Poincaré). Ifm is suitable for PDE inside the domain, the estimate(2.8) is true for any u ∈ W (B,m). Furthermore, if m is suitable for PDE, the bound (2.9) istrue for any u ∈ W (B∩Ω,m; 0 on ∂Ω∩B). In any case, the parameter p0 and the constants
k > 1 and C > 0 do not change by extending to such a class of functions.
Proof. Immediate consequence of Theorem 2.10 and our definitions of W (D,m) and
W0(D,m). □

Let us now state some basic properties of the Sobolev spaces that we constructed.
Proposition 2.18. Letm be derivative compatible and satisfy the interior Poincaré inequa-lity, and let u ∈ W (Ω,m). Then ∥u∥W = 0 if and only if, on each connected component of
Ω, u ism-almost everywhere equal to a constant function.
Proof. Use Lemma 4.10 in [DFM20] on each connected component of Ω. Note that, if Ω′

is connected (and open), it means that we can always find a chain of ball linking any twopoints of Ω′. □

The spacesW (D,m) andW (D,m; 0 on F ) are compatible with the notion of cut-offfunctions. For instance, we have the following equality of spaces :
Proposition 2.19. • Assume that m is suitable for PDE inside the domain. Let B be aball such that 2B ⊂ Ω. Then

Wloc(B,m) = {u ∈ L1
loc(B) : ∀ϕ ∈ C∞

0 (B), uϕ ∈ W0(Ω,m)}.

• Assume thatm is suitable for PDE. Let B be a ball centered on ∂Ω. Then
W (B ∩ Ω,m; 0 on ∂Ω ∩B; locally in B)

= {u ∈ L1
loc(B ∩ Ω) : ∀ϕ ∈ C∞

0 (B), uϕ ∈ W0(Ω,m)}.
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Proof. Let us prove only the first point, since the second one is similar.(⊂) Let u ∈ Wloc(B,m). Let {φi}i∈N ∈ C∞(B) that satisfies (2.10)–(2.11). Then the ap-proximating sequence of uϕ is φiϕ ∈ C∞
0 (Ω) and ∇(φiϕ) converges to ϕ∇u + u∇ϕ in

L2(Ω). Indeed, (2.10) implies the convergence of ϕ∇φi to ϕ∇u in L2, while the conver-gence of φi∇ϕ to u∇ϕ is due to a combination of (2.10), (2.11), and Theorem 2.17.(⊃) Take u ∈ {u ∈ L1
loc(B) : ∀ϕ ∈ C∞

0 (B), uϕ ∈ W0(Ω,m)}. Choose ϕj ∈ C∞
0 (B)such that ϕj ≡ 1 onBj := (1−1/j)B. From the definition ofW0(Ω,m), we can construct

φj,k ∈ C∞(Ω) such that
ˆ
Bj

|u− φj,k| dm =

ˆ
Bj

|uϕj − φj,k| dm ≤ 1

k

and ˆ
Bj

|∇φj,k −∇u|2 dm ≤
ˆ
Ω

|∇φj,k −∇(uϕj)|2 dm ≤ 1

k
.

For each i ≤ j, {φj,k}k≥j is an approximating sequence for u in Bi, so the fact thatm isderivative compatible gives that the {∇(uϕj)}j>i are all equal onBi. Sowe can construct
v ∈ L2

loc(B) such that, for j ≥ i, v := ∇(uϕj)onBi. The sequenceφj,j ∈ C∞(B) is then anapproximating sequence of u in any compactK ⊂ B, which shows that u ∈ Wloc(B,m).
□

The spaceW (Ω,m) is complete ‘up to constants’, in the following sense.
Proposition 2.20. LetΩ ⊂ Rn be a connected open domain. Letm be suitable for PDE insidethe domain. The quotient space Ẇ (Ω,m) := W (Ω,m)/R, equipped with the quotient norm
∥ · ∥W , is complete. Also, if a sequence {uk}∞k=1 inW (Ω,m) and a function u∞ ∈ W (Ω,m)are such that ∥uk − u∞∥W → 0, then there exist constants ck ∈ R such that uk − ck → u in
L1
loc(Ω,m).In particular, if (uk)k∈N is a Cauchy sequence inW (Ω,m) - in the sense that ∥ui−uj∥W →

0 as i, j → ∞ - and if uk → u in L1
loc(Ω,m), then u ∈ W (Ω,m) and ∥uk − u∥W → 0.

Proof. See Lemma 9.1 and 9.10 in [DFM20]. Instead of using T2Qj andU∗
Q0 like in [DFM20],use a collection {Ωj}j∈N of C∞ precompact domains such that Ωj ↑ Ω. Since the do-mainsΩj areC∞ andm satisfies the interior Poincaré inequality, we still have a Poincaréinequality on Ωj (possibly with large constants, but it does not matter), see for instance[HK95, Theorem 1]. □

As for the spaceW0(D,m), it is complete in the classical sense.
Proposition 2.21. Let Ω ⊂ Rn. Let m be suitable for PDE. The space W0(Ω,m) equippedwith the inner product ⟨u, v⟩W :=

´
Ω
∇u · ∇v dm is a Hilbert space.

Proof. Without loss of generality, we can assume that Ω is connected. Then Theorem2.17 shows that the constants are not in anyW0(Ω,m), so ∥.∥W is a norm onW0(Ω,m).The completeness under ∥.∥W is now a simple consequence of the construction of
W0(Ω,m). □

Note the interesting following result.
Proposition 2.22. Let Ω ⊂ Rn and m be suitable for PDE. The space C∞

0 (Ω) is dense in
W0(Ω,m).
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Proof. By definition ofW0(Ω,m) (and knowing now that ∥.∥W is a norm),W0(Ω,m) is thecompletion of the functions that lie inW (Ω,m) ∩ C∞(Ω) and have a support that doesnot intersect ∂Ω. IfΩ is bounded, it means thatW0(Ω,m) is the completion ofC∞
0 (∂Ω). If

Ω is unbounded, we need to make sure that we can choose the approximate functionsso that their support is 0 at infinity. The proof of this part is the same as Part (ii) in theproof of [DFM21, Lemma 5.5]. □

Wewant now to give a notion of trace on ∂Ω. We will stay vague at first on the spaceof traces, and a trace will simply be a map from W (Ω,m) to a space containing thefunctions on ∂Ω that satisfy the following properties.
Definition 2.23 (Trace). A trace Tr : W (Ω,m) → S ⊃ F(∂Ω) is such that :
(i) if φ ∈ C∞(Ω) ∩W (Ω,m), then Tr(φ) = φ|∂Ω ;
(ii) if u ∈ W0(Ω,m), then Tru ≡ 0 ;
(iii) Tr is a linear operator.
Moreover, if a trace exists onW (Ω,m), we can extend it to functions inW (B∩Ω,m; locally in B)- where B is a ball centered on ∂Ω - in the following manner. We say that Tru = g on
B ∩ ∂Ω if for any φ ∈ C∞

0 (B), Tr(uφ) = gφ|∂Ω.
Remark 2.24. A few comments on our definition of traces.• We will not prove here that our definition is well-posed. For example, we will notshow that if u ∈ W (Ω,m), then u|B∩Ω ∈ W (Ω ∩ B) and Tru|B∩Ω = (Tru)|B∩∂Ω on

B ∩ ∂Ω. These verifications are left to the reader. Computations similar to thoseare carried out in the proofs of [DFM21, Lemma 5.4, Lemma 6.1].• The existence of an operator satisfying conditions (i) and (ii) is guaranteed onlyby the boundary Poincaré inequality inequality. To illustrate this, consider Ω =
BR4(0, 1) \ D, where D is a diameter of the ball BR4(0, 1). When m = L4 is theLebesgue measure, the function 1 − |x|2 can be approximated by a sequence offunctions in C∞

0 (Ω) in the sense of (2.10)–(2.11) (this fact is left as an exercise). Thus
1 − |x|2 ∈ W0(Ω,L4) and by (ii), we have Tr(1 − |x|2) = 0 on D. However, since
1− |x|2 ∈ C∞(Ω), by (i), we should have Tr(1− |x|2) = 1− |x|2 ̸= 0 on D.• Note that Tru is not necessarily a function on ∂Ω. For example, nothing in our as-sumptions prevents the space frombeing disconnected, as inRn\Rn−1, or not wellconnected, as in R2 \ {(x, 0) ∈ R2, x ≤ 0}. In such cases, Tru would conceptuallyrepresent the combination of the functions Tr+ u and Tr− u on ∂Ω correspondingto the values of u approaching the boundary from above or below, respectively.• The trace will be a function in L1

loc(∂Ω, σ) when (Ω,m, σ) is suitable for PDE andtraces ; see Definition 2.32 below. In this context, we will be able to express Truas a function in the fractional Sobolev space H(Ω,m, σ) constructed in Definition2.33.
Let us study the stability ofW (Ω,m) andW0(Ω,m).

Proposition 2.25. Let Ω ⊂ Rn and letm be derivative compatible. The following propertieshold :
(i) Let f ∈ C1(R) be such that f ′ is bounded, and let u ∈ W (Ω,m). Then f ◦u ∈ W (Ω,m),

∇(f ◦ u) = f ′(u)∇u, and Tr(f ◦ u) = Tr(f ◦ ū) whenever Tru = Tr ū.
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(ii) Let u, v ∈ W (Ω,m). Then max{u, v} and min{u, v} lie inW (Ω,m),
∇max{u, v}(x) =

{
∇u(x) if u(x) ≥ v(x)
∇v(x) if v(x) ≥ u(x),

∇min{u, v}(x) =
{

∇u(x) if u(x) ≤ v(x)
∇v(x) if v(x) ≤ u(x).

Moreover, Tr(max{u, v}) = Tr(max{ū, v̄}) and Tr(min{u, v}) = Tr(min{ū, v̄}) whe-never Tru = Tr ū and Tr v = Tr v̄.
(iii) Let u, v ∈ W (Ω,m)∩L∞(Ω). Then uv ∈ W (Ω,m)∩L∞(Ω), with∇[uv] = v∇u+ u∇v,and Tr(uv) = Tr(ūv̄) whenever Tru = Tr ū and Tr v = Tr v̄.
Each time, the identities on the gradients hold by seeing the two quantities as the sameelement in L2(Ω,m) (so they are equal almost everywhere).
Remark 2.26. Again, by virtue of Proposition 2.19, the properties discussed above can beextended to the spacesWloc(B,m) andW (B ∩ Ω,m; 0 on B ∩ ∂Ω; locally in B), where
B is either a ball satisfying 2B ⊂ Ω or a ball centered on ∂Ω.
Remark 2.27. Here is an example to clarify how we should interpret the statement ontraces. If Tru = 0, then Tr(f ◦ u) = f(0). Similarly, if Tr(u) = φ for some non-positive
φ ∈ C∞(Rn), then Tr(max{u, 0}) = 0.
Proof. See paragraphs 1.18 to 1.23 in [HKM93], or Lemmas 6.1 and 6.3 in [DFM21]. Theproof relies on the fact that every u ∈ W (Ω,m) can be approachedby smooth functions.The statement on the traces is fairly easy : let us do (i) as an example. If Tru = Tr ū,then we can find two smooth sequences φk and ψk that approximate - in the senseof Definition 2.11 - u and ū respectively and such that φk = ψk on a neighborhood of
∂Ω. We approach f by a sequence of C∞ functions such that ∥f ′ − f ′

k∥∞ → 0 and weobserve that fk ◦ φk and fk ◦ ψk are approximating sequences of f ◦ u and f ◦ ū suchthat fk ◦ φk = fk ◦ ψk on a neighborhood of Ω. That is Tr(f ◦ u) = Tr(f ◦ ū). □

In view of Remark 2.27, we can define a partial order on the trace as follows :
Definition 2.28. We say that Tru ≤ Tr v if Tr(max{u, v}) = Tr v or equivalently if
max{u, v} − v ∈ W0(Ω,m).ForL,M ∈ R, wewriteTru ≤M ifTr(max{u,M}) =M andTru ≥ L ifTr(min{u, L}) =
L. If B is a ball centered at the boundary and if u ≥ 0 a.e. in a neighborhood of ∂Ω∩B(seen as a subset of B ∩ Ω), then Tru ≥ 0 on ∂Ω ∩B.
Proposition 2.29. Let m be derivative compatible. If u, v ∈ W (Ω,m) and u ≤ v a.e. on aneighborhood of ∂Ω, then Tru ≤ Tr v.
Proof. By linearity, we only need to prove that u ≤ 0 on a neighborhood of ∂Ω implies
Tr(u) ≤ 0. But u ≤ 0 on a neighborhood of ∂Ω yields that u − min{0, u} ∈ W0, so
Tr(u) = Tr(min{0, u}), and thus we have Tr(max{0, u}) = Tr(max{0,min{0, u}}) = 0by Proposition 2.25. The latter means, by definition, that Tr(u) ≤ 0. The propositionfollows. □

Proposition 2.30. Let m be suitable for PDE. For u ∈ W (Ω,m), we define max(Tru) and
min(Tru) as

max(Tru) := min{M ∈ R, Tru ≤M} and min(Tru) := max{L ∈ R, Tru ≥ L}.
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Proof. We need to prove that the minimum in M∞ := min{M ∈ R, Tru ≤ M} exists.LetMk ≥ M∞ be such that Tru ≤ Mk andMk → M∞. Define uk := max{u,Mk} −Mkand u∞ := max{u,M∞} −M∞. We have ∥u∞ − uk∥W → 0 by the Lebesgue dominationconvergence (and (ii) of Proposition 2.25) and uk ∈ W0 by choice of Mk. Therefore
u∞ ∈ W0 since W0 is complete, that is Tru ≤ M∞. The existence of the maximum
max{m ∈ R, Tru ≥ m} follows from the same arguments. □

2.2.2 . The measure σ on the boundary
The previous subsection provides the appropriate framework for the elliptic theorywewant to develop. However, inmany of our key examples, we will consider ameasureon the boundary ∂Ω. This is not surprising - in fact, it is essential - because the study ofthe Dirichlet problem in Lp requires extending functions from Lp(∂Ω, σ) to the domain,... and σ is a measure on ∂Ω.

Proposition 2.31. Let Ω be a uniform domain in Rn. Let m be a doubling and derivativecompatible measure on Ω that satisfies the interior Poincaré inequality. Let σ be a doublingmeasure on ∂Ω. If there exist a small ϵ > 0 and large C > 0 such that
m(B(x, r) ∩ Ω)

m(B(x, s) ∩ Ω)

σ(B(x, s))

σ(B(x, r))
≤ C

(r
s

)2−ϵ for all x ∈ Ω, r ∈ (0, diam ∂Ω), (2.14)
thenm satisfies the boundary Poincaré inequality and hence is suitable for PDE.
Proof. The proof is based on the fact that, when Ω is uniform, we can findK and T (x, r)such that B(x, r) ∩ Ω ⊂ T (x, r) ⊂ B(x,Kr) and T (x, r) is itself uniform (with constantsindependent of x and r). The latter is equivalent to the fact that T (x, r) satisfies a
C(κ,M) chain condition and is proved in [DFM20, Lemma 5.23]. Now, since all the
T (x, r) are uniform (with the same constant), they satisfy a Poincaré inequality (withaverages) with a uniform constant, see [DFM20, Theorem 5.24]. The proof of the boun-dary Poincaré inequality is then done as in the proof of [DFM20, Theorem 7.1]. □

In view of the above proposition, we define :
Definition 2.32 (suitable for PDE and traces). We say that (Ω,m, σ) is suitable for PDEand traces if Ω,m, and σ satisfy the assumptions of Proposition 2.31, including (2.14).

We write ρ(x, r) for the dimensionless quantity
ρ(x, r) :=

m(B(x, r) ∩ Ω)

rµ(B(x, r))
, (2.15)

and we observe that (2.14) is equivalent to saying that
ρ(x, r)

ρ(x, s)
≤ C

(r
s

)1−ϵ for all x ∈ ∂Ω, r ∈ (0, diamΩ). (2.16)
Ideally, we have C−1 ≤ ρ(x, r) ≤ C , and so ρ(x, r) is morally some error term whosegrowth needs to be controlled.

This quantity is a corrective term that will appear in the definition of the space oftraces H(∂Ω, σ,m).
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Definition 2.33. The function g ∈ H(∂Ω, σ,m) if g is σ-measurable on ∂Ω and ∥g∥H <
+∞, where

∥g∥H = ∥g∥H(∂Ω,σ,m) :=

(ˆ
∂Ω

ˆ
∂Ω

ρ(x, |x− y|)2|g(x)− g(y)|2
m(B(x, |x− y|) ∩ Ω)

dσ(x) dσ(y)

) 1
2

.

If (Ω,m, σ) is suitable for PDE and traces, thenwe can identify the traces of functionsinW (Ω,m) as functions in H(∂Ω, σ,m). All this is given by the following nice theorem.
Theorem2.34 (Trace Theorem). Assume that (Ω,m, σ) is suitable for PDE and traces. Then
Tr is a bounded linear operator fromW (Ω,m) toH(∂Ω, σ,m). That is, when u ∈ W (Ω,m),we can define a σ-measurable function Tru on ∂Ω which satisfies the properties given inDefinition 2.23 and for which we have ∥Tru∥H ≤ C∥u∥W for some C > 0 independent of u.Moreover, the trace of u ∈ W (Ω,m) is such that

Mϵ(u)(x) :=

 
B(x,ϵ)∩Ω

|u− Tru(x)| dm (2.17)
converges to 0 in L2

loc(∂Ω, σ). In particular, we have the Lebesgue density property
lim
ϵ→0

 
B(x,ϵ)∩Ω

|u− Tru(x)| dm = 0 for σ-a.e. x ∈ ∂Ω, (2.18)
and, if Γ(y) := Γunif (y) are the cones constructed in (1.9) with vertex at y, we have

Tru(x) = lim
ϵ→0

 
B(x,ϵ)∩Ω

u dm = lim
X∈Γ(x)
δ(X)→0

 
B(X,δ(X)/2)

u dm for σ-a.e. x ∈ ∂Ω. (2.19)
Proof. Let (Ω,m, σ) be suitable for PDE and traces. We first pick Xx,ϵ to be a corkscrewpoint for x at scale ϵ/2. We can replaceXx,ϵ by any other point in Γunif (x)∩B(x, ϵ) thatis ϵ/C away from x. Let Bx,ϵ := B(Xx,ϵ, δ∂Ω(Xx,ϵ)/2) ⊂ B(x, ϵ) ∩ Ω. We define

Tr′ϵ(u)(x) :=

 
Bx,ϵ

u dm, (2.20)
Tr′(u)(x) := lim

ϵ→0
Tr′ϵ(u)(x),

and
M ′

ϵ(u)(x) :=

 
Bx,ϵ

|u− Tr′(u)(x)| dm. (2.21)
The bound (6.14) in [DFM20] shows that

M ′
ϵ(u) converges to 0 in L2

loc(∂Ω, σ) (2.22)
and [DFM20, Theorem 6.6] shows that

Tr′ is a linear map fromW (Ω,m) to H(∂Ω, σ,m). (2.23)
We proved in [DFM20, Lemma 9.18] that W0(Ω,m) is the subspace of W (Ω,m) madeof functions u verifying Tr′ u = 0 1. This means that Tr′ satisfies the condition (ii) of

1. In [DFM20], we defined W0 as the subspace of W = W (Ω,m) with Tr′ u = 0, and steps (i) and (iii)of the proof of [DFM20, Lemma 9.18] show thatW0 is the completion of the smooth functions which arezero on a neighborhood of ∂Ω, henceW0(Ω,m)
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Definition 2.23 ; but since Tr′ easily satisfies the conditions (i) and (iii), it entails that
Tr′ is a trace as given in Definition 2.23. Thus, for the sequel, we set Tr := Tr′ and
Trϵ := Tr′ϵ.It only remains to show thatMϵ(u) converges to 0 in L2

loc(∂Ω, σ), since this conver-gence immediately implies (2.18) and (2.19), the two other statements that we have notdemonstrated yet. To this end, we write
Mϵ(u) ≤

 
B(x,ϵ)∩Ω

|u− Trϵ(u)(x)| dm+ |Trϵ(u)(x)− Tr(u)(x)|

≤ Cϵ

( 
B(x,Kϵ)∩Ω

|∇u|2dm
) 1

2

+M ′
ϵ(u)(x)

for someK independent of ϵ and x, thanks to Theorem 5.24, Lemma 5.23, and (5.15) in[DFM20]. Since both terms in the right-hand side above converge to 0 in L2
loc(∂Ω) - thefirst convergence is just by Fubini and the second one is (2.22) - then the convergenceofMϵ(u) to 0 in L2

loc(∂Ω, σ) follows. □

We also prove that Tr is a surjective map.
Theorem 2.35 (Extension Theorem). Let (Ω,m, σ) be suitable for PDE and traces. Thereexists a map Ext such that, for any g ∈ L1

loc(∂Ω, σ), we have
Tr ◦Ext g = g σ-a.e. in ∂Ω. (2.24)

Moreover, Ext is a bounded linear operator from H(∂Ω, σ,m) toW (Ω,m), i.e. there exists
C > 0 such that, for any g ∈ H(∂Ω, σ,m),

∥Ext(g)∥W ≤ C∥g∥H .

Finally, there exists Extk g ∈ W ∩ C∞(Ω) such that Extk g → Ext g in L1
loc(Ω,m) and

∥Extk g − Ext g∥W → 0.
Proof. Theorem 2.35 is mainly [DFM20, Theorem 8.5]. The only missing thing is the lastpart, that is the fact that Ext g can be approached by functions in C∞ up to the boun-
dary. With the notation from [DFM20, Section 8], we defineWk as the non-overlappingcovering of Ω composed of all the dyadic cubes inW of side length ℓ(Q) ≥ 2−k comple-ted with dyadic cubes of side length 2−k. For a dyadic cube in I ∈ Wk \W , we take simi-larly φI ∈ C∞

0 (I) such that 0 ≤ φI ≤ 1, |∇φI | ≤ C2−k and∑I∈Wk
φI , and we construct

BI , yI like in [DFM20, Section 8]. We setExtk g(X) :=
∑

I∈Wk
φI(X)yI , which is obviouslya function in C∞(Ω). By construction, we have Extk g(X) = Ext g(X) if δ∂Ω(X) ≥ K2−k

for K large enough, so in particular Extk g converges to Ext g in L1
loc(Ω,m). In order toprove that ∥Extk g − Ext g∥W → 0, we mimic the proof of [DFM20, Theorem 8.5] andwe obtain

∥Extk g − Ext g∥2W ≤ C

ˆ
Γ

ˆ
Γ

ρ(x, |x− y|)2|g(x)− g(y)|2
m(B(x, |x− y|)) 1|x−y|≤100K2−kdσ(x) dσ(y).

The right-hand side above converges to 0 by the Lebesgue domination theorem when
k → ∞, as desired. □

The last part of the above theorem allows us to deduce that the restrictions to Ω offunctions in C∞(Rn) are dense inW (Ω,m), as shown in the next proposition.
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Proposition 2.36. Let (Ω,m, σ) be suitable for PDE and traces. Then, C∞(Rn) ∩W (Ω,m)is dense inW (Ω,m), that is, for any u ∈ W (Ω,m), we can choose {φi}i∈N in (2.10)–(2.11) tolie in C∞(Rn) instead of C∞(Ω).As a consequence, functions inH(∂Ω, σ,m) are well approximated by smooth functions.That is, for every g ∈ H(∂Ω, σ,m), we can find a sequence of functions (gk)k∈N ∈ C∞(Rn)whose restrictions to ∂Ω (we still call them gk) belong to H(∂Ω, σ,m) and such that gkconverges to g in L2
loc(∂Ω, σ) and σ-a.e., and such that ∥gk − g∥H → 0 as k → ∞.

Proof. Proposition 2.36 is proved like [DFM20, Lemma 9.19], but we use the last state-ment of Theorem 2.35 to approach Ext ◦Tru. The second part of the proposition is aneasy consequence of the first part and Theorem 2.34, it is also [DFM20, Lemma 8.12].□
At last, we finish by completing Proposition 2.25.

Proposition 2.37. Let (Ω,m, σ) be suitable for PDE and traces. The following propertieshold :
(i) Let f ∈ C1(R) be such that f ′ is bounded, and let u ∈ W (Ω,m). Then Tr(f ◦ u) =

f ◦ (Tru).
(ii) Let u, v ∈ W (Ω,m). Then Tr(max{u, v}) = max{Tru,Tr v} and Tr(min{u, v}) =

min{Tru,Tr v}.
(iii) Let u, v ∈ W (Ω,m)∩L∞(Ω). ThenTr(uv) = Tru·Tr v and lies in the spaceH(Ω, σ,m)∩

L∞(Ω).
The identity of traces holds σ-a.e.
Proof. The proof is a simple variant of Lemma6.1 in [DFM21] and Lemma9.20 in [DFM20].
□

2.2.3 . Link to capacity
A classical setting for studying elliptic operators is when the domain satisfies thecapacity condition. In this section, we will present this condition and explain how itconnects to our theory. It would not be surprising if the results discussed here are al-ready established in the literature, though we cannot pinpoint the exact references,and our results are relatively straightforward to prove.There are many equivalent notions of capacity, and we have chosen the definitionthat the author has encountered most frequently in the literature.

Definition 2.38 (Capacity). Given an open setD ⊂ Rn, n ≥ 2, and a compact setK ⋐ D,we define the capacity ofK relatively to D as the quantity
Cap(K,D) := inf

{ˆ
D

|∇u(X)|2 dX, u ∈ C∞
0 (D), u ≥ 1 onK}. (2.25)

We say that the domain Ω ⊂ Rn satisfies the capacity density condition if there exists
c > 0 such that

Cap(B(x, r) \ Ω, B(x, 2r))

Cap(B(x, r), B(x, 2r))
≥ c for x ∈ ∂Ω, 0 < r < diam(Ω). (2.26)

Lemma 2.39. Let B ⊂ Rn be an open ball of radius rB . There exists cn that depends onlyon n such that if,K ⋐ B is a compact set of (Lebesgue) measure |K|, then
Cap(K,B) ≥ c

|K|
r2B

. (2.27)
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Moreover, there exists c′n > 0 that depends only on n such that
Cap(B, 2B) = c′nr

n−2
B . (2.28)

Proof. Let u ∈ C∞
0 (B) be such that u ≥ 1 onK. The Poincaré inequality entails that

ˆ
B

|u|2 dX ≤ Cr2B

ˆ
B

|∇u|2 dX,

where rB is the radius of B and C depends only on n. Using the fact that u ≥ 1 on K ,we have
|K| ≤ Cr2B

ˆ
B

|∇u|2 dX

as desired.The first part shows that Cap(B0, 2B0) =: c′n > 0, where B0 = B(0, 1). The generalcase follows from homogeneity. □

Lemma 2.40. If D ⊂ Rn is open andK ⋐ D is compact,
Cap(K,D) = inf

{ˆ
D

|∇u(X)|2 dX, u ∈ C∞(Rn),

u = 0 on a neighborhood ofK, u ≥ 1 on Rn \D
}
. (2.29)

Proof. We write C̃ap(K,D) for the right-hand side of (2.29). We will only prove that
C̃ap(K,D) ≤ Cap(K,D), since the other inequality is entirely similar.

Let (ηδ)δ>0 be a mollifier, that is η ∈ C∞
0 (B(0, 1)), η ≥ 0, ´Rn η dX = 1, and ηδ(X) =

δ−nη(X/δ). Given u ∈ C∞
0 (D), u ≥ 1 onK , we construct
uϵ,δ(X) = max{1, (1 + ϵ)u} ∗ ηδ ∈ C∞.

Check that for δ = δ(ϵ) small enough depending on ϵ and u, we have uϵ,δ = 1 on aneighborhood ofK. We construct then vϵ := 1−uϵ,δ(ϵ), which belongs to u ∈ C∞
0 (Rn\K)and satisfies u = 1 on Rn \D. By the properties of mollifiers,

lim sup
ϵ→0

ˆ
D

|∇vϵ(X)|2 dX ≤
¨

D

|∇u(X)|2 dX.

Taking the infimumon all the possible u, we obtain C̃ap(K,D) ≤ Cap(K,D), as desired.
□

A third lemma will provide us with a bit more flexibility to work with the capacity.
Lemma 2.41. LetB ⊂ be a ball,K ⊂ B,E ⊂ 2B be two compact sets such thatK ∩E = ∅and |E| ≥

∣∣3
2
B
∣∣. Then there exists C > 0 independent of B,K and E such that

Cap(K, 2B) ≤ C Cap(K,Rn \ E).

Proof. Step 1 : Construction of the minimizer. Set α := Cap(K,Rn \ E). Let uj be asequence of functions that reaches the infimum in the definition of C̃ap(K,Rn\E), thatis uj ∈ C∞(Rn), u = 0 on a neighborhood ofK , u ≥ 1 on E, and
α ≤

ˆ
Rn

|∇uj|2 dX ≤ α +
1

j
.
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Without loss of generality, we can even take uj such that 0 ≤ uj ≤ 1. Up to a sub-sequence, for any compact J ⋐ Rn, uj converges in L2(J) to a function u∞, and ∇ujconverges to∇u∞ weakly in L2(Rn \E). The limit verifies 0 ≤ u∞ ≤ 1, u∞ = 1 a.e. on Eand ˆ
Rn

|∇u∞|2 dX ≤ inf

ˆ
Rn

|∇uj|2 dX = α.

Step 2 : Theminimizer is superharmonic inRn \K and harmonic inRn \(E∪K).Let φ be either in C∞
0 (Rn \ (K ∪E)) or a non-negative function in C∞

0 (Rn \K). Take any
ϵ > 0. We have
2

ˆ
Rn

∇u∞ · ∇φdX = lim
j→∞

2

ˆ
Rn

∇uj · ∇φdX

=
1

ϵ

(
lim
j→∞

ˆ
Rn

∇(uj + ϵφ) · ∇(uj + ϵφ) dX −
ˆ
Rn

∇uj · ∇uj dX
)
− ϵ

ˆ
Rn

∇φ · ∇φdX.

Since uj + φ lies in C∞(Rn) and satisfies u = 0 onK and u ≥ 1 on E, we have
ˆ
Rn

∇(uj + ϵφ) · ∇(uj + ϵφ) dX ≥ α ≥
ˆ
Rn

∇uj · ∇uj dX − 1

j
.

As a consequence,
2

ˆ
Rn

∇u∞ · ∇φdX ≥ 1

ϵ
lim inf
j→∞

(
− 1

j

)
− ϵ

ˆ
Rn

∇φ · ∇φdX.

But since ϵ > 0 is arbitrary, the right-hand side above can be as close to 0 as we want,so we conclude that ˆ
Rn

∇u∞ · ∇φdX ≥ 0

whenever φ is a nonnegative function in C∞
0 (Rn \K) or φ ∈ C∞

0 (Rn \ (K ∪E)). The firstset of test functions gives that u∞ is superharmonic in Rn \ K , the second set of testfunctions implies that u∞ is harmonic in Rn \ (K ∪ E).
Step 3 : Conclusion We proved that u∞ is a non-negative superharmonic functionin 4B \B. Moreover,

|{X ∈ 4B \B, u(X) ≥ 1}| ≥ |E \B| ≥ c|4B \B|

by assumption. So a density lemma (variant of Lemma2.65 in ourmuch simpler context,see [HL11] for instance) gives
inf

3B\2B
u∞ ≥M−1

for a constantM > 0 independent of B, E andK.We define u′j = (1 − η)u∞ + ηuj , where η ∈ C∞(2B), 0 ≤ φ ≤ 1, φ ≡ 1 on B, and
|∇u| ≤ 2/rB , we then can notice thatˆ

Rn

|∇u′j|2 dX ≤ 2

ˆ
Rn

|∇(u∞ − uj)|2 + 8r−2
B

ˆ
4B

|u∞ − uj|2 dX ≤ C
(
α +

1

j

)
whereC > 0 is independent of j,B,K andE, andwhere we use the Poincaré inequalityfor the function u∞ − uj (which is 0 on E).
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Now, observe thatMu′j ∈ C∞(Rn),Mu′j = 0 on a neighborhood of K ,Mu′j ≥ 1 on
4B \ 2B. So, by definition of Cap(B \ E, 2B), we have

Cap(K, 2B) ≤M2

ˆ
2B

|∇u′j|2 dx ≤ CM2
(
Cap(K,Rn \ E) + 1

j

)
.

Since j is arbitrary, the lemma follows. □

Let us turn to our objective of the paragraph.
Theorem 2.42. LetΩ ⊂ Rn be an open domain equipped with the Lebesgue measure. Then
Ω satisfies the capacity density condition if and only if the Lebesgue measure onΩ is suitablefor PDE.
Proof. The Lebesgue measure on Ω is suitable for PDE in Ω if it satisfies the boundaryPoincaré inequality. So we have to link the notion of capacity to the boundary Poincaréinequality.
The fact that L|Ω satisfies the boundary Poincaré inequality implies the capacity
density condition. By translation and dilatation invariance, it suffices to prove (2.26)when B(x, r) = B(0, 1) =: B0. Take u ∈ C∞(Rn), u = 0 on a neighborhood of B0 \ Ω,and u ≥ 1 on Rn \ 2B0.We assume that L|Ω satisfies the boundary Poincaré inequality, whichmeans by (ii)of Theorem 2.10 below that ˆ

B0

|u|2 dX ≤ C

ˆ
B0

|∇u|2 dX

for a constant C > 0 independent of u′. However, by using the classical Poincaré in-equality on balls, we haveˆ
4B0

|u− uB0 |2 dX ≤ C ′
ˆ
4B0

|u− u4B0|2 dX ≤ C ′′
ˆ
4B0

|∇u|2 dX.

Combining the two estimates givesˆ
4B0

|u|2 dX ≤ C ′′′
ˆ
4B0

|∇u|2 dX.

But since u ≡ 1 on 4B0 \ 2B0, we get̂

2B0

|∇u|2 dX ≥ c

for some c > 0 that depends only on n and the constant in the boundary Poincaréinequality. Taking the infimum on all the possible u gives
Cap(B0 \ Ω, 2B0) ≥ c′

as desired.
The capacity density condition implies the fact that L|Ω satisfies the boundary
Poincaré inequality. Let B be a ball centered on ∂Ω and of radius r, u ∈ C∞

0 (B ∩ Ω).We want to prove that
 
B∩Ω

|u| dX ≤ Cr

( 
B∩Ω

|∇u|2 dX
) 1

2
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with a constantC > 0 independent ofB and u. By translation and dilatation invariance,we can assume that B = B0 := B(0, 1). Moreover, we can assume that u ≥ 0 andffl
B
u dX = 1. Under those assumptions, we want to prove thatˆ

B0∩Ω
|∇u|2 dX ≥ c

where c depends only on n and a lower bound on Cap(1
2
B0 \ Ω, B0).

Using the classical Poincaré inequality (using average), we have∣∣∣{X ∈ 2B0, u <
1

2

}∣∣∣ ≤ 2

ˆ
B0∩Ω

|u− 1|dX ≤ C

(ˆ
B0∩Ω

|∇u|2 dX
) 1

2

,

so ∣∣∣{X ∈ B0, u >
1
2

}∣∣∣
|B0|

≥ 1−M

(ˆ
B0

|∇u|2 dX
) 1

2

for someM > 0 depending only on n.
Either

1−M

(ˆ
B0

|∇u|2 dX
) 1

2

≤ |3B0/4|
|B0|

and we have ˆ
B0

|∇u|2 dX ≥ 1

M2

(
1− |3B0/4|

|B0|
)2
;

or
1−M

(ˆ
B0

|∇u|2 dX
) 1

2

≥ |3B0/4|
|B0|

and then the ball 1
2
B0, and the setsK := 1

2
B0 \Ω and E :=

{
X ∈ B0, u >

1
2

} satisfy the
assumption of Lemma 2.41, so we have

Cap(K,B0) ≤ C Cap(K,Rn \ E) ≤ 4C

ˆ
B0∩Ω

|∇u|2 dX

where the last inequality comes from the definition of the capacity for the function 2u.In any case, we haveˆ
B0∩Ω

|∇u|2 dX ≥ min

{
1

M2

(
1− |3B0/4|

|B0|
)2
,
1

4C
Cap(

1

2
B0 \ Ω, B0)

}
> 0.

The theorem follows. □

2.3 . Basic elliptic theory

In this section, we take an open domain Ω ⊂ Rn and a measure m on Ω which is -as always in our report - absolutely continuous with respect to the Lebesgue measure.We write w for the weight dm/dLn, i.e. dm(X) = w(X)dX or
m(E) =

ˆ
E

w(X)dX for any Borel E ⊆ Ω. (2.30)
In this section, we study the solutions of Lu = 0, where L = − divA∇ is an operatorin divergence form.

68



Definition 2.43 (uniformly elliptic). We say that L = − divA∇ is a uniformly ellipticoperator if the matrix A satisfies the elliptic and boundary conditions with respect tothe weight w, that is there exists C > 0 such that
|A(X)ξ · ζ| ≤ C|ξ||ζ|w(X) for X ∈ Ω and ξ, ζ ∈ Rn ;
A(X)ξ · ξ ≥ C−1w(X)|ξ|2 for X ∈ Ω and ξ ∈ Rn. (2.31)

That is, the reducedmatrixA(X) := A(X)/w(X) satisfies the classical elliptic conditions
|A(X)ξ · ζ| ≤ C|ξ||ζ| for X ∈ Ω and ξ, ζ ∈ Rn ;
A(X)ξ · ξ ≥ C−1|ξ|2 for X ∈ Ω and ξ ∈ Rn. (2.32)

The notion of weak solutions, subsolutions, and supersolutions is given in the weaksense as follows. But first, we need to introduce the space W−1(Ω,m) = (W0(Ω,m))∗as the set of linear forms f onW0 such that
∥f∥W−1 := sup

φ∈W0
∥φ∥W=1

⟨f, φ⟩W−1,W0
< +∞.

Definition 2.44 (solution). Consider an open setD ⊆ Ω and a uniformly elliptic opera-tor L on Ω. Let f ∈ W−1(Ω,m). We say that u ∈ W (D,m) is a weak solution to Lu = fin D if ˆ
D

A∇u · ∇φdX =

ˆ
D

A∇u · ∇φdm = ⟨f, φ⟩ for φ ∈ C∞
0 (D). (2.33)

We say that u ∈ W (D,m) is a subsolution [resp. supersolution] (to Lu = f ) if
ˆ
D

A∇u · ∇φdX =

ˆ
D

A∇u · ∇φdm ≤ [resp. ≥] ⟨f, φ⟩ for φ ∈ C∞
0 (D). (2.34)

If we say that u is a weak solution (resp. subsolution, supersolution) withoutmentioning
Lu = f , it means that f ≡ 0 and L is clear from context.
Remark 2.45. If f ∈ L∞(Ω) and F ∈ L∞(Ω,Rn) are compactly supported in Rn, wedefine the form

Tf,F (u) :=

ˆ
D

[fu+ F · ∇u] dm.

The boundary Poincaré inequality proves that Tf ∈ W−1(Ω,m), so, from now on, for
Rn-compactly supported f ∈ L∞(Ω), we are allowed to talk about weak solutions to
Lu = fw + div[wF ] in Ω, which are such that

ˆ
Ω

A∇u · ∇φdX =

ˆ
Ω

A∇u · ∇φdm =

ˆ
D

[fu+ F · ∇u] dm for φ ∈ C∞
0 (Ω).

Notice that the assumption that f and F are bounded is far from optimal. For instance,Theorem 2.17 shows that we can take f ∈ L2−ϵ(Ω,m) for some ϵ > 0.
Remark 2.46. Note that, sinceW0(Ω,m) is the completion of smooth functions (whenmis suitable for PDE), we can enlarge for free the set of functions φ that satisfies (2.33),and (2.34). Moreover, we only need to assume u to be in a local versions of the SobolevspacesW (D,m). So, in particular, we have (2.33)–(2.34) when
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(i) u ∈ W (Ω,m) and φ ∈ W0(Ω,m) ;
(ii) [if B is a ball verifying 2B ⊂ Ω :] u ∈ Wloc(B,m) and φ ∈ W (B,m) is such that

suppφ ⊂ B ;
(iii) [if B is a ball centered at the boundary :] u ∈ W (B ∩ Ω,m; locally in B) and φ ∈

W (B ∩ Ω,m; 0 on B ∩ ∂Ω) is such that suppφ ⊂ B.
The proof of this fact is done for instance in [DFM21, Lemma 8.3]. When subsolutionsand supersolutions are involved, we need to invoke Proposition 2.15 for the proof.

2.3.1 . Existence of solutions
Our initial goal is to verify the existence of weak solutions. Indeed, such solutionsexist and can be derived using the Lax-Milgram theorem.

Theorem 2.47 (Lax-Milgram Theorem). Let Ω ⊂ Rn be open, m be suitable for PDE, and
L be a uniformly elliptic operator.
(a) For any f ∈ W−1(Ω,m) and any v ∈ W (Ω,m), there exists a unique weak solution

u ∈ W (Ω,m) to Lu = f such that Tru = Tr v. Moreover
∥u∥W ≤ C(∥f∥W−1 + ∥v∥W ).

(b) If (Ω,m, σ) is suitable for PDE and traces, then for any f ∈ W−1(Ω,m) and any g ∈
H(∂Ω, σ,m), there exists a unique weak solution u ∈ W (Ω,m) to Lu = f such that
Tru = g. Moreover,

∥u∥W ≤ C(∥f∥W−1 + ∥g∥H).
In both cases, the constant C > 0 depends only on the constant in (2.31).
Proof. The Lax-Milgram theorem does not classically have the v or g boundary terms.We can include the boundary terms by using the extension theorem, see for instance[DFM21, Lemma 9.1]. □

Another straightforward approach to obtaining solutions is through the use of ellip-tic measures. These measures can be viewed as a consequence of the maximum prin-ciple. One key advantage of elliptic measures is that they do not require the space oftracesH(∂Ω, σ,m), enabling the construction of solutionswithout assuming the connec-tedness of the domain. Additionally, ellipticmeasures provide a simplemethod to handlesolutions with highly irregular boundary data, as long as they are Borel measurable andbounded.However, to establish desirable properties for these solutions derived from ellipticmeasures, we rely on the De Giorgi-Nash-Moser estimates, also known as the Höldercontinuity of solutions. These estimates necessitate a well-developed elliptic theory,which will be presented in the following subsection.Before we proceed with the maximum principle, let us recall a stability result fromStampacchia.
Lemma 2.48. LetD ⊆ Ω be an open set,m be suitable for PDE, L be uniformly elliptic, and
f ∈ W−1(Ω,m). If u, v ∈ W (D,m) are subsolutions [resp. supersolutions] to Lu = f in D,thenmax{u, v} [resp.min{u, v}] is also a subsolution [resp. supersolution] to Lu = f onD.
Remark 2.49. The above lemma will be used in the following situation : if u is a weaksolution, then max{u, 0} and |u| are subsolutions to Lu = 0, while min{u, 0} is a su-persolution.
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Proof. Lemma 2.48 is proved like [Sta65, Theorem 3.5] (see also [DFM21, Lemma 8.23]),since it only uses convex analysis. □

This stability is used to prove the following maximum principles :
Proposition 2.50. Let Ω ⊂ Rn be open,m be suitable for PDE, and L be uniformly elliptic.If u ∈ W (Ω,m) is a weak solution to Lu = 0, then

min(Tru) ≤ u(X) ≤ max(Tru) for a.e. X ∈ Ω.

In addition, if u is a supersolution such that min(Tru) ≥ 0, then u ≥ 0 almost everywhere.
Proof. See the proof of [DFM21, Lemma 9.2]. □

Corollary 2.51. Let Ω ⊂ Rn be open, m be suitable for PDE, and L be uniformly elliptic.If a closed set F and an open set E are such that dist(F,Rn \ E) > 0, then for any u ∈
W (E ∩ Ω,m) satisfying
(i) Tru ≥ 0 on ∂Ω ∩ E and
(ii) u ≥ 0 a.e. in (E \ F ) ∩ Ω,
we have u ≥ 0 a.e. in E ∩ Ω.
Proof. See the proof of [DFM21, Lemma 11.3]. □

Remark 2.52. Corollary 2.51 is just a localized version of Proposition 2.50. Sometimes,it will be easier to use Corollary 2.51 instead of using Proposition 2.50 on a subdomain
E ∩ Ω ⊊ Ω, because the later would require to check thatm|E∩Ω is suitable for PDE.

Using Theorem 2.47 (Lax Milgram) and the continuity of solutions (Propositions 2.62and 2.63), we can construct a bounded map U which sends φ ∈ C∞
0 (Rn) - or more pre-cisely its restriction to ∂Ω - to a solution to Lu = 0 inW ∩C0

b (Ω) - the space of boundedfunctions that are continuous up to the boundary. Proposition 2.50 (Maximum Prin-ciple) shows that themapU is bounded from (C∞
0 (Rn), ∥.∥∞) to (C0

b (Ω), ∥.∥∞). The den-sity of C∞
0 (Rn) in C0

0(Rn) - the space of continuous and compactly supported functionson Rn - shows that we can extend by continuity the map U into one from C0
0(Rn) to

C0(Ω). Since each function in C0
0(∂Ω) is the restriction to ∂Ω of a function in C0

0(Rn), wecan define a continuous map U : (C0
0(∂Ω), ∥.∥∞) 7→ (C0

b (Ω), ∥.∥∞). As such, the Rieszrepresentation lemma gives the existence of a (unique) positive Borel regular measure
ωX
L on ∂Ω such that

Ug(X) =

ˆ
∂Ω

g(y)dωX(y)

for any X ∈ Ω and any g ∈ C0
0(∂Ω). We gather the properties of the elliptic measure

ωX
L in the next theorem.

Theorem 2.53. Let Ω ⊂ Rn,m be suitable for PDE, and L be uniformly elliptic. There existsa family of positive Borel regular measures {ωX
L }X∈Ω on ∂Ω - we write ωX or ωX

L for short -such that, for any g ∈ C∞
0 (Rn), the function ug constructed as

ug(X) :=

ˆ
∂Ω

g(y)dωX(y), X ∈ Ω, (2.35)
is the unique weak solution inW (Ω,m) to Lu = 0 in Ω with Tru = g|∂Ω given by Theorem2.47. Moreover, ωX is called the elliptic measure of L on ∂Ω and enjoys the followingproperties :
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(i) The elliptic measure is Borel regular, that is, for any Borel set E ⊆ ∂Ω,
ωX(E) = sup{ωX(K) : E ⊃ K, Kcompact} = inf{ωX(V ) : E ⊆ V, V open}.

(ii) ωX is a probability measure, i.e. ωX(∂Ω) = 1 and, for any Borel set E ⊆ ∂Ω, we have
ωX(E) = 1− ωX(∂Ω \ E).

(iii) If Ω is connected, the measures ωX are all absolutely continuous with respect to eachother, i.e. if ωX(E) = 0 for a Borel set E and a pole X ∈ Ω, then ωY (E) = 0 for all
Y ∈ Ω.

Let E ⊆ ∂Ω be a Borel set and let us write uE for the function defined on Ω by uE(X) =
ωX(E).
(iv) The function uE lies inWloc(Ω,m) and is a weak solution to Lu = 0 in Ω.
(v) If B ⊂ Rn is a ball centered at the boundary such that B ∩ E = ∅, then uE ∈ W (B ∩

Ω,m; 0 on B ∩ ∂Ω; locally in B). In particular TruE = 0 on ∂Ω ∩B.
(vi) Similarly, if B ⊂ Rn is a ball centered at the boundary such that E ⋐ B, then uE ∈

W (Ω \B,m; 0 on ∂Ω \B). In particular TruE = 0 on ∂Ω \B.
Proof. See Lemmas 12.15 and 12.19 in [DFM20] (see also Lemmas 9.6 and 9.7 in [DFM21])except for (vi), but the proof of the latter is very similar to (v). □

Given an elliptic measure ωX
L,Ω, one can construct numerous weak solutions usingthe formula (2.35), as demonstrated in the following corollary.

Corollary 2.54. LetΩ ⊂ Rn,m be suitable for PDE andL be uniformly elliptic. If g ∈ C0
b (∂Ω)- the space of continuous and bounded functions on ∂Ω - then the function ug constructedas in (2.35) lies in Wloc(Ω,m), is a weak solution to Lu = 0 in Ω and can be extended bycontinuity to Ω and the extension ug satisfies ug|∂Ω = g.Moreover, if B is a ball centered at the boundary such that supp g ⋐ B, then ug ∈

W (Ω\B,m; 0 on ∂Ω\B). Similarly, ifB is a ball centered at the boundary such that supp g ⊂
∂Ω \B, then ug ∈ W (B ∩ Ω,m; 0 on B ∩ ∂Ω).
Proof. Corollary 2.53 is Lemma 12.13 in [DFM20] (see also Lemma 9.4 [DFM21]) when g iscompactly supported. For the general case, we approach g ∈ C0

b (∂Ω) uniformly by stepfunctions and the proof is similar and easier than (iv)-(vi) of Theorem 2.53. □

2.3.2 . Interior and boundary estimates for solutions
The elliptic theory for degenerate elliptic equations has been explored in variousworks, including [Anc90, FKS82, FJK82]. Our presentation below builds upon and slightlyenhances the content from [DFM17], [DFM21], and [DFM20], drawing inspiration fromthe proofs in [GT01], [HL11], and [GW82].
We begin with the Caccioppoli inequality, which essentially states that if u is a solu-tion, we have an inverse for the interior Poincaré inequalityand the boundary Poincaréinequalityinequalities.

Proposition 2.55 (interior Caccioppoli inequality). Let Ω ⊂ Rn be open,m be suitable forPDE inside the domain and L be uniformly elliptic.If E ⊂ Ω is an open set and u ∈ W (E,m) is a non-negative subsolution in E, then, forany α ∈ C∞
0 (E), ˆ

Ω

α2|∇u|2dm ≤ C

ˆ
Ω

|∇α|2u2dm, (2.36)
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where C > 0 depends only on the constant in (2.31).In particular, if B is a ball of radius r such that 2B ⊂ Ω and u ∈ W (2B,m) is a non-negative subsolution in 2B, then
ˆ
B

|∇u|2dm ≤ Cr−2

ˆ
2B

u2dm. (2.37)
Proposition 2.56 (Caccioppoli inequality on the boundary). Let Ω ⊂ Rn be open, m besuitable for PDE and L be uniformly elliptic.IfE ⊂ Rn is an open set and u ∈ W (E∩Ω,m, 0 on E∩∂Ω) is a non-negative subsolutionin E, then, for any α ∈ C∞

0 (E),
ˆ
Ω

α2|∇u|2dm ≤ C

ˆ
Ω

|∇α|2u2dm, (2.38)
where C > 0 depends only on the constant in (2.31).In particular, if B is a ball of radius r centered at the boundary and u ∈ W (2B ∩
Ω,m; 0 on 2B ∩ ∂Ω) is a non-negative subsolution in 2B ∩ Ω, then

ˆ
B∩Ω

|∇u|2dm ≤ Cr−2

ˆ
2B∩Ω

u2dm. (2.39)
Remarks 2.57. • Instead of taking 2B in the left hand side of (2.37), we can take λBfor any λ > 1. In this case, the constant C depends also on λ and will explode as

λ→ 1.• Note that, if u ∈ W (E,m) is a weak solution, then |u| is a subsolution by Lemma2.48, and |∇|u|| = |∇u| a.e. on E by Proposition 2.25. So the statements in Propo-sitions 2.55 and 2.56 remain true when u is a weak solution, even when they arenot nonnegative.
Proofs of Proposition 2.55 and Proposition 2.56 are simple and proved in for instance[DFM21, Lemmas 8.6 and 8.11]. □

One consequence of the Caccioppoli inequality is the Moser estimates, which es-sentially allow for the equivalence of Lp-norms of solutions across different values of
p. Notably, solutions that are initially assumed to be in L2+ϵ (as per Theorem 2.17) areactually locally bounded.
Proposition 2.58 (interior Moser estimate). Let Ω ⊂ Rn be open, m be suitable for PDEinside the domain, L be uniformly elliptic, p > 0. There exists C = Cp > 0 such that, if B isa ball of radius r such that 2B ⊂ Ω, f ∈ L∞(Ω), F ∈ L∞(Ω,Rn) and u ∈ W (2B,m) is anon-negative subsolution to Lu = fw + div[Fw] in 2B, then

sup
B
u ≤ C

( 
2B

up dm

) 1
p

+ Cr2∥f∥L∞(2B) + Cr∥F∥L∞(2B). (2.40)
Proposition 2.59 (Moser estimates on the boundary). LetΩ ⊂ Rn be open,m be suitablefor PDE, L be uniformly elliptic, and p > 0. There exists C = Cp > 0 such that, if B is a ballcentered on ∂Ω and u ∈ W (2B ∩ Ω,m; 0 on 2B ∩ ∂Ω) is a non-negative subsolution to
Lu = 0 in 2B ∩ Ω, then

sup
B∩Ω

u ≤ Cp

( 
2B∩Ω

|u|pdm
) 1

p

. (2.41)
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Remarks 2.60. • As for the Caccioppoli inequalities, in the above propositions, wecan replace 2B by λB for λ > 1. The constantC will then depend on λ and explodewhen λ→ 1.• In Proposition 2.58, we can actually allow f ∈ Lq(Ω,m) for q > k/(k − 1), where kis the parameter in Theorem 2.10. In this case, ∥f∥L∞(2B) needs to be replaced byffl
2B
f q dm.

Proofs of Proposition 2.59 and Proposition 2.58 when f = F = 0 can be found in[KS00, Theorems C.4 and C.5], [FKS82, Lemmas 2.3.1 and 2.4.1], [DFM20, Lemmas 11.18and 11.20], [DFM21, Lemmas 8.7 and 8.12]. □

Proof of the inhomogeneous version of Proposition 2.58. Our proof will be similar to theone of Theorem 8.17 in [GT01], so we only give the outline of the proof. Pick ϵ > 0 andset f := r2∥f∥L∞(2B) + r∥F∥L∞(2B) + ϵ. We write ū for u+ f, and then v for η2ūβ for some
η ∈ C∞

0 (2B) and β ∈ (0,∞). We have
∇v = 2ηūβ∇η + βη2ūβ−1∇u

and, assuming that ūβ ∈ Wloc(2B,m), one gets v ∈ W0(Ω,m) and, using v as a testfunction against the weak solution u, we have
β

ˆ
Ω

A∇u · ∇u ūβ−1η2 dm+ 2

ˆ
Ω

A∇u · ∇η ūβη dm ≤
ˆ
Ω

fη2ūβ dm. (2.42)
Using the ellipticity of A, the Cauchy-Schwarz inequality, the boundedness of A, andthe fact that |f | ≤ |ū|/r2 on supp η, we obtain
ˆ
Ω

|∇u|2ūβ−1η2 dm ≤ C

ˆ
Ω

|∇u|ūβ
(
η∇η + η2

r

)
+ C

ˆ
Ω

(η2
r2

+
η∇η
r

)
ūβ+1 dm

≤ C

(ˆ
Ω

|∇u|2ūβ−1η2 dm

) 1
2
(ˆ

Ω

ūβ+1
(η2
r2

+ |∇η|2
)
dm

) 1
2

+ C

ˆ
Ω

(η2
r2

+ |∇η|2
)
ūβ+1 dm,

that is ˆ
Ω

|∇u|2ūβ−1η2 dm ≤ C

ˆ
Ω

ūβ+1
(η2
r2

+ |∇η|2
)
dm. (2.43)

If u(x) := ū(β+1)/2, we can rewrite (2.43) as
ˆ
Ω

|∇u|2η2 dm ≤ C

ˆ
Ω

u2
(η2
r2

+ |∇η|2
)
dm.

If k > 1 is the parameter from Theorem 2.10, we can write( 
2B

|u|2kη2k dm
)1/2k

≤ C

( 
2B

u2(η2 + r2|∇η|2) dm
) 1

2

.

Now, we pick 1 ≤ κ1 < κ2 ≤ 2 and we construct η such that η ∈ C∞(κ2B), 0 ≤ η ≤ 1,
η ≡ 1 on κ1B and |∇η| ≤ Cr/(κ2 − κ1). We deduce( 

κ1B

|u|2k dm
)1/2k

≤ C

κ2 − κ1

( 
κ2B

u2 dm

) 1
2

.

74



We write Φ(p, κ) :=
(ffl

κB
|ū|p dm

)1/p and so we proved that, for 1 ≤ κ1 < κ2 ≤ 2 and
p ∈ (1,+∞) \ {1},

Φ(kp, κ1) ≤
(

C

κ2 − κ1

) 2
p

Φ(p, κ2) (2.44)
provided that (ū)p−1 ∈ Wloc(2B,m). The later is automatically true for p ≤ 2, since
ū > f > 0. If p > 2, then we actually need to rerun the argument with ūN := min{ū, N}and vN = η2ū(ūN)

p−2, using the p-ellipticity in order to prove that
ˆ
Ω

|∇u|2(ūN)p−2η2 dm ≤ C

ˆ
Ω

A∇u · ∇[ū(ūN)
p−2]η2;

see for instance (3.4) in [FMZ21]. Ultimately, we get the bound( 
κ1B

ū2(ūN)
kp−2 dm

)1/pk

≤
(

C

κ2 − κ1

)2/p( 
κ2B

ū2(ūN)
p−2 dm

) 1
2

with a constant C independent of N ; see (3.17) in [FMZ21]. Taking N → ∞ gives (2.44).We take κi = 3
2
− 2−i (note that κ1 = 1) and, by iterating (2.47)–(2.44), we have, forallm ∈ N and all p > 0 2,

Φ
(
kmp,

1

2

)
≤
{

m−1∏
i=0

(C2i)2κ
−i/p

}
Φ(p, κm).

Taking the limit asm→ ∞, we deduce
sup
B
ū = lim

m→∞
Φ(kmp, 1) ≤ CpΦ

(
p,

3

2

)
. (2.45)

The proposition follows by taking ϵ→ 0. □

These properties are valid when u is a subsolution. For weak solutions, one cananticipate even stronger properties.
Proposition 2.61 (Harnack Inequality). Let Ω ⊂ Rn be open,m be suitable for PDE insidethe domain, and L be uniformly elliptic.There exists C > 0 such that, if B is a ball of radius r such that 2B ⊂ Ω, f ∈ L∞(Ω),
F ∈ L∞(Ω,Rn) and u ∈ W (2B,m) is a non-negative weak solution to Lu = fw + div[wF ]in 2B, we have

sup
B
u ≤ C

(
inf
B
u+ r2∥f∥L∞(2B) + r∥F∥L∞(2B)

)
. (2.46)

Proof. The Harnack inequality for solutions to Lu = 0 can be found as [FKS82, Lemma2.3.5] and [DFM20, Lemma 11.35]. In pur general setting, the proof is similar to the oneof Theorem 8.18 in [GT01]. We keep the notations used for the proof of Proposition 2.58.Note that the same argument can be run when β < 0 and u is a supersolution to
Lu = fw + div[Fw] in 2B, and we still have (2.42) and then (2.43). When p ∈ (−∞, 0),instead of (2.44), we have

Φ(kp, κ1) ≥
(

C

κ2 − κ1

) 2
p

Φ(p, κ2) (2.47)
2. We have a problem if kmp = 1 for somem, but we can always take at any step k′ ∈ (0, k] instead k,which allows us to avoid any discrete set of values.
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for 1 ≤ κ1 < κ2 ≤ 2, and therefore
Φ
(
p,

3

2

)
≤ Cp inf

B
ū = Cp lim

m→∞
Φ
(
kmp, 1

)
. (2.48)

If u is aweak solution toLu = fw+div[Fw], u is a supersolution toLu = fw+div[Fw]so (2.48) is true for all p < 0. In addition, Proposition 2.58 gives (2.45) for all p > 0. Now,we want to prove that there exists p0 > 0 small enough such that
Φ
(
p0,

3

2

)
≤ CΦ

(
− p0,

3

2

)
. (2.49)

By taking β = −1 in (2.43), B′ of radius r′ such that 2B′ ⊂ 2B, and η ∈ C∞
0 (2B′) suchthat η ≡ 1 on B′, we have  

B′
|∇(ln ū)|2 dm ≤ C(r′)2,

or, together with the interior Poincaré inequality (or more precisely Theorem 2.17),
 
B′

| ln ū− (ln ū)B′| dm ≤ C.

If means that ln ū is a function in BMOloc(2B,m), so the John-Nirenberg lemma (See[HL11, Chapter 3, Theorem 1.5], ;the context is different but the proof only rely on theCalderón-Zygmund decomposition, which is true since we assume that m is doubling)entails the existence of p0 > 0 and C > 0 such that
 

3
2
B

ep0| ln ū−(ln ū)3B/2| dm ≤ C

and thus
Φ
(
p0,

3

2

)p0
Φ
(
− p0,

3

2

)−p0
≤ Cep0(ln ū)3B/2e−p0(ln ū)3B/2 ≤ C.

The claim (2.49) follows. The combination of (2.45), (2.48) and (2.49) implies (2.46), asdesired. □

Building upon the previous proposition, we can establish the Hölder continuity ofsolutions.
Proposition 2.62 (interior Hölder continuity for inhomogeneous solutions). LetΩ ⊂ Rn

be open,m be suitable for PDE inside the domain, and L be uniformly elliptic.For every ϵ > 0, there exists θ > 0 such that, for any f ∈ L∞(Ω), any F ∈ L∞(Ω,Rn),any ball B ⊂ Ω of radius r and any weak solution u ∈ W (B,m) to Lu = fw+ div[Fw], wehave
osc
B/2

u ≤ θ osc
B
u+ ϵ(r2∥f∥∞ + r∥F∥∞). (2.50)

As a consequence, there exist C > 0 and α ∈ (0, 1] such that, for any τ ∈ (0, 1/2], any
f ∈ L∞(Ω), any ball B ⊂ Ω of radius r, and any weak solution u ∈ W (B,m) to Lu =
fw + div[Fw] in B, we have

osc
τB

u ≤ Cτα
( 

B

|u| dm+ r2∥f∥∞ + r∥F∥∞
)
. (2.51)
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Proof. For homogeneous solutions, the result can be found as [FKS82, Lemmas 2.3.11,Theorems 2.3.12], [HL11, Section 4.3, Theorem2.4]. Our proofwith inhomogeneous termsis similar to the one of Theorem 8.22 in [GT01]. We keep the notations introduced in theproofs of Propositions 2.58 and 2.61. We invoke Proposition 2.61 for u − (infB u) and
(supB u)− u, and we obtain

sup
B/2

u− inf
B
u+ r2∥f∥∞ ≤ Cϵ(inf

B/2
u− inf

B
u+ ϵr2∥f∥∞)

and
− inf

B/2
u+ sup

B
u+ r2∥f∥∞ ≤ Cϵ(− sup

B/2

u+ sup
B
u+ ϵr2∥f∥∞).

By summing, we obtain
osc
B/2

u+ osc
B
u+ 2r2∥f∥∞ ≤ Cϵ(− osc

B/2
u+ osc

B
u+ 2ϵr2∥f∥∞),

that is
osc
B/2

u ≤ Cϵ − 1

Cϵ + 1
(osc

B
u+ 2ϵr2∥f∥∞).

The bound (2.50) follows. Thanks to Lemma 8.23 in [GT01], we obtain for all τ ∈ (0, 1/2)the estimate
osc
τB

u ≤ Cτα
(
osc
B/2

u+ Cr2∥f∥∞
)
.

Check that |u| is a subsolution to Lu = |f |, so Proposition 2.58 entails that oscB/2 u ≤
supB/2 |u| ≤ C

ffl
B
|u| dm. The proposition follows. □

Proposition 2.63 (Hölder continuity at the boundary). LetΩ ⊂ Rn be open,m be suitablefor PDE, and L be uniformly elliptic. Set
osc
B∩∂Ω

Tru := max
η∈C∞

0 (B)

∥η∥∞≤1

(maxTr(ηu)−minTr(ηu)), (2.52)
where the quantities maxTr(v) and minTr(v) have been defined in Proposition 2.30.There exists θ ∈ (0, 1) such that, for any ball B ⊂ Rn centered on ∂Ω and any weaksolution u ∈ W (2B ∩ Ω,m), we have

osc
B∩Ω

u ≤ θ osc
2B∩Ω

u+ (1− θ) osc
2B∩∂Ω

Tru. (2.53)
As a consequence, there exist C > 0 and α ∈ (0, 1] such that, for any λ ≥ 2, any ball Bcentered on ∂Ω and any weak solution u ∈ W (λB ∩ Ω,m), we have

osc
B∩Ω

u ≤ Cλ−α osc
λB∩Ω

u+ C osc√
λB∩Ω

Tru. (2.54)
When Tru = 0 on λB ∩ ∂Ω, we can further obtain

osc
B∩Ω

u ≤ Cλ−α

 
B∩Ω

|u|dm. (2.55)
Remark 2.64. The reader might be a bit scared by the definition (2.52), but there is no-thing to be worried about. The cut-off function is needed to make sense to the trace inour general setting. When (Ω,m, σ) is suitable for PDE and traces, then, the trace is gi-ven by (2.19) and oscB∩∂Ω u is simply the difference between the σ-essential supremumand the σ-essential infimum of u on B ∩ ∂Ω.
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Proof. See [FKS82, Lemma 2.4.5, Theorem 2.4.6] and [DFM21, Lemma 8.16]. □

Interesting variants of the Harnack inequality and Hölder continuity include the fol-lowing density lemmas.
Lemma 2.65 (Density lemmas). Let Ω ⊂ Rn be open, m be suitable for PDE inside thedomain and L be uniformly elliptic.Let ϵ > 0. There exists cϵ > 0 such that ifB is a ball satisfying 4B ⊂ Ω and u ∈ W (4B,m)is a non-negative supersolution in 4B such that

m({X ∈ 2B, u(X) ≥ 1}) ≥ ϵm(2B),

then
inf
B
u ≥ cϵ. (2.56)

Letm be suitable for PDE. There exists c > 0 such that, if B is a ball centered on ∂Ω and
u ∈ W (2B,m) is a non-negative supersolution in 2B such that Tru ≥ 1 on 2B ∩ ∂Ω, wehave

inf
B∩Ω

u ≥ c. (2.57)
Proof. The interior result can be copied from the one of Density Theorem (Section 4.3,Theorem 4.9) in [HL11]. The boundary result is similar to [DFM21, Lemma 8.14]. □

Theorem 2.66 (boundary Harnack inequality). Let Ω be a uniform domain,m be suitablefor PDE, and L be uniformly elliptic.There exists C > 0 such that, for any ball B centered on ∂Ω, any corkscrew point AB forthe boundary ball B ∩ ∂Ω ...
(i) ... and any non-negative weak solution u ∈ W (2B ∩ Ω,m; 0 on 2B ∩ ∂Ω), we have

sup
B∩Ω

u ≤ Cu(AB);

(ii) ... and any positive weak solutions u, v ∈ W (2B ∩ Ω,m; 0 on 2B ∩ ∂Ω), we have
sup
B∩Ω

u(X)

v(X)
≤ C

u(AB)

v(AB)
,

which is equivalent to
C−1u(Y )

v(Y )
≤ u(X)

v(X)
≤ C

u(Y )

v(Y )
for X, Y ∈ B ∩ Ω;

(iii) ... and any positive weak solutions u, v ∈ W (Ω \B,m; 0 on ∂Ω \B), we have
C−1u(Y )

v(Y )
≤ u(X)

v(X)
≤ C

u(Y )

v(Y )
for X, Y ∈ Ω \ 2B.

Proof. Theorem 2.66. Conclusion (i) was proved as [DFM20, Lemma 15.14] ; earlier re-sults include : [JK82] for CAD domains, [Aik04, Theorem 1.2] and [Aik08, Corollary 2] fora characterization of uniform domains. Conclusion (ii) is [DFM20, Lemma 15.64], gene-ralizing the breakthrough result [CFMS81, Theorem 1.4] ; see also [JK82] for CADdomainsand [Aik01, Aik06] for a characterization of uniform domains. Conclusion (iii) is provedsimilarly to (ii). □
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The subsequent result enhances the Moser inequality for non-negative weak so-lutions, as opposed to general solutions or non-negative subsolutions. The boundaryanalogue of this interior result is also known as the“Carleson estimat” or“comparisonprinciple”.Combining this with Hölder continuity, we obtain an improved version of Theorem2.66.
Corollary 2.67. LetΩ ⊂ Rn be a uniformdomain,m be suitable for PDE, andL be uniformlyelliptic.There exist C > 0 and α ∈ (0, 1] such that, for any λ ≥ 1, any ball B centered on ∂Ω,any corkscrew point Ax,r for the boundary ball B ∩ ∂Ω ...
(i) ... and any non-negative weak solution u ∈ W (2B ∩ Ω,m; 0 on 2B ∩ ∂Ω), we have

sup
λ−1B∩Ω

u ≤ Cλ−αu(Ax,r);

(ii) ... and any positive weak solutions u, v ∈ W (2B ∩ Ω,m; 0 on 2B ∩ ∂Ω), we have
sup

X,Y ∈λ−1B∩Ω

∣∣∣∣u(X)v(Y )

v(X)u(Y )
− 1

∣∣∣∣ ≤ Cλ−α;

(iii) ... and any positive weak solutions u, v ∈ W (Ω \B,m; 0 on ∂Ω \B), we have
sup

X,Y ∈Ω\2λB

∣∣∣∣u(X)v(Y )

v(X)u(Y )
− 1

∣∣∣∣ ≤ Cλ−α.

Proof. (i) is trivial from Theorem 2.66 (i) and Proposition 2.63. (ii) and (iii) are provedlike [DEM21, Corollary 6.4]. □

2.3.3 . Green functions
Another important tool is the Green functions associated to a uniformly elliptic ope-rator. For Y ∈ Ω and r ∈ (0, δ∂Ω(Y )/10], let us introduce the quantity

γY (r) :=

ˆ δ∂Ω(Y )

r

s2

m(B(Y, s))

ds

s
(2.58)

and note that
dγY
dr

(r) = − r

m(B(Y, s))

and
γY (r) ≥ c

r2

m(B(Y, r))
.

We have the following properties.
Theorem 2.68. Let Ω ⊂ Rn be open, m be suitable for PDE and L be uniformly elliptic.There exists a unique function G : Ω× Ω 7→ R ∪ {+∞} such that G(X, .) is continuous on
Ω \ {X} and locally integrable in Ω for every X ∈ Ω, and such that, for every f ∈ C∞

0 (Ω),the function u given by
u(X) :=

ˆ
Ω

G(X, Y )f(Y )dm(Y ) (2.59)
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belongs toW0(Ω,m) and is a solution of Lu = f in the sense that
ˆ
Ω

A∇u · ∇φdm =

ˆ
Ω

fφ dm for every φ ∈ W0(Ω,m). (2.60)
Such a function G is called Green function and satisfies the following properties.
(i) If η ∈ C∞

0 (Ω) is such that η ≡ 1 on a neighborhood of {Y }, then (1 − η)g(., Y ) ∈
W0(Ω,m).

(ii) For Y ∈ Ω and φ ∈ C∞
0 (Ω),
ˆ
Ω

A∇XG(X, Y ) · ∇φ(X)dX = φ(Y ). (2.61)
In particular, G(., Y ) is a solution of Lu = 0 in Ω \ {Y }.

(iii) There exists α ∈ (0, 1] such that, for X, Y ∈ Ω satisfying |X − Y | ≥ δ∂Ω(Y )/10,
0 ≤ G(X, Y ) ≤ Cδ∂Ω(X)α

|X − Y |2−α

m(B(Y, |X − Y |) ∩ Ω)
. (2.62)

In particular, G(., X) can be extended by continuity to ∂Ω, and G(., X) ≡ 0 on ∂Ω.
(iv) For X, Y ∈ Ω such that |X − Y | ≤ δ∂Ω(Y )/2,

cγY (|X − Y |) ≤ G(X, Y ) ≤ CγY (|X − Y |). (2.63)
The constant c > 0 above does not depend on the constant in the boundary Poincaréinequality.

(v) For r ∈ (0, δ∂Ω(Y )/2) and y ∈ Ω,
ˆ
Ω\B(Y,r)

|∇xG(X, Y )|2dm(x) ≤ CγY (r). (2.64)

(vi) There exists q > 1 (depending only on the doubling constant ofm) such that, for Y ∈ Ω,( 
B(Y,δ∂Ω(Y ))

|∇xG(X, Y )|qdm(X)

) 1
q

≤ C
δ∂Ω(Y )

m(B(Y, δ∂Ω(Y ))
. (2.65)

In particular,∇G(., Y ) ∈ Lq
loc(Ω).

(vii) Finally, for any X, Y ∈ Ω, we have
G(X, Y ) = GT (Y,X), (2.66)

where gT is the Green function for the adjoint operator LT := − divAT∇. In particular,all the above estimates stay true if x is replaced by y.
Proof. The statements and the proofs can be found in [DFM20]. Note that our conditionsare slightly more general but the proofs are exactly the same as in [DFM20]. The exis-tence and uniqueness in Theorem 2.68 are given in [DFM20, Lemmas 14.87 and 14.91]once you know that gρ is continuous (this is given by Proposition 2.62). The bounds (i),
(iii), (iv) and (v) are given by [DFM20, Theorem 14.60], (ii) by Lemma [DFM20, Lemma14.83], and (vi) is [DFM20, Lemma 14.78]. Some of the bounds are found in [FJK82], andthe proofs in the codimension 1 case are in [Sta65] and [GW82]. □
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Corollary 2.69. Let Ω ⊂ Rn be open,m be suitable for PDE and L be uniformly elliptic.For Y ∈ Ω and ρ ≤ δ∂Ω(Y )/100, take a non-negative function fY,ρ ∈ L∞(Ω) such that
supp fY,ρ ⊂ B(Y, ρ) and ´

Ω
fY,ρ dm = 1. The map v ∈ W0(Ω,m) →

´
Ω
fY,ρφdm belongs to

W−1(Ω,m) and so we can construct Gρ(X, Y ) as the unique weak solution inW0(Ω,m) to
Lu = fY,ρ given by Theorem 2.47. Then, as ρ→ 0, we have the following convergences :
(a) Gρ(., Y ) → G(., Y ) uniformly on compact of Ω \ {Y },
(b) Gρ(., Y ) → G(., Y ) strongly inW (Ω \BY ,m; 0 on ∂Ω), where BY := B(Y, δ∂Ω(Y )/4),
(c) ∇XG

ρ(., Y )⇀ ∇XG
ρ(., Y ) weakly in Lq(2BY ,m).

Moreover, Gρ satisfies the following estimates with constants independent of ρ.
(i) For X, Y ∈ Ω satisfying |X − Y | ≥ δ∂Ω(Y )/10,

0 ≤ Gρ(X, Y ) ≤ C
|X − Y |2

m(B(Y, |X − Y |) ∩ Ω)
.

(ii) For X, Y ∈ Ω such that 10ρ ≤ |X − Y | ≤ δ∂Ω(Y )/2,
cγY (|X − Y |) ≤ Gρ(X, Y ) ≤ CγY (|X − Y |),

where c > 0 above does not depend on (ρ, X , Y , and) the constant in the boundaryPoincaré inequality.
(iii) For Y ∈ Ω and r ∈ (0, δ∂Ω(Y )/2],

ˆ
Ω\B(Y,r)

|∇XG
ρ(X, Y )|2dm(X) ≤ CγY (r).

(iv) There exists q > 1 (depending only on the doubling constant ofm) such that( 
2BY

|∇XG
ρ(X, Y )|qdm(X)

) 1
q

≤ C
δ∂Ω(Y )

m(BY )
.

Proof. The uniformbounds in Corollary 2.69 are a consequences of the proofs in [DFM20],the convergence is due to the fact that a limit G′(x, y) of any convergent subsequenceof Gρ(x, y) satisfies (2.59) and (2.60), so G′(x, y) has to be G(x, y) by uniqueness. □

Proposition 2.70. Let Ω ⊂ Rn be an unbounded domain,m be suitable for PDE and L beuniformly elliptic. There exists a non-zero non-negative solutionG ∈ W (Ω,m; 0 on ∂Ω; locally in Rn)to Lu = 0 in Ω. By Propositions 2.62 and 2.63, such a function G is Hölder continuous on Ωand G ≡ 0 on ∂Ω.By Proposition 2.61, if Ω is connected, then G is positive. By (ii) of Corollary 2.67, if Ω isuniform, then G is unique up to a constant, that is, if G1 ∈ W (Ω,m; 0 on ∂Ω; locally in Rn

andG2 ∈ W (Ω,m; 0 on ∂Ω; locally in Rn) are two non-zero non-negative solutions toLu =
0 in Ω, thenG1/G2 is a positive constant. We call such a function the Green function with
pole at infinity.

Proof. It can be proved like Lemma 3.7 in [KT99], Lemma 6.5 in [DEM21] or Lemma 3.2in [DFM23a]. □

81



2.3.4 . Properties of the elliptic measures
The interaction between the Green function and harmonic measure is crucial, asthey are primary tools in the study of solutions. Specifically, the comparison betweenthese two quantities is a key element in the proof of Theorem 2.66 parts (ii) and (iii),which pertain to the comparison principle and boundary Harnack principle. These re-sults were initially established for classical uniformly elliptic operators in [CFMS81], andwe have extended them to more general contexts in [DFM21, DFM20].
In this subsection, ωX := ωX

L,Ω denotes the elliptic measure constructed in Theorem2.53, and G(X, Y ) = GL(X, Y ) represents the Green function constructed in Theorem2.68.
Our first result is the non-degeneracy of the harmonic measure, which is a specificcase of the second part of Lemma 2.65.

Lemma 2.71. Let Ω ⊂ Rn be open, m be suitable for PDE, L be uniformly elliptic. For any
α ∈ (0, 1), there exists C > 0 such that, for any ball B centered at the boundary,

inf
X∈αB

ωX(B ∩ ∂Ω) ≥ C−1.

As a consequence, if B is a ball centered on ∂Ω and X is a ϵ-corkscrew point for B ∩ ∂Ω,then
ωX(B ∩ ∂Ω) ≥ C−1

ϵ ,

where Cϵ depends on X only via ϵ.
Proof. The first part of the lemma is given by Lemma 2.65 when α = 1/2, but the proofis the same for a general α ∈ (0, 1). For the second part of the lemma, let ϵ be the onein the definition of corkscrew points. Observe that a point in B(X, ϵ/2) ∩ (1 − ϵ/4)B isnon-empty, so contains a point Y . By the first part, ωY (B ∩ ∂Ω) ≥ C , and we concludeby using the Harnack inequality (Proposition 2.61) in B(X, ϵ/2). □

The Green function and the elliptic measure are connected through the followingformula.
Proposition 2.72. Let Ω ⊂ Rn be open, m be suitable for PDE, and L be uniformly ellip-tic. Let G(X, Y ) = GL(X, Y ) be the Green function from Theorem 2.68 and ωX = ωX

L bethe measure from Theorem 2.53. For any X ∈ Ω and any φ ∈ C∞(Rn) which is 0 on aneighborhood of {X}, we haveˆ
Ω

A∇φ(Y ) · ∇yG(X, Y ) dm(Y ) = −
ˆ
∂Ω

φ(y)dωX(y).

Proof. See for instance Lemma 2.18 in [DFM23a]. □

This relationship allows us to establish a comparison between Green functions andelliptic measures, serving as an intermediate step in the proof of Theorem 2.66 part (iii).
Proposition 2.73. Let Ω ⊂ Rn be open, m be suitable for PDE and L be uniformly elliptic.We write G(X, Y ) = GL(X, Y ) be the Green function from Theorem 2.68 and ωX = ωX

L bethe measure from Theorem 2.53.There exists C > 0 such that, for any x ∈ ∂Ω, any r > 0, and any corkscrew point Xx,rfor x at scale r, we have
m(B(x, r) ∩ Ω)

r2
G(Y,Xx,r) ≤ CωY (B(x, r) ∩ ∂Ω) for Y ∈ Ω \B(Xx,r, δ∂Ω(Xx,r)/4).
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Moreover, if Ω is uniform, then
ωY (B ∩ ∂Ω) ≤ C

m(B(x, r) ∩ Ω)

r2
G(Y,Xx,r) for Y ∈ Ω \ 2B.

Remark 2.74. Note that the first inequality in the above proposition is a direct conse-quence of the non-degeneracy of the harmonic measure (Lemma 2.71), the pointwisebound (2.63) on the Green function, and the maximum principle (Corollary 2.51).
Proof. See Lemma 15.28 in [DFM20], generalizing [CFMS81, Lemma 2.2] (see also [DFM21,Lemma 11.11]). □

Applying Theorem 2.66 part (iii) to two elliptic measures yields the following result :
Proposition 2.75 (Change of poles for the elliptic measure). Let Ω be a uniform domain,
m be suitable for PDE, L be uniformly elliptic, and ωX = ωX

L be the measure from Theorem2.53.There exists C > 0 such that, for any x ∈ ∂Ω, any r > 0, any corkscrew point Xx,r for xat scale r, and any Borel sets E,F ⊂ B(x, r) ∩ ∂Ω, we have
C−1ω

X(E)

ωX(F )
≤ ωY (E)

ωY (F )
≤ C

ωX(E)

ωX(F )
for X, Y ∈ Ω \B(x, 2r)

and
C−1ωXx,r(E) ≤ ωY (E)

ωY (B(x, r) ∩ ∂Ω) ≤ CωXx,r(E) for Y ∈ Ω \B(x, 2r).

Proof. The change of poles is Lemma 15.61 in [DFM20] (see also [DFM21, Lemma 11.16]),but it would be fair to say that it is only 2.66 applied to the elliptic measure. □

By combining Proposition 2.73with the Harnack inequality (Proposition 2.61), we caneasily derive the doubling property of the harmonicmeasure for uniform domains. Thisdoubling property is expected to hold in the weaker "semi-uniform" domains. Such aproof has been obtained in [Azz21] for classical uniformly elliptic operators, but has yetto be verified in our more general context.
Proposition 2.76. LetΩ be a uniform domain,m be suitable for PDE,L be uniformly elliptic,and ωX = ωX

L be the measure from Theorem 2.53. Then, there exists C > 0 such that, forany x ∈ ∂Ω, any r > 0 and any X ∈ Ω \B(x, 3r), we have
ωX(B(x, 2r) ∩ ∂Ω) ≤ CωX(B(x, r) ∩ ∂Ω).

Proof. See for instance [DFM20, Lemma 15.43]. □

To conclude this section, let us construct the elliptic measure “with pole at infinity”.
Proposition 2.77. Let Ω ⊂ Rn be an unbounded uniform domain, m be suitable for PDE,andL := divA∇ be uniformly elliptic. LetGL∗ be a positive solution inW (Ω,m; 0 on ∂Ω; locally in Rn)to L∗u = divAT∇u = 0 in Ω (as given by Proposition 2.70).Then there exists a Borel measure ω := ω∞

L on ∂Ω such thatˆ
Ω

AT∇GL∗ · ∇φdm = −
ˆ
∂Ω

φdω for φ ∈ C∞
0 (Rn).

SinceG∗ is unique up to a positive constant,ω is also unique toL up to a positive constant.We call ω the elliptic measure with pole at∞.
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Proof. Proposition 2.77 canbeproved like Lemma6.5 in [DEM21] or Lemma3.2 in [DFM23a].
□

In most cases, the pole is not particularly relevant. To avoid discussing the pole, it isconvenient to use the following quantity instead.
Definition 2.78. Let Ω ⊂ Rn be a uniform domain, m be suitable for PDE and L :=
divA∇ be uniformly elliptic. We define the function GL and the measure ωL as follows• ifΩ is bounded,we takeGL = GL(., X0) andωL = ωX0

L , whereX0 satisfiesB(X0, ϵΩ diamΩ) ⊂
Ω and ϵΩ is the corkscrew point constant of Ω ;• if Ω is unbounded, we take GL to be the function (defined up to a constant) givenby Proposition 2.70 and ωL to be the measure given by Proposition 2.77.

Proposition 2.79. Let Ω ⊂ Rn be a uniform domain (ϵΩ is its corkscrew constant), m besuitable for PDE and L := divA∇ be uniformly elliptic. Let GL∗(X, Y ), ωX
L be respectivelythe Green function associated to L∗ and the elliptic measure associated to L, and let GL∗ ,

ωL be the objects defined in Definition 2.78. There exists a constant C > 0 such that, for anyboundary ball x ∈ ∂Ω, any r ∈ (0, ϵΩ diamΩ/2) and any corkscrew pointXx,r for x at scale
r, we have

C−1m(B(x, r) ∩ Ω)

r2
GL∗(Xx,r) ≤ ωL(B(x, r) ∩ ∂Ω) ≤ C

m(B(x, r) ∩ Ω)

r2
GL∗(Xx,r).

If, moreover, E is a Borel subset of B(x, r) ∩ ∂Ω, then
C−1ωX

L (E) ≤ ωL(E)

ωL(B(x, r) ∩ ∂Ω) ≤ CωX
L (E).

At last, if Y ∈ Ω \B(x, 2r) 3, we have
C−1GL∗(Xx,r, Y ) ≤ GL∗(Y )

ωL(B(x, r) ∩ ∂Ω) ≤ CGL∗(Xx,r, Y ).

Proof. This is simply Propositions 2.73 and 2.75. This is immediate when Ω is bounded.It works also when Ω is unbounded because GL∗ and ωL are constructed by taking alimit of (appropriately rescaled) functionsGL∗(., Xi) and measures ωXi
L when |Xi| → ∞(thanks to (iii) of Corollary 2.67, the convergence to GL∗ will be on compacts sets of Ωand the convergence to ωL will be for all Borel sets). □

2.3.5 . Absolute continuity of the elliptic measure
In our manuscript, we will not delve into the dimension of the support of the har-monic measure, which is an entire theory by itself. Instead, we will take a step furtherby investigating when the harmonic measure (or the elliptic measure) is mutually ab-solutely continuous with respect to the Hausdorff measure, as well as its quantitativeversion, known as A∞-absolute continuity.

Definition 2.80 (absolute continuity). Let σ, µ be two Borel measures on E.We say that µ is absolutely continuous with respect to σ if, for any Borel set F ⊂ E,
σ(F ) = 0 implies µ(F ) = 0.

3. If Ω is bounded, we also assume that Y is not close to the poleX0 used to define GL∗
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We say that µ is A∞-absolutely continuous with respect to σ - and we write µ ∈
A∞(σ) - if, for any ϵ > 0, there exists δ > 0 such that, for any “boundary” ball Q ⊂ E,and any Borel set F ⊂ Q,

µ(F )

µ(Q)
< δ ⇒ σ(F )

σ(Q)
< ϵ.

We say that the collection of ellipticmeasures {ωX
L }X∈Ω isA∞-absolutely continuouswith respect to σ - and we still write ωX

L ∈ A∞(σ) - if, for any ϵ > 0, there exists δ > 0such that, for any ball B centered on ∂Ω, any F ⊂ B ∩ ∂Ω and any X ∈ Ω \ 2B,
ωX
L (F )

ωX
L (Q)

< δ ⇒ σ(F )

σ(Q)
< ϵ. (2.67)

Of course, we can also say that ωX
L1
isA∞-absolutely continuous with respect to anotherelliptic measure ωX

L0
if (2.67) is replaced by

ωX
L1
(F )

ωX
L1
(Q)

< δ ⇒ ωX
L0
(F )

ωX
L0
(Q)

< ϵ.

It is not practical to discuss a ’collection’ of measures. In fact, we can consolidate allthe information of the elliptic measure - which is essentially a collection of measures -into a single measure.
Proposition 2.81. Let Ω be a uniform domain, m be suitable for PDE, and L be uniformlyelliptic, and let σ be a Borel measure on ∂Ω. Let ωX

L be the collection of elliptic measuresconstructed in Theorem 2.53 and ωL be the (single) elliptic measure from Definition 2.78.Then ωX
L ∈ A∞(σ) if and only if ωL ∈ A∞(σ).

Proof. The proposition is an immediate consequence of the second equivalence in Pro-position 2.79. □

Several fundamental properties and characterizations of A∞-absolute continuityare presented in the following results, which can be found as Theorem 1.4.13 in [Ken94],and draw from the works of [Muc74, CF74].
Proposition 2.82. (i) If µ ∈ A∞(σ), then µ is absolutely continuous with respect to σ.
(ii) A∞ is an equivalence relationship, meaning that µ ∈ A∞(σ) if and only if σ ∈ A∞(µ).
Theorem 2.83. If σ and µ are two measures on E, then the following are equivalent :
(i) µ ∈ A∞(σ) ;
(ii) there exist ϵ, δ ∈ (0, 1)2 such that, for any ball Q ⊂ E and any Borel set F ⊂ Q,

σ(F )

σ(Q)
< δ ⇒ µ(F )

µ(Q)
< δ;

(iii) there exist C > 0, η > 0 such that, for any ball Q ⊂ E and any Borel set F ⊂ Q,
µ(F )

µ(Q)
≤ C

(
σ(F )

σ(Q)

)η

;
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(iv) µ ∈ ⋃q>1Bq(σ), where µ ∈ Bq(σ) if µ is absolutely continuous with respect to σ and
there exists C > 0 such that, for any ball Q ⊂ E, the Radon derivative k = dµ

dσ
verifies( 

Q

kq dσ

) 1
q

≤ C

 
Q

k dσ;

Moreover, µ ∈ Bq(σ) implies that there exists ϵ > 0 such that µ ∈ Br(σ) for r ∈ [1, q + ϵ) ;and µ ∈ Bq(σ) is equivalent to the Lq′(σ)-boundedness of the maximal operatorMµ, where
1
q
+ 1

q′ = 1 and
Mµ(f)(x) := sup

Qball
Q∋x

 
Q

|f |dµ.
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3 - TheDirichlet problemondomainswithhigher ormixed
codimensional boundaries

The purpose of this chapter is to adapt the theorem presented in Sections 1.2 and1.3 to the framework developed in Chapter 2. Wewill start from scratch and reintroduceall the necessary definitions.
3.1 . The non-tangential maximal function N and the square function S

Our goal is to work with a measure on the boundary. Therefore, we will present theliterature for the case where (Ω,m, σ) is suitable for PDE and traces. Given that thismemoir focuses on domains that are complements of low-dimensional sets - whichare inherently uniform by Proposition 1.21 - this restriction is reasonable. However, it isimportant to note that in the classical setting, where the measure m is the Lebesguemeasure, many recent works have aimed to weaken the uniform and Ahlfors regularassumptions as much as possible. Therefore, the result on the equivalent characteriza-tion of the solvability of the Lp Dirichlet problem are inherently not optimal.
The key functionals in this theory are the non-tangential maximal function and thesquare function, defined below.

Definition 3.1. We define the cone with vertex on x ∈ ∂Ω and aperture α > 0 by
Γα(x) := {Y ∈ Ω, |Y − x| < (1 + α)δ∂Ω(Y )},

which is used to defined some functionals on ∂Ω : the non-tangential maximal function
Nαu(x) := sup

Y ∈Γα(x)

|u|.

If we write BY for B(Y, δ∂Ω(Y )/2), we also define and the square functions
Aαu(x) :=

(ˆ
Γα(x)

|u(Y )|2 dm(Y )

m(BY )

) 1
2

,

and
Sαu(x) :=

(ˆ
Γα(x)

|δ∂Ω(Y )∇u(Y )|2 dm(Y )

m(BY )

) 1
2

,

that is Sα(u) := Aα(δ∂Ω∇u). The functionals are defined when u makes sense, that is
u ∈ L∞

loc(Ω) for Nα, u ∈ L2
loc(Ω,m) for Aα, and u ∈ Wloc(Ω,m) for Sα.

Remark 3.2. Let us mention that in the classical setting when m is the n-dimensionalLebesgue measure, then
m(B(Y, δ∂Ω(Y )) = cnδ∂Ω(Y )n

where cn is the volume of the unit balls. Since δ∂Ω(Y ) ≤ |Y − x| ≤ (1 + α)δ∂Ω(Y ) when
Y ∈ Γα(x), in the classical setting, the square functionals can we rewritten as

Aαu(x) :=

(ˆ
Γα(x)

|u(Y )|2 dY

|X − y|n
) 1

2

,

and Sαu := Aα(δ∂Ω∇u).
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Let us study the dependence in the aperture α. The first result is quite straightfor-ward.
Proposition 3.3. Let m and σ be a doubling measures on Ω and ∂Ω respectively, and let
α > 0. Then, for any u ∈ L2

loc(Ω,m),
C−1

α

ˆ
Ω

u2(Y )
σ(4BY )

m(BY )
dm(Y ) ≤

ˆ
∂Ω

|Aα(u)|2 dσ ≤ Cα

ˆ
Ω

u2(Y )
σ(4BY )

m(BY )
dm(Y ),

where BY := B(Y, δ∂Ω(Y )/2) and Cα depends only in α and the doubling constants of mand σ.
Proof. Simple use of Fubini’s lemma. See the proof of [FP22, Proposition 3.2] for a similarcomputation. □

Remark 3.4. Keep in mind that when m is the n-dimensional Lebesgue measure and σis a (n− 1)-Ahlfors regular measure,
σ(4BY )

m(BY )
dm(Y ) ≈ dY

δ∂Ω(Y )
. (3.1)

If dm = δd+1−n
∂Ω dY and σ is a d-Ahlfors regular measure, we have instead

σ(4BY )

m(BY )
dm(Y ) ≈ dm(Y )

δ∂Ω(Y )
=

dY

δn−d
∂Ω (Y )

. (3.2)
If (Ω,m, σ) is suitable for PDE and traces, then

σ(4BY )

m(BY )
dm(Y ) ≈ ρ(y, δ∂Ω(Y ))−1 dm(Y )

δ∂Ω(Y )
, (3.3)

where ρ is the dimensionless quantity introduced in Definition 2.32 and y is such that
|y − Y | = δ∂Ω(Y ).Finally, let Ω be uniform (ϵΩ is the corkscrew constant),m be suitable for PDE, and Lbe uniformly elliptic. Set ωL andGL∗ to be the elliptic measure (associated to L) and theGreen function (associated to L∗) from Definition 2.78. If σ = ωL and B(Y, ϵΩ diamΩ/2)intersects ∂Ω, then we have

σ(4BY )

m(BY )
dm(Y ) ≈ GL∗(Y )

δ∂Ω(Y )2
dm(Y ). (3.4)

This is the first step in demonstrating independence fromα. However, we can achieveeven more, as shown by the following :
Proposition 3.5. Let m and σ be doubling measures on Ω and ∂Ω respectively, and let
α, β > 0. Then, for any function u ∈ L∞

loc(Ω) and any t > 0,
σ({x ∈ ∂Ω, Nα(u) > t} ≤ Cα,βσ({x ∈ ∂Ω, Nβ(u) > t}

Moreover, if r > 0, for any γ ∈ (0, 1), any u ∈ L2
loc(Ω,m), and any t > 0,

σ({x ∈ ∂Ω, Aα(u) > t, Mσ,r(Aβ(u)) ≤ γr} ≤ Cα,β,rγ
2σ({x ∈ ∂Ω, Aα(u) > t/2},

whereMσ,r is the uncentered maximal function
Mσ,r(g)(x) := sup

B∋x

( 
B

|g|rdσ
) 1

r

.

Here Cα,β depends on α, β, and the doubling constants of m and σ, while Cα,β,r dependsalso on r.
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Proof. The first part of Proposition 3.5 (about the non-tangential maximal function) isdue to Stein in the half-plane (see [SM93, Section 2.5.1]) but the proof extends imme-diately to spaces with doubling measures. The second part (about the square function)is a well known result that can be easily proven using a good-λ argument, although theauthors cannot pinpoint where it is proven. □

Together with the Cavalieri formula, the Lp norm of the functionalNα (resp. Aα) arecomparable to the one of Nβ (resp. Aβ). So in view of the next result, we will drop theparameter α for the functionals Nα, Aα, and Sα, and only write it in the proofs when itbecomes relevant.
Corollary 3.6. Let m and σ be doubling measures on Ω and ∂Ω respectively. Let α, β > 0and p > 0. Then there exists Cα,β,p > 0 such that

∥Nα(u)∥Lp(∂Ω,σ) ≤ Cα,β,p∥Nβ(u)∥Lp(∂Ω,σ)

whenever u ∈ L∞
loc(Ω) and

∥Aα(u)∥Lp(∂Ω,σ) ≤ Cα,β,p∥Aβ(u)∥Lp(∂Ω,σ)

whenever u ∈ L2
loc(Ω,m).

The square function and thenon-tangentialmaximal functions are interrelated throughthe Carleson inequality, which also requires a notion of Carleson measure.
Definition 3.7. We define the functional Cσ for u ∈ L2

loc(Ω,m) as
Cσ(u)(x) := sup

B∋x

( 
∂Ω

|Aα(u1B)|2dσ
) 1

2 for x ∈ ∂Ω.

We say that u satisfies the Carleson measure condition with respect to σ - or u ∈ CMσfor short - if Cσ(u) ∈ L∞(∂Ω, σ). We write u ∈ CMσ(M) when we want to refer to thenormM := ∥Cσ(u)∥L∞(∂Ω,σ).
Remark 3.8. We can define equivalently Cσ as

Cσ(u)(x) := sup
B∋x

(
1

σ(B)

ˆ
B

|u(Y )|2σ(4BY )

m(BY )
dm(Y )

) 1
2

.

By equivalently, wemean thatwhenσ andm are doubling, the Carlesonnorm ∥Cσ(u)∥L∞(∂Ω,σ)is equivalent with both definition of Cσ, and the proof of this fact is similar to the oneof Proposition 3.3.
One of our key tool is the following Carleson inequality.

Theorem 3.9 (Carleson inequality). Letm and σ be doubling measures on Ω and ∂Ω res-pectively. Then, for any u ∈ L∞
loc(Ω) and any v ∈ L2

loc(Ω,m), we have
ˆ
∂Ω

|A(uv)|2 dσ ≤ C2

ˆ
∂Ω

|N(u)|2|Cσ(v)|2 dσ

for some C > 0 that depends only on the doubling constants of m and σ. In particular, if
v ∈ CMσ(M), then

∥A(uv)∥L2(∂Ω,σ) ≤ CM∥N(u)∥L2(∂Ω,σ).
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Proof. Theorem 3.9 is the generalization of Theorem 2 in [SM93, Section 2.2] in ourcontext (to which the proof of [SM93] extends). □

Remark 3.10. Let us restate Theorem 3.9. By Proposition 3.3, we haveˆ
Ω

u2(Y )v2(Y )
σ(4BY )

m(BY )
dm(Y ) ≤ C∥Cσ(v)∥2L∞(∂Ω,σ)

ˆ
∂Ω

|N(u)|2 dσ.

Then Remark 3.4 allows us to replace σ(4BY )
m(BY )

dm(Y ) depending on the setting.
Let us complete Theorem 2.83 with the following property on A∞-absolute conti-nuity.

Theorem 3.11. If σ and µ are two doubling measures on E ⊂ Rn such that σ ∈ A∞(µ),then we have :
(i) the spacesBMO(E, σ) andBMO(E, µ) are equal as Banach spaces, that is there exists

C > 0 such that
C−1 supball∆⊂E

 
∆

|f − f∆,σ| dσ ≤ supball∆⊂E

 
∆

|f − f∆,µ| dµ ≤ C supball∆⊂E

 
∆

|f − f∆,σ| dσ,

where ∆ are boundary balls and f∆,ν :=
ffl
∆
f dν ;

(ii) There exists C > 0 such that, for any measurem on Ω and any u ∈ L2
loc(Rn \ E,m),

C−1∥Cσ(u)∥L∞(E,σ) ≤ ∥Cµ(u)∥L∞(E,µ) ≤ C∥Cσ(u)∥L∞(E,σ).

In particular, u ∈ CMσ(M) =⇒ u ∈ CMµ(CM).
Proof. The first part of Theorem 3.11 is a simple consequence of the John-Nirenberginequality and the fact that k = dσ/dµ belongs to the reverse Hölder class Bq for some
q > 1 (see Theorem 2.83). The second part is similar, and its proof is also simple withan analogue of the John-Nirenberg lemma for the Carleson measures. The result washinted in [DKP11] and the proof in our setting can be found in [FP22, Lemma 3.30] . □

Remark 3.12. We emphasize that the choice of the measure m in part (ii) of the abovetheorem is inconsequential. Thus, (ii) remains a property of theA∞-absolute continuityofmeasures. It would not be surprising if the converse - that (i)or (ii) implies σ ∈ A∞(µ)- were true. However, the author is unaware of any proof of such a result.
3.2 . Equivalent characterizations of the solvability of the Dirichlet problem

For the next definitions, Ω ⊂ Rn is open,m is suitable for PDE, σ is a Borel measuresupported on ∂Ω, and L := − divA∇ is a uniformly elliptic operator (with respect tothe weight w := dm/dx). In particular, Theorem 2.53 gives the existence of an ellipticmeasure ωX
L on ∂Ω.

Definition 3.13. Given p ∈ (1,∞) and σ a doubling measure on ∂Ω, we say that theDirichlet problem for L is solvable in Lp(∂Ω, σ) - or that (Dp,σ)L holds - if there exists
C > 0 such that for every g ∈ C∞

0 (∂Ω), the solution ug given as in (2.35) by the ellipticmeasure, that is
ug(X) :=

ˆ
∂Ω

g(y) dωX
L (y) (3.5)

satisfies
∥Nug∥Lp(∂Ω,σ) ≤ C∥g∥Lp(∂Ω,σ). (3.6)
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Proposition 3.14. If (Dp,σ)L holds, then for any g ∈ Lp(∂Ω, σ), the construction (3.5)makessense and gives a solution ug ∈ Wloc(Ω,m) to Lu = 0 in Ω that satisfies (3.6) and
lim

Y ∈Γ(x)
ug(Y ) = g(x) for σ-a.e. x ∈ ∂Ω. (3.7)

Proof. By density, we can find gn ∈ C0(∂Ω) such that ∥g − gn∥Lp(∂Ω,σ) ≤ 1/n. The bound(3.6) implies that ugn is a Cauchy sequence for the uniform convergence on compact setsof Ω ; in particular ug(X) is well defined - i.e. is independent on the the approximatingsequence gn - and is the limit of the Cauchy sequence ugn(X). Then the Caccioppoliinequality (Proposition 2.55) implies that ugn converges in Wloc(Ω,m) to ug and, sincethe set of weak-solution is closed under the weak-topology of Wloc(Ω,m), we obtainthat ug is a solution to Lu = 0.It remains to show (3.7). Since N(ugn − ug) and gn − g converge to 0 in Lp, up to asubsequence, they also converge σ-almost everywhere. Take a point xwhere they bothconverge and ϵ > 0. If Y ∈ Γ(x), we have
|ug(Y )− g(x)| ≤ N(ug − ugn)(x) + |ugn(Y )− gn(x)|+ |gn(x)− g(x)|.

Choose first n (independent of Y ) such that N(ug − ugn)(x) + |gn(x) − g(x)| < ϵ/2. Butsince gn is continuous, Proposition 2.63 shows that ugn(Y ) converges to Trugn(x) =
gn(x) and we can take Y close enough to x such that |ugn(Y ) − gn(x)| < ϵ/2. The pro-position follows. □

Proposition 3.15. Let (Ω,m, σ) be suitable for PDE and traces, L := − divA∇ be a uni-formly elliptic operator on Ω, and p ∈ (1,∞). Are equivalent :
(i) (Dp,σ)L ;
(ii) the elliptic measure ωL defined in (2.78) is absolutely continuous with respect to σ and,there exists C > 0 such that the Poisson kernel kL := dωL

dσ
verifies( 

B(x,r)∩∂Ω
|kL|p

′
dσ

) 1
p′

≤ C for x ∈ ∂Ω, r > 0.

(iii) the elliptic measure {ωX
L }X∈Ω are absolutely continuous with respect to σ and, there

exists C > 0 such that the Poisson kernels kXL :=
dωX

L

dσ
verify( 

B(x,r)∩∂Ω
|kXL |p′dσ

) 1
p′

≤ C for x ∈ ∂Ω, r > 0, X ∈ Ω \B(x, 2r).

Proof. (ii) ⇐⇒ (iii). This is the change of pole (Proposition 2.75).
(ii) =⇒ (i). If g ∈ C0(∂Ω) is the trace of a solution u, then we can construct a solutionto the Dirichlet problem with boundary data g as in see (2.35) and get

u(X) :=

ˆ
∂Ω

g(y) dωX
L (y),

where ΩX
L is the elliptic measure. Let x ∈ ∂Ω and X ∈ Γ(x). Define ∆k as B(x, 2k|X −

x|) ∩ ∂Ω, u0(X) :=
´
∆0

|g| dωX
L . For k ≥ 1, we set Xk to be a corkscrew point for ∆k
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and uk(X) :=
´
∆k\∆k−1

|g| dωX
L . Using the Hölder continuity at the boundary (Proposi-tion 2.63, the Carleson principle ((i) of Theorem 2.66), and the the change of pole inProposition 2.79, we obtain that

uk(X) ≤ C2−kαuk(Xk) ≤ C2−kα

 
∆k

|g| dωL ≤ C2−kαMωL
(u)(x)

As a consequence
|u(X)| ≤

∑
k≥0

uk(X) ≤ C
∑
k≥0

2−kαMωL
(g)(x) ≤ CMωL

(g)(x)

and hence
N(u)(x) ≤ CMωL

(g)(x). (3.8)
The Poisson kernel kL := dωL/dσ is reverse class Bp′ , so by Theorem 2.83, the maxi-mal Hardy-Littlewood functional MωL

is bounded from Lp(σ) to Lp(σ). Together with(3.8), we have ∥N(u)∥Lp(σ) ≤ ∥g∥Lp(σ) as desired for (ii) ⇒ (i).
(i) =⇒ (ii). First take g ∈ C0(∂Ω) ∩ Lp(∂Ω, σ), and ug defined as

ug(X) :=

ˆ
∂Ω

g(y) dωX
L (y).

X ∈ Ω. By setting r := δ(X) and then x ∈ ∂Ω such that |X − x| = r, we have that
X ∈ Γ(z) for all z ∈ ∆X := B(x, r) ∩ ∂Ω. As a consequence,
ug(X) ≤

 
∆X

N(ug)(z) dσ(z) ≤
( 

∆X

|N(ug)|p dσ
) 1

p

≤ Cσ(∆X)
−1/p∥g∥Lp(∂Ω,σ) (3.9)

by (Dp,σ)L, with a constant independent of X .Let nowB be a ball centered on ∂Ω,∆ := B∩∂Ω,X be a corkscrew point associated
to ∆. Define kL := dωL

dσ
and kXL :=

dωX
L

dσ
the Poisson kernels, where ωL is the measurefrom Definition 2.78. Proposition 2.79 yields that

C−1kXL (y) ≤ kL(y)

ωL(∆)
≤ CkXL (y) for y ∈ ∆,

so, by the duality of Lp(∂Ω, σ) and Lp′(Ω, σ) and by the density of continuous functionsin Lp, we obtain
1

ωL(∆)

( 
∆

|kL|p
′
dσ

) 1
p′

≤ C

( 
∆

|kXL |p′ dσ
) 1

p′

= sup
g∈C0

0(∆)

∥g∥p≤1

ˆ
g(y)kX(y) dσ

= sup
g∈C0

0(∆)

∥g∥p≤1

ug(X) ≤ Cσ(∆)−1/p

by (3.9) and the fact that σ(∆) ≈ σ(∆X), since σ is doubling. □

Corollary 3.16. Let (Ω,m, σ) be suitable for PDE and traces, L := − divA∇ be a uniformlyelliptic operator on Ω, and p ∈ (1,∞). Then (Dp,σ)L implies (Dq,σ) for q ∈ (p − ϵ,∞) andsome ϵ > 0.
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Proof. The characterization (ii) in Theorem 3.15 is a reverse-Hölder estimate on the Pois-son kernel, so the solvability of theLq Dirichlet problem for q ∈ (p,∞). TheLq solvabilityin the range q ∈ (p − ϵ, p) is a consequence of the well known fact that reverse Hölderestimates self-improve ; see [Gia83, Proposition 1.1, p. 122]. □

Our goal is to establish an analogue of Theorem 1.29, providing equivalent charac-terizations of the solvability of the Lp Dirichlet problem for some p ∈ (1,∞). We willbegin by properly introducing the necessary concepts.
Definition 3.17. We say that (DBMO,σ)L holds - or alternatively that the Dirichlet pro-blem is solvable in BMO 1 - if there exists C > 0 such that for any g ∈ C∞

0 (∂Ω) thesolution ug constructed as in (3.5) satisfies
δ∂Ω|∇u| ∈ CMσ(C∥g∥BMO(∂Ω,σ)).

In practice, we can utilize a weaker version of BMO-solvability.
Definition 3.18. We say that the solutions to Lu = 0 satisfies the σ-Carleson MeasureEstimate - or L satisfies (CMEσ) - if there exists C > 0 such that any bounded weaksolution u to Lu = 0 in Ω satisfies

δ∂Ω|∇u| ∈ CMσ(C∥u∥L∞(Ω)).

Theorem 3.19. Let (Ω,m, σ) be suitable for PDE and traces and let L := − divA∇ be auniformly elliptic operator (with respect to the weight w := dm/dx). We write ωX
L for theelliptic measure constructed in Theorem 2.53. Then the following are equivalent :

(a) The elliptic measure ωX
L is A∞-absolutely continuous with respect to σ - or equivalently

ωL ∈ A∞(σ) for the measure ωL from Definition 2.78.
(b) There exists p ∈ (1,∞) such that (Dp,σ)L is solvable in Lp(∂Ω, σ).
(c) (DBMO,σ)L is solvable.
(d) L satisfies (CMEσ).
(e) There exists q ∈ (1,∞) and C > 0 such that for any weak solution u to Lu = 0, we have

∥Su∥Lq(∂Ω,σ) ≤ C∥Nu∥Lq(∂Ω,σ). (3.10)
(f) For any q ∈ (0,∞), there exists C = C(q) such that we have (3.10) for any weak solution

u to Lu = 0.
Remark 3.20. The implications (a) =⇒ (c) and (a) =⇒ (d) do not require Ω to beuniform, as shown by the proofs below.

Throughout this section, wewill rigorously prove (a) ⇐⇒ (b) =⇒ (c), (d), and pro-vide intuition for the other equivalences. For further details, all the given equivalencesare proven in [CY25], although our approach will differ slightly from theirs.Our strategy will involve proving (a) =⇒ (c) by refining the method used by theauthor in [FP22] to establish (a) =⇒ (d).In simpler settings, many of the estimates can be found in [Ken94], for instance
(a) ⇐⇒ (b) is [Ken94, Theorem 1.7.3], while (3.18) is [Ken94, Theorem 1.5.18], (a) ⇒

1. While we could theoretically state that the Dirichlet problem is solvable in VMO, we will adhere tothe common terminology here.
93



(e), (f) is [Ken94, Theorem 1.5.10], the good-λ argument is used to prove [Ken94, Theo-rems 1.5.11 and 1.5.12] ; note also that the results from [Ken94, Section 1.5] is basedin [JK82]. For domains satisfying some capacity condition, the theorem is proved in[CDMT22]. The equivalence (c) ⇐⇒ (a) was first established in [DKP11], see also[HL18], [Zha18], [MZ19], [GH21] for more complicated settings or weaker assumptions.The implication (d) ⇒ (a) was first proved in [KKPT16] improving an earlier result from[KKPT00], see also [DFM19a], [CHMT20], [CHM19].
(a) ⇐⇒ (b). This is Proposition 3.15 and Theorem 2.83 (i) ⇐⇒ (iv).
(a) =⇒ (d). Let ωL,GL∗ be the elliptic measure and the Green function fromDefinition2.78. We have ωL ∈ A∞(σ) so thanks to (ii) of Theorem 3.11, we only need to prove thefollowing lemma
Lemma 3.21. LetΩ ⊂ Rn,m be suitable for PDE, and L := − divA∇ be a uniformly ellipticoperator (with respect to the weight w := dm/dx). Then there exists C > 0 such that for anyweak solution u to Lu = 0, we have

δ∂Ω|∇u| ∈ CMωL
(C∥u∥∞). (3.11)

More precisely, for any x ∈ ∂Ω and r > 0, we have
ˆ
∂Ω

|A(δ∂Ω|∇u|1B(x,r))|2 dωL ≤ C

ˆ
∂Ω

|N(u1B(x,2r))|2 dωL. (3.12)
Proof. Observe that (3.11) is a direct consequence of (3.12), since the functionN(u1B(x,2r))is bounded by ∥u∥∞ and supported inB(x, 100r)∩∂Ω. With Remark 3.8, we need to es-tablish that

ˆ
B(x,r)∩Ω

|δ∂Ω(Y )∇u(Y )|2ωL(4BY )

m(BY )
dm(Y ) ≤ C

ˆ
∂Ω

|N(u1B(x,2r))|2 dωL.

We can assume that r is sufficiently smaller than diamΩ, as the estimate on |∇u|(Y )when δ∂Ω(Y ) ≈ diam(Ω) can be treated with the Caccioppoli inequality (Proposition2.55). When x ∈ ∂Ω and r is sufficiently small, we have in B(x, 2r)∩Ω that the function
GL∗ is a solution to L∗u = 0 and that δ∂Ω(Y )2ωL(4BY )/m(BY ) ≈ GL∗(Y ). So we canwrite
I =

ˆ
B(x,r)∩Ω

|δ∂Ω(Y )∇u(Y )|2ωL(4BY )

m(BY )
dm(Y ) ≤

ˆ
B(x,r)∩Ω

|∇u|2GL∗dm

≤ C

ˆ
B(x,r)∩Ω

A∇u · ∇uGL∗dm

by the ellipticity of A =: wA. Let φ ∈ C∞
0 ((B(x, 2r)) be a cut-off function for B(x, r),that is 0 ≤ φ ≤ 1, φ ≡ 1 on B(x, r), and |∇φ| ≤ 2/r. One can check that

A(δ∂Ω|∇φ|)(y) ≤
2

r
A(δ∂Ω1B(x,r)) ≤ C1y∈B(x,10r),

similarly
A(δ

1/2
∂Ω |∇φ|1/2)(y) ≤

√
2

r
A(δ

1/2
∂Ω 1B(x,r)) ≤ C1y∈B(x,10r),
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and even
A
(
δ
1/2
∂Ω |∇φ|1/2 δ|∇GL∗|

GL∗

)
(y) ≤ C1y∈B(x,10r),

because of the Caccioppoli and the Harnack inequalities. That is, there is aM > 0 suchthat
δ∂Ω|∇φ|+ δ

1/2
∂Ω |∇φ|1/2

(
1 +

δ|∇GL∗|
GL∗

)
∈ CMσ(M). (3.13)

for any measure σ on ∂Ω, in particular for σ = ωL.Let us return to our integral. We have I ≤ CI0, where
I0 :=

ˆ
Ω

A∇u · ∇u (GL∗φ2) dm

=

ˆ
Ω

A∇u · ∇[uGL∗φ2] dm− 2

ˆ
Ω

A∇u · ∇φ (GL∗φu) dm

−
ˆ
Ω

A∇u · ∇GL∗ (uφ2) dm =: I1 + I2 + I3. (3.14)
The term I1 is 0 because u is weak solution to Lu = 0. The term I2 is bounded by

(I0)
1/2

(ˆ
Ω

|∇φ|2uGL∗dm

) 1
2

≤ C(I0)
1/2

(ˆ
∂Ω

|A(δ∂Ω|∇φ|u)|2dωL

) 1
2

≤ CM(I0)
1/2∥N(u1B(x,2r))∥L2(∂Ω,ωL),

by the Carleson inequality (Theorem 3.9) and the fact that δ∂Ω|∇φ| ∈ CMσ(M). As forthe term I3, we want to use the fact that GL∗ is a solution to L∗u = 0 so we write
I3 = −1

2

ˆ
Ω

A∇[u2φ2] · ∇GL∗ dm+

ˆ
Ω

A∇φ · ∇GL∗ (u2φ) dm := I4 + I5.

The integral I4 is zero, because GL∗ is a weak solution on suppφ, and I5 is bounded by
C

ˆ
Ω

δ∂Ω|∇φ|
(
1 +

δ2∂Ω|∇GL∗|2
G2

L∗

)
u2GL∗ dm ≤ C ′M2∥N(u1B(x,2r))∥2L2(∂Ω,ωL)

again by the Carleson inequality and (3.13). We conclude that
I0 ≤ C(I0)

1/2M∥N(u1B(x,2r))∥L2(∂Ω,ωL) + CM2∥N(u1B(x,2r))∥2L2(∂Ω,ωL)
,

which self-improves 2 into
I ≤ CI0 ≤ C∥N(u1B(x,2r))∥2L2(∂Ω,ωL)

(3.15)
as desired □

(a) =⇒ (c). As for (a) =⇒ (d), Theorem 3.11 can be used to reduce the proof to thefollowing lemma.
2. We should check that I0 is a priori finite. It is done by taking the cut-off φ ∈ C∞

0 (Ω) such that φ ≡ 1onB(x, r)∩{Y ≥ ϵ}, φ ≡ 0 onΩ∩{Y ≤ ϵ/2}, |∇φ| ≤ 2/ϵ on {ϵ/2 < Y < ϵ}. Under those extra condition,
I0 is finite, so we can do the self-improvement with the same upper bound which is independent on ϵ,and we conclude by taking ϵ → 0.
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Lemma 3.22. LetΩ ⊂ Rn,m be suitable for PDE, and L := − divA∇ be a uniformly ellipticoperator (with respect to the weight w := dm/dx). Then, there exists C > 0 such that forany g ∈ C0(∂Ω), x ∈ ∂Ω, and r > 0, the weak solution ug constructed in (2.35) satisfies
δ∂Ω|∇ug| ∈ CMωL

(C∥g∥BMO(∂Ω,ωL)). (3.16)
Proof. Write B for B(x, r) and ∆ for B ∩ ∂Ω. We decompose
g = c0 + (g − c0)14∆ +

∑
k≥1

(g − ck)12k+2∆\2k+1∆ +
∑
k≥1

(ck − ck−1)1∂Ω\2k+1∆

=: c0 +
∑
k≥0

gk +
∑
k≥1

hk,

where ck := ffl
2k+2∆

g dωL. and we define uk := ugk and vk := uhk
as in (2.35). The function

gk is not continuous but that is not a problem. We have u := ug =
∑

k≥0 uk and thus
∥A(δ∂Ω|∇u|1B)∥L2(ωL)

≤
∑
k≥0

∥A(δ∂Ω|∇uk|1B)∥L2(ωL) +
∑
k≥1

∥A(δ∂Ω|∇vk|1B)∥L2(ωL)

≤ C
∑
k≥0

∥N(uk12B)∥L2(ωL) + C
∑
k≥1

∥N(vk12B)∥L2(ωL) (3.17)

by (3.12). Arguing like in (a) ⇐⇒ (b), we obtain
N(u012B) ≤ CMωL

(|g − c0|14∆),

that is, with the L2(ωL) boundedness ofMωL
,

∥N(u012B)∥L2(ωL) ≤ C∥g − c0∥L2(4∆,ωL) ≤ C∥g∥BMO(ωL)ωL(∆)
1
2 .

When k ≥ 1, we have instead
N(uk12B)(y) ≤ C2−kαMωL

(|g − ck|12k+2∆\2k+1∆)(y)

and thus,
∥N(uk12B)∥L2(ωL) ≤ C2−kα∥g − ck∥L2(ωL,2k+2∆) ≤ C2−kα∥g∥BMO(ωL)ωL(∆)

1
2 .

Similarly, since |ck − ck−1| ≤ C∥g∥BMO(ωL), we have
N(vk12B)(y) ≤ C2−kα|ck − ck−1| ≤ C∥g∥BMO(ωL),

hence
∥N(vk12B)∥L2(ωL) ≤ C2−kα∥g∥BMO(ωL)ωL(∆)

1
2 .

We gather the estimates so that (3.17) becomes
ωL(∆)−1/2∥A(δ∂Ω|∇u|1B)∥L2(ωL) ≤ C∥g∥BMO(ωL). (3.18)

Since the bound is independent of ∆, we deduce that δ∂Ω|∇u| ∈ CMωL
(C∥g∥BMO(ωL))as desired. □
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(a) =⇒ (e) ⇐⇒ (f). A good-λ argument is a type of method that will give the secondpart of Proposition 3.5 from Proposition 3.3, and that relies on the fact that the func-tionals N and A are defined on cones.With a good-λ argument, we can show that (3.12) self-improves into for any boun-dary ball
∆ ⊂ St/2 :=

{
A(δ∂Ω|∇u|1B(x,r)) >

t

2

}
satisfying 10∆ ̸⊂ St/2, any γ ∈ (0, 1), and any r > 0 we have

ωL(∆ ∩ St ∩ {Mr[N(u1B(x,2r))] ≤ γt})
ωL(∆)

≤ Crγ
2,

where γ is independent of x, r, u, and∆. SinceωL ∈ A∞(σ), we can apply (iii) of Theorem2.83, which gives that
σ(∆ ∩ St ∩ {Mr[N(u1B(x,2r))] ≤ γt})

σ(∆)
≤ Crγ

p,

for some p ∈ (1,∞). By doing a Whitney decomposition of St/2 and applying the pre-vious line on every Whitney region, we have
σ(St ∩ {Mr[N(u1B(x,2r))] ≤ γt}) ≤ Crγ

pσ(St/2),

and then, thanks to the Cavalieri formula,
∥A(δ∂Ω|∇u|1B(x,r))∥Lq(σ) ≤ Cq∥N(u1B(x,2r))∥Lq(σ) (3.19)

for any q > 0. (e) and (f) are then obtained by taking r → ∞ in (3.19). Note that a similar“good-λ” argument gives (e) ⇒ (f).
(f) =⇒ (d). We obtain (3.12) - which is stronger than (d) - by localizing the estimate
∥S(u)∥L2(σ) ≤ C∥N(u)∥L2(σ).
(c), (d) =⇒ (a). We want to prove that for all ϵ > 0, there exists δ > 0 such that forany boundary ball ∆ := B ∩ ∂Ω and any Borel set E ⊂ ∆, we have

ωL(E)

ωL(∆)
< δ =⇒ σ(E)

σ(∆)
< ϵ. (3.20)

The proof is similar for both cases (c) or (d). We need to construct a “ϵ0-good cover”of E, namely we have
E = O0 ⊂ O1 ⊂ · · · ⊂ O2N = ∆,

whereOk =
⋃

j Qk,j is a union of dyadic cubes in ∂Ω, and ωL(Ok∩Qk+1,j) ≤ ϵ0ωL(Qk+1,j)for some relevant dyadic cubes Q. The key property is that we can do this construc-tion with number N depends only on ωL(E)/ωL(∆), ϵ0, and the doubling constant of
ωL, and such that N → ∞ as ωL(E)/ωL(∆) → 0. We construct f to be morally 1E +∑N

k=1 1O2k\O2k−1
or a smooth approximation of it, and u to be the solution with boun-dary data f .The solution u exhibits large oscillations on Whitney cubes, which in turn yield alarge square function A(|∇u|1B)(x) for any point x ∈ E, which is bounded from belowby c ln(ωL(E)/ωL(∆)). Since u is bounded by 1, having (c) or (d) implies then that
c
∣∣∣ ln(ωL(∆)

ωL(E)

)∣∣∣2σ(E) ≤ ∥A(|∇u|110B)∥L2(σ) ≤ Cσ(∆),

which gives (3.20).
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3.3 . Carleson perturbations

We have identified a collection of operators for which the elliptic measure is A∞-absolutely continuous with respect to the surface measure. An intriguing question iswhether this A∞-absolute continuity remains stable under perturbations of the coef-ficients. We will bypass the theory of t-independent perturbations, as t-independentoperators are not well-suited for studying domains with rough boundaries, in particu-lar of high or mixed codimension.Given two uniformly elliptic operators L0 := − divA0∇ and L1 = divA0∇ in Ω,we ask : Is there a condition on |A0 − A1| such that the elliptic measure of L1 is A∞-absolutely continuous with respect to the surface measure if and only if the ellipticmeasure of L0 is ? The answer is affirmative, and this condition is commonly referredto as “Carleson perturbation”, due to its relation to Carlesonmeasures and the Carlesonmeasure condition (see Definition 3.7). This is not surprising, as the appropriate notionof perturbation was studied and established between 1984 and 1991, culminating inTheorem 1.36 for the codimension 1 setting.The concept of Carleson perturbation extends naturally to our framework. Althoughmany earlier proofs relied on certain geometric conditions on the boundaries, the proofprovided by Bruno Poggi and the author in [FP22] leverages the rich elliptic theory avai-lable.
Theorem 3.23. Let Ω be uniform and m be suitable for PDE. Take two operators L0 :=
− divA0∇ and L1 := − divA1∇ that are uniformly elliptic with respect to the weight w :=
dm/dX . Let ω0 and ω1 be the measures introduced in Definition 2.78 for L0 and L1 respec-tively. If the disagreement |A0 − A1| satisfies

X → sup
BX

{w−1|A0 − A1|} ∈ CMω0(M) (3.21)
for some constant M (where BX := B(X, δ∂Ω(X)/2) as before), then ω1 ∈ A∞(ω0). ByTheorem 3.11, if we a priori had ω0 ∈ A∞(σ), then we also have ω1 ∈ A∞(σ).Moreover, if the function G0 = GL∗

0
constructed in Definition 2.78 satisfies the pointwisebound

sup
Ω

δ∂Ω|∇G0|
G0

<∞ 3, (3.22)
then the condition (3.21) on the disagreement can be replaced by

w−1|A0 − A1| ∈ CMω0(M). (3.23)
Proof. The following proof is largely taken from [FP22] and [Fen24]. By Theorem 3.19,we only need to prove that the weak solutions u to L1u = 0 satisfies (CMEω0). The proofis a variant of the one of Lemma 3.21, in particular, the preliminary computations arethe same. We write Ai for w−1Ai, i ∈ {0, 1}. We replace then (3.14) by
I0 :=

ˆ
Ω

A1∇u · ∇u (G0φ
2) dm

=

ˆ
Ω

A1∇u · ∇[uG0φ
2] dm− 2

ˆ
Ω

A1∇u · ∇φ (G0φu) dm

−
ˆ
Ω

A1∇u · ∇G0 (uφ
2) dm =: I1 + I2 + I3.

3. This is the case when w ≡ 1 and δ∂Ω|∇A0| ∈ L∞ for instance, see Lemma 3.1 in [GW82]
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The term I1 is 0, since u is a weak solution, and the term I2 is treated as in the proof ofLemma 3.21. As for I3, we write
I3 = −

ˆ
Ω

A0∇u · ∇G0 (uφ
2) dm+

ˆ
Ω

(A0 −A1)∇u · ∇G0 (uφ
2) dm

= −1

2

ˆ
Ω

A∇[u2φ2] · ∇GL∗ dm+

ˆ
Ω

A∇φ · ∇GL∗ (u2φ) dm

+

ˆ
Ω

(A0 −A1)∇u · ∇G0 (uφ
2) dm =: I4 + I5 + I6.

The integral I4 is 0 since G0 is a solution to L∗
0, I5 is treated as in the proof of Lemma3.21, and the extra term I6 is bounded as follows.

I6 ≤ I
1/2
0

(ˆ
Ω

|A0 −A1|2u2φ2 δ
2
∂Ω|∇G0|2
G2

0

G0 dm

) 1
2

≤ CI
1/2
0

∥∥∥∥Cω0

(
|A0 −A1|

δ∂Ω|∇G0|
G0

)∥∥∥∥
L∞(ω0)

∥N(uφ)∥L2(ω0).

by the Cauchy-Schwarz and the Carleson inequalities (Theorem 3.9). In both scenarios(3.21)–(3.23), we have ∥∥∥∥Cω0

(
|A0 −A1|

δ∂Ω|∇G0|
G0

)∥∥∥∥
L∞(ω0)

≤ CM, (3.24)
which allow us to say that

I6 ≤ CI
1/2
0 M∥N(uφ)∥L2

and conclude as in the proof of Lemma 3.21.Indeed, if δ∂Ω|∇G0|/G0 is uniformly bounded, then the bound (3.24) is simply thedefinition of the Carleson measure condition (3.23). In the other case, a simple use ofFubini’s lemma 4 gives that, for any f ∈ L2
loc(Ω,m), we have

∥Cω0(f)∥L∞ ≤ C∥Cω0(f̃)∥L∞

with f̃(X) =
(ffl

BX
f 2 dm

)2. Thus with our choice f = |A0 −A1| δ∂Ω|∇G0|
G0

, we have

f̃(X) ≤ C
(
sup
BX

|A0 −A1|
)( 

BX

δ2∂Ω|∇G0|2
G2

0

dm

) 1
2

≤ C sup
BX

|A0 −A1| (3.25)
by applying the Caccioppoli inequality (Proposition 2.55) and the Harnack inequality(Proposition 2.61) to G0. The bound (3.24) is then a consequence of our assumption(3.21). □

Remark 3.24. As mentioned in [FKP91, Proposition 2.22] and proved in [DSU22]. We canweaken the assumption (3.21) to
X →

( 
BX

|w−1(A0 − A1)|r dm
) 1

r

∈ CMω0(M) (3.26)
4. and Corollary 3.6, which allow us to use Aα for various values of α
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for some r large enough. Indeed, the combination of the Cacciopoli inequality, the Har-nack inequality and the Poincaré inequality gives that for any ball B such that 2B ⊂ Ω,( 
B

∣∣∣∣δ∂Ω∇G0

G0

∣∣∣∣2 dm
) 1

2

≤ Cp

( 
2B

∣∣∣∣δ∂Ω∇G0

G0

∣∣∣∣p dm) 1
p

for some p < 2 and C independent of B and that depends on L only via the constantsin Definition 2.43, and as such, we can improve the bound to( 
B

∣∣∣∣δ∂Ω∇G0

G0

∣∣∣∣q dm) 1
q

≤ C ′

( 
2B

∣∣∣∣δ∂Ω∇G0

G0

∣∣∣∣2 dm
) 1

2

≤ C ′′

for some q > 2 that depends only on p and Cp, see for instance [Gia83, Proposition 1.1].As a consequence, we can change (3.25) to
f̃(X) ≤ C

( 
BX

|w−1(A0 − A1)|r dm
) 1

r
( 

BX

∣∣∣∣δ∂Ω∇G0|
G0

∣∣∣∣q dm) 1
q

≤ C

( 
BX

|w−1(A0 − A1)|r dm
) 1

r

, (3.27)
where r = q/(q − 2), which means that assuming (3.26) for this choice of r is sufficient.

Current results for small Carleson perturbations have not been proven in as generala setting as in Theorem 3.23.
Theorem3.25. Let d ≤ n−1 andΩ ⊂ Rn be an open set such that ∂Ω is d-Ahlfors regular(σis the Ahlfors regular measure). If d = n − 1, we also assume that Ω is uniform. Take twooperators L0 := − divA0∇ and L1 := − divA1∇ that are uniformly elliptic with respect tothe weight w := δd+1−n

∂Ω .Assume that (Dp,σ)L0 is solvable for some p ∈ (1,∞). Then there exists ϵ > 0 such that, ifthe the disagreement |A0 − A1| satisfies
X → sup

BX

{w−1|A0 − A1|} ∈ CMσ(ϵ), (3.28)
then (Dp,σ)L1 is solvable for the same p.
Proof. Theorem 3.25 is proved in [CHM19] in the classical case and [MP21] in higher co-dimension. The author claims that the theorem can be extended to the general settingassumed here - i.e. (Ω,m, σ) is suitable for PDE and traces - but the details, althoughnot terribly complicated, are too long to place here. □

3.4 . Solvability of the Lp Dirichlet problem in domains with flat boundaries

In Section 1.5, we saw that when d < n−1 is an integer, the natural equivalent of theLaplacian in Rn \ Rd := {(x, t) ∈ Rd × (Rn−d \ {0})} is L0 := − div[|t|d+1−n∇]. However,this operator does not naturally extend to sets of the formRn\E, whereE is a d-Ahlforsregular set. A naive choice for a “Laplacian” on these sets would be
L := − div[δd+1−n

E ∇],

but the lack of regularity in its coefficients makes it unsuitable for our methods.The plan for this section is as follows :
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1. Identify the largest class of operators in Rn \ Rd whose elliptic measure is A∞-absolutely continuous with respect to Ld, or equivalently, where the Lp Dirichletproblem is solvable for some p ∈ (1,∞).
2. Address domains that are complements of a Lipschitz graph Eφ. The usual stra-tegy involves a change of variables that maps Rn \ Eφ to Rn \ Rd, transforming“simple" operators into those we can analyze from (1).
3. Determine a suitable choice of “simple” operators that can serve as the Laplacianin higher codimensions.
Thus, we will seek the largest class of operators in Rn \ Rd = {(x, t) ∈ Rd × (Rn−d \

{0})} for which the elliptic measure is A∞-absolutely continuous with respect to theLebesguemeasure onRd, or equivalently for which the Lp Dirichlet problem is solvablefor a p ∈ (1,∞).We will disregard operators L := − divA∇ where |t|d+1−nA is independent of t, asthese are ill-suited for studying boundaries without a uniform non-tangential direction.Instead, we will focus on operators satisfying a Carleson condition.When the boundary is a plane, we have :
Theorem3.26. LetL := − divA∇ to be a uniformly elliptic operator (with respect to dm :=
|t|d+1−ndt dx) on Rn \ Rd (the measure on Rd is σ = Ld). Assume that there exists λ ≥ 1,
M > 0 such that the reduced matrix A = |t|n−d−1A can be written as

A =

[ A1 A2

B3 + C3 a4Idn−d + C4

]
where
(i) λ−1 ≤ a4 ≤ λ,
(ii) |C3|+ |C4|+ |t||∇a4| ∈ CMσ(M),
(iii) either there is a vector b3 such that B3 =

tT

t
b3 and |t||∇b3| ∈ CMLd(M), or |t||∇B3| ∈

CMLd(M).
Then the elliptic measure ωL is A∞-absolutely continuous with respect to Ld and (Dp,σ)L issolvable for a p ∈ (1,∞) large enough.Furthermore, for any p ∈ (1,∞), there exists ϵp > 0 that depends only on d, n, the ellipticconstants of A, λ, and p, such that ifM < ϵp in the above condition (i) and (iii), then (Dp,σ)Lholds.

When the boundary is a plane, we observe that no assumptions are needed on thetangential directions of the matrix (i.e., the first d rows). The terms C3 and C4 are Carle-son perturbations, which is expected if we seek the largest class. We want the bottomright corner of A to be, up to a Carleson perturbation, a scalar multiple of the identity.The intuition behind this is that we seek an operator L0 = − divA0∇ close to L suchthatL∗
0 has an explicit Green functionwith a pole at infinity, equivalent to the distance tothe boundary. This allows us to perform integrations by parts, as in the proof of Lemma3.21. To cancel the weight |t|d+1−n, our best choice is to take |t| as the Green functionwith a pole at infinity and the identity in the bottom right corner of A0.

Proof. When B3 = 0, this theorem is [DFM19a, Theorem 7.10], and it was shown in[Fen22b, Theorem 3.16] why we can go back to the situation where B3 = 0 when ei-ther |t||∇B3| ∈ CMLd or B3 = tTb3 with |t||∇b3| ∈ CMLd .
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When B3 = tTb3 with |t||∇b3| ∈ CMσ(M), the small constant case is proved as in[FMZ21]. When |t||∇B3| ∈ CMLd , we use the trick of [Fen22b] that allow us to go back to
B3 = 0 at a price of a small Carleson perturbation.

Interested readers can refer to the above references for the full demonstration.However, let us build some intuition and provide elements of the proof here (for largeCarleson perturbations). To simplify the proof, we will not be rigorous ; in particular, wewill not justify why certain quantities are well-defined or a priori finite. Furthermore, wewill not include the term B3 in the proof.Our goal is to prove that ∥S(u)∥L2(Rd) ≤ C∥N(u)∥L2(Rd), from which the Lp solvabi-lity of the Dirichlet problem will follow by Theorem 3.19. Using Fubini’s theorem, theellipticity of A, and the fact that b4 ≈ 1, we have
∥S(u)∥22 ≤ C

ˆ
Rd

ˆ
Rn−d

b−1
4 A∇u · ∇u |t|d+2−ndt dx.

But since u is a solution, one has by integration by parts 5 that
ˆ
Rd

ˆ
Rn−d

b−1
4 A∇u · ∇u |t|d+2−ndt dx =

ˆ
Rd

ˆ
Rn−d

A∇u · ∇[|t|ub−1
4 ] |t|d+1−ndt dx

−
ˆ
Rd

ˆ
Rn−d

b−1
4 A∇u · ∇|t|u |t|d+1−ndt dx−

ˆ
Rd

ˆ
Rn−d

A∇u · ∇b4
u

b24
|t|d+1−ndt dx

=: 0 + I1 + I2.

Using the expression ofA, we have thatA∇u · ∇|t| = C∇u · ∇t|t|+ b4∇tu · ∇t|t|, where
C is the matrix [C3, C4], so
I1 = −

ˆ
Rd

ˆ
Rn−d

b−1
4 C∇u·∇t|t|u |t|d+1−ndt dx−

ˆ
Rd

ˆ
Rn−d

∇u·∇|t|u |t|d+1−ndt dx =: I3+I4.

Note that div |t|d+1−n∇|t| = 0, so another integration by parts gives that
I4 = −

ˆ
Rd

ˆ
Rn−d

∇|t| · ∇[u2] |t|d+1−ndt dx =

ˆ
Rd

|u|2 dx ≤ ∥N(u)∥2L2(Rd).

As for I2 and I3, they are bounded in a similar manner - using the equivalence b4 ≈ 1,the Carleson inequality (Theorem 3.9) and then the fact that |C| + |t||∇b4| ∈ CMσ - asfollows
|I2|+|I3| ≤ C

(ˆ
Rd

ˆ
Rn−d

[|C|+ |t||∇b4|] |u|2 |t|d−ndt dx

) 1
2
(ˆ

Rd

ˆ
Rn−d

|∇u|2 |t|d+2−ndt dx

) 1
2

≤ C ∥Cσ([|C|+ |t||∇b4|)∥L∞(Rd)︸ ︷︷ ︸
finite by assumption and indep. of u

∥N(u)∥L2(Rd)∥S(u)∥L2(Rd).

To summarize, we have
∥S(u)∥2L2(Rd) ≤ C∥N(u)∥2L2(Rd) + C ′∥N(u)∥L2(Rd)∥S(u)∥L2(Rd)

such self-improves to
∥S(u)∥L2(Rd) ≤ C∥N(u)∥L2(Rd)

as desired. □

5. a.k.a the divergence theorem
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3.5 . Solvability of the Lp Dirichlet problem in domains with Lipschitz bounda-
ries

Solving the Dirichlet problem in Lipschitz domains is an intermediate step towardaddressing domains with uniformly rectifiable boundaries. The strategy for handlingLipschitz domains or domains above a Lipschitz graph has traditionally involved usingchanges of variables. In this section, we will recall previously employed changes of va-riables that, unfortunately, are not well-suited to higher codimensional settings. Wewillthen introduce a new change of variables proposed by Guy David, Svitlana Mayboroda,and the author in [DFM19a].
3.5.1 . Changes of variables in codimension 1

The domain that we consider is above a Lipschitz graph, i.e.
Ω = Ωφ := {(x, t) ∈ Rn−1 × R, t > φ(x)} (3.29)

for some Lipschitz function φ. We leave it to the reader to verify that theLp solvability ofthe Dirichlet problem is preserved under bi-Lipschitz changes of variable. This meansthat studying the Laplacian in Ωφ is equivalent to studying a uniformly elliptic operator
L := − divAρ∇ on Rn

+, where ρ = ρφ is a bi-Lipschitz map from Rn to Rn that sends
Ωφ to Rn

+. Here Jacρ is the Jacobian matrix of ρ, and Aρ is the conjugate matrix given by
| det(Jacρ)|−1 JacTρ Jacρ.If Ω is defined by a Lipschitz function like in (3.29), a simple initial choice for ρ is theone defined by

ρ1(x, t) := (x, t− φ(x)) (3.30)
which has the associated conjugate matrix

Aρ1(x, t) :=

[
In−1 ∇φ(x)

(∇φ(x))T 1 + |∇φ(x)|2

]
(3.31)

The change of varaible ρ1 is one that results in conjugate matrix independent of t. Thisindependence is one reason for the extensive literature on the solvability of boundaryvalue problems for operators with t-independent coefficients.
The second change of variable for Ωφn introduced by Kenig and Pipher in [KP01], isdefined as follows :

ρ−1
2 (x, t) = (x, κt+ φt(x)), (3.32)

where κ > 0 is chosen large enough and φt is the convolution of φ with a mollifier, thatis φt = φ ∗ ηt, where η ∈ C∞
0 (B(0, 1),R+), ´Rn−1 η dx = 1, and ηt(x) = t1−nη(x/t). TheJacobian matrix is

Jac(ρ−1
2 )(x, t) =

[
In−1 ∇xφt(x)

0 κ+ ∂tφt(x).

]
It is a simple exercise to verify that ∂tφt ≤ Cη∥∇φ∥∞. Thus, by choosing κ sufficientlylarge, ρ−1

2 is indeed a bi-Lipschitz change of variable that maps Rn
+ to Ωφ. The conjugateof the Laplacian by ρ−1

2 is given by Lρ2 = − divAρ2∇, where

Aρ2 =


In−1 − ∇xφt(x)

κ+ ∂tφt(x)

− ∇xφt(x)

κ+ ∂tφt(x)

1 + |∇xφ|2
(κ+ ∂tφt(x))2

.


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A simple application of the Littlewood-Paley theory shows that
|∂tφt|+ t|∇2

x,tφt| ∈ CMσ(M),

hence Aρ2 satisfies δ∂Ω∇Aρ2 ∈ CMσ and Lφ is a DKP operator. This change of variableis one of the reason why DKP operators are a popular study.
3.5.2 . The change of variable in higher codimension

Let Eφ := {((x, φ(x)), x ∈ Rd}, where φ : Rd → Rn−d is a Lipschitz function. Weaim for our “simple” operator on Ω = Rn \ Eφ - which will serve as our substitute ofthe Laplacian in higher codimension - to exhibit isotropic behavior. Thus, we seek anoperator of the form L = − div a∇, where a is a scalar function equivalent to δd+1−n
∂Ω .Why don’t we take a = δd+1−n

∂Ω ? We allow ourselves some extra flexibility for now 6, as
δd+1−n
∂Ω might not be the optimal choice (for instance, it is not smooth).We want our change of variable ρ from Ω = Rn \ Eφ to Rn \ Rd to be so that theconjugate of L by ρ is an operator that satisfies the assumption of Theorem 3.26. Thereader can verify that the two bi-Lipschitz changes of variables introduced in the pre-vious paragraph will not be adequate. Specifically, ρ1 is not adapted to the Carlesonmeasure conditions CMσ, and the conjugate of ρ2 will not preserve the nearly scalarstructure of the bottom right corner. So we want a new change of variable which is anisometry in t (up to errors controllable with Carleson measures).For our third choice of change of variable, we still write φt = φ ∗ η|t|, where ηr isa smooth and compactly supported mollifier. We introduce P (x, t) to be the d-planetangent to the graph of φt at the point (x, φt(x)), and Rx,t to be a linear isometry of Rn

that maps Rd to the d-plane P (x, t) 7 We define the map from Rn \ Rd to Rn \ Eφ as
(ρ3)

−1(x, t) = (x, φt(x)) +Rx,t(0, t) for (x, t) ∈ Rn \ Rd, (3.33)
see Figure 3.1.

• (ρ3)
−1(−2, 2)

•
(ρ3)

−1(1.5,−1)

•
(ρ3)

−1(1.5, 1)

graph of φ

graph of φ1

graph of φ2

x
−3 −1 31

Figure 3.1 – Contruction of (ρ3)−1.

6. The authors initially attempted to use L = −div δd+1−n
∂Ω ∇, but found it unsuitable for our proofs.7. Note that φt(x), P (x, t) and Rx,t depends on t only via |t|. We avoided writing φ|t|(x), P (x, |t|) and

Rx,|t| to lighten the notation.
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Proposition 3.27 (Theorem 3.57 in [DFM19a]). There exists ϵ0 > 0 (that depends on themollifier ηr) such that if φ : Rd 7→ Rn−d is a ϵ0-Lipschitz function, the map
(x, t) ∈ Rn \ Rd 7→ (x, φt(x)) +Rx,t(0, t) (3.34)

is bi-Lipschitz from Rd 7→ Rn−d to Rd \ Eφ := {(x, t) ∈ Rd × Rn−d, t ̸= φ(x)}.
The reader can verify that the map in (3.34) may not remain injective if the Lipschitzconstant of φ is not sufficiently small. Aside from this limitation to Lipschitz graph withsmall constants, the change of variable (3.34) meets our needs, as it turns L = − div a∇into an elliptic operator with coefficients displaying the correct block form.

Proposition 3.28 (Lemma 4.4 in [DFM19a]). Let ϵ0 as in Proposition 3.27 and take φ :
Rd 7→ Rn−d is a ϵ0-Lipschitz function. Set Eφ := {(x, t) ∈ Rd ×Rn−d, t ̸= φ(x)} and let a bea scalar function satisfying

C−1
a δd+1−n

Eφ
(X) ≤ a(X) ≤ Caδ

d+1−n
Eφ

(X)

for X ∈ Rn \ Eφ = {(x, t) ∈ Rd × Rn−d, t ̸= φ(x)}. Then the conjugate of L := − div a∇by ρ3 - where ρ−1
3 is given in by (3.33) - can be written as Lρ3 := − div[|t|d+1−nAρ3∇] where

Aρ3 =

(
a ◦ ρ−1

3

|t|d+1−n

)[B1 0
0 b4 · In−d

]
+ C

and
(i) M−1 ≤ b ≤M ,
(ii) |C|+ |t||∇B1|+ |t||∇b4| ∈ CMLd(M).
for someM > 0 that depends only on Ca.

By combining this proposition with Theorem 3.26, we derive the following corollary,which provides insight into the desired properties of a.
Corollary 3.29. Let φ, a, and L as in Proposition 3.28. Assume moreover that we have thedecomposition

a(ρ−1
3 (x, t))

|t|d+1−n
= b(x, t) + c(x, t), |∇b|+ |c| ∈ CMLd(C ′

a) (3.35)
Then the elliptic measure ωL associated to L is A∞-absolutely continuous with respect to
σ := Hd

Eφ
and (Dp,σ)L is solvable for a large enough p ∈ (1,∞).

3.5.3 . The choice of the Laplacian in higher codimension
We are seeking a substitute for the Laplacian in higher codimension. When the Lip-schitz graph has a dimension d < n − 1, we cannot use constant coefficient ellipticoperators. Instead, the coefficients must depend on the distance to the boundary. It isalso reasonable to consider operators of the form L = − div[a∇] with a being a scalar,representing isotropic diffusion.A natural choice for the scalar function a∞ := δd+1−n

∂Ω . We need to verify if condition(3.35) is satisfied. Intuitively, a is the inverse of a minimum and is related to Peter Jones’
β∞ as defined in Definition 1.11. Verifying (3.35) involves checking whether the β∞ are“Carleson packing”, i.e., β∞ ∈ CMσ. According to Theorem 1.13, this is true when (andonly when) the dimension d is 1. Thus, we have our first result :

105



Theorem 3.30 (Corollary 6.44 in [DFM19a]). There exists ϵ0 > 0 such that if φ : R 7→ Rn−1

is a ϵ0-Lipschitz function,Eφ is the graph of φ, andL∞ is the operator− div[δ2−n
Eφ

∇], then the
ellipticmeasureωL∞ associated toL∞ isA∞-absolutely continuous with respect to σ := H1

Eφand (Dp,σ)L is solvable for a large enough p ∈ (1,∞).
For Lipschitz boundaries of other dimensions, the behavior of these operators isunknown. However, we suspect that the elliptic measure of L∞ := − div[δ2−n

Eφ
∇] may

not always be A∞(Hd
Eφ

), making L∞ an inappropriate substitute for the Laplacian.What is our next best choice? Because we aim to characterize uniformly rectifiable,we want a construction of the operator L that is possible in the complement of any Ahl-fors regular set E of any dimension. We seek a construction that is explicit and simple.Our choice is the coefficient :
aα := Dd+1−n

α , (3.36)
where α > 0,

Dα(X) = Dα,σ(X) :=

(ˆ
E

|X − y|−d−α dσ(y)

)− 1
α

, (3.37)
with σ being an Ahlfors regular measure on E. Note that the weight aα (and thus theoperator Lα := − div[aα∇]) satisfies the elliptic theory developed in the previous chap-ter. Dα acts as a “regularized distance," being smooth and satisfying :
Proposition 3.31 (Lemma5.1 in [DFM19a]). LetE ⊂ Rn be an unbounded d-Ahlfors regularset (with Ahlfors regular measure σ) and α > 0. Then there exists C depending only on d, α,and the constant in (1.3) such that

C−1δE(X) ≤ Dα(X) ≤ δE(X) for X ∈ Rn \ E.

Moreover, if k = (k1, . . . , kn) ∈ Ñn is a multi-indice, |k| =∑i ki, and ∂k = ∂k1x1
. . . ∂knxn

, thenthere exists Ck depending only on d, α, the constant in (1.3), and k such that
|∂kDα(X)| ≤ CkδE(X)1−|k| for X ∈ Rn \ E.

IfE is bounded instead, the above inequalities hold only whenX lies inBE := B(e, 1000 diam(E)),where e ∈ E.
Proof. Given X ∈ Rn \ E, we take x ∈ E such that δE(X) = |X − x|. We define BX =
B(x, 2|X − x|). We have then
D−α

α =

ˆ
BX

|X − y|−d−αdσ(y) +
∑
j≥1

ˆ
2jBX\2j−1BX

|X − y|−d−αdσ(y)

≈ δ−d−α
E (X)σ(BX) +

∑
j≥1

2−j(d+α)σ(2jBX \ 2j−1BX). (3.38)
But σ is Ahlfors regular, so σ(BX) ≈ δE(X)d and

σ(2jBX \ 2j−1BX) ≤ σ(2jBX) ≈ 2jdδE(X)d.

Using those identities in (3.38) gives D−α
α ≈ δ−α

E (X), as desired.It is fairly easy to check that
|∂k[D−α

α ]| ≤ CkDα+|k|−α−|k| ,
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so the bound on the derivatives can be showed by a simple induction. □

As a∞ is linked to β∞, aα is related to Tolsa’s α-number. This means aα(X) and
DE,α(X) consider an average of points in E weighted by their distance to X , ratherthan just the nearest point. Since Tolsa’s α-numbers are “Carleson packing” by Theo-rem 1.13, aα satisfies (3.35), leading to our conclusion :
Theorem 3.32. There exists ϵ0 > 0 such that if φ : Rd 7→ Rn−d is a ϵ0-Lipschitz function,Eφis the graph ofφ, andLα is the operator− div[aα∇], then the elliptic measureωLα associatedtoLα isA∞-absolutely continuous with respect to σ := Hd

Eφ
and (Dp,σ)L is solvable for a largeenough p ∈ (1,∞).

Proof. The condition (3.35) is a consequence of Lemmas 5.49 and 5.59 in [DFM19a]. □

3.6 . Lp Dirichlet problem in domains with rough boundaries.

3.6.1 . Magic α
Our ultimate goal is to characterize low-dimensional uniformly rectifiable sets usingsolutions in their complements, similar to how Theorems 1.32 and 1.37 characterizeuniformly rectifiable boundaries of codimension 1. Along the way, we faced numerouschallenges, but our primary obstacle was proving the converse : that the solvability ofthe Lp Dirichlet problem implies the uniform rectifiability of the boundary.To bedirect, at the timeofwriting thismemoir, our best result regarding the converseis the stability result from [Per23b]. Additionally, wediscovered early on that the conversecan be false if not approached carefully. Specifically, there exists a choice of α in (3.37)such that the Lp Dirichlet problem for the operator Lα := − divDd+1−n

α ∇ is solvable forall Ahlfors regular boundary and all p ∈ (1,∞).
Lemma 3.33 (Section 6 in [DEM21]). Let d < n − 2 and E be a d-Ahlfors regular set (σ isany Ahlfors regular measure). If α0 := n− d− 2 > 0, then

Lα0Dα0(X) = 0 for X ∈ Rn \ E.

As a consequence, the Green function and elliptic measure with pole at infinity associatedto Lα0 (Definition 2.78) are respectively G∞ = Dα0 and ω∞ = σ ; and so the Lp Dirichletproblem for Lα0 is solvable for all p ∈ (1,∞).The value α0 = n− d− 2 will be referred as “magic α”.
Remark 3.34. This is surprising because there are very few instances where the Greenfunction or the Green function with a pole at infinity is explicitly known (e.g., the disc,the half-plane, the quarter-plane, and only when the operator is the Laplacian). Remar-kably, for this particular α, we have explicit expressions for the Green function and theelliptic measure with a pole at infinity for any Ahlfors regular set.
Proof. Let Hα = D−α

α . We simply compute
∇Dα(X) = ∇[H−1/α

α ] = − 1

α
H

− 1
α
−1

α

ˆ
E

∇X [|X − y|−d−α] dσ(y)

= − 1

α
D1+α

α

ˆ
E

∇X [|X − y|−d−α] dσ(y)
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So if α = n− d− 2, we have
∇Dα(X) = − 1

n− d− 2
Dn−d−1

α

ˆ
E

∇X [|X − y|2−n] dσ(y),

and thus
LαDα = divDd+1−n

α ∇Dα(X) = − 1

n− d− 2

ˆ
E

∆X [|X − y|2−n] dσ(y) = 0

because |X − y|2−n is the fundamental solution of the Laplacian. Hence G∞ = Dα.
Then, if α = n− d− 2 as before, for φ ∈ C∞

0 (Rn), we have
ˆ
E

φdω∞ := −
ˆ
Rn\E

Dd+1−n
α ∇G∞ · ∇φdX = −

ˆ
Rn\E

Dd+1−n
α ∇Dα · ∇φdX

=
1

n− d− 2

ˆ
Rn\E

(ˆ
E

∇X [|X − y|2−n] dσ(y)

)
· ∇φdX

=
1

n− d− 2

ˆ
E

(ˆ
Rn\E

∇X [|X − y|2−n] · ∇φdX
)
dσ(y)

=
1

n− d− 2

ˆ
E

φ(y) dσ(y)

because |X − y|2−n is the fundamental solution of the Laplacian and E has zero Le-besgue measure. Since both G∞ and ω∞ are defined up to a constant, ω∞ = σ. □

3.6.2 . Uniformly rectifiable boundaries
Despite the significant setback from discovering that the converse is false, we re-main confident that for any other values of α, solutions to Lα = 0 will capture thenon-flatness of the boundary. Specifically, we aim to prove that for each Lα with α > 0,the Lp Dirichlet problem is solvable for some p ∈ (1,∞) whenever the domain is thecomplement of a uniformly rectifiable set.
The existence of a “magic” α has significantly aided our understanding of the theory.We now recognize that certain operators are particularly suited to specific types ofboundaries. For example, the Laplacian is the operator for which the Lp Dirichlet pro-blem is solvable for all p ∈ (1,∞) in the half plane. Since uniformly rectifiable oftenalmost flat in a quantitative and scale invariant way, the Laplacian will be adequate tocharacterize uniformly rectifiable sets. However, this comes at the cost of reducing therange of p ∈ (1,∞) for which Lp Dirichlet problem is solvable.In [DM21], David and Mayboroda constructed an isotropic operator on the comple-ment of the 4-corners Cantor set where the elliptic measure is equivalent to the Haus-dorff measure, ensuring that the Lp Dirichlet problem is solvable for all p ∈ (1,∞). Si-milarly, Perstneva, in [Per23a], built an operator adapted to the complement of a Wolffsnowflake.
For our current problem - the solvability of the Lp Dirichlet problem for Lα in com-plement of uniformly rectifiable sets - the existence of themagicα is fortuitous. It allowsfor a simple proof of the following result.
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Theorem 3.35 ([DM23], [Fen22a]). Let Ω = Rn \ E for a uniformly rectifiable set E = ∂Ωof dimension d < n− 1 (hence automatically uniform). Let α > 0 and define Lα as
Lα := − div[Dd+1−n

α ∇].

Then the elliptic measure ωα associated to Lα is A∞-absolutely continuous with respect to
σ = Hd|∂Ω, or equivalently the Dirichlet problem (Dp,σ)L is solvable for a large p ∈ (1,∞).
Idea of proof : The solvability of the Dirichlet problem (Theorem 3.35) was proved in[DM23] for all the codimensions. An alternative proof - simpler, using the magic α, butthat works only in higher codimension - was proposed by the author in [Fen22a], andits rough outline is given below.

Let α0 = n− d− 2. Then the functionDα0 in Rn \E satisfies Lα0Dα0 , so it works like“|t|” in the proof of Theorem 3.26. Indeed,
∥S(u)∥2L2(E,σ) ≈ 2

ˆ
Rn\E

|∇u|2Dd+2−n
α0

dX

= 2

ˆ
Rn\E

∇u · ∇[Dα0u]D
d+1−n
α0

dX − 2

ˆ
Rn\E

(∇u · ∇Dα0)uD
d+1−n
α0

dX

= −2

ˆ
Rn\E

(∇u · ∇Dα0)uD
d+1−n
α0

dX = −
ˆ
Rn\E

∇[u2] · [Dd+1−n
α0

∇Dα0 ] dX

=

ˆ
E

|u(y)|2 dσ(y), (3.39)
where the last equality comes from link between the Green functionwith pole at infinity(G∞ = Dα0) and the elliptic measure with pole at infinity (ω∞ = σ), see Proposition 2.77.

The second part is to say that, if α is any positive number, then Dα and Dα0 are nottoo far from each other in the Carleson sense, more precisely
Lemma 3.36 (Lemma 1.27 in [Fen22a]). LetE ⊂ Rn be a uniformly rectifiable set of dimen-sion d, d < n. Then for any couple α, β > 0 and any couple σ, µ of Ahlfors regular measureon E we have

δE∇
(Dσ,α

Dµ,β

)
∈ CMσ,

where the Carlesonmeasure constant depends only onα, β and the Ahlfors regular constantsof σ and µ.
Set b = [Dα/Dα0 ]

d+1−n.The operator is Lα and Lα0 only differ by a multiplicativescalar function on the coefficients. Sowe can adapt the proof of Theorem3.26 by having
b play the role of b4, Dα0 play the role of |t|, and Lα0 play the role of − div |t|d+1−n∇ inthe proof of Theorem 3.26.
What actually works. An attentive reader will notice that the above idea works when themagic α exists, specifically when n− d− 2 > 0. To address all the higher codimensions,we must also consider the scenario where d = n − 2. The strategy is to examine thedifference between Dd+1−n

α ∇Dα and the divergence free quantity Dd+1−n
α0

∇Dα0 , ratherthan the difference between Dα and Dα0 . When α0 = n− d− 2, we formally have
Dd+1−n

α0
∇Dα0 =

ˆ
E

X − y

|X − y|n dσ(y) := H,
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but whileDα0 exists only when the dimension of E is smaller than n− d− 2, the diver-gence free vectorH exists whenever E is a Ahlfors regular set of dimension d < n− 1.Thus, we gain one additional dimension !
Lemma 3.37 (Lemma 1.20 in [Fen22a]). Let E ⊂ Rn be a uniformly rectifiable set of di-mension d, d < n− 1. Then for any α > 0 and any d-Ahlfors regular measure σ on E, thereexists a scalar b and a vectorV on Rn \ E such that

Dd+1−n
α (b∇Dα +V) =

ˆ
E

∇E(X − y) dσ(y) =: H, (3.40)
where E is the fundamental solution of the Laplacian. Moreover, there existsM ≥ 1 depen-ding only on α, d, n, and the Ahlfors regular and uniformly rectifiable constants of E suchthat we can choose b andV satisfying
(i) M−1 ≤ b ≤M ;
(ii) |V| ≤M ,
(iii) δE|∇b| ∈ CMσ(M),
(iv) V ∈ CMσ(M).

Assuming the lemma, why is it enough? Take a ball B = B(xB, rB) centered on theboundary E = ∂Ω. We want to prove that solutions to Lαu = 0 satisfies ∥S(u)∥L2(E,σ) ≤
C∥N(u)∥L2(E,σ). Our proof will be similar to the one of Theorem 3.26, and similarly, wewill not justify the existence and finiteness of the quantities that we are using, and werefer to [Fen22a] for the actual proof. Let b,V, andH as in Lemma 3.37. Since b ≥M−1

and Dα ≈ δE , we have
∥S(u)∥2L2(E,σ) ≤ C

ˆ
Ω

|∇u|2bDd+2−n
α dX =: I.

But but using an integration by parts (with no boundary terms becauseDα = 0 on ∂Ω),we have
I =

ˆ
Ω

Dd+1−n
α ∇u · ∇u (bDα) dX = −

ˆ
Ω

div[Dd+1−n
α ∇u]ubDα dX

−
ˆ
Ω

Dd+2−n
α ∇u · ∇b u dX −

ˆ
Ω

∇u · (bDd+1−n
α ∇Dα)u dX =: I1 + I2 + I3.

The term I1 is 0, since u is a weak solution to Lαu = 0. The term I2 is bounded with thehelp of the Cauchy inequality and then the Carleson inequality.
|I2| ≤ CI

1
2

(ˆ
2B

u2|∇b|2Dd+2−n
α dX

) 1
2

≲ I
1
2∥N(u)∥L2(E,σ)

since b ≤ M and ∆α|∇b| ∈ CMσ, see Lemma 3.37 (i) and (iii). As for I3, we use (3.40) toget
I3 =

ˆ
Ω

Dd+1−n
α ∇u ·V u dX −

ˆ
Ω

∇u ·Hu dX := I4 + I5.

The integral I4 is treated like I2, using the fact thatV ∈ CMσ.
I4 ≲ I

1
2

(ˆ
Ω

u2|V|2Dd−n
α dX

)
≲ I

1
2∥N(u)∥L2(E,σ).
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To bound I5, we integrate by part again
I5 = −1

2

ˆ
Ω

∇[u2] ·H dX =
1

2

ˆ
Ω

u2 divH dX − 1

2

ˆ
∂Ω

u2H · n⃗ dσ =: I6 + I7,

whereH·n⃗(x)morally denotes limX∈xD
n−d−1
α (X)H(X)·∇Dα(X). SinceH is divergencefree, we have I6 = 0, and since Dn−d−1

α (X)H(X) · ∇Dα(X) is bounded, we have
|I7| ≤ C

ˆ
∂Ω

u2 dσ ≤ C∥N(u)∥2L2(E,σ).

Altogether, we have
I ≤ CI

1
2∥N(u)∥L2(E,σ) + C∥N(u)∥2L2(E,σ)

which self-improves in ∥S(u)∥L2(E,σ) ≤ CI1/2 ≤ C ′∥N(u)∥L2(E,σ) as desired. □

3.7 . The regularity problem in domains with lower dimensional boundaries

In the general setting introduced in Chapter 2, it is unclear what constitutes a goodstatement for the Lp regularity problem and the Lp Neumann problem. To the best ofthe author’s knowledge, the most general context in which the Lp regularity problemhas been considered is as follows :
Definition 3.38. Let Ω ⊂ Rn be uniform, ∂Ω be d-Ahlfors regular for some d ∈ (0, n),and letL = − divA∇ be a uniformly elliptic operator with respect to the weightw(X) =
δ∂Ω(X).For p ∈ (1,∞), we say that the Lp regularity problem is solvable - (Rp,σ)L for short - ifthere exists C > 0 such that, for g ∈ C∞

0 (Rn), the solution ug ∈ W (Ω,m) ∩ C0(Ω) givenby
u(X) :=

ˆ
∂Ω

g(y)dωX
L (y)

verifies
∥N(∇u)∥Lp(∂Ω,σ) ≤ C∥∇H,pg∥Lp(∂Ω,σ),

where∇H,pg is the Hajłasz gradient defined in Definition 1.40.
We recall that when ∂Ω is flat or is the graph of a Lipschitz function, then the Hajłaszgradient is equivalent to the classical local tangential gradient. Moreover, it would bereasonable to assume that this definition extends to the casewhere (Ω,m, σ) is suitablefor PDE and traces and the ratio ρ(x, r) defined in (2.15) is equivalent to 1. This means

C−1 ≤ ρ(x, r) ≤ C for x ∈ ∂Ω, r ∈ (0, diamΩ). (3.41)
We may even be able to remove the Harnack chain condition, but it becomes clear thatthe quantity ρ must be involved in some way in the formulation of the Lp regularityproblem.Themain results in this context are obtained by the author in collaboration with Daiand Mayboroda. The first result addresses Carleson perturbations.
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Proposition 3.39. Let Ω ⊂ Rn be a uniform domain with d-Ahlfors regular boundaries. Let
L = − divA∇ be a uniformly elliptic operator with respect to the weight w(X) = δ∂Ω(X).For p, q ∈ (1,∞), we have (Rp,σ)L =⇒ (Dp′,σ)L∗

and (Rp,σ)L + (Dq,σ)L∗ =⇒ (Rq,σ)L.
In particular (Rp,σ)L =⇒ (Rq,σ)L for q ∈ (1, p+ ϵ).
Proof. The first implication is [DFM23a, Theorem 1.5]. The second implication canbepro-ven by generalizing the proof of [She07] in the current setting. The proof relies heavilyon the elliptic theory, so it would not be surprising that if proposition could be extendedto domains without the Harnack chain condition or without Ahlfors regular boundaries.
□

Theorem 3.40. Let Ω ⊂ Rn be a uniform domains with d-Ahlfors regular boundaries. Let
L0 = − divA0∇ and L1 = − divA1∇ be two uniformly elliptic operators with respect to theweight w(X) = δd+1−n

∂Ω (X). Take p ∈ (1,∞) and suppose that (Rp,σ)L0 holds, that is the Lp

regularity problem for L0 is solvable. If
(1) either X → sup

BX

{w−1|A0 − A1|} ∈ CMσ(M),
(2) or δ∂Ωw−1|∇A0| and w−1|A0 − A1| ∈ CMσ(M),
then there exists q ∈ (1,∞) such that (Rq,σ)L1 holds.Moreover, there exists ϵ > 0 depending on the constants in the (Rp,σ)L0 such that ifM < ϵin either (1) or (2), then we preserve the solvability of the Lp regularity problem, i.e. (Rp,σ)L1holds.
Proof. The theoremunder (1) in both the large and small Carleson perturbation scenariois [DFM23a, Corollary 1.6], and relies on the analogue result on the Dirichlet problem(given in [FP22] and [MP21]). The theorem (2) in this generality is not written anywherebut the arguments given in [Fen24] and [Fen23, Theorem 2.11] - which treat the casewhere Ω = Rn

+ - easily extend to this setting. □

Our final theorem establishes the solvability of the Lp regularity problem in Rn \Rd

for DKP-type operators.
Theorem3.41. LetΩ0 = Rn\Rd := {(x, t) ∈ Rd×(Rn−d\{0})}, and letL := − div[|t|d+1−nA∇]be a uniformly elliptic operator with respect to the weight |t|d+1−n. Assume that A can bewritten as

A =

[
B1 B2

B3 b4In−d

]
where In−d is the n − d identity matrix, and either |t||∇A| ∈ CMLd(M) or |t||∇Ã| ∈
CMLd(M), where B2 = b2

t
|t| , B3 =

tT

|t|b3, and
Ã :=

[
B1 b2

b3 b4

]
.

(1) Then there exists p ∈ (1,∞) such that the Lp regularity problem is solvable.
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(2) For all p ∈ (1,∞), there exists ϵp that depends only on d, n, p, and the elliptic constantof L such that ifM < ϵp, then the Lp regularity problem is solvable.
Remark 3.42. Formore generality, the above theorem needs to be paired with Theorem3.40 - that allowsmore elliptic operators. Furthermore, by the change of variable (3.33),we will also be able to solve the Lp regularity problem for Lα in the complement of thegraph of a Lipschitz function with small constant.
Proof. The large constant case (1) is [Fen23, Theorem 3.6]. The small constant case (2) isa consequence of the first part, the Lp solvability of the Dirichlet problem for DKP ope-rators with small constant (second part of Theorem 3.26), and the second implicationof Proposition 3.39 ; see also [DFM23b] for an earlier proof for p = 2. □
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4 - The Green function as an alternative for the elliptic
measure

4.1 . What one can expect from the Green function and early results

In domains with codimensional 1 boundaries, theA∞-absolute continuity of the har-monic measure (and the elliptic measure of DKP operators) is well understood. Howe-ver, we have not yet a fully satisfactory analogue in domains with higher codimensio-nal boundaries. Specifically, we have not succeeded in finding a PDE characterizationof uniform rectifiability that applies to uniformly rectifiable sets of any dimension andcodimension.Sowe have shifted our focus from the harmonicmeasure to the Green function, twoclosely related objects. Can we reformulate the A∞-absolute continuity of the harmo-nic measure in terms of bounds on the Green function? Can we characterize uniformrectifiability with bounds on the Green function? Does this characterization on Greenfunction extends to domains with boundaries of codimension higher than 1? These arethe questions that we will explore in this chapter, and we will provide some answers.
First, what does the A∞-absolute continuity of the elliptic measure ωL with respectto the surface measure σ imply for the Green function? Let us consider the classicaltheory of domains with (n− 1)-Ahlfors regular boundaries. We will reuse the unformaldefinition from the introduction. The A∞-absolute continuity of the elliptic measuremeans that ωL is “often almost equivalent” to a multiple of σ, where “often” refers tothe fact that the dyadic cubes for which this equivalence fails are Carleson packing.The boundary Harnack inequality for the Green function and the elliptic measure (seeProposition 2.73) states that, if 4BX stands for B(X, 2δ∂Ω(X))).

gL(Y,X) ≈ δ∂Ω(X)2−nωY
L (4BX) for Y,X ∈ Ω, Y /∈ 8BX . (4.1)

So if ωY
L (BX)

σ(4BX)
≈M , then

gL(Y,X) ≈Mδ∂Ω(X)2−nσ(4BX) ≈Mδ∂Ω(X) for Y,X ∈ Ω, Y /∈ 8BX .

Thus, if Y ∈ Ω is a point far away from the considered region, the fact that ωY
L is “oftenalmost equivalent” to a multiple of σ morally means that

gL(Y, .) is “often almost equivalent” to a multiple of δ∂Ω. (4.2)
We will discuss the proper statements in the following sections, but all will relate thisinformal statement (4.2).

Compared to the harmonic and elliptic measures, fewer results exist for the Greenfunction. Nevertheless, we must be cautious when stating that the informal statement(4.2) is equivalent to theA∞-absolute continuity of the ellipticmeasure, as it will be falsewithout additional assumptions.
Example 4.1. Let Ω = Rn

+ := {(x, t) ∈ Rn−1× (0,∞)} be our domain, which means thatin our case δ∂Ω(x, t) = t. We set b(t) := 1/(2 + cos(t)), and then Lb := − div[b(t)∇]. We
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can compute explicitely the Green function with pole at infinity (defined in Proposition2.70), and we obtain
G(x, t) :=

ˆ t

0

dr

b(r)
= 2t+ sin(t).

However, there exists ϵ0 > 0 such that for any c > 0 and any R ≥ 100,
ˆ 2R

R

|cG(x, t)− t|2 dX ≥ ϵR.

It means that the Green function with pole at ∞ is not close to a multiple of δ∂Ω in aCarleson sense, or in any of the sense that we will introduce in the next sections.On the opposite, C−1t ≤ G(x, t) ≤ Ct, which means that ωLb
isA∞-absolutely conti-nuous with respect to the surface measure.

Example 4.1 is nice because we can compute many aspects of it. However, manyother examples would work, provided the coefficients oscillate sufficiently.
Before the authors began studying theGreen function as an alternative to the ellipticmeasure, to the best of the author’s knowledge, only the following result had beenestablished :

Theorem4.2 (TheoremVI in [Azz19]). LetΩ ⊂ Rn be a CAD, and let σ be the Ahlfors regularmeasure on ∂Ω. Write G = G−∆ for the Green function in Ω associated to the Laplacian, asdefined in Definition 2.78.Then ∂Ω is uniformly rectifiable if and only if δ2∂Ω|∇2G|/G ∈ CMσ, i.e. if and only if thereexists C > 0 such that, for any ball B ⊂ Rn centered on ∂Ω,
ˆ
B∩Ω

|∇2G|2
G2

δ3∂Ω dX ≤ Cσ(B ∩ ∂Ω). (4.3)
Remark 4.3. The result in [Azz19] are presented in a slightly different context (boundeddomain and only lower Ahlfors regular constant in (1.2)) but the proof easily extends toour assumptions. The proof of δ∂Ω∇2G/G ∈ CMσ for uniformly rectifiable sets is basedon an integration by part from [HMT17]. The arguments of [HMT17] would allow us toextend Theorem 4.2 to a larger class of operators, namely the L1-DKP operators, whichis strict subset of our target class of operators (the DKP operators).
Elements of proof. For the characterization ofA∞-absolute continuity of the elliptic mea-sure via a corona decomposition, see [GMT18, Proposition 3.1] or [CHPM24].Let us skip the converse, that is δ2∂Ω|∇2G|/G ∈ CMσ implies uniform rectifiability,which will be discussed intensively in Section 4.3. We want to prove that a domain withreasonable flat boundary implies (4.3).

Since Ω is CAD, the harmonic measure is A∞-absolutely continuous with respectto the surface measure. A characterization of this fact is given in terms of “corona de-composition”, which will not be explained here. Eventually, it means that for any ball Bcentered on ∂Ω, we can decompose Ω ∩B into Lipschitz regions {Ωj}j∈J such that
(i) ⋃

j∈J

Ωj = Ω ∩B,
(ii) ∑

j∈J

Hn−1(∂Ωj) ≲ σ(B ∩ ∂Ω),
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(iii) for each j ∈ J , there exists cj such that
ω−∆(BX) ≈ cjσ(BX) for X ∈ Ωj,

where BX = B(X, 2δ∂Ω(X)) as before.
Think of the above as a precise formulation of

ω−∆ is “often almost” equivalent to a multiple of σ.
Thanks to Proposition 2.79, point (iii) above becomes

G(X) ≈ cjδ∂Ω(X) for X ∈ Ωj. (4.4)
Moreover, it is easy to check that

δ∂Ω|∇2G| ≲ |∇G(X)| ≲ G(X)

δ∂Ω
≲ cj for X ∈ Ωj. (4.5)

Note that∇G is a vector of harmonic functions, so we have∆|∇G|2 = 2|∇2G|2. With allthis in mind, we have by (4.4) that
ˆ
Ωj

|∇2G|2
G2

δ3∂Ω dX ≈ 2c−3
j

ˆ
Ωj

|∇2G|2GdX = c−3
j

ˆ
Ωj

∆[|∇G|2]GdX

= c−3
j

ˆ
∂Ωj

∂n|∇G|2GdX − c−3
j

ˆ
∂Ωj

|∇G|2∂nGdX,

where ∂n is the normal derivative. Soˆ
Ωj

|∇2G|2
G2

δ3∂Ω dX ≲ Hn−1(∂Ω)

by (4.5). Summing over j ∈ J gives, thanks to (ii), the desired bound (4.3). □

Why is Theorem 4.2 related to (4.2) ? If ∂Ω is uniformly rectifiable, then δ∂Ω is “oftenalmost” the distance to a plane, so ∇δ∂Ω is “often almost” constant and ∇2δ∂Ω is “oftenalmost” 0.If we write A ∼ B for A is “often almost” equal to B, the fact that ∂Ω is uniformlyrectifiable means ∇2δ∂Ω ∼ 0, or δ∂Ω∇2δ∂Ω ∼ 0 for homogeneity purpose. Then (4.2) is
∇(G/δ∂Ω) ∼ 0, or δ∂Ω

G
∇(G/δ∂Ω) ∼ 0 for homogeneity purpose. We deduce that

δ∂Ω
G

∇G =
δ∂Ω
G

∇
(
G

δ∂Ω
· δ∂Ω

)
∼ ∇δ∂Ω,

and then
δ2∂Ω
G

∇2G =
δ2∂Ω
G

∇
(
δ∂Ω
G

∇G cot
G

δ∂Ω

)
= δ∂Ω∇

(
δ∂Ω
G

∇G
)
+ δ∂Ω

(
δ∂Ω
G

∇G
)(

δ∂Ω
G

∇
[ G
δ∂Ω

])
∼ δ∂Ω∇2δ∂Ω + 0 ∼ 0,

which, translated to Carleson measure conditions, gives δ2∂Ω
G
∇2G ∈ CMσ as desired.

The reader might rightfully claim that the above explanation is far from a proof.While it is true that nothing above is rigorous, the formal computations will lead to thegeneralization of Theorem 4.2 to all DKP operators in the following sections. The maindifference is that the computations use the regularized distances Dσ,α, which appearsto be a much better analogue of δ∂Ω.
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4.2 . Uniform rectifiability and the regularized distance

In this section, we will delve deeper into the regularized distance Dα. Recall thatwhen E ⊂ Rn is an d-Ahlfors regular set with Ahlfors regular measure σ, and when
α > 0, the regularized distance Dα is

Dα(X) = Dσ,α(X) :=

(ˆ
E

|X − y|−d−α dσ(y)

)− 1
α

.

We refer to Dα as regularized distance or smooth distance because it is equivalent to δE- the distance to E - see Proposition 3.31, but unlike δE , Dα is smooth everywhere in
Rn \ E.

Let us introduce the quantity
Hσ,α := − 1

d+ α
∇[D−α

σ,α] =

ˆ
E

X − y

|X − y|d+2+α
dσ(y).

Note thatHσ,α is conceptually close toRσ1, whereRσ is the Riesz transform on E
(Rσf)(x) := p.v.

ˆ
E

x− y

|x− y|d+1
f(y)dσ(y), x ∈ E

that we defined previously in (1.5). Morally, if the value α = −1 were permissible, wewould haveRσ1 = H−1.
The next question is whetherHσ,α is better than the Riesz transform. Indeed, can weuseHσ,α instead ofRσ in theDavid-Semmes conjecture (Conjecture 1.14) ? First, we needto account for homogeneity in the expression ofHσ,α. The unitless quantity associatedtoHσ,α is

Rσ,α1 := Dα+1
σ,α Hσ,α =

α

d+ α
∇Dσ,α. (4.6)

Our first attempt is to prove the David-Semmes conjecture with the modified RiesztransformRσ,α. IfRσ1 is analogous to Rσ,α1, then the linear operator naturally arisingfrom∇Dα,α = cRσ,α1 is

Rσ,αf(x) := lim
X∈Γ(x)
X→x

(ˆ
E

|X − y|−d−α dσ(y)

)− 1
α
−1 ˆ

E

X − y

|X − y|d+α+2
f(y) dσ(y), (4.7)

for x ∈ E, where Γ(x) is the cone {X ∈ Rn \E, |X−x| ≤ 2δE(X)} as usual. But trying toprove a characterization of uniform rectifiability from the boundedness of the operator
Rσ,α on L2(σ) is pointless, as we have
Lemma 4.4. LetE ⊂ Rn be a d-Ahlfors regular set, 0 < d < n, with Ahlfors regular measure
σ. Then, there exists C depending only on α and the Ahlfors regular constant such that

Rσ,αf(x) ≤ CMσf(x), (4.8)
whereMσ is the Hardy-Littlewood maximal operator
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Proof. Let x ∈ E and X ∈ Γ(x). Set BX := B(x, δ(X)), C0,X := BX ∩ E, and Ck,X :=(
2kBk \ 2k−1Bk

)
∩ E when j ≥ 1. We have that∣∣∣∣∣

(ˆ
E

|X − y|−d−α dσ(y)

)− 1
α
−1 ˆ

E

X − y

|X − y|d+α+2
f(y) dσ(y)

∣∣∣∣∣
≤ Dσ,α(X)α+1

ˆ
E

|X − y|−d−α−2f(y) dσ(y)

≲ Dσ,α(X)α+1
∑
k≥0

(2kδE(X))−d−α−2

ˆ
Ck,X

f(y) dσ(y)

≲ Dσ,α(X)α+1δE(X)−α−1Mσf(x) ≲ Mσf(x)

sinceDσ,α(X) ≈ δE(X). Taking the supremum over theX ∈ Γ(x) gives (4.8), as desired.
□

After this simple result, we see that we need to take more information on Rσ,αfthan just a simple upper bound. If we come back to the discussion from the previoussubsection, if E is uniformly rectifiable, it would mean that∇Dα ≈ δE is “often almost”close to the distance to a plane, and when uniformly rectifiable sets are involved, weknow that “often almost” has be interpreted as a quantity q on E × (0,∞) or Rn \ Esatisfies the Carleson measure condition. One natural way to achieve this would be todefine q as
q(X) := inf

P d-plane
c≥0

ˆ
BX

|∇Dα − c∇δP | dY

and hope that
q ∈ CMσ ⇐⇒ E is uniformly rectifiable. (4.9)

Actually, we do not know whether (4.9) is true. While it sounds completely reasonable,to our knowledge, nobody has carefully proven it yet. The actual result involves takingone extra derivative : if E is a (n− 1)-plane, then∇2δE = 0, so we have :
Theorem 4.5. Let E ⊂ Rn be a d-Ahlfors regular set, where d ∈ (0, n) not necessarily aninteger, and σ be a Ahlfors regular measure on E. Choose any α > 0.Then the set E is (n− 1)-uniformly rectifiable if and only if δE∇2Dσ,σ ∈ CMσ, i.e. thereexistsM > 0 such that for any ball B centered on E, we haveˆ

B

|∇2Dσ,α(X)|2δE(X) dX ≤Mσ(B).

Proof. This theorem is a special case of the theorems given below : Theorem 4.6 for theconverse and Corollary 4.9 for the direct implication. □

Can we generalize these results to higher codimensional sets, i.e. when d < n− 1 ?Actually, yes, we just need to consider slightly weaker condition : when E is plane ofdimension d < n − 1, ∇Dσ,α = ∇δE is not constant, but its length |∇Dσ,α| is. Repla-cing Dσ,α with its length is actually sufficient to characterize rectifiability and uniformrectifiability.
Theorem 4.6 (Theorem 1.4 in [DEM21]). Let E ⊂ Rn be a d-Ahlfors regular set, where
d ∈ (0, n) not necessarily an integer, and σ be a Ahlfors regular measure on E. Choose any
α > 0.Then the following are equivalent
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(i) E is d-uniformly rectifiable ;
(ii) δE∇|∇Dσ,σ| ∈ CMσ, i.e. there exists C > 0 such that for any ball B centered on E, wehave ˆ

B

|∇|∇Dσ,α(X)||2δE(X) dX ≤ Cσ(B).

(iii) δE∇[|∇Dσ,σ|2] ∈ CMσ, i.e. there exists C > 0 such that for any ball B centered on E,we have ˆ
B

|∇[|∇Dσ,α(X)|2]|2δE(X) dX ≤ Cσ(B).

Let us explain how uniformly rectifiable sets affects Dσ,α and its derivative. Whichquantities should satisfy the Carleson measure condition when the set E is uniformlyrectifiable? They are actually fairy easy to find : morally if a function F (x0, x1, x2, . . . , )satisfies
F (Dσ,α,∇Dσ,α,∇2Dσ,α, . . . ) = 0

whenever σ is a flat measure - i.e. when Dσ,α is the distance to a d-plane, then
F (Dσ,α,∇Dσ,α,∇2Dσ,α, . . . ) ∈ CMσ

whenever σ is a d-Ahlfors regular measure on a uniformly rectifiable set, provided that
F (Dσ,α,∇Dσ,α,∇2Dσ,α, . . . ) is a “dimensionless” quantity 1. The precise result is givenbelow.
Proposition 4.7. LetE ⊂ Rn be a d-Ahlfors regular set, and let σ be Ahlfors regularmeasureon E. Take α > 0 and define

cα :=

ˆ
Rd

(1 + |y|2)− d+α
2 dy.

If E is uniformly rectifiable, then there exists C > 0 and a function aσ,α ∈ CMΩ(M), suchthat for anyX ∈ Rn \Ω, there exist a constant cX > 0 and an affine d-plane PX that satisfy
C−1 ≤ cX ≤ C, (4.10)

C−1δE(X) ≤ dist(X,PX) ≤ CδE(X), (4.11)
and, if k ∈ Nn and DE,α,X(Y ) := (cα)

−1/α dist(Y, PX),∣∣∣∂κDσ,α(X)− (cX)
− 1

α∂κDE,α,X(X)
∣∣∣ ≤ CκδE(X)1−|κ|aσ,α(X). (4.12)

One possible choice of cX is
cX :=

c1
c21/2

Dσ,1(X)

Dσ,1/2(X)
, (4.13)

in particular δE∇cX ∈ CMσ, see Lemma 3.36.The constant C depends only on the Ahlfors-regular constant in (1.6), Cκ depends alsoon κ, M depends only on α and the uniformly rectifiable constants of ∂Ω (more precisely
aσ,α is a sum of the α-Tolsa numbers defined in Definition 1.12).

1. if not there is a j ∈ R such that Dj
σ,αF is “dimensionless”, and this rescaled quantity satisfies theCarleson measure condition.
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Remark 4.8. The above proposition focuses on Dα. However, similar estimates can beobtained for the quantityH in Lemma 3.37. Actually, Lemma 3.36 and Lemma 3.37 arejust variants of the above proposition.
Proof. Proposition 4.7 comes from [FL23, Corollary 3.8], which gathers and generalizesthe computations from [Fen22a, Section 3] and [DEM21, Theorem 2.1], see also [DFM19a]for a earlier similar result. □

How to read the above proposition? Take for instance d = n − 1, the quantities
DE,α,X are - up to a harmless constant - the distance to the (n − 1)-plane PX , so inparticular,∇2DE,α,X = 0. This means that, in the codimension 1 case, δE∇2Dσ,α ∈ CMσ,as in Theorem 4.5. Similarly, we have the following consequences of Proposition 4.7 :
Corollary 4.9 (Corollary 3.13 in [FL23]). Let E ⊂ Rn be a d-dimensional uniformly rec-tifiable set, and take σ to be a Ahlfors regular measure on E. Let α > 0. There exists Mdepending only on α and the uniformly rectifiable constants of σ such that
(i) if d = n− 1, then δ∂Ω∇2Dσ,α ∈ CMσ ;
(ii) δ∂Ω∇[|∇Dσ,α|] ∈ CMσ, and similarly δ∂Ω∇[|∇Dσ,α|2] ∈ CMσ ;
(iii) δn−d

∂Ω divDd+1−n
σ,α ∇Dσ,α ∈ CMσ.

Cases (3) and (4) of Theorem 4.20 state the converse to (i) and (ii) of Corollary 4.9,but the converse to (iii) of Corollary 4.9 is false (see “magic α”, Lemma 3.33) at leastwithout any extra assumption. The proof of the converse, i.e. δ∂Ω∇[|∇Dσ,α|] ∈ CMσimplies thatE is uniformly rectifiable, consists in a “blow-up” argument that reduce theproblem to the limit case where ∇|∇Dσ,α| = 0 : we can prove that if σ is a flat mea-sure whenever∇|∇Dσ,α| = 0, thenE is uniformly rectifiable whenever δ∂Ω∇[|∇Dσ,α|] ∈
CMσ. Let us give more details.

4.3 . Weak-type Green function estimates

In this section, we will explore the relationship between estimates on the Greenfunction and uniform rectifiability. Our primary focus will be on the “free boundary”direction, more precisely the fact that estimates on the Green function implies uniformrectifiability.
This subsection is heavily inspired from [DM22]. But since the presentationwill differfrom [DM22], and since we will give more results than [DM22], we will cite the bibliogra-phy only at the end of the section (Subsection 4.3.4).

4.3.1 . The limit case
In the terminology of Section 4.1, uniform rectifiable sets are those that are “oftenalmost flat”. We can often reduce the proof of the uniform rectifiability of a set undercertain condition - expressed in the form f ∈ CMσ - to the proof of the “simpler” limitcase where we prove that a set is a plane whenever the quantity f is zero.The purpose of this section is to present these “limit cases”, which are easier toprove. In the literature, the lemmas presented in this subsection are not always statedas results, but are often part of the proof of the larger theorems down the road.

Lemma 4.10. Let Ω ⊂ Rn be a domain and m be a measure suitable for PDE. Let G ∈
C0,α

loc (Ω) be a positive function on Ω that satisfies G = 0 on ∂Ω. Assume that one of thefollowing case holds :
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(1) there exists a d-plane P such that G(X) = dist(X,P ) for all X ∈ Ω ;
(2) there exists a d-plane P such that∇G(X) = ∇ dist(X,P ) for a.e. X ∈ Ω,
(3) G ∈ C1,α

loc (Ω) and∇2G = 0 a.e. in Ω,
(4) Ω = Rn \ ∂Ω, G ∈ C2(Ω), and |∇G| = 1 on Ω,
(5) L = − divA∇ is a uniformly elliptic operator with constant coeffcients and G is a weaksolution to Lu = 0 satisfying |∇G| = 1 a.e. on Ω,
Then ∂Ω is a d-plane. In Case (1), ∂Ω = P ; in Case (2), ∂Ω is parallel to P ; in Case (3), d is
n− 1.
Remark 4.11. Note that in most cases, we do not need to know that G is a solution.
Proof. Case (1). Take y ∈ ∂Ω and Yn ∈ Ω such that Yn → y. We have

0 = G(y) = lim
n→∞

G(Yn) = lim
n→∞

dist(Yn, P ) = dist(y, P ).

We deduce y ∈ P and then ∂Ω ⊂ P . If by contradiction, we have ∂Ω ⊊ P , then it meansthat Ω = Rn \ ∂Ω and thus any P \ ∂Ω ⊂ Ω. However, dist(Y, P ) = 0 when Y ∈ P \ Eand G(Y ) > 0 when Y ∈ Ω. This leads to a contradiction, hence that P = ∂Ω.
Case (2). Take X ∈ Ω. The property says that G(Y ) = G(X) > 0 for all Y ∈ PX , where
PX is the plane parallel to P going through X . It means that PX ⊂ Ω. By approachingboundary points x ∈ ∂Ω by points in X ∈ Ω, we show that Px is cannot be in Ω, butfor any ϵ > 0, a ϵ-translation of Px is in Ω. It means that Px ⊂ ∂Ω, and thus that ∂Ω isthe union of parallel d-planes. Then we let the reader check that the identity∇G(X) =
∇ dist(X,P ) doesn’t allow the boundary to contain 2 planes.
Case (3). If∇2G = 0, then∇G is constant, so we can find a (n−1)-plane and c > 0 suchthat∇G = c dist(., P ). Case (3) follows then from case (2).
Case (4). Given X ∈ Ω, we construct the path φX(t) as the solution to{

φX(0) = X
φ′(t) = −∇G(φ(t))

We check that (G◦φX)
′ ≡ −1, whichmeans thatG◦φX(t) = G(X)−t. SoφX exists if t <

G(X), andwe can extend it by continuity to t = G(X), wherewehaveG(φX(G(X))) = 0,or φX(G(X)) ∈ ∂Ω, or δ∂Ω(φX(G(X))) = 0. Then we have
δ∂Ω(X) = δ(φX(0)) ≤ δ(φX(G(X))) +G(X) = G(X)

since δ∂Ω ◦φX is 1-Lipschitz. Moreover, if x ∈ ∂Ω is such that |X − x| = δ∂Ω(X), we have
G(X) ≤ G(x) + δ∂Ω(X) = δ∂Ω(X)

since G is 1-Lipschitz. We deduce that G = δ∂Ω.Let us sketch the rest. First, Rn \Ω has to be convex, otherwise there will be a point
X ∈ Ω for which there exists two different boundary points x1, x2 ∈ ∂Ω such that
δ∂Ω(X) = |X − x1| = |X − x2| ; at such point X , ∇δ∂Ω is not defined and thus the
G = δ∂Ω cannot beC1. Second, the convex hull of a setE has a integer dimension d andis included in a d-plane, so since ∂Ω = Rn \ Ω is convex, ∂Ω is included in a d-plane P ,where d is the dimension of (the convex hull of) ∂Ω. Finally, the ∂Ω - seen as a subset
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of P - cannot have boundary points in P , otherwise δ∂Ω will only be C1,1(Ω) above theedges of ∂Ω. We conclude that ∂Ω is a d-plane.
Case (5). This case is a variant of (4). SinceG is a weak solution of a constant coefficientoperator, then G ∈ C∞(Ω). So as in Case (4), we deduce that Rn \ Ω is convex and
G = δ∂Ω. We also know that d = n − 1, because any other integer choice of d wouldmake the measurem = Ln not suitable for PDE.Here is the idea to help us conclude. We locally parametrize ∂Ω by a function φ andbrutally compute ∆δ∂Ω, and we observe that ∆δ∂Ω(X) = 0 if and only if ∇2φ(x) = 0,where (x, φ(x))∂Ω is the (unique) projection of X on ∂Ω. We deduce that φ is affine,hence ∂Ω is flat. □

Instead of comparing G to the distance to a plane, it would also be interesting tocompare the Green function to the regularized distances Dσ,α. To this end, we define
Definition 4.12. Take α > 0 and A an elliptic matrix with constant coefficients. We saythat the property Yflat(d, α,A) holds if for any domain Ω ⊂ Rn satisfying the corks-crew point condition and whose boundary is d-Ahlfors regular (σ is an Ahlfors regularmeasure on ∂Ω), the fact that

− divDd+1−n
σ,α A∇Dσ,α = 0 (4.14)

implies that d is an integer, ∂Ω is a d-plane, and σ is a flat measure (i.e. σ = cLd|∂Ω forsome constant c > 0).
We do not know whether Yflat(d, α,A) is true, even when d = n − 1 and A is theidentity matrix. But we do know that it can fail, as shown in Lemma 3.33, where for

d < n − 2, the property Yflat(d, n − d − 2, I) is false. We invite the reader verify thatDefinition 4.12 is coherent, i.e. that (4.14) holds whenever ∂Ω is a d-place and σ a flatmeasure. With this definition, we can extend Lemma 4.10 as follows :
Lemma 4.13. Let Ω ⊂ Rn be a uniform domain with d-Ahlfors regular boundaries, let L =
− divA∇ be a uniformly elliptic operator with respect to the weight w = δd+1−n

∂Ω , and let
α > 0. Assume
(6) there exists a Ahlfors regular measure σ such that A := Dn−d−1

σ,α A is constant, Dσ,α is aweak solution to L, and the property Yflat(d, α,A) holds.
Then ∂Ω is a d-plane.

You can see that the above lemma is trivial ; it is merely a reformulation of the pro-perty Yflat(d, α,A). Nevertheless, like Lemma 4.10, Lemma 4.13 will be the “limit” casefor an apparently stronger result.
We can still discuss the comparison of the Green function and the regularized dis-tances Dβ , but we need to take another approach that only works in codimension 1.This approach requires the “free boundary” implication of Theorem 1.37. However, thisis not a direction we want to follow : we aim to develop a theory to replace elliptic mea-sures by Green functions, hoping to advance further in the wild land of new knowledge.Basing our proof on previously known results for the elliptic measures would probablybe unproductive.

Lemma 4.14. Let Ω ⊂ Rn be a uniform domain with (n− 1)-Ahlfors regular boundary, andlet L = − divA∇ be a uniformly elliptic operator with constant coefficients. Assume thatthere exists α > 0 and a Ahlfors regular measure σ such that Dσ,α is a weak solution to
Lu = 0 in Ω. Then Ω is a CAD, in particular Rn \ Ω satisfies the corkscrew point condition.
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Proof. IfDσ,α is a weak solution inΩ, thenDσ,α is the Green function with pole at∞ (SeeProposition 2.70). Then the elliptic measure measure with pole at ∞ is comparable to
σ (see Proposition 2.79), which in turn means that Ω is a CAD (see Theorem 1.37). □

4.3.2 . The compactness argument.
We aim to extend the lemmas from the previous paragraph into theorems that pro-vide sufficient conditions for uniform rectifiability. To achieve this, we need to replaceconditions like G = dist(., P ) to conditions like G is close to dist(., P ). For this purpose,we start by introducing a slightly weaker notion of smallness ; while the Carleson mea-sure condition would suffice, we can be more general.

Definition 4.15. LetE ⊂ Rn be a d-Ahlfors regular set, and write σ for a Ahlfors regularmeasure on E. We say that a subset B of E × (0,+∞) satisfies the Carleson packing
condition if there exists a constant C > 0 such that, for any x ∈ E and any r > 0,

ˆ
E∩B(x,r)

ˆ r

0

1B(y, t)
dt

t
dσ(y) ≤ Cσ(E ∩B(x, r)). (4.15)

We say that G ⊂ E × (0,+∞) is a Carleson prevalent set if E × (0,+∞) \ G satisfiesthe Carleson packing condition.
We use this to introduce the notion of weak Carleson measure condition.

Definition 4.16. Let Ω ⊂ Rn be a domain with d-Ahlfors regular boundary, and write
σ for a Ahlfors regular measure on ∂Ω. We say that f ∈ L2

loc(Ω) satisfies the weak
Carleson measure condition if the set

Gf (τ,K) :=
{
(x, r) ∈ ∂Ω× (0,∞),

ˆ
WK(x,r)

|f | dX ≤ τrn
}
,

where
WK(x, r) := {X ∈ B(x,Kr), δ∂Ω(X) ≥ r/K},

is Carleson prevalent for each couple of constant τ > 0,K ≥ 2. We write f ∈ wCMσ.
It would be simple enough to extend Definition 4.16 to the same setting as Definition3.7, but we refrain from doing so here to keep the presentation friendly. As expected,the Carleson measure condition implies the weak Carleson measure condition.

Lemma 4.17. Let Ω ⊂ Rn be a domain with d-Ahlfors regular boundary, and write σ for aAhlfors regular measure on ∂Ω. Then f ∈ CMσ implies f ∈ wCMσ.
Proof. Let x ∈ ∂Ω and r > 0. Set Bf (τ,K) = ∂Ω× (0,∞) \ Gf (τ,K).
ˆ
E∩B(x,r)

ˆ r

0

1B(y, t)
dt

t
dσ(y)

≤ τ−2

ˆ
E∩B(x,r)

ˆ r

0

(
t−n

ˆ
WK(y,t)

|f | dX
)2

dt

t
dσ(y)

≤ CnK
nτ−2

ˆ
E∩B(x,r)

ˆ r

0

ˆ
WK(y,t)

|f |2 dX dt

tn+1
dσ(y)

≤ CnK
nτ−2

ˆ
Ω∩B(x,(K+1)r

|f(X)|2
ˆ
E∩B(x,r)

ˆ r

0

1X∈WK(y,t)
dt

tn+1
dσ(y)
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But sinceX ∈ WK(y, t) implies that t ≥ δ∂Ω(X)/K and y ∈ B(X,K2δ∂Ω(X)), we deduce
ˆ
E∩B(x,r)

ˆ r

0

1B(y, t)
dt

t
dσ(y)

≤ CnK
nτ−2

ˆ
Ω∩B(x,(K+1)r

|f(X)|2(Kδ∂Ω(X))−nσ(B(X,K2δ∂Ω(X)) ∩ ∂Ω)

≤ Cσ,nK
2(n+d)

ˆ
Ω∩B(x,(K+1)r

|f |2δd−n
∂Ω dX

≤ CK,τ,σ,nMσ(B(x, r) ∩ ∂Ω)

if f ∈ CMσ(M). The lemma follows. □

Remark 4.18. Note that the Carlesonmeasure condition and theweakCarlesonmeasurecondition are actually different. Indeed, the function
f : (x, t) ∈ Rn−1 × (0,∞) → (1 +

√
| ln(t)|)−1

satisfies the weak Carleson measure condition in Rn
+ but not the Carleson measurecondition.

We define the weakest DKP operators with the following proposition.
Proposition 4.19. Let Ω be a domain satisfying the corkscrew point condition whose boun-dary os (n− 1)-Ahlfors regular, and let L := − div[A∇] be a uniformly elliptic operator on
Ω. Then the following are equivalent
(i) for any τ > 0 and K ≥ 2, the set Gw∗DKP (τ,K) that contains the couples (x, r) ∈

∂Ω× (0,∞) such that
inf

A0 constant
ˆ
WK(x,r)

|A(X)−A0| dX ≤ τrn

is Carleson prevalent.
(ii) A can be decomposed as A = B + C where δ∂Ω|∇B|+ |C| ∈ wCMσ.
We call a uniformly elliptic operator satisfying either (i) or (ii) a weakest DKP operator.Alternatively, if A satisfies (i) or (ii), we say that A satisfies the weakest DKP condition.

Clearly, DKPoperators - andmore generally uniformly elliptic operatorsL = − div[B+
C]∇ with δ∂Ω|∇B| + |C| ∈ CMσ - are weakest DKP operators. Now, we are ready forour main theorem of the section.
Theorem 4.20. Let Ω ⊂ Rn be a domain that satisfies the corkscrew point condition andwhose boundaries are d-Ahlfors regular. Let σ be a Ahlfors regular measure on ∂Ω. Let L =
− divA∇ be a uniformly elliptic operator (with respect to the weight w = δd+1−n

∂Ω = dm/dx).Let Ωfat ⊂ Ω be a Carleson prevalent domain in Ω, that is, for anyK ≥ 1, the set
DΩ(K) :=

{
(x, r) ∈ ∂Ω× (0,∞), B(x, 2Kr) ∩ Ω ⊂ Ωfat

} (4.16)
is Carleson prevalent. Assume also that there exists C, η > 0 such that, for any (x, r) ∈
DΩ(1), there exists a function Gx,r ∈ W (B(x, 2r) ∩ Ω,m) with the following property
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(i) Gx,r is a positive weak solution to Lu = 0 in Ω ∩ B(x, 2r) satisfying Tr(Gx,r) = 0 on
B(x, 2r) ∩ ∂Ω,

(ii) Gx,r(X) ≥ C−1

(
δ(X)

r

)η

sup
B(x,r)∩Ω

Gx,r for any X ∈ B(x, r) ∩ Ω.
Assume moreover that one of the following case holds :
(1) Gx,r is Carleson prevalently close to the distance to a d-plane, that is, for any τ > 0 and

K ≥ 2, the set G1(τ,K) of couple (x, r) ∈ DΩ(K) such that
inf

Pd-plane
c>0

ˆ
WK(x,r)

|cGx,Kr(X)− dist(X,P )| dX ≤ τrn+1

is Carleson prevalent ;
(2) ∇Gx,r is Carleson prevalently close to the gradient of the distance to a d-plane, that is,for any τ > 0 andK ≥ 2, the set G2(τ,K) of couple (x, r) ∈ DΩ(K) such that

inf
Pd-plane

c>0

ˆ
WK(x,r)

|c∇Gx,Kr(X)−∇ dist(X,P )| dX ≤ τrn

is Carleson prevalent ;
(3) d = n− 1, δ∂Ω∇A ∈ L∞(Ω), and∇2Gx,r,K is Carleson prevalently close to 0, that is, forany τ > 0 andK ≥ 2, the set G3(τ,K) of couple (x, r) ∈ DΩ(K) such that

ˆ
WK(x,r)

δ2∂Ω|∇2Gx,Kr(X)|
Gx,Kr(X)

dX ≤ τrn

is Carleson prevalent ;
(4) Ω = Rn \ ∂Ω, |δn−d

∂Ω ∇A| + |δn+1−d
∂Ω ∇2A| ∈ L∞(Ω) and δ3∂Ω∇[|∇Gx,Kr|2]/G2 ∈ wCMσ,that is, for any τ > 0 andK ≥ 2, the set G4(τ,K) of couple (x, r) ∈ DΩ(K) such that

ˆ
WK(x,r)

δ3∂Ω
∣∣∇|∇Gx,Kr(X)|2

∣∣
Gx,Kr(X)2

dX ≤ τrn

is Carleson prevalent ;
(5) d = n − 1, L is a weakest DKP operator, and |∇G| is Carleson prevalently close to aconstant, that is for any τ > 0 andK ≥ 2, the set of couple (x, r) ∈ DΩ(K) such that

inf
c>0

ˆ
WK(x,r)

∣∣c|∇Gx,Kr(X)| − 1
∣∣ dX ≤ τrn

is Carleson prevalent ;
(6) d = n− 1, L is a weakest DKP operator, and there exists α > 0 such that (a) the property

Yflat(n− 1, α, A0) holds for all constant matrices A0 and (b) Gx,r is prevalently close to
Dσ,α, that is, for any τ > 0 and K ≥ 2, the set G6(τ,K) of couple (x, r) ∈ DΩ(K) suchthat

inf
c>0

ˆ
WK(x,r)

|cGx,Kr(X)−Dσ,α(X)| dX ≤ τrn+1

is Carleson prevalent ;
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(6bis) there exists α > 0 such that (a)L = − div[Dd+1−n
σ,α ∇], (b) the propertyYflat(d, α, I) holds,and (c) Gx,r is prevalently close to Dσ,α.

Then ∂Ω is a uniformly rectifiable.
Some remarks are in order.

Remark 4.21. The property (ii) onGx,r is automatically satisfied whenΩ is uniform. Thatis a simple consequence of the Carleson estimate (Point (i) of Theorem 2.66), the exis-tence of Harnack chains, and the Harnack inequality (Proposition 2.61, with f ≡ 0). Ho-wever, it permits us to use the theorem even when the Harnack chain condition fails,as long as we choose our positive function properly.
Remark 4.22. We consider Gx,r = G(., Yx,r), where G is the Green function and Yx,r ∈
Ω\B(x, 2r).We can eithermakeYx,r dependonx and r, or fixY and exclude the (x, r) forwhich Y ∈ B(x, 2r). When the domain is not uniform, we want to take an appropriatelinear combination of g(., Y ) to ensures that (ii) of the theorem holds.
Elements of proof for Theorem 4.20. As the reader can imagine, all the 6 (or 7) cases canbe treated in a similar manner. We present the ideas of the proof for Case (1), and justpoint out the differences for the other cases.
Case (1). The proof is by contradiction. We assume that the set ∂Ω is not uniformlyrectifiable, which is implied - thanks to Theorem 1.13 - by the fact that there exists ϵ0 > 0such that, for each τ > 0,K ≥ 2, the set G1(τ,K) ∩ DΩ(K) is not a subset of

Gur(ϵ0) := {(x, r) ∈ ∂Ω× (0,∞), bβ∞(x, r) < ϵ}.

If it is not the case, it means that for any j ≥ 1, there exists (xj, rj) ∈ (G1(1/j, j)∩D(j)
)
\

Gur(ϵ0). We can translate and dilate the ambient space Rn to make (xj, rj) = (0, 1). Let
Ωj , σj , Lj , and Gj be the domain Ω, the measure σ, the operator L, and the function
Gxj ,rj after this translation and dilatation. WriteB0 forB(0, 1) and Ωj,j for Ωj ∩Wj(0, 1).The collections {Ωj}j , {σj}j and {Gj}j satisfy
(a) 0 ∈ ∂Ωj ,
(b) inf

P is a d-plane

(
sup

y∈∂Ωj∩B0

dist(y, P ) + sup
z∈P∩B0

dist(z, ∂Ωj)

)
> ϵ0,

(c) Ωj satisfies the corkscrew point condition (with constant uniform in j),
(d) ∂Ωj is d-Ahlfors regular regular, and σj is a Ahlfors regular measure on ∂Ωj (withconstants uniform in j),
(e) Lj are uniformly elliptic (with constants uniform in j).
(f) Gj are weak solution to Lju = 0 in Ωj,j , in particular they are Hölder continuous(with constants uniform in j).
(g) Gj ≥ C−1δΩj

(X)η sup
B(x,r)∩Ωj

Gj

(h) there exists a constant cj > 0 and a d-plane Pj such that
ˆ
Ωj,j

|cjGj(X)− dist(X,Pj)| dX ≤ 1

j
rn+1 (4.17)
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We then extract a limit. Such extraction is not proven here, but they are fairly straight-forward with just basic set theory, functional analysis, and elliptic theory.Up to a subsequence Rn \ Ωj and ∂Ωj converges in the local Hausdorff distance to
Rn \ Ω∞ and E∞ respectively, where a sequence of set Sj ∋ 0 converges to S∞ ∋ 0 inthe local Hausdorff distance if, for allK ≥ 0

lim
j→∞

(
sup

y∈Sj∩KB0

dist(y, S∞) + sup
z∈S∞∩KB0

dist(z, Sj)

)
= 0.

Because the Ωj satisfy the corkscrew point condition, one can then check that Ω∞ alsosatisfies the corkscrew point condition, that Ωj converges to Ω∞ in the local Hausdorffdistance, and that ∂Ω∞ = E∞ and is d-Ahlfors regular. Moreover, up to an extra sub-sequence, σj converges weakly-∗ to a d-Ahlfors regular measure σ∞ on ∂Ω∞, and cjGjconverges uniformly on bounded sets of Rn to Hölder continuous function G∞, whichis positive on Ω∞ and satisfies G∞ = 0 on ∂Ω∞. The important point is that all theconstants relative to Ω∞, ∂Ω∞, σ∞, andG∞ (the corkscrew point constant of Ω, the Ahl-fors regular constant of ∂Ω∞ and σ∞, the Hölder constants of G∞) depends only onthose of Ω, ∂Ω, σ, and Gx,r.Up to a subsequence, we also have that the plane Pj from (h) converges to a plane
P∞. Together with the convergence Gj/cj → G∞ and (4.17), we have G∞ = dist(., P∞).The domain Ω∞ and the function G∞ verifies the assumptions of Lemma 4.10, Case (1),which allow us to conclude that ∂Ω is a d-plane. This is a contradiction, because we have

0 = lim
j→∞

(
sup

y∈∂Ωj∩B0

dist(y, ∂Ω∞) + sup
z∈∂Ω∞∩KB0

dist(z, ∂Ωj)

)
> ϵ0

where we used : the fact that ∂Ωj converges to ∂Ω∞ - which is a plane - in the localHausdorff distance, and then (b).
Case (2). Same as Case (1) without much difference : we take Pj to be the plane goingthrough 0 to ensure that a subsequence of the Pj converges ; and we construct thesubsequence so that ∇Gj converges weakly in L2

loc(Ω), the limit being necessarily toboth ∇G∞ and ∇ dist(., P∞). We invoke Case (2) of Lemma 4.10 to say that ∂Ω∞ is flatand we conclude as in Case (1).
Case (3). The condition δ∂Ω∇A ∈ L∞(Ω) is only here to guarantee that∇2G ∈ L2

loc(DG(K)),so that the quantity makes sense a priori. We take G∞ as a limit of Gj/Gj(X0), where
X0,j is a corkscrew point for B0 ∩ ∂Ωj . We have ∇2Gj/Gj(X0,j) converges weakly in
L2
loc(Ω) to∇2G∞ and 0. We invoke Case (3) of Lemma 4.10 to say that ∂Ω∞ is flat and weconclude as in Case (1).

Case (4).We extract the limit G∞ as in Case (3), in particular ∇2Gj/Gj(X0,j) convergesweakly to∇2G∞. Since∇|∇[Gj/Gj(X0,j)]|2 converges to 0, we deduce that∇|∇G∞| = 0,that is - up to multiplication by an harmless constant - G∞ satisfies |∇G∞| = 1.The coefficients of Lj = − divAj∇ areC1,1
loc (Ω), whichmeans that theGj areC2,1

loc (Ω).The constants are uniform so G∞ is also C2,1
loc (Ω).We invoke Case (4) of Lemma 4.10 to say that ∂Ω∞ is flat and we conclude as in Case(1).

Case (5). With a method similar to the previous cases, we can extract a limit G∞ thatsatisfies |∇G∞| = 1.
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The only real difference is the presence of weakest DKP operators.Wewant to provethis time that, for any ϵ > 0, there exists τ > 0 andK ≥ 2 such that G5(τ,K)∩DΩ(K)∩
Gw∗DKP (τ,K) ⊂ Gur(ϵ). By contradiction, we assume that there exists ϵ0 such that, forany j ≥ 1, (

G5(j
−1, j) ∩ DΩ(j) ∩ Gw∗DKP (j

−1, j)
)
\ Gur(ϵ0) ⊃ {(xj, rj)} ≠ ∅.

What it means is that, in addition to (a)–(h) above, we also have that the collection {Lj =
− divAj∇}j satisfies
(i) there exists a constant matrix A0,j such that

ˆ
Ωj,j

|Aj − A0,j| dX ≤ 1

j
rn. (4.18)

Up to a subsequence,A0,j converges in to a constantmatrixA∞. By invoking then (4.18),the sequence Aj converges to A∞ in L1
loc(Ω) and - since Aj is uniformly bounded - alsoin L2

loc(Ω). By the Caccioppoli inequality, we can take another subsequence so that∇Gjconverges weakly in L2
loc(Ω) to ∇G∞. Using those two facts, it is fairly easy to see that

G∞ is a weak solution to L∞ := − divA∞∇.We invoke Case (5) of Lemma 4.10 to say that ∂Ω∞ is flat and we conclude as in Case(1).
Cases (6) and (6bis). Since σj weakly-∗ converges to σ∞, we have that Dσj ,α convergestoDσ∞,α uniformly on compact sets ofΩ∞. Ultimately, we find thatG∞ = Dσ∞,α and weuse Case (6) of Lemma 4.13 to conclude. □

If Ω is uniform, we can prove Case (6) with a different method.
Theorem 4.23. Let Ω ⊂ Rn be a uniform domain with (n− 1)-Ahlfors regular boundaries.Let σ be a Ahlfors regular measure on ∂Ω. Let L = − divA∇ be a uniformly elliptic weakestDKP operator.Let Ωfat ⊂ Ω be a Carleson prevalent domain, and let DΩ(K) be like in (4.16). Assumethat for any (x, r) ∈ DΩ(1), there exists a functionGx,r ∈ W 1,2

loc (Ω)∩C0(Ω)with the followingproperty
(i) Gx,r is a positive weak solution to Lu = 0 in Ω ∩ B(x, 2r) satisfying Gx,r = 0 on

B(x, 2r) ∩ ∂Ω,
(7) Gx,r is prevalently close to Dσ,α, that is, for any τ > 0 and K ≥ 2, the set G7(τ,K) ofcouple (x, r) ∈ DΩ(K) such that

inf
c>0

ˆ
WK(x,r)

|cGx,Kr(X)−Dσ,α(X)| dX ≤ τrn+1

is Carleson prevalent.
(7bis) δ∂Ω∇ ln(Gx,r/Dσ,α) ∈ wCMσ, that is, for any τ > 0 and K ≥ 2, the set G7b(τ,K) ofcouple (x, r) ∈ DΩ(K) such that

ˆ
WK(x,r)

δ∂Ω

∣∣∣∣∇Gx,Kr(X)

Gx,Kr

− ∇Dσ,α(X)

Dσ,α

∣∣∣∣ dX ≤ τrn

is Carleson prevalent.
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Then ∂Ω is uniformly rectifiable.
Elements of proof.Wewant to prove the existence of corkscrew point inRn\Ω. For ϵ > 0,let us introduce GextCP (ϵ) as the couple (x, r) ∈ ∂Ω× (0,∞) such that

GextCP (ϵ) :=
{
(x, r) ∈ ∂Ω× (0,∞), B(x, r) \ {X ∈ Rn, dist(X,Ω) ≤ ϵr} ≠ ∅

}
.

We can see that if (x, r) ∈ GextCP (ϵ), then there exists a ϵ-corkscrew point associated to
(x, r) in Rn \ Ω.
Case (7). We want to prove that there exists ϵ > 0, τ > 0 andK ≥ 2 such that

G7(τ,K) ∩ DΩ(K) ∩ Gw∗DKP (τ,K) ⊂ GextCP (ϵ). (4.19)
Why is the claim (4.19) enough? Since G7(τ,K) ∩ DΩ(K) ∩ Gw∗DKP (τ,K) is Carlesonprevalent, the set GextCP (ϵ) is then also Carleson prevalent, meaning that there exists
M such that, for any x ∈ ∂Ω and any r > 0

ˆ
B(x,r)∩∂Ω

ˆ r

0

(
1− 1GextCP (ϵ)

)dt
t
dσ(y) ≤Mσ(B(x, r) ∩ ∂Ω).

We can then findN large, depending only onM and the Ahlfors regular constant, suchthat
ln(N) ≥M

σ(B(x, r) ∩ ∂Ω)
σ(B(x, r/2) ∩ ∂Ω) .

The two last inequalities means that for any couple (x, r) ∈ ∂Ω × (0,∞), we can find
(y, s) ∈ GextCP (ϵ)∩

(
B(x, r/2)×(r/2N, r/2)

). Observe then that the exterior ϵ-corkscrewpoint for y at scale s is an exterior ϵ/2N -corkscrewpoint forx at scale r ; that isGextCP (ϵ/2N) =
∂Ω× (0,∞).

We prove the claim (4.19) by contradiction, that is we assume that for all j ≥ 1,(
G7(1/j, j) ∩ DΩ(j) ∩ Gw∗DKP (1/j, j)

)
\ GextCP (1/j) ⊃ {(xj, rj)} ≠ ∅.

Like in Theorem 4.20, we obtain some collections {Ωj}j , {σj}j , {Lj = − divAj∇}j , and
{Gj}j verifying
(a) 0 ∈ ∂Ωj ,
(b) Rn \ Ωj has no 1/j-corkscrew point associated to (0, 1),
(c) Ωj is uniform (with constants uniform in j),
(d) ∂Ωj is d-Ahlfors regular regular, and σj is a Ahlfors regular measure on ∂Ωj (withconstants uniform in j),
(e) Lj are uniformly elliptic (with constants uniform in j).
(f) Gj are weak solution to Lju = 0 in Ωj,j , in particular they are Hölder continuous(with constants uniform in j),
(g) there exists a constant cj > 0 such that

ˆ
Ωj,j

|cjGj(X)−Dσj ,α| dX ≤ 1

j
rn+1, (4.20)

130



(h) there exists a constant matrix A0,j such thatˆ
Ωj,j

|Aj − A0,j| dX ≤ 1

j
rn. (4.21)

We extract limits. Up to a subsequence, Ωj and ∂Ωj converges to the uniform domain
Ω∞ and the Ahlfors regular set ∂Ω∞ in the local Hausdorff distances, σj convergesweakly-∗ to the Ahlfors regular measure σ∞, Dσj ,α converges to Dσ∞,α on compacts of
Ω∞,Aj converges to a constant matrixA∞, and cjGj converges toG∞ both on compactsets of Rn and weakly inW 1,2

loc (Ω),G∞ is a positive weak solution L∞ = − divA∞∇u = 0in Ω∞ with zero trace. The estimate (4.20) gives G∞ = Dσ∞,α.We can then apply Lemma 4.14 toΩ∞, L∞ andG∞, and we obtain thatRn \Ω∞ satis-fies the corkscrew point condition, with a constant ϵ that depends only on the uniformconstant of Ω∞, the Ahlfors regular constant of ∂Ω∞ and σ∞, the elliptic constants of
A∞, andα. But then, sinceRn\Ωj converges toRn\Ω∞, it means that for j large enough,a ϵ-corkscrew point of Rn \ Ω∞ associated to (0, 1) is a ϵ/2-corkscrew point of Rn \ Ω∞associated to (0, 1). This contradicts (b). The theorem follows.
Case (7b).We replace (g) by
(g) there holds ˆ

Ωj,j

∣∣∣∣∇ ln
( Gj(X)

Dσj ,α(X)

)∣∣∣∣ dX ≤ 1

j
rn. (4.22)

Of course,∇Dσj ,α also converges to∇Dσ∞,α on compact supports of Ω∞, which meansthat∇ ln(G∞/Dσ∞,α) = 0, orG∞ = cDσ∞,α. We conclude as in Case (7), applying Lemma4.14 at the appropriate time. □

4.3.3 . Uniform rectifiability implies weak estimates on the Green function
In this paragraph, we examine the converse of Theorem 4.20 and Theorem 4.23.While these results may not be the most impressive, as we will derive better “strong”estimate on the Green function later. But they are still worth mentioning. This is be-cause they require fewer assumptions on the operator (weakest DKP instead of weakDKP).

Theorem 4.24. Let Ω ⊂ Rn be a uniform domain whose boundary ∂Ω is (n− 1)-uniformlyrectifiable. Let L := − divA∇ be a weakest DKP uniformly elliptic operator. For any (x, r) ∈
∂Ω× (0,∞) Gx,r ∈ W (B(x, 2r) ∩ Ω) be a collection of positive weak solution to Lu = 0 in
B(x, 2r) ∩ Ω satisfying TrGx,r = 0 on B(x, 2r) ∩ ∂Ω. Then the following holds
(i) ∇Gx,r is (L∞)-Carleson prevalently close to the distance to a plane, that is, for any τ > 0andK ≥ 2, the set of couple (x, r) ∈ ∂Ω× (0,∞) such that

inf
Pd-plane

c>0

sup
B(x,Kr)∩Ω

|cGx,Kr(X)− dist(X,P )| ≤ τr

is Carleson prevalent ;
(ii) ∇Gx,r is (L2)-Carleson prevalently close to the distance to a plane, that is, for any τ > 0andK ≥ 2, the set of couple (x, r) ∈ ∂Ω× (0,∞) such that

inf
Pd-plane

c>0

ˆ
WK(x,r)

|c∇Gx,Kr(X)−∇ dist(X,P )|2 dX ≤ τrn

is Carleson prevalent.
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Moreover, for any β > 0 and any Ahlfors regular measure µ on ∂Ω,
(iii) Gx,r is (L∞)-Carleson prevalently close to Dµ,β , that is, for any τ > 0 and K ≥ 2, theset of couple (x, r) ∈ ∂Ω× (0,∞) such that

inf
c>0

sup
B(x,Kr)∩Ω

|cGx,Kr(X)−Dµ,β(X)| ≤ τr

is Carleson prevalent ;
(iv) ∇Gx,r is (L2)-Carleson prevalently close to∇Dµ,β , that is, for any τ > 0 andK ≥ 2, theset of couple (x, r) ∈ ∂Ω× (0,∞) such that

inf
c>0

ˆ
WK(x,r)

|c∇Gx,Kr(X)−∇Dµ,β(X)|2 ≤ τrn

is Carleson prevalent.
Alternatively, in higher codimension, we have

Theorem 4.25. Let Ω ⊂ Rn be a uniform domain whose boundary ∂Ω is d-uniformlyrectifiable, and write σ for a Ahlfors regular measure on ∂Ω. Let α > 0 and set L :=
− div[Dd+1−n

σ,α ∇]. For any (x, r) ∈ ∂Ω × (0,∞) Gx,r ∈ W (B(x, 2r) ∩ Ω, δd+1−n
∂Ω dX) be acollection of positive weak solution to Lu = 0 in B(x, 2r) ∩ Ω satisfying TrGx,r = 0 on

B(x, 2r) ∩ ∂Ω. Then the same conclusions as Theorem 4.24 hold
(i) ∇Gx,r is (L∞)-Carleson prevalently close to the distance to a plane ;
(ii) ∇Gx,r is (L2)-Carleson prevalently close to the distance to a plane.
And if β > 0 and µ is another Ahlfors regular measure on ∂Ω,
(iii) Gx,r is (L∞)-Carleson prevalently close to Dµ,β ;
(iv) ∇Gx,r is (L2)-Carleson prevalently close to∇Dµ,β .
Remark 4.26. In the above theorem,we could allow a bitmore flexibility on the operator.Indeed, the proof permits the operator to be in the form

L := − div[Dd+1−n
σ,α A∇]

where A is a matrix which is Carleson prevalently close to the identity, that is, for any
τ > 0 andK ≥ 2, the set that contains the couples (x, r) ∈ ∂Ω× (0,∞) such that

inf
c>0

ˆ
WK(x,r)

|cA(X)− I| dX ≤ τrn

is Carleson prevalent. We could consider even more matrices with a suitable definitionof DKP operators in higher codimension, but this project will be left for future work.
4.3.4 . References and comments on the section

Lemmas 4.10, 4.13 and 4.14 are not always stated, see but are part of the proof of thebigger theorems down the road. Lemma 4.13, Lemma 4.14, and Case (1) of Lemma 4.10are in [DM22]. Cases (4) and (5) of Lemma 4.10 are part of [FL23, Section 6], althoughthe proofs are not optimal in [FL23]. Definition 4.12 comes from [DM22, Section 8].Definition 4.16 is taken from [DM22]. Proposition 4.19 is proven by a smoothing ar-gument similar to [FLM24, Lemma 2.1] or [Fen23, Proposition 2.8], and is inspired by a
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similar smoothing method in [DPP07]. The extraction of limits from Theorems 4.20 and4.23 are variants of the ones found in [HMM+21, Theorem 4.8], [DM22, Theorem 2.19] or[FL23, Proposition 7.1]. Various cases of Theorem 4.20 are found as [DM22, Theorems6.1, 8.7, 8.8] and [FL23, Theorem 7.14], although we notice in the present manuscriptthat we do not need to assume that the domain is uniform as long as G satisfies thelower Hölder bound (ii), which allow us - for instance - to take the sum of several Greenfunctions with different poles. Theorem 4.23 is [DM22, Theorem 7.1] and [FLM24, Theo-rem 9.1].The direct cases (Theorem 4.24 and 4.25) are [DM22, Theorems 3.1, 3.43, 4.5].
4.4 . Strong-type Green function estimates

In Subsection 4.3.3, we saw that the uniform rectifiability of the boundary impliessome weak-type Carleson estimate on the Green function. Why weak type? If q is adimensionless quantity that measures the difference between the Green function esti-mate and a distance, then a weak type estimate takes the form “1q > ϵ ∈ CMσ for all
ϵ”, while a strong-type estimate will simply be “q ∈ CMσ.”We first encountered weak and strong Carleson estimates in Theorem 1.13 : uni-formly rectifiable sets can be characterized equivalently by a strong Carleson estimate(see (ii) of Theorem 1.13 ) or by a weak Carleson estimate (ee (iii) of Theorem 1.13). Thefact that both conditions equivalently characterize uniform rectifiability is one of themost surprising aspects of the theory developed by David and Semmes in [DS91, DS93].Returning to our topic, uniformly rectifiable sets do not differentiate between weakor strong Carleson estimates. Therefore, we should extend Subsection 4.3.3 further andaim for strong-type Carleson estimates on the Green function. Two approaches havebeen developed, each with its advantages and disadvantages.

4.4.1 . Approach by compacity
Let us separate the codimension 1 case to the higher codimension setting, which,while not surprising, is more complex to articulate.

Theorem 4.27 (Theorem 1.13 in [DLM22b]). Let Ω0 := {(x, t) ∈ Rn−1 × (0,∞)}, and
σ := Ln−1|Rn−1 . Take L := − divA∇ be a uniformly elliptic operator such that A can bedecomposed as A = B + C where t|∇B| + |C| ∈ CMσ(M). Then for any ball B centeredon the boundary, any positive solution u ∈ W 1,2(B ∩Ω0) to Lu = 0 in B ∩Ω0 with Tru = 0on B ∩ ∂Ω0, and any τ ∈ (0, 1/2), we have

Ju,τB
Eu,τB

∈ CMσ(Cτ
α + CM),

where C, α > 0 depend only on n and the ellipticity constant of L,
Eu,τB(x, r) :=

¨
B(x,r)∩τB∩Ω0

|∇u|2dy dt

and
Ju,τB(x, r) := inf

a∈R

¨
B(x,r)∩τB∩Ω0

|∇[u− at]|2dy dt. (4.23)
Note that instead of taking the infimum in a ∈ R in (4.23), we can equivalently take

a :=
1

B(x, r) ∩ Ω0

¨
B(x,r)∩τB∩Ω

∂tu(y, t) dy dt.
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The theorem allows us to estimate the second derivatives, in the spirit of Theorem4.2.
Corollary 4.28 (Corollary 1.17 in [DLM22b]). Let Ω0 := {(x, t) ∈ Rn−1 × (0,∞)}, and
σ := Ln−1|Rn−1 . Take L := − divA∇ be a uniformly elliptic operator and assume that
t∇A ∈ CMσ(M). Then for any ball B centered on the boundary and any positive solution
u ∈ W 1,2(2B ∩ Ω0) to Lu = 0 in 2B ∩ Ω0 with Tru = 0 on 2B ∩ ∂Ω0, we have

t2|∇2u|
u

∈ CMσ(M
′),

whereM ′ depend only on n, the ellipticity constant of L, andM .
The higher codimension analogue of Theorem 4.27 is

Theorem 4.29 (Theorem 1.18 in [DLM22a]). Let d < n− 1, Ω0 := {(x, t) ∈ Rd × ((Rn−d \
{0})}, and σ := Ld|Rd . Take L := − divA∇ be a uniformly elliptic operator such that A canbe decomposed as A = B + C where
(a) B can be written as

B =

[
B1 b2

t
|t|

tT

|t|b3 b4In−d

]

(b) t|∇B̃|+ |C| ∈ CMσ(M), where
B̃ :=

[
B1 b2

b3 b4

]
Then for any ball B centered on the boundary, any positive solution u ∈ W 1,2(B ∩ Ω0) to
Lu = 0 in B ∩ Ω0 with Tru = 0 on B ∩ ∂Ω0, and any τ ∈ (0, 1/2), we have

Ju,τB
Eu,τB

∈ CMσ(Cτ
α + CM),

where C, α > 0 depend only on n and the ellipticity constant of L,
Eu,τB(x, r) :=

¨
B(x,r)∩τB∩Ω0

|∇u|2dy |t|d+1−ndt

and
Ju,τB(x, r) := inf

a∈R

¨
B(x,r)∩τB∩Ω0

|∇[u− a|t|]|2dy |t|d+1−ndt. (4.24)
Let us discuss about those results. The proof relies on a compactness argument : wefirst verify that the theorems hold when the operator L has constant coefficients. Wethen extend this to “weak DKP” operators (the operators that we consider) by sayingthat weak DKP operators are sufficiently close to constants coefficients operators.One of the main advantage of this approach is its independence from previouslyknown results on the elliptic measure, allowing us to derive new insights on the ellipticmeasure. Indeed, Theorem 4.27 is a key ingredient of the “small constant” analogue ofTheorem 1.37 (iii) =⇒ (ii).Note that if Ω ⊂ Rn is a CAD - i.e. a uniform domain with (n − 1)-uniformly rec-tifiable boundaries - and L := − divA∇ is a “weak DKP” uniformly elliptic operator -
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i.e. a uniformly elliptic operator for which A can be decomposed as A = B + C with
δ∂Ω|∇B| + |C| ∈ CMσ - then Theorem 1.37 (iii) =⇒ (ii) implies ωL ∈ A∞(σ) 2. Conse-quently, (iv) of Theorem 2.83 implies log(kL) ∈ BMO(σ). The small constant variant ofthis result is :
Theorem 4.30 ([BTZ23, DLM23]). Let Ω0 := {(x, t) ∈ Rn−1 × (0,∞)}, and σ := Ln−1|Rn−1 .Take L := − divA∇ be a uniformly elliptic operator.For all ϵ > 0, there exists δ > 0 such that if A can be decomposed as A = B + C with
t|∇B|+ |C| ∈ CMσ(ϵ), then

∥ ln(kL)∥BMO(Rn−1,σ) ≤ ϵ.

The above result can be extended to “Chord-Arc Surfaces with Small Constants”(CASSC) that can be seen as the “small constant” version of uniform domains with uni-formly rectifiable boundaries. However, we will not delve into the definition here andwe let the reader check [DLM23] for the statements.
The disadvantage of Theorems 4.27 and 4.29 is that it is not clear what would be thestatements when the boundaries are Lipschitz, let alone uniformly rectifiable. We cansee that Theorem 4.2 and Corollary 4.28 are two sides of the same coin : they are sayingthat the Green function GL defined in Definition 2.78 satisfies

δ2∂Ω∇2G

G
∈ CMσ (4.25)

whenever
(a) either L = −∆ and Ω is a CAD (Theorem 4.2),
(b) or L is a DKP operator and Ω = Rn

+ (Corollary 4.28).
Thus, it is reasonable to expect that the estimate (4.25) holds when both L is a DKPoperator andΩ is a CAD. However, none of the twoproofs (of Theorem4.2 andCorollary4.28), which relies on completely different arguments, seem adaptable to this generalsetting.

4.4.2 . Approach by integration by parts
An alternative approach was initiated by David, Mayboroda, and the author. Thisapproach began even before the results in Subsection 4.4.1. We aimed to adapt thestrategy of [Fen22a] using themagic α from Subsection 3.6.1. Indeed, if α0 := n−d−2 >

0, then the Green function with pole at∞GLα0
isDα0 . WhenE is d-uniformly rectifiable,

Lα is a “multiplicative” Carleson perturbation of Lα0 , so the ratio between GLα and Dαshould be close to a constant.
Theorem 4.31 (Theorem 1.8 in [DFM23c]). Let d < n − 1, E ⊂ Rn a d-uniformly recti-fiable set with Ahlfors regular measure σ,and Ω := Rn \ E. For α > 0, define the operator
Lα := − divDd+1−n

α,σ ∇, where Dα,σ is as in (3.37), Then for any ball B centered on E andany solution u to Lu = 0 in 2B \ E with Tr(u) = 0 on 2B ∩ E, we have
δE

∣∣∣∇ ln
( u

Dα,σ

)∣∣∣1B ∈ CMσ.

2. ωL is the elliptic measure with pole at infinity (see Definition 2.78) and kL = dωL/dσ.
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Subsequently, the previous theorem was adapted to boundaries of codimension1 through a much more technical argument. This marked the first time that a highercodimension result was proved beforehand and was used to determine the existenceof an estimate in the “classical” settings of domains with codimension 1 boundaries.
Theorem 4.32 (Theorem 1.12 in [FLM24]). Let Ω ⊂ Rn be a that is a uniform domain with
(n− 1)-Ahlfors regular boundaries. Let L := − divA∇ be a uniformly elliptic operator thatsatisfies the DKP condition δ∂Ω|∇A| ∈ CMσ. Then are equivalent :
(i) ∂Ω is uniformly rectifiable, or equivalently that Ω is CAD.
(ii) for all α > 0 and any Ahlfors regular measure µ on ∂ω, there existsM > 0 such thatfor any ball B centered on ∂Ω and any solution u to Lu = 0 in 2B ∩ Ω with Tr(u) = 0on 2B ∩ ∂Ω, we have

δ∂Ω

∣∣∣∇ ln
( u

Dα,µ

)∣∣∣1B ∈ CMσ(M).

(iii) there exists α > 0 such that the Green function GL defined in Definition 2.78 verifies
δ∂Ω

∣∣∣∇ ln
( GL

Dα,σ

)∣∣∣ ∈ CMσ.

Note that the proof of (iii) =⇒ (i) in Theorem 4.32 is a consequence of Theorem4.23 (7bis).
The above estimates are actually themissing key ingredient needed to extend Theo-rem 4.2 to DKP operators or to domainwith high codimensional boundaries. To presentmore readable statements, we separate the cases for codimension 1 boundaries and hi-gher codimensional boundaries. For domainswith codimension 1 boundaries, we have :

Theorem 4.33. Let Ω ⊂ Rn be a uniform domain with (n − 1)-Ahlfors regular boundary,and let L = − divA∇ be a DKP-operator, i.e. δ∂Ω|∇A| ∈ CMσ. Then the following areequivalent :
(i) ∂Ω is uniformly rectifiable ;
(ii) there exists M > 0 such that for any ball B centered on ∂Ω and any positive weaksolution u ∈ W (Ω,Ln; locally in Rn) toLu = 0 inΩ∩2B satisfyingTru = 0 in ∂Ω∩2B,we have

δ2∂Ω
∇2u(X)

u(X)
1B ∈ CMσ(M); (4.26)

(iii) if GL is the Green function defined in Definition 2.78,
δ3∂Ω

∇[|∇GL|2]
G2

L

∈ CMσ. (4.27)
For domains with higher codimensional boundaries, we have :

Theorem 4.34. Let d < n− 1, E ⊂ Rn be a d-Ahlfors regular set, Ω := Rn \ E, and α > 0.Take Lα := − divDd+1−n
α,σ ∇. Then the following are equivalent :

(i) d is an integer and ∂Ω is d-uniformly rectifiable ;
(ii) there exists M > 0 such that for any ball B centered on ∂Ω and any positive weaksolution u ∈ W (Ω, δd+1−n

∂Ω dLn; locally in Rn) to Lαu = 0 in Ω ∩ 2B satisfying Tru = 0in ∂Ω ∩ 2B, we have
δ2∂Ω

∇|∇u|
u

1B ∈ CMσ(M); (4.28)
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(iii) if GLα is the Green function defined in Definition 2.78,
δ3∂Ω

∇[|∇GLα|2]
G2

Lα

∈ CMσ. (4.29)
Ideas of the proof of Theorem 4.34 from Theorem 4.31 and Corollary 4.9 : First, let us men-tion that the ideas to prove Theorem 4.33 are similar, using Theorem 4.32 instead. Theproof of Theorem 4.34 (iii) =⇒ (i) is a simple consequence of Theorem 4.20 (5) and thePoincaré inequality, so we will not mention this direction anymore, and we will focuson (i) =⇒ (iii).

We writeG forGLα andD forDα,σ. First note that there exists C depending only on
α and σ such that

|∇D|+ D|∇G|
G

≤ C. (4.30)
Then we write G as D.G

D
, which leads to

∇G =
G

D
∇D +D∇

(G
D

)
=
G

D
∇D +G∇ ln

(G
D

)
.

We compute then D3∇[|∇G|2]
G2 from the above expression of∇G, and we observe that

D3|∇[|∇G|2]|
G2

≤ C

(
D|∇[|∇D|2]|+D

∣∣∣∇ ln
(G
D

)∣∣∣+D2
∣∣∣∇2 ln

(G
D

)∣∣∣)
where we use (4.30) as many times as necessary.Theorem 4.31 and Corollary 4.9 gives respectively that

D∇ ln
(G
D

)
∈ CMσ and D∇[|∇D|2] ∈ CMσ,

so our theorem will be proved as long as we show that D2∇2 ln(G/D) ∈ CMσ as well.However, by a Caccioppoli-type argument, we can show that for any ball B ⊂ Ω, wehave
ˆ
B/4

∣∣∣∣∇2 ln
(G
D

)∣∣∣∣2Dd+4−ndX ≤ C
[ ˆ

B/2

∣∣∣∣∇ ln
(G
D

)∣∣∣∣2Dd+2−n dX

+

ˆ
B/2

|Dn−d div(Dd+1−n∇D)|2Dd−n dX
]
.

So D2∇2 ln(G/D) ∈ CMσ as long as D∇ ln(G/D) ∈ CMσ and Dn−d div(Dd+1−n∇D) ∈
CMσ, and the latter are given again by Theorem 4.31 and Corollary 4.9 respectively. □
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5 - Open and on-going problems

Here is a non-exhaustive and randomly ordered list of problems to solve in relationwith the contents of this memoir. Many of the questions listed here are not originallyfrom me, but from discussions with my peers.
(1) Show the stability of the weak-A∞ of the elliptic measure under large Carleson per-turbations without assuming that the domain has Harnack chain, that is drop theexistence of Harnack chains from Theorem 1.36.
(2) Characterize (D2)∆ - the L2 solvability of the Dirichlet problem for the Laplacian - interms of geometry and topology on the domain. More generally, characterize (Dp)∆.
(3) Characterize the weak A∞ of the elliptic measure of DKP operators in terms of geo-metry and topology of Ω, without a priori assuming connectedness. That is, proveTheorem 1.37 without assuming that Ω has Harnack chains.
(4) For each uniform domain Ωwith (n−1)-Ahlfors regular set, find an isotropic opera-tor L such that ωL is equivalent to the Ahlfors regular measure σ, that is, adapt theconstruction from [DM21] to all domains with (n − 1)-Ahlfors regular boundaries.We can also aim for something weaker : to construct L such that ωL ∈ A∞(σ).
(5) Same as before, but assuming instead a capacity condition on the boundary. A non

(n− 1)-Ahlfors regular boundary was treated in [Per23a].
(6) Find a proof of ωL ∈ A∞(σ)when ∂Ω is uniformly rectifiable without using a Coronadecomposition, but by using the smooth distance Dα.
(7) Find the range of d ∈ (n − 2, n − 1) for which we can find Ω ⊂ Rn with d-Ahlforsregular boundary and p ∈ (1,∞) such that (Dp)∆ holds. Partial results are given in[DJJ23] (we can find such Ω when n = 2 and d is suffisament petit) and [Tol23] (wecannot find such Ω when n = 2, d > 1

2
, and R2 \ Ω := ∂Ω is included in a plane).

(8) Study the Dirichlet problem with data in Besov or Triebel-Lizorkin spaces, that iswith data in Ḃp,q
s and Ṫ p,q

s for s ∈ (0, 1), p ∈ (1,∞) and q ∈ [1,∞].
(9) Prove or disprove that the solvability of (Dp)L implies weak local John for any uni-formly elliptic operator.
(10) Study theLp Dirichlet problemwithout assuming a priori the corkscrew point condi-tion.
(11) The Laplacian on the paraboloid domain {(x, t) ∈ Rn−1 ×R, t > |x|2} is outside theelliptic theory that was developed in Chapter 2. Can we say anything about the Lp

Dirichlet problem?
(12) We know from Proposition 1.41 that the Hajłasz gradient is optimal for uniform do-mains. But is it optimal when Ω is not uniform? That is, can we find a weaker notionof gradient ∇w such that we still have (Dp) =⇒ (Rp) for the Laplacian (or DKP ope-rators), but such that ∥∇wf∥Lp(∂Ω,σ) is not equivalent to ∥∇H,pf∥Lp(∂Ω,σ) when thedomain is not uniform?
(13) Define the Neumann problem in an unbounded domain. Is it even possible to doso in R2 ?
(14) Show that (Np)L =⇒ (Nq)L for q ∈ (1, p) without assuming (Dp′)L∗ .
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(15) Find a limit problem (N1)L such that (N1)L =⇒ (Nq)L for one q > 1.
(16) If L is an operator on Rn

+ with non-symmetric t-independent coefficients, is therea p ∈ (1,∞) such that (Np)L holds? Morally, do we have Theorem 1.51 (2) withoutassuming that Aa is small ?
(17) Is the solvability of theLp Neumann problem for some p ∈ (1,∞) stable under largeCarleson perturbations? I.e. do we have Theorem 1.52 for large Carleson perturba-tions?
(18) Is the Lp Neumann problem solvable for DKP operators with large constants? I.e.do we have a large constant analogue of Theorem 1.53?
(19) Are quantities in CMσ even adapted to the Neumann problem? The Dirichlet pro-blem relies on a S < N type estimate that has not been proved for the Neumannproblem, and it might be possible that one needs to rely on a completely differentestimate for the Neumann problem, one for which DKP operators and uniformlyrectifiable sets are not adapted to.
(20) Instead of using the regularity problem as an intermediate step towards the Neu-mann problem, use the subregular Neumann problem or the Poisson Neumannproblem.
(21) Can we have a comparison principle for the Neumann problem? Which form will ittake?Ultimately, canwehave a tool that proves that the Poisson-Neumannproblemfrom [FL24] is equivalent to the Neumann problem?
(22) Show that an interior Poincaré inequality on m implies that m is derivative compa-tible.
(23) Link the boundary Poincaré inequality and the capacity in our general setting.
(24) Define a space of traces forW (Ω,m)without assuming theHarnack chain condition.Basically, we want to construct a space of traces, maybe using currents, in which thedirection of non-tangential limit matters. Then construct an elliptic measure andstudy (Dp) on this space of traces.
(25) On domains that are not well connected, define a distance based on the length ofHarnack chains, and prove a comparison principle with this notion of distance.
(26) Find the maximum dimension of the harmonic measure in domains of Rn, when

n ≥ 3. The case n = 2 is discussed in [Mak85a, Mak85b, JW88]. For the case n ≥ 3,see [Bou87] (dim. harmonic measure < n), [BG24] (explicit upper bound), [Azz20](dim. harmonic measure always drops for sets of codimension <1) .
(27) Study the link between dimension drop of the elliptic measure and oscillations ofthe coefficients of the operator.
(28) Prove Theorem 1.27 - the equivalence between theDirichlet problemand the Poisson-Dirichlet problem - in the setting of Chapter 2.
(29) Define (Rp) and (Np), p ∈ (1,∞), in the general setting of Chapter 2. The difficultycomes from the dimensionless quantity ρ defined in (2.15). The definition is prettystraightforward when ρ is equivalent to 1, but when ρ is not equivalent to 1, one willquickly see that ρ needs to be involved in the definitions of (Rp) and (Np) to makereasonable sense.
(30) Find exampleswhen (Np)∆whenΩ is not uniformly rectifiable. Find various examplesof couples Ω and L such that (Np)L holds. Find a case where (Np) holds and the ρ in(2.15) is not equivalent to 1.
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(31) Define ϵ-approximability in the general setting of Chapter 2, and prove an equiva-lence with the solvability of the Lp Dirichlet problem.
(32) Study the solvability/non-solvability of the Lp Dirichlet problem in Rn \ Rd whenthe bottom right corner of the coefficients of the operator are not close to a scalarmultiplicative of the identity.More precisely, assumingL := − div |t|d+1−nA∇ is suchthat

A :=

[
Id 0
0 A4

]
,

is there a condition (C) on scalar functions 1 such that ωL ∈ A∞(σ) whenever eachcoefficient of A4 satisfies (C) ?
(33) Alternatively, define a notion of DKP operators that works in in domains whoseboundary is non-flat and of higher codimension.
(34) Show whether ∇(Dβ,σ

Dα,σ

)
= 0 =⇒ σ is a flat measure. Knowing this, we will be able

to show that ∇(Dβ,σ

Dα,σ

)
∈ CMσ =⇒ σ is a Ahlfors regular measure on a uniformly

rectifiable set 2. We can assume at first that the property ∇(Dβ,σ/Dα,σ) = 0 holdsfor all couple (α, β) ∈ (0,∞)2, and then aim for the property to be true for a singlecouple where α ̸= β.
(35) If d < n and Lα := − divDd+1−n

α ∇, show a converse to Theorem 3.35, that is
ωLα ∈ A∞(σ) for all α > 0 =⇒ σ is uniformly rectifiable,

ωLα ∈ A∞(σ) for one 0 < α ̸= n− d− 2 =⇒ σ is uniformly rectifiable.
(36) Define a LaplacianLµ in all doublingmeasures µ such that, if µ is often well approxi-mated by a plane of any dimension (in a quantitative way, using α or β numbers),then ωLµ ∈ A∞. Basically, can we have a mixed codimension analogue of Theorem3.35?
(37) What happens if Ω = Rn

+ and we take a measure µ on Rn−1 which is not absolutelycontinuous with respect to the surface measure? What behavior will have ωLµ ?
(38) Prove that, ifΩ = Rn\E withE being a d-uniformly rectifiable set of low dimension,then (Rp)Lα holds for some p ∈ (1,∞). I.e. prove the higher codimension analogueof Theorem 1.46.
(39) Do we have

GLβ
= Dα,σ =⇒ σ is a flat measure

when α or β ̸= n− d− 2 ?
(40) If Ω is a domain with uniformly rectifiable boundaries, do we have ∇ ln(GL/Dα) ∈

CMσ if we don’t assume thatΩ is uniform?What are theminimal topological condi-tions on Ω that still ensure the equivalence of Theorem 4.32?
(41) Can we find some implications between ∇ ln(GL/Dα) ∈ CMσ and ωL ∈ A∞(σ) ?What are the minimal conditions on L and Ω that guarantee the equivalence? Canwe relate bounds on the Green function to the Lp regularity problem?

1. A condition like the DKP condition, that does not distinguish between coefficients2. From now on, we say that σ is uniformly rectifiable if σ is a Ahlfors regular measure supported ona uniformly rectifiable set
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(42) Same two questions as above, but with ∇|∇GL| ∈ CMσ instead of ∇ ln(GL/Dα) ∈
CMσ.

(43) Can we use the approach of [DLM22b] to domains with Lipschitz or uniformly rec-tifiable boundaries? That consists first in finding what would even be the right for-mulation of Theorem 4.27 for such domains.
(44) Prove theDavid-Semmes conjecture (Conjecture 1.14) in codimension different from1. The conjecture has been proved in codimension 1 in [NTV14]. The idea of charac-terizing uniformly rectifiable sets of higher codimension via solution of a PDEs inthe complement partially comes from the fact that such characterization could behelpful to solve the David-Semmes conjecture.

Those general directions have also been considered :• Study the Lp Dirichlet problem (for the sub-Laplacian) in the Heisenberg group.To the best of the author’s knowledge, so far, people only know such solvability inflag domains (see Theorem 1.8 in [OV23]).• Look at higher order elliptic operators. The Lp boundary value problems for t-independent operators has been studied in for instance [BM13], [BM14], [BHM17]or [BHM19], but we are not aware of articles that deal with DKP-type operatorsand uniformly rectifiable boundaries.• Similarly, study systems of equations ; and I amnot aware that it has been touchedwhen the domain is not Lipschitz.• The Lp Robin problem is another boundary value problem that recently gatheredinterest (see [DDE+24]).• Study the Lp solvability of boundary value problem for parabolic equations.• Study the Lp solvability of boundary value problem for elliptic operator with lowerterms (drifts, potentials).• All the estimates given here are quantitative estimates, and their qualitative ana-logues have not always been established.
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