The water-waves equations: from Zakharov to
Euler

T. Alazard, N. Burq and C. Zuily

Abstract Starting form the Zakharov/Craig-Sulem formulation of the water-waves
equations, we prove that one can define a pressure term and hence obtain a solution
of the classical Euler equations. It is proved that these results hold in rough domains,
under minimal assumptions on the regularity to ensure, in terms of Sobolev spaces,
that the solutions are C'.

1 Introduction

We study the dynamics of an incompressible layer of inviscid liquid, having constant
density, occupying a fluid domain with a free surface.

We begin by describing the fluid domain. Hereafter, d > 1, t denotes the time
variable and x € R? and y € R denote the horizontal and vertical variables. We work
in a fluid domain with free boundary of the form

Q={(t,x,y) €(0,T) xRYxR: (x,y) € Q(1) },

where Q(¢) is the d + 1-dimensional domain located between two hypersurfaces:
a free surface denoted by X(¢) which will be supposed to be a graph and a fixed
bottom I". For each time ¢, one has
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Q@) ={(x,y) €0 :y<n(tx)},

where O is a given open connected domain and where 1) is the free surface elevation.
We denote by X the free surface:

2 ={(t,xy):1€(0,T),(x,y) € £(t)},

where Z(t) = {(x,y) €RY xR : y =n(t,x)} and we set ' = 9Q(t) \ X(¢).

Notice that I" does not depend on time. Two classical examples are the case of
infinite depth (& = R?*! so that I = 0) and the case where the bottom is the graph
of a function (this corresponds to the case & = {(x,y) € R? xR : y > b(x)} for
some given function b).

We introduce now a condition which ensures that, at time ¢, there exists a fixed
strip separating the free surface from the bottom.

(H,;) : 3h>0: I'c{(x,y)eR!xR:y<n(t,x)—h}. (1)

No regularity assumption will be made on the bottom I".

The incompressible Euler equation with free surface

Hereafter, we use the following notations

V:(axi)lgzgm Vx,y:(vvay)a A= Z axz,a Ax,y:A+a)~2~

1<i<d
The Eulerian velocity field v: 2 — R4*! solves the incompressible Euler equation
Ov+v-Vy w4V, P=—gey, dive,v=0 inQ,

where g is the acceleration of due to gravity (g > 0) and P is the pressure. The
problem is then given by three boundary conditions:

e a kinematic condition (which states that the free surface moves with the fluid)

on=1/1+|Vn2(v-n) onZX, )

where 7 is the unitary exterior normal to Q(z),
e adynamic condition (that expresses a balance of forces across the free surface)

P=0 onZX, (3)
e the ”solid wall” boundary condition at the bottom I"

v-v=0, @
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where v is the normal vector to I" whenever it exists. In the case of arbitrary bottom
this condition will be implicit and contained in a variational formulation.

The Zakharov/Craig-Sulem formulation

A popular form of the water-waves system is given by the Zakharov/Craig-Sulem
formulation. This is an elegant formulation of the water-waves equations where all
the unknowns are evaluated at the free surface only. Let us recall the derivation of
this system.

Assume, furthermore, that the motion of the liquid is irrotational. The velocity
field v is therefore given by v =V, ;@ for some velocity potential : 2 — R sat-
isfying

Ay®=0 inQ, o®=0 onl,

and the Bernoulli equation
1 2 .
AP +3 [Viy®|"+P+gy=0 inQ.
. Zakharovl1968 .
Following Zakharov hﬁme trace of the potential on the free surface:

y(t,x) = @(t,x,n(t,x)).

Noti%glruat since @ is harmonic, 1 and ¥ fully determines . Craig and Sulem
(see observe that one can form a system of two evolution equations for 17 and
y. To do so, they introduce the Dirichlet-Neumann operator G(7n) that relates y to
the normal derivative d, P of the potential by

(G(n)W)<t7x) =V 1+ ‘Vn|28n(p|y=n(t.x)

= (9 @)(1,x,1(t,x)) = Van (t,x) - (Vx @) (2,2, (1,%)).

(For the case with a rough bottom, we recall the precise construction later on). Di-
rectly from this definition, one has

an=Gn)y. (5)

. . [CxSu . . S:pressure .
It is proved in see also the computations in §3.5) that the condition P = 0 on the
free surface implies that

2
1o oo 1(Vn-Vy+G(n)y)
0 — |V - = =0. 6
: ;2 CrSu, Zakh 1968
The system (%e )—1%) 1s in Hamiltonian form (see |3r, u7 ), 3vﬁearfr:otvﬁe Hamiltonian is

given by
1
H = 5/ wG(n)y +gn’dx.
R4
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The problem to be considered here is that of the equivalence of the previous
two formulations of the water-waves problem. Assume that the Zakharov/Craig-
Sulem system has been solved. Namely. agsume that, for some r > 1+d/2, (n,y) €
Co(1,H"(RY) x H"(R?)) solves (5)-(b). We would like to show that we have indeed
solved the initial system of Euler equation with free boundary. In p étiggla:rzwe have
to define the presspye which does not appear in the above system (ES )-1%; To do so,
we recall from [T] that one can define a unique variational solution to the problem

Ayd=0 inQ, @Dlz=%¥, P=0 onl.

Then we shall prove that the distribution P € 2'(Q) defined by
1 2
P:=—0®—gy— 5 ‘Vx7y¢|

has a trace on X which is equal to 0. This is not straightforward because we are
working with solutions of low regularity and we consider general bottoms (namely
no regularity assumption is assumed on the bottom). Indeed, the analysis would
have been much easier for r > 2+d/2 and a flat bottom.

Acknowledgements. Support by the French Agence Nationale de la Recherche,
project EDP Dispersives, référence ANR-07-BLAN-0250, is acknowledged.

2 Low regularity Cauchy theory

Since we are interested in 1 N nggularity solutions, we begin by recalling the well-
posedness results proved in [2]. These results clarify the Cauchy theory of the water
waves equations as well in terms of regularity indexes for the initial conditions as
for the smoothness of the bottom of the domain (namely no regularity assumption
is assumed on the bottom).

Recall that the Zakharov/Craig-Sulem system reads

an—G(n)y =0,

1 (Vn-Vy/+G(n)u/)2 O

2 1+ [Vn[? =0

1 2
dy—+gn+ 5 Vy|”—
It is useful to introduce the vertical and horizontal components of the velocity,
B:= (vy)ly=n = (0yP)[y=n, V:=(vx)ly=n = (Va®)|y=n-
These can be defined in terms of 1) and ¥ by means of the formulas

_Vn-Vy+G6my

TS v vy )

B




theo:Cauchy

theo.strichartz‘
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Also, recall that the Taylor coefficient a = —0yP|x can be defined in terms of
n,V,%%gnly (see §4.3.1 in W

In we proved tg%gglllggvrjl%% Tesults about low regularity solutions. We refer
to the introduction of [Z, 4] Tor references and a short historical survey of the back-
ground of this problem.

BZ3
Theorem 1 (héli. Letd > 1, s > 1+d/2 and consider an initial data (No, W) such
that
. 1 1 . ;

()Mo € H'FI(RY), wo g H2(RY), Voe HY(RY), BoeH'(RY),

(ii) the condition (Hy) in () holds initially for t = 0,

(iii) there exists a positive constant ¢ such that, for all x in Rdg ag(x) > c.

Then there exists T > 0 such that the Cauchy problem for (T) with initial data
(No, Wo) has a unique solution

(n,w) € C°([0,T),H*+3 (RY) x B2 (RY)),

such that

1. (V,B) € C°([0,T],H*(RY) x H*(RY)),
2. the condition (H;) in (T) holds fort € [0, T] with h replaced by h/2,
3. a(t,x) > c¢/2, forall (t,x) in [0,T] x RY.

IABZ3 d 1 . o
Theorem 2 ([2]). Assume I' = 0. Let d =2, s > 1 + 5 — 15 and consider an initial
data (Mo, Wo) such that

no€H2(RY), woeHI(RY), Ve H'RY), ByeH'(RY).

system
Then there exists T > 0 such that the Cauchy problem for (7% with initial data
(No, Wo) has a solution (N, y) such that

(0, ,V,B) € C°([0,T];H*"2 (R?) x H**3 (R) x H¥(R?) x H*(R)).
. . o ltheo.strichartz
Remark 1. (i) For the sake of simplicity we stated Theorem 2 in dimension d = 2
(recall that d is the dimension of the interface). One can prove such a result in any
dimension d > 2, the number 1/12 being replaced by an index depending on d.

(ii) Notice that in infinite depth (I" = @) the Taylor conditjon (which is assump-
tion (iii) in Theorem I ) 1S always satisfied as proved by Wu ( g ).
Now having solved the system (S :135 erﬁ, y) we have to show that we have indeed
solved the initial system in (1, v). This is the purpose of the following section.
There is one point that shoul sbg teemmphasized concerning the regularity. Below
we consider solutions (1], ¥) of (I7) such that

(n,w) € C°([0, T]; H*+3 (RY) x H*T3 (RY)),

with the only assumption that s > e%cér*% (and the assumption that there exists 4 > 0
such that the condition (H;) in (T) holds for ¢ € [0,T]). Consequently, the result
proved in this note apply to the settings considered in the above theorems.
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3 From Zakharov to Euler

3.1 The variational theory

In this paragraph the time is fixed so we will skip it and work in a fixed domain Q
whose top boundary X is Lipschitz i.e n € W= (R?). —

We recall here the variational theory, developed in mllowing us to solve the
following problem in the case of arbitrary bottom,

AD =0 in.Q, (D|2:l[/, 7|F:0 (9)

Notice that £ is not necessarily bounded below. We proceed as follows.
Denote by 2 the space of functions u € C*(£2) such that V,yu € L?(2) and let
9 be the subspace of functions u € & such that u vanishes near the top boundary X.

B71
Lemma 1 (see Prop 2.2 in h I1). There exist a positive weight g € L (Q) equal to

loc

1 near the top boundary X of Q and C > 0 such that for all u € %

//Q g(x,y)|u(x,y)*dxdy < C//_Q |V yu(x,y)[*dxdy. (10)
Using this lemma one can prove the following result.

B71
Proposition 1 (see page 422 in h 11). Denote by H'0(Q) the space of functions u on
Q such that there exists a sequence (u,) C Dy such that

Viyttn — Veyu in Lz(Q), U, —u in Lz(Q,gdxdy),
endowed with the scalar product
(u,v) 1000y = (Vatt, Vav) 20y + (A1, 0yv) 12y
Then H'0(Q) is a Hilbert space and (%ifnﬂc?iﬁor ue HO(Q).
Lety e H 2 (R?). One can construct (see below after (’%9)) VeH 1(Q) such that
suppy C {(x,y) :n(t,x) —h<y<nx)}, vilz=wv.

hilbert
Using Proposition [T we deduce that there exists a unique u € H l’O(Q) such that, for
all @ c H'0(Q),

[ Vistt)- Vayo(xy)drdy = = [ Vi, w3) - Ve, 00xy)dndy.

dirichlet
Then to solve the problem (b l) We set @ = u +y.

dirichlet

poincare
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&"ﬂ’é]%%eés for the usual Neumann problem the meaning of the third Conditi(iéliiglich Lot

is included in the definition of the space H''*(£). It can be written as in (9 1
the bottom I is sufficiently smooth.

t
Let us assume that the Zakharov system (573 has been solved on / = (0,T), which
means that we have found

(n.y) € O H 3 (RY) x H3 (R),
with s > % + % solution of the system

aln = G(T’)W7
1(Vy-Vn+G(n)y)* (an
2 1+ |Vn|?

1
dy =—gn—|Vy*+

We set
_Vy-Vn+Gmy
I+[vn2 7

V =Vy—-BVn. (12)

Then (B,V) € CO(I,H* 2 (R?) x H*~2 (R¥)) with (s— 1 > 4)

We would like to show that we have indeed solved the initial system of Euler
equation with free boundary. In particular we have to define the pressure which
does not appear in the above system. We proceed in several steps.

3.2 Straightenning the free boundary

First of all if condition (H;) is satisfied on I, for 7 small enough, one can find
N« € L”(R?) independent of ¢ such that

: oo rpyd
() Ve € B, Vel <Oy

(i) M) —h <70 <N(x)— 5, W(x) € 1x R, (13)
(iii) I C{(x,y)€0:y<n.(x)}
h
Indeed using the first equation in (%%%Jﬁlave

t
()= Moleemey < [ IGMW(S o 40

<TC(|[(n,w)

H“‘%(Rd)
HL‘”(I,HH—% (Rd)XH‘H—% (Rd))) :

Therefore taking T small enough we make ||1(z,-) — 10| [=(Rrd) as small as we want.

Then we take 7. (x) = — %! + e~9IPxIn, and writing

eta
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o910

106) = =20 1(0,0) — (1(0,) ~ o(x)) + (e P g — o),

eta
we obtain (T3).

In what follows we shall set
Qi) = {(x,y) :x R M (x) <y <n(1,x)},
Qi ={(t,x,y):t€1,(x,y) € (1)}, (14)
Q={(x,y) € 0:y<n.(x)},

and
Q1 ={(x,z) :xeR% z€ (~1,0)}. (15)

" JAMS ~
Following Lannes (IZlalni,n for € I consider the map (x,z) — (x,p(t,x,z)) from £,
to R4+ defined by

8z| Dy

p(t,x,2) = (1+2)e%PrIn (1,x) — 2. (x) (16)

where & is chosen such that

5HH||LN(17HH%(R[,)) =8 << 1.

eta
Notice that since s > § + 4, taking & small enough and using (T3) (i), (i), we obtain
the estimates

(i) d.p(t,x,2) > =, V(t,x,2) €IxQ,

(i) NVepllimqreany < CA+IMI ey

Wl =

a7
).

(R?))
rhok a . . .

It follows from ( i) that the map (¢,x,z) +— (t,x,p(,x,z)) is a C!-diffeomorphism

from I x Q; to Q;.

We denote by « the inverse map of p:

(t,x,Z)EIXfll, (t7x,p(t,x,z)):(t,x,y)(:)(t,x,z):(t,x,K(t,x,y)), (tvxay)e‘Ql'

3.3 The Dirichlet-Neumann operator

Let & be the variational solution described above (with fixed #) of the problem

Ay®=0 inQ(r),
(D|Z(t) = V/(tv')7 (18)

Let us recall that

lesomega

diffeo

var
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D=uty (19)

where u € H'0((r)) and  is an extension of y to Q(r).
Here is a construction of y. Let y € C*(R), x(a) =0ifa < —1,x(a) =1ifa >

—1.Let Yl(t,x,z)= 2 (2)edPy (2, x) for z < 0. It is classical that y € L(1,H'(£2)))
if y e L=(I,H? (R?)) and

Wl o101 (2))) < C||W||LM(I’H%<R61))'

Then we set
y(t,x,y) = §(t,x k(1,x,y)). (20)

Since 1 € C°(1,W"=(R)) we have y(r,-) € H'(Q(t)), |5 (;) = ¥ and

vt ) g @u) < C(”TIHL”(I,WL“(R‘[)))”WHLNU’H%(Rd))'

Then we define the Dirichlet-Neumann operator by

Gy (1,x) = \/1+[Vn [0, P|x o

= (8y<15)(x, n(t7x)) - Vxn(tvx) : (Vxé)(trxv n(t7x))'

3 _
It has been shown in QBZK see §3) that G(n)y is well defined in C° (I,H’% (RY)) if
n e COT,Wi=(R?)) and y € CO(T,H? (RY)).

3.4 Preliminaries

Recall that we have set

Qt)={(x,y) e 0:y<n(t,x)}, Q={(t,xy) :tel,(x,y) €Q@)}. (22)

1
loc

For a function f € L
we have

() if 0, f denotes its derivative in the sense of distributions

f(._|_g’.7.)_

=

(@.f.9) = lim ( 169 ) vpeca). @
This point should be clarified due to the particular form of the set £2 since we have
to show that if (¢,x,y) € supp@ = K then (7 + €,x,y) € Q for € sufficiently small
independently of the point (#,x,y). This is true. Indeed if (#,x,y) € K therg exists a
fixed 6 > 0 (depending only on K, 1) such that y < n(z,x) — 8. Since by (

n(t+&x) =n(t,x)] < e[| GMW|(1xre) < €C

omega
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_ ; )
where C = C(||(n, W)”LN(],H”%(Rd)xH”%(Rd)))’ we have if & < 2,

y—nit+ex)=y—n(t,x)+nt,x)—nit+ex)<-6+eC<0

Notice that since 1 € CO(T,H”% (RY)),9n=G(n)y € CO(Y,HS_% (R9)) and
s> 1+ 4 wehave p € CH(I x Q). )

If f(¢,-) is a function defined on Q(¢) we shall denote by f its image by the
diffeomorphism (¢,x,z) — (¢,x,p(¢,x,z)). Thus we have

f(t,x,2) = f(t,x,p(t,x,2)) < f(t,x,y) = F(£,x,%(t,x,y)). (24)

Formally we have the following equalities for (x,y) = (x,p(7,x,2)) € Q;(¢) and
V=V,

yf(t X )’) a zf(t X Z) <~ azf(t X Z) 8zp(t7x» K(t7xa)’))8)‘f(t7xa)’)»
ft,x,y) = ( f)(txz)@Vf(txz) (Vf+Vp8yf)(t,x,y),
tx y ( lf+al txay)azf)(tvx7 K(taxvy))'
(25)
We shall set in what follows
A= 0, A=V, TP, (26)

9;p 9;p

Eventually recall that if u is the function defined by (%9) we have

// Viyu(t,x,y) - Vi, 0(x,y)dxdy = — // Ve w(t,x,y) - Viy0(x,y)dxdy
Q1) ' Q@ T

(27
for all 8 € H'"*(Q(¢)) which implies that for ¢ € I,

VstttV < COMli=momo) Wl t e @)

Let u be defined by (19). Since (1, y) € CO(1,H*"2 (R?) x H™+3 (RY)) the ellip-
tic regularity theorem proved in [2] (see Theorem 3.16), shows that,

0.1, Vit € CO([—1,0], H*" 2 (RY)) € C°([—1,0] x RY),

. 1d
Sll’lCCS—§>§. at
It follows from (b?) that dyu and V,u have a trace on X and

1
a,p(t,x,0)

Since ii(t,x,0) = 0 it follows that

dyu|y = 0-i(t,x,0), Vg = (Viii— 78 .1 (1,x,0).

9:p(t,x,0)

#
t

egvar

est
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Viulz +(Van)dyulz =0

from which we deduce, since @ = u+ v,

Vi®|x+ (Van)oy@|z = Viy. (29)

On the other hand one has

Gy = (30— V-V, ) 5. (30)
debujs@iiteV B,V
It follows from (b9ei,ui F')S'Ul) aleld (HﬁTthat we have

Vx(p|2 =V, ay(p|2 =B. 31

3.5 The regularity results

S:pressure
We shall need the following results.

Lemma 2. Let u be defined by (%) and i by (E%%glehen
OV ii € L™(I,L*(Q1)), Qi € L™(I,L*(Q1)), Vaiydu € L>(I,L*(2)).
Lemma 3. In the sense of distributions on £2| we have the chain rule
du(t,x,y) = dii(t,x, k(t,x,y)) + 9, k(t,x,y) (¢, x, k(,x,y)).

These lemmas are proved in the next paragraph.
Assume for a moment these results proved. Then a classical interpolation The-

orem shows that for almost all t € I we have 9i(t,) € C°([-1,0], H%(Rd))

0:i(t,-) has a trace in H 2 on z =0 which is equal to zero since i(t,x,0) = 0.
Moreover it follows from Lemmab and (25) that

0ii(t,x,2) = Au(t,x,p(1,%,2)) + A (1,x,2) dyu(t,x, p(t,x,2))-

It follows that the right hand side has a trace on z = 0. Since dyu|x = B—d,y/|x
we deduce that dyu has a trace on X and using the fact that d;p(z,x,0) = G(n)y we
have

K Plr = dulx + oy = -GNy (B—oy|x) +aylx.
Now by an elementary computation on sees that
hyls —GMy-dy|x = dy.

Therefore,

U Pl =y —Gn)y-B. (32)

Now we introduce the pressure P € Z'(Q) by setting
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1
P=-0P—g —E\Vx,ycpﬁ. (33)
dertphilfinV .
It follows then from (32) an that P has a trace on X~. We claim that

Pz =0. (34)
finV  |dertphi
Indeed according to (B lI ni and (Bze r) we ﬁlave

1
Plz = -0,y +BG(n)y-—gn — 5(|V|2+Bz)-

Zaha QW
Now using System (1 T i,ai lﬁ) and the fact that G(n)w = (14 |Vn|?)B—Vy-Vn
we can write

1 1
—0y+BG()y =gn + 3 |Vy* = S (1+[Vn[*)B* + (1+|Vn[*)B* — BVy -V
1 1 1
=gn+5|Vy—BVn =SB |V + S (1+|Vn[")B®
1
= g0+ 5(VP+B)

) P=0
which proyes (bZIYP: 0
Now (83) and (Bﬂshow that v = V, ,® solves the Euler system. Moreover we

have trivially div v =0, curl v=0and 9, = /1 —Eészv -n on the surface X.

Therefore we are left with the proof of Lemma 2 and Lemma 3.

3.6 Proof of the Lemmas

dtphi
3.6.1 Proof of Lemma

diffeo |lambda
Recall (see (16) and (bbTTﬂﬁt we have set

pt,x,2) = (142)e® Pl (2,0) — 2. (),

M) = it M) =V, 520D

@)

We shall prove that

G6)

Aj(t)o,ii € L™ (I,L*(£1,0,p(t,-)dxdz)), j = 1,2,
Vo € L(I,L* ().

hok
This will imply our claim according to (rl 7Oi agg )Vaxa,ﬁ = Apii — (Vip)AL i
Now we fix 79 € I, we take € € R\ {0} small enough and we set for ¢ € I
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Fi(t)= // Viyt(t,x,y) - Vi, 0(x,y)dxdy
J (1)
F(t) = //Q Viyu(t,x,y) - Viy0(x,y)dxdy
I

@7)

Hy(t) = — / » Voo Wt %,y) - Vs 0(x,y)dxdy
1

H2(t) = //_Q Vx,yﬂ(taxay) ) Vx.ye(x7)’)dx‘iy
JJa,

where

t —
(ry) = Mo T EX) Zult)), (38)

It follows from (be ;V) taﬁrat for all # € I we have

Fi(t)+F (1) = H(t) + Hy(1). (39) |F1+F2

Let us set for j = 1,2

(1) = Filto+€) = Flto) Fi(ty) = Hj(to+¢) —H,(to)

&€ &€

We begin by estimating Jg (to). Since £, does not depend on ¢ we have

\Y% to+ € — Vyyu(to,x,
Jg(fo) _ /‘/Q x,yu( 0+ 7-x7y) x,)u( 0,X y) vaye(x,y)dxdy
2

€
therefore )
P(to) = H Vyut(to +£,x,y{): — Ve yu(to,x,y) - (40)
L erbnd

It remains to estimate J] (fp). With the notation used in (35) we have,

Aj(to+€) — Aj(to) = Bje(t0,%,2)0; S

and we have

Lemma 4.

. X 2
sulo//éI B¢ (t0,x,2)|*dxdz < €°C(||(n, W)”qu,w%

el (Re)xH™ (Rd>>)'

Proof. The most delicate term to deal with is

_ VP Ve - /1 Vip
()= 5o+ = 52 xe) =e | 8,(azp)(to+sl,x,z)d7t.

We have

8,(pr) _ V.op (9z3tp)pr.

:p ap  (dp)?
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First of all we have d.p > %. Now since s— 1 > 4 > 1, we can write

||antp(f»')||L2((21) < 2||68ZIDX‘G(77)W(I»')||L2((71,0),H1(Rd))

SCIGEMWE g gy SCNCMWVEN oy o @2)

S C(H(na W)HL“’(IH +%(R")><HS+%(R‘1)))'

On the other hand we have
. < 6z|Dy| i
V4P (i) < CIEPPVam Gl g + IV iy

< C’||Tl(t,-)\|Hs+%(Rd> + ||Vxn*HLN(Rd) < C’7||n( 7')HHS+%(RLI)

t
by (ﬁﬁ Eventually since

9.0,p = *PIG(n)y + (1+2)8¢P D, |G(n) w

. |nablarho
we have as in (

19:0p (2, ) 120,y < C(Il(m W),

@)

L=(L,H <RdeH”f(Rd>>)
Then the Lemma follows.

diff
Now after making the change of variables defined in (lGl) w%oobtain
// (to+ €)ii(to + €,x,2)Aj(to + €)0(x,2)9.p (o + €,x,2)

2
—A;(to)ii(to, x,2)Aj(10) 0 (x,2)0-p (0, x,2) | dxdz =: ) Kj (o).

@

Thus we can write for j = 1,2,

4
Kje(to) = Z//~ Al]‘-ﬁ(to,x,z)dxdz,
k=177

Al elio,) = Ayl [ EL IO 406 o, ),
Aj(t0+£)—Aj(t0)} )

) 45) [o1=

Aelio) = |

™

15()ap 1),

A1) = Ajlto+ )t + €A (o + £)3() [&P(l‘o +¢, 2 — 9,p(to, .)} .

A;,S(t07 )= Aj(t() + 8)11(1‘0 + €, ) [

In what follows to simplify the notations we shall set X = (x,z) € Q.



The water-waves equations: from Zakharov to Euler 15

. X theta h X
First of all, using (38) and the lower bound d.p(to,X) > 3, we obtain

2

//(2] A}-78(t07X)dX > g ‘ Aj(to)[ﬁ(to—i-g,.;_g(to’.)}

h
Now it follows from (EI ai Itnéat

~ Be ~ :
A% (0, X)dX| <sup| = 5 Sup |0 (t, ) ||7eo(_1 0 e Ai(ty)0 5
[, Aelto x)ax < 1B g 9 12000 1w 1A 0B

(46)

L2(8y)

Since s — % > % the elliptic regularity theorem shows that
Sup”azﬁ(t")||L:°(7],0,L°°(Rd)) < sup ||d;ii(t, )|
tel N tel

<c(lmwll,..

. estbeta
Using Lemma # we deduce that

2
[, Aetoxax| <l s,

|
=(—1,0,H° "2 (RY
Lz (-1,0,H° 2(R?)) 47)

@yt ey

MAj(20)0]25,)- (48)

Rd)

Now write

// Al (10, X)dX =
. Ql

7// Aj(to+ €)ii(to + &, X) Be(fo + £,X) 9.6 10, X) 3up (10, X )dX.

By elliptic regularity A;(¢)ii is bounded in L”, , by a constant depending only on

(n, II/)H (L™ RO R Therefore we can write

3 N
[, Aetoxax| < clin w0 0Bl @)

}(RY)xH 2 (RY))

Eventually since

d.p(to+€,x z) 9:p (to,x,2) / 9,0.p(to + A, x,z)dA,

regtheolestrho2
we find using (hﬁ and ZhBi
[, Atetwxax| < climw,.
1

10:61l2(6)- (50

G et )

. . . F1+F2
Let us consider now the right hand side of (bgfljue to the presence of the cut-off
in the expression of Y we have H,(t) = 0. Now we consider
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Hl(t()-i-&') —Hl(t()).

c (5D

/81:

We make the change of variable (x,z}— (x,p(fo,x,z)) in the integral and we de-
compose the new integral as in (44), - This gives, with X = (x,z),

fé—jé%,e@o% elt) z ], et x)ax.

where sz k ¢ has the same form as Ak in (&FSTexcept the fact that # is replaced by
v. Recall that P(t,x,2) = x(z )eZ‘DX‘l//(t x). Now we have

4O Wl 11263, ) <C(||77H (L )||at‘I/HL°°1L2 ~1,0),H! (R9)))
<C(lnll L= () )IlarlI/H -

<C(Inl

1LHZ(RY))

ol

1
L 1HY+2 (R4)) H*" 2 (RY))

Zaharov
since s — % > % Using the equation (IT) on y, and the fact that H*~ 2 (RY) is an

algebra we obtain

1453 200) < CUTW eyt o d )
It follows that we have
[, e X)ax] < UMWt e ) A0

(52)
Now since

1A (t0) WM iz -1,0 2=y < CUMI L st oy 1T 0]
= C(lInll,

L2((~1,0),H2 ¢ (Rd))

vl

(113 (RY)) =(LH"2 (Rd))

we can use the same estimates as in (&FS), (&@), (%O) to bound the terms 42%]"8 for
k =2,3,4. We obtain finally

2
oS oy ay) A0z
(53)

H; (t0—|—8) —H; (l())
€

<climwl_,

Summing up using (% (Q’%}, (%,(%,(%, (B3) we find that setting

Us(fo,-)zu(t”g")_”(t(”'), Ue(to,) = it +&,-) — (o, -)

€ €

the quantity

estAA

1
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2 ~
Y 1|4 (10)Ue (1o, ')||L2(le) + ||V Ue (to, ')HL2<92) (54)
j=1

is uniformly bounded (with respect to 7o and €) by a constant depending only on

In, lI/)Hm IH”z( )xH”z R))
Since ii(t,x,0) = 0, using (%ZU and the Poincaré inequality in Q; we find that

G0, )l 20, < (i, , (55)

(R 3 (R )))
It follows that we can extract a subsequence such that

(Aj(10)Ug,) converges in the weak-star topology of L*(1, L}(Q))),
(Ug,) converges in the weak-star topology of L*(I,L*()).
(V.yUg, ) converges in the weak-star topology of L™(I,L*()).

But these sequences converge in 2’ (1 ><~£~21) (resp.Z'(I x £s)) to A;(to) 0, ;i
(resp.V,ydu), Then A;(to)d,ii € L™ (I,L*(£ gyt € L>(I,L*(€21)) and V, ,du €
L>(I,L*(£,)) which completes the proof of (

ha
3.6.2 Proof of Lemma Bc =0

Let ¢ € Ci(£21) and set

—

ve(t,x,y) = —[i(t +&,x,k(t + €,x,y)) — i(t + €,x,x(t,x,y))],

)

Ws(t7x7y) = 7[ﬁ(t+gvx7 K(taxvy)) —IZ(L)C, K(t,)@y))],

Je = // ve (1,x,9)@(t,x,y)dtdxdy, K, = // we (t,%,) (1, x, y)drdxdy,
Q o

I = Je +Ke.

™

(56)

Let us consider first K¢. In the integral in y we make the change of variable
k(t,x,y) =z <y = p(t,x,2). Then setting @(t,x,2) = @(t,x,p(,x,z)) and X =
(x,2) € Q1 we obtain

Ke= //1/91 = H’Xi — X ¢(1,X)0:p(t,X)drdX.

Since p € C'(I x Q1) we have §-9,p € C(I x Q1). Now we know that the sequence

Ue = % converges in Z'(I x Q1) to d;ii. We use this fact, we approximate

¢ - d.p by a sequence in C (I x Q;) and we use (ESS fo deduce that
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limKsz// 91, X)P(1,X)0up (1, X)didX.
1 Q

e—0

Coming back to the (¢,x,y) variables we obtain

lim K, = / o,ii(t,x,k(t,x,y)) @(t,x,y)dtdxdy. (57)
JJa,

£—0

Let us look now to J. We cut it into two integrals; in the first we set k(¢ +€,x,y) =z
in the second we set x(,x,y) = z. With X = (x,z) € ; we obtain

Je = é/l//gl IZ(H—s,X)(/O1 %{(p(:,x,p(t+sc,X))azp(t+so,X)}do)dth.

Differentiating with respect to & we see easily that
: ps t
Jo = /// i(1+2,X) < (/ 2P (120, X)9(t,x,p(1 +£5,X))do ) drdX.
1JJ%, Z\Jo

Since ii is continuous in # with values in L?>(£),d;p is continous in (f,x,z) and
¢ € C7 we can pass to the limit and we obtain

limJg:/[//Ql ﬁ(t,X)(%(8,p(t,X)(p(t,xp(t,X)))dth.

e—0

Now we can integrate by parts. Since, thanks to ¢, we have compact support in z
we obtain

umng—/'/_ .ii(t, X ) (1, X) (1, x, p (1, X ) didX.
JIJJQ

e—0

Now since
atp(tax) = 781‘K(t7x7y)azp(taxaz)

setting in the integral in z, p(¢,X) = y we obtain

limJg:/ 0.i(t,x, x(t,x,y)) 0 k(t,x,y)Q(t,x,y)dtdxdy. (58)
2

£—0

hai I+J K J
Then Lemma 5 glrcl)ws from (%62 (B7) and (ESQE.S
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