CONTROL FOR SCHRODINGER OPERATORS ON 2-TORI: ROUGH
POTENTIALS

JEAN BOURGAIN, NICOLAS BURQ, AND MACIEJ ZWORSKI

ABSTRACT. For the Schrodinger equation, (i0; + A)u = 0 on a torus, an arbitrary non-
empty open set (2 provides control and observability of the solution: |lu|i=ol/z2(r2) <
Krllull2(0,11x0)- We show that the same result remains true for (i0; + A — V)u = 0
where V € L?*(T?), and T? is a (rational or irrational) torus. That extends the results
of [1], and [8] where the observability was proved for V € C(T?) and conjectured for
V € L>°(T?). The higher dimensional generalization remains open for V € L (T").

1. INTRODUCTION

The purpose of this paper is to prove a case of the conjecture made by the last two
authors in [8]. It concerned control and observability for Schrodinger operators on tori
with L potentials. Here we prove that for two dimensional tori the desired results are
valid for potentials which are merely in L?.

To state the result consider

T? .= R?JAZ x BZ, A,BeR\{0}, V € L*(T?),

(1.1) (—A+V(2) = NMu(z) = f(2), z€T?
and
(1.2) iOu(t, 2) = (A + V(2)u(t,z), z€T?,

The first theorem concerns solutions of the stationary Schrodinger equation and is ap-
plicable to high energy eigenfunctions:

Theorem 1.1. Let 2 C T? be a non-empty open set. There exists a constant K = K (),
depending only on Q, such that for any solution of (1.1) we have

(1.3) [l z2erzy < K ([[fllz2er + lullz2) -
Theorem 1.1 can be deduced from the following dynamical result:
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Theorem 1.2. Let Q C T? be a non empty open set and let T > 0. There exists a constant
K, depending only on Q, T and V', such that for any solution of (1.2) we have

T
(1.4) (0, ) 22y < K / lea(t, )2 eyt
0

An estimate of this type is called an observability result. Once we have it, the HUM
method (see [18]) automatically provides the following control result:

Theorem 1.3. Let Q C T? be any nonempty open set and let T > 0. For any ug € L*(T?),
there exists f € L*([0,T] x Q) such that the solution of the equation

(10 + A =V (2)u(t, z) = flpmxalt, 2), u(0,0) = ug,

satisfies

In the case of V = 0 (and rational tori) the estimates (1.3) and (1.4) were proved by
Jaffard [13] and Haraux [12] (in dimension 2) and Komornik [15] (in higher dimensions)
using Kahane’s work [16] on lacunary Fourier series. For V € C*(T?) the results above
were proved by the last two authors [8] and for a class potentials including continuous
potentials on T", by Anantharaman-Macia [1]. The paper [1] resolves other questions
concerning semiclassical measures on tori and contains further references; see also [4]. For
a presentation of other aspects of control theory for the Schrodinger equation we refer to
[17] — see also [6, §3].

The paper is organized as follows. In §2 we present dispersive estimates which allow
approximation of rough potentials by smooth potentials. In §3 we refine some of the one
dimensional observability estimates and show that they hold for potentials W € LP(T?),
p > 1. The next §4 is devoted to semiclassical observability estimates for a family of smooth
potentials compact in L?(T?). In the following section an observability result is proved for
general tori with constants uniform in a compact set in L? (Proposition 5.1 i). Combined
with the results from §2 that gives the proof of the theorem.

2. A PRIORI ESTIMATES FOR SOLUTIONS TO SCHRODINGER EQUATIONS

The proof of observability for rough potentials will follow from observability for smooth
potentials with estimates controlled by constants depending only on L? norms of the po-
tential. The approximation argument uses dispersion estimates for the Schrodinger goup
on the torus and we first show that these estimates hold in the presence of a potential.

2.1. The case of T!. We start with the simpler case of one dimensional equations. It will
be needed in §3 but it also introduces the idea of the proof in an elementary setting.
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We first make some general comments. The operator —9% + W, W € LY(T") is defined
by Friedrich’s extension (see for instance [10, Theorem 4.10]) using the quadratic form

q(v,v) = / (|0,0(2)]* + W (z)|v(2)]?) dz, v e H' (T,
T1
which is bounded from below since

| . W (x)|v(z)Pdz| < CIW e llullZe < CIUW | LllOzv] c2]lv]] 22

C
< —Ce|Wlpalldwvllze — — W Iz o]z

Hence P = —3% + W defined on C°°(T') has a unique self-adjoint extension with the
domain containing H*(T'). When W € L%*(T") the operator is self-adjoint with the domain
H?(T'). The resolvent, (—92 + W — 2)~! | 2z ¢ R is compact and the spectrum is discrete
with eigenvalues A\; — +oo0.

The following estimate applies to solutions of the Schrodinger equation satisfying Floquet
periodicity conditions:

(2.1) v(x + 271) = ¥y (z),

or equivalently to solutions of the Schrédinger equation with 0, replaced by 0, + ik. (We
note that u(x) := e~*y(x) is periodic and 9,v(x) = e**(9, + ik)u(x).)

Proposition 2.1. For any W € L*(T'), there exists C > 0 such that for any k € [0,1),
and uy € L*(T?) the solution to the Schrodinger equation

(2.2) (i0; + (0p + ik)* — W)u = 0, v |i=0= ug
satisfies
(2.3) el e crsszz oy < CO+VT) A+ W[ g2 ol 2.

Proof. For W =0 we put T' = 27 so that , with ¢, = t(n), we have

. 2,
§ e it|n+k|*+inx

ne’l

2

o 2T
el ey = sup [ it
’ 0

xT

2w
_ i(|n+k|2—|m+k|2)t ji(n—m)z , =
= sup E / e e CpnCrndt
(2.4) x 0

n,me”Z
2

= Supz Z cmeimm S 42 |Cn|2 S C||u0||L2(’]I‘1)-
Y onez

meZ nez
+(m+k)=n+k
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(We note that £(m + k) = n + k has one solution only when k # 0,1 and two solutions

m = =£n for k=0 and m = n,—n— 1 for k = 1.) For a non-zero potential W € L*(T*) we
use Duhamel’s formula and write

u(t) = eit@%uﬁ% /0 =99 (Wu(s))) ds.

Applying (2.4) (now with a small 7" > 0) and the Minkowski inequality we obtain

T
[ul| oo 2(0.77) < C'lluol|z2 +/ [ Tocre™ ™2 (W) || e 20,7y s
0

T
< Clluo|l 2 +/ 12 (Wls) | e p2 10,17y ds
0

(2.5)
T
< Clluoliz + € [ 1Wuls)]zzds
0
< Clluol|rz + C\/THW”LQHu”LgoLf([O,T})-
Hence
. 1
(2.6) 1wl oo 20,0y < 2C 1wl 2, if VT||W]|p2 < 1

To obtain the estimate for multiples of T' satisfying (2.6) we note that, by the invariance
of the L2 norm of u(t f(k T [u(®)[|Fedt < 2C|u((k —1)t)||2 = 2C|ug| 2. Tterating this
inequality gives (2.3). O

2.2. The case two dimensional tori. We now assume that A = 27, B = 27y~! > 0 in
the definition of T?. The case of general A, B follows by rescaling. For n = (ny,ns) € Z2,
we shall denote by

(2.7) In| =1/nf+yn3, n-x=nx+ Ynows.

We start with some general observations. If V'€ L*(T? R) then —A + V on C*(T?) is
a symmetric operator. Also, by Sobolev inequalities,

(=A +4)71 LA(T?) — H*(T?) — O (T?) — L>(T?),
is a compact operator. Hence, as the multiplication by V' € L? is bounded L> — L2,
V(—A+1)~! is a compact operator on L?. Tt follows that the operator —A+V is essentially

self-adjoint and has a discrete spectrum (see for instance [10, Theorem 4.19]). Since for for
u € H*(T?) C L>(T?), Vu € L?, the domain is equal to H%(T?). In particular,

u(t) := e "Vyy € CO(Ry; H*(T?)) N CY(Ry; L2(T?)),

and

, 1 [t
(2.8) u(t) = e ug + ;/ e =92 (Vy(s))ds.
0
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Proposition 2.2. Let T > 0. For any compact subset V C L*(T?), there exists C(V),e > 0
such that for any
V €V + B(0,¢) C L*(T?)
and any
vo € LX(T?), f e LY(0,T); L*(T?)) + L3 (T? L*(0,T)),
the solution to

(2.9) (10 + (A = V))u = f, U |i=0= 2o,

satisfies
(2.10)  [|ull L= o.11:22 (x2)) izt (w3:22(0.1))
< C( )(HUOHL? T2) + ||f||L1 ((0,7) LQ('JT?))—i-L?(T? L2(0, T)))

Before proving this result, let us show how it implies that Jaffard’s result (Theorem 1.2
with V' = 0) is stable by perturbation with potentials small in L*(T?):

Corollary 2.3. For any non-empty open sent Q and T > 0, there exist constants k, K > 0
such that for V€ L*(T?),

Wl < 5 = ol < K[ 1>l
for any uy € L*(T?).
Proof. The Duhamel formula gives
. . 1 [t
u= e—zt(—A+V)u0 _ eztAuO + T/ ez(t—s)A (Vu(s)) dS,
tJo

and Jaffard’s result (estimate (1.4) for V' = 0) applies to the first term. Hence, for a
constant K depending on 2 and T,

T
|mmmsm/wwm&mt
0

T
(2.11) _ Ko/ it A=V, — %f(f ei(t—s)A<Vu(3))dsH%Q(Q)dt
0

< 2K0H€it(A7V)U0”%2(Q)dt + 2K0THJ‘Ot €i(t_S)A<V'U/(S))dSH%OO([O’T];[g(TQ
We now use Proposition 2.2 with V = {V'}, vy =0 and f = Vu to obtain

fy €492 (Va(s))ds | ooy < ClIVal? ez = CIV s lullz e o).

)

Applying Proposition 2.2 to the righthand side, now with vy = ug, f = 0, gives
1y €22 (Vu(s))ds|| ooy < CIV L2 ol 2,



6 J. BOURGAIN, N. BURQ, AND M. ZWORSKI

so that (2.11) becomes
[ull 22y < 2Kolle™ Vg |32y dt + 2C KoT ||V [[3222) ol 7272y

To conclude, it sufficies to take 2CKoTk? < 1/2. (We note that since K, depends on
and T while C depends on T', we have no other choice than taking x > 0 small.) 0

Remark 2.4. In §5 we will eliminate the smallness assumption on ||V]|z2 and that will
prove Theorem 1.2.

The proof of Proposition 2.2 proceeds in several steps. We start proving estimate for
V =0, then we prove the general case by a perturbation arguments.

The next proposition is a “fuzzy” version of the classical estimate of Zygmund:
(2.12) IC>0VTeN, | Y ™l <C Y el
nez?, |n|?=7 nez?, |n|?=7
and it is motivated by the Cérdoba square function estimate [9]:
Proposition 2.5. There exists C > 0 such that for any 0 < kK and 0 < h < 1, and any
u € L*(T?) satisfying
a(n) =0 for n¢ B(k,h):={n € Z*|h*n|* — 1| < k*h*}.

we have

1 1 ) B
(2.13) [l pary < {C(l%-/f);l(l + w2h) Tl ey if k< BT

C(1+ k)z||ul|r2(r2) if k> ht

We note that the case of kK = 0 in (2.13) is (2.12), while K = h~! is simply Sobolev
embeddings and k = hz s Sogge’s estimate for spectral projectors [20],[22, Theorem
10.11] (for which we give an arithmetic proof below).

Proof. We first note that we can assume that x > 1 as the sets B(k,h) increase with
increasing k.

For a constant § > 0, to be fixed later, we distinguish two regimes: kh > 0 and kh < 4.
In the first regime, the estimate follows from the Sobolev embedding Hz(T2) — L*(T?):
@(n) = 0 unless |n|*> < h™2 + k2 < (1/6 + 1)x?%, and this implies

lull 13 ooy < Com 22

H3 (T2
From now on we assume that hx < 4. In this regime, we can change the set B(k, h) to
A(k,h) :={n € Z*; |h|n| — 1| < k*h*}.

The idea is to prove an arithmetic version of the Cérdoba square function estimate [9)].
Indeed, the usual version allows only to work with x > h~z (the uncertainty principle).
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Our version below allows to get estimates all the way down to k ~ 1 (that is, much beyond
the uncertainty principle). We first notice that we can also assume that the spectrum of u
is also contained in the upper quadrant of the plane {z € C: Rez > 0,Im z > 0} (here and
in what follows we identify R? with C). Indeed, if the result is true for the upper quadrant,
by symmetry, it is true for any quadrant, and, with a different constant in the general case.
Then we decompose the intersection of the annulus with this quadrant into a disjoint union
of angular sectors of angles hkx:

N/i,h
A(r.h) N {Imz >0, Rez > 0} = [J Aalk.h), Nop = |3
a=0

where
Ao(k,h) == {z:Rez >0, Imz >0, |h|z|—1| <k*h? arg(z) € [ahk, (a+ 1)hk)}
The proof relies on the following geometric lemma which will be proved Appendix B:

Lemma 2.6. Fixd > 0 small enough. Then there exists Q € N such that for any 0 < h < 1,
any 1 < k < 9/h, we have

vaa 57 O/a Bl € {07 17 s )Nﬁ,h}47
(2.14) (Aa(k, h) + Ag(k,h) N (Aw (5, h) + Ag(k,h)) # 0
= o —d|+[B=F1<Q or Ja=F|+|3-d[<Q

We apply the lemma as folllows. We have

Ni,n N,
uzg U,, u?= E UUg, U, := E u, e,
a=0

a,B=0 72N Aq
and hence
Nﬁ,h
(2.15) ey = Y. [ UaUaluTs(a)ds
a,B,a/,8'=0

The integral vanishes unless
(Aa(k, h) + Ag(k, b)) N (Ax (5, h) + Az (k,R)) # 0
as otherwise
nEZ*NA., mEZ*NAg, PEZ*NAy, ¢EZ°NAy = n+m— (p+q) #0,

and, using the inner product (2.7), [, e ("™ P~ dy = 0. Lemma 2.6 then shows that we
can restrict the sum in (2.15) to the subset of indexes (o, 5, «/, 5’) satisfying

o= |+ [B=F<Q or la=F+|f-a[<Q.
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This and an application of Holder’s inequality,

‘/’JI‘Q UaUsUw Ug(2)dz| < ||Uallacr2) | Usll pacea) |Uall 2oy | Upe || )

<|‘Ua‘|i4(1r2) + ||Ua"|%4(1r2)) (HUB|’%4(T2) + HUﬁ/”%‘l('H‘Q)) ;

<
1UallZsa2y + 1Us 17 1UslI7ap2) + U 17
allL4(T2) B LA(T2) B LA(T2) a' [l L4(T2)

give

Nm,h 2
(2.16) lullhszzy < CQ* (3 IWallagrs))

a=0
To estimate the norms of U, we write

1/2 1/2
1Uallzarey < CNUll 2 o) 1Uall oty
2.17 1/2 1/4 1
(2.17) <X 1) 0 Y () < CI1Z2 0 Aar, D)3 Ul 2re).
n€Z2NAq nE€Z’NAq

To estimate the number of integral points in A, (k,h), we first notice that A,(k,h) is
included in a rectangle of height 1 + x and width 1 + 3x2h.

FIGURE 1. The angular region A,(k, h) fitted inside a rectangle.

Now, the number of integral points in any rectangle of height H and width W is bounded
by C max(H, 1) max(W,1). (To see this, notice that open discs of radius § centered at the
integer points are pairwise disjoint and are all included in a rectangle of height H + 1 and
width W + 1.) Hence, recalling that kh < 4,

|72 N Ao(k, h)| < C(1+ k)(1+36%h) < O(1 + k)%
Combining this with (2.17) and (2.16) gives
ull sy < CCL+ R+ 2) e
concluding the proof. O
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The next step in the proof of Proposition 2.2 is an optimal (at least in terms of the
spectral region where it holds) resolvent estimate — see Kenig-Dos Santos-Salo [11, Remark
1.2] and Bourgain-Shao-Sogge-Yao [3] for related results.

Proposition 2.7. For any compact subset V C L*(T?), there exists C(V),e > 0 such that
for any V€V + B(0,¢), any f € C®(T?) and any 7 € C,|Im 7| > 1,

(2.18) (A +V —71)7 fllzaz) < Ol fllparscr)
We deduce it from Proposition 2.5 and the following elementary result:

Lemma 2.8. Assume that V is a compact subset of L*(T?). Then for any § > 0 there
exists Cs > 0 and for any V € V there exists Vs € L>(T?) such that

Vs — Vlz2(r) <9, Vsl oo (12) < Cs.
Proof. This is obvious for V = {V;} since L>® C L? is dense. Applying it with ¢ replaced

by 0/2 the statement remains true for V' with ||V — Vy|[z2 < §/2. A covering arguments
provides the result for a general compact set in L?. O

Proof of Proposition 2.7. For ReT < C' for any fixed C', we get (2.18) directly. Indeed, from
(—A — 7+ V)u = f, multiplying by @, integrating by parts and taking real and imaginary
parts, we get

IVl — ReTllullzs ey < VIl llpire) + lull s 11| cass ey
| T 7{{[ul| 72 p2y < llullzacr | £l ass ).
Since | Im 7| > 1, the Sobolev embedding and Lemma 2.8 imply
lulFagrey < Clal e

< C(IVs = Vs + 1Vsllzow e llullZaceay + ull oo | Fllorscen).
< O+ ulagesy + C(1Vslliceey + Dllullzages | llsces)

and choosing € < § = }LC gives the result.

For Ret > C we start with the case of V' = 0 and notice
(A — 1)L = (—A—7)% <(—A . f)—%)* L I

follows from (—A — 7)72 : L2 — L* = (L3)*. Here the square root is defined using the
spectral theorem and the branches chosen for +Im 7 > 1 so that

Hence we need to prove that

[ull sz < Ol fllrae), wi=(-A—7)72f.
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To use Proposition 2.5 we write the resolvent applied to f using the Fourier series:
- f
= E = up + E Uj,  Uj = E — e
& (Inf? —7)?

|”|2 % 2i-1<||n|2=Re 1| <27
We note that o = 37,12 gerj<1 fo(Inl* — 7)"2¢™* and hence Proposition 2.5 gives
[uol| a2y < ClIflL2(r2).-

d

Applying (2.13) to u;’s, with h = (Re 7')_% and k = 2//2 gives

2 1
ol < OX Pl < (S (S
n«—T

j=1 j=1 2i=1<]||n|2—Re 7|<27

<C ||f 2
which concludes the proof of Proposition 2.7 for V' = 0.

The general case V' # 0 follows from the same perturbation argument as in the case
Re7 < C. Indeed, from (—A — 7)u = —Vu + f, we deduce

ol 3oy < lalssceny | o
and from the resolvent estimate for V =0,
[ullpacrzy < ClVallpasserzy + 1 fll Lars ey
< O(IIVs = Vllzzrllull zacrzy + Vsl Lo ooyl carey + I fllassr)),

1 1
< Collullzacrzy + C (Vs ll poown) ull Zaa) 1 1 s oy + 1 parsr))-

Choosing ¢ small enough gives the desired estimate. 0

Proof of Proposition 2.2. Let us first study the contribution of vg. Putting Tuy = 2V,
we have

T t T
TT*f — / ei(tfs)(AfV)f(S)ds — / ei(tfs)(Af\/)f(S)dS + / ei(tfs)(AfV)f<8)dS
0 0 t
To prove that T : L*(T?) — L*(T2, L*([0,T7)) it suffices to prove that
TT*: Li(T3, L2((0,T]) — LX(TS, L*((0, 7)),

and we will show it for the two operators on the right hand side, say the first one. That
means showing that for solutions to (i0, + A — V)v = f, v|t—o = 0, we have

(2.19) ||U||L4(T2;L2[0,T}) < C||f||L4/3(T2;L2[o,T})~

Let U = ve s, F = fe 'lgcy<r. We have (i0; + A — V 4+ i)U = F and hence by taking
the Fourier transform in ¢,

~

(A—V +i—7)U=F.
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Proposition 2.7 now shows that for any 7 € R,
1T (7)) < CIE(T)||paracr),
which implies
lullcmziazomy < CIUN iz = CNU sz,
(2.20) < CHﬁHL?(RT;L‘*(Ti)) < C/“ﬁHL?(RT;L‘lﬁ(T%))

< C'N|F |l parsazire@.y) = C'NF | pars 2120,
concluding the proof of (2.19).

Part of nonhomogeneous estimate in (2.10),

1Vll o= o, 7:22(r2 )z (nz;e2 o)y < Cllfllrgoryzaceay)-
follows from the boundedness of the operator T' from L? to L*(T?;L?*([0,7]) and the
Minkovski inequality. Finally, since the dual of the operator f fg =)A=V £(5)ds is
g ftT et=9)A=V g(s)ds, we also get

”uHL(’o([O,T];L%TZ)) < CHf|IL1([0,T};L2(T2))+L%(TQ;LQ[O,T])’

which concludes the proof of Proposition 2.2. O

We conclude this section with a continuity result which will be useful later:

Proposition 2.9. Consider a sequence, {V,}nen C L*(T?) converging to V. € L*(T?).
Then there exists C > 0 such that for any vy € L*(T?),

(2.21) e A gy — e Ay | oo o.y22(12)) < CNV = Viall2grey [l wo|| 2 r2)

Remark 2.10. The result in Proposition 2.9 can be stated more generally: for a compact
subset of V C L?(T?) and is equivalent to the Lipschitz continuity of the map

VeV C LA(T?) — e AT ¢ 1200, T); L(LX(T?)).

A slight modification of the proof presented here shows that it is in fact also Lipschitz on
bounded subsets of LP, p > 2. It would be interesting to investigate such properties on
other manifolds, as they seem to depend strongly on the geometry. Indeed, the analysis
in [5, Theorem 2| is likely to give that on spheres, there exists a sequence of potentials
{Vy.}nen such the that for any 7' > 0, any p < +o0,

HeitA . eit(Afvn

nl—l>r—&{loo HVn”LP(SQ) = O7 but lim )HLOO(((LT);L(LQ(SQ))) > 0.

n——+00
Proof of Proposition 2.9. Let u = >y, and u, = e“»~Vn)yy, so that the Duhamel
formula gives
IR
U— Uy = = / AV V), (s)ds.
0

1
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Proposition 2.2 applied with V = {V'}, vy = 0 and f = (V;, — V)u,, and Hélder’s inequality
give
||Uv - UnHLoo([o,T};LZ(T%)) < O”(V - VN)un||L4/3(’]I‘2;L2([O,T})
< OV = Va)lleellunll o crzs2 o,y
Applying Proposition 2.2 again, now with V = {V,;,;n € N} U{V}, and f = 0, we estimate
the right hand side to obtain the desired estimate:

HUV - UnHLoo([o,T];B(Tg)) < CHV - VnHL2(T2)HU0HL2(T3)-

3. ONE -DIMENSIONAL OBSERVABILITY ESTIMATES

In this section we consider the one-dimensional analog of our result which we prove for
LP potentials, p > 1. In applications to control and observability on 2-tori we will use it
only it for p = 2 but the finer estimate may be of independent interest.

Let us make first some general comments. The operator —92+ W, W € L'(T?!) is defined
by Friedrich’s extension (see for instance [10, Theorem 4.10]) using the quadratic form

o.0) = [ (0@ + W@lol@)P) do, v e H(T)
Tl
which is bounded from below since

|/qu W (x)|v(z)Pdz| < CIWlpllullZe < CIUW | LllOsv] z2llv]l 22

C
< =Ce|Wlpalldwvllze = — W Iz o]z

Hence P = —0? + W defined on C°°(T') has a unique self-adjoint extension with the
domain containg H'(T!). When W € L?*(T') the operator is self-adjoint with the domain
H?(T'). The resolvent, (—92 + W — 2)~! | 2 ¢ R is compact and the spectrum is discrete
with eigenvalues A\; — +oo0.

We have the following one dimensional observability which holds for functions satisfying
Floquet boundary conditions result:

Proposition 3.1. Assume that W € LP(T'), p > 1, and w C T' is a non-empty open set;
then for any T > 0 there exist Ky > 0 such that for any k € R and v € L*(T?),

T
(3.1) Mﬁmsm/mwwwwwamt
0

Let us first notice that conjugating with e”¥l, we can replace k by k — [k] and hence
assume that k € [0,1]. We first prove the stationary version following the elementary
approach of [7]:
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Proposition 3.2. Under the assumptions of (3.10) there exists Cy = Cy(w, ||W||r») such
that for any T € R, any solution to

(—(0p +ik)* +W — T)u = g,
(3.2) llzzeny < €1 (4 H gl + g )

This follows from the following result which holds for W = 0.

Lemma 3.3. Let w C T' be an open set. Then there exists a constant Cy = Cy(w), such
that for any k € R and any u € H*(T') satisfying

(3.3) (— (0, +ik)? —Tu=f+g,
we have

_1 _1
(34)  lullzzemy + (M) H 0l amy < Co (I ey + ) lglliamy + ull e -

Proof. We start with by showing that there exists a constant C, such that for any k£ € R
and any u € H'(T") satisfying

(3.5) (= (0, +ik)* — T)u = (0, + k) f + g,
then
(3.6) lullzzceny < € (Ufllzzemsy + (7) " H gz + ull 2 ) -

The elementary proof given in [7] shows that it is true for £ = 0. For u solution to (3.5),
let v = e~y which is no longer periodic but satisfies the Floquet conditions (2.1) and

(-2 —TWw=0,F+G, F=e*f G=c'*yg
Choosing a parametrization on T' so that 27 € w we take x € C*(T') equal to one in

a neighbourhood of T! \ w, and vanishing in a neighbourhood of 2. Hence, supp yv C
(€,2m — €) and u = yv defines a function on T'! such that

(=02 — T)u = 0. (XF + 2x'v) + xG — X'F — x".
Applying (3.6) for k = 0, we obtain, using the properties of y,

_1
Ixllzzemy < € (IXF + 2x vl 2y + (7) 7 IXG = X'F = X"vlla2qan)

< O (I1Fllzar + () F NGz + ol 2 )
which, coming back to u implies that (3.6) holds for any k.
Since for k € [0, 1],
[l = [ Fl[2 + ik F + H[g2 : f = (02 + k) F + H}
> inf{||Fl 2 + [l f = (8, + ik)F + H),
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the estimate on ||ul|p2(), u(z) = €**v(z), in (3.4) follows from (3.6).
To estimate (0, + ik)u we write
(0, + z’kz)uﬂiz(w) = ((—=(0z + ik)* — T)u, u) p2(p1y + THUH%Q(Tl)
= (f + g, w ez + 7llullza )
< [ fll-ren lull gy + gl ze el L2erny + <T>HUH%2(T1)
1 .
< 510 + ik)ull Lz + Cl -1y + CllgllZze + COullzaem)-
Using the estimate for ||u||z2(m) and the fact that k& € [0, 1] we obtain (3.4). O

Proof of Proposition 3.2. With constant C depending on 7 (but not on k) the estimate
(3.2) follows from the conjugation u + v = e~**y and the unique continuation property
for —0% + W, W € L?, p > 1. As pointed out in [14], this result in implicit in the paper of
Schechter-Simon [21]

To obtain the dependence of constants for large (7) we first observe that interpolation
between the H~' and L? estimates in Lemma 3.3 shows that if (— (0, +ik)? —7)u = g+ f,
then

_1 _1 51
[ull2 + ()72 [|Ozull 2 < C(T) 72 |gll> + C{r) = (| fllm-+ + Cllull 2w,

for 0 < s < 1. As a consequence, if (—(9, + ik)* — 7)u = g — Wu, then

(3.7) lullze < C()2llgllzz + C() T [Wll - + Cllul| 2.

By Sobolev embeddings, for any s < %, there exists C' > 0 such that for any u € H*(T?),

< Cllul

lall 2 Ho(T1)

By duality, we deduce LTZ)?s(’]I‘l) — H~*(T'). Choosing s = zip < 3, and applying Holder’s
inequality we obtain

Wullg- < ClIWull 2, < ClIW|we|lull | 2

T+2s LT=2s

< CWlzellullm < W lzellull 2" (lullze + [10zull22)°

52 S
< Wl <<T>(1+5)2“‘S) ullzz + <T)‘(1+5)2H3w“””> '

Combining this with (3.7) yields

s—1

32
ull 2 + (1) 2 |0ull 2 < C{r) "2 |lgllz2 + Cllullrz) + Calr) 7 (7)) =0
+ Cy(r) T (7)~(+0)3

UHLQ

UHHl
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Since 0 < s < 1, taking (7) large enough allows us to absorb the last term on the right
hand in the left hand side. Same is true for the third term since

(1+5)32+3—1_—1+25+532
2(1 — s) 2 1—-s '

which is negative for 0 < s < % if we choose ¢ small enough. U

Proof of Proposition 3.1. Let us now show how to pass from the estimate in Proposition 3.2
to an observability result. This was already achieved in [6] in a more general semiclassical
setting. For completeness we present a simple version of it here — see [19].

For y € C3°(R), put w = x(¢)e"uqy, which solves
(10, + P)w = ix'(t)e"Tug = v, P := —(0, +ik)* + W(x).
Taking Fourier transforms with respect to time, we get
(P —1)w(r) =v(1).

Using the estimate in Proposition 3.2, we write
C
[&(T) |2y < ———=V(T)llL2(n) + Cllw ()| L2(w)-
(T) 1t \/m (T) (@)

Now, taking L? norm with respect to the 7 variable, gives

1

_ c . _ _ 5
1)z om < T I ecn) + CIBE s2aor + /| SOl ydr)
From this we notice that
||@(T)HL2(RTX1T) = HU0HL2(T) X ||XHL2(R)7 [0( )||L2(RTX1I) = ||U0||L2(1r) X HX'HL?(R),

.
10(7) || L2, <) = X (2)e™
From this we deduce that if

PUO HLQ(RtX’]T)-

Oyl _1
Ixll2(1+VN) ~ 2
then
1
(38) Juollzz < IO P wollzeony +' ([ PR ar)"
|[T<N ’

To understand the last term on the right-hand side of we define Sobolev norms associated
to P. Let {¢,}22, be an orthonormal basis of L?*(T') consisting of eigenfuctions of P. We
then put

[e.9]

lal, = S OnY Ttals Pion = Mipns o= (00,

Jj=1
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In this notation w = x(¢) Y, une ¢, and

() = SV = A

Hence
N o0 N 00 N
/0 [oEadr = 3 fual? / (7 = AR = A)dr = 3 fun? / O((r — A)~)dr
n=1 n=1

[eS)
S CN,M Z()\n>7M|'U/n|2 = CN,MH”H?_I};Ma
n=1

for any M. Taking M = 2 and combining this with (3.8) we obtain
(3.9) ol 221y < ClIx()e™ uol r2exw) + Cllwol| g2 r)-

To complete the proof, it remains to eliminate the last term on the right hand side of (3.9).
For this, we apply the now classical uniqueness-compactness argument of Bardos-Lebeau-
Rauch [2] (see also [8, §4]) or the direct argument presented in the Appendix. We note
that both approaches rely on the unique continuation property of —(8, + ik)* + W (x),
W € LP(T'), p > 1. Notice also that in this argument, to get the independence of the
constant with respect to k € [0, 1], it is enough to use the compactness of [0, 1]. O

For later use we also record the following approximation result:

Proposition 3.4. Assume that the sequence of potentials W is converging to W in LP(T"),
p > 2. Then there exist Ky > 0 such that for any k € R and u € L*(T'), and any j € N,

T
(3.10) HuH%g(Tl) < KO/O Heit((31+ik)2,Wj)UH%2(w)dt

Proof. The proof follows from Proposition 3.1 by a simple perturbation argument. Put
P = —(0, +ik)>*+ W and P; = —(02 + ik)*> + W;. Then, according to the Duhamel
formula, we have

: _ 1 [t :
e—thU _ e—thj,U 4= / e—z(t—s)Pj (W _ I/Vj)G_ZSPUdS,
tJo
and consequently, according to (2.3) we obtain
”e_itPU — e_itpjU||Loo([07T];L2(T1)) < CH (W — Wj)e_ispv||L1([07T];L2(T1))
< OVTI|W = W 2y lle™*F 0| oo (m1.22(0.)
< OVT||W — Wj| 2 |v]| sz o).
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According to (3.1) we have
T
follaqes < Ko [ e o
0

T
< 2K, / e ]2 + 2CPTIW — Wi[Zagany 0] 22¢m.
which implies (3.10) if [|[W — WjHL?(’]I‘l) is small enough. O
4. SEMICLASSICAL OBSERVATION ESTIMATES IN DIMENSION 2

We revisit and refine the arguments of [8]. The key point in our analysis will be the
following variant of [8, Proposition 3.1]. The key difference is that now the main constant
is determined in terms of the geometry of the problem and the potential V.

Proposition 4.1. Suppose that V; € C*(T* R) converge to V in the L*(T?) topology. Let
X € CX(—1,1) be equal to 1 near 0, and define

(-A+V;) -1
Hh,p,j(uo)i—x( ( g ) )uo, p>0.

Then for any non-empty open subset Q of T? and T > 0, there exists a constant K > 0
such that for any j there exist p; > 0,ho; > 0 such that for any 0 < h < hgj, ug € L*(T?),
we have

T
(4.1) 1T, juol| 72 < K/O le AT, ,, juolF2o)dt -

In the proof we argue by contradiction. We first observe that if the estimate (4.1) is true
for some p > 0, then is is true for all 0 < p’ < p. As a consequence, if (4.1) were false then
for any 7, there would exist sequences

hag =0, g =0, Uony =, p,,5(V0ng) € L7

O j(t, 2) = (= A+ Vi(2))unj (1, 2) ;1 (0, 2) = o.0,5(2)

such that
2 ! 2 1
L= uonlie [ Tuns(t et < 1o
0

Each sequence n + u,; is bounded in L% (R x T?) and consequently, after possibly ex-
tracting a subsequence, there exists a semiclassical defect measure p; on Ry x T*(T?2) such
that for any function ¢ € CJ(R;) and any a € C°(T*T?), we have

(4.2) (nj, p(t)a(z,¢)) = lim o(t)(alz, b Dy)un i) (t, 2)Un, ;(t, 2)dtdz .

n—o0 RtXTZ
Furthermore, standard arguments* show that the measure it; satisfies

Isee [1] for a review of recent results about measures used for the Schrodinger equation.
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(43) ,u]((t(],tl) X T*Tg) = tl — to .
e The measure p; on Ry x T%(T?) is supported in the set
Yi={(t,2() € R, x T? x Rg C ¢ =1}

and is invariant under the action of the geodesic flow:

(4.4) € Vi) =0
e The mass of the measure on ) is bounded away from O:
1
(4.5) ps((0.7) x T0) <

We are going to show that a proper choice of the constant K above contradicts (4.3).
When no confusion is likely to occur we will drop the index j for conciseness.

We start by decomposing ¥ into to its rational and irrational parts. For that we identify
T? ~ [0, A), x [0, B), where A, B € R\ {0}, and define
Ap, B
Yo :=XN<(tz, (4p. Bg)
\/ A%p? + Brg?
The flow on Y is periodic. Its complement is the set of irrational points:

ER\Q = \ ZQ

)P, q € Z,ged(p,q) = 1}.

and it also invariant under the flow.

4.1. The irrational directions. For simplicity we assume here that A = B = 2, that is
T? = T! x T, as the argument is the same as in the general case.

Let us first define pp\g to be the restriction of the measure p to Yg\g. Since p is invariant,
for any open set 2 C T2, and any s € R,

pro((t,t2) X Q x R?) = purig((ti, t2) x @4(Q x R?))
where the flow ®; is defined by ®4(z,() = (2 + s(,(). As a consequence, we obtain

1 S
NR\Q((tbt?) X € x RQ) = g/ MR\Q((tlatQ) X (I)s(Q X RZ))
0

1 [° '
= / Tiety 10) X g/ 1. c)co,(@xr2)dsdur\Q-
0
The equidistribution theorem shows that for any (z, () in the support of pg\g,

s vol(Q2)
511_{203/0 ]](z7g)e<I>S(QXR2)d$ = VOI(P]IQ)‘
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Hence the dominated convergence theorem and (4.3) show that

(46) MR\Q((tlatQ) x ) X Rz) = %ﬂﬂ%\@(({;]_’tz) X T2 X R2>

4.2. Dense rational directions. We now consider the restriction of the measure p on the
set of rational directions, Yg. We first consider the case of p/q for which p* + ¢* is large
(we again assume that A = B = 1 as the general argument is the same). In some sense
that corresponds to being close to the irrational case.

Lemma 4.2. For any open set 2, there exists N € N,§ > 0 such that for any (p,q) € Z?,
ged(p,q) =1, VP*+ ¢ = N,

(p:a)
N

Proof. For any zy = (xo,y0) € § choose N > 47/e where B(zp,2¢) C . Assume that
p > N/2 > 27 /e and that p > ¢ (the case of ¢ < p is similar). Put

/2 1 12
p—w(glm — ), Kk
p
Since p and ¢ are co-prime ¢ is a generator of the group Z/pZ. Consequently, the points

S——+oo

1 S
lim inf E/ ]l(z,()EQDS(QXRQ)dS Z (5, C =
0

Sk 1= =0,---,p—1

Sk
VP A+ ¢
are at distance exactly 27 /p from each other. (Here, and below, addition on T' is meant
mod 277Z.) We conclude that for any z € T' there exists

J.C{0,...,p—1}, |J|=[2%], suchthatforke ], |y+ Y-yl <e

Y, = q—yo €T,

Since the flow is given by

@) N\ _ (8 (P, q)
®75 ((x7y)7 \/m) (( 7y) \/m(p7 Q)7 \/m) Y

for any k € J, ®_, (z, (p,q)/\/P*+ q2> € B(29,€) x R?. Since 27/p < €, we also obtain
that for |s — sg| < €

o, <z, M) € B(z0,2¢) x R? C Q x R2.

VPt
Hence, using the assumption that ¢ < p,

QW\/W
€ _ (r,9)
/0 lo_,zgexmeds 2 [Tle > 2my/p? + ¢, (= 5,
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for some § > 0. Since the evolution of (z, () is periodic with period 274/p? + ¢2, the lemma
follows. O

Let us now fix N as in Lemma 4.2 and Let pgny be the restriction of ug to rational
directions satisfying \/p? + ¢> > N. As in the study of the irrational directions, Lemma 4.2
and Fatou’s Lemma imply

(4.7) pon((t,ta) x Q x R?) > dug n((t,t2) x T? x R?).

4.3. Isolated rational directions. This section is closest to the arguments of [8, §3]. We
allow here existence of points in 3 whose evolution misses €2 altogether. The contradiction
is derived from that assumption. It is now important to keep A and B arbitrary, T? =
R?/AZ x BZ. The constraints on the constant K will not be only geometric as in §§4.1,4.2,
but will also involve the limit potential V. Hence we return to the notation of (4.2) and

keep the index j.
W (/im0
\ = ) \

[1]
o

=1 —0

FIGURE 2. On the left, a rectangle, R, covering a rational torus T2. In that
case we obtain a periodic solution on R. On the right, the irrational case:
the strip with sides m=Zy x R=3, =y = (n/m, a) (not normalized to have norm
one), also covers the torus [0, 1] x [0,a]. Periodic functions are pulled back
to functions satisfying (4.10). This figure is borrowed from [8].

We consider the restriction of the measure u to any of the finitely many isolated rational
directions:

Ap, B
(48) EOZ w p2_|_q2 < N

Ve -

We first recall the following simple result [8, Lemma 2.7] (see Fig. 2 for an illustration).
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Lemma 4.3. Suppose that = is given by (4.8) and

1
. _ — =L = =1 _ _
(4.9) F: (zv,y)— z=F(z,y) =255 +y=o, =y = T mQBQ( mB,nA).

If u=u(z) is periodic with respect to AZ x BZ then
(4.10) F*u(z + ka,y + b) = F*u(z,y — k), k(€ Z, (v,y) € R?,
where, for any fized p,q € 7Z,

a4 — (qn—pm)AB : b:\/m7 ry:_pnAQ—{—quQ ‘

When B/A=1r/s € Q then
Fru(x + ka,y + 0b) = F*u(z,y), k(E€Z, (v,y) €R?,

for a = (n%s® + m?r?)a.

We now identify w,; with F*u, ;, and consider the Schrodinger equation on the strip
R =R, x [0,b], (or the rectangle R[0,a], x [0,b], in the case when A/B € Q). In this
coordinate system =y = (0, 1).

Choosing a function x € C§°(R?) equal to 1 near (0,0) we define, for ¢ > 0,
Xe = X(((% C) - (07 1))/6)7 7]7C € ]Ra

and

Unje(2,Y) = Xe(hnj Dyt j -
We denote by p; ., the semiclassical measure of the sequence (uy,j¢)nen (J, € are parameters).
Since i = (xc(¢))*u;, (where we skipped the pull-back by F we have

(4.11) Bm pje = pliez0:c=00)

We now recall the following normal-form result given in [8, Proposition 2.3] and [8, Corollary
2.4]:

Proposition 4.4. Suppose that F : R* — R? is given by (4.9) and that V € C*(R?) is
periodic with respect to AZ x BZ. Let a,b and 7 be as in (4.10).

Let x € C(R?) be equal to 0 in a neighbourhood of n = 0. Suppose that V;(z,y) €
C>®(T!' x T'). Then there exist operators

Qj(z,y,hD,) € C*(R) @ V*(R), R;(x,y,hD,,hD,) € V°(R?),
such that (F~')*QF* and (F~')*RF* preserve AZ x BZ periodicity, and
(I +hQ;) (Dy + F*V(,y)) x(hDs, hD,)
= (Dy + W;(@))(I + hQ;)x(hDq, hDy) + hR;,
where W;(z) = %fob F*Vi(z,y)dy satisfies W;(x + a) = W;(x).

(4.12)
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Moreover, there exist operators P; = Pj(x,y, hD,, hD,) € W*(R?) such that (with prop-
erties as above)

(4.13) (I + hQ;) (D% + D2 + F*Vj(z,y)) x(hDy, hD,)
- ((Dg + D2+ Wy(x)) (I + hQ;) + Pj)x(hpx, hD,) + hR;,

2 ~
(414) Pj(%?/,maﬁ) = ;fax(b(xayan)xe(gan)a Qj = U(Qj)a
where X € C°(R?) is equal to one on the support of x.

Using Proposition 4.4 we define
Un,j,e = (1 —+ th>un,j,e s h= hn,j'

Since the operator @; is bounded on L?, the semiclassical defect measures associated to vy, ;.
and u, ;. are equal. We now consider the time dependent Schrodinger equation satisfied
by Un.je- With

@nj = Qj(2,y, hnDy) . Ryj = R(,y, hnj Do, haiDy),
Prj = Pj(x,y, hnj Do, b i Dy)
given in Proposition 4.4 and x,, ;. := x(hn;D.), we have
(@0 + A = Wj(x))vn; = (I + hn jQnj) (00 + A = Vi(2,4)) Xnjctin,
= P jXnjcting = B jetinj
= =P jXnjetng + Vi Xnjeting + 012(1)

= —In,jXn,j,eln,j + OLg’y(l)

(4.15)

(4.16)

We also recall that according to (4.14), on the support of 4., the symbol of the operator
W is smaller than C'e. This implies that

(417) (Zat + A — Wj(l’))vn’j’ﬁ = fn,j,e
with
(4.18) lirgiup el 22 oy = (Hie [Pagl?) < Cjé?

The following simple observation
(O +02-W;(2)) _ ,itd it(92—W;())
shows that we can write
s »
UTLJvé(t? z, y) = Z € itk +ky)U”,j,E,k (t, CL‘), fnJ}e(ta xZ, y) - Z € Zkyfn,j&,k@a JJ) )
keZ kEZ

where

(z@t + 85 - Wj<x))vn,j,e7k = fn,j,s,k:



CONTROL FOR SCHRODINGER OPERATORS ON 2-TORI 23

and the coefficients satisfy a Floquet condition (see [8, Proof of Proposition 2.2])

2miyk/b

Unjek(t,z+a) =e Unjek(t,x) = eQWinvn,j,E,k(t, x),

fn7j7€7k(t7$ + a) = €2ﬂi7kfn,j,6,k(t7$)a Ve = Fyk/b = [P)/k/b] € [07 1)

Since W;(z + a) = W;(z) and

IW = W, Bago, = / ( / [V - e, y))dy) da

<F*(V = V)l Z2 (0.0 x[061,)
SCEOHV V7||L2’]I‘2 —)0, j—)OO7

we can apply the one dimensional Proposition 3.4 to u,, j . x(t, z) = e~ 2™*2/(@)yn_j ¢ k(t, z)

which is periodic on the torus R/aZ. For that we fix a domain w C [0, a], such that for
any x € w, the line {z} x [0,b],, encounters 2. The estimate (3.10) gives the following
non-geometric estimate; it is here where the dependence on the potential enters:

an,j,e,kH%w([o,T];m([o,a}x)) < 2|[vn ek li=o HLQ([O,a]z) + Qan,j,G,kH%l([O,T};LQ([O,a]x))

T
SKO/O Hena Wil ))Unyek |t=0 ||L2(w +C”fnJ€k||L2([OT} [0,a])

T
< K, / sk + Cl g 2201 0

Summing over k € Z gives

T
||Un,j,e||2L<><>([0,T];L2([o,a]x[o,b]y) < KO/O [vnjie le=o0 ||%2(w) + C||fn7j,s||%2([0,T]x[o,a]z)
Taking first the limit n — +oo, we obtain, according to (4.18)
15.((0,T) x ([0,a] x [0,0],) x R?) < Kop; ((0,T) x w x [0,b], x R*) + Cje.
Then taking the limit ¢ — 0, we conclude that, according to (4.11),
(419)  u((0.T) x ([0,al, x [0,5),) x {(0, 1)} < Kopis((0.T) x w x [0,8], x {(0, )})

Since vertical line over w encounters the open set €2, we have

min/ dy > 9y > 0.
W Jan({z}x[0,b]y

This and the invariance of the measure under the flow (which now is just the translation
in the y direction) imply that

15((0.7) x w5 [0,8], % {(0,1)}) < dopty (0.7 x © x {(0,1)}).
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Combining this with (4.19) we obtain that there exists a constant K (g ), independent of 7,
such that

15((0,T) x ([0, alz x [0, b]y) x {(0,1)}) < K ((0,T) x Q2 x{(0,1)}).
Returning to an arbitrary rational direction,

(p,9) 5
= —" +q¢2 <N,
vaq /—Ap2 T B p q

we obtain that there exists a constant K, , such that
(4.20) Nj((OaT) x T? x Cp,q) < Kp,q/ﬁj((oaT) X QX Z,,)

4.4. Conclusion of the proof of Proposition 4.1. If the constant K in the statement
of the proposition is chosen so that, with § in (4.7),

K vol(T?) 1
—>max | ———, =, max K, |,
T vol(2) 7§ VPPN
then, according to (4.6), (4.7) and (4.6), we must have
w((0,T) x T? x R?) < T,

which contradicts (4.3) and completes the proof of Proposition 4.1.

5. FROM SMOOTH TO ROUGH POTENTIALS

Proposition 4.1 was proved under the assumptions that V; € C>(T?) converge to V €
L?(T?). To pass to L? potentials we will now use the results on §2.2.

5.1. Classical observation estimate for smooth potentials. The first proposition is
the analogue of [8, Proposition 4.1] but with constants described by Proposition 4.1.

Proposition 5.1. Suppose that V; € C>(T?%*R) converge to V in the L*(T?) topology.
Then for any non-empty open subset Q of T? and T > 0, there exists C > 0 such that for
any j € N there exists C; such that for any ug € L*(T?), we have

(5.1) ||u0||L2(T2) S C’||eit(A_Vf)u0||L2([0,T]XQ) —f- Cj||u0||H71(T2),

Proof. To obtain the estimate (5.1) from Proposition 4.1, we apply pseudodifferential cal-
culus in the time variable. This was already performed in [8], but since we need a precise
dependence on the constants we recall the argument. Consider a j-dependent partition of
unity

L= 00 (r)> + > eri(r)’ ory(r) == o(R*Ir]), R>1,
k=1

o€ C(RLRY0.1), (RILR)C {r: x(r/o) = 1),
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where x and p; come from Proposition 4.1. Then, we decompose vy dyadically:

luollZe = D s (P uolFa. Py == A+ V.
k=0

Let ¢ € C((0,T);[0,1]) satisfy ¢(t) > 1/2, on T/3 < t < 2T'/3. We first observe (using
the time translation invariance of Schrodinger equation) that in Proposition 4.1 we have
actually proved that

62 Mol < K [ 0712 M, suldt, 0<h <o

which is the version we will use.

Taking K large enough so that R=%7 < h ;, where hg is as in Proposition 4.1, we apply
(5.2) to the dyadlc pieces:

luollZe = D llon (P JuollZ2

kEZ

<ZH%PV oll +C 30 [ w0 ons(Fe) e ol

k=K;+1

—ZH%PVJ Wit C Y /||¢ iy (P ) €% wg| 2y .

k=K;+1

Using the equation we can replace ¢(Py;) by ©(D;), which meant that we did not change
the domain of z integration. We need to consider the commutator of ¢» € C°((0,7")) and

orj(Dy)=@(RDy). 1If ¢ € €((0,T)) is equal to 1 on supp® then the semiclassical
pseudo-differential calculus with h = Rj’k (see for instance [22, Chapter 4]) gives

(5.3)  ©()prs(Dy) = V()i (D)U(t) + Bj(t, Dy),  9“E; = O((t) "N (r) "V R; M),

for all N and uniformly in k.
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The errors obtained from £, can be absorbed into the ||ug|| g-2(r2) term on the right-hand
side (with a constant depending on j). Hence we obtain

o T
luol|Z2 < Cjlluoll—2(z2y + CZ/ [4(£) 5 (De) €™ iug |72yt
k=00

< Cilluollfr2ire) + K Z@Ok,j(Dt)?@Z(t) e Mg, () e Miug, ) 2, xe)
k=0

=%WW%am+KAMWN“Ww@@ﬁ

T
< Colualfsn + K [ e ol
where the last inequality is the statement of the proposition. 0

5.2. Proof of Theorem 1.2. We can now deduce Theorem 1.2 from Proposition 5.1. For
that we consider a sequence V; of smooth potentials converging to V' in L?(T?) (to construct
such sequence, consider the Littlewood-Paley cut-off V; = x(27%A)V ,x € C5°(R) equal to
1 near 0). We now have according to Proposition 5.1

luol| 2(z2y < Clle™ > D ug|l 20,1140 + Dilluoll a-2(r2).
On the other hand, according to (2.21), we have

AV r2oryxay < 1€ A ug| 2oy + ClIV = Villpel|uol r2er2),

le
and consequently, we deduce
luoll 2 (x2y < Clle™ > Vug|l 2o r1x) + CIV = Vjll 2 ol z2czz) + Djlluoll-1r2),
and consequently, taking j large enough so that C||V — Vj||;2 < 3, we conclude that
luoll ey < 2C (1€ A" Vug | r2o,1x0) + 2D 1ol -1.72).

It remains to eliminate the last term in the right-hand side of this inequality. For this we
use again classical uniqueness-compactness argument of Bardos-Lebeau-Rauch [2] (see also
8, §4]) or the direct argument presented in the Appendix. The needed unique continuation
results for L? potentials in R? follows, as it did in §2.1 from the results of [21].

APPENDIX A. A QUANTITATIVE VERSION OF THE UNIQUENESS-COMPACTNESS
ARGUMENT

We present an abstract result which eliminates the low-frequency contributions in ob-
servability estimates.
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Let P be an unbounded self-adjoint operator on a Hilbert spaces H. We assume that
the spectrum of P is discrete:
P, =Mon, M <X <o, A, >n°/Ch, >0,
where {p}9°, form an orthonormal basis of H.

We define P-based Sobolev spaces using the norms

(A1) lellzs, = D)0, pu).

n=1

The Schrodinger group for P is the following unitary operator on H:

o0

U(t)p = exp(—itP)p =Y (o, n)e "

n=1
We have the following general result:

Theorem A.1. Suppose that A : H — H is a bounded operator with the property that for
any A € R there exists a constant C'(\) such that for ¢ € H%

(A.2) el < CA) (I(P = Mellr + [[Aplls) -
Suppose also that for some e >0, T >0, C; and Cs,

t
(A3) Il < Cu [ 1AU)elfds + Calllfy

Then there exist explicitely computable constant K such that

T
(A.4) nm%SKAumwwﬁw

Z<1§<T.
g =t=

Remarks. 1. We do not compute the constant explicitely but the construction in the
proof certainly allows that.

2. In the applications in this paper
P=-A+V, H=L*T?%, A=1g, QcCT?open,
or

P=—(0, +ik)*+ W, H=L*T"), A=1, wC T open,

Proof. We start by observing that (A.3) and the definition (A.1) imply that for N >
(2C5) ",

t
T
I =Ml < 2Cy [ AU - WplPds,  <t<T.
0

o := > (#,Pn)Pn-

An<N

(A.5)
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For reasons which will be explained below we will use this inequality for ¢ = T'/4 and apply
it ¢ replaced by U(T'/2)e:

3T/4
(A.6) I =Ml <26 [ AU - Wl

T/2

We will show that the same estimate is true for IIp. For that let pq < po < -+ < iy, be
the enumeration of {\,}X%, and define

n=1
Yri= D (P Pn)Pn,

A=n=p,
so that

T1
U(t)l_[(p = Z e*l}\nt<(p’ SO’I’L>()0'I7, — Z elﬂrt,l/},r.
r=1

n<Kj

Since (P — p, )1, = 0, we can apply (A.2) to obtain
(A7) o)l < KallAws . Ko = max COv).

The functions t + et r =1,.--  r, are linearly independent there exists a constant

A%::-K%(Mh"'vumajv
such that for any fi,---, f., € H,

3T/4 11 1
(A8) /m IS et f 2t > i SN,
r=1 r=1

as both sides provide equivalent norms on x;>,H.
Applying (A.8) with f, = At and (A.7) gives

3T/4 " r1

L) / S At > Ky 3 [ AP
r=1

|
772 = r=1

(A.9) 1
> KoKy ) [|[00])* = Ko |-
r=1

The combination of (A.6) and (A.9) do not yet provide the estimate (A.4). However if
My = Y (#:¢n)¢n,
An <M
then, for M sufficiently large we have
AU ()T = Tar + Il L2 o.1y0) >

(A.10) _
K3 RG|[Tp|* + (1/4CT) (I = Tag) el — KaM o[
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where K4 will be defined below. In fact, we choose n € C2°((0,7")) equal to 1 on [T'/2,3T/4],
then the left hand side in (A.10) is estimated from below by

J 14U = T+ WPt = [ AV - TanelPoerdt + [ |AV©IE (e

— 2Re/<AU(t)(] — ), AU (8)Ip)n(t)dt.
We can apply (A.5) and (A.9) to estimate the first to terms from below. Since

2 Re / (AU )(I — Ty Yo, AU(E)TTpYn(8)dt —

2Re ) D {2, 00) (@m0} (Apn, Apm) / e/ =2l (t) dt

An<N A >M
<SCpllAIP Y- D o=l Fllell® < KaM g,
A <N Ay >M
if we choose P sufficiently large. This proves (A.10)

We now have to deal with the remaining eigenfunctions corresponding to N < A\, < M.
For that let p,, 11 < --- < p,, be the enumeration of these eigenvalues. Put

T

A1l = —.
( ) T 107’2

P2, P>

0p, max |o,| = 1, satisfying

T2 (2
(A.12) Zcrpei“*pT =0 for r<ry, |Zcfp6i””p7| > K5 forr <r <y,
p=1 p=1
with a constant K5 = K5(u1, -+, firy, I'). (Note the implicit dependence on M.)
If we define

(A.13) p=>_ (Z Upe”"”) (P, n)Pn,

An>N r=1
then

(A.14) (I -I)p=¢, and U(t)p = 22 Ut + pr)e.

Applying (A.5), (A.12) and the definition (A.13) gives

2
4C12"AU<75)95H%2([T/2,3T/4];H) > H@HZ = Z ’<80>90n>’2

N<A <M
> KZ||(Iy — Mgl

IAnPT
Op€
1

r=
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The choice of 7 in (A.11) and (A.14) show that

Ks
A.15 AU () pl| > —2—||(T1y; — IDol||?.
(A.15) AU ()| > 2011“2”< v — 1Dy
This gives,
AU () (I — as + 1Dl 2o,y < JAU ()l 2o, + VT || (T — M|

2/TryC
< (1 + #) AU ()¢l L2 (j0,71,7)

which combined with (A.10) and (A.15) produces
(1 L 2VT + 1y

K. ) AU ()@l 2 om0 = K2 K| Tl + 1/(2C) (1 = Tl )¢

+ [ty — Mol — VK /M|
> (Ko — v Ka/M)|l|.

Since K¢ and K, are independent of M we obtain (A.4) by choosing M large enough. [

APPENDIX B. PROOF OF LEMMA 2.6

This is a purely geometric result which does not involves integer points. It is the conse-
quence of the fact that the circle is curved but we prove it by explicit calculations.

We start with the case where v = 1 (recall that in Lemma 2.6 the modulus is defined by
|(z1,22)|> = 22 + vx2). We perform a change of variables x — zh, and denote by ¢ = x*h?%.
We are reduced to proving that for

(B.1) Ba={2€C : Rez>0, Imz>0, ||2] — 1| <e arg(z) € [aVe, (a+ 1)V/e)}.
we have

Lemma B.1. There exists ¢ > 0 and Q > 0 such that for any 0 < € < ¢y, we have

Va; € {0,1,....N},j=1,...4, N.:= {

(Bear + Beay) N (Beas + Beas) 7 0
= |og —az|+|aa—au| <Q or Jog—ayl+ o —a3l <Q

(B.2) %ﬁ]

Proof. We first observe that it is enough to prove the lemma with the condition ||z| —1] < €
replaced by 0 < |z| — 1 < € in the definition of B.,: 0 < 1 — |2] < € is the same as
0<|z]/(1—¢€)—1<¢€/(1—c¢).
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Let z; = pjeiej € Be’a]., 1 < j <4, be such that z; + 25 = 23+ z4. By possibly exchanging
z1 and 29 we can assume 6; > #, and similarly that 63 > 4. In particular,

(B.3) fi=be e [0,2], %8s e 0,1
Since p; € [1,1 + €], we have
|61 4 et _ ¢ifs _ gifa| < fe,
which is the same as
(B.4) |03 01402) cog(91=02) — ¢3(0+01) cog(%04)| < 2e
On the other hand,

|e%(91+62) cos(252) — o3 (03+04) cos(fa504)| =

—03—04) cos(

1502 — cos(5%))
> | sin (@t ts=b) cog(Lte )|
Since (B.3) implies that cos(25%) > 1/1/2, we obtain from (B.4) that
| sin(@t2—fa=fa)| < 9,/2¢.

We also have &t02-8s=01 ¢ [_ % T] and as |sin§] > 2|0|/x for —7/2 < 6 < 7/2, we conclude
that

(B.5) |Buttacti=ts| < /3.

We assumed that z; = p;e’ € B.,, and that means that 0 < 0; — \/eo; < \/e. Hence
(B.5) gives

(B.6) loy 4+ g —as — ay| < CVe+2<3,

provided that € > 0 small enough.

Going back to (B.3) and (B.4) we get with p = 91 b2 ¢ = 93594

(B.7) | cosp — cosq| = 2| sin (E£%) sin (252) | < 2

™

As, p,q € [0, 7] we get

ez < 2t
This is the same as (recall that 0 < 0, — 0, 0 < 03 — 0,)

(B.8) (161 — O2] — 103 — 04 ) (|01 — Oa] + |05 — 0u4]) < dr’e

and this gives

(B.9)  [(01 — 02) — (65— 02)] < (101 — Os] — 105 — 0al) (161 — Ba] + |65 — 64]))> < 27 /e
Using again the fact that 0 < 0; — \/ea; < /e this gives

(B.10) |(1 — ) — (a3 — )| < 27 + 2

Finally, from (B.6) and (B.10) we obtain

|041—Oé3|§7T+g, |042—044|§7T+g
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which proves Lemma 2.6 in the case v = 1 (notice that here only the first term in the
alternative is possible which follows from the assumption ¢, > 65,603 > 60,). The general

case follows by applying the transformation (z1,z5) € R? — (z1, VT2) € R2. 0
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