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About the exponential map

Exercice 1 - Let GG be a real Lie group and e its identity element.
Prove that there exists a neighbourhood U of e in G such that if H is a subgroup of G contained
in U, then H = {e}.

Solution. We consider a norm || - || on g and » > 0 small enough such that exp realises a
diffeomorphism from B(0,2r) to a neighbourhood V' of e in G. We set U = exp(B(0,7)).
Suppose that H C U is a subgroup of G. For every g € H, there exists € B(0,r) such that
g = exp(z). We then have ¢*> = exp(2z) € H C U = exp(B(0,7)) with 2z in B(0,2r). By
injectivity of exp on B(0,2r), we then have 2x € B(0,r). Hence 2"z € B(0,r) for every n.
Therefore x = 0 and g = e.

Exercice 2 - Let G and H be Lie groups. Assume that G is connected.

1. Consider ¢, ¥ : G — H two Lie group morphisms. Assume that there exists gg € G such

that QO(g(]) = w(90> and Tg0<p = T90¢'
Prove that T.p = T.1, then that ¢ and v coincide on a neighbourhood of gy. Finally,
conclude that ¢ = 1.

Solution. By group morphisms,

©(9) = ¢(90) "e(g0g9) and  ¥(g) = ¥(g0)"(g0g) -

We differentiate at e using the chain rule
Tep = Tip(go) Lip(go) 1 © Toop © TeLigy = Tip(go) Lup(go)-1 © Tgo¥0 0 TeLgy = Teth.

We choose neighbourhoods Ug of e in G and By of 0 in g such that exp : By — Ug is a
diffeomorphism onto its image. We do the same for Uy C H and By C bh. Since they are
group morphisms, for every X € By,

p(expg(X)) = expy (T.p(X)) = v expa(X)).

So ¢, = Yy, These are group morphisms, so they also coincide on (Ug) = G by connec-
tedness.

We can also say that the set {g € G | ¢(g) = ¥(g)} is open (this being true around e and
then translates everywhere by group morphism), and it is also closed, so it equals G' by
connectedness.

2. Let ¢ be a C*° diffeomorphism of G, such that for every left-invariant vector field X, we
have p*X = X. Prove that there exists gy € G such that ¢ = L.

Solution. Caution : for question 2, one can no longer use the compatibility of ¢ with the
group laws. These two exercises are independent but involve the same objects. We replace
the commutation argument with exp by a hypothesis on invariant vector fields.

Up to working with ¢ = L,)-1 o ¢, we may assume that ¢(e) = e. Indeed, for every
G-invariant vector field X € X(G), if ¢*X = X then for h = ¢(e)™?,

(Lhop)' X =" L; X =" X = X.



Let X be a left invariant vector field. Since ¢*(X) = X, one has at any g, (T, ") (X (¢(9)))

X(g), so that

X(e(9) = (T,)(X(g)) - (1)

We want to prove that ¢ = idg. We will first show a commutation formula with the expo-
nential.

For X € g and X the associated left invariant vector field, one has

DY) = Ty (X (exp(tX) = X (p(exp(1)

by (1). Since ¢(e) = e, one has by Cauchy-Lipschitz that ¢(exp(tX)) = exp(tX) for every
t € R. We deduce that ¢ is the identity on a neighbourhood of e.

By considering L,-1 oo L,, we show that {g € G|p(g) = g} is open. Since this set is closed
and contains e, it equals G by connectedness.

Universal cover of the group SLy(R)

Exercice 3 - Recall that SLy(R) is the Lie group of 2 x 2 matrices of determinant +1 with

real entries. Let H = ((1) _01>, E = <8 (1)> and F' = (? 8) be the basis of sl3(R) used in

exercice 3 sheet 1.

1. Prove that every one-parameter subgroup (g');cr of SL2(R) is conjugated in SLy(R) to one
of the following three subgroups for some a € R :

(st B (eat 0 )) (ut B (1 at)) (rt B (COS at —sin at))
- —at ) - ) - : .
0 e teR 0 1 LR sinat cosat (e

If a is nonzero, (¢')ser is called hyperbolic in the first case, parabolic in the second case,
elliptic otherwise.

Solution.
We start by writing g* = exp(tX) for X € sly(R). It thus suffices to show that there exists

. . . a 0 0 a 0 —a
a € R such that the zero trace X is conjugated in SLy(R) to (0 —a) , <0 O) or (a 0 >

First case. If X has opposite real nonzero eigenvalues a and —a, then X is diagonalisable in

R, and there exists g € GLy(R) such that gXg~! = (g —0a>' Then h = <1/%etg (1)> g€

a 0
0 —a)
Second case. X has a single (double) 0 eigenvalue and is then nilpotent. In this case, there

exists ¢ € GLy(R) such that gXg=! = (0 1). Then taking h as above, one finds that

0 0
_ 0 detg
1
hXh _<O 0 )

Third case. X has opposite imaginary eigenvalues ia and —ia with @ > 0. Then X? =

—a?id and there exists ¢ € GLy(R) such that ¢Xg' = (2 _()a>'

SL(2,R) and satisfies hXh™! = <

If detg > 0, h = \/(11<3ng € SLy(R) satisfies hXh™! = (2 _()a>. Otherwise, one first left

multiplies g by ( 0 (1)> to get the result, up to replacing a into —a.



2. If ¢ = exp(tZ) with Z € sly(R) for every t € R, relate the hyperbolic, parabolic or elliptic
nature of (¢")cr to the sign of B(Z, Z), where B is the Killing form of sly(R) defined for
every X, Y € sly(R) by

B(X,Y) = Tr(ad(X) o ad(Y)).

Solution. Using the basis

1 0 0 1 0 0
=0 B r=lo) =)
of sl(R), one obtains that [H, F] = 2F, [H, F] = —2F and [E, F| = H. The computation

of the Killing form B of sly(R) then gives

B =

oS O
- O O
O = O

In the case where exp(tX) is conjugate to s', then X is conjugated to aH, and one has
B(X,X) = B(aH,aH) = 8a* > 0.
If exp(tX) is conjugate to u', then X is conjugated to aE and
B(X,X)=d’B(E,E)=0.
Finally, if exp(tX) is conjugate to r;, then X is conjugated to a(F — E), and
B(X,X)=a’B(F - E,F — E)=ad*(B(F,F) + B(E,E) —2B(F,E)) = —8a* < 0.
We can therefore distinguish the three situations by the sign of B(X, X).

3. Is the map exp : slo(R) — SLy(R) surjective ? If not, describe its image.

Solution. No, since every element in the image of the exponential belongs to a one-

1Y . .
parameter subgroup, but ( 0 _1) 8 not conjugate to any of the examples above. The

())\ )\91 with A < 0. One sees that the image of
exp consists in matrices M € SLy(R) such that Tr(M) > —2 or M = —id.

same holds for all elements conjugate to

Remark. Note that SLy(R) is generated by any neighbourhood of id. That means that you
can reach any element using pieces of one parameter subgroups (by a kind of « zigzag »
curve). But you can’t reach matrices that are not in the image of exponential in « one
shot » (in « straight line » exp(tX) for some X € sly(R)).

4. Prove that SLy(RR) is homeomorphic to the product S! x R?.

Solution. By the « @ x R » (smooth) decomposition of GL(2,R) (coming for instance from
Gram-Schmidt orthogonalisation method), one has GL(2,R)" ~ SO(2) x R where R is
the space of right 2 x 2 triangular matrices with strictly positive entries on the diagonal.

Restricting to SLy(R) this homeomorphism only leads to matrices of type (8 a[i1> with

a > 0 and b € R. This produces the homeomorphism with S* x R?.

—_——

Denote by 7 : SLo(R) — SLy(R) the universal cover of SLy(R), and by exp the exponential

~——

map from sly(R) to SLo(R).



5. What is the relationship between exp, exp and 77

Solution. One has 7 o exp = exp. We prove this using the fact that 7 o exp(tZ) is a
one-parameter subgroup of SLy(R) (see course).

—_—

6. Describe the centre of SLy(R).

e~

Solution. We prove that Z(SLy(R)) = 7' ({£12}).

—_

The inclusion Z(SLy(R)) C 7' ({£/2}) comes from the surjectivity of .

Let g € 7' ({£L}). For every h € SLy(R), we have ghg 'h™! € kern. Since the map
h — ghg='h~! is continuous and takes values in the discrete set ker 7, it follows from the

connectedness of SLy(R) that it is constant, hence gh = hg for every h, in other words

—_—

g € Z(SLy(R)).
7. Show that if B(Z,Z) < 0, then (exp(tZ))er is an embedded Lie subgroup of Sm),

isomorphic to R and containing the centre of SLy(R).

Solution. The inclusion of the one-parameter subgroup H = {exp(tZ)|t € R} in SL(2,R) is
a homotopy equivalence (since SL(2,R) is homeomorphic to S! x R? in a way that sends H
to St x {*}). It follows that the restriction of 7 to 7~ *(H) is the universal cover of H. Since
H contains the centre of SLy(R), the same holds for the universal cover, by the previous
question.

—_—

8. Are there any connected compact subgroups besides {e} in SLy(R)?

Solution. No, since no one-parameter subgroup is relatively compact.

On compact connected complex Lie groups

Exercice 4 - Let G be a connected compact complex Lie group. Let V' be a finite-dimensional
complex vector space. Let p: G — GL(V') be a complex Lie group morphism.

1. Show that p(G) = {Id}.
Hint : use the mazimum modulus principle for (usual one variable) holomorphic maps.

2. Deduce that any connected compact complex Lie group is commutative.

Solution.

1. For any matrix coefficient, the map p; ; : g — p(g);; is a complex map from G to C. Since
G is compact, |p; ;| reaches its maximum at some point go. Pick a local complex coordinate
map ¢ : U — V with ¢(0) = go, for open neighborhoods U of 0 in C™ and V of gy in G.
The local restriction of p; ; o ¢ to any complex line of C* N U gives a (usual) single variable
holomorphic map that reaches its maximum. These restrictions are locally constant by the
maximum modulus principle for holomorphic functions.

One obtains that p = id near e and then everywhere on G by connectedness.

2. We apply the previous question to p = Ad.

One has Ad(g) = id for any g € G. This implies that the Lie group morphism h — ghg™' = h
on the neighborhood of e, and finally on the whole connected G.

Hence GG is abelian.

Remarks. Examples of compact complex Lie groups are « complex torus » C"/L where L is
some lattice of C", that is a discrete co-compact additive sub-group.



Note that for instance SU(2) is a compact but not complex Lie group (it is three dimensio-
nal). If you complexify its Lie algebra, one gets

su(2) ® C ~sl(2,C),

which is the Lie algebra of SL(2,C), now a complex, but not compact Lie group anymore !



