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Abstract In this paper we complete our understanding of the role played by the limiting (or residue)
function in the context of mod-Gaussian convergence. The question about the probabilistic interpretation
of such functions was initially raised by Marc Yor. After recalling our recent result which interprets the
limiting function as a measure of "breaking of symmetry" in the Gaussian approximation in the frame-
work of general central limit theorems type results, we introduce the framework of L!'-mod-Gaussian
convergence in which the residue function is obtained as (up to a normalizing factor) the probability
density of some sequences of random variables converging in law after a change of probability measure.
In particular we recover some celebrated results due to Ellis and Newman on the convergence in law of
dependent random variables arising in statistical mechanics. We complete our results by giving an alter-
native approach to the Stein method to obtain the rate of convergence in the Ellis-Newman convergence
theorem and by proving a new local limit theorem. More generally we illustrate our results with simple
models from statistical mechanics.

1 Introduction

Let (X,,)nen be a sequence of real-valued random variables. In the series of papers [JKN11, DKN11,
KN10, KN12, FMN13], we introduced the notion of mod-Gaussian convergence (and more generally of
mod-¢ convergence, with respect to an arbitrary infinitely divisible law ¢):

Definition 1. The sequence (X,,),en is said to converge in the mod-Gaussian sense with parameters
t, — 400 and limiting (or residue) function 6 if, locally uniformly in R,

ty t2

E[e!'¥n]e ™2

=0(t) (1 +0(1)),
where 6 is a continuous function on R with 6(0) = 1.

A trivial situation of mod-Gaussian convergence is when X,, = G,, +Y,, is the sum of a Gaussian variable
of variance t, and of an independent random variable Y,, that converges in law to a variable Y with
characteristic function 6. More generally X,, can be thought of as a Gaussian variable of variance t,,, plus
a noise which is encoded by the multiplicative residue € in the characteristic function. In this setting,
6 is not necessarily the characteristic function of a random variable (the residual noise). For instance,
consider
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where the Y; are centred, independent and identically distributed random variables with convergent
moment generating function. Then a Taylor expansion of E[e*Y] shows that (X,,),en converges in the
mod-Gaussian sense with parameters n'/? Var(Y) and limiting function
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o(0) = exp (100,

which is not the characteristic function of a random variable, since it does not go to zero as t goes to
infinity. In 2008, during the workshop " Random matrices, L-functions and primes" held in Ziirich, Marc
Yor asked the second author A. N. about the role of the limiting function 6. In [KNN13] it is proved that
the set of possible limiting functions is the set of continuous functions 6 from R to C such that 6(0) = 1 and
6(—t) = 6(t) for t € R. But this characterization does not say anything on the probabilistic information
encoded in 6. We now wish to develop more on probabilistic interpretations of the limiting function and
the implications of mod-Gaussian convergence in terms of classical limit theorems of probability theory.

We first note that by looking at E[eitx"/ m], one immediately sees that mod-Gaussian convergence

implies a central limit theorem for the sequence ( \)/(%)

Xn
Vin

where the convergence above holds in law (see [JKN11, §2-3] for more details on this). On the other
hand, with somewhat stronger hypotheses on the remainder o(1) that appears in Definition 1, a local
limit theorem also holds, see [KN12, Theorem 4] and [DKN11, Theorem 5]. Thus, if G,, is a centred real
Gaussian random variable with variance t,,, then

—nooo N(0,1), (1)

m(DB)

P[X, € B = P[G, € B (1+0(1)) = 2=

(140(1))

:

for relatively compact sets B with m(9B) = 0, m denoting the Lebesgue measure.

In [FMN13], it is then explained that by looking at Laplace transforms instead of characteristic func-
tions, and by assuming the convergence holds on a whole band of the complex plane, one can obtain in
the setting of mod-Gaussian convergence precise estimates of moderate or large deviations. In fact these
results provide a new probabilistic interpretation of the limiting function as a measure of the "breaking
of symmetry" in the Gaussian approximation of the tails of X,, (see §1.1 for more details).

The goal of this paper is threefold:

e to propose a new interpretation of the limiting function in the framework of mod-Gaussian convergence
with Laplace transforms; these results allow us in particular to recover some well known exotic limit
theorems from statistical mechanics due to Ellis and Newman [EN78| and similar one for other models
or in higher dimensions.

e to show that once one is able to prove mod-Gaussian convergence, then one can expect to obtain finer
results than merely convergence in law, such as speed of convergence and local limit theorems. Results
on the rate of convergence in the Curie-Weiss model at critical temperature § = 1 were recently
obtained using Stein’s method (see e.g. [EL10]), while the local limit theorem, to the best of our
knowledge, is new (at high temperature, with 8 < 1, a local limit theorem is stated in [RR10, §4.2]).

e to explore the applications of the results obtained in [FMN13] on the "breaking of symmetry" in the
central limit theorem to some classical models of statistical mechanics. In particular our approach
determines the scale up to which the Gaussian approximation for the tails is valid and its breaking at
this critical scale.

Our results are best illustrated with some classical one-dimensional models from statistical mechanics,
such as the Curie-Weiss model or the Ising model. To illustrate the flexibility of our approach, we shall
also prove similar results for weighted symmetric random walks in dimensions 2 and 3. The statistics
of interest to us will be the total magnetization, which can be written as a sum of dependent random
variables. These examples add to the already large class of examples of sums of dependent random
variables we have already been able to deal with in the context of mod-¢ convergence.
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In the remaining of the introduction we recall the results obtained in [FMN13] which led us to the
"breaking of symmetry" interpretation, as well as an underlying method of cumulants that enabled us to
establish the mod-Gaussian convergence for a large family of sums of dependent random variables. The
important aspect of the cumulant method is that it provides a tool to prove mod-Gaussian convergence in
situations where one cannot explicitly compute the characteristic function. We eventually give an outline
of the paper.

1.1 Complex convergence and interpretation of the residue

We consider again a sequence of real-valued random variables (X,,),en, but this time we assume that
their Laplace transforms E[e*X»] are convergent in an open disk of radius ¢ > 0. In this case, they are
automatically well-defined and holomorphic in a band of the complex plane B, = {z € C, |Re(z)| < ¢} (see
[LS52, Theorem 6], and [Ess45] for a general survey of the properties of Laplace and Fourier transforms
of probability measures).

Definition 2. The sequence (X, )nen is said to converge in the complex mod-Gaussian sense with pa-
rameters t,, and limiting function 1 if, locally uniformly on B,,

_tn 22

Ele**]e™ 2" = 9(2) (1 +0(1)),

where 1 is a continuous function on B, with ¢(0) = 1. Then, one has in particular convergence in the
sense of Definition 1, with 6(¢) = v (it).

In this setting which is more restrictive than before, the residue v has a natural interpretation as a
measure of "breaking of symmetry" when one tries to push the estimates of the central limit theorem
from the scale \/,, to the scale t,,. The previously mentioned central limit theorem (1) tells us that:

P[X, > avi,] = (\/12? /aooe—f dm) (14 o(1))

for any a € R. In the setting of complex mod-Gaussian convergence, this estimate remains true with
a = o(y/t,), so that if € = o(1), then

P[X, >et,] = (\/1277 /s;e‘f dx) (1+o0(1)),

1%52
e 2 1
= ——(1+o0(1 fl>e>»>—,
\2rt, e ( (1) Vin
where the notation a,, > b,, stands for b,, = o(a,). Then, at scale t,,, the limiting residue ¥ comes into
play, with the following estimate that holds without additional hypotheses than those in Definition 2:

tpa?

e

\ 2Tty x

the remainder o(1) being uniform when z stays in a compact set of R% N (0, c). Notice that this formula
does not follow directly from the calculation of P[X,, > et,] with € = o(1); thus, it requires additional
tools in order to be proven, see [FMN13]. The estimate of positive large deviations has the following
counterpart on the negative side:

vz € (0,¢), PX, > xt,] = () (14 o(1)), (2)

tpa?

e~

Tl T

(=) (14 0(1)).
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So for instance, if (Yy,),en is a sequence of i.i.d. random variables with convergent moment generating
function, mean 0, variance 1 and third moment E[Y*] > 0, then X,, = # >, Y; converges in the
complex mod-Gaussian sense with parameters n'/3 and limiting function v(z) = exp(E[Y?] 23/6), and
therefore for x > 0,

P lzn:Yz > IRQ/S] = ]P’[N(O, 1) > znl/G] exp(E[Y;}xS> (14 0(1)).

Thus, at scale n?/3, the fluctuations of the sum of ii.d. random variables are no more Gaussian, and
the residue ¢(x) measures this "breaking of symmetry": in the previous example, it makes moderate
deviations on the positive side more likely than moderate deviations on the negative side, since 1 (x) >
1> ¢(—x) for z > 0.

Remark 3. The problem of finding the normality zone, i.e. the scale up to which the central limit theorem
is valid, is a known problem in the case of i.i.d. random variables (see e.g. [IL71]). The description of
the "symmetry breaking" is new and moreover the mod-Gaussian framework covers many examples with
dependent random variables (see also [FMN13] for more examples).

Thus, the observation of large deviations of the random variables X, provides a first probabilistic
interpretation of the residue 1 in the deconvolution of a sequence of characteristic functions of random
variables by a sequence of large Gaussian variables. In Section 3, we shall provide another interpretation
of 1, which is inspired by some classical results from statistical mechanics (c¢f. [EN78, ENRS0]).

1.2 The method of joint cumulants

The appearance of an exponential of a monomial Kz"22% as the limiting residue in mod-Gaussian
1Y% p

convergence is a phenomenon that occurs not only for sums of i.i.d. random variables, but more generally
for sums of possibly non identically distributed and/or dependent random variables. For instance,

1. the number of zeroes of a random Gaussian analytic function > p ((Ng)k 2* in the disk of radius
1-— %, the variables (N¢)g being independent standard complex Gaussian variables;

2. the number of triangles in a random Erdés-Rényi graph G(n, p);

are both mod-Gaussian convergent after proper rescaling, and with limiting function of the form exp(Lz3),
with the constant L depending on the model (see again [FMN13]). The reason behind these universal
asymptotics lies in the following method of cumulants. If X is a random variable with convergent Laplace
transform E[e**] on a disk, we recall that its cumulant generating function is

()
log E[e*X] = Z A0 2", (3)

7!
r>1

which is also well-defined and holomorphic on a disk around the origin. Its coefficients x(™)(X) are the
cumulants of the variable X, and they are homogenenous polynomials in the moments of X; for instance,
k(X)) =E[X], kP (X) = E[X?] — E[X]?, and £ (X) = E[X?] — 3E[X?]E[X] + 2E[X]>.

Consider now a sequence of random variables (W, )nen with £ (1W,,) = 0, and for r > 2,

RO (W) = Kpan (1+0(1)), (4)

with a;, — +oo. This assumption is inspired by the case of a sum W,, = Y7, Y; of centred i.i.d. random

variables for which &"(W,,) = n (") (Y). If Equation (4) is satisfied, then one can formally write
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Wn,

2 2
log E|:ez (an)1/3:| _ (an)—2/3 %

-1 “(3)(Wn> 2 ’i(r)(Wn)
5 +

6 r!

r>4

+ (an) ((an>—1/32)r

Kg 2’2 K3 2’3 K, z" —r
= (an)l/g T + 6 + Z ;' (04n)1 /3
r>4
3 K2 22 + K3 23

(o 1/
~ (an) 2 6

whence the mod-Gaussian convergence of X,, = (an)’l/ 3 W, with parameters Ko (an)l/ 3 and limiting

function exp(K3 z3/6). The approximation is valid if the o(1) in the asymptotics of ) (WW,,) is small
enough (namely o((a,)~'/?)), and if the series >_,>4 can be controlled, which is the case if

wr, |6 (Wn)| < (Or)" an, ()

for some constant C. The method of cumulants in the setting of mod-Gaussian convergence amounts to
prove (4) for the first cumulants of the sequence (X,,)nen, and (5) for all the other cumulants. From such
estimates one then obtains mod-Gaussian convergence for an appropriate renormalisation of (W,,),>3,

with limiting function exp(K, z"/r!), where r is the smallest integer greater or equal than 3 such that
K, #0.

This method of cumulants works well with sequences (W), ),en that write as sums of (weakly) dependent
random variables. Indeed, cumulants admit the following generalization to families of random variables,
see [LS59]. Denote 9, the set of partitions of [1,r] = {1,2,3,...,r}, and u the M6bius function of this
poset (see [Rot64] for basic facts about Mobius functions of posets). If IT € Q,., then

(D) = (=1)* D= (e(11) — 1)

where ¢(IT) = s if IT = my Uma U+ - - U, has s parts. The joint cumulant of a family of r random variables
with well defined moments of all order is

£(IT)
KXy, X)) = Y ) TTE| ] X5
IIen, =1 JE™;
It is multilinear and generalizes Equation (3), since

K(X1,..., X)) = T (log E[e™ X1t +anXr])

’ T 821822 s azr PR —
R(X,...,X)=&"(X).

———
r times

Suppose now that W =W,, = Z?zl Y; is a sum of dependent random variables. By multilinearity,

RO = 3 RV, V), (6)

ULyeeeslr

so in order to obtain the bound (5), it suffices to bound each "elementary" joint cumulant (Y7, ,...,Y: ).
To this purpose, it is convenient to introduce the dependency graph of the family of random variables
(Y1,...,Y,), which is the smallest subgraph G of the complete graph on n vertices such that the following
property holds: if (Y;);er and (Y}),cs are disjoint subsets of random variables with no edge of G between
a variable Y; and a variable Y;, then (Y;);cr and (Y}),cs are independent. Then, in many situations, one
can write a bound on the elementary cumulant (Y7, ,...,Y; ) that only depends on the induced subgraph
Gli1,...,i,] obtained from the dependency graph by keeping only the vertices 41,...,%, and the edges
between them. In particular:



6 Pierre-Loic Méliot and Ashkan Nikeghbali

1. 6(Ys,...,Y:.) = 0 if the induced graph G[iy,...,%,] is not connected.

2. if |V;| < 1 for all 4, then |k(Y;,,...,Y: )| < 2""1ST(G[i1,...,i]), where ST(H) is the number of
spanning trees on a (connected) graph H.

By gathering the contributions to the sum of Formula (6) according to the nature and position of the
induced subgraph Glii,...,i,] in G, one is able to prove efficient bounds on cumulants of sums of de-
pendent variables, and to apply the method of cumulants to get their mod-Gaussian convergence. We
refer to [FMN13] for precise statements, in particular in the case where each vertex in G has less than
D neighbors, with D independent of the vertex and of n. In Section 5, we shall apply this method to a
case where G is the complete graph on n vertices, but where one can still find correct bounds (and in

fact exact formulas) for the joint cumulants k(Y;,,...,Y; ): the one-dimensional Ising model.

1.3 Basic models

As mentioned above, the goal of the paper is to study the phenomenon of mod-Gaussian convergence
for probabilistic models stemming from statistical mechanics; this extends the already long list of models
for which we were able to establish this asymptotic behavior of the Fourier or Laplace transforms ([JKN11,
KN12, FMN13|). More precisely, we shall focus on one-dimensional spin configurations, which already
yield an interesting illustration of the theory and technics of mod-Gaussian convergence. Given two
parameters o« € R and § € Ry, we recall that the Curie-Weiss model and the one-dimensional Ising
model are the probability laws on spin configurations o : [1,n] — {£1} given by

1 (e Y
CW, (o) = m exp a;cr(z) + o <Z a(z)> ; (7)

In (o) = m exp (ago(i) + 7 (Z o(i)o(i+ 1))) . (8)

i=1

The coefficient a measures the strength and direction of the exterior magnetic field, whereas § measures
the strength of the interaction between spins, which tend to align in the same direction. This interaction
is local for the Ising model, and global for the Curie-Weiss model. Set M,, = >""" | o(i): this is the total
magnetization of the system, and a random variable under the probabilities CW, g and I, 3.

In Section 2, we quickly establish the mod-Gaussian convergence of the magnetization for the Ising
model, using the explicit form of the Laplace transform of the magnetization, which is given by the
transfer matrix method. Alternatively, when o = 0, in the appendix, we apply the cumulant method
and give an explicit formula for each elementary cumulant of spins (see Section 5). This allows us to
prove the analogue for joint cumulants of the well-known fact that covariances between spins decrease
exponentially with distance in the one-dimensional Ising model. This second method is much less direct
than the transfer matrix method, but we consider the Ising model to be a very good illustration of the
method of joint cumulants. Moreover it illustrates the fact that one does not necessarily need to be able
to compute precisely the moment generating function of the random variables.

In Section 3, we focus on the Curie-Weiss model, and we interpret the magnetization as a change of
measure on a sum of i.i.d. random variables. Since these sums converge in the mod-Gaussian sense, it leads
us to study the effect of a change of measure on a mod-Gaussian convergent sequence. We prove that in
the setting of L'-mod-Gaussian convergence, such changes of measures either conserve the mod-Gaussian
convergence (with different parameters), or lead to a convergence in law, with a limiting distribution that
involves the residue 1. We thus recover some results of [EN78, ENR80| (in particular, [EN78, Theorem
2.1]), and extend them to the setting of L!-mod-Gaussian convergence. In Section 4, using Fourier analytic
arguments, we quickly recover the optimal rate of convergence of the Ellis-Newman limit theorem for the
Curie-Weiss model which was recently obtained in [EL10] using Stein’s method, and then we establish
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a local limit theorem, thus completing the existing limit theorems for the Curie-Weiss model at critical
temperature CW ;.

2 Mod-Gaussian convergence for the Ising model: the transfer matrix
method

In this section, (0(i))ie[1,n] is @ random configuration of spins under the Ising measure (8), and
M, =", o(i) is its magnetization. The mod-Gaussian convergence of M, after appropriate rescaling
can be obtained by two different methods: the transfer matrix method, which yields an explicit formula
for E[e*]; and the cumulant method, which gives an explicit combinatorial formula for the coefficients
of the series log E[e**"]. We use here the transfer matrix method, and refer to the appendix (Section 5)
for the cumulant method.

i B B EEEEEE | EEN E HEE EEEEEE

Fig. 1 Two configurations of spins under the Ising measures of parameters (o = 0,3 = 0.3) and (¢ = 0,8 =1).

The Laplace transform E[e**] of the magnetization of the one-dimensional Ising model is well-known
to be computable by the following transfert matrix method, see [Bax82, Chapter 2|. Introduce the matrix

eatB g—a=p
T= (ea—ﬁ e—atB |
and the two vectors V = (e®,e®) and W = (1). If the rows and columns of 7' correspond to the two
signs +1 and —1, then any configuration of spins o = (0(i))ic[1,n] has under the Ising measure I, g

a probability proportional to Vo)1, (1),02)Te2),03) " ** To(n—1),0(n)- Therefore, the partition function
Zn (L, «, B) is given by

Zn(L o, B) = Z Vo) To(1),02)15(2),03) " To(n—1),0(n)
(1), (n)
SV = ay ()" e (A"

where
ePsinh? o+ e P ePsinh? o+ e P
y ; a_ = cosha — 2
\/e25 sinh® o + e—28 \/e25 sinh® o + e—28
Ay = e cosha + V2B sinh® o + e—28 ; A = ¢” cosha — Ve2Bsinh? o + e—28.

a4 = cosha +

Indeed, Ay are the two eigenvalues of T', and a4 and a_ are obtained by identification of coefficients in
the two formulas

Z1La, B) =e* + e @
Zo(I,a, B) = P 4 e720FF 4 2077,

Then, the Laplace transform of M, is given by
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In particular,

_ OEq gle*Mn] 0 e sinh o

= . IOg Zn(]Ia O‘aﬂ) =n
0z —o O \/ezﬁ sinh? a + e—28

E g[M,] +O(1).

whence a formula for the (asymptotic) mean magnetization by spin:

e? sinh a
\/ew sinh? o + e—28

m =

A more precise Taylor expansion of Z, (I, « + z, 8) leads to the following:

Theorem 4. Under the Ising measure I, g, %

parameters

converges in the complex mod-Gaussian sense with

1/3 e ? cosha
(€28 sinh? o 4 e—26)3/2

th, =n

and limiting function

2¢7 sinh® a + (3¢ — ¢=3F) sinh 3>
6(e2f sinh® o + e=28)5/2

b(z) = exp (—

Proof. In the following, we are dealing with square roots and logarithms of complex numbers, but each
time in a neighborhood of R? , so there is no ambiguity in the choice of the branches of these functions.
That said, it is easier to work with log-Laplace transforms:

My, —nm

log Ex » {CZ My nm } — log Z, (1[, a+ # 5) “log Zn(I, e, B) — 203w
IOg Zn(]lv «, 6) = IOg a+(a,ﬁ) + (n - 1) IOg )\+(C¥,B) + 0(1)
z z 4
log Z,, (H,a+ m,ﬂ) =logay (a—i— m,ﬁ) +(n—1)log At (OH— W’B) +0(1)

= loga (o, 8) + (n — Dlog A (. §) + 20 (log A, (0, 8))
2,1/3 92 3 3
+ 55 (08X (0, 8) + =5 (log A (o, 8)) +o(1).

Thus, it suffices to compute the first derivatives of log Ay («, 8) with respect to a:

log Ay (a, B) = log (eﬁ cosha + Ve28 sinh? o + e*25)

ef sinh o

2 (1o A+(01.8))

= =m
\/625 sinh? a + e—28
0? e P cosha
— (log A = =02
(90[2 (Og +(a7ﬁ)) (626 sinh2a+e_25)3/2 g
o3 B 2¢” sinh® a 4 (3e® — e~3%) sinh a

= K.

— (log A =
53 (08 Ay (o ) (€28 sinhZ a + e—28)5/2

We therefore get

- 2.2 3
Mp —nm oz Ksz
} — pl/3

logEaﬁ[ez W73 5 G + o(1). O
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By using Formula (2), this result leads to new estimates of moderate deviations for the probability
Pu g[M,, > nm+ n'/3z]. In the special case when a = 0, the limiting function t(z) of Theorem 4 is equal
to 1, and one has to push the expansion of log Z, (I, 0, 3) to order 4 to get a meaningful mod-Gaussian
convergence (the same phenomenon will occur in the case of the Curie-Weiss model):

Theorem 5. Under the Ising measure Ig g, % converges in the compler mod-Gaussian sense with

parameters t, = n'/?e2f and limiting function

3e88 — 2,
P(z) = exp (—242 ) .

Proof. This time one has to compute the fourth derivative of log Ay (v, ), which is

o 9 1
—— (log A = (2¢” sinh?® F—e 3P sinha) —— ( —
Do (log A+ (@, §)) = (2¢7 sinh”r + (37 — ™) sinh.a) da \  (e?Bsinh? a 4 e~28)5/2

6¢” sinh? a cosh o + (3¢ — e=7) cosh o
(€28 sinh? o 4 e=28)5/2

The second term is the only contribution when o = 0, equal to —(3e%® — ¢2#). Thus,

My, —nm 2,2 3 658 _ .28\ .4
log]Eo,g{ez n }:nl/QO'QZ _(e 246 )z +o(1). -

3 Mod-Gaussian convergence in L' and the Curie-Weiss model

In this Section, (X,)nen 18 a sequence of random variables with entire moment generating series
E[e*X»], and we assume the following:

(A) One has mod-Gaussian convergence of the Laplace transforms, i.e., there is a sequence t,, — +00
and a function 1 continuous on R such that

tp t2
3

Ya(t) = Ele'*]e”
converges locally uniformly on R to 9 (t).
(B) Each function t,,, and their limit 1 are in L!(R).
We denote P,, the law of X,

2

.
2t,

(Xn)?

and Y,, a random variable under the new law Q,,. Note that hypothesis (B) implies that Z,, = E[e(X"L)2/ 2tn)
is finite for all n € N. Indeed,

tn +2 n 2 n—tnt 2 2 n 2
/wn(t)dt:E[/ ot Xn =15 dt} :E[e(}éﬁn) (/ S T dtﬂ =/ E[e(’zfn? ]
R R R tn

Therefore the new probability measures Q,, are well defined. The goal of this section is to study the
asymptotics of the new sequence (Y, )nen. As we shall see in §3.3, the Curie-Weiss model defined by
Equation (7) is one of the main examples in this framework. However, it is more convenient to look at
the general problem, and we shall introduce later other models concerned by our general results.

Qn[dz] = P[dx], 9)
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3.1 Ellis-Newman lemma and deconvolution of a large Gaussian noise

Suppose for a moment that hypothesis (A) is replaced by the stronger hypotheses of Definition
2, with2 ¢ = +oo and therefore B, = C. Fix then 0 < a < b, and consider the partial integral
E[e(X") /2tn 14, a<x,<t,b]- By integration by parts of Riemann-Stieltjes integrals, one has:

tnb 22 22 tnb tnb T 22
/ e2n P [dx] = {—eﬂ P.[ X, > x]} —|—/ — e P, [X,, > z|dx
t ¢

tna

tn a2 b b t
= {—e TP X, >tnaj]} —I—/ thre 2

:<{_ 27%36] \/7/ W(x dz) (14 04,6(1))
_ (@/@bw(x) d:c) (1 + 04(1))

because of the estimates of precise deviations (2). In this computation, o,(1) is uniform for a,b in
compact sets of (0,+00). In fact this estimate remains true for a, b in a compact set of R; hence, a and b
can be possibly negative. If the estimate is also true with a = —oo and b = +o00, then

na

22
P,[X, > tpz] de

E[e(Xn)z/Qtn 14, a<x, <tnb)
E[e(Xn)?/2tn]

) dx
\/; f v (1+0(1))

\/;f+oow dx

_ f‘f:‘fﬁ;f; (1+ of1),

> )nen converges in law to the density ¢ (z)/ [ ¥(

Sl

so (3

We now wish to identify the most general conditions under which this convergence in law happens. To
this purpose, it is useful to produce random variables with density 1, (z)/ fR Yn(x) dx. They are given
by the following Proposition, which appeared in [EN78] as Lemma 3.3:

Proposition 6. Let G, be a centred Gaussian vamable with variance and independent from'Y,,. The

law of W, = G, + ¥ has density 1y (2)/ [p ¥n(z

t 7

Remark 7. This Proposition is related to the so-called Hubbard-Stratonovich transformation, which is
commonly used in mean-field theory in order to replace a problem with interacting particles with a sum
or integration over non-integrating systems. We refer to [Bov06, p. 46] and references therein for precisions
on this method coming from statistical mechanics.

Proof. Denote Z,, = E[e(X"L)2/2t"], and fx (z)dz (respectively, Px) the density (respectively, the law) of
a random variable X. One has
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PW,, < w] / (/ fa, (x —u) iP)Y,L [du]) dx
_tn <17—)2
/ ( — =z Py, [dy]) dx
n y:rfy— d tn 2 d
— 2tp T2

v%/_m( [ i) o
i”ti/“’ /ew”IF> [dy] e_tn;Qda:
Zn 2 — 0o R nl®Y
1 Jt, [Y
Z Gy /700 Yn () dv
Making w go to +o0o gives an equation for Z, = /&= [5 ¥, () dz. One concludes that:

fiuoo () dx

PW, <w]= m 0.

This important property was not used in our previous works: to get the residue of deconvolution v, of a
random variable X,, by a large Gaussian variable of variance t,, (that is to say that one wants to remove
a Gaussian variable of variance t,, from X, ), one can make the exponential change of measure (9), and
add an independent Gaussian variable of variance t,,: the random variable thus obtained, which is ¢, W,,
with the previous notation, has density proportional to ¥, (w/t,) dw

3.2 The residue of mod-Gaussian convergence as a limiting law

We can now state and prove the main result of this Section. We assume the hypotheses (A) and (B),
and keep the same notation as before.

Theorem 8. The following assertions are equivalent:

(i) The sequence (¥=) e is tight.

(ii) The sequence (3*),en converges in law to a random variable with density 1(z)/ [ ¥(

(iii) The convergence v, — ¥, which is supposed locally uniform on R, also occurs in LI(R),

We shall then say that (X,)nen converges in the L1-mod-Gaussian sense with parameters t,, and limiting
function . In this setting, the residue 1) can be interpreted as the limiting law of (X, )nen after an
appropriate change of measure.

Proof. Since the Gaussian variable G, of variance % converges in probability to 0, ( 7 1), eN converges to

a law p if and only if (W),),en converges to the law w. If (iii) is satisfied, then by Proposition 6,
v z)dr
lim P[W, <w]= %OL,

so the cumulative distribution functions of the variables W,, converge to the cumulative distribution
function of the law ¢ (x)/ [ ¢ () dz, and (i) is established. Obviously, one also has (ii) = (i). Finally, if
(iii) is not satisfied, then by Scheffe s lemma one also has

/R Yn(2) dz p /R (o) deo
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However, by Fatou’s lemma, [, ¥(x)dz < liminf, . [, ¢ () dz. Therefore, the non-convergence in L'
is only possible if [ ¥(x)dz < limsup, ., [ ¢n(2z)dz. Thus, there is an ¢ > 0 and a subsequence
(nk)ken such that

Vk e N, /1/Jnk(x)dx26+/1/)(x)dx.
R R

Then, for all a,b € R,

. o S n (@) d) S () da
limsup Pla < W, < 0] = limsup ( T @) dr )~ TominGy oo Jo Uy (2) d

Jp () dx

T e+ [p(x)de <1

which amounts to saying that (W, )nen (and therefore (3),cn) is not tight; hence, (i) implies (iif). O

To complete this result, it is important to compare the two notions of complex mod-Gaussian conver-
gence and of integral L!-mod-Gaussian convergence. Though there are no direct implication between these
two assumptions, the following Proposition shows that the latter notion is a stronger type of convergence:

Proposition 9. Let (X,,)nen be a sequence that converges in the L'-mod-Gaussian sense with parameters
tn — 00 and limiting function ¢ € L*(R). The estimate of precise large deviations (2) is then satisfied.

Proof. Recall that Z,, = E[e(X»)*/2] = [t [ 4 (2) dz. We want to compute

o0

PIX, > tpax] = /

th

[e%} Py o7} b u?
Pn[dy]:Zn/ e‘?yTnQn[dy]:Zn/ e” "2 Py, [du).

t
tn x n

Suppose for a moment that we can replace the law of %” by the one of W,, = G,, + % in the previous
computation. Then, one obtains from Proposition 6

0ty 7% 0 tpu?
Zn / e 2 Py [du] = \/2— / e 2 Y,(u)du.
x ™ x

Fix € > 0. Since t),, converges locally uniformly to the continuous function ¢, there is an interval [z, z + 7]
such that for n large enough and u € [z, z + 7],

W(x) —e < Pp(u) < P(z)+e.

Therefore, for n large enough,

T+ x4+ 2 o+ .
(¥(z) —e) / Ce </ Tomt () du < (P() +¢) / e g
d I
(th(x) —€) = tn; (Y(z) + €) tn;
z+n _tnu® _tpa®

Indeed, by integration by parts, fx e~ 2 du is asymptotic to ; . On the other hand, since
Y —11 ¥, for the remaining part of the integral,

[ e s o= ([ ) = (7 v )
z+n z+n S

which is much smaller than the previous quantities. Therefore, assuming that one can replace ?:—*; by W,
we obtain the asymptotics
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7tnm2

e
\ 27t T

for all x > 0; this is what we wanted to prove. Finally, the replacement f—" + W, is indeed valid, because

o0
/ ei
x

PIX,, > tyz] = P(x) (1 +0o(1))

tn u

[du] = { P[W,, < u]] + / taue™ "2 P[W, < u]du

x

12

n u? o 0 n w2
{6_2 P[Y,/tn <u}] —|—/ thue” 2z PY,/t, <uldu

x
(o)
o~ / e
T
by using on the second line the fact that both Y" and W, converge in law to the same limit, and therefore
have equivalent cumulative distribution functlon onR;. O

s ldu]

In the same setting of L'-mod-Gaussian convergence, one has similarly the estimates on the negative
part of the real line, and around 0, as described on page 3 in the setting of complex mod-Gaussian
convergence.

3.3 Application to the Curie- Weiss model

e4

Consider i.i.d. Bernoulli random variables (o(¢));>1 with Plo(i) =1] =1 —-Plo(i) = —1] =
some o € R. We set U, = Y., o(i), so that

_°
2 cosh « for

h n
EjeUn] = (COSC()(SZ}]"'O‘)> = (cosh z + sinh 2z tanh )"
[0

E[or Lompe] _ cosh(zn=1/3) + sinh(zn~1/3) tanh o\ "
|:e " :| - ezn*1/3 tanh «
Up—n tanh o 1/3 inh
logE{eZ nl/3 ] — — 2t — S Sa 234 0(1)
2 cosh” o 3cosh” a

. o ts . 1/3
so one has complex mod-Gaussian convergence of U"éﬁiﬁmha with parameters 25—

W osh? «
_ _sinha 3
eXp( 3 cosh? < )

and limiting function

If & = 0, then the term of order 3 disappears in the Taylor expansion of the characteristic function,

and one obtains instead
nl/2 52 4

log E [e” 5’74} - —Z o),
& 2 12
hence a complex mod-Gaussian convergence of X,, = l{/’4 with parameters n'/? and limiting function

exp(—2%/12). Since this function restricted to R is integrable, this leads us to the following result, which
originally appeared in [EN78| (without the mod-Gaussian interpretation):

Theorem 10. Let X, = n~ Y431 (i) be a rescaled sum of centred £1 independent Bernoulli ran-
dom vamables It converges in the L-mod-Gaussian sense, with parameters n'/? and limiting function
exp(—2 ) As a consequence, if Y, = n~Y4M, is the rescaled magnetization of a Curie- Weiss model
CWy 1 of parameters a« = 0 and § =1, then Yn/nl/2 converges in law to the distribution

exp(—% ) dx
Jpexp(—%)dz
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Proof. The function ¢, (t) is in our case

_ +2,1/2 t n
Yn(t) =e 2 cosh )

and we have seen that it converges locally uniformly to ¥ (t) = exp(f%). By Scheffe’s lemma, to obtain

the L'-mod-convergence, it is sufficient to prove that Jg ¥n(t) dt converges to [ exp(—%) dt. This is a
simple application of Laplace’s method:

t2nl/2 t \" u? n
/wn(t)dt:/e_ 2 cosh —— dt:n1/4/ (e_T coshu) du
R R nt/4 R
2

uz
2

and the function u +— e~ = coshu attains its global maximum at v = 0, with a Taylor expansion

1— %+ o(u?), see Figure 2.

1.5

M)

u

Fig. 2 The function f(u) =e~ 2 coshu.

Then, the exponential change of measure (9) gives a probability measure on spin configurations propor-

(9
tional to v,)? )
n _ 2
exp (2n1/2> = exp <2n (M,,) ) ,

so it is indeed the Curie-Weiss model CWy ;. O

Remark 11. The method of change of measures that was used so far has allowed us to treat the fluctuations
of the Curie-Weiss model at critical temperature § = 1. One may ask what happens for other values of the
temperature. The case of high temperature (0 < § < 1) is treated later in Theorem 13, see in particular
the end of Example 14. For low temperatures (8 > 1), there is no more a limiting law for M,,, though
one can state a central limit theorem for conditioned versions of the magnetization. As far as we know,
our results cannot be applied to this case.

It is easily seen that the proof of Theorem 10 adapts readily to the case where Bernoulli variables are
replaced by so-called pure measures, so we recover most of the limit theorems stated in [EN78, ENR&0].
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However, by choosing the setting of mod-Gaussian convergence, we also obtain new limit theorems for
models that do not fall in the Curie-Weiss setting. The following result explains how it would work to
replace the Bernoulli distribution by more general ones; c¢f. [KNN13, Proposition 2.2].

Proposition 12. Let k > 2 be an integer, and let (By,)n,>1 be a sequence of i.i.d random variables in L"
for some r > k + 1, such that the first k moments of By are the same as the corresponding moments of
the Standard Gaussian distribution. Then the sequence of random variables

)

converges in the mod-Gaussian sense with parameters

n>1

t, = n(k=D/(+1)

and limiting function

kAL Ch4l
(it) (CEENI

0(t) =
where cp+1 denotes the (k + 1)-th cumulant of By.

When the random variables B,, have an entire moment generating function, then one can replace t
with —it to obtain mod-Gaussian convergence with the Laplace transforms. If By is symmetric, then k is
necessarily an odd number of the form 2s — 1 and hence

In the case of the Bernoulli random variables, s = 2 and ¢4 = —1/12. In order to have our theorem of
L'-mod-Gaussian convergence to hold, we need to find conditions on the distribution of B; such that cy,
is negative and that fR 1y, converges to fR 1. The conditions in [EN78| and [ENR80] precisely imply these.
But within our more general framework, following the discussion in Section 1.2, we could well imagine a
situation which fulfils the assumptions of Theorem 8 but where the initial symmetric random variables
are not necessarily i.i.d but simply independent or even weakly dependent. The following paragraph yields
an example of such a setting.

3.4 Mixed Curie- Weiss-Ising model

Consider the one-dimensional Ising model of parameter a« = 0, and S arbitrary. We have shown
in Section 2 the complex mod-Gaussian convergence of (n’l/ 4 M,)nen with parameters n'/2e2f and
limiting function 9(z) = exp(—(3e%# — e2#) 2#/24). Restricted to R, this limiting function is integrable,
and again one has L!-mod-convergence. Indeed, recall that

tMpy1 Zn(]lvtvﬁ) o 1 >‘ (tvﬁ) et )\,(t,ﬁ) nt
Ele"™"] = Zo(1,0,8) 2 <a+(t,6) (ZZoshB) ta-(t8) <2005hﬁ> ) '

It will be convenient to work with n=/4 M, instead of n=/4 M,, in order to work with n-th powers.
Then,

Mug1 | a1/2.26,2
e 2

(1) = [ 7

nt/4 Ap(u, ) _e2puz\" (u, ) 2002
/¢n =— R%—(%ﬂ) <2coshﬁe > +a_(u’5)<2coshﬁ ) du

and for every parameter 5 > 0, the functions
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Ap(u, B) _ 2842 Ao (u, B) _e28u2
b St Xl d A=\
~ QCoshﬁe ’ andur 2(:oshﬁe ’

attain their unique maximum at v = 0, see Figure 3 for the graph of the first function.

2
2~ (using MATHEMATICA).

Ap(u,B) —e*Pu

Fig. 3 The function f(u,B) =

2cosh 8 e

Their Taylor expansions at u = 0 are respectively

3e08 — 28 4 4
1- —p U +o(u*) and tanhp+ o(1),
so again by the Laplace method we get limy, o0 [p ¥n(t) dt = [ ¥(t) dt and the L'-mod-convergence. As
a consequence, consider the random configuration of spins ¢ on [1,n] with probability proportional to

exp [ A <Z o(i)oli + 1)) + ﬁ (Z 0(@'))

=1 i=1

This model has a local interaction with coefficient 5 and a global interaction with coefficient e%ﬂ, so it
is a mix of the Ising model and of the Curie-Weiss model. The previous discussion and Theorem 8 show

that its magnetization satisfies the non standard limit theorem

M, Y(x) dx
nd/4 " [(x) de

368 _ 26
with ¢ (z) = exp (—6246 x4> .

3.5 Sub-critical changes of measures

In the mixed Curie-Weiss-Ising model, one may ask what happens if instead of 8 and 02%3 one puts
arbitrary coefficients for the local and the global interaction. More generally, given a sequence (X,,)nen
that converges in the L!'-mod-Gaussian sense with parameters t,, and limiting function 1, one can look
at the change of measure
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ya?

e 2tn
Y(Xn)?
E [e 2tn }

with v € (0,1) (for v > 1, the change of measure is not necessarily well-defined, since the hypotheses (A)
and (B) do not ensure that E[e’Y(X")?/ 2tn] < +00). These subcritical changes of measures do not modify
the order of magnitude of the fluctuations of X,,, and more precisely:

QY [da] = Py [da]

Theorem 13. Suppose that (X, )nen converges in the L-mod-Gaussian sense with parameters t, and

limiting function . Then, if (X,(ﬂ))nEN is a sequence of random variables under the new probability

measures Qgﬁ), it converges in the L'-mod-Gaussian sense with parameters ltj'n/ and limit t — w(ﬁ

Ezample 1/. Consider a random configuration of spins o on [1,n] with probability proportional to

n—1 n 2
exp [ B8 (Z o(i)o(i + 1)) + % (Z 0(2')) )

=1 i=1

with v < e~ 27, The total magnetization of the system has order of magnitude n'/2, and more precisely,
one has the central limit theorem

M,, N N e28
n1/2 n—oo O) 1 _ ’YQZB I
23

and in fact a L'-mod-Gaussian convergence of %, with parameters n'/ zljyﬁ and limiting function

B (3e%9 — e28) 2
R =

In particular, if 5 = 0 and one considers the Curie Weiss model at high temperatures (v < e=2X0 = 1),

then there is a L'-mod-Gaussian convergence of ¥Y-—12n — /4 » with parameters n'/? and limiting function
4
T
o) =~ )

Proof (of Theorem 13). We denote as before (Y, )nen a sequence of random variables under the laws
Q. = QS). We first compute the asymptotics of ZT(LW) = E[eV(X”)Z/Qt”]:

ZO = 7, Ele= (=M ()*/2t)

- (o)t
\/></¢ dx) — =) ()2 } (1+0(1))
_ \/17(1+o( )

by using on the third line an integration by parts as in the proof of Proposition 9 to replace ?:T by Wh;

and the Laplace method on the fourth line to compute fR e~ tn(1=7)2%/2 Y (x) dz. The same computations
give the asymptotics of
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2
E[etXn+'y(Xn) /2tn] _ Zn]E[ —(1—)(Yn) /2tn]

tn

™

;i dm) et th*i””“z‘WW")z} (14 0(1))

(
(Lve
_ \E zp(l_?fv) (14 0(1))

with again a Laplace method on the fourth line. Since

ny_tn(1=7) Yn
da:) E[etnt(%)— 2 )(%)2} (14 0(1))

E[etxn+y(xn)2/2tn}

XMy
Ele |= Zﬁw

)

tn

this shows the hypotheses (A) and (B) for the sequence (X,(Z’Y))neN, with parameters =, and limiting

function ¢ (= =) Then, since (Y;,/t5)nen converges in law, by using the implication (ii) = (iii) in Theorem

8 for the sequence (Xf1 ))neN» we see that the mod-Gaussian convergence of Laplace transforms necessarily
happens in L}(R). O

3.6 Random walks changed in measure

In this section, we shall make a brief excursion in the higher dimensions. Since we do not want to enter
details on mod-Gaussian convergence for random vectors (for which we refer the reader to [KN12] and
[FMN13]), we shall only consider the simple case X = (X ... X(@) is a random vector with values
in R? such that E[exp(z; X™ + -+ 4+ 2, X(D)] is entire in C?. We shall say that the sequence (X,,) of
random vectors converges in the complex mod-Gaussian sense with parameter ¢, and limiting function

(21, , zq) if the following convergence holds locally uniformly on compact subsets of C:
2 2
Y (t) = Elexp(z; XD 4+ -+ + 24X D) exp <—tn (1) 5 (za) ) = (21,5 24)-

In this vector setting, the assumptions (A) and (B) of Section 3 now simply amount to the fact that the
convergence above holds locally uniformly for ¢t = (t() ... ¢(?) € R? and that v, and v are both in
LY(RY).

Following the case d = 1 we denote P, the law of X,, on R4,

(B
e 2ty

[ Xnu?}
Ele 2tn

and Y,, a random variable under the new law Q,. Note that here again hypothesis (B) implies that
Ly = E[e”X"”2/2t"] is finite for all n € N. Indeed, with the notation (u,v) = ujvy + - - - + ugqvy, we have

] a/2
Y (£) :IE[/ ot Xn) =ty dt} :]E{e(i’i”Q (/ o et dt)] = (2”) E[e)ﬁi";”j .
R R R4 tn

Therefore, the new probabilities Q,, are well-defined and

Qn[dx] = P [dz],

d/2
Z, = ElelX»17/2ta] = In / Y (t) dt
2w R4
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Then it is clear that Proposition 6 holds with G,, being a Gaussian vector with covariance matrix 1/t,, I
where I is the identity matrix of size d. Similarly one can establish an analogue of Theorem 8 in R?.

Let W,, be a simple random walk on the lattice Z922: at each step, each of the 2d neighbors of the state
that is occupied has the same probability of transition (2d)~!. The d-dimensional characteristic function

of Wy, = (WY, ..., WD) is

]E[ezlw,ﬁl)+..-+deﬂd)] = (COSh At

+coshzg\"
d

Therefore, one has the asymptotics

2 Wit otz wil? (21)? + -+ (2a)® | ()" + o+ (20)* 1
logE|e w174 =nl 1 :
8 s < * 2dni/? * 24dn o <n>)
g2 Gt ) 3()° e 4 ) - dE) e+ ) gy
2d 2442
One obtains a d-dimensional complex mod-Gaussian convergence of X,, = n~ /4 W, with parameters
"ld/z and limiting function

W(z1,...,24) = €xp

(‘3 ((z)° 4+ (z)D)? —d () + - + (Zd)4)>
242 '

In [FMNI13], we used this mod-convergence to prove quantitative estimates regarding the breaking of

the radial symmetry when one considers random walks conditioned to be of large size (of order n3/4

instead of the expected order n'/ 2). With the notion of L'-mod-Gaussian convergence, one can give

another interpretation, but only for d = 2 or d = 3. Restricted to R?, the limiting function is indeed not

integrable for d > 4: if t5,...,tq € [-1,1], then
3((t)* + -+ (ta)*)* = d((t)" + -+ + (ta)") < 3((01)* + (A= 1))* = d(tr)*

< (B —=d)(t1)" +6(d —1)(t:1)* +3(d — 1)*.

So, restricted to the domain R x [—1,1]971 9(ty,...,tq) < K exp(a(t;)* — b(t;)?) for some positive

constants a, b and K; therefore, this function is not integrable.

On the other hand, if d = 2 or d = 3, then 4 is integrable on R?, and one has L'-mod-Gaussian
convergence. Indeed, when d = 2, the limiting function is

(t1)% + (t2)* + 6(t1t2)?
1 296 102 ) 7 (10)

¥(t1,t2) = exp (—

which is clearly integrable; and the residues

e nl/4

Pn(ti,t2) =E

e 4

converge locally uniformly on R? to 1(t1,t2), but also in L!(R?). Indeed,

t1 to "
cosh —347 + cosh —2 224 (t)?)
( n n e 4 dtl dtg

U (t1,t2) dt1 dta = / 5

]R2

1/2 coshuy + coshuy _ wp?+wp?\"
=n e 1 duy dus,
R2

R2

2
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2 2
cosh w1 +cosh us e~ %

5 reaches its unique global maximum at u; = us = 0,

and the function (uq1,ug) —

with Taylor expansion

(ur)* + (u2)* + 6(uyuz)?
96

1- +o(|full*)

around this point (see Figure 4).

_ (up)? 4 (ug)?
4 .

Fig. 4 The function f(u1,u2) = w e

Thus, by using the multi-dimensional Laplace method, the limit of the integral fR2 P (t1, t2) dty dito is
Jgz ¥(t1,t2) dty dts, and the L' convergence is shown. Similarly, when d = 3, the limiting function is

(tit2)? + (tit3)? + (tzt3)2> 7 (11)

P(t1,t2,t3) = exp <— 36

and the following computation shows that it is integrable:

W, y,2) de dy dz = / %3 ( / o i 12d$) dy d=
R3 R2 R

_w2)?
— 67

e 36
R2 /Y2 + 22
o0 4 7"4 sin2
:3ﬁ/ / e~ i dr df
r=0J6=0
= 12\/37r/ e dr
r=0

dydz

T de
9—0 Vsin @

is integrable at 0. On the other hand, the residues

< 400

since

1
Vsin 6

t1 W’r(zl) +tg Wy(zm +t3 W7(»3)

1/2 2 2 2
o v _n/E () +6(t2) +(t3)%)

Pn(t1,t2,t3) =E e

converge to (ty,ts,t3) locally uniformly on R? and in L*(R?). Indeed, one has again



Mod-Gaussian convergence and its applications for models of statistical mechanics 21

wn(tl,tz,ts)dt:n”zf

coshuy + coshug + coshus w2+ 2+@p? \ "
e 6 du
RS

R3 3

and the function in the brackets reaches its unique maximum at u; = us = ug = 0, with Taylor expansion
corresponding to the limiting function ¢ after application of the Laplace method.

The multidimensional analogue of Theorem 8 thus yields the following multidimensional extension of
the limit theorem for the Curie-Weiss model:
Theorem 15. Let W, be a simple random walk in dimension d < 3. If Vi, is obtained from W, by a
change of measure by the factor exp(d ||W,||?/2n), then

Vo | (o)da
n3/4 n— 00 fRa 111(17) dl"

where ¥ (z) = exp(—x*/12) in dimension 1, and 1 is given by Formulas (10) and (11) in dimension 2
and 3.

Remark 16. Suppose d = 2. Then, there is a limit in law not only for %, but in fact for the whole

Vi

random walk (51 )p<n, viewed as a random element of C(Ry,R?) or of the Skorohod space D(R;,R?),

see Figure 5.

Fig. 5 A 2-dimensional random walk changed in measure by eHW"HQ/"7 here with n = 10000.

4 Local limit theorem and rate of convergence in the Ellis-Newman limit
theorem

We keep the same notation as before and note I,, = fR Yp(z)dx and I, = fR () dx.

In this section we wish to provide a quick approach based on Fourier analysis,

1. to compute the Kolmogorov distance between the rescaled magnetization Y,,/ n'/? = M, / n3/* in the
Curie-Weiss model and the random variable W, with density 1(x)/I, where 9 (z) = exp(—z*/12).
This problem was recently solved in [EL10] using Stein’s method. As in [EL10], our method would
cover many more general models as well: it is just a matter of specializing Lemma 17 and Lemma 18
below which are stated in all generality.

2. to prove a new local limit theorem for the rescaled magnetization n~/4M,, in the Curie-Weiss model.
Here again we shall indicate how one can establish local limit theorems in more general situations.
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4.1 Speed of convergence

Getting back to our special case of the Curie-Weiss model, we denote X,, = # >, Bi ascaled sum
of +1 independent Bernoulli random variables; Y,, the random variable with modified law

2

€ 3177 Py, [dy] .

Qn [dy} = (Xm)2 )
E [e 2n1/2 }

G, an independent Gaussian random variable of variance #; and W,, = % + G,,. It follows from the
previous results that the law of W, has density

Up(x) 1 _nt/2e2 T \"
I Ze 2 (cosh 7711/4) )
24
which converges in L' towards the law 1‘}:) = i e~ 12. We hence wish for an upper bound for the

Kolmogorov distance between n’f'/g and W,. For this we shall need the following general lemmas.

m) dx

Lemma 17. Consider the two distributions W,, = w"(f) 9 ind We = . The Kolmogorov distance

between them is smaller than
% — ¥l

T (L o(1)).

Proof. Fix a € R, and suppose for instance that f]R x)dr > fR Y (x) dz. We have

dz ¢ x)dx ¢ x)dx ‘ x)dx
Fiv, (@) = Fir.. (a) = (f— ) f—oof” >+<f_oow<> i) )

I, T

_ oW (;n P(x (/ b dm) "o (U(@) = Y (@) do

T W(@) = n(2)) da
=" I e I
25 (@) = bn(e)) do_ [ il
1, - 1, ’

<

Writing Fw__(a) — Fw, (a) = (1 — Fw,(a)) — (1 — Fw_(a)), one sees that the inequality is in fact
valid With an absolute value on the left-hand side. Since I, = I(1 4+ o(1)), this shows the claim. If
fR Y (x) dx > fR x) dz, it suffices to exchange the roles played by v, and ¢ to get the inequality. O

The asymptotics of the Ll-norm ||1) —,[|1.1 in the Curie-Weiss model are computed as follows. Noting
that one always has 1, (z) > ¥(x), it suffices to compute

2

Wl/2 .2 n “ n
/wn(x) dx = / e 2 (cosh(x n_1/4)> dzx = n1/4/ (e_T cosh(u)) du.
R R R

By the Laplace method (see [Zor04, Formula (19.17), p. 624-625]), the asymptotics of the integral is

191/4 p(1 1923/4 (3
n-1 <u)> +pid (u) + smaller terms.

.p.

2 10

The first term corresponds to I fR x)dr = f e=/124z. As a consequence,
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[ —nlls _ 1 VI2T(3)
)

(14 0(1)).

I nt/2 51

The main work now consists in computing dKOl(%, W,,). We start by a Lemma which is a variation of
arguments used for i.i.d. random variables in [Tao12, p. 87]. In the following, given a function f € L*(R),
we write its Fourier transform f(¢) = [, f(z) €'** dz. Recall that the function

S

0 otherwise.

is even, of class C*> and with compact support [f%, %} We set p, = v, so that

p(@) = — /_ o(€) e d

by the Fourier inversion theorem. By construction, the Fourier transform of p, has support equal to
[—3.1]. Set now
Je(p(y))? dy

By construction, p is smooth, even, non-negative and with integral equal to 1. Moreover, p is up to a
constant equal to v*v(§), so it has support included into [—1, 1]. The convolution of p with characteristic
functions of intervals will allow us to transform estimates on test functions into estimates on cumulative
distribution functions. More precisely, for a € R and £ > 0, set p.(z) = L p(£), and @a.(z) = ¢-(x — a),
where ¢. is the function 1(_, o] * pe. One sees ¢, as a smooth approximation of the characteristic
function 1(_ 4

For all a,¢, ¢, has Fourier transform compactly supported on [—%, %] Moreover, it has negative
derivative, and decreases from 1 to 0. Later, we will use the identity

¢e(ex) = dr1(x) = d().

On the other hand, we have the following estimates for K > 0 (we used SAGE for numerical computations):

1 3 » 1 (2 1.0166_
(K0 = g | [, O e < o [0 =
1 [z
/(p*(y))2 dy = 5~ [v(€)[? d¢ = 0.01059 .
R ™ Jo
Therefore, for any K > 0,
+(K))? 99
oK) = o) = 8D

Lemma 18. Let V and W be two random variables with cumulative distribution functions Fy and Fyy .
Assume that for some e >0
|E[¢a,5(v)] - E[¢G,E(W)]| < B€7

where the positive constant B is independent of a. We also suppose that W has a density w.r.t. Lebesgue
measure that is bounded by m. Then,
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sup |Fy (a) — Fw(a)| < 2(B+ 10m)e.
acR

Proof. Fix a positive constant K, and denote 6 = sup,cp |Fv(a) — Fw(a)| the Kolmogorov distance
between V and W. One has

Fy(a) = E[ly<a] < E[pay ke (V)] +E[(1 = ¢atree(V)) lv<d]
S E[¢G+K6,E(W)] + E[(l - ¢a+K€,a(V)) ]-Vga] + B5~

The second expectation writes as

E[(1_¢a+KE,E(V)) 1V§a] = /]R(l - ¢a+Ks,8(-r)) 1(7c>o,a] (x) fV(x) dx
- / (1 buspree(®) L oq) () Fy(z) da
- / ot Lo Fr @) o+ [ (1 Gtk (0)) () Fi (o) do

R

For the first integral, since Fy (z) > Fw (z) —J and the derivative of ¢4 ke ¢ is negative, an upper bound
on I is

/ 0 1o (@) 1) (z) Fop () diz — 6 / O e (@) Ty <a(2)
R R

= A¢;+Ke,s(x) 1(—00,11] ({E) Fw(l') dr + (1 - ¢a+Ks,6(a)) 0

- / O e (1) L —oora) (&) Fiv (2) d + (1 — §(—K)) 6

As for the second integral, it is simply (1 — ¢pu+ k. (a))Fy (a), and by writing Fy (a) < Fy (a) + 0, one
gets the upper bound on I

/R (1~ Gt iee.e(@)) La(@) Fo () di + (1~ by ice.c(a)) 6
- / (1= ot e (@) La(z) Fiv(z) do + (1 — $(~K) 5.

One concludes that

E[(1 = ¢atkee(V)) lv<a] SE[(1 = ¢at ke (W) lwsa] +2(1 — ¢(—K))é.

On the other hand, if m is a bound on the density fy of W, then
oo
El¢patkee(W)lwza] = / Gatrec(y) fw(y) dy
a
§m/ gzﬁg(y—a—Ks)dy:m/ o (y — Ke) dy
a 0
< me/ ¢(u— K)du < me (K +4.82),
0

by using on the last line the bound ¢(z) < % As a consequence,

E[¢G+KE,E(W)] < E[¢G+K€,E(W) 1W§¢1] +m (K + 4'82) €

33
Fyv(a) < Fyw(a)+ (B+m (K +4.82))e+2 ﬁ&

Similarly, Fy(a) > Fw(a) — (B +m(K 4 4.82))e — 223 6, so in the end
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66
0= Sup |Fv(a) = Fw(a)] < (B+m (K +4.82))e + 7= 6.

As this is true for every K, one can for instance take K = +v/132, which gives

1
1—

§< (B+m(€/1:72+4.82))ag2(B+10m)a. 0

DO

We are going to apply Lemma 18 with V = :14;2 and W = W,. First, notice that a bound on the
density of W,, is
|vhn (2)]

1 2
el e - =
I, ~Ie 1214r(%

=m.

On the other hand, using the Fourier transform of the Heaviside function

Teooag(€) = ¢ (7“50(5) n 6) ,

we get
2

Y, 1 [~ —~ i
B on (s )|~ ElucWll = 2 [ (@ (o) (557 1) ag

o [ e () Tl (57 1) as

\E[QS(nY/)] - E[%e(Wn)]\ <t / 1) 15a ()| 37 de

orl, nl/?

52
by controlling e2:772 — 1 by its first derivative (notice that we used the vanishing of this quantity at

¢ = 0 in order to compensate the singularity of the Fourier transform of the Heavyside distribution).
Since ||p]lL~ = ||p|lL: = 1, the previous bound can be rewritten as

Y, 1 e
elons ()| - Blonst| < g [, Wnc@1es

We then need estimates on the Fourier transform of 27);, and more precisely estimates of exponential
decay. To this purpose, we use the following Lemma, which is related to [RS75, Theorem IX.13, p. 18§]:

Lemma 19. Let f be a function which is analytic on a band {z € C | [Im(2)| < ¢}. For any b € (0,¢),

-~

FACI IS 2( sup || f(- +ia)||L1> e blel,
—b<a<b

assuming that the supremum is finite.

Proof. Notice that the Fourier transform of 7, f(-) = f(- + ia) is

/ Tof(x) e dx = / f(z +ia) el do = (/ f(x +ia) el(@+ia) d:zc) e,
R R R

By analyticity of the function in the integral, using Cauchy’s integral formula, one sees that the last term

is also
( [ #taye dcc) e = Fle)ect,
R
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(see the details on page 132 of the book by Reed and Simon). It follows that

1F©)] e < |F()] (7€ + 7€) < [uF| + IT—af (E)] < [afllis + |7—afl. O

Thus we need to compute for a > 0 the L*-norm of 1, (- + ia). We write

xz +ia\|"
cosh ()‘
nl/4
n1/2,2 T . a 2
~ ()l cosz( i)+ tane? () sin® (07

= | (z)|e nilye? (1 — tanh® (#)) sin? (ﬁ)

For n large enough, sin2(n%‘”/4) > @ _ g—z, and on the other hand, 0 < tanh? ( 1/4) <

ni/2

nl/2 (22 _q2)

(2 + a)| = e F

2

2

nl/242 nl/2q2 2 X a a?  a222
<e 2 exp(— 5 (1—tanh <W>) I—W <eTe 2 .
Since 9, (z) behaves as o'/ 12 the previous Lemma can be applied, with an asymptotic bound
at 1 a2a? 130 _ (@%-3a%)2
|ln(-+ia)||r Se® [ e iz dr=e12 [ e = dx
R R

<ol (2x/§a+1 )

’% z +ia)

by cutting the integral in two parts according to the sign of 22 — 3a2. We have therefore proven:

Proposition 20. For any b > 0, N
[$n (&) S K (b)e™"Ie,
13b

where K (b) = 2e 17 (2¢/3b + I.) and where the symbol < means that the inequality is true up to any
multiplicative constant 1 + €, for € > 0 and n large enough.

We can now conclude. Fix b > 0, and D < 2b. On the interval [—Dnl/Q, Dnl/2]7 we have

& _ [3 D
2nl/2 — bl =l (b_ 2n1/2> < ¢ (b_ 2) .
1
Dni/2»

’ {%E( T/QH —E[oba,g(wn)]’ < %jio%/ﬁ_(b_?)mdf: - K (b)

. _K®D
Yl (b-3)

Therefore, with ¢ =

So, Lemma 18 applies to V = % and W =W, with

Y, K(b) D 10 2 K®b) 10
diot (2w, ) <o 202 10 0
Kol (n]_/Q )N (71_[00 (b*%) +Ioo> € Ioon1/2 (ﬂ'(bgj) + D

Taking b = D = 0.77, we get finally

Y, 2 2K(b) 10\ _ 10.27
L < -
dKol <n1/2 ’ Wn) ~ Ioo n1/2 < b + b ) < .
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Adding the bound on dko (W, W) yields then:

Theorem 21. For n large enough,
Y —1/2
dKol <’]’L1/2’ Woo) S 11n .

Notice that we have only used arguments of Fourier analysis and the language of mod-Gaussian conver-
gence in order to get this bound.

4.2 Local limit theorem
Combining Proposition 20 with Theorem 5 in [DKN11] on local limit theorems for mod-¢ convergence,
we obtain the following local limit theorem for the magnetization in the Curie-Weiss model:

Theorem 22. In the Curie- Weiss model, if we note M, for the total magnetization, then we have:

2
. 1/2 —1/4 _
nlgr;on Pn™"/*M, € B] = 121/4[‘(%)771(3),
for relatively compact sets B with m(0B) = 0, m denoting the Lebesgue measure.

Proof. With the notation of §4.1, ¥;, = n='/*M,, and we need to check assumptions H1, H2 and H3 of
[DKN11] for (Y,,)nen in order to apply Theorem 5 in loc. cit.

e H1. The Fourier transform of the limiting law pu(dx) = w(f) dr of nil/72 is in the Schwartz space, hence
is integrable.

— €2
e H2. The Fourier transforms 1!)7}77(15) ez2n'/2 of n}f% converge locally uniformly in £ towards the Fourier

transform % Indeed, by Theorem 10,

Un(2) ¥(z)

I —LL(R) 1o’

2

-~ > ¢
SO 111[7(5) — d}(g) and the term e2r'/2 converges locally uniformly to 1.

e H3. Finally, we have to prove that for all £ > 0,
igi
fae(§) =E {e ””2} Lig|<kn/2
is uniformly integrable. Following Remark 2 in [DKN11], it is enough to show that
ic Yo
[E [e€372] | < h(e)

for ¢ such that |£| < kn'/? for some non-negative and integrable function h on R. This is a consequence
of Proposition 20: since |1, (€)| < C(k) el for any k > 0, one can write

. o 2
‘]E {elgn‘{%} _ \¢7}(§)| o
< O et o5
I
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for any |¢| < kn'/2. We can hence apply Theorem 5 of [DKN11] with 92 (0) = 1/I,and the value of
I, was computed in the proof of Lemma 18. O

Remark 23. A similar result would more generally hold for Y;, whenever one has some estimates of expo-
nential decay on 1, (£) similar to the one given in Lemma 20:

1
lim ¢, P[Y, € B] = I—m(B).

n—oo o
In particular, the result holds for the random walks changed in measure studied in §3.6.

Remark 24. The idea behind the proof the local limit theorem above and which is found in [DKN11] is
the following: thanks to approximation arguments, one can show that it is enough to prove the local limit
theorem for functions whose Fourier transforms have compact support (instead of indicator functions
15). Then, one uses Parseval’s relation for such functions f to write:

RG-S YaN 3
Bl = 5 [ P efiF (-5 ae

and then use the assumptions to conclude.

5 Mod-Gaussian convergence for the Ising model: the cumulant method

In this appendix, we give another combinatorial proof of the mod-Gaussian convergence of the mag-
netization in the Ising model, without ever computing the Laplace transform of M,,. This serves as an
illustration of the cumulant method developed in [FMN13].

5.1 Joint cumulants of the spins

When « = 0, one can realize the Ising model by choosing (1) according to a Bernoulli random variable
of parameter %, and then each sign X; = o(i)o(i+1) according to independent Bernoulli random variables
with 5
]=-—.

2 cosh 8

In particular, one recovers immediately the value of the partition function Z,(I,0,3) = 2"(cosh )"~
We then want to compute the joint cumulants of the magnetization M,,; by parity, the odd cumulants
and moments vanish. By multilinearity, one can expand

PX;=1=1-P[X; =—

n

/€(2T)(Mn) = Z R(U(il), RN U(igr)),

01,0002, =1

so the problem reduces to the computation of the joint cumulants of the individual spins, and to the
gathering of these quantities. Notice that the joint moments of the spins can be computed easily. Indeed,
fix iy < iy < -+ < igp, and let us calculate E[o(iy) - - o(ia)]. If 42,1 = ia,, then the two last terms
cancel and one is reduced to the computation of a joint moment of smaller order. Otherwise, notice that

E[o(i1) - o(izr—2)0(igr—1)0(izr)] = Elo(i1) - - 0 (i2p—2) Xip, , Xig, 141+ Xi,—1]

=E[o(i1) - 0(igr_2)] 22 2=t where x = tanh 3.
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By induction, we thus get E[o (1) - - - 0 (ig,.)] = x(2—#)+(a—is)++(2r—i2r-1) Let us then go to the joint
cumulants. We fix i1 < iy < --- < i9,, and to simplify a bit the notations, we denote i1 = 1, i = 2, etec.
We recall that the joint cumulants write as

K(o(1),...,0(2r) = > u() [] E

e, Aell

I a<a>] ,

acA

where the sum runs over set partitions of [1,2r]. By parity, the set partitions with odd parts do not
contribute to the sum, so one can restrict oneself to the set Qo even 0Of €ven set partitions. If A = {a; <
-+ < age} is an even part of [1,2r], we write 2P(4) = paz—an)t+(@z—az—1) Thys,

Ko(1),...,02r) = Y p(I) J] ="™.

II€Q 2 cven Aell

In this polynomial in z, several set partitions give the same power of x; for instance, with 2r = 4, the set
partitions {1,2,3,4} and {1,2} U {3,4} both give 2(2-V+(3+4) Denote Po, the set of set partitions of
[1,2r] whose parts are all of cardinality 2 (pair set partitions, or pairings). To every even set partition
II, one can associate a pairing p(IT) by cutting all the even parts {a1 < az < -+ < ags—1 < ags} into the
pairs {a1 < as},...,{azs—1 < aas}. For instance, the even set partition IT = {1, 3,4,5} U {2,6} gives the
pairing (1, 3)(4, 5)(2,6). Then, with obvious notations,

Ko(1),...,02r) = Y p()z?U, (12)

HEQQr‘even

In Equation (12), two important simplifications can be made:

1. One can gather the even set partitions IT according to the pairing p = p(II) € P2, that they produce.
It turns out that the corresponding sum of M&bius functions F(p) has a simple expression in terms
of the pairing, see §5.1.3.

2. Some pairings p yield the same monomial z? and the same functional F(p). By gathering these
contributions, one can reduce further the complexity of the sum, see §5.1.2.

In the end, we shall obtain an exact formula for k(o (1),...,0(2r)) that writes as a sum over Dyck paths
of length 2r — 2, with simple coefficients; see Theorem 28.

5.1.1 Pairings, labelled Dyck paths and labelled planar trees

Before we start the reduction of Formula (12), it is convenient to recall some facts about the combi-
natorial class of pairings. We have defined a pairing p of size 2r to be a set partition of [1,2r] in r pairs
(a1,b1),...,(ar,b.). There are

cardPBo, = (2r — N = (2r —1)(2r — 3)---31

pairings of size 2r, and it is convenient to represent them by diagrams:

Fig. 6 The diagram of a pairing of size 2r = 10.
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Fig. 7 The labelled Dyck path corresponding to the pairing of Figure 6.

On the other hand, a labelled Dyck path of size 2r is a path § : [0, 2r] — N with 2r steps either ascending
or descending, such that:

e the path § starts from 0, ends at 0 and stays non-negative;
e each descending step §(k) > 0(k + 1) is labelled by an integer ¢ with ¢ € [1,4(k)].

From a labelled Dyck path of size 2r, one constructs a pairing on 2r points as follows: one reads the
diagram from left to right, opening a bond when the path is ascending, and closing the i-th opened bond
available from right to left when the path is descending with label i. For instance, if one starts from the
Dyck path of Figure 7, one obtains the pairing of Figure 6. This provides a first bijection between pairings
p and labelled Dyck paths 4.

By considering a Dyck path as the code of the depth-first traversal of a rooted tree, one obtains a
second bijection betwen pairings of size 2r and labelled planar rooted trees with r edges. Here, by labelled
planar rooted tree, we mean a planar rooted tree with a label ¢ on each edge e that is between 1 and the
height h(e) of the edge (with respect to the root). For instance, the following labelled tree T' corresponds
to the Dyck path of Figure 7 and to the pairing of Figure 6:

Fig. 8 The labelled planar rooted tree corresponding to the pairing of Figure 6.

We shall denote T, the set of planar rooted trees with r edges (without label), and @5, the corre-
sponding set of Dyck paths (again without label); they have cardinality

1 /2
card T, = card Do, = C, = < T).
r+1\r

They correspond to the subset My, of P, that consists in non-crossing pair partitions of [1, 2r]; a bijection
is obtained by labelling each edge or descending step by 1, and by using the previous constructions. For
instance, the non-crossing pairing, the Dyck path and the planar rooted tree of Figure 9 do correspond.

In what follows, we shall always use the letters v, § and T respectively for non-crossing pairings, for
Dyck paths and for planar rooted trees. We shall then use constantly the bijections described above,
and denote for instance v(7T') for the non-crossing pairing associated to a tree T, or 6(v) for the Dyck
path associated to a non-crossing pairing v. We shall also use the exponent + to indicate the following
operations on these combinatorial objects:
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— b

1 2 3 4 5 6 7 8 9 10

ANY

Fig. 9 Bijection between non-crossing pairings, Dyck paths and planar rooted trees.

e transforming a non-crossing pairing v of size 2r — 2 in a non-crossing pairing v* of size 2r by adding
the bond {1,2r} "over" the bonds of v.

e transforming a Dyck path & of length 2r — 2 in a Dyck path 6T of length 2r by adding an ascending
step before § and a descending step after §.

e transforming a rooted tree T with » — 1 edges in a rooted tree T with r edges by adding an edge
"below" the root.

All these operations are compatible with the aforementioned bijections, so for instance v(T7) = (v(T))™
and §(vT) = (6(v))T.

5.1.2 Uncrossing pairings and the associated poset

Let us now see how the combinatorics of pairings, Dyck paths and planar rooted trees intervene in
Formula (12). We start by gathering the set partitions II with the same associated pairing p = p(II).
Thus, let us write

so), o)=Y | S wm|= 3 ),
PEPar IT€Qar cven PEP2r
p(IT)=p

where F'(p) stands for the sum in parentheses. Notice that z” is invariant if one replaces in a pairing
two crossing pairs {a1,as}, {az,as} with a1 < ag < a3 < a4 by two nested pairs (but non-crossing)
{a1,a4},{az,as}; indeed,

(ag —a1) + (a4 — a2) = (as — a1) + (a3 — az).

We call uncrossing the operation on pairings which consists in replacing two crossing pairs by two nested
pairs as described above, and we denote p; = po if there is a sequence of uncrossings from the pairing p;
to the pairing po; this is a partial order on the set Lo,..

e SN g

Fig. 10 The operation of uncrossing on a pairing.
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Proposition 25. The poset (Pa,, =) is a disjoint union of lattices, and each lattice contains a unique
non-crossing set partition v, which is the minimum of this connected component of the Hasse diagram of
(Bar, =). Moreover:

1. On the lattice L(v) associated to v € Na,., the monomial x? and the functional F(p) are constant (equal
to z¥ and F(v)).

2. The cardinality card L(v) = N(v) is given by:

Nw)y= [ neTw),

e€E(T(v))

where h(e,T) is the height of the edge e in the (planar) rooted tree T, and E(T) is the set of edges of
a tree T

Proof. First, notice that if p; < ps in Po,., then there is a sequence of pairings going from p; to ps such
that every two consecutive terms p and p of the sequence differ only by the replacement of a simple
nesting by a simple crossing. By that we mean that we do not need to do replacements such as the one
on Figure 11, which creates 3 crossings at once.

| r— | o |

Fig. 11 The crossing of a nesting that is not simple.

Indeed, denoting (7, ) the crossing of the i-th bond with the j-th bond, bonds being numeroted from
their starting point, one has (1,3) = (1,2) o (2,3) o (1,2), which is a composition of simple operations
of crossing; and the same idea works for nestings of higher depth. Thus, the Hasse diagram of the poset
(B2, <) has edges that consist in replacements of simple nestings by simple crossings.

This being clarified, it suffices now to notice that via the bijection between pairings and labelled Dyck
paths explained in §5.1.1, the replacing a simple nesting by a simple crossing corresponds to the raising
of a label by 1:

1 2
1 1

Fig. 12 The operation of uncrossing is a change of labels on Dyck paths.

In particular, if p; and ps are two comparable pairings in (Bs,., =), then the corresponding labelled Dyck
paths have the same shape; and for a given shape § € ©,., there is exactly one corresponding non-crossing
pair partition v = v(d), which is minimal in its connected component in the Hasse diagram of (Pa,, <).
Endowed with =, this connected component L(v) is isomorphic as a poset to the product of intervals

II [aeTw)].

ecT (v)
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Indeed, the order on the set of labelled trees of shape T'(v) induced by (L(v), =) and by the bijection
between pairings and labelled trees is simply the product of the orders of the intervals of labels. This
proves all of the Proposition but the invariance of F(-) on L(v) (the invariance of z(*) was shown at the
beginning of this paragraph); we devote §5.1.3 to this last point and to the actual computation of the
functional F(-). O

Assuming the invariance of F'(-) on each lattice L(v), we thus get:

K(o(1),...,002r) = Y 2’ F(p)= Y a"N(v)F(v), (13)

PEPar veNa,

where N (v) is explicit. Hence, it remains to compute the functional F'(p).

5.1.3 Computation of the functional F

The main result of this paragraph is:

Proposition 26. The functional F(-) is constant on L(v), and if v is a non-crossing pairing, then

Fy=0 [ (ae1w) -1
MG

if T(v) has a single edge of height 1, and 0 otherwise.

Lemma 27. The functional F' vanishes on pairings associated to labelled rooted trees with more than one
edge of height 1.

Proof. Suppose that IT is an even set partition with p(IT) = p; p being a pairing of size 2r associated to
a labelled Dyck path that reaches 0 after 2a steps, with 2r = 2a + 2b, a > 0 and b > 0 (this is equivalent
to the statement "having more than one edge of height 1"). We denote p; and po the pairings associated
to the two parts of the Dyck path. There are several possibilities:

o cither IT can be split as two even set partitions II; and I, of [1,2a] and [2a + 1, 2r], with respectively
k and [ parts, and with p(I1;) = p; and p(Il3) = po;

e or, I] is one of the k x [ possible ways to unite two such even set partitions IT; and Il by joining one
part of II; with one part of Il;

e or, I is one of the (’;) X (é) x 2! possible ways to unite two such even set partitions IIy and Il by

joining two parts of II; with two parts of Ils;

e or, IT is one of the (g) X (é) x 3! possible ways to unite two such even set partitions II; and Il by

joining three parts of II; with three parts of I1s;

e cic.
So, F(p) can be rewritten as

> (=pt <(t — ) —kl(t—2)!+ (’;) (é) 2 (t—3)! — (’;) (;) 31(t—4) +- ) 7

p(II1)=p1
p(I12)=p2

where ¢ = k 4 [. However, for every possible value of £k > 1 and [ > 1, the term in parentheses vanishes.
Indeed, assuming for instance k <[, we look at
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(k+1-11 (-1)° (i) <i) <k +313— 1>1

r=

0
= k(- 1)! :(—W (i) (k e x)

by using Riordan’s array rule for the second identity. 0O

Thus, F' vanishes on pairings p associated to labelled trees with more than one edge of height 1. In
other words, if F'(p) # 0, then {1,2r} is a pair in p, and we can look at the restricted pairing p = pj2,2,—1]5
which is of size 2r — 2; and we can consider F' as a functional on Bs,_5. To avoid any ambiguity, we

denote this new functional
GlpePa) = Y (1)U ()
p(IT)=p

We then expect the formula G(p) = (=1)" [1.cg(r(,)) h(e). We proceed by induction on labelled rooted
planar trees, and we look at the action of adding a leave of label 1 to the tree, and of increasing a label
of an edge by 1. To fix the ideas, it is convenient to consider the following example of pairing p, and the
associated set of set partitions IT with p(IT) = p. The pairing p of Figure 13 is associated to the labelled
planar rooted tree on Figure 14, and it has functional G(p) = (—1)33! 4+ 2 x (=1)22! = —2. We denote
N(l, p) the number of set partitions such that p(IT) = p and ¢(IT) = . Hence,

Glp) = SN p) (-1
=1

e T

Fig. 13 A pairing of size 2r = 6 (the upper diagram) and the associated set of set partitions, which contains 3 elements.

Fig. 14 The labelled planar rooted tree associated to the pairing of Figure 13.

1. Adding an edge. Suppose that one adds an edge with label 1, to obtain for instance:

Fig. 15 Addition of an new edge of label 1 to the planar rooted tree.
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Set p’ for the new pairing; notice that it is obtained from p by inserting a simple bond *® ® . The
set partitions [T’ with p(II") = p’ are of two kinds:

a. those where the new bond is left alone. They all come from a set partition II with p(II) = p by
simply inserting the new bond:

{ =4 eo—e l ——o

sl

=11 |

{=3 o—o—l —o L

—1

Fig. 16 Set partitions where the new bond is left alone.

These terms give the following contribution to G(p):

G(a)(pl> = - Z N(lvp) (_1>l (l + 1)'
=1

b. those where the new bond is linked to another part of a set partition IT with p(II) = p. Starting
from a set partition IT with p(IT) = p, the number of parts of IT that can actually receive the
new bond is £(IT) — (h(e) — 1), because the new bond cannot be linked to the h(e) — 1 parts that
go above him. In our example:

{ =3 e—e l ——o—

=1 =]
=11 ]

Fig. 17 Set partitions where the new bound is integrated in another part.

These other terms give the following contribution to G(p'):

Gy (p') =Y N(lp) (=111 +1~ he)).
=1

We conclude that G(p") = Gy (p') + Gy (p') = —h(e) G(p), so the formula for G stays true when
one adds an edge of label 1.

2. Raising a label. As explained before, raising a label corresponds to adding a simple crossing to the
pairing p, which is done by exchanging two ends b and d of two simply nested pairs {a < b} and
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{¢ < d} of p. This does not change the structure of the set of even set partitions IT with p(IT) = p;
that is, N(I,p) = N(l,p') for every . So, the formula for G also stays true when one raises a label.

Since every labelled rooted tree is obtained inductively from the empty tree by adding edges and raising
labels, the proof of Proposition 26 is done.

5.1.4 Expansion of the joint cumulants as sums over Dyck paths

Recall that ¥ stands for xz(a2—21)++(@x—as—1) if 1, ig the pairing {a1 < as},...,{az,—1 < az,}. We
adopt the same notations with Dyck paths and planar rooted trees, so % or 27" stands for z¥ if § = §(v)
or if T = T(v). We also denote D3, the image of D3, 5 in Da, by the operation § — §. Notice that if
A= (6(T))" with T tree with r — 1 edges, then

2r—1

[T mertme)+1 =TT 4

ecE(T)

A; denoting the value of the Dyck path A after i steps. Starting from Equation (13) and using the explicit
formulas that we have obtained for N(v) and F(v), we therefore get:

Theorem 28. For every indices 1 < --- < 2r,

2r—1
K(o(1),...,0(2r) = (-1)""" > (H 6¢> a?.

se®;,. \i=1
Ezxample 29. The two non-crossing pairings of size 4 are ®——* — and ¢ —o 1, the
associated powers of = are
g DFE-H+B-2)  4pg  HO-DH(E-2)+(4-3)

and the associated quantities G(v) are 4 and 12, so, with r = 3,

k(o(1),...,0(6)) = 428+5+3-4-2-1 4 19 ,,645+4-3-2-1

Theorem 28 has several easy corollaries. First of all, we see immediately from it that the sign of a joint
cumulant of spins is prescribed, which was a priori non-obvious. On the other hand, applying Theorem
28 to the case r = 1 yields

r(o(i),0(j)) = a7,

that is, the correlation between two spins decreases exponentially with the distance between the spins.
More generally, one can use Theorem 28 to get a useful bound on cumulants. Notice that the minimal
exponent of x that appears in the right-hand side of the formula is

£(20)+(2r=1)—(2r-2))+((2r—3)— (2r—4))+-+(3-2)-1_

Indeed, it is easily seen that the exponent of x in 27 increases when one makes a rotation of a leaf of T'
in the sense of Tamari (cf. [Tam62]). Since all trees are generated by leaf rotations from the tree with all

edges of height 1 (¢f. [Knu04]), the previous claim is shown. It follows that

2r—1
|I€(0’(1), . ,0,(21,)” < Z H 5i 2(2r)+((2r=1)—=(2r—2))+--+(8-2)-1
seDy, i=1

The quantity
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2r—1
o - Y (m): s 1 weome+y

6e®3,. \i=l1 TeT—1 \e€cE(T)

has for first values 1,2,16,272,7936,..., and a simple bound on Q(r) is (2r — 2)!, see Proposition 37
hereafter. Hence, a generalization of the exponential decay of covariances is given by:

Proposition 30. For any positions of spins i1 < is < -+ < dgp,

K(0 (i) iz )| < (21 = D) s ara i) ot i

5.2 Bounds on the cumulants of the magnetization

As explained in the introduction, we now have to gather the estimates given by Theorem 28 to get the
asymptotics of the cumulants ") (M,,) of the magnetization.

5.2.1 Reordering of indices and compositions

Since the joint cumulants of spins have been computed for ordered spins i1 < is < ... < i9,, in the
right-hand side of the expansion

n

K(zr)(Mn) _ Z k(o(i1),...,0(iar)),

11,02, =1

we need to reorder the indices i1, ...,1i2,., and take care of the possible identities between these indices.
We shall say that a sequence of indices iy, ...,%, has type ¢ = (c,...,¢) with the ¢; positive integers
and |c| = Zi:l ¢; = r if, after reordering, the sequence of indices writes as

r_ Y . o L ./ .
1 == = <201+1 Zlei42 = = ey tes <ZC]+C2+1 -

Here, i), stands for the k-th element of the reordered sequence. For instance, the sequence of indices
(3,2,3,5,1,2) becomes after reordering (1,2,2,3,3,5), so it has type (1,2,2,1). The type of a sequence
of indices of length r can be any composition of size r, and we denote €, the set of these compositions.
Conversely, given a composition of size r and length /, in order to construct a sequence of indices (i1, . . ., )
with type ¢ and with values in [1,n], one needs:

e to choose which indices i will fall into each class (i}, ..., ), (i, ..., 1.,), etc.; there are

r r!
c)  cleg!-eg!

e and then to choose 1 < j; < jo < --- < j; < m so that j; =1}

possibilities there.

-/

=Ty teyy ELC

Il
-
s}
o
.
no
Il
-
S2
Il
-

As a consequence,

KD (M) = Y > (2!) k(00 o (ee) )

€&y 1<j1 <2< <Jp(e)<n

Y Y (2;) C(8) B(n, ¢, )

c€Cy 6€D3,

where C(§) = Hf:;l d0; is the quantity computed in the previous paragraph, and
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B(n7c, 5) = Z sz{a<b}eu(5)(ib_ia)7

1<51<g2 <+ <Jp(e) <n

the indices 7 being computed from the indices j according to the rule previously explained, namely,

jl :il :...:l’cl;
j2 = Z’Cl+1 == i01+62;
Je(e) = ter+epoy—1+1 = 0 = Lo

Ezample 31. Suppose r = 1. There are two compositions of size 2, namely, (2) and (1, 1), and one trivial
tree with 0 edge; therefore,

k) (M,) = B(n,(2),e) +2B(n,(1,1),e)

:Zn:1 +2 Y ahh

Jji=1 1<j1<j2<n

The double geometric sum has the same asymptotics as Z;:l Z;f: G T =n gt so

14+
®)(0,) ~ s
K\ (M) ni— =mne

It is not hard to convince oneself that the approximation performed in the previous example can be
done in any case, so that a correct estimate of B(n,c,d) is n B(c, ), with

B(ca 6) == Z xz{"'<b}€u((§)(ib7’ia)'

0=71<g2<-<Je(e)

In this new expression, the indices j are unbounded (except the first one, fixed to 0), and what we mean
by approximation is that
n B(c,d) = B(n,c,d) + O(1),

with a positive remainder corresponding to terms of the geometric series with indices larger than n. So:
Proposition 32. An upper bound, and in fact an estimate of |k*7)(M,,)| is

KCO (M) <n >0 Y (2!) B(c,8) C(6).

c€Cq, 6€ED]

5.2.2 Computation of the functional B

There is a simple algorithm that allows to compute B(c,d) for any Dyck path ¢ and any composition
c. Let us explain it with the path § associated to the non-crossing pairing v of Figure 9 and with the
composition ¢ = (3,2, 1,2,2). This composition ¢ corresponds to some identifications of indices, which we
make appear on the diagram of the pairing v as follows:

"_I:H_PT:TH

Fig. 18 Identifications of indices corresponding to the composition ¢ = (3,2,1,2,2).
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We now contract the green edges added above, obtaining thus:

| =

Ji J2 Js Ja Js
Fig. 19 Contraction of the diagram of a non-crossing partition along a composition.

This new diagram corresponds to the following simplification of the sum B(c,9):
B(C7 5) — Z plrotigtig—ir+ic—is—ist+iz—iz—i1

0=11=ta=13<t4=15<tg<iy=ig<ig=t10

= E g2iotis—2ia—h because of the identities of indices;
0=11 <14 <ts<i7<ig
= E gUs=31)+Us=52)+(js—52) by relabeling the indices.

0=71<j2<j3<ja<js

So, the new diagram, which we call the contraction of v along c and denote v ., can be read similarly as
the previous diagrams of pairings, that is to say that

B(c,6) = Z O e

0=71<J2<j3<ja<Js

where xV}e stands for the product of factors #°~% {a < b} running over the bonds of the contracted
diagram v |..

Given a contracted diagram p = v . of length £(c), denote d;(p) the number of bonds opened between
j1 and ja; d2(p) the number of bonds opened between jo and js; d5(p) the number of bonds opened
between j3 and jy; etc. up to dy)—1(p). For instance, in the previous example, there is one bond opened
between j; and jo (the one starting from j;); 3 bonds opened between jo and js (the previous bond,
which has not been closed, and the two bonds starting from j»); and 2 bonds opened between js and jj
and between j4 and js. So (41, d2,03,04) = (1,3,2,2).

Proposition 33. Set p = (v(8))l.. One has

fe=t 5ip)
s
B(e,o)= [] T

i=1
Ezxample 34. Consider the previous contracted diagram ps, and the corresponding sum
Bs = Z 2 Us=51)+ (s —J2)+(Ga—J2)
0=71<72<J3<7a<Js

We reduce inductively the size of the contracted diagram as follows. We first write

By = E 22U =3a)+(Ja=51)+(Ja—Jj2)+(Jz—J2)
0=71<J2<7j3<ja<Js
oo
— Z pda=31)+Ga—j2)+(Gs—3z2) Z 25 —74)
0=71<J2<j3<ja Jjs=ja+1
2 04
__Z Z pUa=i0)+Ga—g2)+Ga—j2) | — _F B,
1—2a2 1—q0 7

0=71<j2<j3<ja

where By is the sum corresponding to the diagram p4 which is obtained from ps by identifying j, and js:
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as

Ji1 J2 J3 Ja
Fig. 20 Reduction of the diagram of Figure 19.
We can then do it again to go to size 3:
By = Z p2(Ga=7d3)+(Gs—=d1)+ (s —j2)+(Ja—J2)

0=731<j2<j3<ja

— Z 2 (F8=31)+2(i3—d2) Z 22(a—3s)

0=71<j2<js Jja=Js+1
-7 S Uit | - "B,
)
1— 22 = 1—z%
0=71<j2<J3

where Bg is the sum corresponding to the diagram ps which is obtained from py by identifying js and j4:

| A

J1 J2 Js

Fig. 21 Further reduction of the diagram of Figure 19.

52 51
T X
o5 and T

Two more operations yield similarly the factors

Proof (of Proposition 33). The algorithm presented above on the example gives clearly a proof of the
formula by induction on £(c). Indeed, at each step of the induction, the term that is factorized is

o0
E e -1Ue(e) —Je(e)-1) —
Je(e)y=Je(e)—1+1

r0e(e)—1

)

1 — g0ee)—1

because dy(.)—1 is the number of bonds ending at jy). Then, as for the other factor, one obtains it by
replacing jyc) by jie)—1 in the sum B(c,d), and this amounts to do the identification between jy(c)_1
and jy() in the contracted diagram. This identification and reduction to lower length does not change

the values 01, ..., dy()—2, so the formula is proven. O
We recall that a descent of a composition ¢ = (¢q,...,¢¢) is one of the integers
c1;,¢1 +cg,c1 +ca+c3,.. 00+ e

For instance, the descents of ¢ = (3,2, 1,2,2) are 3, 5, 6 and 8. The set of descents D(c) of a composition
c of size 7 can be any subset of [1,r — 1], so in particular, card €, = 2"~!. The contraction of diagrams
along compositions presented at the beginning of this paragraph satisfies the rule:

{01(p), -+ 0e(e)-1(p)} = {da, d € D(c)} if p= (v(6)) e -
So, B(c,0) = HdeD(c) %, and Proposition 32 becomes:

Theorem 35. An upper bound, and in fact an estimate of |k (M,,)] is

1K) (M) <3 3 Ale) Ble, ) C(6)

n
c€Car €D
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with A(c) = (), B(c.8) = TTaep(e) 1oy and C(8) = TT:71 " 6.

Ezample 86. Suppose r = 2. There is one Dyck path in @}, with C'(§) = 2 since §; = d3 = 1 and Jp = 2.
The compositions of size 4 are (4), (3,1), (2,2), (1,3), (2,1,1), (1,2,1), (1,1,2) and (1,1,1,1); their
contributions A(c) B(c, d) are equal to

1 4z 622 4z 1223 1222 1223 2474
Tl 1-22" 1-2 1—-2)1-22) 1-2)2" 1-2)(1—-22)" (1—-2)%(1—a?)
So,
8z 622 1222 243 2474
@W(M,)| ~2n (1
17 (M) = 2n ( S i e gl e gl ey Q) B R TG Qo)

(1+2)(1+ 4 + 22)
(1=

~2n =n(3e% —e2h).

5.2.3 Explicit bound on cumulants and the mod-Gaussian convergence

By examining the asymptotics of the first cumulants written as rational functions in z, one is lead to
the following result. Set

Pz)=| > > Alc)B(c,8)C(5) | (1—x)* .
celqyr 6ED]
For instance, P (r) = 1+ 2 and Py(z) = 2 (1 + 2)(1 + 4z + 2?).
Proposition 37. For every r > 1 and every x € (0,1),

(2r)! (2r — 2)!

OgPT(z)S i m

Proof. For every composition ¢ and every path &, B(c,§) (1—2z)?"~! is a non-negative and convex function

of z on [0,1]. Therefore, 0 < P.(z) < z P.(0) + (1 — z) P.(1). When = = 1, all the rational functions
B(c,6) (1 — x)?"~1 vanish, except when ¢ has 2r — 1 descents, that is to say that ¢ = (1,1,...,1). Then,
A(c) = (2r)!, and

hch§ H%*CL

Therefore,
(2r)! (2r —2)!

P.(1) = (2r)! (card @3,.) = T

On the other hand, when z = 0, all the rational functions B(c,d) (1 — 2)2"~! vanish, except when ¢ has
no descent, that is to say that ¢ = (2r). Then, A(c) =1 and

P(0) =Q(r)= Y A(5)

seD;.
Among all Dyck paths in D3, the one with the maximal product of values G(§) is (0,1,2,...,r—1,r,r—

1,...,2,1,0). So,
P.(0) <7l(r—1)!(card ®3,) = (2r — 2)! < P.(1).
It follows that P.(z) <z P.(1)+ (1 —2) P.(1) = P.(1). O
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Corollary 38. For every r,

|kC(M,)| < n(2r — DI (2r — 3) (2 + 1)L,
Proof. Indeed,

EUSER D D SRICECOID) B

c€ly, 6€D35,

P, (1) _n( 1)%4(%ﬂ@%4ﬂ

_n(l—x)%*l_ 1—2 rt (r=1)"

Replacing = by tanh S allows to conclude, and this gives another proof of Theorem 4. We rewrite the
logarithm of the Laplace transform of n=/4M,, as

SR oy WO | OO0 S0
(2r) 2n1/2 24n — (2 '

r=1
The series on the right-hand side is smaller than

> — 1\ — 3\ e
Z (2r 1)(2:)2'r 3)!! (eB 1)t g2 nl=r/2 < p=1/2 Z((ezﬁ 4 1)2)2 n—(r=3)/2
r=3 ’ r=3

((e* +1)z)8
1—((e2f +1)2)2n-1/2’

<n /2

so it goes uniformly to zero on every compact set of the plane. On the other hand, we have seen that
k2 (M,) =ne* —O(1) and —x® (M,,) = n (3e% —e?#) — O(1), so we conclude that

M,  nl/228 .2
:| e 2 =e

(3688 _o2B) 24
E|:ez nl/4 - 22 = (

1+0(n~ 1)),
and this is indeed the content of Theorem 4. O

Remark 39. The method of cumulants that leads to Corollary 38, and eventually to Theorem 4, is de-
veloped in much more details in [FMN13]. In particular, our approach to the computation of cumulants
of sums of dependent random variables coming from complex systems can be made quite general. Thus,

given a sum S =}, X,, one can obtain powerful bounds on x((S) by:

1. first, computing explicitly the elementary joint cumulants (") (X, Xugy -y Xy, ), as in Theorem 28;

2. then, find clever rules in order to sum these cumulants and keep correct bounds. In this second part,
one needs in particular to identify which elementary cumulants (" (X, , X,,, ..., X,, ) give the main
contribution to £ (S) =", : KON Xy s Xy, ooy Xo,)-

1500,V

An important open problem of combinatorial and geometric nature would be to adapt the arguments of
this Section to the 2-dimensional Ising model, for which one cannot compute explicitly the generating
function E[e*M"]. We expect the methods of cluster expansion (cf. [Bov06, Chapter 5]) to be powerful
tools in this setting.
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