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1 Introduction

For a real Dirichlet character x of conductor n > 1 one expects

Conjecture 1 L(s;x) # 0 for Re(s) > 1 — Togg®» where ¢ and A are abso-
lute constants.

Siegel showed that there is atmost one zero in this region and this zero is
known as Landau-Siegel zero. Duke [Duk]| established a connection between
Dirichlet L-function and the modular L-functions through which one can
reduce the above problem to one almost free of the character x. Iwaniec
and Saranak made a major breakthrough [IS] in this aspect. Any slight
improvement in their results would prove the above conjectures with A = 4.
In this note we shall look at the results and techniques of Iwaniec and Saranak
and their connection with the Landau-Siegel zeros.

2 Modular Forms

All the proofs of the results mentioned in this and the next section can be
found in [Kob], [Miy], [Ogg| and [Ser].

*This is a note on the work of the author during his visit to Ecole Normale Supérieure
(ENS), in the months of May and June 2001, under an exchange programme between
Chennai Mathematical Institute (CMI) and ENS. The work was carried out under the
guidance of Loic Merel of Paris 7 University.



Let I'y = SLy(Z), the set of all 2 x 2 matrices, with integer entries, whose
determinant is 1. For a natural number N, let

I (N) = {(Z 2)61“0:050 (mod N),a=d=1 (modN)},and

To(N) = {(Z Z)EPO:CEO (modN)}.

A subgroup I' of T’y is called congruence subgroup if there exists N > 1 such
that I'; (V) C I'. Hence I'g(V) is a congruence subgroup.

Remark I'1(N) is a finite index subgroup of ['; and so are the congruence
subgroups. It is therefore natural to ask whether there is a finite index
subgroup I of I'y which is not a congruence subgroup. There are many such
[’s but is not straight forward to construct one (look at [New]). Incidentally,
the congruence subgroup problem asserts that for n > 3, any finite index
subgroup of SL,(Z) is a congruence subgroup (the definition being similar).
This was proved by Baass-Milner-Serre [BMS].

a b

Let H={z € C: Im(z) > 0}. For v = < . ) € Iy, z € CU {o0}, define

d
az +b
= . 1
T +d (1)
Note that, Im(yz) = % and that (7172)(2) = (71(72(2)) for all v,y1, 72 €

['y. Therefore, the above defines an action of I'y on H.

Remark I'y acts transitively on Q U {oo}.

Let f : HH — C be a holomorphic function and k£ be an integer. For v € I'y
we define

F@)ky = (cz +d) ™ f(72). (2)
Definition A holomorphic function f : H — C is called Modular form (re-
spectively cusp form) of weight k for T'g, if f|gy = f for all v € T and f is
holomorphic (resp. vanishing) at oco.
The last condition is explained in the following. We note that T" = (1) i €
[o. The condition f|;T = f translates to f(z+ 1) = f(z) for z € H. This
would imply that f has a Laurent-series expansion in terms of e2™* = g,
that is, f(z) = S.72° _a(n)g". This is called the Fourier expansion (or g-

expansion) of f. By f holomorphic (resp. vanishing) we mean that a(n) =0
for n < 0 (resp. n < 0).



Another view point is to consider the map ¢ :H - D ={z€ C: |2| < 1}
defined by z — €?™ = g. Under this map 700 maps to 0. If f satisfies the
condition f(z+1) = f(z) then by the map ¢ we a get a holomorphic function
f (corresponding to f) on D — {0}. f being holomorphic (resp. vanishing)
at oo is equivalent to f being the same at the origin.

Now, we shall define Modular forms for a general congruence subgroup
I'. By a cusp of I' we mean a I'-equivalence class of Q U {oo}.

Definition A Modular form (resp. cusp form) of weight k for I' is a holo-
morphic function f : H — C satisfying f|y = f for all ¥ € I and which is
holomorphic (resp. vanishing) at all the cusps.
Again, the last condition needs some explaination. Let a be a representative
of a cusp of I'. By an earlier remark there exists v € I'y such that ya = oc.
f is holomorphic (resp. vanishing) at the cusp a if f|zy~' is holomorphic
(resp. vanishing) at co (in the same sense as explained earlier).
Remarks
-1 0 .
1. If =1 = ( 0 1 ) € I', then a modular form f of weight k£ should
satisfy f(z) = (=1)*f(z). Therefore, if —I € T then, for odd values of
k there exists no nontrivial modular forms of weight k for T'.

2. The set of all modular forms of weight £ for I" is a C-vector space. We
shall denote this space by My (I'). The set of cusp forms of weight £
for T' is a vector subspace of M (') which we shall denote by Si(T).
Moreover, if f € My (T') and g € My(I") then fg € My, (I'NTY).

3. For a character x modulo N, we define M;(N,x) = {f : H — C :
f(vz) = x(d)f(z), for all v € T'((N)}, where d is the right bottom
entry of 7. Note that this is a subspace of My(I'1(/N)). Moreover,
for the principal character this set is nothing but My(T'o(N)). It is
an easy exercise in representation theory to show that M (T'1(NV)) =
@D, Mk(N, x), where the sum runs over all the characters modulo N.
We shall mainly look at M (N, x) as they give most of the informations.

0 —1
1 0
check the first condition in the definition of Modular forms for T'y(V)
for these generators (one should also note that I'g(NV) has many gener-
ators).

4. Ty is generated by S = and 7. Therefore, it is enough to



5. One can explicitly write down the dimension of Mj(I'y). For the proof
of the following refer [Ser].

£)14+1 for keven,k >0,k £2 (mod 12)
dim¢(Mg(Ty)) = £] for k even,k > 0,k =2 (mod 12)
0 otherwise

Also, for k£ > 2, k even, one has dim¢ (M (Ty)) = dime(Sk(T)) + 1.

6. One can also define Modular forms for half-integral weights. There is
a connection between half-integral weight Modular forms and integral
weight Modular forms given by Shimura Correspondence. For more
details about these refer [Kob], [Sh2]

3 Hecke Operators and Modular L-functions

3.1 Hecke Operators for I'y

For a finite dimensional R-vector space V, a lattice L is a discrete subset
of V such that there is a R-basis {e1, es,...,e,} of V which is a Z-basis for
L,ie, L = Zes@Zes @D Ze,. Considering C as a vector space over
R, let L be the set of all lattices of C. Let R denote the free abelian group
generated by £, that is, R = {}_, ., arL : ar = 0 for all but finitely many
LeL}.

Let f : H — C be a map satisfying f|,y = f for all v € I';. We can
then define FF: R — C by F(L) = w;kf(z—;), where {wy,ws} is a Z-basis
for L with Im(£) > 0. This definition is unambiguous for if {w}, wy} is

another Z-basis with I'm(=+) > 0, then there is an element v € T'y such

!
Wy

! !
that - ( w1 > = ( ‘1 >, which would imply that w) ™" f(%F) = wy *f(42).
w9 Wy Wy w2

Notice that F has the property: F(tL) = t*F(L), fort € C*,L € L. A
function satisfying this property is called lattice function. We also have,
f(z) = F(< 2,1 >) and hence we have a one-one correspondence between
{f H=>C: flgy=fforally €Ty} and {F:R — C: F(tL) =t *F(L)
forallt € C,L € L}.

We now define correspondences T'(n), Ry on R by defining their action



on the lattices. Forn > 1,L € L,
T(n)L= Y L, (3)
[L:L']=n

the sum of sublattices of L with index n. The sum is finite since [L : L' = n
would imply that L D L' D %L. For A € C*, we define RyL = AL. We then
have

Proposition 1 The correspondences defined above satisfy:

R:R, = Ry, Apec (4)

R)\T(n) =T(n)Rx AeCin>1 (5)
T(n)T(m) = T(nm) (n,m) =1 (6)
T(p")T(p) =T(p" + 1) +pT(p" )R, p prime,n > 1 (7)

Thus the algebra generated by T'(p), Ry, A € C*,p a prime, is commutative
and contains all the T'(n)’s.
For a lattice function F' we define,

(RAF)(L) = F(R\L) = X" F(L),
(T(n)F)(L) = F(T(n)L) = Y F(L).

[L:L']=n

Therefore, the equations (6) and (7) translate to

(T'(n)T'(m))F =T(nm)F (n,m) =1 (8)
(TE")TP)F =T @) +p"*T(p")F n>1,pprime  (9)

The correspondence between lattice functions and functions f : H — C,
satisfying f|xy = f for all v € Ty, allows us to extend these actions to the
set of Modular forms.
For f € M(Ty), let F be the corresponding lattice function. We then
define
T(n)f(z) = n* 1T (n)F(< 2,1 >) (10)

(the multiplication by n*~! is to clear the denominators in the later equa-

tions). By manipulating the matrices we get

T(n)j(z) =" Y atp(E0) (1)

ad=n
0<b<d
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The equations (8) and (9) now translate to
T(n)T(m)f =T (nm)f (n,m) =1 (12)
TE")T(p)f=TE"")f+p*'T@E"")f n>1,pprime  (13)

These T'(n)’s are called the Hecke operators. The importance of these op-
erators comes from their eigenvectors and eigenvalues. To see this, we shall
first look at the Fourier coefficients of T'(n) f. Let f(z) =>_ ., a(m)¢™ and
(T(n)f)(z) =>_,,50b(m)g™. Then we have -

Proposition 2

bm)= Y d’“*la(%). (14)

d|(n,m)
Corollary 1 With the same notations as above we have,
1. b(0) = (4, & 1)a(0), b(1) = a(n).
2. If n = p a prime then
b(m) = a(pm), form £0 (mod p),
b(m) = a(pm) + p*ta(m/p), form =0 (mod p).
3. If f € My(Lo) (resp. Sk(L'o)) then so does T'(n)f.

Now, suppose that f(z) = > .,a(m)¢g™ € My(I'¢) is a non-constant
eigen vector for all the T'(n)’s. Then we have a(1) # 0. Moreover, if a(1) = 1,
then T'(n)f = a(n)f for all n > 1. This follows easily from the above results.
Thus we have from (12) and (13),

a(n)a(m) = a(nm) (n,m) =1 (15)
a(p*)a(p) = a(p"*!) + p*a(p"™") n >1,p prime (16)

3.2 L-functions and twisted forms
For f(z) = > ,50a(n)q", we let L(s; f) = }_,, a(n)n™*. Therefore, for a

common eigenform f, the L-function admits an Euler product,

L(s,f)=> amn= ] t-app*+p )" (17)

n>1 p prime
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With little more effort one can define Hecke operators for the general
modular forms. For f € My (N, x) we will obtain

TP T () f =TE" ™) f +x()pP*TE" ") f,p JN,p prime,n > 1, (18)

T(p™")f=T(p)",p|N,p prime. (19)
Therefore the L-function of a common eigenfunction takes the Euler product
L(s, /)= [ (1—a@p+x@p~">)" (20)

p prime

Note that x(p) = 0 whenever p|N.
Remark A modular form being a common eigenfunction is equivalent to the
corresponding L-function having an Euler product.

Introducing Dirichlet character into the Fourier expansion, we get what
are called twisted forms. Let f(z) = > ,a(n)g" € Mi(N, x) and let d; be
the conductor of x. Let ¢ be a primitive Dirichlet character modulo dy;. We

define £,(2) = ¥q (m)a(n)g"
Lemma 1 f, € My(M,¢?x), where M is the least common multiple of
N,didy and d3. If f is a cusp form then so is fy.

3.3 Functional Equation

Lemma 2 A modular form f satisfies the conditions (C):

f converges absolutely and uniformly on any compact subset of H,
f(z) =0(Im(z)""),v € R, as z — 0 uniformly.
For f(z) =3, 5¢a(n)q" and a character ¢ of conductor m, we define

2T
mv'N

By An(s; f) we shall mean that 1 is trivial and hence m = 1.

An(s; f,4) = ( ) L(X)L(s; f,1h). (21)

Theorem 1 (Hecke) Let f(2) =) . ,a(n)g"” and g(z) =, -, b(n)g" sat-
isfy C. For positive integers k and N, the following are equivalent:

(A4) 9(z) = (=iv/N2)*f(52)



(B) An(s; f) and An(s; g) can be analytically continued to the whole s-plane,
satisfy the functional equation

An(s; f) = An(k — s;9),and

An(s, f) + @ + % 15 holomorphic on the whole s-plane and bounded on

any vertical strip.

As a immediate corollary we have,

Corollary 2 Let f(z) = > _,5,a(n)q" satisfy condition C. Then f € My(To)
if and only if A(S,f) = (2m)~°T'(s)L(s, f) has an analytic continuation,
A(s; f) + @ + % is holomorphic on whole of H, bounded on any
vertical strip, A(s; f) = (=1)¥2A(k — s; f).

We shall for the present time being fix N. For a Dirichlet character ¢ of
conductor m let

where

is the Gauss sum of ¢. Let wy = ( 0 -1 ) Then if f € My(N, x) then

N 0
flrwn € My(N,%), thus giving an isomorphism between My (N, x)and My (N, X).
By Hecke’s theorem we will get

Theorem 2 Let f € Sy(N,x) and 1 a primitive Dirichlet character of con-
ductor m, (m, N) = 1. Then An(s; f,v) can be holomorphically continued to
the s-plane, bounded on any vertical strip and satisfies

An(s; f,) = *CyAn (k = 55 flrwn, P). (22)

We have the converse of this theorem but is not as straightforward as
expected.



Theorem 3 (A. Weil) Suppose that f(z) = >, a(n)g" satisfy the con-
dition C. Let M be a set of primes meeting every primitive arithmetic pro-
gression a +nb, (a,b) =1 with (m, N) =1 form € M. Let e = £1. Assume
that An(s; f) + N’S/z(@ + 6%) is bounded in every vertical strip and
that Ay (s; f) = eN*¥/2=5A(k — s). Further, for all characters x of conductor
m € M, assume that Ay(s; f,x) is bounded in every vertical strip and that
An(s: £, %) = €CuNM2 (= 5; £, ), where Cy = p(m)x(—m)W ()W (%),
with v being a character modulo N. Then f € My(N,) and [ satisfies the
functional equation f = €if f|ywy. Moreover if L(s; f) converges absolutely
at s=k — 4§ for some § > 0, then f is a cusp form.

Remark Loosely speaking, Ay(s; f, x) is symmetric with respect to the crit-
ical point s = k/2. So, it is interesting to know what happens at the critical
point. In case of weight 2, the order of vanishing of L-function associated
with a newform for 'y(V) at the critical point is conjecturally equal to the
rank of the group of rational points on an elliptic curve.

3.4 Petersson inner product and New forms

For cusp forms f, g € My(I") we define

< fg>= f(2)g9(2)y"dz (23)
T\

This converges, hence defines an inner product on Si(XN,x) and is called
Petersson inner product. One of the main properties of the inner product is
the following

Theorem 4 (Petersson) For f,g € Si(I'o(N)) we have < T'(n)f,g >=<
£,T(n)g >, if (n,N) = 1.

As a consequence we have
Theorem 5 The Fourier coefficients of an eigenform are real and algebraic.
and

Theorem 6 Si(I'g(N)) has an orthonormal basis each of whose forms is an
eigenfunction for all T'(n) with (n, N) = 1.

9



The reason why we need to force the condition (n,N) = 1 is that if
[ € Sk(T'o(d)) for some d|N,thenf € Sp(I'o(N)). Also, if N = dd' and
if g € Sp(T'o(d’)) then g(dz) € Sp(I'o(/N)). The forms that arise in these
two fashions are called old forms and one cannot expect these forms to be
common eigenfunction for all the T'(n)’s. However, the subspace orthogonal
to the space spanned by old forms has an orthonormal basis whose forms are
eigenfunctions for all the T'(n)’s.
Definition A cusp form f € Si(N, x) is called a new form if it is a com-
mon eigenfunction for all T'(n)’s, n > 1 and is orthogonal to all the old forms.

4 Duke’s result

4.1 Statements

For N > 1, let F denote the set of all newforms of weight 2 for I';(V). Note
that these are precisely the ones which correspond to the elliptic curves.

Theorem 7 (Duke) Suppose that x is a fized primitive Dirichlet character
modulo d. Then there is a positive absolute constant C' and a constant Cy
depending only on d such that for prime N > Cj there are at least C Nlog 2N
forms f € Fy for which L(1; f, x) # 0.

Given two real distinct characters x; and x2, let Ps(s) = L(s; f, x1)L(s; f, x2)-

Theorem 8 (Duke) Suppose that x; (mod d); and x2 (mod d)y are fized
distinct primitive real Dirichlet character. Then there are positive constants
Cy and Cy such that there are at least CgNlog_loN forms f € Fn with

_J 0 if xixe(=N) =1
ords=; Ps(s) = { 1 if xixe(=N) = -1

provided N > C is prime.

4.2 Sketch of Proof

For a modular form f we denote by as(n) its nth Fourier coefficient.

10



Lemma 3 Let N > 1,k > 1. Let F be an orthonormal basis for the set of
cusp forms of weight k for I'y(N). Then for m and n positive integers

M=) ~amar) 5 o N
i) 2 < ff > et 2 S Ja (2,
24

where

S(m,n;c) = Z e2mi(me )

ad=1(c)

is the classical Kloosterman sum and Jy,(z) =150 7p l:Lln:Ll)(%)ZH"“ is the
Bessel’s J-function.

As a consequence of Riemann Hypothesis for curves, which was proved
by A. Weil, we get the inequality

=
[

S(m,n;c) < (m,n,c)2c2d(c) (25)
where d(c) is the divisor function. For z > 0 we have

Jo(z) < min{z /2 2"}, (26)
Using these bounds we get

Corollary 3 For m and n positive integers and N prime

B 47r<ff> i/(_) f(f) — Opn| < B3INT2(m,n)2/mn  (27)

fEFN

The L-function associated with f € Fx can be broken into two parts
one of which is a rapidly decreasing function and hence will not contribute
much to the value of L-function at the critical value. We recall the functional
equation (21) for weight 2

2T _)-s ) = —C (2
d\/N) F(S)L(Saf7X)_ CX(d\/N

Lemma 4 For any z > 0, let A(z) = Y, -, x(n)as(n)n~'e ™" Then we
have L(1; f,x) = Ax) — CA(NE).

T2 —s)L(2—s;f,x). (28

(

11



Choosing z = d* N log N in the above lemma and using (27) we get

Proposition 3 Let x be a fixred primitive Dirichlet character modulo d.
Then we have

Pt Adr < f, f >

for N prime, the implied constant depending only on d.

Fix any primitive characters x; modulo d; and x; modulo dy. Let Pf(s) =
L(s; fixa)L(s5 f, x2) = D_ps1 bp(n)n*. For r = 0,1 let
1
gr-(2) = — (2m)"T(s)['(s — r + 1)z ~%ds (29)
270 J Re(s)=3/4
Further, let B,(z) = 3", 5, bs(n)n"'g,(n/z). Then we have

Lemma 5 Let f € Fn for N > 1 and suppose that x1 and xo are primitive
with (didy, N) = 1. For any x > 0 we have

Py(1) = Bo(z) + €Bo((Ndidp)* /) (30)
while if Pp(1) = 0 then for any x > 0 we have
Pi(1) = Bu(x) — éBi((Ndydo)?/) (31)
where € = x1x2(N) (W (x1)W (x2))*(drd2) ™.
And we derive using this lemma

Proposition 4 Let x1 modulo d; and x1 modulo dy be primitive Dirichlet
characters such that either x1 = X2 or x1 and Xy are real distinct. In the
first case we have

Pf(l) _ -1 —1/2
feFn pld1

for N prime with (dy, N) = 1 where ¢; and the implied constant depend only
on d,. Otherwise

Pf(l) -1
E e =2[(1 N-Y2log N
Pt 47T < f,f > ( 1X1X2) +O( Og )

12



for N prime with x1x2(—N) = 1 while

Pi(1)
Z dr < f, f >

fEFN

= 2L(1, x1x2) log N + ¢z + O(N~/?1og N)

for N prime with x1x2(—N) = —1, where ¢y and the implied constant depend
only on dyds.

Calculation using Cauchy-Schwartz ineqaulity will yeild

Proposition 5 Let x be a primitive Dirichlet character modulo d. Then
there is a constant Cy depending only on d such that for primeN > Cy

1
— >>1 _lN
> dm<ff> %

fEfNiL(lﬂf’X)¢0

the implied constant being absolute. Further if x1 and x2 are distince real
primitive Dirichlet character modulo d, and dy respectively, then for r = 0,1,

1
—_— >>1 _gN
2 < ff> %

FeFN;PI>0

for N, a sufficiently large prime with x1x2(—N) = (—=1)", the implied con-
stants depending only on did>.

The Theorems 7 and 8 follow from the above Proposition along with the fact

1
that - <ff> << N7 logN.

5 Results of Iwaniec and Sarnak

5.1 Results

We shall first set up few notations that we use in this section. H(N) will
denote the set of all new forms of weight k for To(N). HE(N) = {f €
Hi(N) : A(s, f) = £A(k — s, f)}. For simplicity We let Sp(N) = Si(Fo(N ))
Let h be a smooth test function and let H = [ h(t)dt. For f € Si(N) w

Tk) 1

let wy = anE <

13



Let K be a large parameter. We define

Ax[X]= Y ’“/K Z (32)

k even |Hk EHi(
and
BN[Xf Z waf (33)
FEHK(N)

Xy is a variable function of f which we shall choose later. Note that Hy(1) =
dim Sk (1) since all the common eigenforms are new. Thus H(1) ~ k/12 as
k — oco. Setting n =m =1 in (24) and using the inequalities (25) and (26)

one gets
> wf ~ k/12
FeH (1

as k — oo. Thus we have Ag[l] ~ $HK as k — oco. In a similar fashion
we get By[l] ~ N as N — oo. Let x be a real primitive Dirichlet character
modulo d. Then one has

Proposition 6 Let § be a small constant. Then we have
Ar[L(k/2; f,x)] ~ HK, (34)
the asymptotic being uniform for d < K° as K — oo. Also,
Bw[L(k/2; f,x)] ~ N, (35)
uniformly for d < N°.

For f € Si(N) we define

X) = D amap(m)x(m)m=™? (36)

m<M

with real variables x,,, which we shall choose later. These are called mol-
lifiers. 'The idea is to minimize Agx[L?(k/2; f,x)M?*(f,x)] subject to the
linear constraint Ax[L(k/2; f,x)M(f,x)] = HK. Asymptotically the opti-

mal choice of z,, is
p(m)m(log M/m)?

Tm S e (m)C(2) log M

14
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where p is the Mobius function and o is the divisor function. We can then
approximate the mollifier to

MU0~ X pytmxtmy+ (1 (). (38)

m<M

where pg(m) = p(m)ag(m) if m = ab® is cubefree with (b, N) = 1, and
pr(m) = 0 otherwise.

Theorem 9 For the mollifier as above of length M < D7'K (log K)™°, we
have

Ag[L(k/2; f,x)M(f,x)] ~ HK, (39)

AL (k)2 £ )M (f, )] ~ 2HE (1 | Lo DK)

4
log M (40)

uniformly for d < K%, as K — oo.
Similarly for By we have,

Theorem 10 Fiz k > 2,k even. Let N be a large, squarefree number with
(d,N) = 1. For a mollifier of length M < D~'\/(N)(log N) 2, we have

By[L(k/2; f,x)M(f,x)] ~ N, (41)

log DV N
+M)

42
log M (42)

By [L?(k/2; f,x) M*(f,x)] ~ 2N (1

uniformly for d < N°, as N — oo satisfying ¢(n) ~ N.

The summation operators A and B are over all the new forms irrespective
of their sign in the functional equation. However, we know that if the sign in
the functional equation is negative then the L-function vanishes. Manipulat-
ing the summation operators with the sign of the functional equation we can
get rid of the forms with the negative sign and Cauchy-Schwartz inequality
will yeild

Theorem 11 Let d be fized and b(k)logk — 0 as k — co. Then

o A{f € HEQ)IL(K/2: £, x) 2 b(k)}
e Ax{f € #i (1)}

1
> —.
-2
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An analogous result can be proved for the summation operator By. We can
remove the wieght w; easily as it is related to the L-function ), -, as(n)*n""°.
Thus we get

Theorem 12 Let Hy(1) be the set of normalized eigenforms for Sk(To(1)).
Fiz a positive integer d and let x be a real Dirichlet character of conductor

d. Then

lim Z #{f € Hr(V)|L(k/2; f,x) > (logk)™2}
#{f € Hi(1)}

1
> —.
k<K, ikF=x(-1)

And,

Theorem 13 Let Hi(N) be the set of newforms for T'o(N). Fiz positive
integers d and k. Let x be a real primitive Dirichlet character of conductor
d. Then

i LS € HaNV)le(f, ) = +1, L(k/2; f,x) > (log N)~*}
e #{f € He(N)le(f, x) = +1}

where N runs over squarefree numbers coprime with d and such that ¢(N) ~

N.

> (45)

1
2

Similar to the theorems of Duke mentioned in the previous section, we can
estimate the sums involving product of two L-functions arising from different
characters. For more details refer [IS]. Also, the following theorem can be
derived in case of d = 1.

Theorem 14 Fiz an integer k > 2 and a small number § > 0. Let 3
denote the summation over squarefree N satisfying ¢(N) > (1 — §)N. Let
X (0) denote the number of such N’s with X < N < 2X. Then for all
sufficiently large X

L z': #{f € HF (N)|L(k/2; f) > (log N) 2} )
X0) x Nzox #{f e Hi (N)} =

where ¢ > 1/2.
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The main idea is to use the formula (24) with which we can express the
average sums in terms of sums of Kloosterman sums. Therefore, the problem
reduces to estimating the sums of Kloosterman sums. The introduction of
mollifiers is a known idea, for example, used by Selberg to show that a positive
proportion of the zeros of the zeta-function are on the critical line (refer [Sel]).
However, the estimation of the variables is not a straight forward one. It is
similar to the method of Selberg, but is subtler.

5.2 Landau-Siegel zeros

The motivation for the above work came from the Landau-Siegel zero prob-
lem. The connection betweem modular L-functions and the Dirichlet L-
functions comes from the following (x is assumed to be a quadratic character
of conducter d):

Proposition 7 If x(—N) =1, then
By [L(k/2; f)L(k/2; f,x)] ~ NL(1, x) (46)

uniformly for d < N° as N — oo with ¢(N) ~ N, N squarefree. (B}; denotes
the summation operator with the condition that the sign in the functional
equation of f is positive).

To show that L(s,x) # 0 for s > 1 — ¢/(logd)® it is enough to show that
L(1,x) is large. Results of Waldsuprger [Wal] say that L(k/2;f,x) > 0.
Hence, by the above asymptotic formula it is enough for one to show that
L(k/2; f)L(k/2; f, x) is large for many f’s. However, trying to show that
the product is large is as hard as solving the Landau-Siegel zero problem.
One can consider the sets A = {f € H;(N)|L(k/2; f) is large} and B =
{f € H{(N)|L(k/2; f, x) is large}. The idea is to establish results of form
|A] = ¢|Hf(N)| and |B| = ¢|H(N)|. If c+ ¢ > 1 then we have that
|ANB| > (c+ ¢ — 1)|H; (N)| which gives the desired result.

If € and ¢, are the signs of L(s; f) and L(s; f, x) respectively in their
functional equation, then we have ee, = x(—N). Therefore, if x(—N) = —1
then either L(k/2; f) = 0 or L(k/2; f,x) = 0. Hence, the contribution of
their product to (46) is zero. Thus we have to consider only those N’s for
which x(—N) = 1. What Iwaniec and Sarnak could get is ¢ = ¢/ = 1/2, the
limit case. If one can improve the value of ¢ then the Landau-Siegel zero
problem is solved. Thus they have reduced a problem involving a quadratic
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character x to a problem that is almost free of xy. The only place where

the characater occurs is in the condition x(—N) = 1. All the methods of

Iwaniec-Sarnak fail to extend the value of ¢, mainly because of this condition.
In fact, Iwaniec and Sarnak conjecture the following:

Conjecture 2 Let 0 < < 1. For any € > 0, there is an effective constant
K(B,€) such that for every K > K(f3,¢€)

ARAS € Hi(D)|L(E/2, f) > (logk) ™} > (8 — €) Az 1] (47)
for K > K(B,¢€).

Conjecture 3 Let k > 2 be even and 0 < 8 < 1. For any € > 0, there is an
effective constant N (3, €) such that

BiAf € Hi(N)|L(k/2, f) > (log N)7*} > (6 — €)By[1] (48)
for every N > N(B,¢€), N squarefree.

The Theorem 11 and its counterpart establish the conjecture for g < 1/2.
One expects the above conjecture to be true for 3 = 1. The Landau-Siegel
zero problem will be solved if one proves any of the above two conjectures
for some 8 > 1/2. Note that there is a difference between Theorem 14 and
Conjecture 3. In the Theorem 14 we sum over all the N’s between X and
2X whereas in Conjecture 3 we require the result for all N sufficiently large.

5.3 Conclusion

The importance of these results also comes from their connection with the
Elliptic curves. The non-vanishing of the L-functions associated with the
elliptic curves is conjecturally equivalent to the group of rational points on
the elliptic curve being finite. Also, the results have certain applications to
the rank of quotients of Jy(/N) and Brumer’s conjecture. One should note
that all the ideas involved are analytic. As mentioned in [IS] it might be
possible to improve the results using algebraic methods.
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