
CuriousHard Tefschetz, for Char. Varieties.

g20n =1.nc(2/nx)
*

Eg:genus of surface.

Weweightfiltration on H (Mn, DC.

Thm.(Mellit. Cong. by Hansel- R.Willegas).

(i) Hi(Mn.D) is ofTate type (=> Who is even).

(ii). dimGrWim HE (Mn, K) =dimGrAHIM (Mn. K). #m

(iii) 7a symplectic form WCHT (Mn. K). S.. om induces

above isomorphism.

(ii) "curious Poincareduality"
(iii) "Curious Hard Lefschetz"

&em:(i) Proofuses a parabolic analog Mpar ofMa

cadd punctures & non-scalar monodromy).
=>This holds in generality
(ii) Consequence ofP =W.

From relative Hard Lefschetzfor M.Mitch -> t
we want PCsatisfies CHL &CPD

=>
tohave Pok =Wezkenough toshow

P(k=Wx2k(tF).



3 Recall Hodge Theory notions

X:smooth proj. dim n. H((X; D) is a pure Hodge struc

of weight j H(X: 0) =0HP9(X).

complex. 21
↓

p+g=j

Conj
·(n,n) (Usual Hard Lefschretz).

· Isome duality, WCH" (X.D) hyperplane section,

&(n.0:
&
· "(0,n) (WSF.H4.9(X;D) a(n

- p.n-9(X,)
·

(0,0) CHodge filtration)

Fzp =p,HisFaq =0tH"5.
MHS:

Itis a P-vector space

\ N. ↑ weight filtration

Fo& Hodge filtration.

Def:(H.W..,F2.) isofTate type if H4.9 =90) => p = 9.

i.e.0 0

Iconcentrate

=>W12kH =NxzK& F2..E. splits Wc ·

Egofvarieties ofTate type.
· x =4 H: (X;4) =Hc(X:() =1 "'(X,e). ofht2.

· X =4X Hc(X;D) =90]

HE(X;) =4 all ofweight 0.

He (X:() =4 all ofweight2.



us all of(*)*x (D)are ofTate type.
X smooth proj ↑eXsub-var. [Y]CHP*(X) ofdimY =P.

CHL vs. HL

usual HL:W is ofcok deg =2. F, F-deg =(1.1)
weight=2

curious HL:W is of coh deg =2. F.F deg =(2.2).
[

weight =4.

Def.Letbea f.dim vector space. a pair (G o, w) w/

que End (V)

G. ↑ filtration on V. W.Gxk = Gkk+2
.

satisfies CH2 w/middle deg zd, if Vi.

wi.G-d - 2/G.>nd-ci - 1

=Gsdtz/Gizdzi-1.
same det. for G. & filtration]

Rem.If w is milpotent. Ved.]a unique decreasing

filtration. Sit. (G20,0) satisfies CHL ofmid.deged.

Def:If Xis a complex quasi-proj. variety.WeHXD.

then we say (X:w) satisfies CHL ofmid degedif
CHI(X; 43. We, XW) does

Rat.Assume that(X.w) satisfies CHL ofmid degree zd.

& Xis ofTate type. Then since F1. splits We..



one can show (H*(X:D.F...W) satisfies

CHL => F is completely determined by NW.

Bexample:

CLC")"Yw). w = =Wij xx -.
i <j

i,j =,..,2n

(Wi,j) non-deg.
middle deg =2n.

Weak stratification:
X:topological space. C:post. (finites.

X =ay XO is a weakstratification. if. FOCL.

X. EX-36.

us]a refinementof1 intototally ordered poset.

=> get a (usual) weakstratification X =1X:
Xi=H.Xsi

Pop.LetXbe a quasi-projalg. variety. W)a weak

stratification.
· Xis ofTate type ifall X:are

· letW GHT (X, K). If EdSt. Vi (X.W(Xi)

satisfies CHL w/mid dim d, then so does (X.W).



Idea ofProofofThu.

(i) Introduce Mpar (Iw punctures

(b) When I a puncture w/ regular semi-simple monodromy.

constructspar intocells ("braid varieties").

whose strata are (D*)2d-2i x 1"for some i.

(2) Constructa (tantological) class CH"(MsPar), whose

restriction toeach cell satisfies CHL.

=> CHL+Tats for MPar

(d) Use a Springer argumenttodeduce the case ofMr.

Braid varieties:

Br
..((((Δbig/N=Gn) =(0)1 (00i+1)3 =2d

-> (685)" =2dif(i-j)>1?

WS,

Brutmonoid generated by [0:].

I canonical lifting n ->Br

T=Sie.... Siwe T =

di...- ois
~

reduced expression.
m

↓ BaBrtws Ss braid variety.

& C BrB =

sie "- Oie reduced. Exp.



fo:p >G(n

....(2,... ,ze)1 > Mie(ze)... - MisSEs).Nj(z5) =
π
..

Eg :If B = E for NEW. then.

fp =pe
=

π.U UE =u
-

1xG
-

(Bmhat cell).

s =fp+(B)
=f(2,... .ze)/(ie(ze)...Mie(z,) =B].

Rog:isindependentof reduced expression of

Cell decomposition of

T= j <ye(p)
+1.

⑨

(z) 7 (Po(E), p.CE), ...Pe(El)

Mir(Er)... Miz(z1) aBPk(E) B.

FACT. PCE) is a walkin W. Po(E) =1

[Pe(z) =1.

Sixt PACES If U(SixBk(zs)> e(PrCEs)Pk+1(z) =

9 Six+Pk(E/ else.
or PKCE)

Analogy ofHacka alg.

Ihm:tp, 4y =T(f) =J is isomorphic to

#stays

(2*) xpHup.


