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Abstract: In this text we will give a sketch of a proof of Serre’s theorem on Projective modules,
i.e. any finitely generated projective module M over the polynomial ring K|z1,---,z,] of a prin-
cipal ideal domain K is free. By Horrocks’ theorem, we have that for a local ring R, if there is a
monic polynomial f € R[z] such that My is a free R[z]; module, then M is a free R[z] module.
The Quillen-Suslin theorem generalizes Horrocks theorem for any ring R, dropping the condition
that R is local. Serre’s conjecture is proved using this theorem.

Any ring here will mean a commutative ring with identity and usually will be denoted by R.
Unless otherwise stated, M will denote an R module. Max(R) and Spec(R) will denote the sets of
all maximal and prime ideals of R respectively.

1 Elementary Definitions and Results

Definition Let R be a ring. For a prime ideal p € Spec(R), the height h(p) of p is defined as the
supremum of the lengths n of all chains of prime ideals of the form

It will be useful to note the following facts [AM] regarding height of a prime ideal.

Fact 1 If K is a field, then every prime ideal in K[z1,22,- -, z,] has height < n.

Fact 2 In a unique factorization domain R, the prime ideals of height 1 are precisely the principal
ideals generated by prime elements.

Definition Let M be an R module. The presentation of M belonging to a system of generators
{mx}xen of M is the exact sequence of R modules

0K —R*A M=o

where o maps the canonical basis element ey of RA to my. The R module K is called the module
of relations of the generating system {my} ca. An element of K is called a relation.
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Definition An R module M is called finitely presentable if there is an n € N and an exact sequence
of R modules
0-+-K—>R"->M—=0

where K is finitely generated.

Definition A projective module is a direct summand of a free module.

Proposition 3 Let M be an R module, P and @Q be submodules of M. Then P = Q iff P = Qum
for all m € Max(R).

Proof. [Kunz|: p 93.

Theorem 4 Let R be any ring and let f,g € R such that D(f) U D(g) = Spec(R) (For an ideal
I C R, by D(I) we denote the set of all prime ideals p € Spec(R) which do not contain I. For an
element f € R, D(f) is the set of all p € Spec(R) such that f ¢ p). Let M be an R module. If M;
is a finitely presentable Ry module and My is a finitely presentable Ry module then M is a finitely
presentable R module.

Proof. [Kunz]: p 97.

Definition For an R module N we call the R[z] module R[z] ® g N the extension module of
N to R[z] and denote it by N|[z]. The module N|z] can be identified with the set of all polynomials
ng + zny + - - - + z%ng with coefficients n; € N. An R[z] module M is called eztended (from R) if
there is an R module N such that M = N|[z| as R[z] modules and M is called locally extended at
a maximal ideal m € Max(R) if the Ry[z] module M, is extended from Ry,.

Note that if M = N[z] then N = M/zM as R modules.

Theorem 5 (Quillen) A finitely presentable R[z] module M is extended if and only if it is locally
ertended at all m € Max(R).

Proof. [Kunz|: p 101.

Theorem 6 Let R be a local ring with mazimal ideal m and P be a finitely presentable R module.
Then P is free iff there is an ezact sequence of R modules 0 — F % M — P — 0 where M is
projective and the mapping F/mF — M /mM induced by « is an injection.

Proof. [Kunz|: p 111.

Theorem 7 A finitely generated module over any ring R is projective iff it is finitely presentable
and locally free.

Proof. [Lam]: p 15, [Kunz]: p 113.



Proposition 8 Let M be a finitely generated projective R module and p € Spec(R) such that M,
is a free Ry, module. Then there exists f € R\ p such that My is a free Ry module.

Proof. [Kunz|: p 113.

2 The Passage from Local to Global

Theorem 9 (Horrocks: 1964) Let R be a local ring. If M is a finitely generated projective R[z]
module and there exists a monic polynomial f € R[x] such that My is a free R[zx]; module then M
is a free R[z] module.

Proof. We choose a basis B of M consisting of elements of M and let F' denote the submodule of
M spanned by B. Define P = M/F.

Claim 1 The R module P is finitely presentable.

Proof of Claim 1. Clearly P; = 0 and hence there is a positive integer n such that f"P = 0.
Hence we have
M/F M/f"M

fr(M/F) — (F+ frM)/f"M

Now, M/f™M is a finitely generated projective module over S = R[z]/f™. Since f is monic, S is
a free R module of finite rank and so is M/f"M. Since (F + f"M)/f"M is also finitely generated
as an R module, P = M/F is finitely presentable. O
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Claim 2 For R modules M, P and F, M 2 P@ F.

Proof of Claim 2. Let m be the maximal ideal of the local ring R and let f denote the image of f
in R/m|z]. Then (F/mF)T = (M/mM)T. So the canonical mapping F'/mF — M /mM is injective.
Since R[z] is free as an R module, M is projective as an R module too. So, applying Theorem 6 to
the exact sequence 0 — F - M — P — 0 we see that P is free as an R module and M 2 P& F
as R modules. O

We will show that F' can be enlarged and P can be made smaller so that P becomes zero and
then we’ll be done.

Let p1,---,ps € M be representative for a basis of the R module P and let {ps41,---,p:} be an
R|[z] basis of F. If s = 0 we are done. So, let us assume that s > 0. Then, for 1 < k < s we have
the equations:

s t
—zpr = Y oppi+ Y bripj (1)
=1 Jj=s+1

where ay; € R,by; € R[z]. If M is not free, by this equation 1, any relation for M the form

s t
Zaipi + Z bjpj = 0,a;,b; € R[z]
=1 j=s+1



can be reduced to a relation of the form

] t
doeipit Y bipi=0
=1

Jj=s+1

for o; € R,l;j € R[z]. Since M = P& F, it follows that o; = i)j =0forl<i<sands+1<j<t.
Therefore, with respect to the generating system {pi,---,p:} the R[z] module M has a relation
matrix of the form

(A+zl,|B) A= (i), € R,B = (byj),br; € Rx] (2)
where I is the s x s identity matrix.

Lemma 1 There exists matrices By € M(s x (t — s); R) and B € M(s x (t — s); R[z]) such that

B = B() + (A +.TIS)B.

Proof. Divide B with remainder by the linear polynomial A + zI;. O

By this lemma, relation (1) can be written in the form

p1 R Ds+1 DPs+1
(A+zl) | +B| +By| : | =0.

Ps pi pi
Therefore by changing the p;(1 < i < s) by suitable linear combinations of the p;(s +1 < j < t)

we can make sure that the matrix B in (2) also has coefficients in R only. So, let us assume that
bkj € R.

Lemma 2 The s X s minors of (A + zI;|B) generate the unit ideal in R[z].

Proof. ([Lang]:p 483 - 485) It is enough to show the result locally for all 9 € Max(R|z]). By
Theorem 7, Moy is a free R[z]oy module and from (Msy)s = (Fim)y it follows that the rank of My
is same as that of Fyy, namely ¢ — s. The exact sequence

0 = K — R[z]by — Mgy — 0

where K is the R[z]sn submodule of R[z]%; spanned by the rows of the matrix (4 + zI,|B) splits.
Therefore, K is a free R[z]ogn module of rank s. Since the rows of the matrix can be extended to a
basis of R[z]y;, at least one s x s minor is a unit in R[z]kj. O

Let g denote the monic polynomial det(A + zI;) and a denote the ideal in R generated by the
coefficients of B. Then it follows by lemma 2 that

R[z] C Rlz]g + Rlz]a.

and hence R[z] = R[z]g + R[z]a. Since g is monic, the ring T' = R[z]/(g) is free as an R module.
Going modulo g we have T' = T'a and hence it follows that a = R. Since R is local, at least one
coefficient of B is a unit in R.



Now, by elementary column operations and then elementary row operations we can bring the
matrix in 2 into a matrix of the following form:

where A’ and B’ have coefficients in R and I;_; is the (s — 1) x (s — 1) identity matrix. Since
only elementary operations have been made, the lemma 2 holds for this matrix also. Hence we can
apply the same argument to (A’ + zI, 1|B’) and ultimately bring it to the form

(0[15),

where I is the s X s identity matrix. But this implies that M is a free R[z] module of rank (¢ — s),
hence the Theorem. [ ]

Theorem 10 (Quillen-Suslin:1976) Let R be any ring. If M is a finitely generated projective
R[z] module and there exists a monic polynomial f € R[z] such that My is a free Rlz]; module
then M is a free R[z] module.

Proof. Let m € Max(R). Then My, is a finitely generated projective Ry[z] module for which (My,) s
is a free (Ry[z]); module. By Theorem 9 (Horrocks’ Theorem), My, is a free Ry[x] module and
hence extended.

Now, consider the polynomial ring R[z~!] with indeterminate z—'. The rings of fractions R[z];
and R[z7!],-1 are isomorphic, given by the map = + z~!. So, henceforth we write R[z,z~!] for
this ring.

Let f=a2"4+az" '+ ---+a,and g =1+az ' +--- 4+ a,z~" where a; € R. Note that
g =27 "f and since ™™ is a unit in R[z,z7'], we have R[z,z7']f & R[z,z7'],. Since My is a free
R[z]; module, (M) = (M), is a free R[z,z™ '], module.

Since the elements 2! and g generate the unit ideal in R[z~!] we have Spec(R[z~!]) = D(z~!)U
D(g). It follows that there is an R[z~'] module M’ such that M} is a free R[z~'], module and
the rank of My as an R[z™!], module is same as the rank of (M), as an R[z,z~']; module. Also,
M!_, = M, as R[z,z" '] modules . So, M’ is finitely presentable by Theorem 4.

Now we can prove that M is free. For a maximal ideal m € Max(R), we have (M[),-1 = (Mp),
and this module is free over Ry[z,z7!]. Since 27! is a monic polynomial in R[z '], by Theorem 9
(Horrocks’ Theorem) M, is a free Ry [z 1] module. M’ is finitely presentable and locally extended,
so by Theorem 5 (Quillen’s Theorem) it is globally extended. Hence M’ = N'[z~!] for some R
module N’ where N’ = M'/z7'M' = M'/(z™! — 1) M".

Since M) is a free R[z™']; module and g = 1(mod z~'), M;/z~' M} = M'/z~' M’ is a free R
module. Therefore M'/(z~! — 1)M' is also a free R module. But

M’ ~ M.’;} -1 ~ Mm ~ M

@l-OM (@ 1-0)M_, (@-0)M, (z—-1)M

so M/(z —1)M is a free R module. Hence M/(x —1)M = M/xM = N is free and thus M is free.
|



3 Serre’s Conjecture

Theorem 11 (Serre’s Conjecture) If K is a principal ideal domain then all finitely generated
projective modules over the polynomial ring K|z1,---,z,] are free.

Proof. If n = 0 then we are done since submodules of a free module of finite rank over a principal
ideal domain are free. A finitely generated projective module is a submodule of a free module of
finite rank.

Let n > 0 and assume the result for n — 1 variables by induction. Let M be a finitely gener-
ated projective module over K|[z1,---,z,]. Denote by S the set of monic polynomials in K{[z].
Note that S is multiplicatively closed. Then Mg is a finitely generated projective module over
K(z1,z9, -+, 2Ty]s and this ring is same as K|[z1]g[z2, -+, Tp].

It is enough to show that K|[zi]s is a principal ideal domain, for then Mg will be a free
Klz1,---,zp]) module by induction hyphthesis. Then by proposition 8 there is an f € S for which
My is a free K[z, --,z,]; module. Since this f is monic, using Quillen-Suslin Theorem, M is a
free K[z1,- -, z,] module.

Claim The ring R = K[z1]s is a principal ideal domain.

Proof of Claim. Since K is a principal ideal domain, so K[z1] is an unique factorization domain and
hence K[z1]g, being the ring of fractions, is also an unique factorization domain. Let p € Spec(R).
If pN K = 0 then Ry is a ring of fractions of Q(K)[z1] (By Q(K) we mean the fraction field of K).
Therefore h(p) < 1 by fact 1 and p is a principal ideal by fact 2. Otherwise if p N K = (p) with
some prime p € K, then R/(p) = K/(p)(z1) is a field, so p = (p). So, any p(# 0) € Spec(R) is
generated by a prime element © € R.

Now, let aj,as be non zero elements in R and let ¢ be their greatest common divisor. If
p = () € Spec(R) and if 7¥i|a; for i = 1,2 then 7MM{ri2}c. Tt follows that (a1,a2)Rp = cRy
for all p € Spec(R) and hence the ideal (a1,a2) = (c¢) by proposition 3. Hence R = K|[z1]g is a
principal ideal domain. O

This concludes the proof of Serre’s conjecture. [

A Brief History[Lam]: In 1955, on p.243 of his famous article “Faisceaux algébriques cohérents”
(FAC), Serre wrote: “On ignore s’il existe des A-modules projectifs de type fini qui ne soient pas
libres.” Soon, the freeness of finitely generated projective modules over K[z1,---,z,] (K a field)
became famous as Serre’s Conjecture. Serre might have objected that what he posed as an open
problem became his “conjecture” by world acclamation, but the fine distinction between “Serre’s
problem” and “Serre’s conjecture” can be safely forgotten now. Culminating almost twenty years
of effort by Algebraists, Quillen and Suslin proved (independently) in 1976, that finitely generated
projective modules over R = K|z, -, z,] are, indeed free. A very brief history of this development
can be given as follows:

If M has rank 1, a Theorem of Gauss implies that M is free using that K|z, -,z,] is an
UFD. For n =1, it is a standard result. This is even true for non commutative case, so K can be
assumed to be a just a division ring here.

In 1958, Seshadri proved Serre’s Conjecture for 2 variables. In 1957/58, Serre himself showed
that M = R" @ Q where @ has rank < n, reducing the conjecture to the case that rank(M) < n.
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In 1963/64, Bass showed that M is free for rank > n or if M is non-finitely generated. Horrocks’
Theorem, as proved in this article, was also proved in 1964.

In 1971, Ojanguren and Sridharan showed that for n > 2, the problem has a negative answer
in the non commutative case.

In 1974, Roitman proved the result for algebraically closed field K and rank(M) = n. In Jan-
uary, 1976, Quillen and Suslin (independently) proved Serre’s Conjecture.
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References

[AM]  M.F. Atiyah and I. G. Macdonald, Introduction to Commutative Algebra, Addison-Wesley
Publishing Company, 1969.

[Kunz] Ernst Kunz, Introduction to Commutative Algebra and Algebraic Geometry, Birkhauser,
1981.

[Lam] T.Y.Lam, Serre’s Conjecture, Springer-Verlag, Lecture Notes in Mathematics (vol: 635),
1978.

[Lang] Serge Lang, Algebra 2nd Edition, Addison-Wesley Publishing Company, 1984.



