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Motivation : a finite group action on a vN algebra M

MECMCMxGC(MxG)xGcC..

Outer action : (M®)' N M = C1 = All vN algebras

are factors and [M : M®] =[M x G : M] = ... = |G|

Galois correspondence : M® € K € M <= subgroups of G.
Il -factors : (M, T), where 7 is a faithful normal finite

trace : T(ab) = 7(ba).

Example of /I factor : M = L(H), H is a discrete

ICC group, 7(m) =< mde, de >
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Fundamental construction

Mo C (My,7) — e: L2(My,7) — Moy, My = {My, e} - a factor
My C My C M, C ... Jones tower
[My, Mo] := 7(e) ! € {4cos? % In >3} U[4, o0
Derived tower :
MO My © My My © My Ms C ... Finite dim

Depth k -fundamental construction from step k

Example : M6 € M C M x G C (Mx G)x G C ... - depth 2

Leonid Vainerman (en collaboration avec J.-M. Vallin) Sur la classification des sous-algebres co-idéales des groupoides q



Kac algebras and subfactors

Theorem (R. Longo, W. Szymanski, M.-C. David)

My C My : type Il subfactors of finite index and depth 2,
M My = C1, My € My & Mo & Ms....... Jones tower
o A= MynN M,, B= M;N Ms : Kac algebras in duality
@ B acts on My and My = I\/IZB, M3 = 6(M, x B)
o [Mc: My_1] =dimA=dimB (k=1,2,.)

Further motivation : M(’) N My # C1, non integer index,
Depth > 2

Leonid Vainerman (en collaboration avec J.-M. Vallin) Sur la classification des sous-algebres co-idéales des groupoides q



Finite quantum groupoids and subfactors

Theorem (D. Nikshych-LV)
Let My C M be an inclusion of type I} factors of finite index

and finite depth with the corresponding Jones tower

My C My CMyC MsC...... Then :

1LA=MyN M1, B=M, ;N Mz,

are C*-weak Hopf algebras in duality.

2. B acts on Mb,_1 and M,_1 = Man—p Mspn—2 = (Ma,—1 x B).
3. The lattices of intermediate vN subalgebras and of right coideal

C*-subalgebras of B are isomorphic (Galois correspondence).
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Weak Hopf Algebras (Finite Quantum Groupoids)

Definition

® = (B,A,¢,S), where (B, A,¢) is a finite dimensional bialgebra
(but A(1) # 1® 1 and e(ab) # e(a)e(b), in general!) s. t.

() (A®idA(1)=12AQ)(AL1)®1) = (A1) ®1)(1®A(1)),
(ii) e(abc) = e(ab(1))e(b2yc) = e(ab(z))e(buyc). Va, b,c € B,
(here A(b) = b(1) ® b(z) - Sweedler notation)
(ii

iii) Antipode S : B — B is a bialgebra anti-isomorphism s. t.
m(ld X S)A(a) = 8(1(1)3)1(2),
m(S ®id)A(a) = 1(1)8(31(2)),
S(awy)ae)S(a@)) = S(a).

A C*-WHA : B is a C*-algebra, Aox* = (x®%) and (So*)? = idp.
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Some properties of WHA's

1. The dual B has a structure of a weak C*-Hopf algebra &

2. & is a Hopf C*-algebra if and only if either

A(l)=1®1 or e(ab)=ce(a)e(b)
3. Target and source counital maps and counital C*-subalgebras :
ee(a) = m(id ® S)A(a), es(a) = m(S®id)A(a), Vae B
C*-subalgebras B; := Im(et) and Bs := Im(es), [Bs, Bt] = 0.

A(1) € B, ® By

4. & (resp., & ) is commutative iff B = to )the algebra of func-

tions on (resp., to the groupoid algebra of) a usual groupoid.
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Tensor C*-categories

A C*-category is a category whose morphism spaces Hom(X, Y)
are Banach spaces such that ||So T|| < |[|S||||T|| (cis a
composition of morphisms) admitting antilinear contravariant
involutive conjugation * : Hom(X,Y) — Hom(Y,X): T — T*
s.t. ||[T*T|| = ||T||?>. So any End(X) is a unital C*-algebra and
there are orthogonal projections p € End(X) : p = p* = p?, uni-
taries u: X — Y : uv*u = idx, uu* = idy and partial isometries

w:X =Y w'w=px, wv* = qy.

A tensor C*-category is a C*-category which is a tensor category

in the usual sense with tensor product ® an unit object 1.

Leonid Vainerman (en collaboration avec J.-M. Vallin) Sur la classification des sous-algebres co-idéales des groupoides q



The category Rep(®) of Unitary Representations

Objects : f.d. Hilbert spaces which are also left B-modules :
<b-&n>=<&b -n>, VbeB,¢,neH
Morphisms : B-linear maps

Tensor product :

e of objects : A(1g) - (H® K)

@ of morphisms : restriction of the usual tensor product
of B-module morphisms

Unit : 1 =B, via b-z=1¢4(bz), Vbe B,z€ B;
Dual object : H with action < b-V,v >:=<V,S5(b) - v >

If BinZ(B) = C, Rep(®) is a finite tensor rigid C*-category.
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The category Corr(R) of correspondences

Let R be a unital f.d. C*-algebra

Objects - Hilbert spaces H with a unital x-homomorphism

a: R — B(H) and a unital x-anti-homomorphism 3 : R — B(H)
whose images commute in B(H) (so H is an R-bimodule via
a-v-b=a(a)f(b)v, Ya,be R, v € H).

Morphisms - bounded linear maps intertwining «(R) and S(R).
The conjugate morphism is the adjoint linear map.

Tensor product. H; Qg H>.

Corr(R) is a semisimple multi-tensor C*-category with unit

1 = R (the scalar product on R via the normalized trace).
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The Hayashi's reconstruction theorem

Let C be a finite rigid tensor C*-category. Define a functor H :

C — Corr¢(R), where R = @ Cpy is a commutative C*-algebra :
x€Q

H(x)=H* = @ Hom(z,y ® x), V x&Q=Irr(C).
v,z€Q

H* is R-bimodule : p, - H* - p, = Hom(z,y ® x), Vx,y,z € Q

The tensor structure on H is Hy, 1 H* @ HY — H*®Y
R
defined by Hy,(v® w)=a,,o(v®id,)ow,

forallve p,-H -ps,w € pr - H - ps,z,5,t € Q.
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The scalar product on Hom(z,y ® x) : < f,g >x=g"of €
End(z) = C, the subspaces Hom(z,y ® x) are declared to be

orthogonal, so H* € Corr¢(R). Then H is a C*-tensor functor.

The vector space

B = @(HX ® H),

xEQ

carries a regular biconnected WHA structure & s. t. Rep(@) =Jes

If v,w € H*, g, h € H”, {v} is an orthonormal basis in H*, then :
(W®V)x‘(g®ﬁ)y = (Huy(w ® g)&Hyx,y (v @ h))xay € HOE ) HOx)

Aw V) =PWwe v (v ov) (YxyeQ)
J
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&-C*-algebras

Definition
A &-C*-algebra is a unital C*-algebra A with

a x-homomorphism a: A — A® B (a right coaction) s.t.

(a @ idg)a = (ids ® A)a
(ida ® €)a = ida
ﬂ(lA) € A & Bt

Example : a weak right coideal x-subalgebra A C B (i.e.,
A(A) C A® B, A(1a) € A® B) with the coaction A4
One has necessarily 14 € B;. If 14 =15, Ais called

a coideal *-subalgebra (in what follows, just a coideal).

A 6-C*-algebra is called indecomposable if it is not

a direct sum of two nontrivial &-C*-algebras.
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Spectral subspaces (isotypical components)

Theorem ([VV], 2017)

Let (A, a) be a unital &-C*-algebra A. For any U € Rep(&)
there exists a vector subspace Ay of A such that the family
{Ay|U € Rep(&)} satisfies the following properties :

(i) Ay are closed and we have A = XGEBQAUX' where {U*} are

irreducible representations of &.

(ii) AyxAyy C @Az, where z runs over the set of irreducibles
z

contained in U* ® UY.

(iii) a(Ay) C a(14)(Au ® By), where By is the subspace of B
generated by the matrix units of U € Rep(@i).

(iv) Ac is a unital C*-subalgebra of A

Leonid Vainerman (en collaboration avec J.-M. Vallin) Sur la classification des sous-algebres co-idéales des groupoides q



Module categories

Definition
A C*-category M is called a left module C*-category over

a C*-tensor category C if there is a bilinear x-functor
X :C x M — M with natural unitary transformations
XRY)IM = XK(YRM) (X,YeC,MeM)
satisfying the module associativity conditions.

An object M € M generates M if any object of M is

isomorphic to a subobject of X XI M for some X € C.

A morphism between two C-module C*-categories is a

morphism of underlying C*-categories respecting X.
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Reconstruction theorem for &-C*-algebras

Theorem ([VV], 2017)
Let & be a regular coconnected WHA (i.e., B N Bs = C1).

Then the following two categories are equivalent :

(i) The category of unital &-C*-algebras (A, a) with unital
B-equivariant x-homomorphisms as morphisms.

(ii) The category of pairs (M, M), where M is a left Rep(&)-
module C*-category with trivial module associativities and M is

a generator in M, with equivalence classes of unitary Rep(®)-

module functors respecting the prescribed generators as morphisms.

Remark For compact quantum groups, similar result was obtained

by K. De Commer, M. Yamashita (2013) and S. Neshveyev (2014).
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From a pair (M, M) to a &-C*-algebra (A, a)

A=PAy = EP(F(U) @ H¥), where
xeN xeN

~

F(U) = Homu (M, UX M) (V¥ U € Rep(®)), defines a functor

~

F : Rep(®&) — Corr(End(M)) having a weak tensor structure [Nes]
Ixy(X®Y)=(idoY)X (X € F(U),Y € F(V), U,V € Rep(&).
The unit is 1; = idy ® 15 and the product in A is

(X@E)(Yem) = Ix,y(X®Y)2(Es,7), V(X@E) € Ay, (YER) € Av.
A right coaction of & on A is given by
a(X © V) = X 0 (v © UY)

({v/'} € H* is an orthonormal basis, U}; are the matrix elements).
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Tambara-Yamagami categories

TY(G,x,B) = Vecgc @ {m} (G is abelian finite group, x : G X G
— T is a non degenerate symmetric bicharacter, 8 = £(/|G|)™1)

Q=1Irr(TY(G,x, 3)) = G U {m}, the fusion rule is
gh=g+h g=—-g, 1=0€@G,
gdm=mg=m=m*", mem= @ g,
geiG
and the only nontrivial associativities are

® agmn=x(g,h)idy , forall g,he G,

® amg,m = eBx(g7 h)idy, for all g € G,
heG

@ Aammm = (5X(g7 h)ilidm>g,h '
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WHA associated with TY(G, x, )

G7y isa WHA s. t. Rep(G1y) = TY(G, x, ) (C. Mével (2010)).

The structure of the Hayashi's functor gives

HE= & Cvi, H"=[a Cyle[® Cvw'l.
xEQ heaG heC

Indecomp. & 1y-C*-algebras = indecomp. Rep(&Ty)-C*-module

categories M with trivial associativities and fixed generators M.

Notation : H+ := {g € G|x(g,h) =1, forall h€ H < G}.

One can deduce from the results of E. Meir, E. Musicantov (2012) :

Leonid Vainerman (en collaboration avec J.-M. Vallin) Sur la classification des sous-algebres co-idéales des groupoides q



Proposition. There are two cases :

(i) M is indecomposable over Vecg iff there is H < G
st. H=H, A =Irr(M) = G/H and the fusion rule of M is :

UERMy =My, U'RMy= & M, (Vge&G,\eG/H)
neG/H

(i) M is decomposable over Vecg iff there is H < G,
A = Irr(M) = G/H U G/H"* and the fusion rule of M is :
USRI My = Mgy (g€ G, AEA), and

U"XRIM,= & M, UM, = & M,.
P ueG/HL : a pEG/H P

Remark Any object M = @& myM, is a generator of M.
AEA
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Theorem 1. There are 2 types of indecomp. & 1y-C*-algebras :

(i) Labeled by tuples (H = H+ < G, {my|\ € G/H}), where
my € Z, ,\Z/\m)‘ > 0. Tuples (H,{my}) and (H',{m)}) give
€

isomorphic algebras iff H = H' and m\ = my,« (3k € G/H)

(ii) Labeled by tuples (H < G, {my|\ € G/H},{m,|p € G/H*}),
my, m, € Zy, at least one is > 0.

Tuples (H, {mx},{m,}) and (H',{m\}, {m}}) give isomorphic
algebras iff H = H" and m\ = my 4, mj, = m, 4, (3(ka, ko) €

G/H x G/HY). If H=H*, also m\ = m,(,);and m, =

Mgy(\)+ky» Where o permutes 2 copies of G/H.
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Distinguishing weak coideals

Lemma

If Ais a weak coideal, we have my € {0,1} for all A € A, so we
can identify M = & myM, with Z C A. This gives
AeN

dim(F(U€)) = |Z N (g + Z)|, Vg € G.

In case (ii) we identify M = (Z, Z;), where Z C G/H,
Z; C G/H*, so dim(F(U™)) = 2|Z||Z).
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Classification of weak coideals : case A™ = {0}

Theorem 2

1. There is no weak coideals of type (i).

2. Indecomposable weak coideals A s.t. A” = {0} are labeled by
couples (H, Z), where H < G and Z is a nonempty subset either
of G/H or of G/H+. Ais (2 to) a coideal iff |Z| = 1. Couples
(H, Z) and (H', Z') give isomorphic weak coideals iff H = H' and :

a) when H # H+ and Z,Z' € G/H (resp., Z,Z' C G/H1),
there is p € G/H (resp., p€ G/HY) st. that Z/ =p + Z;

b) when H = H+, there is p € G/H s. t. either Z/ = p+ Z
or Z' = p+ o(Z), where o interchanges two copies of G/H.
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Classification of weak coideals : case A™ # {0}

Theorem 3

1. There is no weak coideals of type (i).

2. Indecomposable weak coideals A s.t. A™ # {0} are labeled
by triples (H, Z, Z1), where H < G and Z € G/H,Z; € G/H*,
min{|Z|,|Z1|} = 1. A is isomorphic to a coideal iff either Z =
= G/H or Z; = G/H*. Two triples, (H,Z,Z;) and (H',Z’, Z}),

give rise to isomorphic weak coideals iff H = H" and :

a) when H # H*, there exists (p1, p2) € G/H x G/H* such that
Z'=p+ 27, Z{:pz-l-Zl;

b) when H = H+, there exists (p1, p2) € G/H x G/H such that

either 2/ =p1+Z, Z{ = pp+ Z1 or Z' = p1 + 0(Z4),
Z{ = p» + 0(Z), where o interchanges two copies of G/H.
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