FROM SEMICLASSICAL STRICHARTZ ESTIMATES TO
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ABSTRACT. We prove uniform LP resolvent estimates for the stationary
damped wave operator. The uniform L” resolvent estimates for the Laplace
operator on a compact smooth Riemannian manifold without boundary were
first established by Dos Santos Ferreira-Kenig—Salo [7] and advanced further
by Bourgain—Shao—Sogge—Yao [2]. Here we provide an alternative proof re-
lying on the techniques of semiclassical Strichartz estimates. This approach
allows us also to handle non-self-adjoint perturbations of the Laplacian and
embeds very naturally in the semiclassical spectral analysis framework.

1. INTRODUCTION AND STATEMENT OF RESULT

Let (M, g) be a compact smooth connected Riemannian manifold of dimension
n > 3 without boundary, and let —A, be the Laplace operator associated to
the metric g. The operator —A, is self-adjoint on L?(M) with the domain
H?(M), the standard Sobolev space on M, and it has a discrete spectrum
Spec(—Ay) C [0,00). In [7], see also [2] and [22], the following uniform resolvent
estimates for the Laplace operator were established.

Theorem 1.1. Given § > 0, there exists a constant C = C(0) > 0 such that
for allu € C*°(M) and all X\ € Rs, we have

n < - - n .
HUHL%(M) < Cll(=4y A)UIIL”%(M)? (L.1)
where
Rs={A € C: (Im\)? > 46%(Re X + 6%)}. (1.2)

Notice that R is the exterior of a parabolic region, containing the spectrum of
—Ay, see Figure 1. Letting A = 22, Im z > 0, we observe that the region Ry is
the image of the region Z5 = {z € C : Imz > §} under the map z ~ 22, and
the estimate (1.1) is equivalent to

a2y < (=8 = 22) . 2e5s (13)

ull 2,
Ln+2 (M)
see Figure 1.

The work [2] has addressed the very interesting question of the optimality of the

spectral region R, for the uniform estimate (1.1) to hold, revealing that any

sharpening in the spectral region is related to improvements in the remainder

estimates in the Weyl law for the Laplacian. Thus, in [2] it was it is shown that
1
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F1GURE 1. The spectral regions Rs and =5 the uniform resolvent
bound (1.1) and (1.3), respectively.

the parabolic region Rs cannot be improved when M is the standard sphere,
or more generally, a Zoll manifold, due to a cluster structure of the spectrum of
—A, on such manifolds, [36]. Exploiting the link to the Weyl law, the work [2]
also obtained an improvement over the spectral region in the case of manifolds
of nonpositive sectional curvature and in the case of flat tori.

In [15] the uniform resolvent estimates (1.1) were extended to the case of higher
order elliptic self-adjoint differential operators.

The uniform LP resolvent estimates (1.1) have turned out to be a very useful
tool in the study of the structure of the spectrum of the periodic Schrédinger
operator with an unbounded potential, see [22] and [16]. Such estimates are also
crucial in solving inverse boundary value problems for Schrodinger operators
with unbounded potentials, see [6] and [17]. Uniform resolvent estimates in
various LP spaces are also of great importance in control theory, see [1].

To state the main result of this paper, let us consider the following damped
wave equation,

(07 — Ay + 2a(x)0)v(z,t) =0, (x,t) € M xR,

arising in control theory, see [18]. Here a € C°°(M;R) is the damping coeffi-
cient. Searching for solutions of the form v(x,t) = e u(x), 7 € C, we are led
to the corresponding non-self-adjoint spectral problem,

P(T)u = (—Ay + 2ia(z)T — 7*)u(z) = 0. (1.4)

We say that 7 € C is an eigenvalue of P(7), if there exists a corresponding
non-trivial function u € L?(M) such that P(7)u = 0.

Using an integration by parts argument, one can easily see that the eigenvalues
of P(7) are confined to a band parallel to the real axis, see [25]. More precisely,
if 7 is an eigenvalue, then we have

infa <Im7 <supa, when Rert #0,

1.
2min(inf @,0) <Im7 < 2max(supa,0), when Rer =0. (1.5)
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We shall denote the set of the eigenvalues of P(7) by Spec(P(7)). Using the an-
alytic Fredholm theory, applied to the family of the operators P(7) : H*(M) —
L?(M), we see that the set Spec(P(7)) is discrete. Furthermore, since (1.4) is
invariant under the map (7,u) — (—7,u), the eigenvalues are located symmet-
rically around the imaginary axis.

It turns out that the bounds (1.5) on the imaginary parts of the eigenvalues of
P(7) can be sharpened in the regime when |Re 7| is large, as has been established
in [18], [25], [12]. Since the sharpened bounds are of major importance to us,
we shall now recall the precise statement. First let us introduce some notation.
Let p(x,&) = |§]§ be the principal symbol of —A,, defined on T*M, and let
H,, be the corresponding Hamilton vector field. The Hamilton vector field H,
generates the flow exp(tHy,) : T*M — T*M, t € R, which is called the Hamilton
flow of p, and which in this case can be identified with the geodesic flow, see
[32, Chapter 4]. For T' > 0, let (a)r denote the symmetric time 27" average of
a along the H,flow,

1 T
(ar(,6) = o / acexp(tH,)(w. it (2.€) €T'M,

It was shown in [18] and [24, Appendix A] that

Ay = Inf = 1i

#S b r = i, s el

A_:=sup Inf (a)7 = lim inf (a)r.
Sup il (o = il (e

Theorem 1.2 ([18], [25], [12]). For every e > 0, there are at most finitely many
eigenvalues of P(T) outside the strip R +i(A_ —e, Ay +¢).

In general we have A, < supa, A_ > inf a, and the latter inequality becomes
strict, for instance when a > 0, inf a = 0, and the geometric control condition
of Rauch and Taylor holds. Here we say that the geometric control condition
holds if there exists a time Ty > 0 such that any geodesic of length > Ty meets
the open set {z € M : a(z) > 0}, see [21].

Our main result is the following generalization of the uniform estimate (1.3) to

the stationary damped wave operator.

Theorem 1.3. For any § > 0, there exists a constant L > 0, such that for any
neighborhood V' of the set Spec(P (1)) N{r € C : |Re7| < L}, there exists a
constant C' = C(6,V) > 0 such that we have the uniform estimate,

n < n .
lul, 22y < CIPE i, (16)

for alluw € C*°(M) and all T € Il5y. Here
IIsy ={re€C:Im7 > A, +0,|Re7| > L}
U{reC:Im7<A_ -4, |Rer| > L} (1.7)
U{r€C:|Ret| < L}\V.

See Figure 2, where the spectral region Ilsy is described.
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FIGURE 2. Spectral region Iy in the uniform resolvent bound
for the stationary damped wave equation (1.6).

Remark 1.4. In fact we shall prove the following more general result: for any
0 > 0, there exists a constant L > 0, such that for any neighborhood V' of the
set Spec(P(7)) N {r € C:|Ret| < L}, there exists a constant C = C(§,V) >0
such that we have

n(l_1y_
lll o ary < ClPP* ™22 PPl Loy, (1.8)

for allu e C®(M), all T € sy, and all p € [nz—fz, 2(;;3)]. Here % + }% =1.

Remark 1.5. It is interesting and important to point out that using L? bounds
for solutions of second order hyperbolic equations established in [12], LP resol-
vent estimates of Theorem 1.8 and Remark 1.4 can be extended to the stationary
wave operator perturbed by general first order terms, containing spatial deriva-
tives. However, for simplicity of the exposition here we prefer to keep our
discussion focused on the significant case of the damped wave equation.

Notice that, in particular in the region where |Re 7| is large, Theorem 1.3 estab-
lishes uniform resolvent estimates for P(7) outside of the dynamically defined
strip R + i(A_ — 0, A4 + ). After a semiclassical reduction, the first step
in the proof of Theorem 1.3 in a crucial region in the spectral 7—plane given
by Im7 = AL + 4§, |Re7| large, is therefore an averaging procedure realized
by means of a pseudodifferential conjugation, which we carry out following
[25]. Once the averaging procedure has been performed, we obtain a semiclas-
sical non-self-adjoint operator which is an O(h) perturbation of the operator
—h?A, — 1, with the range of the symbol of the perturbation confined to the
dynamical strip. To conclude, we develop an alternative proof of Theorem
1.1 relying on the semiclassical Strichartz estimates [30, 4, 3, 14] which han-
dles very easily such perturbations and embeds naturally in the semiclassical
spectral analysis framework. Let us also mention the work [13], which gives
a parametrix construction for principally normal operators, that could also be
used to establish the Strichartz estimates, leading to our results.
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Remark 1.6. In fact exploiting the semiclassical approach, we shall give a
proof of the following more general version of Theorem 1.1: given § > 0, there
exists a constant C' = C(J) > 0 such that for all u € C*°(M), all z € 5, and

2(n+1
all p € [7%}27 (77;3)], we have
2n(L-1)-2
Il o (ary < Clel™ 7272 )(=Ag = 22)ul| Loan), (1.9)
where %+ 1% = 1. The estimate (1.9) agrees with the corresponding resolvent

bounds for the Euclidean Laplacian, valid in all of C, see [11].

The proof of Theorem 1.1 given in [7] is based on the Hadamard parametrix for
the resolvent (—Ag— A)~!, and some estimates for oscillatory integral operators
obtained by the Carleson-Sj6lin theory. The proof developed in [2] is based on
the Hadamard parametrix for the operator cos(ty/—A,), the spectral cluster
estimates, obtained in [28], and the method of stationary phase. Here we shall
deduce Theorem 1.1 from semiclassical Strichartz estimates. In doing so, we
observe that the most crucial region in the complex spectral z—plane where the
uniform estimates should be obtained is given by Imz = § > 0, |Re 2| is large,
which corresponds to the boundary of the parabolic region in the A-plane. Here
we perform a semiclassical rescaling, which allows us to microlocalize the prob-
lem to the energy surface p(z,£) = 1, where p(x, &) is the principal symbol of
—Ay. To handle the problem near the energy surface, we follow the idea of [4]
(see also [14]), and perform a factorization of p(z, &) — 1, to reduce the problem
to an evolution equation in n — 1 variables, for which semiclassical Strichartz
estimates in their localized form can be applied. The uniform resolvent esti-
mates in the complementary regions in the spectral z—plane follow directly by
means of some elliptic a priori estimates combined with the Phragmén—Lindelof
principle.

It has to be noticed that, at the end of the day, all known proofs of Theo-
rem 1.1 (including ours) rely on the choice of a particular space direction which
plays the role of “time” and eventually on the use of the (classical) Hardy-
Littlewood-Sobolev inequality (see also [19, 27] where similar arguments are
used). However, our approach to prove Theorem 1.1 appears to have several
advantages. One of them is that it is directly applicable to more general ellip-
tic operators, including some non-self-adjoint ones, and can be combined very
naturally with methods and ideas coming from semiclassical spectral theory.

The paper is organized as follows. In Section 2 we collect some preliminaries
on the semiclassical analysis, evolution equations, and semiclassical Strichartz
estimates. Section 3 is devoted to the proof of Theorem 1.1, while the estimate
(1.9) in Remark 1.6 is established in Section 4. In Section 5 the argument is
extended to the damped wave operator and Theorem 1.3 is proved. Finally
Section 6 discusses the proof of the estimate (1.8) in Remark 1.4.
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2. PRELIMINARIES ON SEMICLASSICAL ANALYSIS AND STRICHARTZ
ESTIMATES

In this section we shall collect some well-known results of semiclassical analysis
and semiclassical Strichartz estimates following [3, 4, 14, 5, 37].

Let m € R and let
S™(R*) = {a € C®(R*) : 0297 a(x,£)| < Cap(&)™ P, 0, 8 € N*}
be the Kohn-Nirenberg symbol class. When a € S™(R%*), one defines the
semiclassical Weyl quantization of a as follows,
1 i
a”(z,hDy)u(z) = Opy (a)u(z) = @rh)F // €h<x—y,§>a<fc ;— y} )u(y)dydﬁ,

u € S(RF), the Schwartz space of functions on RF.

Let a € C®(R;, S°(R?)) be real-valued. Then by [37, Theorem 4.23], the self-
adjoint operator a”(t,z,hD,) is bounded on L?(R¥), uniformly in h € (0,1],
locally uniformly in t € R.

Letting r € R, consider the operator equation,
(hDy — a”(t,z,hDy))F(t,r) =0, teR,
F(r,r)=1.
Then by [37, Theorem 10.1], the equation (2.1) is uniquely solved by a family
{F(t,r)}tcr of unitary operators on L?(R¥). Furthermore, we have
F(t,r)F(r,s) = F(t,s) (2.2)

for all t,7,s € R. This follows from the fact that for any r,s € R, ﬁ(t, s,r) =
F(t,r)F(r,s) — F(t,s) solves the homogeneous equation

(hDy — a”(t,z,hDy))F(t,s,r) =0,

with the initial conditions F/(r,s,r) = 0, and hence, F(t, s,r) = 0 for any ¢ € R.
The fact that the operator F'(¢,r) is unitary and (2.2) yield that

F(t,r)* = F(t,r)"' = F(r,t).
This together with (2.2) implies that
F(t,r)F(s,r)" = F(t,s). (2.3)

(2.1)

Let [ € R, and consider now the following initial value problem,
(hDy — a™(t,x, hDy))u(t,z) = f(t,x), (t,2) € R x R,
u(l, ) = up(x).
Then Duhamel’s formula together with (2.3) give

u(t,x) = F(t,ug(z) + /l F(t,s)f(s,z)ds

>~

(2.4)

= F(t,)up(z) + /l F(t,r)F(s,r)" f(s,z)ds,

>~
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with any r € R.

Let us now recall the semiclassical Strichartz estimates, following [4, 3, 14] and
[37, Theorem 10.6]. The exponent pair (p, ¢) is called sharp o-admissible, o > 0,
if

2 20

7+7:Ua 2§p§00, ]_S(]SOO, (p,q);é(Q,OO),

p q

If G(t,) is a function on R x R¥, we use the following standard notation for

its mixed norm,
1/p
(6lzz2s = ([ 160 uguerdt)

If ¢ € [1,00], we denote by ¢’ the Holder conjugate exponent of q. Notice
that below we shall not need the difficult end-point case (p = 2) but only the
much easier case 2 < p < 4o00. Notice also that these estimates have a long
history in harmonic analysis which can be traced back to the works by Stein and
Tomas [35], Strichartz [33], Greenleaf [9] (see also Stein restriction theorem [31]
and the abstract setting developed by Ginibre and Velo in [8]).

We shall need the semiclassical Strichartz estimates for the microlocalized so-
lution operator F'(¢,r) to the time-dependent Schrédinger equation (2.1), i.e
for

U(t,r) ==t —r)x“(x,hDy)F(t,r),
where x € C§°(R?*) and ¢ € L>°(R) with compact support sufficiently close
to 0. Using the semiclassical parametrix construction for U(t,r), the following
result was established in [4, Section 2.2], see also [3, 14], [37, Theorem 10.8].

Theorem 2.1. Let I C R be a compact interval. Assume that
82(1(15,:6,5) is nonsingular for all (z,€) € supp (x) (2.5)
and for all t in a neighborhood of I.
Then we have
[T ) U™ (8, 7)1 mey—s oo (mE) < ChF2[t — | /2,

for all s,t € R and r € I with a constant independent of r.

As a consequence of the standard T7T™ argument, the Hardy-Littlewood-Sobolev
inequality and Theorem 2.1, we state the following semiclassical Strichartz es-
timate, see [4, Corollary 2.2] and [14], [37, Theorem 10.7].

Corollary 2.2. Let I C R be a compact interval and assume that the condition
(2.5) holds. Then we have

1/p
sup ([ 100 gordt) <O Py, 20
* (é—l—l)
Sup / U<t?T)U (S7T)G(37 )dS < Ch\P HGHLﬁ’Lﬁ’a (27)
rel —00 LfLZ + Lo

for all sharp k/2-admissible pairs (p,q) and (p,q).
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We shall need the following result, which is a consequence of the proof of [14,
Lemma 2.2].

Lemma 2.3. Let x = (2/,2") € R¥, o/ € R¥, 2" € R*2, so0 that ki + ke = k,
and let a € S(T*Rkl). Then for 1 < g<p<oo and1l <r < oo, we have

Wiy hD o <Chk1(l—l)
[a* (2, hDy )u(a’, x )||LZ,L;,, > P )HUHLZ,L;,,'

Recall from [14] that u = u(h) € L?(R*) is said to be microlocalized in a
compact subset of T*R¥ if there exists y € C5°(T*R¥) such that

u = x"(z,hDz)u+ Os(h)||ul 2(rr)- (2.8)

Here and in what follows the notation Og(h>) stands for a function g(z;h) €
S(RF) such that

sup |£°9%g(x; h)| = O(h™), for all a, 5.
z€RF

We shall also need the following result from [20, Lemma 3.1].

Lemma 2.4. Let u = u(h) € L*(R¥) be microlocalized in a compact subset of
T*R*. Then

_1
lulls 22, = O™l 29)

and there ezists p € CS°(T*R*™1) such that
u(xy,2') = (2, hDy )u(xy, ) + Os sy (W) ||ull L2 mry.- (2.10)

Let us next recall the classical Sobolev embedding. When 1 < p < oo and
s € R, we set

WHP(R™) = {u € S'(R") : (1 — A)2u € LP(R™)}.

1
q

WSP(R™) C LYR™), LP(R") C W=59(R"), (2.11)

and the inclusions are continuous. We shall need the following semiclassical
version of the embeddings (2.11).

Let1<p§q<ooand%— = 2. Then we know that

Lemma 2.5. Let 1 <p<g< oo and%— = ~. Then

1
q
lulloqeny < Ch~lullwepe,  w € CE(R™, (2.12)
where
lullywsp ey = 11 = B*A) 2] Lo (grny.

Proof. Tt suffices to consider the case s > 0. We have to show that
11 = A*A) 30| Logen) < CR*|[ollren), v € S(R™).
Let

1 , .
K(xay) = (27Th)n /el(l‘—y)f/h(l_i_g?)—Zdé.
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be the Schwartz kernel of (1 — hQA)_%. Noticing that 0 < s < n and applying
[29, Lemma 0.3.8], we get
’K(l‘,y)’ < Ch_s’x_y’_n+87 .’E#y

The result follows as explained in the proof of [29, Theorem 0.3.7]. O

By duality from (2.12), we get
[ty o gy < Ch [l zogeny. 1w € CE(RD). (213)

Here
(2, 0y =gy e )|

scl

sup

[ [—
Wscl (Rn) O?éUEWS’p(Rn) ||U||WSSC’1p(Rn)

When proving Theorem 1.1, we shall need the calculus of semiclassical pseu-
dodifferential operators on a compact smooth Riemannian manifold M. Let
us proceed by recalling some definitions and facts about them, following [37,
Chapter 14]. First recall the standard class of symbols on T*M,

S™T*M) = {a(x,& h) € C(T*M x (0,1]) : |00 a(x, & h)| < Cap()™ 71},
m € R. Let us fix a choice of the quantization map
Opy : S™(T*"M) — ¥™(M),

given by the Weyl quantization in local coordinate charts, identified with convex
domains in R™, with the associated symbol map,

o U™(M) — S™(T*M)/hS™ 1 (T*M).

We have the following properties, enjoyed by the semiclassical pseudodifferential
operators on M.

Proposition 2.6. Assume that a € S™ (T*M) and b € S™2(T*M). Then
(i)
Op}, (a)Opj; (b) — Opj;(ab) € hOp} (S™ ™21,
(i)
h _
[Opj;(a), 0Py (b)] — ~Op} (Ha(b)) € h*Opj (S™F27%),
where
Hy,=Vea-Vy—Vya- Ve

s the Hamilton vector field of a,

(i)
(Opj'(a)* — Op} (@) € hOpj (™),
where (Op¥ (a))* is the formal L?-adjoint of the operator OpY(a).

Let us also recall the semiclassical microlocalized version of Garding’s inequality,
see [37].
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Theorem 2.7. Let Q C T*M be open bounded and let a € S°(T*M) be such
that
a>v%>0 on Q.

Let x € C§°(). Then for all h > 0 small enough, and u € L*(M), we have
(OB} (@)D () OB ()W z2(ar) = 22 10DE ()l a(a0) — O 2

Proof. Let ¢ € C*°(T*M;[0,1]) be such that 1) = 0 near supp (x) and ¢ = 1
near T*M \ 2. Setting @ = a + Cy € S°(T*M) with the constant C = 7o +
supy- s la(z,§)|, we have that @ = a near supp (x) and @ > 9 > 0 on T*M.
Applying Garding’s inequality [37, Theorem 4.30] to a, we get

w (~ w w ’y w
(Opy, (@)Opy (x)u, Opy (X)u) L2 (ar) > ?OHOP}L COull72 (0
for all A > 0 small enough. This together with the fact that
(Opy (@) — Opy (a))Opy (x) = O(h™) : L*(M) — L*(M)

shows the claim. OJ

3. LAPLACE OPERATOR. PROOF OF THEOREM 1.1

As a warmup, we shall give in this section a proof of Theorem 1.1, using a
semiclassical point of view. When establishing the resolvent estimate (1.3), for
u € C®(M), we write

(=Ay — 22)u=f. (3.1)
The proof of the estimate (1.3) will consist of several different cases, depending
on the location of the spectral parameter z in the region E5 = {z € C: Im z >

5.

3.1. Easy spectral regions. As the following proposition shows, in some cases
the uniform resolvent estimate (1.3) is a direct consequence of a priori estimates
for the equation (3.1).

Proposition 3.1. There exists C > 0 such that for any z € C, Im (22) # 0, we

have L
V4 +1 2
lull, o = € (e + 1) -89 = 2l o 32
and for any z € C, Re (2%) < 0, we have
1
< —A, - 2P no :

Proof. Using the formulation of (3.1) in terms of quadratic forms, we get
IV gullZzary = 221wl Zoany = (f 1) z2(an), (3.4)
where V is the gradient operator with respect to the metric g. We deduce that
[Tm (2 )\HUHLz My = I(f;w) 2any | < Null a1 f 11 -1 (an)5
¥l < 121y + ilscay 1l
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and therefore,

|22 +1
| + 1) lull g [ £l -

2 2 2
Jolls = 192 + ol < (E 5

This bound together with the classical Sobolev embedding H! (M) — Lia (M),
2n

and its dual L»+2 (M) < H~1(M) imply the estimate (3.2).

To get (3.3), we conclude from (3.4) that

min(L, —Re (2)) [ullfprap) < [VgullZaan — Re (2)llull2ar) = Re (f.0) 120,

and proceed similarly to the derivation of (3.2). O

Now when z € Z5 and Imz > 2|Rez|, writing 22 = (Rez)? — (Imz)? +
2iRe zIm z, we see that the uniform resolvent estimate (1.3) in this region is a
consequence of the a priori estimate (3.3). Next, in the region where Imz = ¢
and % < |Rez| < C, with C' > 0 being a constant, the uniform resolvent
estimate (1.3) follows from the a priori estimate (3.2).

When establishing the uniform resolvent estimate (1.3), the most crucial region
is therefore given by Im z = 4, |Rez| is large. Assuming that we have proved
(1.3) in this region, let us conclude the proof of Theorem 1.1. To that end,
it remains to establish the estimate (1.3) in the sectors § < Imz < 2Re z and
0 < Imz < —2Rez. Without loss of generality we shall consider the sector
M={2e€C:6<Imz < 2Rez}. Let u,v € C*°(M) be fixed and let

F(z) = ((-Ag — 22)_1u,v)L2(M), z eIl

The function F is analytic in IT and continuous in II. For z € II, we have
1 1
|F(2)] < WHUHL2(M)HUHL2(M) < ?HUHLQ(M)”UHLZ(M)-

For z € OII, we also have with a constant C' > 0,

[F(2)] < Cllull 2n

N . (35)

and hence, the Phragmén-Lindel6f principle gives us the estimate (3.5) for all
z € II. Now we get

(=Ag = 2%)"'u, v) 12|

||(_A —z2)_1u|| 2n_ = Sup
g LA=2(M) oo (M),v£0 o1l 2, (M)
< COllull, 20,

This completes the proof of the uniform resolvent estimate (1.3) in the sector
II, and hence, the proof of Theorem 1.1, once the the uniform estimate in the
crucial region has been established.
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3.2. Analysis in the crucial spectral region. Let us assume here that
Imz =6 > 0 and |Rez| is large. Then it will be convenient to make a semiclas-
sical reduction in (3.1) so that we write

Rez| = —
Rezl = .
where 0 < h < 1 is a semiclassical parameter. It follows from (3.1) that

(=h?A, — Du = hf + hau, «a:= +2i5 — hé>. (3.6)

First multiplying (3.6) by @, integrating over the manifold, taking the imaginary
part, and using Hoélder’s inequality, we get the following a priori estimate,

2
lulaqany < 511, 2ty 0 2 ()
Using the Peter-Paul inequality
a?  eb? ( a fb)
ab < —+— ,0>0, >0,
2e /2 f

we obtain from (3.7) the following estimate,

BV .

[l
ull zzary < @( o - 7% > e>0, (3.8)

needed in the sequel.

The semiclassical principal symbol of the operator —hQAg — 1 is given by
po(z, &) = [€]; — 1 € C(T*M). Set
3 = {(2,€) € T*M : po(,€) = 0}.
We have that
Oepo(x,€) #0 forall (z,§) € ¥ CT"M. (3.9)

Then for each x € M, the hypersurface
Ye :={§ € Ty M : po(z,§) = 0}
is the unit sphere and hence,
Y, has a nondegenerate second fundamental form at each point £&.  (3.10)
We shall now follow an argument of [4] (see also [14]). Let (z9,&) € X. In
view of (3.9), we can assume that O¢, po(z0,&0) # 0. Thus, the implicit function

theorem implies that there is a neighborhood of (zg,&y) in 7*M such that the
following factorization

p0($7£) = e(xaf)(fl _a(m)fl)) (311)
holds in this neighborhood. Here £ = (£1,¢), a(z,£), e(x,&) are real-valued
and e(zg, &) # 0. Then in a possibly smaller neighborhood of (z¢, &p), we have

le(z, )| > eo >0 (3.12)
for some e fixed. Furthermore, it follows from (3.10) that

82@(3;0, &) is nondegenerate. (3.13)
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Since the energy surface X is compact in T*M, there are a finite number of
points (z0),£0)) € 3 and their neighborhoods Ve gty in T*M such that

% C Ué‘vﬂv(x(j),g(j))a (3.14)

and the conditions (3.11), (3.12) and (3.13) hold in each Ve g6y, With &
possibly replaced by some other §; in the factorization (3.11).

Let pj € C3°(Vi40) ¢0)): [0,1]), 1 < j < N, be a partition of unity, associated to
the cover (3.14), so that

N
ijzl near X.
j=1

Let x € C§°(T*M; 0, 1]) be such that supp (x) is contained in a neighborhood
of 3, with x = 1 in a smaller neighborhood of . We have

N

X=D Xj» Xji=pix- (3.15)
j=1

Associated to x; is the corresponding h-pseudodifferential operator Opy'(x;) €
U=°(M) = Ny ¥V (M). Then

W E,(Opy (X)) = supp (x;)-
Here W F}, stands for the semiclassical wave front set, see [37].

Let k; : U; — V; C R™ be a set of local charts in M so that U; C M is open and
UE U, = M. Let p; € C§°(U;), 1 < i < L, be a partition of unity, associated
to the cover U; so that

L
Z(pi =1 on M.
i=1

Using (3.6), we get
(—h2A, — V) piu = h2pif + hagiu + [—h2A,, @ilu.
It follows that

(—h2A, — 1)Opf (x;)giu = h20p (x;)p: f + hBju, (3.16)
where )
Bj =aOpy, (x;)¢i + EOPﬁ(Xj)[*fRAga ©i]
1 (3.17)
+ o [=h?Ag, Opj (X)) i € ¥™°(M),
and

W E,(Bj) € WEL(Opy (X;)) CC Viao) e0y-

Let i, i € C§°(U;) be such that ¢; = 1 near supp (p;) and ¢; = 1 near
supp (©;). Then we have, see [37, Chapter 14],

biODPY (x;)pi = Yirsi X2 (y, hDys h) (k) s, (3.18)
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where X¥;(y,hDy;h) is the Weyl pseudodifferential operator on R™ with the
symbol x;; € S —N(R?") for any N, and the principal symbol

o (Xi(y: hDy; 1) (y:m) = x5 (k5 (), (Okalr () ). (3.19)
Furthermore,

W Fp (X5 (y, hDy; B)) = supp (xj(r; (), (9ri(r; () ).
We also have
(1= i)Opjy (xj) i = O(h™) : H™N (M) = HY (M), (3.20)
for all N, see [37, Chapter 14].
Using (3.18), (3.20) and (3.1), we obtain from (3.16) and (3.17) that
(=h*Ag = Vi X5 (y, hDy; h) (7) *oiu = h*iwi X (y, hDy; B) (k7)o f
+h¢zﬁr§],z(ﬂ;l)*azu + Rou,
B (3.21)
where Bj; € Op} (S~ (R?")) for all N, and Ry = O(h>®) : H V(M) —
HY (M) for all N.

Committing an error O(h*°), in what follows we shall view, as we may, (3.21)
as an equation on R™. We shall therefore be concerned with the following
situation. Let ¢, @, 9 € C§°(R™) be such that ¢ = 1 near supp (¢), and ¢ =1
near supp (¢). Let g be a C*° Riemannian metric on R™ such that 0%g € L*>
for all o, and let po(z,&) = >, g7 (x)&& — 1. Let xo € C5°(R*™) be such
that supp (xo) is in a neighborhood of (zg,&y) € py'(0) and such that near
supp (xo0), we have

po(z,§) = e(z,&) (& — a(z,£)), (3.22)
where & = (£1,¢') and e satisfies
le(z,&)] > eg > 0. (3.23)
Furthermore,
8§,a(:1:, ¢') is nondegenerate near supp (xo), (3.24)

see (3.13). Let B € Opy(S~N(R?")) for all N, and let x = x(z,&h) €
S~N(R?") for all N be such that

X=x0+O(h) in STNER™),
and

W E,(x"(z,hDg; h)) = supp (xo0)- (3.25)
When u € L2(R") N C°°(R"), consider the equation,

(=h2A, —1)X" (2, hDy; h)pu = h*px*(z, hDy; h)p f +hp Bgu+ Rou, (3.26)

where

[Roull 2rny = O(h) [[ull L2(rn).- (3.27)

Let us now extend e(z,¢) arbitrarily to a symbol in S°(R?") with the bound
(3.23) in all of R?", and let us also extend a(z1,2’,¢’) to a real-valued element
of C§°(Ry,, SORA=1))).
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Microlocal factorization (3.22) yields that
(—=h*Ag — D)x" (2, hDy; h) =€" (2, hDy)(hDy, — " (w, hDyr)) X" (2, hDy; )
+ hRY(x,hDy; h),
where RY € Opy(S~N(R?")) for all N > 0. This implies that
(—h2Ag — D)Yx"(x, hDy; h) =" (x,hDq) (hDy, — a® (x, hDy))1px" (x, hDy; h)
+ hRY (z,hDg; h),

(3.28)
where RY(z, hDy;h) € Op (S~ (R?")) for all N.

Since e € S°(R?") is elliptic, see (3.23), there exists hg > 0 such that for all
0 < h < hy, the inverse e¥(z, hD,) ! exists and e¥(z, hD,)~! € Op¥(S°(R?")).
Therefore, we conclude from (3.26) and (3.28) that

(hDyy — a® (2, hDy ) )X (2, RDy; h)pu = B2 f + hB1@u + e (x,hD;) ' Ryu,

(3.29)

where _
f=e"(x,hDy) X" (@, hDys h) o f, (3.30)
By = e“(2,hD,) (¥ B — RY(x,hDy; h)p). (3.31)

Now if supp (1) N7 (supp (xo)) = 0, then using (3.25), we get
Y(@)X" (2, hDy; h) = Og1(rn)—ss®n) (™).

Here 7, : (z,£) — x is the projection. Modifying By € Op}’(SY(R?")) in (3.29),
we can assume therefore that supp (¢) is contained in a small neighborhood of
Zg-

Let 79 = (20.1,7)) € R x R""! and let (I1,l2) be an interval around g 1, close
to zo,1, so that 7, (supp (¢)) C (l1,l2). By Duhamel’s formula (2.4) applied to
(3.29), we get for x1 € (Iy,12),

(X" (x, hDy; h)pu)(z1,2") = i/lm F(x1,5)(Bipu)(s,x')ds
i 1 ~

1
+ h/ F(z1,5)((e”) Rou) (s, z')ds + ih/ F(x1,7)F(s,r)*f(s,2")ds,
ll ll
(3.32)
for all fixed r € R. Here {F(z1,7)}s,er is a family of unitary operators on
L?*(R"1) solving
(hDyy — a“(x,hDy))F(z1,7) =0,
F(r,r) =1,
for x € R™ and for all » € R. The unitarity of F(x1,r) is a consequence of the
fact that a*(z, hD,/) is self-adjoint.

Let 0 < X € Cg°(T*R"') be such that ¥ = 1 near m(,y ¢)(supp (xo)) and
supp (X) is in a small neighborhood of (z{,&)) so that the condition (3.24)
holds on supp () for all z; in a neighborhood of z ;. Here

7T(1,/7§/) : T*Rn - T*Rn_la (xla xla 617 5,) = (.’IJ/, 5/)



16 BURQ, DOS SANTOS FERREIRA, AND KRUPCHYK

Hence, by the composition formula of h-pseudodifferential operators [37, The-
orem 4.11], see also [5, Proposition 9.5], we get

(1 =X (2", hDg))x" (2, hDg; h) = Ogr(mn)—s@mn) (h™). (3.33)

Using (3.33) and (3.32), we get

(X" (2, hDy; h)pu) (@1, @ /l 9 (2 hDy ) F(z1, 5)(Bypu)(s, 2')ds

[Sh

+h/l1 (2! hDy ) F(x1,8)((e*)” 1R0u)(s x')ds

ih /l " RO @ D) F (a1, 1) F (5, )" F(s,2')ds + Osgamy (0 ol o ey
(3.34)
We shall next estimate [[{x" (x, hDy; h)gpuHL 2y gy’ First, a repeated appli-
cation of Lemma 2.4, allows us to write
VX" (2, hDg; h)pu =p" (z1, hDy, )X " (z, hDg; h)pu
+ Os@n)(A)[YX" (2, hDy; R)pul| 2 ey

where p € C§°(T*R). In view of Lemma 2.3, we get

_L
Hq/JXw(x,th;h)(puHL% - <Ch™ 2 |[yhx" (2, hDy; h)pul| n 2n n”Q
(R™) Ly L] (3.35)

+O(h) lpull e

Let us now proceed to estimate [1)x"(x,hDy; h)pul| 20 2n using the semi-

classical Strichartz estimates (2.6) and (2.7). To that end, we start by estimat-
ing the first integral in the right hand side of (3.34),

a1
Ji(z1,2") = z/ XV (2, hDy ) F(x1,8)(Bigu) (s, x')ds, x1 € (I1,12).
l1
Letting
U(z1,8) = 1 pp—1,)(x1 — $)X* (', Dy ) F (1, 5), (3.36)

we have

a1
Ji(z1,2") = 2/ U(z1, s)(Bipu)(s,z’)ds.
I

Following [37, the proof of Theorem 10.8], we write
J1 (wlaxl) = 2/ 1(l1,lz)(8)1(—oo7x1)(S)U(xlv 3)(31851")(87:[;,)6[8
R

= i/Rl(l1,12)(5)1(s,+oo) (ﬂil)U(ajl, 8)(Bltzu)(5,$l)ds,
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Letting ¢ = % and p = % and using Minkowski’s inequality, we get

1 allie, oo, < / 120002) ()L 00y (21)U (1, ) (Bau) (s, 2" ., 1, s

l2
< [ I8 Bigu) 5.0z, 1o,

Iy

In view of the condition (3.24), using the semiclassical Strichartz estimate (2.6)

withk=n—-1,¢= 712%1 and p = 2% in the last term of the above estimate,

2 n—1
we obtain that

l2
[Tl 1s, < Ch_l/”/ 1(B1u) (s, 2") 2, ds < Ch™7|| Biul|
L s ll :c’ x (337)

< V7| Gl s

Here we have used the fact that the operator By in (3.29) is bounded on L?(R")
uniformly in A for all A > 0 small enough.
Similarly, we can estimate the second integral in the right hand side of (3.34),
.
T ') = [ RO D) e, 9)(€) Rou) (s,
l1
obtaining the bound
121l 2g, £s, < Oh™)Jull L2 (@n)- (3.38)

Here we have also used (3.27).

Let us now estimate the third integral in the right hand side (3.34),

X1 ~
J3(‘T17wl) = Zh/ %w<x/7 thl)F(.’El,T‘)F(S, T)*f(S,l’/)dS,
l1
where fis given by (3.30). To that end we write
Jg(xl,xl) = J3,1(SC1,$,) + Jg,z(ﬂjl,x/), (3.39)

where

1 ~
J371(x17 x/) = Zh/ iw(xlv ]’LDﬂ)F((L’l, T)F(Sv T)*iw(xla hD:E’)f(Sa x,)d87
51

X1 ~
Jao(a1,a') = ih / (2 hDy ) F (21, 8)(1 — (2 hDy)) f (5, 2')ds.

l1
(3.40)
In view of (3.33),

(1-x" (=, hDac/))f: (1 —x"(2',hDy))e" (x, th)*ll/JXw(a:, hDy;h)pof
= b2 (1 = X"“(«, hDy))e® (z, hDy) ~ X" (2, Dy h)p(—h* Ay — (hz)*)gu

= Os(rr)(h%)||@ull L2 @n).-
(3.41)
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Now writing

T ~
J3a(x1,2") = ih/ U(x1,8)(1 = X" (2", hDy)) f(s,2")ds,
l1
where U(z1,s) is given by (3.36), and estimating Jso similarly to J; above,
using (3.41), we get
sl 2o 2 = O(h™)|Full 2z (3.42)
L

T 2!

We shall next estimate J3 1. In doing so, we let r = Iy. Since x(a/,¢’) is real-
valued, its Weyl quantization x*(z’, hD,) is self-adjoint, and therefore, the L?
adjoint of U(s, 1), given by (3.36), is as follows,

U(s,l1)" = 1j1,—1,)(5 — 1) F(s,1)" X" (2, h D).

Hence, for r =11, we get

T —

J3’1(x1, QZ/) = Zh/ U(a:l, ll)U(S, ll)*f(s, m')ds, T € (ll, lg).

—0o0

By the semiclassical Strichartz estimate (2.7) with k=n—1,¢=q = % and
p=p= %, we obtain that
1~
||<]3,1HL5?"1 % < Chn”fHLGjinan,Qf2. (3.43)

Since }’V is microlocalized in a compact subset of T*R", a repeated application
of Lemma 2.4 shows that

f = p"(x1,hDyg,) f + Osmny ()| fll L2y
where p € C§°(T*R). By Lemma 2.3 and the fact that
f =072 (@, hDy) " X" (w, hDy; h)p(=h* Ay — (h2)*)Pu,
see (3.30), we get

= _1 son || ~
171, e, e < OH T gy + OO MGy, (344)

n+2

'1‘/

for all 0 < h small enough. Using (3.39), (3.43), (3.44), (3.42), (3.30), and
the fact that e¥(x, hD;) 'x®(z,hDy;h) € OpY(S°(R?™)) is bounded on LP
uniformly in h, for all 0 < h small enough, see [34, Theorem 2.1], we conclude
that
1
13l sou cam, < ChElQf] | o,

] i

oy F OBl (3.49)

By (3.34), (3.37), (3.38) and (3.45), we get

IS U L
||1/1Xw(m,th;h)cpu||L% 2 <Ch 2Jr2"HSO“HLZ’(R") +Ch2"||<Pf||Ln2—f2(Rn)

1 z!

+ O(h>) [[ull 2(rn),
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and therefore, using (3.35), we obtain that
1~
[ox" (@, hDy; h) <Ch™2[|gull L2rn) + Clle f|

+ O(h™)||ul| L2 (mn).

(p’U,H 2n 2n
L7 (Rm) LA ) (3 46)

We shall return to the compact manifold M. In view of (3.18) and (3.46), we
have

(LICVRVS -3 |3
I4:0pE Ol g oy SOR™2WPlizon + MW 2y 4y
+ O [ull L2(ary,

fori=1,...,Land j=1,...,N. By (3.20) and Sobolev’s embedding, we get
2n_
(1 = )Opy (x;j)pi = O(h™) : L*(M) = Ln=2 (M),
and therefore, summing over ¢, we obtain that

w _1
0K Ol o ) < OH 7 lullzaqany + CI o,

(M)
Hence,

_1
0Dk 00ul, 22, < CH Hlullzan + I, g e (349)

(M) (M

Let us now estimate ||(1 — Op}/ (X))UHL%(M)' To that end, using the equation
(3.6), we get

(—=h?Ay—1)(1-0pj (x))u = h*(1=Op} (x)) f+h(1-Op} (x))authLu, (3.49)
where L = h™1[h2A,, Op} (x)] € ¥~°(M).

For the semiclassical principal symbol py(x, &) = |€ \g— 1 of the operator —h2A,—
1, we have po(z,&) # 0 on supp (1 — x), and therefore,

2
w0l > &2 g, = i,

for all (x, &) € supp (1—x), i.e. the operator —h?A,—1 is elliptic on supp (1—x).
Hence, there exists an operator E € Op}’(S~2(T*M)) such that

E(=h*Ag —1)(1 = Opy/(x)) =1 - Opy (x) + R, (3.50)
where
R € Nnsomr>0h Op(S~M). (3.51)
Applying the operator E to (3.49) and using (3.50), we get
(1= Opj(x))u = — Ru+ h*E(1 — Op} (x)) f + hE(1 = Opj(x))au

(3.52)
+ hELu.
It follows from (3.51) that
1Rl 2oy ) = Ol oy (359
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see [34, Theorem 2.2]. As E € Op}(S™2(T*M)), we have E : L%(M) —
LH%(M ) is bounded uniformly for 0 < h < 1, see [34, Theorem 2.2]|, and
therefore,

[RE(L = Opy(x))ou + hELuIIL%Z(M) = O(h)HUHLT%(M)- (3.54)

Furthermore, as
,n _2n_
ol 2(M) — L»=2(M)
is uniformly bounded for 0 < h < 1, see [34, Theorem 2.2], and from the

semiclassical Sobolev embedding (2.13), we obtain that

R E(1—Opy GOl 2, < CR?[|(1 = Opj (x))f]| 2
D We "2 M) (3 55)

E: W,

< CII, 22y 30
We conclude from (3.52), using (3.53), (3.54) and (3.55) that
- v n < n n . .
0= OB 0l s, ) < OBl 2y +CIF ey (350)

It follows from (3.48) and (3.56) that
_1
gy < OO Hlullzcan + Bl sy o+ 11y ) (35)
By (3.8), we get

R
2y < Oy + Y2l

) + 161, 2y )

[ull,

and therefore, taking ¢ > 0 and hg > 0 sufficiently small but fixed, we obtain
that for all h € (0, ho],
Jul ey ) < I, 22

Lw +2(M

This completes the proof of the unlform resolvent estimate (1.3) in the region
where Imz = § and |Rez| > C, for some C' > 0 large enough, and thus, the
proof of Theorem 1.1.

4. LAPLACE OPERATOR. PROOF OF REMARK 1.6

Let us first remark that in view of the Riesz—Thorin interpolation theorem, the
estimate (1.9) is a consequence of (1.3) and the following endpoint bound,

__2
Jul| sy < Cle| 1 (=Ag — 2)ull 2wy (4.1)
L n—1 (M L n+3 (M)

valid for u € C*°(M) and z € =Z;. In what follows we shall therefore concentrate
on proving (4.1). When doing so, we shall continue to use the same notation as
in the previous sections, and we shall proceed by inspection of the arguments
used in the proof of Theorem 1.1.
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4.1. Analysis in the crucial spectral region. Here we assume that Im z =
d > 0 and |Re z| is large, and then we see that similarly to the a priori estimate
(3.7), we have

h
Il < 5101 2l e 42)
Next, we consider the formula (3.34), where we now have to estimate the norm
lox™ (z, hDy; h)pull 21 . Contrary to the proof of Theorem 1.1, to that
L7n-1 (Rm)

end, we do not need to use the semiclassical embedding of Lemma 2.3 but we
rely on the semiclassical Strichartz estimates (2.6) and (2.7) only. To bound

the first integral in the right hand side of (3.34), using (2.6) with k¥ = n—1 and

p=gq="200D we get

. (n—1) "
171 < Ch 2050 [[oul| L2 gy, (4.3)

| 2(nt)
L n—1 (Rn)

cf. (3.37). The estimate for the second integral in the right hand side of (3.34)
is as follows,

I e < OO elszga) (44)

cf. (3.38). To bound the third integral in the right hand side (3.34), we shall
estimate J31 and Js 2 given by (3.39) and (3.40). First we have

— o0 A
13,2 L5 oy T O(h%)||@ull L2 ®mny, (4.5)
cf. (3.42). Using the semiclassical Strichartz estimate (2.7) with &k = n — 1,
p=q=p=q=24 " we get
2
HJ371 2(n+1) < Ch”'*‘lH(pr 2(n+1) , (4.6)
L™n=T (R7) LT3 (R7)

cf. (3.43). By (4.3), (4.4), (4.5), (4.6), we obtain that

o (n—1) "
19X (2, hDy; h) < Ch 2040 [|pu|| 2 (me)

oul| 2t
LW(Rn)
2
+ ChrFt|lof] amen  + O(R)|ull 2@y,
L™nF3 (R7)
cf. (3.46). Returning to the compact manifold M, we conclude that
_(n—=1) 2
10y (Jull 2eny < Ch 200 lull2apy + CRHTf]] 2an 50 (47)
L n—1 (M) L n¥3 (M)

of. (3.48).
Let us now estimate [[(1 — Op}(x))ull 2t+1y . To this end, we shall ex-
LT (M)

amine the expression (3.52). When doing so we rely on the fact that E €
OpY(S—2(T*M)), and thus, for any s € [0,2], and 1 < p < oo, we have
E: W_SP(M) — LP(M) (4.8)

is uniformly bounded for 0 < h < 1, see [34, Theorem 2.5, page 268],
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Using (4.8) with s = f—fl and the semiclassical Sobolev embedding (2.13), we
obtain that
2 _ w " < 2 _ w "
W EQ = Opp O 2msn on S Chr[(1 = Opy () /]l - . 2t
_2
SChATfl 2neny
L™ nF3 (M)

cf. (3.55). We also have
[RE(L = Opy, (x))ou + hELu|| 2y = OM)|uf| 20en - (4.10)
L7n=1 (M) L7n=1 (M)

cf. (3.54), and
[Rul| 2wy = OGOl 2y (4.11)
LT (M) LT (M)
cf. (3.53). We conclude from (3.52), using (4.9), (4.10) and (4.11) that
2
11 =Opy 0))ull 20en < OM)ull 20en & CRH|f]| 2an
L n—1 (M) L n—1 (M) L n+3 (

M)
(4.12)

of. (3.56).
Now it follows from (4.7) and (4.12) that

_2
- <c( b iz + Al sy AT e )
L »=T (M) T (M) L »¥3 (M)

cf. (3.57), and therefore, by (4.2) and the Peter—Paul inequality, we get

1/2 1/2
] s <c(hn+1 I s 10
LTn=T (M) 5 (M T (M
Phlul smsn R 2 )
LT () LR (M)
2
hn+t €
§C<||f|| e+ Sfull s
2e L %3 (M) 2 LT (M

_2
thllu swen BT st >
L »=1 (M) L nF3 (M)

Taking € > 0 and hg > 0 sufficiently small but fixed, we obtain that for all
h € (0, ho],

_2
ull 204 < ChrFE[[f]] 2
LT () LR ()

This completes the proof of the resolvent estimate (4.1) in the region where
Imz = ¢ and |Rez| > C, for some C' > 0 large enough.

4.2. Easy spectral regions. In the region where Imz = ¢ and |Rez| < C,
the estimate (4.1) is a consequence of the uniform estimate (1.3), in view of the
embeddings

2(n+1) 2(n+1)

L%(M) c L1 (M)cC LQ(M) C L3 (M) C L%(M) (4.13)
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When z € Z5 and Im z > 2|Re 2|, we see that Re (z22) = (Rez)? — (Imz2)? < 0,
and therefore,

1 1

LA 2yl _ - 4.1
H( g — R ) HL2(M)—>L2(M) diSt(ZQ, SpeC(—Ag)) ‘2‘2 ( 4)

In this region the estimate (4.1) follows therefore by the Riesz—Thorin interpo-
lation theorem between (4.14) and (1.3). To establish the estimate (4.1) in the
remaining regions given by § < Imz < 2Rez and § < Im z < —2Re z, we apply
the Phragmén—Lindel6f principle to the holomorphic function

ZHZ"L‘H((_AQ_ZQ)_l/LL?/U)LZ(M)’ U,’UECOO(M)’

in these regions. The proof of Remark 1.6 is complete.

5. DAMPED WAVE EQUATION. PROOF OF THEOREM 1.3

Here we shall revisit the proof of Theorem 1.1, to prove Theorem 1.3. For
u € C®(M), we write

Pu= P(1)u= (-4, + 2ita(z) — 7*)u = f. (5.1)

As in the case of the Laplacian, the proof of the estimate (1.6) will consist of
several different cases, depending on the location of the spectral parameter 7
in the region Il of the complex plane, defined by (1.7). Let us start with the
most significant region.

5.1. Spectral Region I. Assume that 7 € Cissuch that A, +0 <Im7:=§ <
supa+ ¢ and |Re 7| is large. Then it will be convenient to make a semiclassical
reduction in (5.1) so that we let

1
Ret| = —
Rer| =,

where 0 < h < 1 is a semiclassical parameter. It follows from (5.1) that
h?Pu = (—h*A, — 1 — h(£2iB8 — hB?) + 2ih(£1 + ihB)a(x))u = h*f.  (5.2)

We shall consider the case Re7 > 0, as the other case can be treated in the
same way.

A crucial step now is the derivation of an a priori estimate, which is similar to
the estimate (3.7) in the case of the Laplacian. Once this estimate has been
established, the rest of the proof will follow along the same lines as the proof
of Theorem 1.1. When proving the a priori estimate, following an argument of
[25, Section 2], we shall conjugate the operator h2P by an elliptic self-adjoint
operator @ = Op¥’'(e?), where ¢ € S°(T*M) is to be chosen. Notice that for all
h > 0 small enough, we have Q~! = Op¥(e~9) + hRy where Ry € Op}’(S~1).
Letting p(z, &) be the semiclassical principal symbol of —thg, by Proposition



24 BURQ, DOS SANTOS FERREIRA, AND KRUPCHYK

2.6, we get
QN —h?A,)Q = —h*A, + Q1A Q)

h
=—h*A,+ Q7! (Z.Op}{’(equ(Q)) + h2R1>

= —h*Ay — ihOp}/ (Hp(q)) + h* Ry,
and
Q 'a(x)Q = a(x) + hRs,
with Ry, Ry € Opl’(S°) and R3 € Op}’(S™1), and therefore,
QN (r*P)Q = —h*A, — 1 +ihOp} (2a(z) — Hy(q)) — 2ihB + h?Ry,  (5.3)
with R4 € Op}’(S?). Tt also follows from (5.2) that
Q' (h*P)Qu="1"Q'f, (5.4)

where

v=Q lu. (5.5)

Setting
0

i) = [ (5= 1)atestme.pa+ [ (15 L) aexplery) o,

we check that

2a(z) — Hy(q) = 2(a)r on T*M.
Let us choose € > 0 sufficiently small but fixed, and let ¢ € C§°(T*M) be such
that o = 1 on p~!([1 —¢&,1+¢]). Setting ¢ = g, we see that ¢ € S°(T*M) and

2a(z) — Hy(q) = 2a)r on pi((1—=,1+¢)). (5.6)
It follows from (5.3) and (5.6) that
Q Hh*P)Q = —h*A, — 1 +ihOpy,(ar) — 2ihB + h*Ry, (5.7)
where a7 € S°(T*M) is such that
ar =2(a)y on p((1—¢,1+¢)). (5.8)

Let 1 —e < E <1+ e¢. Then by the homogeneity property of the H,-flow, we
have
sup (a)r = sup (@) /5y,
p~(E) p~H(1) vE
and therefore,
lim sup (a)r = lim sup (a) zp = A+,

T—)oop—1(E) T—>oop—1(1)

locally uniformly in £ > 0. Hence, choosing T sufficiently large but fixed,
depending on ¢ > 0, we get

(ahr(e, ) < Ay + 3, (59)

for all (x,€) € p~H([1 —¢,1+¢)).
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It follows from (5.7) that
Im (Q~*(h?P)Q) = hRe Opy (ar) — 2hS3 + h*Rs, (5.10)

where R5 € Op}(SY). Using Proposition 2.6 and the fact that a7 is real-valued,
we get,

Re Op}/(ar) = %(Opﬁ(aT) + Opy (ar)*) = Op}! (ar) + hRs, (5.11)
where Rg € Opy’(S~1). We conclude from (5.10) and (5.11) that
Im (Q " (h*P)Q) = hOp}; (ar — 28) + h*Rr, (5.12)
where R; € Opy(S9).
Using the fact that 5 > A, + 9, and (5.8), (5.9), we get
26— = 28— (a)yr) =5 on p(1—e,1+2)).

Let 0 < x € C°(p~1((1 —&,1+ ¢€))) be such that x = 1 near p~1(1). An
application of the semiclassical microlocalized version of Garding’s inequality,
see Theorem 2.7, gives

w ~ w w 0 w
(Oph (2ﬁ - a’T)Oph (X)va Oph (X)U) LQ(M) 25 ”Oph (X)UH%?(M)

(5.13)
= O(h™)|[vlI2ar)
for all 0 < h small enough.
Using (5.12) and (5.13), we obtain that
2 OB (el any — O ol
< —(Im(Q~ ( P)Q)Op}, (x)v, Opy (X)) 121y (5.14)
= —Im ((Q ' (h*P)Q)Op}; (x)v, Ob} (X)v) 12(uy)
<@ 1(hQP) QOP} (xX)v, 0P} (X)) 12 (ap

for all 0 < h small enough.

In view of (5.4) we have

Q™1 (h*P)QOpY (x)v = h*Opy ()@ f + [Q~ 1 (h*P)Q, Opy (x)]v.  (5.15)

Hence, by Hoélder’s inequality and the uniform boundedness of the operators
Opy(x) and Q! in LP spaces with 1 < p < oo, we get

2 w —1 w 2
P2 (0P 0@, 0P ()Y) paqapy | < OIS 2y 10l 2y - (5:16)

To estimate the scalar product ‘([Q_l(hQP)Q,Op}L“(X)]v,Op}f(x)v)Lz(M)‘ in-

volving the commutator, we shall argue as follows. Let x1 € C5°(p~1((1—¢,1+
¢))) be such that y; = 1 near p~!(1) and such that supp (x1) is contained in
the interior of the set where xy = 1. By [26, Appendix A], see also [37, Theorem



26 BURQ, DOS SANTOS FERREIRA, AND KRUPCHYK

9.5], we know that WF,([Q~*(h%2P)Q, Op}(x)]) is a compact subset of supp ()
such that

WEL([QT (R*P)Q, Opi; ()]) N {(,€) : x(x,€) = 1}° =0,
where {-}° denotes the interior of the set. Hence,
WE([Q™ (h*P)Q, Opjy (x)]) N WEL(Op}; (x1)) = 0,

and therefore,

[Q7(h*P)Q, O} (\)]Op}, (x1) = O(h*) : H™ (M) — H**(M),
for any s, s2 € R. Thus,

|([Q7(*P)Q, Oy ()] OPK (X)) 12y | < O [0l Z2 a1y
+[([Q7H (h* P)Q, Op (\)](1 — O}y (x1))v, 0P, (X)V) 12 )|

In view of (5.3), we know that the operator Q~!(h2P)Q is elliptic on supp (1 —
x1), and thus, there exists a parametrix E € Opy’(S~2(T*M)) such that

EQ™'(h*P)Q =1-Opy(x1) + R,

(5.17)

where
R € Nnsor>0hN OpP(S~).
Applying F to (5.4), we get
(1 - Opf(x:))o = EQ™'f — Ru. (5.18)
Using (5.18) together with the fact that
[Q~'(h*P)Q, Opj (x)] € hOp} (™),
we get
(1971 (h*P)Q,0p ()](1 — O} (x1))v, O}, (X)V) 15|
< h*[([Q7 (h*P)Q, Oy, ()] EQ £, Op} (X)v) 12y
+1([Q" (W P)Q. Opf ()] R, Opf ()v) 2|
< O(h%) + O[] 22(ar)-

(5.19)

10, 2t o 100, 2
We conclude from (5.17) and (5.19) that

[([Q™(R*P)Q. Op}; (x)]v, OB, (X)0) 12y | < Oh)[0l172a)
3
+OURIS, 2ty 0 191, 25
(5.20)
It follows from (5.14), (5.15), (5.16), and (5.20) that

10D 002y < OGN, 2y 101, 2y 0+ OB Wl Eaary- (5:21)
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Using the fact that the operator Q1 (h2P)Q is elliptic on supp (1 — ), we get
(5.18) with x in place of x;. This implies that
11 = Opy Q)2 (ary < BA(EQS, (1 = Opjy (x))v) L2 ()]
+ [(Rv, (1 = Opy (X)) L2 (an) |

< 0(h2)\|fHL,37¢2(M)HUIIL,;7nQ +O(h™) vl z2an)-

—2(M)
(5.22)
The estimates (5.21) and (5.22) yield the following a priori estimate,
2
ol qany < O, 2 101, 2 (5.2

for all A > 0 small enough, which is similar to (3.7) in the case of the Laplacian.

Now as a consequence of (5.4) and (5.7), we obtain the following equality, which
is similar to (3.6),

(=h*Ay — 1)v = h2Q™' f + hOp} (r7)v,

where r7 = 2i(Ay + ) — iar — hrg € S°(T*M). Relying on the microlocal
factorization of the semiclassical principal symbol of the operator —hQAg -1,
the semiclassical Strichartz estimates, and a parametrix in the elliptic region,
similarly to the discussion of the crucial spectral region in the proof of Theorem
1.1, we obtain the estimate

1
< O ol aqany + bl any ) + A1, 2 )

||U|| 2n
Ln=2 (M n=2( Ln¥2 (M)

which is the same as the estimate (3.57) in the proof of Theorem 1.1. Using
the a priori estimate (5.23), we get that for all A > 0 small enough,

n < n .
ol 2y oy < CIAN 20 0y

This together with (5.5) completes the proof of the uniform resolvent estimate
(1.6) in the spectral region where Ay + 0 <Im7 <supa + 6 and |[Re7| > Ly,
for some L1 > 0 large enough.

5.2. Spectral region II. Let 7 € C be such that infa —§ < Im7 < A_ —¢
and |Rer| is large. This region can be treated in the same way as the first
region.

5.3. Spectral region III. Let 7 € C be such that [Re7| < 2[Im7| and |Im 7|
sufficiently large, depending on the damping coefficient a. Multiplying (5.1) by
u, integrating by parts and taking the real part, we get

IVgull72(ary + ((Im7)? — (Re 7)) |lull2(ry

= 2Im7'/a|u|2dVg + Re (f,u) 2,
(5.24)
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where dV/, is the Riemannian volume element of M. Using that [Re7| < Z|Im |,
we obtain that

3
IV gullZaar + Z(ImT)QHUH%%M)
< 2’Im7—|HaHLO"(M)HuH%?(M) + HfHH*l(M)”uHHl(M)-

Assuming that |[Im 7| > Lo, where Lo > 0 is sufficiently large constant, depend-
ing on ||al[zeo(ar), SO that

3
|Im7’|(41m7’| — 2\a||Loo) >1,

we get [|ullgiary < [Ifla-1(ar), and therefore, by Sobolev’s embedding, we
obtain the uniform resolvent estimate (1.6) in this region.

5.4. Spectral region IV. Let L = max{Lj, Lo}, and let V be an open neigh-
borhood of the set Spec(P(7))N{r € C: |Re7| < L,|Im7| < 2L}. Then the
set K ={r € C:|Re7| < L,|Im7| <2L}\V is compact. Once we know that
the following uniform estimate holds,

1(=Ag + 24a(@)7 — 7)Y ansiran < C (5.25)

for all 7 € K with a constant C' > 0, independent of 7, the uniform resolvent
estimate (1.6) in the case 7 € K is a consequence of (5.25) and Sobolev’s
embedding. To show (5.25), first observe that the operator

P(1) = —Ay + 2ia(z)T — 7% : HY (M) — H (M)

is Fredholm of index zero, and it follows from the analytic Fredholm theory
that the inverse P(7)~! exists for 7 € C\ Spec(P(7)) and moreover,

C\ Spec(P(1)) > 7+ P(r)"t € L(H (M), H'(M))
is holomorphic. Hence, the function

C\ Spec(P(7)) 3 7= |PHT) |l cem-1 (ary, 11 (ar)

is continuous, and thus, bounded on the compact set K. The uniform estimate
(5.25) follows.

5.5. Spectral region V. Let us finally discuss the remaining four portions of
the spectral 7—plane,
Y1={re€C:supa+d<Im7<2Rer,Ret > L},
Yo={r€C:supa+0<Im7 < —2Rer,ReT < —L},
Y3={re€C:—-2Rer <Im7 <infa—§,Rer > L},
Yy={r€C:2Ret <Im7 <infa— 4§ Rer < —L}.
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Here the following L? resolvent estimates for the stationary damped wave op-
erator, obtained by integration by parts, will be important,

1
‘ 2\—1
(-8 + i) = ) 200y <5l
Rer #0, Imt >supa, (5.26)
1
: 2y-1
H(_Ag + 2Za(x)7— -7 ) f”L2(M) §2|Re7'|(1nfa — Im’T) HfHLQ(M)7

Rer #0, Imrt <infa.

Without loss of generality we shall consider the region ;. Let u,v € C*°(M)
be fixed and let

F(r) = ((-Agy + 2ia(z)T — 7'2)_1u, U)LQ(M)’ TE X1,
Then the function F(7) is analytic in 31 and continuous in ;. Furthermore,
for any 7 € X1, using (5.26), we get

1
I < 55 lullizzanlvllz -

We have also shown that for any 7 € 031, the following estimate holds,

, (5.27)

P < Cllul, 0 10l 2

with C' being independent of 7, and thus, by the Phragmén-Lindel6f principle,
we have the estimate (5.27) for all 7 € 3. Hence, for any 7 € 31, we have

_ , o 2y-1
I(~Ag+2ia(@)r =)l

(=g + 2ia(2)T — 7%) " u,v) 2 ()|

= sup

< Cllull 20,
vEC>® (M), v#£0 HUHL%(M) Lnt2(

M)’

which completes the proof of the uniform resolvent estimate (1.6) for 7 € X.
The proof of Theorem 1.3 is complete.

6. DAMPED WAVE EQUATION. PROOF OF REMARK 1.4

Let us first observe that to establish the estimate (1.8) it suffices to prove the
following bound,

_ 2
ull 2meny < Clr| w1 P(T)ull 20in (6.1)
L n=T (M) L™ n¥3 (M)

valid for u € C°°(M) and 7 € Il5. When discussing the derivation of (6.1),
we shall use the same notation as in Section 5.
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6.1. Spectral Region I. Here we assume that 7 € C is such that Ay 4+ 0 <
Im7 := f < supa+ ¢ and |Re7| is large. The discussion in Sections 5 and 4
shows that to establish (6.1) in this region, it suffices to obtain the following a
priori estimate

lullZar) < OMINI 2t

)

lul] 2mrny (6.2)
L n—1 (M)

cf. (5.23), which follows by a straightforward inspection of the conjugation
argument in Section 5.

6.2. Spectral Region II. Let 7 € C be such that infa —§d <Im7 < A_ -9
and |Re7| is large. This region can be treated in the same way as the first
region.

6.3. Spectral region III. Let 7 € C be such that [Re7| < 2[Im 7| and |Im 7|
sufficiently large, depending on the damping coefficient a. Here the estimate
(6.1) follows by the Riesz—Thorin interpolation theorem between the uniform
estimate (1.6) and the following L? bound for the resolvent,

_ 1
I1P) zzan-eon = O( g ) (63
When checking (6.3), we observe that (5.24) implies that

3
Ol < 2ol s + 1l lellzacany

Assuming that |Im 7| > 4|al| g~ := Lo, we get

1
TP lullzzan < 1 lle .

showing (6.3).

6.4. Spectral region IV. The estimate (6.1) in the compact spectral region
K ={re€C:|Re7| < L,[Im7| < 2L} \V follows from the uniform estimate
(1.6) and the embedding (4.13).

6.5. Spectral region V. Here the estimate (6.1) is obtained by an application
of the Phragmén—Lindel6f principle to the holomorphic function

T = T%H(P(T)_IU,U)LQ(M), u,v € C(M)

in this region. The proof of Remark 1.4 is complete.
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