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Introduction

Let p be a prime number. Let X be a proper and smooth scheme over
the finite field k = Fq with q = pa elements. Let n ∈ Z. Since Artin–
Tate’s pioneering work in the early 1960s [62], the local behavior of the zeta
function ζ(X, s) near n has been extensively studied up to now. Recall that
ζ(X, s) = Z(X, q−s), with Z(X, t) a rational function of t (1.1). Let ρn be
the order of the pole of ζ(X, s) at s = n, and define Z∗(X, q−n) by

Z(X, t) = (1− qnt)−ρnZ∗(X, t)

with Z∗(X, q−n) ̸= 0. Various cohomological formulas for the special value
Z∗(X, q−n) have been given, all depending on the semisimplicity conjecture
for the eigenvalue qn of Frobenius acting on the ℓ-adic cohomology group
H2n(Xk,Qℓ) (ℓ ̸= p, and k an algebraic closure of k). In [61] Tate proved
that, if X is an abelian variety, Frobenius acts semisimply on H∗(Xk,Qℓ),
but little progress has been made on the semisimplicity conjecture since then.

In [51], using a new construction in homological algebra, that he called
Bockstein stabilization, Mondal proved an unconditional cohomological for-
mula for the p-adic absolute value of Z∗(X, q−n) ([51], Theorem 1.1). The
purpose of these notes is to provide an introduction to his work.

To put things into perspective, we start by recalling classical material on
the zeta function and its realizations in various cohomology theories. We
then discuss the starting point, namely Tate’s and Artin–Tate’s conjectures,
especially in the (crucial, and seminal) case of surfaces. We then formulate
three basic questions arising from it, and sketch their posterity. In section 2
we describe Mondal’s method of Bockstein stabilization. The main result is
Proposition 1 in 2.3. In the next three sections we discuss applications of his
method to formulas for the ℓ-adic and p-adic absolute values of the special
value Z∗(X, q−n). The main results are Theorem 3 in 3.1, Theorem 4 in 4.1,
with its generalization Theorem 5 in 4.5, and Theorem 6 in 5.5. Theorem
5 gives an unconditional formula using Milne–Ramachandran’s approach via
Ekedahl’s category Db

c(Rk) of coherent complexes over the Raynaud ring
Rk, while Theorem 6 is Mondal’s work proper, based on the formalism of
dualizable prismatic F -gauges of Bhatt–Lurie [9]. In the last section we
sketch how Ekedahl’s results in ([22], II) should in fact show that the two
methods are equivalent.
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When working with derived categories, we tacitly assume that they are
taken in the∞-categorical sense, but often the classical ones, i.e., the homo-
topy categories of the ∞-ones, suffice.
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1. A brief historical review

1.1. The zeta function over finite fields

Let p be a prime number, q = pa, a ⩾ 1. Let X/Fq be a scheme of finite
type. Its zeta function is

ζ(X, s) =
∏
x∈|X|

(1− (♯k(x))−s)−1

where |X| denotes the set of closed points of X and, for x ∈ |X|, ♯k(x)
denotes the cardinality of the residue field k(x). As ♯k(x) = qdeg(x), where
deg(x) = [k(x) : Fq], we have

(1.1.1) ζ(X, s) = Z(X, q−s),

where
Z(X, t) :=

∏
x∈|X|

(1− tdeg(x))−1.

A simple calculation, using that

♯X(Fqn) =
∑

x∈|X|,deg(x)|n

deg(x),
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shows that
Z(X, t) = exp(

∑
n⩾1

♯X(Fqn)
tn

n
).

It was conjectured by Weil, and proved by Dwork [20] (by p-adic methods),
then by Grothendieck [26] (using étale cohomology) that Z(X, t) is a rational
function of t. When X is proper and smooth, of dimension d, more is known.
By the Weil conjectures ([14], [16]),

(1.1.2) Z(X, t) =
P1(X, t) · · ·P2d−1(X, t)

P0(X, t) · · ·P2d(X, t)
,

where Pi(X, t) is a polynomial with coefficients in Z, of the form

Pi(X, t) =
∏

1⩽j⩽bi

(1− αijt),

where the αij’s are algebraic integers, all of whose complex conjugates are of
absolute value qi/2, in other words, are q-Weil integers of weight i. We will
write Pi(t) for Pi(X, t) when no confusion can arise.

If X is geometrically connected, we have

P0(t) = 1− t, P2d(t) = 1− qdt.

The polynomials Pi’s have various cohomological interpretations.

(a) ℓ-adic cohomology

Let k be an algebraic closure of k = Fq. Let Fr denote the relative
Frobenius endomorphism of Xk/k, i.e. FrX ⊗ 1k, where FrX is the identity
on the underlying space and raises sections of OX to the qth power. Let
ℓ be a prime number different from p. Then the étale cohomology groups
H i(Xk,Qℓ) are finite dimensional Qℓ-vector spaces, zero for i /∈ [0, 2d]. For
each i, Fr induces an automorphism Fr∗ of H i(Xk,Qℓ). This automorphism
coincides with the automorphism induced by transportation of structure by
the inverse σ−a of the generator σa of Gal(k/k) where σ(x) = xp. It follows
from Grothendieck’s trace formula ([26], ([29], XIV), ([15], [Rapport])) that

(1.1.3) Z(X, t) =
∏

0⩽i⩽2d

det(1− Fr∗t,H i(Xk,Qℓ))
(−1)i+1

,

and from ([14], [16]) that, for all i, det(1 − Fr∗t,H i(Xk,Qℓ)) has integer
coefficients, independent of ℓ, and

(1.1.4) Pi(t) = det(1− Fr∗t,H i(Xk,Qℓ)).
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In (1.1.2) the integer bi is the dimension of H i(Xk,Qℓ), the ith Betti number
of X, and the αij’s, i.e., the reciprocal roots of Pi, are the eigenvalues of Fr∗

on H i(Xk,Qℓ). In particular, they are ℓ-adic units for all ℓ. It follows from
Poincaré duality that α 7→ qd/α induces a bijection from the reciprocal roots
of Pi to those of P2d−i.

(b) Crystalline cohomology

Let W (k) be the ring of Witt vectors on k, K = K(k) its fraction field,
and denote again by σ the automorphism of K induced by the Frobenius
σ : x 7→ xp of k. The crystalline cohomology groups H i

crys(X/W (k)) (usually
denoted simply H i(X/W (k))) are finitely generated W (k)-modules, zero for
i /∈ [0, 2d]. Let F be the absolute Frobenius endomorphism of X, i.e., F is the
identity on the underlying space and raises sections of OX to the p-th power.
This endomorphism induces a σ-linear endomorphism F ∗ of H i(X/W (k)).
This isomorphism is an isogeny, i.e., induces a (σ-linear) automorphism F ∗

of H i(X/W (k)) ⊗ K. Berthelot ([4], VII, 3.2.3) proved that the K-linear
automorphism F ∗a (recall that q = pa) gives rise to a decomposition similar
to (1.1.3)

(1.1.5) Z(X, t) =
∏

0⩽i⩽2d

det(1− F ∗at,H i(X/W (k))⊗K)(−1)i+1

.

Katz and Messing [35], using [16], proved1 that

(1.1.6) Pi(t) = det(1− F ∗at,H i(X/W (k))⊗K).

In particular, bi is the dimension over K of H i(X/W (k))⊗K, and the αij’s
are the eigenvalues of F ∗a on H i(X/W (k))⊗K.

The αij’s are not, in general, p-adic units. With its σ-linear automor-
phism F ∗, H i(X/W (k)) ⊗ K is an F -isocrystal, and as such, by a theorem
of Dieudonné–Manin ([18], [40], see also [17], [5]), has a canonical decompo-
sition, indexed by rational numbers λ ∈ Q, called the slope decomposition

(1.1.7) H i(X/W (k))⊗K = ⊕λ∈Q(H
i(X/W (k))⊗K)λ,

where
(H i(X/W (k))⊗K)λ ⊗K K(k)

∼→ E⊕nλ
λ

for some integer nλ ⩾ 0, where Eλ is the F -isocrystal over K(k) defined by

Eλ := K(k)σ[T ]/(T
s − pr)

1Assuming X/k projective. The general proper smooth case was deduced from the
projective one using de Jong’s alterations (([55], Remark 2.2 (4)), [59], [12]).
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for λ = r/s, r ∈ Z, s > 0, (r, s) = 1, F acting semi-linearly by left
multiplication by T . The numbers λ in (1.1.7) are called the slopes of
H i(X/W (k)). The multiplicity mλ of a slope λ is nλdim(Eλ). Because the
lattice H i(X/W (k))/torsion is F ∗-stable, the slopes for which the correspond-
ing summand is not zero are nonnegative.

Another result of Dieudonné–Manin is that the slopes of (H i(X/W (k))⊗
K,F ∗) are the p-adic valuations, normalized by v(q) = 1, of the eigenval-
ues of its K-linear automorphism F ∗a, and the multiplicity of a slope λ is
the number of eigenvalues of F ∗a of valuation λ. It follows from Poincaré
duality in crystalline cohomology ([4], VII, Th. 2.1.3) that the slopes of
H i(X/W (k)) ⊗ K lie in [0, d] (and the weak Lefschetz theorem [3] implies
that, if X is projective, they lie in [0, i] if 0 ⩽ i ⩽ d and [i − d, d] for i ⩾ d
[5]).

Further insight into the structure of H i(X/W (k)) (and, in particular, on
its slopes), are provided by its interpretation as the cohomology of the de
Rham–Witt complex WΩ•

X . The components WΩi
X are equipped with a σ-

linear (resp. σ−1-linear-) endomorphism F (resp. V ) satisfying FV = V F =
p, FdV = d, and there is a canonical isomorphism in D(W (k)) ([31], II Th.
1.4),

(1.1.8) RΓ(X/W (k))
∼→ RΓ(X,WΩ•

X)

(where the cohomology on the right hand side is calculated for the Zariski
topology). By (1.1.8) the σ-linear endomorphism φ = F ∗ of RΓ(X/W (k)) is
induced by the endomorphism of the complex WΩ•

X given by piF in degree
i. See [56] for a proof of a refinement of a conjecture of Katz–Mazur–Ogus
on the relation of the slopes of Frobenius with the Hodge numbers hi,j =
dimkH

j(X,Ωi
X).

In fact, the isomorphism (1.1.8) provides RΓ(X/W (k)), a perfect complex
of W (k)-modules endowed with the σ-linear endomorpism φ, with a richer
structure, namely that of an object of Db

c(Rk), where Rk is the Raynaud ring
on k, a graded ring generated by the Dieudonné ring W (k)σ[F, V ]/(FV =
V F = p) in degree zero and an element d in degree 1, of square zero, satisfying
FdV = d ([32], I (1.1)). The category Db

c(Rk) is a certain full subcategory
of the derived category D(Rk) of graded Rk-modules.2

(c) Prismatic and syntomic cohomologies
2A graded Rk-module is a complex (M•, d) of W (k)-modules, where each M i is

equipped with σ- (resp. σ−1-) linear operators F (resp. V ), satisfying FV = V F = p,
FdV = d. See ([33], Definition 2.4.6) for the definition of Db

c(Rk).
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New perspectives on crystalline cohomology were brought by the the pris-
matic cohomology theory of Bhatt-Scholze [6], and the associated stacks and
their variants constructed by Drinfeld [19] and Bhatt–Lurie ([7], [8], [9]).

Let f : X → Spec(k) be the projection. It induces a morphism f∆ :

X∆ → Spec(k)∆ between the corresponding prismatic stacks. Let O de-
note the structural sheaf of rings of X∆. Consider Rf∆

∗ O ∈ Dqc(Spec(k)
∆),

where Dqc(Spec(k)
∆) is equivalent, by σ∗, to D(W (k)). There is a canonical

identification
σ∗Rf∆

∗ O
∼→ RΓ(X/W (k)),

by which σ∗φ, where φ is the σ-linear endomorphism of Rf∆
∗ O (deduced

from the map φX∆ : X∆ → X∆ ([9], 3.1.2), corresponds to the σ-linear
endomorphism φ = F ∗ of the right hand side considered in (b). In particular,

(1.1.9) Pi(t) = det(1− φat, Rif∆
∗ O ⊗K).

This formula doesn’t bring any extra information to (1.1.6). However, Rf∆
∗ O

underlies a finer object, namely we have

Rf∆
∗ O = j∗∆Rf syn

∗ O,

where f syn : Xsyn → Spec(k)syn is the morphism induced on the syntomic
stacks, O the structural sheaf of Xsyn, and j∆ : Spec(k)∆ → Spec(k)syn the
canonical map ([9], 4.1.1) (an étale map). This finer object encodes the
Nygaard filtration Fil• on RΓ(X/W (k)) together with its F -gauge structure.
As we will see in section 6, this extra structure is essentially equivalent to
that given to RΓ(X/W (k)) by the structure of an object of Db

c(Rk), and the
extra information they provide on the H i(X/W (k)) is crucial for the analysis,
in [51], of the special values of ζ(X, s) at integers.

1.2. Poles at integers

It follows from (1.1.2) that x ∈ C is a zero of ζ(X, s) if and only if q−x− t
divides one of the polynomials P2i+1(t) for 0 ⩽ i ⩽ d − 1, i.e., if and only
if qx is an eigenvalue of Fr∗ on H2i+1(Xk,Qℓ). Since those eigenvalues are
Weil numbers of weight 2i + 1, x must lie on the line Re(s) = i + 1

2
. In

particular, no integer n ∈ Z can be a zero of ζ(X, s). The subject of zeroes
of ζ(X, s) doesn’t seem to have attracted much attention. The case of s = 1

2

was studied in [57]. Quite recently, this case was revisited by Mondal [53],
using the main results of [51].

Let n ∈ Z. Then ζ(X, s) has a pole at s = n if and only if q−n − t
divides one of the polynomials P2i(t) for 0 ⩽ i ⩽ d, i.e., if and only if qn is an

6



eigenvalue of Fr∗ on H2i(Xk,Qℓ), and as these are Weil numbers of weight
2i, this can happen only if n = i. In particular, ζ(X, s) has no pole at s = n
if n < 0 or n > d. For 0 ⩽ n ⩽ d, ζ(X, s) may or may not have a pole at
s = n.

Let ρn = ρn(X) be the order of the pole of ζ(X, s) at s = n, i.e. the
nonnegative integer ρn such that (1 − qnt)ρnZ(X, t) has no pole at t = q−n

and the special value

(1.2.1) Z∗(X, q−n) := limt→q−n(1− qnt)ρnZ(X, t)

is a nonzero rational number. As we observed above, for i ̸= 2n, we have
Pi(X, q−n) ̸= 0. It is convenient to define

P ∗
i (X, q−n) := Pi(X, q−n)

if i ̸= 2n, and P ∗
2n(X, q−n) by

P2n(X, t) = (1− qnt)ρnP ∗
2n(X, t)

with P ∗
2n(X, t) in Q[t] (actually, in Z[t], as its coefficients are algebraic inte-

gers), and P ∗
2n(X, q−n) ̸= 0. Thus

Z∗(X, q−n) =
∏
i

P ∗
i (X, q−n)(−i)i+1

.

The number ρn has a well-known, deep conjectural geometric signifi-
cance. By definition, it is the multiplicity of qn as an eigenvalue of Fr∗ on
H2n(Xk,Qℓ), or equivalently of 1 as an eigenvalue of Fr∗ on H2n(Xk,Qℓ(n)).
If this eigenvalue 1 has multiplicity 1 in the minimal polynomial of Fr∗ on
H2n(Xk,Qℓ(n)), i.e., if Fr∗ has no nontrivial Jordan block with 1 on the
diagonal (a fortiori if Fr∗ is semisimple),3 then

ρn = dimQℓ
H2n(Xk,Qℓ(n))

Gal(k/k).

The Tate conjecture ([60], Conjecture 1, and (12) p. 101) (assuming semisim-
plicity of Fr∗ on H2n(Xk,Qℓ(n))) asserts that, if X is projective,

(1.2.2) H2n(Xk,Qℓ(n))
Gal(k/k) = Im(cl : CHn(X)→ H2n(Xk,Qℓ(n)),

where CHn(X) is the Chow group of codimension n cycles, and cl is the cycle
class map.

3It is generally conjectured, after Weil, that if X is projective, Fr∗ acts semisimply on
Hi(Xk,Qℓ) for all i. Tate proved it for X an abelian variety ([61], p. 138).
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The conjecture is trivial for n = 0. For n = 1, the conjecture and the
semisimplicity of the action of Fr∗ were proven by Tate for products of curves
and abelian varieties [61] (see also [46], [63]). They are known for K3 surfaces
if p > 2 [39], and for very few other examples (see [63]). If X is a surface
(i.e., d = 2), it was proven by Artin–Tate ([62], Theorem 5.2) that (1.2.2),
for n = 1, is equivalent to the finiteness of Br(X)(ℓ),4 see ([64], Proposition
5.1.2)5 for an analog for the p-part. I will come back to this in 1.3. Essentially
nothing is known for n > 1, even for abelian varieties (see [46]).

As we recalled in the introduction, the special values (1.2.1) have been
the focus of extensive studies for the past sixty years, starting with Tate’s
seminal Bourbaki exposé [62]. Recently, Mondal [51] gave an unconditional
cohomological formula for the p-adic absolute values of Z∗(X, q−n), n ∈ [0, d],
depending on new invariants attached to the crystalline cohomology of X,
that he called the stable Bockstein characteristics. Slightly afterwards, a
K-theoretic attempt was made by Hyslop [30]. However, Mondal6 found a
counterexample to ([30], Theorem 2.13), which seems to bar hope for the
method in [30] to work.

1.3. Example: the case of a surface

The interplay between the semisimplicity conjecture, the Tate conjecture,
and the calculation of the special value Z∗(X, q−n) is best seen in the first
nontrivial example, that of a smooth, geometrically connected, projective
surface X/k (k = Fq), i.e., d = 2, n = 1. In this case, (1.1.2) reads

(1.3.1) Z(X, t) =
P1(t)P3(t)

(1− t)P2(t)(1− q2t)
.

Write P1(t) =
∏

1⩽j⩽b1
(1 − α1,jt). As, by Poincaré duality, b1 = b3 and

α 7→ q2/α is a bijection of the set of reciprocal roots of P1 to the set of
reciprocal roots of P3, we have P3(t) =

∏
1⩽j⩽b1

(1− q2

α1,j
t). As in any complex

embedding, α1,jα1,j = q, and α 7→ α is a permutation of the reciprocal roots,
since P1 has integer coefficients, we deduce that P3(t) = P1(qt) and (1.3.1)
can be rewritten

(1.3.2) Z(X, t) =
P1(t)P1(qt)

(1− t)P2(t)(1− q2t)
.

4In the notation of [62], Br(X)(ℓ) := ∪r⩾1Ker(ℓr : Br(X) → Br(X)) is the ℓ∞-torsion
of Br(X).

5The fact that TpBr(Xk) is finitely generated and torsion-free over Zp, used in the
construction of the exact sequence ([64] (5.1.1)), relies on Milne’s finiteness theorem ([41],
Theorem 2.1), where the restriction p ̸= 2 can be lifted, see [49], ([31], II Prop. 5.9) and
([32], IV Cor. 3.4).

6Private communication, 4/11/26.
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As above, denote by ρ1 = ρ1(X) ⩾ 0 the order of the pole of Z(X, t) at
t = q−1 (equivalently, of ζ(X, s) at s = 1). With the notation of (1.2.1), we
thus have

(1.3.3) P2(t) = (1− qt)ρ1P ∗
2 (t)

with P ∗
2 (t) ∈ Z[t] and P ∗

2 (q
−1) ̸= 0. Equivalently,

P2(q
−s) ∼ (s− 1)ρ1(logq)ρ1P ∗

2 (q
−1)

when s→ 1.
If we are given a proper, flat k-morphism f : X → Y to a smooth, proper,

geometrically connected curve Y/k, with geometricallly connected, smooth
generic fiber Xη over the generic point η of Y , then the behavior of ζ(X, s)
near s = 1 is closely related to the behavior, near s = 1, of the L-function
associated with the Jacobian J = Pic0Xη/η of Xη. In 1966, Artin and Tate [62]
investigated this relation, and formulated a “geometric analog” of the Birch
and Swinnerton-Dyer conjecture, involving the Néron-Severi group NS(X)
and the Brauer group Br(X).

By definition, Br(X) = H2(X,Gm). This is a torsion group. The Néron-
Severi group scheme NSX/k is by definition PicX/k/Pic

0
X/k, and NS(X) is

defined as NSX/k(k). Let G = Gal(k/k). We have a G-equivariant exact
sequence

0→ Pic0X/k(k)→ PicX/k(k)→ NSX/k(k)→ 0,

where NSX/k(k), denoted NS(Xk) in the sequel, is a finitely generated abelian
group ([2], XIII, 5.1). By Lang’s theorem, H1(G,Pic0X/k(k)) = 0, hence we
get

NS(X) = NS(Xk)
G,

and an exact sequence

0→ Pic0(X)→ Pic(X)→ NS(X)→ 0.

In particular, NS(X) is finitely generated. Artin and Tate made the following
conjectures 1 and 2.

Conjecture 1. Artin–Tate conjecture (AT) ([62], (C), p. 426). The
Brauer group Br(X) is finite, ρ1(X) is equal to the rank of NS(X),7 and

(1.3.4) P ∗
2 (X, q−1) =

[Br(X)]|det(Di.Dj)|
qα(X)[NS(X)tors]2

,

7Usually denoted ρ(X) and called the Picard number of X.
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where: [E] denotes the cardinality of a set E, (Di)1⩽i⩽ρ(X) is a base of NS(X)
modulo torsion8, (Di.Dj) is the intersection number, and

α(X) := χ(X,OX)− 1 + dim(Pic0,redX/k ).

Here Pic0,redX/k , sometimes denoted PicVar(X), is dual to an Albanese variety
of X, and has dimension b1

2
, where

b1 = dimH1(Xk,Qℓ) = dimH1(X/W (k))⊗K.

Remark. The special value Z∗(X, q−1) (1.2.1) is easily calculated from P ∗
2 (X, q−1).

By (1.3.2),

Z∗(X, q−1) =
P1(q

−1)P1(1)

(1− q−1)(1− q)P ∗
2 (q

−1)
.

The quantities P1(q
−1), P1(1) have nice geometric interpretations (see ([51],

Lemma 7.4), whose proof is elementary): if A := (Pic0,redX/k )
∨ is the Albanese

variety of X, then:

(1.3.4a) P1(1) = [A(k)], P1(q
−1) =

[A(k)]

qdim(A)
.

Thus, (1.3.4) is equivalent to:

(1.3.4b) Z∗(X, q−1) =
[A(k)]2[NS(X)tors]

2qχ(X,OX)

q(1− q)(1− q−1)[Br(X)]|det(Di.Dj)|
.

Conjecture 2. The equivalence conjecture: the Artin–Tate conjecture
for X is equivalent to the Birch and Swinnerton-Dyer conjecture for J .

The Birch and Swinnerton-Dyer conjecture asserts, in particular, that the
Tate–Shafarevich group X(J/K) is finite and that the order of the zero of
the L-function of J at s = 1 is equal to the rank of the Mordell–Weil group
J(K).

Conjecture 2 is now a theorem. It has a long history. Artin–Grothendieck
([27], (4.7)) proved that Br(X) is finite if and only if X(J/K) is finite. But
it’s only quite recently that a (correct) proof of Conjecture 2 was given, see
[38].

8More precisely, given V :=
∑

1⩽i⩽ρ(X) ZDi, a torsion-free submodule of NS(X) sent
isomorphically to NS(X)/tors, det(Di.Dj) does not depend on the choices of V and
the Di’s, and as NS(X)/V

∼→ NS(X)tors, the quotient det(Di.Dj)
[NS(X)tors]2

is the discriminant
∆(NS(X)) of the intersection form in the sense of ([38], 1.4).
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Conjecture 1 is still wide open. Artin and Tate proved that if ρ1(X) is
equal to the rank of NS(X), then, for any ℓ ̸= p, the two sides of (1.3.4) have
the same ℓ-adic absolute value | − |ℓ, where |x|ℓ = ℓ−vℓ(x) for x ∈ Q.

Actually, Artin and Tate in loc. cit. proved more, namely they proved:

Theorem 1 ([62], Theorem 5.2)
(a) The following (i) – (iv) are equivalent.

(i) Br(X)(ℓ) is finite.9
(ii) The canonical map

NS(X)⊗ Zℓ → H2(Xk,Zℓ(1))
G,

where G = Gal(k/k), is an isomorphism.
(iii) rk(NS(X)) = rkZℓ

H2(Xk,Zℓ(1))
G.

(iv) ρ1(X) = rk(NS(X)).

(b) If (i) – (iv) are satisfied, then the two sides of (1.3.4) have the same
ℓ-adic absolute value, i.e.,

(1.3.5) |P ∗
2 (X, q−1)|ℓ =

∣∣∣∣ [Br(X)]det(Di.Dj)

qα(X)[NS(X)tors]2

∣∣∣∣
ℓ

.

The equivalence of (i) – (iii) in (a) and, as rkZℓ
H2(Xk,Zℓ(1))

G ⩽ ρ1(X),
the fact that (iv) implies (iii) follow from the exact sequence

(1.3.6) 0→ NS(X)⊗ Zℓ → H2(Xk,Zℓ(1))
G → Tℓ(Br(X))→ 0

(cf. ([64], (5.1.1))).

The fact that (i) implies (iv) and assertion (b) are delicate. Let me recall
the main points. In fact, (iv) is the conjunction of the following (iv1), (iv2):

(iv1) (partial semisimplicity conjecture) q is a simple root of the minimal
polynomial of Fr∗ on H2(Xk,Qℓ); equivalently, 1 is a simple root of the
minimal polynomial of Fr∗ on H2(Xk,Qℓ(1)), i.e.,

ρ1(X) = dimH2(Xk,Qℓ(1))
G

(= dimKer(Fr∗ − 1 : H2(Xk,Qℓ(1))→ H2(Xk,Qℓ(1)))).

(iv2) (Tate conjecture) The canonical map

NS(X)⊗Qℓ → H2(Xk,Qℓ(1))
G,

9For a torsion abelian group A, we denote by A(ℓ) its ℓ-primary summand, i.e.,
lim−→n

A[ℓn].
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is an isomorphism.
By the exact sequence (1.3.6), (i) implies (iv2). The problem is to show

that (i) implies (iv1) and to prove (1.3.5).
By an elementary, but nontrivial, linear algebra lemma ([62], Lemma z4),

(iv1) is equivalent to the fact that the canonical map

f : H2(Xk,Zℓ(1))
G → H2(Xk,Zℓ(1))G,

induced by the identity map of H2(Xk,Zℓ(1)) is an ℓ-quasi-isomorphism.
In [62], a map f : A→ B of Zℓ-modules is called a quasi-isomorphism if

Ker f and Coker f are finite, and in this case the integer z(f) is defined as

z(f) = ℓlg(Ker(f))−lg(Coker(f)) = [Ker(f)]/[Coker(f)],

where lg denotes the length of a finite length Zℓ-module, and [S] denotes the
cardinality of a finite group S. The terminology “ℓ-quasi-isomorphism” is
that of [48]. It avoids confusion with the usual notion of quasi-isomorphism
of complexes, and remembers the prime ℓ.

Moreover, by the same lemma, if (iv1) is satisfied, then

(1.3.7) z(f) = |P ∗
2 (X, q−1)|ℓ.

The strategy is to use the compatibility of the cycle class map NS(X)⊗Zℓ →
H2(Xk,Zℓ(1)) with intersection pairing and Poincaré duality to realize f , up
to an ℓ-quasi-isomorphism, as the map

e : NS(X)⊗ Zℓ → Hom(NS(X),Zℓ)

defined by the intersection pairing, exploiting the isomorphism

h : NS(X)⊗ Zℓ
∼→ H2(Xk,Zℓ(1))

G

provided by (1.3.6) as Tℓ(Br(X)) = 0 by (i). The non-degeneracy of this pair-
ing implies that e is an ℓ-quasi-isomorphism, whose Artin–Tate’s z-invariant
is

z(e) =
|det(Di.Dj)|ℓ
|NS(X)ℓ−tors|ℓ

.

However, it turns out that f is not isomorphic to e, but that there is a
canonical commutative diagram

NS(X)⊗ Zℓ

h
∼→
��

e // Hom(NS(X),Zℓ)

H2(Xk,Zℓ(1))
G f // H2(Xk,Zℓ(1))G,

g∗

OO

12



where g∗ is an ℓ-quasi-isomorphism with z-invariant

z(g∗) =

∣∣∣∣ [NS(X)ℓ−tors]

[Br(X)(ℓ)]

∣∣∣∣−1

ℓ

.

See ([41], section 5) for an alternative (and more detailed) proof of this fact. It
follows that f is an ℓ-quasi-isomorphism, with invariant z(f) = z(e)z(g∗)−1,
so that, by (1.3.7), we get the desired equality (1.3.5)

|P ∗
2 (X, q−1)|ℓ =

∣∣∣∣ [Br(X)]|det(Di.Dj)|
qα(X)[NS(X)tors]2

∣∣∣∣
ℓ

.

1.4. p-adic variants and higher dimensional problems

The fact that (1.3.5) holds for all ℓ ̸= p implies that (1.3.4) holds up to a
factor ±pν . Thus Theorem 1 (and its proof) immediately raised the following
questions.

Question 1. Assuming that conditions (i) – (iv) in Theorem 1 hold, is
it true that Br(X)(p) is finite (equivalently, that Br(X) is finite), and do we
have

(1.4.1) |P ∗
2 (X, q−1)|p =

∣∣∣∣ [Br(X)]det(Di.Dj)

qα(X)[NS(X)tors]2

∣∣∣∣
p

,

where |x|p = p−vp(x) for x ∈ Q?

Question 2. Assuming only the partial semisimplicity conjecture (iv1),
can one give a cohomological expression for P ∗

2 (X, q−1), up to sign, in terms
of ℓ-adic and p-adic cohomologies of X?

Question 3. Can one unconditionally (i.e., independently of any conjec-
ture) give a cohomological expression for P ∗

2 (X, q−1), up to sign, in terms of
ℓ-adic and p-adic cohomologies of X?

Let me briefly discuss the posterity of these questions.

Posterity of question 1. Tate raised question 1 in [62], adding that it
would be “a good test for any p-adic cohomology theory.” Tate’s exposé was
given in February 1966. In December 1966 Grothendieck [28] introduced
crystalline cohomology, that was supposed to fill in the gap at p in the family
of ℓ-adic cohomologies. The theory was developed by Berthelot in his the-
sis [4], giving in particular the cohomological expression (1.1.5) for the zeta
function. However, Br(X)(p) involved flat cohomology, H∗

fppf(X,µpn), which
a priori had no clear relation with crystalline cohomology, nor with Z(X, t).

13



The situation drastically changed in 1974 with the construction, by Bloch,
of his complex of sheaves of typical curves TCK•+1 on X [10], calculating
RΓ(X/W (k)) as RΓ(X,TCK•+1) for dim(X) < p and p > 2, a construction
that was generalized in [31] to arbitrary dimension and characteristic, under
the name of the de Rham–Witt complex WΩ•

X . Bloch’s construction was
reported on by Berthelot in [5], and opened the way to an understanding
of the so far mysterious relations between crystalline cohomology, flat co-
homology and Serre’s Witt vectors cohomology. Using this new tool, Milne
solved question 1 in ([41], Theorem 4.1). In loc. cit. he assumed p ̸= 2,
but as explained in [49], this hypothesis can be removed, by replacing the
reference [10] by [31]. His proof closely follows the pattern of the proof of
Theorem 1. His duality theorem [42] plays an important role. The formula
for the invariant α(X) of (1.3.4) given in ([41], p. 529) turned out to be later
understood as an avatar of Crew–Milne’s formula10 ([13], p. 84, Remark)
([22], IV Theorem 3.2).

Posterity of question 2. Again, the answer is yes, and Milne [43] gave
a solution in a much more general framework, for proper smooth schemes
X/k and special zeta values at arbitrary integers n. The key idea was
that, instead on concentrating on the polynomial P2n(X, t) (and the special
value P ∗

2n(X, q−n)), one should instead consider all the cohomology groups
H i(Xk,Qℓ), with their Frobenius automorphisms, and the analogous ones for
crystalline cohomology, which contribute to the zeta function and the special
value Z∗(X, q−n). His main result is the following.

Theorem 2 ([43], Theorem 0.1). Let X/k be proper and smooth, and
let n ∈ Z. Assume that, for all ℓ ̸= p the minimal polynomial of Fr∗ acting
on H2n(Xk,Qℓ(n)) does not have 1 as a multiple root, and that the minimal
polynomial of γ := (σa)∗ acting on H2n(Xk,Qp(n)) does not have 1 as a
multiple root, where the notation is the following:

RΓ(X,Zp(n)) := R lim←−
m

RΓ(X,WmΩ
n
log[−n]),

WmΩ
i
log = WmΩ

i
X,log is the ith logarithmic Hodge–Witt sheaf ([32], IV 3.1) on

X, and the cohomology on the right and side is taken for the étale topology,
so that

RΓ(X,Zp(n)) = Fib(1− γ : RΓ(Xk,Zp(n))→ RΓ(Xk,Zp(n)).

Consider the rational number Z∗(X, q−n) which is the special value defined
in (1.2.1). Its ℓ-adic (ℓ ̸= p) and p-adic absolute values are given by the

10See ([22], p. 82).
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following formulas:

(a) |Z∗(X, q−n)|−1
ℓ = χ(X,Zℓ(n))

×,

(b) |Z∗(X, q−n)|−1
p = χ(X,Zp(n))

× · qχ(X,OX ,n).

In (a) and (b) the notation is as follows:
The rational number χ(X,Zℓ(n))

× (resp. χ(X,Zp(n))
×) is the so-called

ℓ-adic (resp. p-adic) multiplicative Bockstein characteristic defined in (1.4.7)
(resp. (1.4.9)).

The number χ(X,OX , n) is the integer defined by

χ(X,OX , n) :=
∑

j,0⩽i⩽n

(−1)i+j(n− i)hij,

where hij := dimkH
j(X,Ωi

X/k).

Main ideas in the proof of Theorem 2. Identify G = Gal(k/k) (k = Fq,
q = pa) with Ẑ by the canonical generator γ = σa, σ : x 7→ xp. For X/k
proper and smooth of any dimension, and any n ∈ Z, consider the exact
triangle (where γ acts as (Fr∗)−1)

(1.4.2) RΓ(X,Zℓ(n))→ RΓ(Xk,Zℓ(n))
1−γ→ RΓ(Xk,Zℓ(n))→ .

It gives rise to short exact sequences (of the degenerate Hochschild-Serre
spectral sequence)

(1.4.3) 0→ H i−1(Xk,Zℓ(n))G → H i(X,Zℓ(n))→ H i(Xk,Zℓ(n))
G → 0

The canonical basis θ ∈ H1(G,Zℓ) (given by the projection Ẑ → Zℓ) gives
rise, by functoriality to a map

θ : RΓ(X,Zℓ(n))→ RΓ(X,Zℓ(n))[1].

It was observed by Rapoport and Zink ([58], Satz 1.3) (see also ([34], pp.
37–39)) that, after having chosen a suitable complex of Zℓ[G]-modules K
representing RΓ(Xk,Zℓ(n)), θ can be identified with the map of simple com-
plexes associated with the map of double complexes

K
1−γ // K

K

Id

OO

1−γ // K
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(here, it is the quotient Zℓ of G = Ẑ that appears, instead of Zℓ(1) in ([34],
pp. 37–39), and the vertical map 1⊗T in the diagram below (3.6.3) in ([34],
loc. cit) is the identity map, T being chosen as 1 ∈ Zℓ). See (([47], p. 10),
([48], p. 822)) for a similar exposition. It was shown in [58] that θ ◦ θ = 0,
and one can check that (in today’s language) we thus get an infinite complex
(of objects of a suitable derived stable ∞-category)

(1.4.4) Bℓ(X,n) := (· · · → RΓ(X,Zℓ(n))[−1]
θ→ RΓ(X,Zℓ(n))

θ→ · · · )

(see (2.1.3), (2.1.3’) for a generalization, cf. ([51], 4.1)). This complex gives
rise to a (bounded) complex of finitely generated Zℓ-modules, called a Bock-
stein complex ) (see (2.1.4) for a generalization),

(1.4.5) Bockℓ(X,n) := (· · · → H i(X,Zℓ(n))
di→ H i+1(X,Zℓ(n))→ · · · )

which fits into a commutative diagram ([43], 6.5)),

(1.4.5′) 0

��

0 0

��
H i−2(Xk,Zℓ(n))G

δ
��

H i(Xk,Zℓ(n))
G fi //

OO

H i(Xk,Zℓ(n))G

δ
��

H i−1(X,Zℓ(n))
di−1

//

��

H i(X,Zℓ(n))

OO

di // H i+1(X,Zℓ(n))

��
H i−1(Xk,Zℓ(n))

G

��

fi−1 // H i−1(Xk,Zℓ(n))G

δ

OO

H i+1(Xk,Zℓ(n))
G

��
0 0

OO

0

where the (vertical) short exact sequences are (1.4.3), and the fi’s are analogs
of the map f above, before in (1.3.7), i.e., are the compositions of the canon-
ical inclusions and projections

H i(Xk,Zℓ(n))
G ↪→ H i(Xk,Zℓ(n)) ↠ H i(Xk,Zℓ(n))G.

The key point (see ([48], Lemmas 5.1 and 5.2)), which is elementary, is
the following:

(i) for each i, fi is an ℓ-quasi-isomorphism if and only if 1 is a simple root of
the minimal polynomial of Fr∗ on H i(Xk,Qℓ(n)) (i.e., if dim(H i(Xk,Qℓ(n))

G)
is the multiplicity ρi of 1 as an eigenvalue or Fr∗), and in this case, with
z(fi) := [Ker(fi)]/[Coker(fi)], for

fi : H
i(Xk,Qℓ(n))

G → H i(Xk,Qℓ(n))G
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induced by the identity of H i(Xk,Qℓ(n)), we have

z(fi) = |
∏

j,λj ̸=1

(1− λij)|ℓ = |Q∗
i (X, 1)|ℓ,

where the λ′
ijs are the eigenvalues of Fr∗ on H i(Xk,Qℓ(n)), and

Qi(X, t) = det(1− Fr∗t,H i(Xk,Qℓ(n))) = (1− t)ρiQ∗
i (X, t)

with Q∗
i (X, 1) ̸= 0; for i ̸= 2n, 1 is not an eigenvalue of Fr∗ on H i(Xk,Qℓ(n)),

ρi = 0, and fi is an ℓ-quasi-isomorphism.
(ii) all the fi’s are ℓ-quasi-isomorphisms (equivalently, fn is an ℓ-quasi-

isomorphism) if and only if all the cohomology groups H i(Bockℓ(X,n)) are
of finite length, and when this condition is satisfied, then∏

i

[H i(Bockℓ(X,n)](−1)i =
∏
i

z(fi)
(−1)i

It follows from (i) and (ii) that, if for all ℓ ̸= p the minimal polynomial of
Fr∗ acting on H2n(Xk,Qℓ(n)) does not have 1 as a multiple root, we have

(1.4.6) |Z∗(X, q−n)|−1
ℓ = χ(X,Zℓ(n))

×

where

(1.4.7) χ(X,Zℓ(n))
× :=

∏
i

[Hj(Bockℓ(X,n))](−1)i

(sometimes denoted χ(X,Zℓ(n), e)) is the multiplicative Bockstein character-
istic of the complex Bockℓ(X,n) (1.4.5), which has bounded, finite length
cohomology.

From the semisimplicity assumption at 1, one deduces that H i(X,Zℓ(n))tor
11

is finite for all i, and that

(1.4.7′) χ(X,Zℓ(n))
× =

∏
i

[H i(X,Zℓ(n))tor]
(−1)i |det(d2n)|ℓ,

where d2n : H2n(X,Zℓ(n)) → H2n+1(X,Zℓ(n)) is the map d2nℓ of (1.4.5),
which is shown to be an isomorphism modulo torsion and det(d2n)ℓ is defined
as the determinant of a matrix of d2nℓ mod torsion.

11One denotes by Mtor the torsion subgroup of an abelian group.

17



Finally, using Gabber’s theorem [24] to the effect that H i(Xk,Zℓ) is
torsion-free for almost all ℓ, one can rewrite

(1.4.7′′) χ(X, Ẑ(n))× =

∏
i[H

i(X, Ẑ(n))tor](−1)i

det(d2n)
,

with det(d2n) =
∏

ℓ det(d
2n)ℓ · det(d2n)p, as formulated by Milne ([43], p.

298).

The ℓ part, ℓ ̸= p, is, somehow, the easy part. The difficult part is the
p-part (see Remark 4.1.2).

First of all, one has a Bockstein complex Bockp(X,n) similar to Bockℓ(X,n):

(1.4.8) Bockp(X,n) = (· · · → H i(X,Zp(n))
di→ H i+1(X,Zp(n))→ · · · ).

The eigenvalues of γ = σa on H i(Xk,Qp(n)) are the quotients qn/λij, where
the λij’s are those eigenvalues of (F a)∗ on H i(X/W (k)) ⊗ K for which
vq(λij) = n ([48], 5.4)). It is again true (and formal, by ([48], Lemmas 5.1 and
5.2)) that if the minimal polynomial of (σa)∗ acting on H2n(Xk,Qp(n)) does
not have 1 as a multiple root, then Bockp(X,n) has finite length cohomology
groups, and its multiplicative Bockstein characteristic is defined as

(1.4.9) χ(X,Zp(n))
× :=

∏
i

[H i(Bockp(X,n))](−1)i =
∏
i

z(fi)
(−1)i ,

and sometimes denoted χ(X,Zp(n), e), where

fi : H
i(Xk,Zp(n))

G → H i(Xk,Zp(n))G

is defined in the same way as in the ℓ-adic case. However, z(fi) is not given
by |P ∗

i (X, q−n)|p (as in (i) above) but involves a factor which is a power of q,
namely

|z(fi)|p = |P ∗
i (q

−n)|p · q
(
∑

j,vq(αi,j)<n −(n−vq(αi,j))+Tn−1,i−n

,

where αi,j is the set of eigenvalues of F ∗a on H i(X/W (k))⊗K, and T n−1,i−n

is the dimension of the connected unipotent part U i of the perfect group
scheme over k that H i(Xk,Qp(n)) underlies ([32], IV 3.3). The integers T r,s

are invariants associated to RΓ(X/W (k)) viewed as an object of Db
c(Rk)

(([22], (6.1) p. 14), ([33], (3.1.3), ([48], p. 810)). The formula

(1.4.10) |Z∗(X, q−n)|−1
p = χ(X,Zp(n))

× · qχ(X,OX ,n)
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then follows from the (formal) identity

χ(X,Zp(n))
× =

∏
i

z(fi)
(−1)i ,

and the crucial ingredient provided by Crew–Milne’s formula ([22], IV The-
orem 3.2), already implicitly used in the case of a surface, as we have seen
above. The factor qχ(X,OX ,n) is sometimes called Milne’s correcting factor.

The main tool in the proof of (1.4.9) was that RΓ(X/W (k)) belongs to
Db

c(Rk) (as recalled at the end of 1.1 (b)). It was therefore tempting to
generalize the p-part of Theorem 2 to objects of Db

c(Rk). This is carried out
in [48], which not only generalizes [43] but offers a better understanding of
the proof.

Several reformulations of Theorem 2 with motivic variants of the char-
acteristics χ(X, Ẑ(n))× defined using Bloch’s complexes Z(n) and Lichten-
baum’s Weil étale cohomology [37], with Zℓ- or Zp-cohomology replaced by
Z-cohomology have been proposed and studied by several authors, starting
with Milne himself [43] (see e.g. ([25], Theorem 1.3), [44], [47], [50]).

Posterity of Question 3. The first attempt to address this question
was made only very recently, by Mondal [51]. Without any semisimplic-
ity assumption at 1 for the action of Fr∗ on H2n(Xk,Qℓ(n)) (ℓ ̸= p, and
H2n(Xk,Qp(n)), Mondal defined a stabilized multiplicative Bockstein char-
acteristic χs(X, Ẑ(n))× =

∏
ℓ̸=p χs(X,Zℓ(n))

× · χs(X,Zp(n))
×, giving rise to

a formula similar to that of Theorem 2 (Corollary 4.1.3)

Z∗(X, q−n) = ±χs(X, Ẑ(n))×qχ(X,OX ,n).

The problem with removing the semisimplicity assumption is that the nilpo-
tent part of 1 − γ on H2n(Xk,Qℓ(n)) may have nontrivial Jordan blocks,
which makes the dimension of the kernel of 1 − γ strictly smaller than the
number of eigenvalues 1 of γ, hence the invariant z(f2n), for
f2n : H2n(Xk,Qℓ(n))

G → H2n(Xk,Qℓ(n))G is no longer defined. Mondal’s
ingenious idea is to kill the Jordan blocks by taking powers of 1 − γ and
making a suitable rescaling. Actually, Mondal works in the p-adic context,
but his technique applies to the ℓ-adic one as well, as he suggested ([51],
7.7). For the p-part, Mondal works more generally with perfect objects of
Dqc(Spec(k)

syn), of which Rf syn
∗ O for f : X → Spec(k) proper and smooth

is an example, with RΓ(X/W (k)) the underlying object of D(W (k)) (cf.
(1.8)). Using Ekedahl’s equivalence between Db

c(Rk) and Dperf(Spec(k)
syn),

that will be reviewed in section 6, Mondal can recover Theorem 0.1 of [48],
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in the sense that under the semisimplicity assumption of loc. cit. Mondal’s
stabilized Bockstein characteristic χs coincides with χ of loc. cit. but the
method is totally different.

2. Bockstein stabilization

2.1. Let A be an abelian category, M ∈ D(A), u ∈ End(M), L =
L(M,u) := Fib(u), so that we have a distinguished triangle

(2.1.1) L
a→M

u→M
b→ L[1].

Let
du := b ◦ a : L→ L[1].

We have
(du)[1] ◦ du = b[1] ◦ a[1] ◦ b ◦ a

hence

(2.1.2) (du)[1] ◦ du = 0

as a[1] ◦ b = 0 in the triangle M
b→ L[1]

a[1]→ M [1]
u[1]→ M [1] rotated from

(2.1.1). So we get a complex of objects (of the additive category D(A)):

(2.1.3) B(M,u) = (· · · → L
du→ L[1]

du[1]→ L[2]→ · · · ),

generalizing the construction in (1.4.5). It produces a complex of objects of
A

(2.1.4) Bock(M,u) = (· · · → H i(L)
Hi(du)→ H i+1(L)→ · · · ),

called the Bockstein complex of u (denoted Bock•(M,u) in [51]).
Here we implicitly worked with the naive derived category. As explained

in ([51], 4.6) the above constructions can be upgraded to the context of
stable derived ∞-categories. Replacing M by M̂ := limnCofib(u

n), and
viewing (· · · → M̂

u→ M̂
u→ · · · ) as a decreasing filtered object (M̂, F ∗) of

the derived∞-category D(A), du underlies the map δ : gri → gri+1[1] arising
from the fiber sequence gri+1 → F i/F i+2 → gri. The vanishing (2.1.2) can
be upgraded to a null-homotopy from δ ◦ δ to 0 (see ([1], Lemma 3.18)). In
this language, the Bockstein complex (2.1.4) is the E1-page of the spectral
sequence of (M̂, F ∗) (cf. ([1], Theorem 3.31)). The complex B(M,u) (2.1.3)
can be re-written

(2.1.3′) B(M,u) = (· · · → gr−1[−1] du→ gr0
du→ gr1[1]→ · · · )
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(with all the gri identified with L[1]), and the Bockstein complex (2.1.4),
shifted by 1, can be identified with the Beilinson (perverse) cohomology ob-
ject BH0(M̂, F ∗) for the Beilinson t-structure on the filtered derived category
(cf. ([1], 4.7)).

Let p be a prime number, and take for A the category of Zp-modules.
Let M ∈ D(Zp). We will say that M ∈ D(Zp) is of finite length if M is in
Db, and H i(M) is of finite length for all i. If M is of finite length, Mondal
defines the finite length Euler characteristic of M as

(2.1.5) χl(M) :=
∑
i

(−1)ilgZp
H i(M).

One defines the multiplicative Euler characteristic of M as

(2.1.6) χ(M)× := pχ
l(M) =

∏
i

[H i(M)](−1)i .

Finally, for (M ∈ Db(Zp), u ∈ End(M)), if Bock(M,u) (2.1.4) is of finite
length, Mondal calls the finite length Euler characteristic

χl(Bock(M,u)) =
∑
i

(−1)ilgZp
H i(Bock(M,u))

the Bockstein characteristic of (M,u). Associated to it is the multiplicative
Bockstein characteristic

χl(Bock(M,u))× := pχ
l(Bock(M,u)) =

∏
i

[H i(Bock(M,u))](−1)i

If M is of finite length, so is Bock(M,u), and

χl(Bock(M,u)) = χl(M).

But it may happen that M is not of finite length but Bock(M,u) is, as the
example of (M = Zp, u = 0) shows (see example (b) below).

Examples 2.2. (a) Let βp ∈ Ext1Zp
(Z/p,Z/p) be the class of the extension

0→ Z/p p→ Z/p2 → Z/p→ 0.

It generates the usual Bockstein operation H i(X,Z/p) → H i+1(X,Z/p) in
the cohomology of a space (or topos) X. The morphism of distinguished
triangles, where Z/p[−1] = L(Zp, p),

Z/p[−1] a //

Id
��

Zp

b
��

p // Zp

��

b // Z/p

Id
��

Z/p[−1] β // Z/p p // Z/p2 // Z/p
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shows that
β = dp : Z/p[−1]→ Z/p.

(b) For a Zp-module M placed in degree zero and an endomorphism u of
M , set Mu := Ker(u), Mu := Coker(u). Then L(u) is the complex M

u→ M
concentrated in degrees 0 and 1, and Bock(M,u) is the complex, concentrated
in degrees 0 and 1

Bock(M,u) = (Mu du→Mu)

where du is the composition of the inclusion Mu ↪→ M and the projection
M ↠ Mu. For M = H i(Xk,Zℓ(n)), u = 1− γ (and ℓ instead of p), this map
du is the map fi in the diagram (1.4.5’). When Bock(M,u) is of finite length,
we have

χl(Bock(M,u))× = z(du) = [Ker(du)]/[Coker(du)],

with the notation of [62] (see (i) after (1.4.5)).
(c) For M ∈ Db(Zp), u ∈ End(M)), the Bockstein complex Bock(M,u)

fits in the middle row of a commutative diagram similar to (1.4.5’), where
L(M,u) := Fib(u):

0

��

0 0

��
H i−2(M)u

δ
��

H i(M)u
fi //

OO

H i(M)u

δ
��

H i−1(L(M,u)) di−1
//

��

H i(L(M,u))

OO

di // H i+1(L(M,u))

��
H i−1(M)u

��

fi−1 // H i−1(M)u

δ

OO

H i+1(M)u

��
0 0

OO

0

The restriction of the upper middle vertical map to Ker(di) sends it surjec-
tively to Ker(fi), and induces an exact sequence

0→ Coker(fi−1)→ H i(Bock(M,u))→ Ker(fi)→ 0.

In particular, as observed in (ii) before (1.4.6), Bock(M,u) is of finite length
if and only if the complexes (fi : H

i(M)u → H i(M)u) are of finite length,
and in this case

(2.2.1) χl(Bock(M,u))× =
∏
i

z(fi)
(−1)i .
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2.3. Let γ be the automorphism of M = Z2
p given by the matrix

(
1 1
0 1

)
.

Then, 1 is not a simple root of the minimal polynomial of γ ⊗ Qp, the map
f(γ) : Mγ →Mγ induced by the identity of M is not a p-quasi-isomorphism:
if u := 1− γ, we have Bock(M,u) = (Zp

0→ Zp), which is not of finite length.
Let Q(M,γ, t) := det(1 − γt : M ⊗ Qp → M ⊗ Qp). We have Q(M, t, γ) =
(1 − t)2 = (1 − t)2Q∗(γ, 1), with Q∗(γ, 1) = 1, but no formula for Q∗(γ, 1)
of the type of those in (i) following diagram (1.4.5’) is available. However,
if γ is replaced by γm for m ⩾ 2, then Q(M,γm, t) = Q(M,γ, t) = (1 − t)2,
but this time γm is semisimple, f(γm) : Mγn → Mγn is the identity of Zp,
and Q∗(γm, 1) = z(f(γm)) = 1. This observation is at the origin of Mon-
dal’s stabilization process. In general, for an automorphism γ, and questions
relative to the eigenvalue 1, it is essentially equivalent, but technically more
convenient, to work with powers of u = 1− γ rather than with powers of γ.

The basic homological algebra input for this is provided by the following
propositions 1 and 2.

Proposition 1 ([51], Proposition 5.1). Let M ∈ Db(Zp), u ∈ End(M).
Assume that the following (i), (ii) hold:

(i) M ⊗Qp is a perfect complex of Qp-vector spaces;
(ii) L(M,u) := Fib(u) is a perfect complex of Zp-modules.
Then, there exists an integer r0 ⩾ 0 such that, for all r ⩾ r0,
(1) Bock(M,ur) (2.1.4) is of finite length,
(2) χl(Bock(M,ur))/r is an integer, independent of r ⩾ r0.

Sketch of proof. Easy dévissages reduce the proof of (1) and (2) to the
case where M is a single Zp-module, placed in degree zero.

By (ii), Mu and Mu are finitely generated. By example (b), Bock(M,u) :=

(Mu du→Mu). So Bock(M,u) would be of finite length if and only if du was a
p-quasi-isomorphism, i.e., if and only if du⊗Qp was an isomorphism. By (i),
M ⊗Qp is a finite dimensional Qp-vector space. So du ⊗Qp : (M ⊗Qp)

u →
(M ⊗Qp)u would be an isomorphism if and only if u⊗Qp had no nontrivial
Jordan block for the eigenvalue zero, i.e., zero would be a simple root of the
minimal polynomial of u⊗Qp, equivalently the multiplicity of the eigenvalue
zero would equal the dimension of (M ⊗ Qp)

u. This might not be the case.
But let r0 be the smallest integer ⩾ 1 such that ur0 ⊗ Qp annihilates the
nilpotent summand of M ⊗Qp, or, equivalently, such that, in the increasing
chain of Qp-vector spaces

Ker(u⊗Qp) ⊂ Ker((u⊗Qp)
2) ⊂ · · · ⊂ Ker((u⊗Qp)

r) ⊂ · · · ,

we have
Ker((u⊗Qp)

r0) = Ker((u⊗Qp)
r)
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for all r ⩾ r0. For r ⩾ r0, no nontrivial Jordan block for ur relative to the
eigenvalue 0 can survive, hence Bock(M,ur) is of finite length, which proves
(1).

To prove (2), using Lemma 2.3.1 below to calculate χl(Bock(M,ur(r+1)))
in two ways, one finds that, for r ⩾ r0, we have

(r + 1)χl(Bock(M,ur)) = rχl(Bock(M,ur+1)),

which shows that χl(Bock(M,ur)) is divisible by r, and the quotient
χl(Bock(M,ur))/r is an integer independent of r ⩾ r0.

Lemma 2.3.1. ([51], Corollary 4.14). Let u, v be endomorphisms of a
Zp-module M . Assume that Fib(u) and Fib(v) are perfect complexes, and
that Bock(M,u), Bock(M, v), and Bock(M,uv) are of finite length. Then
either of the squares

M Id //

v
��

M

uv
��

M

uv
��

v //M

u
��

M
u //M M

Id //M,

induces a fiber sequence Fib(v)→ Fib(uv)→ Fib(u)→, and

χl(Bock(M,uv)) = χl(Bock(M,u)) + χl(Bock(M, v)).

This follows from the additivity of Bockstein characteristics on fiber se-
quences (M ′, u′) → (M,u) → (M ′′, u′′), where the fibers of (M ′, u′) and
(M ′′, u′′) are perfect complexes, and Bock(M ′, u′), Bock(M ′′, u′′),
and Bock(M,u) are of finite length. The difficulty here is that, in general, the
formation of the complex B(M,u) does not commute with extensions, and in
a fiber sequence as above, it may happen that Bock(M ′, u′) and Bock(M ′′, u′′)
are of finite length, but Bock(M,u) is not, as already the example of M = Z2

p,

u given by
(
0 1
0 0

)
shows.

Definition 2.4. ([51], Definition 5.2)). For (M ∈ Db(Zp), u ∈ End(M))
satisfying the hypotheses (i) and (ii) of Proposition 1, Mondal defines the
stable Bockstein characteristic of (M,u) as the integer

χs(Bock(M,u)) :=
χl(Bock(M,ur))

r

for r ⩾ r0, with r0 as in the conclusion of Proposition 1.
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In analogy with 2.1, one defines the multiplicative stable Bockstein char-
acteristic of (M,u) by

χs(Bock(M,u))× := pχs(Bock(M,u)) = |χs(Bock(M,u))|−1
p .

In the situation of Example 2.2 (b), with M a single Zp-module, L(u) =
(M

u→ M) a perfect complex of Zp-modules and M ⊗ Qp a perfect com-
plex of Qp-vector spaces, it is convenient to denote the multiplicative stable
Bockstein characteristic of u by

(2.4.1) zs(du) := p
χl(dur )

r

for r ⩾ r0, where (dur : Mur →Mur) = Bock(M,ur).

The stable Bockstein characteristic enjoys better properties than the
Bockstein characteristic. It is additive under fiber sequences (and hence
on compositions): if (u′, u, u′′) is an endomorphism of a fiber sequence M ′ →
M → M ′′ in Db(Zp) such that M ′ ⊗ Qp, M ′′ ⊗ Qp are perfect complexes
(in D(Qp)), and Fib(u′) and Fib(u′′) are perfect complexes (in D(Zp)), then
([51], Proposition 5.3)

(2.4.2) χs(Bock(M,u)) = χs(Bock(M
′, u′)) + χs(Bock(M

′′, u′′)).

2.5. Proposition 2. ([51], Proposition 5.5) Let M be a finitely generated
Zp-module, and u ∈ End(M). If (αi)i∈I is the set (possibly empty) of nonzero
eigenvalues in Qp of u⊗Qp, then, with the notation (2.4.1),

(2.5.1) zs(du) = |
∏
i∈I

αi|p.

(In particular, zs(du) = 1 if I = ∅. This is the case, for example, when M is
torsion.)

The proof is an easy application of the stability properties of the stable
Bockstein characteristic. One can reformulate (2.5.1) in the following way.
Write

det(T − u⊗Qp) = T rR(T )

with r the multiplicity of the eigenvalue zero of u⊗Qp, and R(0) ̸= 0. Then

(2.5.2) zs(du) = |R(0)|p.

In this way, Proposition 2 appears as a generalization of ([62], Lemma z.4,
p. 434) (see also ([48], Lemma 5.1) (cited in point (i) of the discussion of
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the proof of Theorem 2), as in the case where u is a p-quasi-isomorphism,
zs(du) = z(du) (in this case, r = rk(Mu), but in general only rk(Mu) ⩽ r
holds).

Remark 2.6.12 It is straightforward to extend the above definitions and
results to the case Zp is replaced by a discrete valuation ring R, p by a
uniformizer π, and Qp by the field of fraction K of R. For M ∈ Db(R) and
u ∈ End(M), such that M ⊗K is a perfect complex of K-vector spaces and
Fib(u) is a perfect complex of R-modules, the analogue of the conclusion of
Proposition 1 holds, and one defines the stable Bockstein characteristic of
(M,u) by

χs(Bock(M,u)) =
χl(Bock(M,ur)

r

for r ⩾ r0. When the residue field k = R/(π) is finite, one defines the
multiplicative stable Bockstein characteristic of (M,u) by

χs(Bock(M,u))× = (♯k)χs(Bock(M,u)).

3. Application to zeta values: the ℓ-adic case

3.1. We come back to the situation considered at the beginning of Pos-
terity of Question 3. Let X be proper, smooth over k = Fq, q = pa, k an
algebraic closure of k, G = Gal(k/k), with generator σa, where σx = xp.
Let ℓ be a prime different from p. Fix n ∈ Z. We define the special value
Z∗(X, q−n) of Z(X, t) at t = q−n as in (1.2.1):

Z∗(X, q−n) := limt→q−n(1− qnt)ρnZ(X, t),

where ρn is the order of the zero of P2n(X, t) at t = q−n. Let γ be the
automorphism of RΓ(Xk,Zℓ(n)) given by the relative Frobenius Fr∗, or the
inverse of σa in the Galois action by transportation of structure (so that ρn
is the multiplicity of the eigenvalue 1 of γ on H2n(Xk,Qℓ(n))). We do not
assume that 1 is a simple root of the minimal polynomial of γ.

Let u the endomorphism 1− γ of RΓ(Xk,Zℓ(n)). As RΓ(Xk,Zℓ(n)) is a
perfect complex of Zℓ-modules, the same is true of Fib(u), and RΓ(Xk,Qℓ(n))
is a perfect complex of Qℓ-vector spaces. Thus, imitating Mondal’s defini-
tion ([51], 1.3, 6.4), we define the stable Bockstein ℓ-adic characteristic of
(X,Zℓ(n)) by

(3.1.1) χs(X,Zℓ(n)) := χs(Bock(RΓ(Xk,Zℓ(n)), u))

12This observation is due to Mondal (private communication).
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and its multiplicative associate

χs(X,Zℓ(n))
× = ℓχs(X,Zℓ(n)).

Theorem 3. With the above hypotheses and notation, we have

(3.1.2) |Z∗(X, q−n)|−1
ℓ = χs(X,Zℓ(n))

×

This is an ℓ-adic analog of Mondal’s main theorem ([51], Theorem 6.5). It
generalizes the ℓ-adic part of Milne’s theorem Theorem 2, as 1 is not assumed
to be a simple root of the minimal polynomial of Fr∗ on H2n(Xk,Qℓ(n)), and
when 1 is a simple root, then the left hand side is χ(X,Zℓ(n))

× of Theorem
2.

Proof. Since H i(Xk,Zℓ(n)) is finitely generated over Zℓ

(hence Fib(H i(Xk,Zℓ(n)), u) perfect), by the additivity of stable Bockstein
characteristics under fiber sequences, we have

χs(X,Zℓ(n)) =
∑
i

(−1)iχs(Bock(H
i(Xk,Zℓ(n)), u)),

hence
χs(X,Zℓ(n))

× =
∏

zs(H
i(Xk,Zℓ(n)), du)

(−1)i .

By Proposition 2 in 2.5, we have

zs(H
i(Xk,Zℓ(n)), du) = |

∏
j

αi,j|ℓ

where αi,j runs through the nonzero eigenvalues αi,j of 1−γ on H i(Xk,Qℓ(n)),
i.e. the 1− q−nλi,j, where the λi,j’s are the eigenvalues of Fr∗ on H i(Xk,Qℓ)
distinct from qn. Hence, with the notation of (1.2.1),∏

j

αi,j = P ∗
i (X, q−n),

yielding (3.1.2), since Z∗(X, q−n) =
∏

i P
∗
i (X, q−n)(−1)i+1 .

3.2. Under the assumptions of Theorem 3, there is, however, no visi-
ble relation between χs(X,Zℓ(n))

× and torsion in H∗(X,Zℓ(n)), generalizing
(1.4.7’). The definition of the stable Bockstein characteristics involves taking
rth powers of 1−γ. These are loosely related to 1−γr, but γr is a generator
of Gal(k/Fqr), so 1− γr is related to poles at n of Z(XFqr

, t).
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4. Application to zeta values: the p-adic case, via coherent
complexes over the Raynaud ring

4.1. Theorem 4 ([51], Theorem 1.1, Remark 1.4). Let X/k be proper and
smooth, let RΓ(X,Zp(n)) and RΓ(Xk,Zp(n)) be defined as in 1.4, Theorem
2, i.e.,

RΓ(Xk,Zp(n)) := RΓ(Xk,WΩn
log[−n]),

RΓ(X,Zp(n)) := RΓ(X,WΩn
log[−n])

∼→ Fib(1−γ : RΓ(Xk,Zp(n))→ RΓ(Xk,Zp(n))),

where γ := σa ∈ Gal(k/k). Let u := 1− γ.
(1) (i) RΓ(Xk,Zp(n))⊗Qp is a perfect complex of Qp-vector spaces.
(ii) RΓ(X,Zp(n))(= Fib(u : RΓ(Xk,Zp(n))→ RΓ(Xk,Zp(n)) is a perfect

complex of Zp-modules.
(2) Let

χs(X,Zp(n)) := χs(Bock(RΓ(Xk,Zp(n)), u))

be the stable Bockstein characteristic of (X,Zp(n)), which is defined thanks
to (1), and

χs(X,Zp(n))
× := pχs(X,Zp(n))

be its multiplicative associate. Then we have

(4.1.1) |Z∗(X, q−n)|−1
p = χs(X,Zp(n))

× · qχ(X,OX ,n),

where
χ(X,OX , n) :=

∑
j,i⩽n

(−1)i+j(n− i)hij,

with hij := dimHj(X,Ωi
X/k), as in Theorem 2.

Remark 4.1.1. When the minimal polynomial of γ acting on H2n(Xk,Qp(n))
does not have 1 as a multiple root, then

χs(X,Zp(n))
× = χ(X,Zp(n))

×,

and (4.1.1) reduces to (1.4.10).

Remark 4.1.2. In the proof of Theorem 3, the finite generation over Zℓ

of the H i(Xk,Zℓ)’s, which is the starting point, makes the calculation of the
stable Bockstein characteristic χs(Bock(RΓ(Xk,Zℓ(n)), u)) very easy. In the
situation of Theorem 4, the analogous cohomology groups H i(Xk,Zp(n))’s
are not necessarily finitely generated over Zp, due to the possible presence of
infinite torsion in them. This renders the calculation of the analogous stable
Bockstein characteristic much more difficult.

Combining Theorem 3 and Theorem 4, we get:
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Corollary 4.1.3. Let X/k be proper and smooth, and let n ∈ Z. With
the notation of (3.1.1) and 4.1 (2), let

χs(X, Ẑ(n))× :=
∏
ℓ̸=p

χs(X,Zℓ(n))
× · χs(X,Zp(n))

×.

Then we have

Z∗(X, q−n) = ±χs(X, Ẑ(n))× · qχ(X,OX ,n).

Example 4.1.4. Let X/k be a proper and smooth surface, and let n = 1.
Recall that, by (1.3.2) and (1.3.4a), we have

Z∗(X, q−1) = − [A(k)]2

q−1(1− q)2qdim(A)P ∗
2 (X, q−1)

,

where A is the Albanese variety of X. As χ(X,OX , 1) = χ(X,OX), by
Corollary 4.1.3, this gives

P ∗
2 (X, q−1) = ± [A(k)]2

(1− q)2χs(X, Ẑ(1))× · qα(X)
,

where α(X) = dim(A) + χ(X,OX) − 1 is the Artin-Tate invariant.13 Com-
paring with the conjectural Artin-Tate formula (1.3.4), one finds

(4.1.4a) ± [A(k)]2

(1− q)2χs(X, Ẑ(1))×
=

[Br(X)]|det(Di.Dj)|
[NS(X)tors]2

.

The last remaining cases of (another) conjecture of Artin-Tate on the ex-
istence of a symplectic pairing on the (conjecturally finite) Brauer group
having been proven by Carmeli-Feng [11], under Conjecture 1 the order of
Br(X) is a square, and thus, by (4.1.4a) the rational number

(4.1.4b) |χs(X, Ẑ(1)×| · |det(Di.Dj)|

is a square. However, the invariant (4.1.4b) is defined unconditionally. Mon-
dal asks whether one could prove unconditionally that (4.1.4b) is a square.

It is known (unconditionally) that the non-divisible quotient Br(X)nd of
the Brauer group (i.e., the quotient by the subgroup of divisible elements) is
finite (see e.g. ([65], Lemma 1.2) for the ℓ-part; the proof for the p-part is
analogous). The above mentioned symplectic pairing is actually constructed

13This invariant, which is defined unconditionally, was shown by Mumford ([54], Lecture
27, Theorem p. 196) to be non-negative. Little seems to be known about it.
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(unconditionally) on Br(X)nd. It would be interesting to find a relation
between the invariants χs(X, Ẑ(1))× and Br(X)nd.

4.2. We will deduce Theorem 4 from a general result about the zeta
function of objects of Ekedahl’s category Db

c(Rk) (see end of 1.1 (b)), in the
same way as in the proof of ([48], Theorem 0.2).

The gradedRk-module structure on WΩ•
X makes RΓ(X,WΩ•

X) an object
of Db

c(Rk), a complex of graded Rk-modules, satisfying certain finiteness
conditions. It can be viewed as a bicomplex P (X) = P •,•(X) = (· · · →
P •,j(X) → P •,j+1(X) → · · · ), where the first degree corresponds to the
degree of the components of WΩ•

X (cf. ([32], 2.1) and ([48], 1.6). The
grading of RΓ(X,WΩ•

X) is associated with the naive filtration of WΩ•
X (not

the Nygaard filtration):

griRΓ(X,WΩ•
X) = RΓ(X,WΩi

X [−i]).

The simple associated complex is canonically isomorphic to RΓ(X/W (k)):

RΓ(X/W (k))
∼→ sRΓ(X,WΩ•

X),

a perfect complex of W (k)-modules, with the σ-linear endomorphism φ of
RΓ(X/W (k)) corresponding to the endomorphism F of WΩ•

X given by piF in
degree i. In particular, sRΓ(X,WΩ•

X)⊗K (for K = K(k) the fraction field of
W (k)) is a perfect complex of K(k)-vector spaces, and the cohomology groups
(H i(sRΓ(X,WΩ•

X)⊗K,φ) (= (H i(X/W (k)) ⊗K,φ)) are F -isocrystals, as
recalled in 1.1 (b).

It is therefore natural to define the zeta function of an object P of Db
c(Rk),

as in ([48], p. 802), by

(4.2.1) Z(P, t) :=
∏
i

det(1− F ∗at,H i(sP ⊗K))(−1)i+1

.

The polynomials

Pi(P, t) := det(1− F at,H i(sP ⊗K))

lie a priori in K[t], but in fact, in Qp[t] as the K-linear endomorphism
F a commutes with the (σ-linear one) F . Hence Z(P, t) lies in Qp(t). For
P = P (X) := RΓ(X,WΩ•

X) we recover Z(X, t) (1.1.6).
Let n ∈ Z, and ρn be the order of the pole of Z(P, t) at t = q−n. One

defines Z∗(P, q−n) by

(4.2.2) Z(P, t) = (1− qnt)−ρnZ∗(P, t)
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with Z∗(P, q−n) ̸= 0, in other words,

Z∗(P, q−n) = limt→q−n(1− qnt)ρnZ(P, t).

One can recover RΓ(X,Zp(n)) defined in Theorem 2 from P (X), in the
following way. The exact sequence of étale pro-sheaves

0→ W•Ω
n
X,log → W•Ω

n
X

1−F→ W•Ω
n
X → 0

gives a canonical isomorphism

RΓ(X,WΩn
X,log[−n])

∼→ Fib(1− F : RΓ(X,WΩn
X [−n]).

By the main result of ([45] (see also ([48], Example 4.1)), it can be re-written

RΓ(X,WΩn
X,log[−n])

∼→ RΓabs(X,Zp(n))

where
RΓabs(X,Zp(n)) := RHomRk

(W (k), RΓ(X,WΩ•
X)(n)),

with the Tate twist (r) for an object P •,• of Db
c(Rk) is P •,•(r) = P •+r,•−r as in

[45]. We will simply write RΓ(X,Zp(n)) for RΓabs(X,Zp(n)). In particular,
we have a canonical isomorphism

RΓ(X,Zp(n))
∼→ Fib(1− γ : RΓ(Xk,Zp(n))→ RΓ(Xk,Zp(n))).

For P ∈ Db
c(Rk), as in ([48], Theorem 0.2), we define

(4.2.3) RΓ(P,Zp(n)) := Fib(1− F : grnP [−n]) ∼→ RHomRk
(W (k), P (n)).

Thus, if
P (X) := RΓ(X,WΩ•

X) ∈ Db
c(Rk),

we have

(4.2.4) RΓ(P (X),Zp(n)) = RΓ(X,Zp(n)).

In order to apply Mondal’s Proposition 1 above, we need the following
result, which in particular implies (1) of 4.1.

Proposition 4.3. Let P ∈ Db
c(Rk) and n ∈ Z. Let u be the endomor-

phism 1− γ of M := RΓ(PW (k),Zp(n)). Then:
(i) M ⊗Qp is a perfect complex of Qp-vector spaces.
(ii) Fib(u) is a perfect complex of Zp-modules.
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Remark. By Ekedahl’s equivalence Db
c(Rk)

∼→ Dperf(k
syn,O) ([22], The-

orem 5.3), Proposition 4.3 should follow from ([9], Proposition 4.5.1) and
([51], Corollary 2.21), see section 6. We give an independent proof below.

Proof. Up to replacing P by P (−n) we may assume n = 0. By (4.2.3)
we thus have

M = Fib(1− F : gr0PW (k) → gr0PW (k)).

By dévissage we may assume that P is an elementary coherent graded
Rk-module (([33], 2.4), ([48], 1.4)), of type I or II as in ([48], 1.3).

Type I. P is a R0
k-module placed in one degree, which is finitely generated

over W (k). We may assume that P is in degree zero, otherwise gr0P = 0.
We will see that:

(*) in this case, M is perfect over Zp,
which implies (i) and (ii).

By Ekedahl’s finer dévissage ([22], p. 10), we may further assume that P
is of one of the following types:
• P is free over W (k), with F bijective. Then (cf. ([31], II Lemme 5.3))

PW (k) possesses a W (k)-basis consisting of fixed points of F , which reduces
to PW (k) = W (k), in which case M = Zp.
• P is free over W (k), with F (and V ) topologicaly nilpotent. Then 1−F

on PW (k) is bijective, and Fib(1− F ) = 0.
• P is killed by p, with F bijective. Then Pk possesses a k-basis consisting

of fixed points of F , so we are reduced to Pk = k, in which case M = Fp.
• P = k, with F = V = 0. Then Fib(1− F ) = 0.
In all these cases, (*) holds, which finishes the proof for Type I.

Type II. P = Ui[m] for some i ∈ Z and m ∈ Z. As Ui is concentrated in
degrees 0 and 1, we may assume that m = 0 or m = 1.

For m = 0, gr0(Ui)k = (Ui)
0
k
=

∏
n⩾0 kV

n. We have

(1− F )(
∑
n⩾0

anV
n) = a0 − (a0)

p +
∑
n⩾1

anV
n.

So 1−F is surjective on (Ui)
0
k
, with kernel Fp. So M = Fp, u = 1−γ is zero

and Fib(u) = Fp ⊕ Fp[−1].
For m = 1, gr0(Ui[1])k = (Ui)

1
k
=

∏
n⩾i kdV

n.
We have

(1− F )(
∑
n⩾i

andV
n) =

∑
n⩾i

(an − apn+1)dV
n.
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So 1 − F is surjective on (Ui)
1
k
, with kernel isomorphic to k, with basis

ei =
∑

n⩾i dV
n with λei =

∑
n⩾i λ

p−(n−i)
dV n. Thus

M = k · ei.

So (i) follows trivially: M ⊗Qp = 0.
Since γ sends λei to λpei, we have

Fib(u) = Fp,

which finishes the proof.

By 2.3, Proposition 1, we get:

Corollary 4.4. Let P ∈ Db
c(Rk), n ∈ Z, and

M = RΓ(PW (k),Zp(n)) := RHomRk
(W (k), PW (k)(n))

as in 4.3. The multiplicative stable Bockstein characteristic (Definition 2.4)

(4.4.1) χs(P,Zp(n))
× := χs(Bock(M, 1− γ))×

is defined.

Finally, we recall Ekedahl’s definition of the Hodge numbers of
P ∈ Db

c(Rk):

(4.4.2) hi,j(P ) = dimkH
j((Rk)1 ⊗L

Rk
P )i.

For P = P (X), hi,j(P ) = dimkH
j(X,Ωi

X/k).

Theorem 4 will follow from the following theorem;

4.5. Theorem 5. Let P ∈ Db
c(Rk), n ∈ Z. With the notation (4.2.2)

and (4.4.1), (4.4.2), we have

(4.5.1) |Z∗(P, q−n)|−1
p = χs(P,Zp(n))

× · qχ(P,n),

where
χ(P, n) :=

∑
j,i⩽n

(−1)i+j(n− i)hi,j(P ),

with hi,j(P ) as in (4.4.2).

Proof. First note that χ(P, n) is additive on distinguished triangles P ′ →
P → P ′′ → in Db

c(Rk). Indeed, such a triangle gives a triangle P ′(n) →
P (n) → P ′′(n) →, and then a triangle R1 ⊗L

R P ′(n) → R1 ⊗L
R P (n) →

R1 ⊗L
R P ′′(n) → in Db

c(k[d]), and in particular, for each i ∈ Z, a triangle in
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Db
c(k), (R1 ⊗L

R P ′(n))i → (R1 ⊗L
R P (n))i → (R1 ⊗L

R P ′′(n))i →, from which
the assertion follows, as∑

j,i⩽n

(−1)i+j(n− i)hi,j(Q) =
∑
i⩽n

(−1)i(n− i)(
∑
j

(−1)j(hi,j(Q))

for Q ∈ Db
c(Rk).

By (4.2.1) and (4.2.2), we have

Z(P, t) = Z(P ′, t)Z(P ′′, t),

ρn(P ) = ρn(P
′) + ρn(P

′′),

hence
Z∗(P, q−n) = Z∗(P ′, q−n)Z∗(P ′′, q−n).

Finally, a fiber sequence P ′ → P → P ′′ 14 gives, by (4.2.3), a fiber
sequence

(RΓ(P ′,Zp(n)), u
′)→ (RΓ(P,Zp(n)), u)→ (RΓ(P ′′,Zp(n)), u

′′),

where u′, u, u′′ are defined by 1− γ. By Proposition 4.3 and (2.4.2), we have

χs(P,Zp(n)) = χs(P
′,Zp(n)) + χs(P

′′,Zp(n)),

hence
χs(P,Zp(n))

× = χs(P
′,Zp(n))

×χs(P
′′,Zp(n))

×.

By Ekedahl’s dévissage recalled in the proof of Proposition 4.3,15 we may
therefore assume that P is of one of the following types:

(a) Type I. P is a R0
k-module placed in one degree m, which is finitely

generated over W (k).

(b) Type II. P = Ui[m] for some i ∈ Z and m ∈ Z.

Case (a). Up to replacing n by n −m, we may assume that m = 0, i.e.,
P is a Dieudonné module placed in degree zero. We have

Z(P, t) = det(1− F ∗at, P ⊗K)−1,

hence

(4.5.2) Z∗(P, q−n) = (
∏
α̸=qn

(1− q−nα))−1,

14In the upgraded ∞-version of Db
c(Rk). See [36] for this upgrading.

15Or rather the upgraded ∞-version of it.
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where α runs through the eigenvalues (with multiplicities) of F ∗a on P ⊗K
distinct from qn.

Suppose first that P is torsion. Then Z(P, t) = Z∗(P, q−n) = 1. By 2.5,
Proposition 2, we have χs(P,Zp(n))

× = 1. By ([48], 2.2 (a)), hi,j
W (P ) = 0 for

all i, j. By Crew–Milne’s formula (([48], Corollary 2.9), ([22], IV, Theorem
3.2), ([33], (6.3.5)))

(4.5.3) χ(P, n) =
∑
i⩽n

(−1)i(n− i)(
∑
j

(−1)jhi,j
W (P )),

hence χ(P, n) = 0. One can also argue as follows. One can reduce to the
last two cases of the proof of Proposition 4.3 for type I. Using the two step
resolution of R1 by free R-modules ([33], (2.3.3)), one finds that R1⊗L

R P is
the complex (in grading degree 0 and cohomological degrees 0, −1, −2)

k
(F,0)→ k ⊕ k

(0,V )→ k,

hence
∑

j(−1)jhi,j(P ) =
∑

j(−1)jh0,j(P ) = 0.
Therefore, by dévissage, we may assume that P is torsion-free.
Recall that

M := RΓ(PW (k),Zp(n)) = Fib(1− F : grnPW (k)[−n]→ grnPW (k)[−n]).

Suppose that n ̸= 0. Then M = 0, so χs(P,Zp(n))
× = 1. If n < 0, as

the slopes of P are ⩾ 0, all eigenvalues α are distinct from qn, and moreover,
the q-adic valuation of q−nα for any such α is > 0, hence |Z∗(P, q−n)|p = 1.
Finally, for i ⩽ n, hi,j(P ) = 0. So (4.5.1) holds. If n > 0, as ordq(α) ∈ [0, 1),
all eigenvalues α are distinct from qn, and we have ordq(q

−nα) < 0, hence
|q−nα|p > 1, and |1− q−nα|p = |q−nα|p. By Dieudonné–Manin, we find

|
∏ qn

α
|−1
p = q

∑
(n−α) = qen(P )

in the notation of ([48], Theorem 2.3), and qen(P ) = qχ(P,n) by loc. cit. and
Crew–Milne’s formula (4.5.3)).

We are now left with the case n = 0. We have M = P 1−F

W (k)
(as 1 − F is

surjective on PW (k)). By Proposition 2 in 2.5 and ([48], 5.5), for u = 1−γ,we
have

χs(P,Zp)
× = zs(du : Mu →Mu) = |

∏
(1− α)|p

where α runs through the nonzero eigenvalues α of F ∗a on Pk ⊗ Qp which
are p-adic units (and distinct from 1). The other eigenvalues, which are
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of positive slope, do not contribute to the p-adic absolute value of Z∗(P, 1)
(4.5.2). As χ(P, 0) = 0, (4.5.1) follows.

Case (b). We may assume that m = 0. As P is killed by p, we have
Z(P, t) = Z∗(P, q−n) = 1.

Suppose n < 0. Then grnP = 0, hence M = 0 and χs(P,Zp(n))
× = 1.

For i ⩽ n, hi,j(P ) = 0 (4.4.2), hence χ(P, n) = 0, and (4.5.1) holds.
Suppose n = 0. Then gr0PW (k) = k[[V ]], and M = Fp, Fib(u) = Fp ⊕

Fp[−1], hence
χs(Bock(M,u)) = χl(Bock(M,u)) = 0

Trivially, χ(P, 0) = 0. So (4.5.1) holds.
Suppose n = 1. Then M

∼→ k[−1] (as we have seen in the proof of
Proposition 4.3, Case II, m = 1), so, by (2.2 (b)), Bock(M,u) = (Fq

du→
0)[−1], and, by (2.4.1),

χs(Bock(M,u))× = (zs(du))
−1 = (z(du))−1 = q−1.

The invariants T r,s of Ui ([48], p. 210) are zero except for (r, s) = (0, 0),
with T 0,0 = 1. The nonzero Hodge–Witt numbers are h0,0

W = 1, h1,−1
W = −2,

h2,−2
W = 1. By ([48], p. 813, l. 6)) the invariant en(P ) = e1(P ) is

e1(P ) = h0,0
W = 1.

By Crew–Milne’s formula (4.5.3), χ(P, 1) = q, hence

χs(Bock(M,u))× · χ(P, 1) = 1,

which gives (4.5.1).
Finally, for n > 1, grnP = 0, and en(P ) = 0 by ([48], p. 813, l. 6), which

completes the proof of Theorem 5.

5. Application to zeta values: the p-adic case via syntomic F -
gauges

5.1. Let k be a perfect field of characteristic p > 0. For a smooth
scheme X/k, the category Dqc(X

syn) of quasi-coherent complexes on the
Bhatt–Lurie’s syntomic stack Xsyn is called the category of F -gauges over X
(([9], Definition 4.2.1)). The structural map f : X → Spec(k) induces a mor-
phism f syn : Xsyn → Spec(k)syn between the corresponding syntomic stacks,
and if O denotes the structural sheaf of Xsyn, the direct image Rf syn

∗ (O) lies
in Dqc(Spec(k)

syn). If in addition X is proper, then this direct image lies in
the full subcategory Dperf(Spec(k)

syn) of dualizable F -gauges, i.e., F -gauges
whose underlying complex of W (k)-modules is perfect.
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By definition ([9], Construction 3.3.1), the Nygaard stack Spec(k)N is

Spec(k)N = (Spec(W (k)[u, t]/(ut− p))/Gm.

The syntomic stack Spec(k)syn is obtained by gluing the two open substacks
of Spec(k)N isomorphic to Spec(k)∆ by the canonical σ-linear isomorphism
between them ([9], Definition 4.1.1). F -gauges M over k are thus described
by graded W (k)[u, t]/(ut− p)-complexes

M• =
⊕
i∈Z

M i

(the W (k)-complex M i being by definition the ith-step FiliNM of the Nygaard
filtration of M), together with linear maps t : M i+1 → M i, u : M i → M i+1

satisfying ut = tu = p, and a σ-linear isomorphism τ : σ∗M∞ ∼→M−∞ where
M−∞ = colimtM

i, M∞ = colimuM
i.

As recalled in 1.1 (c), by pull-back to the prismatic site of k, we recover
crystalline cohomology up to a Frobenius twist: one has canonically

(5.1.1) RΓ(X/W (k))
∼→ (σ−1)∗j∗∆Rf syn

∗ (O).

We will use Mondal’s notation

(5.1.2) M(X) := Rf syn
∗ (O) ∈ Dperf(Spec(k)

syn)

to denote this dualizable F -gauge over k. By (5.1.1) one recovers the F -
crystal structure of RΓ(X/W (k)), namely its σ-linear endomorphism F ∗ cor-
responding to φ∗

X∆ , which becomes an isomorphism over the fraction field K
of W (k). In particular, if k is finite, with q = pa elements, we recover the
zeta function of X by

Z(X, t) =
∏
i

det(1− F ∗at,H i(M(X)K))
(−1)i+1

,

M(X)K = M(X) ⊗ K (if X is of dimension d, then H i(M(X)K)) = 0 of
i /∈ [0, 2d]).

This suggests to define ([51], Definition 3.2), for a dualizable F -gauge M
over k, with k = Fq as above, its zeta function by

(5.1.3) Z(M, t) :=
∏
i

det(1− F ∗at,H i(MK))
(−1)i+1

as the dualizability condition implies that MK is a perfect F -isocrystal, in
particular, F ∗ : MK → MK is a (σ-linear) isomorphism ([9], proof of 3.4.11,
Proposition 4.3.1).
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For the same reasons as for Pi(P, t) (4.2.1), the polynomials

Pi(M, t) = det(1− F ∗at,H i(MK))

lie in Qp[t]. For n ∈ Z, denoting by ρn the order of the pole of Z(M, t) at
t = q−n, one defines the special value Z∗(M, q−n) by

(5.1.4) Z(M, t) = (1− qnt)−ρnZ∗(M, t),

with Z∗(M, q−n) ̸= 0.

5.2. There is a canonical line bundle O{−1} on Spec(k)syn, called the
Breuil–Kisin twist. By the correspondence ([9], Proposition 4.3.1) between
vector bundles on Spec(k)syn and (non-necessarily effective) F -crystals on
Spec(k) (i.e., finite projective W (k)-modules C equipped with a σ-linear
isomorphism C[1/p]

∼→ C[1/p]), O{−1} corresponds to the effective F -crystal
(W (k), pσ). Confusing as it may look, as explained two lines below ([9],
Definition 4.3.4), it corresponds to the line bundle O(1) on the Nygaard
stack Spec(k)N . In particular, it has Hodge–Tate weight 1 (in the sense of
([51], Definition 2.5), i.e., its pull-back by the (closed) immersion (BGm)k →
Spec(k)syn is the graded module k concentrated in degree 1.

For n ∈ Z, one defines O{n} := O{−1}⊗(−n), and, for an F -gauge M ,
M{n} := M ⊗ O{n}, where the tensor products are taken for the natu-
ral symmetric monoidal structure on Dperf(Spec(k)

syn). Finally, as in ([51],
Definition 2.19), one defines the weigth n syntomic cohomology of M by

(5.2.1) RΓ(M,Zp(n)) := RΓ(Spec(k)syn,M{n}) ∈ D(Zp).

For M = M(X), we have a formula similar to (4.2.4), namely

(5.2.2) RΓ(M(X),Zp(n)) = RΓ(X,Zp(n)).

This follows from ([9], Proposition 4.4.2, Remark 4.4.9).
We have the following analog of Proposition 4.3:

Proposition 5.3. Let M ∈ Dperf(Spec(k)
syn) (5.1). Let u be the endo-

morphism 1− γ of RΓ(Mk,Zp(n)). Then:
(i) RΓ(Mk,Zp(n))⊗Qp is a perfect complex of Qp-vector spaces.
(ii) RΓ(M,Zp(n)) ( ∼→ Fib(u)) is a perfect complex of Zp-modules.

Proof. (i) is more or less a formal consequence of the Dieudonné–Manin
classification ([51], Corollary 2.21). (ii) is a result of Bhatt ([9], Proposition
4.5.1).

By 2.3, Proposition 1, we get
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Corollary 5.4. For M and n as in Proposition 5.3, the multiplicative
stable Bockstein characteristic (Definition 2.4)

(5.4.1) χs(M,Zp(n))
× := χs(Bock(RΓ(Mk,Zp(n)), 1− γ))×,

denoted µsyn(M,n) in ([51], 6.4), is defined.

Proposition 5.3 and Proposition 4.3 should actually be equivalent, as we
will see in section 6.

Finally, one defines ([51], Definition 6.3) the n-th weighted Hodge–Euler
characteristic (Milne’s correcting factor) χ(M,n) by

(5.4.2) χ(M,n) :=
∑
i,j,i⩽n

(−1)i+j(n− i)hi,j(M),

where hi,j(M) are the Hodge numbers of M , defined as

hi,j(M) := dimkH
i+j(MHodge,i),

where MHodge = ⊕iM
Hodge,i is the graded complex of k-vector spaces defined

by pull-back by the closed immersion (BGm)k → Spec(k)syn.

In the same way as Theorem 4 followed from 4.5, Theorem 5, Theorem 4
will follow from the next theorem.

5.5. Theorem 6. ([51], Theorem 6.5) Let M be a dualizable F -gauge
over k = Fq, q = pa, and let n ∈ Z. Then, with the notation (5.1.4), (5.4.1),
(5.4.2), we have

(5.5.1) |Z∗(M, q−n)|−1
p = χs(M,Zp(n))

× · qχ(M,n).

As for the proof of Theorem 5, the strategy consists in exploiting the
additivity of the stable Bockstein characteristic on fibrations to reduce, by
dévissage, to a few cases that can be easily handled. The problem is that, in
contrast with the case of Db

c(Rk) no dévissage for F -gauges similar to that
of Ekedahl was available in the literature.

The very first step is to rewrite RΓ(M,Zp(n)) is terms of the Nygaard
filtration, namely we have a fiber sequence

(5.5.2) RΓ(M,Zp(n))→ FilnM
φn−can→ M,

where Fil• denotes the Nygaard filtration ([9], Construction 3.3.1, Theorem
3.3.5, Remark 4.4.6) and φn a divided Frobenius, cf. ([9], Proposition 4.4.2)),
where the proof works similarly for a general F -gauge M . In the second
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and third terms of (5.5.2), M denotes by abuse the restriction of M to the
prismatic site of k (for M = M(X) this restriction is (σ−1)∗RΓ(X/W (k))).

The second one is to interpret χ(M,n) in terms of the Nygaard filtration
of M . By Proposition 5.3, the complex of W (k)-modules underlying M is
perfect, and similarly for any quotient M/FilrM . Moreover, by definition
of Filr, FilrM → M is an isogeny, ie. (M/FilrM) ⊗ K = 0, hence all
H i(M/FilrM) are finite length Zp-modules, so that the finite length Euler
characteristic χl(M/FilrM) is defined (2.1.5). Recall that q = pa. We have
([51], Proposition 6.7):

(5.5.3) χl(M/FilnM) = aχ(M,n).

The proof is formal, using pull-back by the maps (BGm)k → A1
k/Gm →

Spec(k)syn. The dévissage of grrM in terms of Hodge-type invariants is simi-
lar to the formula describing the graded for the Nygaard filtration on the de
Rham–Witt complex

grrN (WΩ•
X)

∼→ τ⩽rF∗Ω
•
X/k.

In the proof of Theorem 6, formula (5.5.3) is a substitute for the (mysterious)
Crew–Milne’s formula (4.5.3).

In the proof of Theorem 4 in case II, though RΓ(Pk,Zp(n)) was far from
being perfect over Zp, it turned out that Fib(1 − γ : RΓ(Pk,Zp(n)) →
RΓ(Pk,Zp(n)) was, and in fact was of finite length, so that the stable Bock-
stein characteristic of (RΓ(Pk,Zp(n)), 1 − γ) was just the naive Bockstein
characteristic. A substitute is provided by the following result:

Proposition 5.6. ([51], Proposition 6.9). Assume that M is annihilated
by pm for some m > 0, i.e., multiplication by pm on M is homotopic to zero.
Then we have

(5.6.1) χs(M,Zp(n))
× = q−χ(M,n).

Proof. In the fiber sequence (5.5.2) all three terms are perfect complexes
over Zp (by 5.3 (ii) for the left one). The hypothesis implies that they are
annihilated by pm, hence have finite length cohomology groups. Therefore,
we have

χs(M,Zp(n)) = χl(M,Zp(n)) = −χl(M/FilnM),

which, by (5.5.3), gives (5.6.1).

A substitute for the dévissage of Db
c(Rk) into objects of type I and type

II is provided by part (a) of the following key result:

40



Proposition 5.7. ([51], Lemmas 6.10, 6.14). (a) Let M be a (dualizable)
F -gauge over k. Then there exists a fiber sequence

T →M → V,

with V =
⊕

1⩽i⩽N Vi[ri], where Vi is a vector bundle on Spec(k)syn, ri ∈ Z,
and T is an F -gauge where multiplication by pm is homotopic to zero for
some m ∈ N.

(b) Let V be a vector bundle over Spec(k)syn. Then there exists a fiber
sequence

T → V →
⊕

−m1⩽i⩽m2

Ui,

where m1, m2 are nonnegative integers, and for each i, Ui{i} is a vector
bundle with Hodge–Tate weights in {0, 1}, and T is an F -gauge where mul-
tiplication by pm is homotopic to zero for some m ∈ N.

Proof. Part (a) follows from the fact that M [1/p] is an F -isocrystal,
and from the description of vector bundles on Spec(k)syn as not necessarily
effective F -crystals ([9], Proposition 4.3.1).

Part (b) follows from the Dieudonné–Manin classification and the slope
decomposition of F -isocrystals over k.

The relevance of vector bundles of Hodge–Tate weights in {0, 1} appears
in the following (deep) result of Mondal, which, in a sense, shows that such
vector bundles behave in the same way as the objects of Db

c(Rk) called Hodge–
Witt complexes ([22], p.28). In particular, over k, their cohomology groups
with coefficients in Zp(n) are finitely generated over Zp.

Proposition 5.8. ([51], Proposition 6.15). Let k be an algebraically
closed field (of characteristic p > 0). Let V be a vector bundle over Spec(k)syn,
with Hodge–Tate weights in {0, 1}. Then

(5.8.1) H i(V,Zp(n)) = 0

for i ̸= 0 or n /∈ {0, 1}, and, if n = 0 or n = 1, H0(V,Zp(n)) is finitely
generated over Zp.

Proof. This is the heart of Mondal’s paper [51]. The starting point is
that the (contravariant) Dieudonné module functor defines an equivalence
from the opposite of the category of p-divisible groups over k to the category
of vector bundles on Spec(k)syn with Hodge–Tate weights in {0, 1}, i.e., F -
crystals V over k such that pV ⊂ F (V ) ([52], (3.4.15)). The equivalence with
the latter category is of course due to Dieudonné, however, its reformulation
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in the language of F -gauges, due to Mondal ([52], Theorem 1.0.13), turns
out to be a key ingredient in the proof of Proposition 5.8.

The vanishing (5.8.1) for i < 0 or n < 0 is trivial. For n ⩾ 0, we have

H i(V,Zp(n)) = H i(FilnV
p−nF−ι→ V )

(with ι the canonical map), where the complex on the right hand side is
placed in degrees 0 and 1. The vanishing for i > 1 is therefore trivial, and
it is easy for i = 0 and n > 1, as well as for i = 1 and n = 0. The finite
generation for n = 0 is easy, too. What is not “easy” is:

(i) H1(V,Zp(n)) = 0 for n > 1;
(ii) finite generation of H0(V,Zp(1));
(iii) H1(V,Zp(1)) = 0.
For these three assertions, Mondal uses that by ([52], Theorem 1.0.13,

Definition 1.0.11), V corresponds to a Barsotti-Tate group G over k:

V = R2v∗OBGsyn ∈ Dperf(Spec(k)
syn,O)

where v : BGsyn → Spec(k)syn is the functoriality map. In particular, it
implies ([52], Proposition 3.5.16) that

H i(V,Zp(1))
∼→ H i

qsyn(Spec(k), Tp(G
∨)),

where G∨ is the dual of G, Tp(G
∨) its Tate module, and the subscript means

that cohomology is taken for the quasi-syntomic topology. The proof of (ii)
and (iii) relies on this. The proof of (i) uses the Hodge–Tate sequence for V
(cf. ([52], Proposition 3.3.8).

Proof of Theorem 6. If M is annihilated by pm for some m > 0, then
MK = 0, Z(M, t) = Z∗(M, q−n) = 1, and (5.5.1) holds by Proposition 5.6.
By Proposition 5.7 (a), (b), we may therefore assume that M is a vector
bundle V with Hodge–Tate weights in {0, 1}. Then, we have

Z(V, t) = det(1− F ∗at, VK) = (1− qnt)−ρnZ∗(V, t),

with ρn the order of the pole at n and Z∗(V, q−n) ̸= 0, hence

|Z∗(V, q−n)|−1
p = |

∏
ui ̸=qn

(1− uiq
−n)|p,

where {ui} runs through the eigenvalues (with multiplicities) of F a∗ on VK

(a formula similar to (4.5.2).
By Proposition 5.8, we have

RΓ(Vk,Zp(n)) = H0(Vk,Zp(n)),
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which is a finitely generated Zp-module, and

H0(Vk,Zp(n))⊗Qp) = (V ⊗Qp)
Fk−pn

where V on the right hand side means the underlying W (k)-module induced
by V . As in the proof of case (a) of Theorem 5, by Proposition 2 in 2.5 and
([48], 5.5), for u = 1− γ, γ = σa, we have

χs(H
0(Vk,Zp(n))

× = zs(du : H0(Vk,Zp(n))
u → H0(Vk,Zp(n))u)

= |
∏

ui ̸=qn,vp(ui/qn)=0

(1− qn

ui

)|p.

It follows that

|Z∗(V, q−n)|−1
p = χs(H

0(Vk,Zp(n))
× · |

∏
ui ̸=qn,vp(ui/qn)<0

(1− qn

ui

)|p

To complete the proof, one observes that the formula

|
∏

ui ̸=qn,vp(ui/qn)<0

(1− qn

ui

)|p = qχ(V,n),

i.e., ∑
vq(ui)<n

n− vq(ui) = χ(V, n),

which replaces Crew–Milne’s formula, follows from the interpretation of V
as the Dieudonné module of a p-divisible group G over Spec(k), and the
Hodge–Tate sequence for G, which implies that the Hodge numbers of V are
h0,0 = dimktG∨ = dim(G∨) and h1,−1 = dimkωG = dim(G), hence

χ(V, n) = ndim(G∨) + (n− 1)dim(G)

for n ⩾ 1, and χ(V, n) = 0 for n ⩽ 0.

Complements 5.9.

(a) Let M be a dualizable F -gauge over k and n ∈ Z. Then we have ([51],
Proposition 3.5):

(5.9.1)
∑
i∈Z

(−1)irkH i(M,Zp(n)) = 0
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Proof. The main point is that, by Proposition 5.3.1, for all i ∈ Z,
H i(Mk,Zp(n)) ⊗ Qp is of finite dimension over Qp. Hence, for u = γ − 1,
γ = σa ∈ Gk, we have

(5.9.2) dim (H i(Mk,Zp(n))⊗Qp)u = dim (H i(Mk,Zp(n))⊗Qp)
u

(where (−)u and (−)u denote cokernel and kernel of u respectively). Formula
(5.9.1) follows from the exact sequences
(5.9.3)

0→ (H i−1(Mk,Zp(n)))u → H i(M,Zp(n))→ (H i(Mk,Zp(n)))
u → 0.

Formula (5.9.1) is similar to assertion (a) in ([48], Theorem 0.1). However,
the semisimplicity assumption of the eigenvalue qn made in loc. cit. is not
needed. In fact, using Proposition 4.3, one can directly prove assertion (a)
unconditionally. As we will see in the next section, the two formulations
should in fact be equivalent.

(b) Let M be a dualizable F -gauge over k and n ∈ Z. Let ρn be the
order of the pole of Z(M, t) at t = q−n. Now, assume that, for all i ∈ Z, qn
is a semisimple eigenvalue of F ∗a acting on H i(MK). Then we have ([51],
Proposition 3.9)

(5.9.4) ρn =
∑
i∈Z

(−1)i+1i rkH i(M,Zp(n))

Proof. Let ρn,i be the order of the zero of Pi(M, t) := det(1−F a∗t,H i(MK))
at t = q−n, equivalently, the multiplicity of the eigenvalue qn of F a∗ on
H i(MK), i.e.,

Pi(M, t) = (1− qnt)ρn,iP ∗
i (M, t)

with P ∗
i (M, q−n) ̸= 0. Thus,

ρn =
∑
i

(−1)iρn,i.

The semisimplicity assumption says that, for all i,

ρn,i = rkH i(Mk,Zp(n))
Gk .

By (5.9.2) and (5.9.3) it follows that

rkH i(M,Zp(n)) = ρn,i−1 + ρn,i,

which implies (5.9.4).
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Formula (5.9.4) is similar to assertion (b) in ([48], Theorem 0.1), and
again can be proven directly using Proposition 4.3. And the two formulations
should be equivalent.

But in contrast with (a), the semisimplicity assumption is needed here.
In the case M = M(X) for X/k a proper and smooth surface, and n = 1,
only ρ1,2 can be nonzero, and ρ1,2 = ρ1. The semisimplicity assumption is
equivalent to conjecture (iv1) in Theorem 1, of which (5.9.4) is a reformula-
tion.

6. From coherent complexes to syntomic F -gauges

This section is a sketch. Details will hopefully be written elsewhere.

6.1. Recall (5.1) that by ([9], Remark 4.2.8) an object M of Dqc(Spec(k)
syn)

corresponds to a p-complete, graded (W (k)[u, t]/(ut− p)) complex

M• =
⊕
i∈Z

M i,

with W (k)-linear maps

t : M i+1 →M i, u : M i →M i+1

satisfying ut = tu = p,16 together with an isomorphism

τ : σ∗M∞ ∼→M−∞,

where M−∞ = colimtM
i, M∞ = colimuM

i (both p-completed). The F -gauge
is dualizable (or perfect) if t is an isomorphism for i << 0, u an isomorphism
for i >> 0 (so that the maps u∞ : M0 → M∞ and t∞ : M0 → M−∞

are p-isogenies), and M∞ (or equivalently M−∞) belongs to Db
c(W (k)) ([9],

Remark 3.4.6).
Given an object P of Db

c(Rk), Ekedahl ([22], II Definition 3.1) associates
to it an F -gauge M defined in the following way: M i is the object deduced
from P by replacing the differential d : P i−1 → P i by dV : σ∗P

i−1 → P i, and
leaving the other differentials unchanged (except that P j is replaced by σ∗P

j

for j ⩽ i− 1). This modification was first introduced by Nygaard in the de
Rham–Witt complex ([56], Definition 1.1) and denoted P (i, 1). In this case
(X/k smooth), one has canonically

WΩ•
X(i, 1)

∼→ (pi−1VWOX
d→ pi−2VWΩ1

X
d→ · · · d→ VWΩi−1

X

d→ WΩi
X

d→ · · · ).
16The maps u and t are denoted respectively F̃ and Ṽ in ([22], II Definition 2.1) and f

and v in [23].)
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The complex on the right hand side is the ith step FiliNWΩ•
X of the Nygaard

filtration, and by application of RΓ(X,−), when X is in addition proper,
gives FiliNRΓ(X/W (k)).

The maps
u : M i →M i+1, t : M i →M i−1

are defined as in ([56], Definition 1.2), i.e.,

u : P (i, 1)→ P (i+ 1, 1)

is given by F : P i → σ∗P
i in degree i (p in degree ⩾ i + 1 and identity in

degree ⩽ i− 1),
t : P (i+ 1, 1)→ P (i, 1)

is given by V : σ∗P
i → P i in degree i (identity in degree ⩾ i + 1 and p in

degree ⩽ i− 1). This construction gives rise to a functor (denoted S in ([22],
Definition 3.1)), that we will denote

(6.1.1) E : Db
c(Rk)→ Db

perf(Spec(k)
syn),

which should be upgraded to a functor between stable derived∞-categories.
Ekedahl’s main theorem is the following.

6.2. Theorem 7. ([22], III Theorem 5.3) The functor (6.1.1) is an
equivalence.

Ekedahl’s statement is, of course, for the underlying homotopy cate-
gories, but one can reasonably expect that it can be upgraded to the∞-level.
Ekedahl’s proof, which is long and technical, consists in constructing a left
adjoint to E and showing that the adjunction maps are isomorphisms. It
would be nice to find a simpler, more conceptual proof.

6.3. The categories Db
c(Rk) and Db

perf(Spec(k)
syn) have natural symmetric

monoidal structures. For the latter one, it is of course given by usual ⊗L and
RHom. For the former one, its construction is non-trivial. It was done by
Ekedahl ([21], I). See ([33], 2.6) and ([48], 3) for a review of the main points.
The functor E should be compatible with these structures.

Both categories have Tate twists: P 7→ P (n) = P •+n,•−n [45], ([48], 1.7)
for Db

c(Rk) and M → M{n} (the Breuil–Kisin twist) for Db
perf(Spec(k)

syn).
Both W (k)(−1) and W (k){−1} correspond to the F -crystal (W (k), pσ). If,
as expected, E is compatible with the symmetric monoidal structures, then
we will have, for P ∈ Db

c(Rk) and all n ∈ Z,

E(P (n))
∼→ E(P ){n}.
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6.4. Assuming that the above holds, then, for k = Fq, q = pa, P ∈ Db
c(Rk)

and M = E(P ) ∈ Db
perf(Spec(k)

syn), and n ∈ Z, we will have:

Z(P, t) = Z(M, t)

RΓ(P,Zp(n)) = RΓ(M,Zp(n)),

χs(P,Zp(n)) = χs(M,Zp(n)),

hi,j(P ) = hi,j(M),

χ(P, n) = χ(M,n),

and therefore (4.5.1) for P will be equivalent to (5.5.1) for M . A similar
equivalence will hold for the complementary results 5.9 (a) and (b).
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