STRICHARTZ INEQUALITIES AND THE NONLINEAR SCHRÖDINGER EQUATION ON COMPACT MANIFOLDS by N. Burq, P. Gérard & N. Tzvetkov

Abstract. — We prove Strichartz estimates with fractional loss of derivatives for the Schrödinger equation on any riemannian compact manifold. As a consequence we infer low regularity local well-posedness results in any dimension, as well as global existence results for the Cauchy problem of nonlinear Schrödinger equations on surfaces in the case of defocusing polynomial nonlinearities, and on three–manifolds in the case of cubic defocusing nonlinearities. We also discuss the optimality of these Strichartz estimates on spheres.

Résumé. — On démontre des inégalités de Strichartz avec pertes de dérivées pour l’équation de Schrödinger sur une variété compacte. On en déduit des résultats d’existence locale en toute dimension, ainsi que l’existence globale pour le problème de Cauchy sur les surfaces compactes dans le cas de non linéarités défocalisantes, et sur les variétés de dimension trois, pour les non linéarités cubiques défocalisantes. Nous discutons également l’optimalité de nos résultats dans le cas des sphères.

Contents

1. Introduction and statement of the results . . . . . . . . . . . . . . . . . . . . . . 2 2. General Strichartz inequalities . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8 2.1. Semiclassical functional calculus . . . . . . . . . . . . . . . . . . . . . . . . 8 2.2. A semiclassical dispersion estimate . . . . . . . . . . . . . . . . . . . . 13 2.3. Strichartz inequalities on finite time intervals . . . . . . . . . . 15 3. Nonlinear Schrödinger equations on compact manifolds . . . . . . 18 3.1. A local well-posedness result in singular Sobolev spaces . . 18

2000 Mathematics Subject Classification. — 35Q55, 35BXX, 37K05, 37L50, 81Q20. Key words and phrases. — Strichartz estimates, nonlinear Schrödinger, eigenfunctions, WKB method, dispersive equations.

3.2. The case of surfaces . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19 3.3. The case of three-manifolds . . . . . . . . . . . . . . . . . . . . . . . . . . . . 20 4. On the optimality of Strichartz estimates . . . . . . . . . . . . . . . . . . . . . . 25 4.1. Sogge’s estimates . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 25 4.2. Optimality of endpoint Strichartz estimates on spheres . . 26 4.3. Improved Strichartz estimates for specific geometries . . 27 4.4. Optimality in Theorem 4 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 30 Appendix A. Generalizations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 32 A.1. Metrics on R^d . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 33 A.2. Abstract lower order terms . . . . . . . . . . . . . . . . . . . . . . . . . . . . 35 References . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 37

1. Introduction and statement of the results

For two decades, Strichartz inequalities have been a key tool in the study of nonlinear Schrödinger equations on the euclidean space (see e.g. Ginibre-Velo [12, 13], Kato [21], Yajima [38], Cazenave-Weissler [9]). Let us recall the general form of these inequalities. Given v_0 ∈ L^2(R^d), d ≥ 1, denote by v = v(t, x) ∈ C(R, L^2(R^d)) the solution of the linear Schrödinger equation

i∂_tv + Δv = 0, v(0, x) = v_0(x).

(1.1) Then

‖v‖_Lp_{(R,L}q_{(R}d_{))} ≤ C‖v_0‖_L2_{(R}d_)

(1.2) where p, q are given by the scaling admissibility condition 2 p + d q = d 2 (1.3)

and satisfy moreover p ≥ 2, (p, q) ≠ (2, ∞) (for the case p = 2, we refer to the paper by Keel-Tao [22]). It is now classical that the proof of (1.2) is a combination of functional analytic arguments and of the dispersion estimate ‖v(t)‖_L∞_{(R}d_) ≤ C |t|^{d/2} ‖v_0‖_L1_{(R}d_),

(1.4)

which can be easily derived from the explicit expression of v in terms of v_0.

If R^d is replaced by a compact riemannian manifold (M, g) any constant is solution of the free Schrödinger equation and therefore the above dispersion estimate trivially fails for large t. It is less obvious, but still true, that it also fails locally in time (see remark 2.6). However, in the special case where M is the flat torus T^d = (R|2πZ)^d, Bourgain [3, 4] (see also [5]) established inequalities related to (1.2) by means of the Fourier series representation of v. More precisely, observing that v is 2π periodic in time, an easy consequence of the results in [3, 4] is

(1.5) ‖v‖_L4_{(T×T}d_) ≤ C‖v_0‖_H s_{(T}d_), s > d 4 − 1 2 . Of course, one infers estimates of the L^p(T× T^d), p ≥ 4 norm of v by interpolating (1.5) with the Sobolev embedding L^∞(T, H^d2^{+ε}(T^d)) ⊂ L^∞(T×T^d). Moreover it can be proved that the loss s of derivatives in these estimates is essentially sharp (see also the proof of Theorem 4 below). By using these inequalities and techniques of conormal spaces adapted to harmonic analysis on the torus, Bourgain proves several results of local and global existence for the nonlinear Schrödinger equation on the torus.

Our first goal in this paper is to establish Strichartz inequalities on arbitrary compact riemannian manifolds without boundary^{(1)}, with a possible loss of derivatives. It turns out that this loss is half of the trivial one given by the Sobolev embedding. Specifically, our first result reads as follows.

Theorem 1. — Let (M, g) be a riemannian compact manifold of dimension d ≥ 1 and Δ be the Laplace Beltrami operator on M. Given p, q satisfying the scaling condition (1.3) and p ≥ 2, q < ∞, the solution v of (1.1) satisfies for any finite time interval I, ‖v‖_Lp_{(I,L}q_{(M ))} ≤ C(I)‖v_0‖_H 1/p_{(M )}. (1.6)

Remark 1.1. — 1. Theorem 1 can be easily generalized if one replaces Δ by any elliptic selfadjoint operator P of order m, assuming that the vertical Hessian of the principal symbol of P does not vanish outside the null section.

2. Other generalizations (abstract lower order perturbations, riemannian metrics on R^d) are given in the appendix of this paper.

3. A natural open question is to obtain Strichartz estimates with a nontrivial loss of derivatives on compact manifolds with boundaries.

Remark 1.2. — After discussions with Daniel Tataru, we realized that the result of Theorem 1 can be deduced from from Theorem 4 in [31]. In [31], it is shown that

(1)All riemannian manifolds considered in the paper are without boundaries and that fact will not be explicitly mentioned.

local Strichartz norms of the solution of a variable coefficients Schrödinger equation are controlled by its L^2H^12 space-time norm which clearly implies (1.6) for p = 2. All other cases can be then covered by interpolation with the case p = ∞ which trivially follows from the L^2 boundedness of exp(itΔ). We have however decided to keep our proof, since we believe that our analysis is less involved than the one presented in [31]. Moreover it is based on a different formalism, semiclassical calculus instead of FBI transform techniques.

As a consequence of Theorem 1, we deduce a general result on nonlinear Schrödinger equations in dimension d = 2.

Theorem 2. — Let (M, g) be a riemannian compact surface, and let G be a polynomial with real coefficients. For every u_0 ∈ H^1(M), there exists a unique maximal solution u ∈ C(I, H^1(M)) of the equation

i∂_tu + Δu = G^′(|u|^2)u, u(0, x) = u_0(x).

(1.7)

Moreover we have the following additional properties:

(i) If ‖u_0‖_H 1_{(M )} ≤ R, the length of I ∩ R_± is bounded from below by a positive constant which only depends on R.

(ii) For any finite p, u ∈ L^p_{loc}(I, L^∞(M)). (iii) If G(r) −→ +∞ as r −→ +∞, I = R.

(iv) If u_0 ∈ H^s(M) for some s > 1, u ∈ C(I, H^s(M)). In particular if u_0 ∈ C^∞(M), u ∈ C^∞(I × M). Remark 1.3. — 1. If G(r) → +∞ when r → +∞, the existence of global weak solutions in H^1 is easy. A consequence of our estimates is that such solutions satisfy property (ii) and therefore are strong and uniquely determined by their Cauchy data.

2. Theorem 2 and Remark 1.1 can be extended with very slight modifications to other kinds of nonlinearities (for instance G ∈ S^m(R), G(r) = λr^{σ+1}).

3. Observe that, if M = T^2, Theorem 2 is a part of results by Bourgain quoted above. For general compact bidimensional domains, global existence for defocusing nonlinear Schrödinger equations was only known for cubic nonlinearities (deg(G) = 2), see Brézis-Gallouët [6]. Notice that even for such nonlinearities, the Brézis-Gallouët approach does not provide an existence theorem for strong solutions in the energy space H^1.

In three space dimensions, our methods can be used to prove typically the following result.

Theorem 3. — Let dim(M) = 3. Then, for any u_0 ∈ H^1(M), there exists a unique global weak solution u ∈ C_w(R, H^1(M)) to the cubic defocusing nonlinear Schrödinger equation (1.8) i∂_tu + Δu = |u|^2u, u(0, x) = u_0(x).

Moreover, u ∈ C(R, H^1(M)) with conservation of the energy, and if u_0 ∈ H^s(M), s > 1, then u ∈ C(R, H^s(M)).

In particular, if u_0 ∈ C^∞(M), u ∈ C^∞(R× M).

Remark 1.4. — Of course a similar result holds for more general nonlinearities with cubic or subcubic growth modulo some additional but inessential technicalities.

Let us discuss briefly the main arguments for the above theorems. On (M, g) a natural generalization of Fourier series expansions is of course spectral decomposition of Laplace-Beltrami operator. However our knowledge of the spectrum and of the eigenfunctions of this operator on arbitrary riemannian manifolds is too poor for trying to adapt Bourgain’s method at this level of generality. Rather, our proof of inequalities (1.6) relies on families of dispersive estimates on small time intervals depending on the size of the frequencies of the data. In the particular case of the torus, these estimates were proved by Vega [35] (see also [23]). Let us mention that the idea of splitting the time interval into small frequency dependent pieces also appeared in recent works by Bahouri–Chemin [2] and Tataru [34] on low regularity well–posedness of quasilinear wave equations. In the case of the Schrödinger equation, the strategy for proving such estimates is based on a simple time rescaling, first used by Lebeau [24] in the context of control theory (see also [7]), which transforms the equation into a semiclassical problem, for which parametrices can be constructed by WKB methods. These WKB constructions are to be related to those used by Kapitanski [20] in the case of wave equations. Due to the finite propagation speed, Kapitanski’s estimates are the same as for the flat wave equation. On the other hand, in the case of the Schrödinger equation, a new phenomenon is produced, namely unavoidable losses of derivative in Strichartz inequalities have to be accepted (see Theorem 4 below for examples). This phenomenon is related to the existence of eigenfunctions, but the complete understanding of its mechanism is a delicate issue.

A combination of Theorem 1 with Sobolev estimates leads to crucial L^pL^∞ estimates, which yield easily Theorem 2 (see section 3.1 below for a general local well-posedness result in more singular Sobolev spaces). The proof of Theorem 3 is more intricate. Indeed, following the same method as in Theorem 2, the key here would be an L^2L^∞ estimate which would correspond to a gain of^1_2 + ϵ derivative with respect to Sobolev estimate combined with the H^1 estimate provided by the energy conservation law. This forces us to use Keel-Tao’s endpoint estimate (1.6) with p = 2, q = 6 which corresponds exactly to a gain of^1_2 derivative. In fact, in order to handle the nonlinear term, we rather use the local version of (1.6) on small time intervals depending on the size of the frequency. Summing up, we obtain a slightly weaker information than L^2L^∞. This information is used in two ways. Firstly, we get uniqueness of weak solutions in the energy space by means of an argument which goes back to Yudovitch [37] in the framework of two dimensional fluid mechanics. Secondly, in the case of smoother data, we derive a logarithmic estimate in the spirit of Wolibner [36] for 2d Euler equation and of Brézis-Gallouët [6] for 2d cubic nonlinear Schrödinger equation. Using these estimates we obtain regularity of weak solutions.

Let us now discuss the optimality of estimates (1.6). The results above are obtained by local considerations on M. A natural question is whether the global geometry of M plays a role in the Strichartz inequalities. In the present moment our knowledge on this issue is only partial. A first test is provided by taking eigenfunctions as initial data, so that the problem reduces to L^q estimates for L^2 normalized eigenfunctions. Using classical facts about spherical harmonics one infers that the endpoint estimates corresponding to p = 2 are sharp on spheres (see section 4.2). On the other hand the work of Bourgain on tori shows that some intermediate inequalities, typically L^4 estimates, are not optimal. The aim of our fourth result is to prove L^4 estimates by imposing a global geometric assumption on M, which are optimal if M = S^d, d ≥ 3.

Theorem 4. — Assume (M, g) is a riemannian compact manifold of dimension d ≥ 2, all of whose geodesics are closed with a common period. Then estimate (1.6) can be improved as ‖v‖_L4_{(I×M )} ≤ C(I)‖v_0‖_H s_{(M )}, s > s_0(d), (1.9)

where s_0(2) =^1_8 , s_0(d) =^d_4 −^1_2 for d ≥ 3. Moreover, if M = S^d is endowed with the canonical metric, then (1.9) is sharp in the sense that similar estimates fail with s ≤ s_0(d) if d ≥ 3 (resp. s < s_0(2) if d = 2).

Remark 1.5. — Notice that, using methods developed in the proof of Theorem 2, Theorem 4 gives local well-posedness of nonlinear Schrödinger equation with power m ≤ 5 in space H^s, s >^d_2 −^1_2 , d ≥ 3, which corresponds to a gain of^1_2 derivative with respect to the energy approach applied in that context.

For a general discussion on the geometric assumption on M in Theorem 4 we refer to the book by A. Besse [1].

The results of Theorem 4 should be discussed differently according to the dimension. If d = 2 the pair (4, 4) is admissible and Theorem 4 provides a gain of^1_8 derivative with respect to (1.6). If d ≥ 3 the pair (4, 4) is not admissible anymore and thus the comparison with Strichartz estimates should be done via Sobolev embeddings. It should be noticed that our estimates (1.9) are the same as L^4 estimates deduced from the Strichartz inequalities on R^d and Sobolev embeddings. Moreover they are also the same as estimates (1.5) on the torus for d ≥ 3. Finally, observe that if M = S^3, Theorem 4 provides a fairly complete picture of Strichartz inequalities (see the end of section 4.3).

The proof of Theorem 4 combines several arguments : firstly, a theorem by Colin de Verdière [11] and Guillemin [16] provides a very precise localization of the spectrum of the Laplace-Beltrami operator on M. Secondly, general results by Sogge allow to handle the L^2−L^4 norm of spectral projectors of the Laplace operator associated to finite intervals of high frequencies. We conclude by using a number-theoretic argument close to the one used by Bourgain. The sharpness of estimate (1.9) on spheres is a consequence of the sharpness of Sogge’s estimates on individual eigenfunctions combined with an argument based on Gauß sums which is also inspired from Bourgain’s work.

We close this introduction by indicating briefly the structure of the paper. Theorem 1 is proved in section 2. In section 3, we infer a general local well-posedness result in singular Sobolev spaces which leads to Theorem 2. Then Theorem 3 is derived from endpoint Strichartz estimates and results of section 1. The optimality of estimates in Theorem 1 is discussed in section 4, where Theorem 4 is proven. Finally various extensions of our result are discussed in an appendix.

The results of this paper were announced in [8]. Notice that Theorem 3 has been improved with respect to the one in [8].

Acknowledgements. We thank H. Koch and S. Zelditch for discussions about the optimality of our results on spheres and Zoll manifolds, and E. Fouvry and R. De la Bretèche for discussions about Gauß sums. Part of this paper was written during the stays of the authors at the Erwin Schrödinger Institute in Vienna, and it is a pleasure to thank this institution for its hospitality.

2. General Strichartz inequalities

The goal of this section is to prove Theorem 1. As a first step we introduce spectral localizations which commute with the linear evolution. For that purpose we describe the effect of spectral localization relative to the Laplace-Beltrami operator in terms of Fourier analysis in a coordinate patch. Then we prove dispersion estimates for the spectrally localized Schrödinger evolution for small time intervals. Finally, we apply the abstract Keel-Tao T T^⋆ result and we obtain Strichartz inequalities with loss of derivatives by summing up on the time intervals.

2.1. Semiclassical functional calculus. — Recall the usual pseudodifferential quantization rule, a(x, D)u = 1 (2π)^d ∫ R^d e^{ix·ξ}a(x, ξ)û(ξ)dξ for every smooth symbol a and every u ∈ C^∞_0 (R^d) (see e.g. [19]).

Proposition 2.1. — Let P be an elliptic selfadjoint differential operator of order m > 0 on a compact manifold M of dimension d. Let φ ∈ C^∞_0 (R), κ : U ⊂ R^d → V ⊂ M a coordinate patch, and χ_1, χ_2 ∈ C^∞_0 (V ) such that χ_2 = 1 near the support of χ_1. There exists a sequence (ψ_j)_{j≥0} of C^∞_0 (U × R^d) such that, for every N ∈ N, for every h ∈]0, 1], for every σ ∈ [0, N], for every f ∈ C^∞(M), ‖κ^⋆(χ_1φ(h^mP )f) − N −1∑

j=0 h^j ψ_j (x, hD)κ^⋆(χ_2f)‖_H σ_{(R}d_) ≤ C_N h^{N −σ}‖f‖_L2_{(M )}.

Moreover ψ_0(x, ξ) = χ_1(κ(x))φ(p_m(x, ξ)), where p_m denotes the principal symbol of P in κ, and every ψ_j is supported in {(x, ξ) ∈ U × R^d, κ(x) ∈ supp(χ_1), p_m(x, ξ) ∈ supp(φ)}.

Proof of Proposition 2.1. This proof is essentially well known in the literature (see e.g. D. Robert [26]). Close results (where the semiclassical symbol φ(h^mλ^m) is replaced by an element of S^0(R)) can be found for instance in Sogge [29] using

Hörmander’s Fourier integral parametrix of e^{itP 1/m} [18]. Our approach is to use Helffer-Sjöstrand’s formula (see Helffer-Sjöstrand [17] or Davies [10]), namely φ(h^mP ) = − 1 π ∫ C ¯∂φ̃(z)(z − h^mP )^{−1}dL(z), (2.1)

where dL(z) denotes the Lebesgue measure on C and where φ̃ is an almost analytic extension of φ,

φ̃(z) = (_n ∑ k=0 φ^{(k)}(Rez) k! (i Imz)^k ) ζ(Imz), with ζ ∈ C^∞_0 (R), ζ = 1 near zero. Notice that | ¯∂φ̃(z)| ≤ C|Imz|^{n+1}. (2.2)

In order to use formula (2.1) we shall describe the resolvent (z − h^mP )^{−1} using the pseudodifferential calculus, for which we refer to [19] or to [26] in the semiclassical setting. By the classical parametrix construction, one can find symbols q_j = q_j (x, ξ, z) depending holomorphically on z ∉ R such that, for every N ≥ 1, for every u ∈ C^∞(M),

(2.3) N −1∑

j=0 h^j q_j (x, hD, z) κ^⋆ [χ_2(z − h^mP )u] = κ^⋆[χ_1u]+r_N (x, hD, z, h)κ^⋆[χ_2u],

where | |∂^α_x ∂^β_ξ rN (x, ξ, z, h) | | ≤ C_{N,α,β} |Imz|^{γ(N,α,β)} h^N (1 + |ξ|)^{−N −|β|}, for some integer γ(N, α, β). More precisely, one has q_0(x, ξ, z) = χ_1(κ(x)) z − p_m(x, ξ) and by induction on j ≥ 1, the symbol q_j can be represented as the following finite sum, q_j (x, ξ, z) = ∑ k≥2 q_{jk} (x, ξ) (z − p_m(x, ξ))^k for some q_{jk} (x, ξ) which are polynomials in ξ of degree less or equal to (k − 1)m and supported in the set {x ∈ U : κ(x) ∈ supp(χ_1)}. Applying formula (2.3) to u = (z − h^mP )^{−1}f, we infer

κ^⋆[χ_1(z − h^mP )^{−1}f] = N −1∑

j=0 h^j q_j (x, hD, z) κ^⋆[χ_2f] + R_N (z)f (2.4)

with R_N (z)f = −r_N (x, hD, z, h)κ^⋆[χ_2(z − h^mP )^{−1}f]. For σ ≤ N, the usual L^2 estimates for pseudodifferential operators gives ‖r_N (x, hD, z, h)‖_L2_{(R}d_{)→H} σ_{(R}d_) ≤ C_N h^{N −σ} |Imz|^{γN} for some γ_N . As a consequence ‖R_N ‖_L2_{(M )→H} σ_{(R}d_) ≤ C_N h^{N −σ}|Imz|^{−γN −1}. Plugging formula (2.4) into (2.1), we obtain

κ^⋆[χ_1φ(h^mP )f] = N −1∑

j=0 ψ_j (x, hD)κ^⋆[χ_2f] + R̃_N f, where R̃_N f = − 1 π ∫ C ¯∂φ̃(z)R_N (z)f dL(z), and ψ_j (x, ξ) = − 1 π ∫ C ¯∂φ̃(z)q_j (x, ξ, z)dL(z). Due to (2.2), taking n ≥ γ_N , we get ‖R̃_N f‖_H σ ≤ C_N h^{N −σ} ‖f‖_L2 Taking into account the expressions for q_j and using Cauchy formula, we obtain the desired formula for ψ_0 and moreover for j ≥ 1, ψ_j = ∑ k≥2 φ^{(k−1)}(p_m)

(k − 1)! q_{jk}. This completes the proof of Proposition 2.1.

We now draw some consequences of Proposition 2.1 which will be useful in the sequel.

Corollary 2.2. — Under the conditions of Proposition 2.1, if +∞ ≥ r ≥ q ≥ 1, (2.5) ‖φ(h^mP )‖_Lq_{(M )→L}r_{(M )} ≤ Ch^{d( 1r − 1q )}

Proof. By duality and interpolation, it is enough to prove the statement in the two cases q = r = +∞ and q = 2, r = +∞. Taking N large enough so that H^N (M) ⊂ L^∞(M), we see from Proposition 2.1 that Corollary 2.2 will be a consequence of the analogous result for ψ(x, hD), if ψ ∈ C^∞_0 (R^d × R^d). This latter point trivially results from Schur’s lemma.

Corollary 2.3. — Let φ̃ ∈ C^∞_0 (R) and φ ∈ C^∞_0 (R^∗) such that

φ̃(λ) + ∞∑ k=1 φ(2^{−mk}λ) = 1, λ ∈ R. (2.6)

Then for all q ∈ [2, +∞[, we have

‖f‖_Lq_{(M )} ≲ C_q ‖φ̃(P )f‖_{Lq (M )} + (_∞ ∑ k=1 ‖φ(2^{−mk}P )f‖^2_Lq_{(M )} ) 1_2 .

Proof. Of course, the above inequality holds for q = 2, by L^2 functional calculus and almost orthogonality. Hence it is enough to prove it for q ∈]2, +∞[ with an error term in the right hand side bounded by C‖f‖_L2_{(M )}. Moreover, by partition of unity, it is enough to estimate ‖χf‖_Lq where χ ∈ C^∞(M) is supported in a coordinate patch κ. Let

1 = θ̃(ξ) + ∞∑ l=1 θ(2^{−l}ξ)

be a dyadic partition of unity in R^d, θ̃ ∈ C^∞_0 (R^d), θ ∈ C^∞_0 (R^d \ {0}). Applying the classical Littlewood-Paley estimate (see e.g. Stein [32, § 6, ex. 7.14]) combined with the Minkowski inequality to g = κ^⋆(χf), we get

‖g‖_Lq_{(R}d_) ≤ ‖θ̃(D)g‖_Lq_{(R}d_) + (_∞ ∑ l=1 ‖θ(2^{−l}D)g‖^2_Lq_{(R}d_) ) 1_2 . (2.7)

Then we plug

g = κ^⋆(χφ̃(P )f) + ∞∑ k=1 κ^⋆(χφ(2^{−mk}P )f) into (2.7). Applying Proposition 2.1 with N so large that H^{N −1} ⊂ L^q, we obtain κ^⋆(χφ(2^{−mk} P )f) = N −1∑

j=0 2^{−kj} ψ_j (x, 2^{−k}D)κ^⋆(χ_2f) + R_k,

‖R_k‖_H N −1_{(R}d_) ≤ C2^{−k}‖f‖_L2_{(M )}.

In view of the above estimate, the contribution of R_k to the right hand side of (2.7) is controlled by ‖f‖_L2 . On the other hand, since a|ξ|^m ≤ |p_m(x, ξ)| ≤ b|ξ|^m for x ∈ supp(χ), in view of the support properties of φ, we observe that ψ_j (x, ξ) is supported in some fixed ring of R^d. As a consequence, standard pseudodifferential estimates imply, if |l − k| is larger than a fixed positive constant ν, ‖θ(2^{−l}D)ψ_j(x, 2^{−k}D)κ^⋆(χ_2f)‖_Lq_{(R}d_) ≤ C2^{−l}‖ρ(2^{−k}D)κ^⋆(χ_2f)‖_L2_{(R}d_) for some ρ ∈ C^∞_0 (R^d \ {0}). Finally, (2.7) becomes ‖κ^⋆(χf)‖_Lq_{(R}d_) ≤ C‖φ̃(P )f‖_Lq_{(M )} + ‖κ^⋆χ ( ∑ k≤ν φ(2^{−mk}P )f ) ‖_Lq_{(R}d_)

+ ( ∑ l ‖θ(2^{−l}D)κ^⋆χ ∑ |l−k|≤ν φ(2^{−mk} P )f‖^2_{Lq (Rd)} ) 1_2 + C‖f‖_L2_{(M )}, which completes the proof.

Corollary 2.4. — Under the conditions of Proposition 2.1, there exists a function ψ ∈ C^∞_0 (R^d) such that, for all h ∈]0, 1], σ > 0, N > 0, f ∈ C^∞(M), ‖(1 − ψ(hD))κ^⋆(χ_1φ(h^mP )f)‖_H σ_{(R}d_) ≤ C_{σ,N} h^N ‖f‖_L1_{(M )}.

(2.8)

Proof. Define ψ ∈ C^∞_0 (R^d) such that ψ(ξ) = 1 if p_m(x, ξ) ∈ supp(φ) for some x ∈ supp(χ_1). Then Proposition 2.1 and standard pseudodifferential calculus imply the desired estimate with ‖f‖_L2 in place of ‖f‖_L1 in the right hand side.

Changing φ(λ) into φ(λ)(1+λ^2)^{s/2m} for some s >^d_2 , and f into (1+h^{2m}P^2)^{−s/2m}f, one can therefore estimate the left hand side of (2.8) by C_{σ,N} h^N ‖(1 + h^{2m}P^2)^{−s/2m}f‖_L2_{(M )} ≤ C_{σ,N} h^{N −s}‖f‖_H −s_{(M )} ≤ C̃_{σ,N} h^{N −s}‖f‖_L1_{(M )} which completes the proof, since N is arbitrary.

2.2. A semiclassical dispersion estimate. — Lemma 2.5. — Let M be a compact riemannian manifold of dimension d. Let φ ∈ C^∞_0 (R). There exists α > 0 and C > 0 such that, for every v_0 ∈ C^∞(M), for every h ∈]0, 1]

‖e^{itΔ}φ(h^2Δ)v_0‖_L∞_{(M )} ≤ C |t|^{d/2} ‖v_0‖_L1_{(M )}

(2.9) for every t ∈ [−αh, αh]. Remark 2.6. — Notice that the length of the time interval above is optimal, as shown by the following calculation. The kernel of e^{itΔ}φ(h^2Δ) is (2.10) K_h(t, x, y) = ∑ λ∈σ(Δ) φ(h^2λ)e^{itλ}Π_λ(x, y) where Π_λ is the kernel of the projector onto the eigenspace associated to λ. Therefore

(2.11)

‖e^{itΔ}φ(h^2Δ)‖_L1_{(M )→L}∞_{(M )} = ‖K_h(t, ·, ·)‖_L∞_{(M ×M )} ≥ C‖K_h(t, ·, ·)‖_L2_{(M ×M )} ≥ C ( ∑ λ∈σ(Δ) |φ(h^2λ)|^2 ) 1_2 ≥ C h^d2 by the Weyl formula if φ is not identically zero. Therefore the estimate (2.9) for some t implies |t| ≤ Ch.

Moreover, since φ(h^2Δ) is uniformly bounded on L^∞(M) by Corollary 2.2, estimate (2.11) implies that for any t the operator e^{itΔ} is not bounded from L^1(M) to L^∞(M).

Proof of Lemma 2.5. Notice that w(s, ·) = e^{ihsΔ} φ(h^2Δ)v_0 satisfies the semiclassical equation ih∂_sw + h^2Δw = 0, w(0, x) = φ(h^2Δ)v_0(x).

(2.12) The following lemma provides an approximate solution of (2.12) in local coordinates. It is easy to see that it implies lemma 2.5 by using partitions of unity, Corollaries 2.2 and 2.4 and the boundedness of the propagator e^{itΔ} on H^σ(M).

Lemma 2.7. — Let U_1 be an open ball in R^d, endowed with a riemannian metric g. Let U_2 ⊂⊂ U_1 be an open ball, χ_0 ∈ C^∞_0 (U_2), ψ ∈ C^∞_0 (R^d). There exists α > 0, C > 0 such that, for every h ∈]0, 1], for every w_0 ∈ C^∞_0 (U_1), one can find w̃ ∈ C^∞([−α, α] × U_2), compactly supported, satisfying ih∂_sw̃ + h^2Δ_gw̃ = r, w̃(0, x) = χ_0(x)ψ(hD)w_0(x),

(2.13) with estimates ‖w̃(s)‖_L∞_{(U2)} ≤ C (h|s|)^{d/2} ‖w_0‖_L1_{(U1)}, |s| ≤ α (2.14) and ‖r‖_L∞_{([−α,α],H} σ_{(R}d_{))} ≤ Ch‖w_0‖_L1_{(U1)} (2.15) for some σ >^d_2 .

The proof of Lemma 2.7 is based on the usual WKB construction (see for instance Robert [26]). We seek w̃ as the following oscillatory integral w̃(s, x) = ∫ R^d e^{ih ϕ(s,x,ξ)}a(s, x, ξ, h)^w_0( ξ h ) dξ (2πh)^d (2.16) where a(s, x, ξ, h) = N∑ j=0 h^j a_j (s, x, ξ). (2.17)

Here N is to be chosen large enough, a_j ∈ C^∞_0 ([−α, α] × U_2 × R^d), with initial constraints a_0(0, x, ξ) = χ_0(x)ψ(ξ), a_j (0, x, ξ) = 0, for j ≥ 1,

(2.18) and ϕ ∈ C^∞([−t_0, t_0] × U_2 × B, R), where B is a ball containing the support of ψ, with initial constraint ϕ(0, x, ξ) = x · ξ. Then the equations for ϕ, a_j are the eikonal equation (2.19) ∂_sϕ + ∑ 1≤i,j≤d g^{ij} ∂_iϕ ∂_j ϕ = 0

and the transport equations ∂_sa_0 + 2g(∇_gϕ, ∇_ga_0) + Δ_g(ϕ)a_0 = 0

(2.20) ∂_sa_j + 2g(∇_gϕ, ∇_ga_j ) + Δ_g(ϕ)a_j = −Δ_g(a_{j−1}) j ≥ 1.

(2.21)

The Hamilton-Jacobi theory yields a solution ϕ of (2.19) on a small interval [−α, α] for ξ ∈ B. Then, taking α smaller if necessary, equations (2.20) and (2.21) can be solved on [−α, α] so that every a_j is supported in U_2. Then w̃ satisfies equation (2.13) with r(s, x) = h^{N +2} ∫ R^d e^{ih ϕ(s,x,ξ)}b(s, x, ξ)^w_0( ξ h ) dξ (2πh)^d where b ∈ C^∞_0 ([−α, α] × U_2 × B). By a crude estimate, we infer ‖r‖_L∞_{([−α,α],H} σ_{(R}d_{))} ≤ Ch^{N +2−d−σ} ‖w_0‖_L1_{(U1)}, which implies inequality (2.15) if N is large enough.

In order to prove the dispersion inequality (2.14), we write w̃(s, x) = ∫ R^d k_h(s, x, y)w_0(y)dy, with k_h(s, x, y) = 1 (2πh)^d ∫ R^d e^{ih (ϕ(s,x,ξ)−y·ξ)}a(s, x, ξ, h)dξ. (2.22)

In view of equation (2.19) and of the initial condition for ϕ, we have, for (x, ξ) ∈ U_2 × B, ϕ^{′′}_{ξiξj} (s, x, ξ) = −2sg^{i,j} (x) + O(s^2), s −→ 0. As a consequence, for α > 0 small enough, the phase in the integral (2.22) has a unique nondegenerate critical point. Therefore the stationary phase formula can be applied, for all s such that |s| ≤ α. This yields the estimate |k_h(s, x, y)| ≤ C (h|s|)^{d/2} , for (x, y) ∈ U_2 × U_1, from which inequality (2.14) results.

2.3. Strichartz inequalities on finite time intervals. — In this section we achieve the proof of Theorem 1. Of course, one may assume I = [−1, 1]. 2.3.1. Step 1. Strichartz estimates for spectrally localized data.— We first recall the functional-analytic result which allows to transform a dispersion estimate into a family of Strichartz estimates.

Proposition 2.8 (Keel-Tao [22]). — Let (X, S, μ) be a σ-finite measured space, and U : R → B(L^2(X, S, μ)) be a weakly measurable map satisfying, for some A, σ > 0,

(i) ‖U(t)‖_L2_{→L}2 ≤ A, t ∈ R, (ii) ‖U(t_1)U(t_2)^⋆f‖_L∞ ≤ A |t_1 − t_2|^σ ‖f‖_L1 , t_1, t_2 ∈ R. Then for every pair p, q ∈ [1, ∞] satisfying 2 p + 2σ q = σ, p ≥ 2, (p, q) ≠ (2, ∞), (2.23)

one has ( ∫ R ‖U(t)f‖^p_Lq dt ) 1_p ≤ B‖f‖_L2 . Moreover, B only depends on A, σ, p, q.

For h ∈]0, 1], φ ∈ C^∞_0 (R), let us apply the above proposition to U(t) = 1l_J (t)e^{itΔ}φ(h^2Δ) on an interval J of length ≤ αh, where α is given by Lemma 2.5. In view of this lemma we conclude

Proposition 2.9. — Under the assumptions of Theorem 1, for any φ ∈ C^∞_0 (R) there exists C > 0 such that for any h ∈]0, 1] and any interval J of length |J| ≤ αh, (∫ J ‖e^{itΔ}φ(h^2Δ)v_0‖^p_Lq dt ) 1_p ≤ C‖v_0‖_L2 . Writing [−1, 1] as a union of N intervals J_k of length ≤ αh with N ≲^1_h , we obtain finally ∫_1 −1 ‖e^{itΔ}φ(h^2Δ)v_0‖^p_Lq dt ≤ ∑ k ∫ J_k ‖e^{itΔ}φ(h^2Δ)v_0‖^p_Lq dt ≤ NC‖v_0‖^p_{L2} , therefore (∫_1 −1 ‖e^{itΔ}φ(h^2Δ)v_0‖^p_Lq dt

)^1_p ≤ C̃ h^{1/p} ‖v_0‖_L2 .

(2.24)

Notice that ‖v_0‖_L2 can be replaced in the right side of (2.24) by ‖φ(h^2Δ)v_0‖_L2 (first replace φ by φ^⋆ in (2.24) where φ^⋆ ∈ C^∞_0 satisfies φφ^⋆ = φ^⋆ and then apply the estimate to φ(h^2Δ)v_0 instead of v_0).

2.3.2. Step 2. Strichartz estimates.— Let φ̃ ∈ C^∞_0 (R), φ ∈ C^∞_0 ((R) \ {0}) such that

φ̃(λ) + ∞∑ k=1 φ(2^{−2k}λ) = 1.

Apply Corollary 2.3 with P = Δ to f = e^{itΔ}v_0 = v(t) and take the L^p norm for t ∈ [−1, 1]. We obtain ‖v‖_Lp_{([−1,1],L}q_) ≤ C‖v_0‖_L2 + ‖ ‖ ‖ (_∞ ∑ k=1 ‖e^{itΔ}φ(2^{−2k}Δ)v_0‖^2_Lq )_{1/2}‖ ‖ ‖_{Lp[−1,1]} , which by the Minkowski inequality and estimate (2.24), leads to ‖v‖_Lp_{([−1,1],L}q_) ≤ C‖v_0‖_L2 + C (_∞ ∑ k=1 2^{2k/p}‖φ(2^{−2k}Δ)v_0‖^2_L2 )_{1/2}

≤ C‖v_0‖_H 1/p . This completes the proof of Theorem 1.

As usual for Strichartz estimates, we infer estimates for the nonhomogeneous equation from estimates for the homogeneous one.

Corollary 2.10. — If p, q satisfy^2_p +^d_q =^d_2 , p ≥ 2 and q < ∞,

(2.25) ‖ ‖ ‖ ∫_t 0 e^{i(t−τ )Δ}f(τ)dτ ‖ ‖ ‖_{Lp([0,T ],Lq(M ))} ≤ C^T ‖f‖_L1_{([0,T ],H}^1p_{(M ))}.

Proof. The proof is straightforward through the following Minkowski inequality: The left hand side reads

(2.26) I = ‖ ‖ ∫_T 0 F_τ dτ ‖ ‖ L^p([0,T ],L^q(M ))

, F_τ (t) = 1l_{τ ≤t} e^{i(t−τ )Δ}f(τ),

hence

(2.27) I ≤ ∫_T 0 ‖F_τ ‖_Lp_{([0,T ];L}q_{(M ))}dτ ≤ ∫_T 0 ‖e^{i(t−τ )Δ}f(τ)‖_Lp_{([0,T ];L}q_{(M ))}dτ ≤ C ∫_T 0 ‖f(τ)‖_H 1_p dτ.

3. Nonlinear Schrödinger equations on compact manifolds In this section we discuss existence results for the initial value problem i∂_tu + Δu = F (u), u(0, x) = u_0(x)

(3.1) with t ∈ R, x ∈ M, dim(M) ≥ 2, and where F is a (nonlinear) polynomial, F (0) = 0. Our first result is local in time and holds for all such polynomials F . In sections 3.2 and 3.3, our global results use conservation laws, hence the specific structure F (u) = G^′(|u|^2)u with real valued G.

3.1. A local well-posedness result in singular Sobolev spaces. — Proposition 3.1. — Let β be the degree of F and let s > d 2 − 1 max(β − 1, 2) . For every u_0 ∈ H^s(M), there exists T > 0 and a unique solution u ∈ C([−T, T ], H^s(M)) ∩ L^p([−T, T ], L^∞(M)) for some p > β − 1. Moreover (i) If ‖u_0‖_H s is bounded, then T is bounded from below by a positive constant. (ii) If u_0 ∈ H^r for some r > s, u ∈ C([−T, T ], H^r(M)).

Proof. We proceed classically using a contraction principle in a suitable Banach space. In view of (ii) we may assume s <^d_2 . Select p > max(β − 1, 2) such that s >^d_2 −^1_p , and consider Y_T = C([−T, T ], H^s(M)) ∩ L^p([−T, T ], W^{σ,q}(M)) where q is given by^2_p +^d_q =^d_2 , and σ = s −^1_p >^d_q . We set ‖u‖_{YT} = max_{|t|≤T} ‖u(t)‖_H s + ‖(1 − Δ)^{σ/2}u‖_Lp_{([−T,T ],L}q_). Observe that Y_T ⊂ L^p([−T, T ], L^∞) by the Sobolev embedding. In view of the Duhamel formula, the first part of the proposition is proved if we show that the functional Φ(u)(t) = e^{itΔ}u_0 − i ∫_t 0 e^{i(t−τ )Δ}(F (u(τ)))dτ is a contraction on some ball of Y_T centered at the origin, if T is small enough. Using Theorem 1, Corollary 2.10 and standard nonlinear estimates, we get ‖Φ(u)‖_{YT} ≤ C ( ‖u_0‖_H s + ∫_T −T ‖F (u(τ))‖_H sdτ )

≤ C ( ‖u_0‖_H s + ∫_T −T (1 + ‖u(τ)‖^{β−1}_L∞ )‖u(τ)‖_H sdτ )

≤ C ( ‖u_0‖_H s + T^γ (1 + ‖u‖^{β−1}_{Lp(L∞)})‖u‖_L∞_{(H} s_) ) . with γ = 1 −^{β−1}_p > 0. Thus ‖Φ(u)‖_{YT} ≤ C ( ‖u_0‖_H s + T^γ (‖u‖_{YT} + ‖u‖^β_{YT} ). ) (3.2)

Similarly, ‖Φ(u) − Φ(v)‖_{YT} ≤ CT^γ (1 + ‖u‖_{YT} + ‖v‖_{YT} )^{β−1}‖u − v‖_{YT} (3.3) and ‖Φ(u) − Φ(v)‖_L∞_{(H} r_) ≤ C_rT^γ (1 + ‖u‖_{YT} + ‖v‖_{YT} )^{β−1}‖u − v‖_L∞_{(H} r_).

(3.4) The existence part of the proposition and (i) are then consequence of estimates (3.2) and (3.3), while (ii) is a consequence of estimate (3.4). It remains to prove the uniqueness. Given u, ũ ∈ C([−T, T ], H^s(M)) ∩ L^p([−T, T ], L^∞(M)) two solutions of (3.1) one gets similarly to above sup_{|t|≤T} ‖u(t) − ũ(t)‖_H s_{(M )} ≲ CT^γ B^{β−1} sup_{|t|≤T} ‖u(t) − ũ(t)‖_H s_{(M )}, (3.5) if 1 + ‖u‖_Lp_{([−T,T ],L}∞_{(M ))} + ‖v‖_Lp_{([−T,T ],L}∞_{(M ))} ≤ B. This completes the proof of Proposition 3.1

Remark 3.2. — Using (3.5), it is easy to show that the flow map u_0 → u is Lipschitz continuous from bounded subsets of H^s(M) to C([−T, T ], H^s(M)).

3.2. The case of surfaces. — We now come to the proof of Theorem 2, so the dimension d of M is assumed to be 2. Observe that, for every p < ∞,^d_2 −^1_p = 1 −^1_p < 1, hence existence and uniqueness of a maximal solution u ∈ C(I, H^1) ∩ ⋂ p<∞ L^p_{loc}(I, L^∞) as well as estimates (i) on the length of I ∩R_± and regularity (iv), are direct consequences of Proposition 3.1 above. If u is smooth, we have classically the following conservation laws, ‖u(t)‖_L2 = ‖u_0‖_L2 .

(3.6) and ∫ M |∇u(t, x)|^2dx + ∫ M G(|u(t, x)|^2)dx = cst (3.7)

and one can easily show that these conservation laws are still valid if u_0 ∈ H^1, by approximation. As a consequence, if G(r) −→ +∞ as r −→ +∞, the H^1 norm of u(t) remains bounded for all time, and I = R in view of property (i).

Finally, in order to complete the proof of Theorem 2, we only need to check property (ii) for solutions u ∈ L^∞_{loc}(I, H^1), i.e. to check that u ∈ ∩_{p<∞}L^p_{loc}(I; L^∞). Indeed by Sobolev embedding, u ∈ L^∞_{loc}(I, L^r) for all r < ∞, hence G^′(|u|^2)u ∈ L^∞_{loc}(I, W^{1,q}) for all q < 2, therefore G^′(|u|^2)u ∈ L^∞_{loc}(I, H^s) for all s < 1.

By Corollary 2.10 and Theorem 1 and from Duhamel formula

u(t) = e^{itΔ}u_0 − i ∫_t 0 e^{i(t−τ )Δ}(G^′(|u(τ)|^2)u(τ))dτ we infer that u ∈ L^p_{loc}(I, W^{s− 1p ,q}), s < 1 for all p, q satisfying 1 p + 1 q = 1 2 , q < ∞. But s −^1_p −^2_q = s −^1_2 −^1_q > 0 if s is close to 1 since q > 2, thus Sobolev estimate completes the proof. Notice that the latter argument applies to weak solutions as well, which therefore satisfy property (ii) and are uniquely determined by their Cauchy data.

3.3. The case of three-manifolds. — Firstly we recall the non-homogeneous version of Keel-Tao’s result [22]. If r ∈ [1, +∞] we denote by r the Hölder conjugate exponent of r.

Proposition 3.3. — Under the assumptions of proposition 2.8, one has

(3.8) (∫ R ‖ ∫_t −∞ U(t)U(τ)^∗f(τ)dτ‖^p_Lq dt )^1_p ≤ C‖f‖_Lr_{(R,L}s_) for all pairs (p, q), (r, s) satisfying condition (2.23).

In view of Lemma 2.5, we infer the following complement to proposition 2.9

Lemma 3.4. — Under the assumptions of Theorem 1 and for d = 3, for any φ ∈ C^∞_0 (R), there exists C > 0 such that for any h ∈]0, 1], f supported in J

(3.9) (∫ J ‖ ∫_t −∞ e^{i(t−τ )Δ}φ(h^2Δ)f(τ)dτ‖^2_L6dt ) 1_2 ≤ C‖φ(h^2Δ)f‖_{L2(J,L} 6_{5 )} if |J| ≤^α_2 h.

Indeed, it is enough to apply proposition 3.3 to U(t) = e^{itΔ}φ(h^2Δ)1l_{J−J} (t). Remark 3.5. — Let us make a brief comment about the choice of the L^2L^6 estimate above. In three space dimensions, to take advantage of the energy conservation for estimating the nonlinear terms, one needs to gain at least one half of a derivative with respect to the Sobolev embedding H^32^{+ε} ⊂ L^∞. In view of Theorem 1, this constraint forces us to use the endpoint Strichartz estimate.

We can now proceed to the main step of our proof.

Lemma 3.6. — For any φ ∈ C^∞_0 (R\ {0}), 0 < h < 1, there exists C > 0 such that for any a < b with b − a ≤ 1 and u ∈ C([a, b], H^1) a solution of (3.10) i∂_tu + Δu = G^′(|u|^2)u where G ∈ S^m, m <^5_2 , one has (3.11) ‖φ(h^2Δ)u‖_L2_{([a,b],L}6_) ≤ Ch^12 ‖φ(h^2Δ)u‖_L2_{([a,b],H} 1_) +Ch^12^{+ε}Λ(‖u‖_L∞_{([a,b],H} 1_)) for some ε > 0, where Λ : R_+ −→ R_+ is some nondecreasing function.

Proof. As will appear later on in the proof of Theorem 3, the specific structure of the term ‖φ(h^2Δ)u‖_L2_{([a,b],H} 1_) in estimate (3.11) is crucial, since it belongs to ℓ^2 for h = 2^{−k} . We shall get this term by reducing equation (3.10) to equations on small intervals of length h with null Cauchy data.

Let 0 < h < 1 and J = [c −^{αh}_8 , c +^{αh}_8 ] ⊂ [a +^{αh}_8 , b −^{αh}_8 ] be an interval of length αh 4 . Denote by J^′ = J + [−^{αh}_8 ,^{αh}_8 ]. Let χ ∈ C^∞_0 (R) such that χ = 1 on [−^1_8 ,^1_8 ] and supp(χ) ⊂ [−^1_4 ,^1_4 ]. Set χ_h(t) = χ(^{t−c}_{αh} ). Then v_h(t) = χ_h(t)φ(h^2Δ)u(t) is solution of (3.12) i∂_tv_h + Δv_h = i(χ_h)^′(t)φ(h^2Δ)u + χ_hφ(h^2Δ)f where f = G^′(|u|^2)u. Observe that |∇f| ≤ C⟨u⟩^{2m−2}|∇u|, where ⟨λ⟩ = (1 + λ^2)^{1/2}, hence (3.13) ‖f‖_L∞_{([a,b];W} 1,r_) ≤ CΛ(‖u‖_L∞_{([a,b],H} 1_)) with^1_r =^{2m−2}_6 +^1_2 , therefore r > 1.

As a consequence (with (^5_6 −^1_r )_− = min(0,^5_6 −^1_r )),

(3.14)

‖χ_hφ(h^2Δ)f‖_{L2(J ′,L} 6_{5 )} ≤ Ch^12 ‖χ_hφ(h^2Δ)f‖_{L∞(J ′,L} 6_{5 )} ≤ Ch^{12 +3( 56 − 1r )−} ‖χ_hφ(h^2Δ)f‖_L∞_{(J} ′_{,L}r_) ≤ Ch^{12 +3( 56 − 1r )−+1}Λ(‖u‖_L∞_{([a,b],H} 1_)) ≤ Ch^{1+ε}Λ(‖u‖_L∞_{([a,b],H} 1_)). for some ε > 0, where we have made an extensive use of corollary 2.2.

According to equation (3.12), proposition 2.9 and lemma 3.4 imply

(3.15)

‖v_h‖_L2_{(J,L}6_) ≤ ‖(χ_h)^′φ(h^2Δ)u‖_L1_{(J} ′_{,L}2_) + ‖χ_hφ(h^2Δ)f‖_{L2(J ′,L} 6_{5 )} ≤ Ch^12 ‖(χ_h)^′φ(h^2Δ)u‖_L2_{(J} ′_{,L}2_) + Ch^{1+ε}Λ(‖u‖_L∞_{([a,b],H} 1_)).

By Corollary 2.2 (and using that |(χ_h)^′| ≤ C/h), we conclude (3.16) ‖φ(h^2Δ)u‖_L2_{(J,L}6_) ≤ h^{12} ‖φ(h^2Δ)u‖_L2_{(J} ′_{,H} 1_) + Ch^{1+ε}Λ(‖u‖_L∞_{([a,b],H} 1_)). Now we write (3.17) [a, b] = [a, ã] ∪ ∪^N_{k=1}J_k ∪ [b̃, b], where intervals J_k have length^{αh}_4 and disjoint interiors, J^′_k ⊂ [a, b], and ã − a ≤ αh, b − b̃ ≤ αh, N ≤ 4(b − a) αh . Since (i∂_t + Δ)φ(h^2Δ)u = φ(h^2Δ)f we obtain similarly as above

(3.18)

‖φ(h^2Δ)u‖_L2_{([a,ã],L}6_) ≤ Ch‖φ(h^2Δ)u(a)‖_H 1 + Ch^{1+ε}Λ(‖u‖_L∞_{([a,b],H} 1_)). ‖φ(h^2Δ)u‖_{L2([b̃,b],L6)} ≤ Ch‖φ(h^2Δ)u(b)‖_H 1 + Ch^{1+ε}Λ(‖u‖_L∞_{([a,b],H} 1_)). Summing the squares of the latter estimates and of estimates (3.16), we obtain finally (3.19) ‖φ(h^2Δ)u‖^2_L2_{([a,b],L}6_) ≤ Ch^2‖φ(h^2Δ)u(a)‖^2_H 1 + Ch^2‖φ(h^2Δ)u(b)‖^2_H 1 + Ch‖φ(h^2Δ)u‖^2_L2_{([a,b],H} 1_) + Ch^{1+2ε}Λ(‖u‖_L∞_{([a,b],H} 1_)) which completes the proof of lemma 3.6.

Now we turn to the proof of Theorem 3. We begin with global existence of smooth classical solutions u ∈ C(R, H^s), for s large enough, to the equation i∂_tu + Δu = |u|^2u. (3.20) Since this equation is locally well-posed in H^s, it is clearly enough to prove that ‖u‖_L∞_{([0,T ],H} s_) remains bounded as T remains bounded.

First we take advantage of the usual conservation laws,

(3.21)

‖u(t)‖_L2 = ‖u_0‖_L2 , ‖∇u(t)‖^2_L2 + 1 2 ‖u(t)‖^4_L4 = E_0.

to conclude that ‖u‖_L∞_{([0,T ];H} 1_) ≤ C uniformly with respect to T .

Next we use lemma 3.6 in the following way. We write u = φ̃(Δ)u + ∞∑ k=0 φ(2^{−2k}Δ)u

with φ̃ ∈ C^∞_0 (R), φ ∈ C^∞_0 (R\ {0}), hence, for every l, (3.22) ‖u‖_L2_{([0,T ],L}∞_) ≤ ‖φ̃(Δ)u‖_L2_{([0,T ],L}∞_) + ∑ k≤l ‖φ(2^{−2k}Δ)u‖_L2_{([0,T ],L}∞_) + ∑ k>l ‖φ(2^{−2k}Δ)u‖_L2_{([0,T ],L}∞_).

By Corollary 2.2 we have (3.23) ‖φ̃(Δ)u‖_L2_{([0,T ],L}∞_) ≤ CT^12 ‖u‖_L∞_{([0,T ],H} 1_) ≤ C̃ if T ≤ 1, and, in view of Lemma 3.6,

‖φ(2^{−2k}Δ)u‖_L2_{([0,T ],L}∞_) ≤ C(‖φ(2^{−2k}Δ)u‖_L2_{([0,T ],H} 1_) + 2^{−kε}).

(3.24) We apply this estimate and Schwarz inequality to the first sum in (3.22), while in the second sum we write

‖φ(2^{−2k}Δ)u‖_L2_{([0,T ],L}∞_) ≤ C(2^{−βk}‖φ(2^{−2k}Δ)u‖_L2_{([0,T ],H} s_) + 2^{−kε})

(3.25) with β = s − 1 > 0. We obtain finally, for every l ≥ 0, ‖u‖_L2_{([0,T ],L}∞_) ≤ C (√ T l + 2^{−βl}‖u‖_L2_{([0,T ],H} s_) ) thus, by choosing l = D log(2 + ‖u‖_L2_{([0,T ],H} s_)) with D large enough, we conclude ‖u‖_L2_{([0,T ],L}∞_) ≤ C [ (T log(2 + ‖u‖_L2_{([0,T ],H} s_)))^{12} + 1 ] (3.26)

At this stage it is worth to observe, for future reference, that estimate (3.26) holds for all smooth solutions as soon as s > 1.

Then we come back to equation (3.20) and apply usual Sobolev estimates ‖u‖_L∞_{([0,T ],H} s_) ≤ ‖u_0‖_H s + C ∫_T 0 ‖u(t)‖^2_L∞ ‖u(t)‖_H sdt so that, by Gronwall’s lemma,

‖u‖_L∞_{([0,T ],H} s_) ≤ ‖u_0‖_H s exp ( C‖u‖^2_L2_{([0,T ],L}∞_) ) ≤ C‖u_0‖_H s exp ( CT log(2 + ‖u‖_L∞_{([0,T ],H} s_)) ) . If CT ≤^1_2 , we conclude ‖u‖_L∞_{([0,T ],H} s_) ≤ C ( ‖u_0‖_H s + ‖u_0‖^2_H s ) . (3.27) Applying this estimate successively on small time intervals, we conclude easily that ‖u‖_L∞_{([0,T ],H} s_) remains bounded if T remains bounded, which completes the proof for classical (smooth) solutions. If u_0 ∈ H^s for some smaller s > 1, we regularize the data so that we obtain a family (u^ε) of smooth solutions. The above estimates applied to (u^ε) imply that u^ε is bounded in L^∞_{loc}(R, H^s) and in L^2_{loc}(R, L^∞). Passing to the limit in the equation, we obtain a solution u to our Cauchy problem which belongs to L^∞_{loc}(R, H^s) ∩ L^2_{loc}(R, L^∞), therefore u ∈ C(R, H^s) by using the Duhamel formula.

Finally, we turn to weak solutions in the energy space. The global existence of such solutions is easily obtained by standard compactness arguments from a sequence (u_n) of smooth solutions with Cauchy data converging to u_0 in H^1. Moreover, passing to the limit in the energy conservation law, gives for every time t, ‖∇u(t)‖^2_L2 + 1 2 ‖u(t)‖^4_L4 ≤ ‖∇u_0‖^2_L2 + 1 2 ‖u_0‖^4_L4 .

If we prove uniqueness for the Cauchy problem, the above inequality becomes an equality by reversing time, leading to conservation of energy for u. As a consequence for any sequence (t_n) converging to t, the sequence (u_n(t_n)) converges strongly in H^1 to u(t). Thus (u_n) converges strongly in H^1 to u, uniformly on any compact time interval.

It remains to prove the uniqueness of weak solutions in L^∞(H^1). Coming back to estimate (3.11) of lemma 3.6, we have that, by corollary 2.2, for every p ∈ [6, ∞[, for every T ≤ 1,

‖φ(h^2Δ)u‖_L2_{([0,T ],L}p_) ≤ C ( h^{3p} ‖φ(h^2Δ)u‖_L2_{([0,T ],H} 1_) + h^ε ) .

Summing on h = 2^{−k} and applying the Cauchy-Schwarz inequality, we infer ‖u‖_L2_{([0,T ],L}p_) ≤ C (√ T p + 1 ) (3.28)

Given two such solutions u, ũ with the same Cauchy data, we introduce g(t) = ‖u(t) − ũ(t)‖^2_{L2(M )} and compute dg dt = 2 Im ( |u(t)|^2u(t) − |ũ(t)|^2ũ(t), u(t) − ũ(t) ) L^2 (M ) ≤ C ∫ M (|u(t)|^2 + |ũ(t)|^2)|u(t, x) − ũ(t, x)|^2dx Following Yudovitch [37], we estimate the right hand side as dg dt ≤ C ( ‖u(t)‖^2_L2p + ‖ũ(t)‖^2_L2p ) ‖u(t) − ũ(t)‖^2_L2p̄ where p < ∞ is large, and p̄ =^p_{p−1} . Interpolating the L^{2p̄} norm between the L^2 norm and the L^6 norm (which is bounded by the Sobolev embedding), we get dg dt ≤ C ( ‖u(t)‖^2_L2p + ‖ũ(t)‖^2_L2p ) [g(t)]^{1− 32p}

Integrating this differential inequality with g(0) = 0, and taking advantage of (3.28) for u and ũ, we obtain p [g(t)]^{32p} ≤ C(pt + 1) thus g(t) ≤ ( C(t + 1 p ) ) 2p_3

which goes to 0 as p tends to infinity if t > 0 is small enough. This completes the proof of Theorem 3.

Remark 3.7. — Let us make some remarks on the continuity properties of the flow map in Theorem 3. Using the arguments in the compactness proof above, one easily shows that this map is continuous on H^1(M). However, the uniform continuity on bounded subsets of H^1(M) is an open problem.

4. On the optimality of Strichartz estimates

4.1. Sogge’s estimates. — For all k ≥ 1, denote by Π_k the spectral projector

Π_k = 1l_{−Δ∈[k}2_{,(k+1)}2_], where Δ is the Laplace-Beltrami operator on a compact riemannian d-manifold M, d ≥ 2. The following estimate is proved in [28] (see also [29]). Proposition 4.1. — ‖Π_k‖_L2_{(M )→L}q_{(M )} ≤ Ck^{s(q)}

(4.1) where s(q) = d−1 2 (^1_2 −^1_q ), if 2 ≤ q ≤^{2(d+1)}_{d−1} , d−1 2 −^d_q , if^{2(d+1)}_{d−1} ≤ q ≤ ∞.

Moreover, these estimates are sharp.

In particular, the above estimates give bounds on the growth of L^q norms of eigenfunctions normalized in L^2. However the sharpness of these bounds is a much more difficult problem (see Sogge-Zelditch [30] for recent results in this direction), except in specific geometries. For instance, if M = S^d, one can find for all q ≥ 2, a sequence (h_k ) of spherical harmonics, such that h_k has degree k and ‖h_k‖_Lq ≈ c(q)k^{s(q)}‖h_k‖_L2 , k −→ ∞ (4.2) where s(q) is the exponent in estimate (4.1) (see [27]).

4.2. Optimality of endpoint Strichartz estimates on spheres. — If d ≥ 3, endpoint Strichartz estimate of Theorem 1 reads ‖v‖_L2_{(I,L}q_{(M ))} ≤ C_I ‖v_0‖_H 1/2 q = 2^⋆ = 2d d − 2 . (4.3) On the other hand, according to Proposition 4.1 s(2^⋆) =^1_2 . But if M = S^d and v_0 = h_k , v(t) = e^{−itk(k+d−1)}h_k. Thus ‖v‖_L2_{(I,L}2⋆_{(M ))} = ‖h_k‖_L2⋆ ≈ ‖h_k‖_H 1/2 according to (4.2). As a consequence the endpoint Strichartz estimates of Theorem 1 are optimal on S^d for d ≥ 3. In the case d = 2, letting p tend to 2, the argument gives the optimality of the L^pL^q estimate up to the loss of ε derivatives.

4.3. Improved Strichartz estimates for specific geometries. — In this section and the next one, we prove Theorem 4. Observe that s_0(d) in this theorem is s(4) in Proposition 4.1. It remains to prove estimate (1.9). By a dilation of the metric we may assume that the geodesics of M have 2π as a common period. Our starting point is the following result (see Guillemin [16], Colin de Verdière [11]).

Proposition 4.2. — If the geodesics of M are 2π periodic, there exists α ∈ N and A > 0 such that the spectrum of −Δ is contained in ∪^∞_{k=1}I_k, where I_k = [(k +^α_4 )^2 − A, (k +^α_4 )^2 + A].

For k ≥ 1, we denote by P_k the spectral projector 1l_{−Δ∈Ik} . Note that P_k satisfies the same estimates (4.1) as Π_k. Now we introduce the conormal spaces used by Bourgain in this context ([3], see also Ginibre [14] for a survey). For f = f(t, x) ∈ C^∞_0 (R× M) set ‖f‖_X s,b = ‖⟨i∂_t + Δ⟩^bf‖_L2_{(R,H} s_) ∼ (_∞ ∑ k=1 ∫_∞ −∞ ⟨τ + μ_k⟩^{2b}‖ ^P_kf(τ, ·)‖^2_H sdτ ) 1_2

where μ_k = (k +^α_4 )^2, and ^P_k f(τ, x) denotes the Fourier transform of P_k f(t, x) with respect to t. The connection to the linear Schrödinger equation is given by the following lemma.

Lemma 4.3. — If v(t) = e^{itΔ}v_0 and χ ∈ C^∞_0 (R), then ‖χv‖_X s,b ≤ C_{s,b}‖v_0‖_H s for all s, b > 0.

Proof. Denote by p_λ the spectral projector on the eigenspace associated to λ. We have ‖ ^ P_k(χv)(τ)‖^2_H s = ∑ λ∈I_k |χ̂(τ + λ)|^2‖p_λv_0‖^2_H s

and, for λ ∈ I_k |χ̂(τ + λ)| ≤ C_N ⟨τ + λ⟩^{−N} ≤ C̃_N ⟨τ + μ_k⟩^{−N} for all N. Therefore ‖χv‖^2_{X s,b} ≤ C ∑ k ∑ λ∈I_k ‖p_λv_0‖^2_H s ≤ C̃‖v_0‖^2_H s .

In view of Lemma 4.3, estimate (1.9) in Theorem 4 is a consequence of the following result.

Lemma 4.4. — If f ∈ C^∞_0 (R× M), ‖f‖_L4_{(R×M )} ≤ C_{s,b}‖f‖_X s,b for all s > s_0(d), b >^1_2 .

Proof. Using dyadic decomposition it is enough to prove that ‖f‖_L4_{(R×M )} ≤ C_{s,b}N^s‖f‖_X 0,b if P_kf = 0 unless N ≤ k ≤ 2N(see Corollary 2.3). Then

‖f‖^4_L4_{(R×M )} = ‖f^2‖^2_L2_{(R×M )} = ‖ ‖ ‖ ∑ N ≤k_1 ,k_2≤2N P_{k1} f P_{k2} f ‖ ‖ ‖ 2

L^2 (R×M ) = 1 2π ∫ R dτ ‖ ‖ ‖ ∑ N ≤k_1 ,k_2 ≤2N ^ (P_{k1} f P_{k2} f)(τ) ‖ ‖ ‖ 2

L^2 (M ) . But ‖ ‖ ‖ ‖ ∑ k_1 ,k_2 ^ (P_{k1} f P_{k2} f)(τ) ‖ ‖ ‖ ‖_{L2} = ‖ ‖ ‖ ‖ ∫ R dσ ∑ k_1,k_2 P_{k1}f̂(σ)P_{k2}f̂(τ − σ) ‖ ‖ ‖ ‖_{L2} ≤ ∫ R ∑ k_1 ,k_2 ‖P_{k1}f̂(σ) P_{k2}f̂ (τ − σ)‖_L2 dσ

≤ CN^{2s0(d)} ∫ R ∑ k_1 ,k_2 ‖P_{k1}f̂(σ)‖_L2 ‖P_{k2}f̂ (τ − σ)‖_L2 dσ in view of Hölder’s inequality and Sogge’s estimate (4.1).

Using Cauchy-Schwarz inequality in σ, k_1, k_2, we infer

(4.4) ‖f‖^4_L4_{(R×M)} ≤ CN^{4s0(d)} ∫ R dτ (∫ R dσ ∑ k_1,k_2 ⟨σ + μ_{k1} ⟩^{−2b}⟨τ − σ + μ_{k2} ⟩^{−2b} )

× (∫ R dσ ∑ k_1,k_2

⟨σ + μ_{k1} ⟩^{2b}‖P_{k1}f̂(σ)‖^2_L2 ⟨τ − σ + μ_{k2} ⟩^{2b}‖P_{k2}f̂(τ − σ)‖^2_L2 ) .

Therefore Lemma 4.4 will be proved by the following estimate sup_{τ ∈R} ∫ R dσ ∑ N ≤k_1,k_2 ≤2N ⟨σ + μ_{k1} ⟩^{−2b}⟨τ − σ + μ_{k2} ⟩^{−2b} = O(N^ϵ)

(4.5)

for all ϵ > 0, b >^1_2 . Observe that the left hand side of (4.5) is controlled by (4.6) sup_{τ ∈R} ∑ N ≤k_1 ,k_2≤2N ⟨τ + μ_{k1} + μ_{k2} ⟩^{−2b} ≤ C sup_{τ ∈R} ∑ N^2≤n≤200N^2 ⟨16τ + n⟩^{−2b} #{(k_1, k_2) ∈ N × N, n = (4k_1 + α)^2 + (4k_2 + α)^2}

≤ C sup_{τ ∈R} ∑ N^2≤n≤200N^2

⟨16τ + n⟩^{−2b} r_2(n)

where r_2(n) = #{(p, q) ∈ N × N, n = p^2 + q^2} = O(n^ϵ) for all ϵ > 0 (see e.g. [15]). This completes the proof of estimate (1.9).

Remark 4.5. — It is worth noticing that on S^3 we dispose with a set of optimal Strichartz inequalities for admissible pairs, up to a loss of ε derivative for the intermediate cases. Let (p, q) be an admissible pair in 3d, i.e.^2_p +^3_q =^3_2 with p ≥ 2. Then an interpolation between the results of Theorem 1 and Theorem 4 yields the estimate ‖ exp(itΔ_S3 )v_0‖_Lp_{(I,L}q_{(S}3_{))} ≤ C(I)‖v_0‖_H s_{(S}3_),

(4.7)

provided s > s(q) = max(^1_2 −^1_q , 1 −^3_q ). Indeed, applying Hölder inequality in time together with Theorem 4, one easily obtains

‖ exp(itΔ_S3 )v_0‖_L 8_{3 (I,L4(S3))} ≤ C(I)‖v_0‖_H s_{(S}3_), s > 1 4 . (4.8)

Interpolating between (4.8) and the L^2 conservation yields (4.7) for q ∈ [2, 4] while an interpolation between (4.8) and the 3d endpoint result in Theorem 1 gives (4.7) for q ∈ [4, 6]. Remark also that starting from inequality (1.9) rather than (4.8) one even obtains (4.7) with p replaced by p̃ given by

(4.9)

{_1 p̃ +^3_q = 1 if 4 ≤ q ≤ 6 1 p̃ +^1_q =^1_2 if 2 ≤ q ≤ 4.

Finally, the estimate (4.7) fails for s < s(q) by taking v_0 = h_k as in (4.2) and letting k tend to infinity.

4.4. Optimality in Theorem 4. — If d = 2, the optimality stated in Theorem 4 is guaranteed by (4.2). Now suppose d ≥ 3, and proceed by contradiction. Assume we have the following inequality for v(t) = e^{itΔ}v_0,

‖v‖_L4_{(I×S}d_) ≤ C(I)‖v_0‖_H s_{(S}d_), s = s_0(d) = d 4 − 1 2 . (4.10)

Let φ ∈ C^∞_0 (R\ {0}. By Corollary 2.2, we infer, for every N > 1,

‖φ(N^{−2}Δ)v‖_L4_{(I,L}∞_{(S}d_{))} ≤ C(I)N^{d−1}2 ‖φ(N^{−2}Δ)v_0‖_L2_{(S}d_).

(4.11)

Let x_0 ∈ S^d and h_n be a sequence of zonal spherical harmonics of degree n (see e.g. Stein-Weiss [33]) such that

‖h_n‖_L2 = 1, h_n(x_0) = ‖h_n‖_L∞ ≈ n^{d−1}2 .

Apply the above inequality to v_N (t, x) = ∑ n φ(− n(n + d − 1) N^2 )e^{−itn(n+d−1)} h_n(x) h_n(x_0) . We obtain ‖ ∑ n φ(− n(n + d − 1) N^2 )e^{−itn(n+d−1)}‖_L4_{(I)} ≤ C √ N. (4.12)

We are therefore reduced to disprove inequality (4.12), which can be classically done by use of Gauß sums. For the sake of completeness, we give a proof below.

We begin with the following estimate related to Gauß sums, which is rather crude but will be sufficient for our purpose.

Lemma 4.6. — Let Ψ ∈ C^1(R), compactly supported, N ∈ N, p be a prime odd number, a ∈ {1, . . ., p − 1}, b ∈ Z. Then (4.13) | | | | | ∑ n∈Z e^{− 2iπp (an2+bn)}Ψ( n N ) | | − N √ p | | ∫ R Ψ(y)dy | | | | | ≤ p ∫ R |Ψ^′(y)|dy Proof. Set e(x) = e^{−2iπx}. Then

(4.14) ∑ n∈Z e( an^2 + bn p )Ψ( n N ) = p−1∑ r=0 e( ar^2 + br p )S_r with

(4.15) S_r = ∑ q∈Z Ψ( pq + r N ) Observe that for every r, (4.16)∫ R Ψ(x)dx = ∑ q∈Z ∫_{p(q+1)/N} pq/N Ψ ( y + r N ) dy

= ∑ q∈Z p N Ψ ( pq + r N ) + ∑ q∈Z ∫_{p(q+1)/N} pq/N (∫_y pq/N Ψ^′ ( t + r N ) dt ) dy so that

(4.17) | | |S^r − N p ∫ R Ψ(y)dy | | | ≤ ∫_{+∞} −∞ |Ψ^′(y)|dy and therefore

(4.18) | | | p−1∑ r=0 e( ar^2 + br p )S_r − N p ∫ R Ψ(y)dy p−1∑ r=0 e( ar^2 + br p ) | | | ≤ p ∫ R |Ψ^′(y)|dy This completes the proof in view of the classical Gauß formula

(4.19) | | | p−1∑ r=0 e( ar^2 + br p ) | | | = √ p.

Assume t =^{2πa}_p +^s_{N 2} with |s| ≤ δ small enough. Apply Lemma 4.6 to

Ψ_N (y) = φ(−y(y + d − 1 N ))e^{−isy(y+ d−1}N^) . We get | | | | f_N (t) | − N √ p |∫ R Ψ_N (y) dy | | | | ≤ Cp, where f_N (t) = ∑ n φ(− n(n + d − 1) N^2 )e^{−itn(n+d−1)}. Observe that ∫ R Ψ_N (y) dy → ∫ R φ(−y^2) dy as N tends to infinity and as s tends to 0. By choosing φ such that this limit is not zero, we obtain

Lemma 4.7. — There exists δ > 0 such that for all N, all odd prime number p such that p ≪ N^{2/3}, all a ∈ {1, . . ., p − 1},

(4.20) |f_N (t)| ≥ N 2 √ p | | ∫_∞ −∞ φ(−y^2)dy | | if (4.21) | | |t − 2πa p | | | ≤ δ N^2 . We now complete the proof of optimality in estimate (1.9) of Theorem 4. We may assume I = [0, 2π]. It is easy to estimate ‖f_N ‖_L4_{(T)} from below using Lemma 4.7. Observe that the sets

(4.22) Ω_{a,p} = { t ∈ [0, 2π], |t − 2πa p | ≤ δ N^2 , }

are pairwise disjoint as p varies in the set of prime numbers such that 2 < p ≪ N^{2/3} and a ∈ {1, . . ., p − 1}. As a consequence

(4.23)

‖f_N ‖^4_L4_{(T)} ≥ ∑ 2<p≪N^{2/3} p−1∑ a=1 ‖f_N ‖^4_L4_{(Ωa,p )}

≥ c ∑ 2<p≪N^{2/3} p × N^4 p^2 × 1 N^2 ≥ c N^2 ∑ 2<p≪N^{2/3} 1 p which disproves inequality (4.12) since ∑ 2<p≪N^{2/3} 1 p is unbounded as N tends to the infinity.

Appendix A Generalizations

In this last section, we collect some generalizations of theorem 1 and sketch their proofs.

A.1. Metrics on R^d. — The first generalization is concerned with the Laplace operator associated to a riemannian metric, g, on R^d satisfying the following uniform bounds

(A.1) ∃0 < m < M; ∀x ∈ R^d, mId ≤ g(x) ≤ MId ∀α ∈ N^d, ∃C_α; ∀x ∈ R^d, |∂^αg(x)| ≤ C_α In the case where g is a compactly supported perturbation of the standard metric and if every geodesic of the metric g goes out of any compact set after some time (i.e. g is non-trapping), then it is known that the corresponding linear Schrödinger equation satisfies the same Strichartz estimates as in R^d with the standard metric (see Staffilani and Tataru [31]). Here we can prove the following (weaker) statement, without any geometric assumption on g.

Theorem 5. — Assume that (A.1) holds. Then the solution to the Schrödinger equation (A.2) (i∂_t + Δ_g)v = 0, v(0, x) = v_0(x) satisfies the same estimates as in Theorem 1, (A.3) ‖v‖_Lp_{(I,L}q_{(R}d_{))} ≤ C(I)‖v_0‖_H 1/p_{(R}d_) for all (p, q) such that^2_p +^d_q =^d_2 , p ≥ 2, q < ∞, and all finite intervals I.

Sketch of the proof of Theorem 5. We follow essentially the same lines as in the proof of Theorem 1, with the following variant, due to the different status of the L^p spaces on R^d. First we state the following version of proposition 2.1, the proof of which being similar. We denote by C^∞_b the space of C^∞ functions with bounded derivatives at any order.

Proposition A.1. — Let P be an elliptic selfadjoint operator of order m > 0 on R^d. Assume that the symbol p and the principal symbol p_m satisfy

(A.4) ∀α, β ∈ N^d, ∃C_{α,β}; ∀(x, ξ) ∈ R^{2d}, |∂^α_x ∂^β_ξ p(x, ξ)| ≤ C_{α,β}⟨ξ⟩^{m−|β|} ∃C > 0; ∀(x, ξ) ∈ R^{2d}, |p_m(x, ξ)| ≥ C|ξ|^m. Given φ ∈ C^∞_0 (R) there exists a sequence (Ψ_j ) ∈ C^∞_b (R^d × R^d) such that for any N ∈ N, any h ∈]0, 1] and any f ∈ C^∞_0 (R^d) (A.5) ‖φ(h^mP )f − N −1∑

j=0 h^j Ψ_j (x, hD_x)f‖_H σ ≤ Ch^{N −σ} ‖f‖_L2 .

Moreover Ψ_0(x, ξ) = φ(p_m(x, ξ)) and, for every j ≥ 1, Ψ_j is a linear combination of φ^{(k)}(p_m) with coefficients in C^∞_b (R^{2d}).

Corollary A.2. — Given Ψ ∈ C^∞_0 (R^d \ {0}), there exists φ ∈ C^∞_0 (R \ {0}) such that for all h ∈]0, 1], σ > 0, N > 0, f ∈ C^∞_0 (R^d), (A.6) ‖Ψ(hD)(1 − φ(h^mP ))f‖_H σ_{(R}d_) ≤ C_{σ,N} h^N ‖f‖_L2_{(R}d_) Choose φ ∈ C^∞_0 (R\ {0}) such that φ = 1 near the following compact subset of R\ {0}: (A.7) K = {p_m(x, ξ), ξ ∈ supp(Ψ), x ∈ R^d} so that by Proposition A.1, for j ≥ 1 and |α| ≥ 0, (A.8) ∂^α_ξ Ψ(ξ)∂^α_x (1 − Ψ_0(x, ξ)) ≡ 0, ∂^α_ξ Ψ(ξ)∂^α_x Ψ_j (x, ξ) ≡ 0, and Corollary A.2 follows.

Next by the same WKB method we prove the following analogue of Lemma 2.5. Lemma A.3. — Given Ψ ∈ C^∞_0 (R^d), there exists α > 0, C > 0 such that, for every v_0 ∈ C^∞_0 (R^d) and every h ∈]0, 1], t ∈ J = [−αh, αh], (A.9) ‖e^{itΔg} Ψ(hD)v_0‖_L∞_{(R}d_) ≤ C |t|^{d/2} ‖v_0‖_L1_{(R}d_)

Remark A.4. — Remark that although the WKB method is used in Lemma 2.5 locally with respect to the x variable, here, according to assumptions (A.1), the solutions to eikonal and transport equations are defined globally on [−α, α] × R^d for α small enough, which gives Lemma A.3.

Applying Proposition 2.8 to U(t) = 1l_J (t)Ψ(hD)e^{itΔg} , we obtain

(A.10) (∫ J ‖Ψ(hD)e^{itΔg} v_0‖^p_Lq dt )_{1/p} ≤ C‖v_0‖_L2 . If we assume Ψ ∈ C^∞_0 (R^d \ {0}) and introduce φ ∈ C^∞_0 (R \ {0}) given by Corollary A.2, we obtain

(A.11) (∫ J ‖Ψ(hD)e^{itΔg} v_0‖^p_Lq )_{1/p} ≤ C‖φ(h^2Δ_g)v_0‖_L2 + C_N h^N ‖v_0‖_L2 .

Then the rest of the proof is similar to what was done in section 2, by summing on intervals J and on frequencies by the usual Littlewood-Paley estimate.

A.2. Abstract lower order terms. — Our second generalization deals with abstract perturbations, which typically cover potentials associated to N-body problems.

Theorem 6. — Let V be an unbounded symmetric operator on L^2(R^d) with domain D(V ) = H^1(R^d) and satisfying (A.12) ‖V f‖_L2_{(R}d_) ≤ C‖f‖_H 1_{(R}d_) Under the conditions of Theorem 5, the solution to the linear Schrödinger equation (A.13) (i∂_t + Δ_g + V )u = 0, u(0, x) = u_0(x) satisfies the same estimates as in Theorem 1, (A.14) ‖u‖_Lp_{(I,L}q_{(R}d_{))} ≤ C(I)‖u_0‖_H 1/p_{(R}d_) for all (p, q) such that^2_p +^d_q =^d_2 , p ≥ 2, q < ∞, and all finite intervals I.

Sketch of the proof. Let A = Δ_g + V . From the Kato-Rellich lemma (see e.g. Reed-Simon [25]), A is self-adjoint with domain D(A) = H^2(R^d).

Moreover for any φ ∈ C^∞_0 (R), any 0 ≤ r ≤ 1, 0 ≤ s ≤ 1, (A.15) ‖φ(h^2A) − φ(h^2Δ_g)‖_H r_{→H} s ≤ Ch^{1−s+r} Indeed, from Helffer-Sjöstrand’s formula (2.1) applied to A and to Δ_g,

(A.16) φ(h^2A) − φ(h^2Δ_g) = − 1 π ∫ C ∂φ̃(z) ( (z − h^2A)^{−1} − (z − h^2Δ_g)^{−1} ) dxdy = − 1 π ∫ C ∂φ̃(z)(z − h^2A)^{−1}h^2V (z − h^2Δ_g)^{−1}dxdy and (A.15) follows from the assumptions on V and from the standard estimates

(A.17)

‖(z − h^2A)^{−1}‖_L2_{→H} s ≤ C h^s|Imz| ‖(z − h^2Δ_g)^{−1}‖_H r_{→H} 1 ≤ C h^{1−r}|Imz| . As a second step, we are going to take advantage of the conservation of the L^2 norm (A.18) ‖e^{itA}u_0‖_L2 = ‖u_0‖_L2 to handle the perturbation as a source term: write the solution of equation (A.13) as (A.19) u(t) = e^{itΔg} u_0 − ∫_t 0 e^{it(t−τ )Δg} (V u(τ))dτ.

Using estimates (A.11) we obtain, if J = [0, αh], (A.20) ‖Ψ(hD)u‖_Lp_{(J,L}q_) ≤ C‖u_0‖+C‖φ(h^2Δ_g)(V u)‖_L1_{(J,L}2_) +C_N h^N ‖V u‖_L1_{(J,L}2_) Since φ is compactly supported, (A.21) ‖φ(h^2Δ_g)(V f)‖_L2 ≤ 1 h ‖φ(h^2Δ_g)(V f)‖_H −1 ≤ C h ‖f‖_L2 since V is bounded from L^2 to H^{−1} by duality.

Taking advantage of the length of J we conclude (A.22) ‖Ψ(hD)u‖_Lp_{(J,L}q_) ≤ C‖u_0‖ + C_N h^N ‖u_0‖_H 1 Next we apply the above estimate to φ(h^2A)u_0 in place of u_0. Then u is replaced by φ(h^2A)u and since (A.23) ‖φ(h^2A)u_0‖_H 1 ≤ C h ‖φ(h^2A)u_0‖_L2 we obtain

(A.24) ‖Ψ(hD)φ(h^2A)u‖_Lp_{(J,L}q_) ≤ C‖φ(h^2A)u_0‖_L2 . Next we sum on intervals J of length |J| ≤ αh to get an estimate on intervals of fixed length (A.25) ‖Ψ(hD)φ(h^2A)u‖_Lp_{(I,L}q_) ≤ Ch^{−1/p}‖φ(h^2A)u_0‖_L2 ≤ C‖φ(h^2A)u_0‖_H 1/p . It remains to sum on frequencies. Observe that (A.26) Ψ(hD) = Ψ(hD)φ(h^2A)+Ψ(hD)(1−φ(h^2Δ_g))+Ψ(hD)(φ(h^2Δ_g)−φ(h^2A)) Applying Corollary A.2 and estimate (A.15) with s =^2_p = d(^1_2 −^1_q ) and r =^1_p we conclude (A.27) ‖Ψ(hD)u‖_Lp_{(I,L}q_) ≤ C‖φ(h^2A)u_0‖_H 1/p + Ch^{1− 1p} ‖u_0‖_H 1/p Therefore Theorem 6 follows from the usual Littlewood-Paley estimate. Remark A.5. — Note that the nonlinear arguments involved in the proof of Theorem 2 and Theorem 3 can be easily adapted to the framework of this appendix.

References

[1] A. Besse. Manifolds all of whose geodesics are closed. Springer-Verlag, 1978. Berlin-New York.

[2] H. Bahouri, J.-Y. Chemin. Equations d’ondes quasilinéaires et estimations de Strichartz. Amer. J. of Math., 121:1337–1377, 1999.

[3] J. Bourgain. Fourier transform restriction phenomena for certain lattice subsets and application to nonlinear evolution equations I. Schrödinger equations. Geom. and Funct. Anal., 3:107–156, 1993.

[4] J. Bourgain. Exponential sums and nonlinear Schrödinger equations. Geom. and Funct.

Anal., 3:157–178, 1993.

[5] J. Bourgain. Global solutions of nonlinear Schrödinger equations. Colloq. Publications, American Math. Soc., 1999.

[6] H. Brézis and T. Gallouet. Nonlinear Schrödinger evolution equations. Nonlinear Analysis, Theory, Methods and Applications, 4:677–681, 1980.

[7] N. Burq. Contrôle de l’équation des plaques en présence d’obstacles strictement convexes. Mémoire de la S.M.F., 55, 1993. Supplément au Bulletin de la Société Mathématique de France.

[8] N. Burq, P. Gérard and N. Tzvetkov. The Schrödinger equation on a compact manifold: Strichartz estimates and applications. Journées Équations aux dérivées partielles. Pestin-les-grèves, 5-8 juin 2001.

[9] T. Cazenave and F. Weissler. The Cauchy problem for the critical nonlinear Schrödinger equation in H^s. Nonlinear Analysis, Theory, Methods and Applications, pages 807–836, 1990.

[10] E. B. Davies. Spectral theory and differential operators. Cambridge University Press, 1995.

[11] Y. Colin de Verdière. Le spectre des opérateurs elliptiques bicaractéristiques toutes periodiques. Comment. Math. Helvetici, 54:508–522, 1979.

[12] J. Ginibre and G. Velo. The global Cauchy problem for the nonlinear Schrödinger equation. Ann. I.H.P. (Anal. non lin.), 2:309–327, 1985.

[13] J. Ginibre and G. Velo. Smoothing properties and retarded estimates for some dispersive evolution equations. Commun. Math. Phys., 144:163–188, 1992.

[14] J. Ginibre. Le problème de Cauchy pour des EDP semi-linéaires périodiques en variables d’espace (d’après Bourgain) Séminaire Bourbaki n. 796, Astérisque, 237:163–187, 1995.

[15] E. Grosswald. Representations of Integers as Sums of Squares. Springer Verlag, 1985. [16] V. Guillemin. Lectures on spectral theory of elliptic operators. Duke Math. J., 44:129– 137, 1977.

[17] B. Helffer and J. Sjöstrand. Equation de Schrödinger avec champ magnetique et équation de Harper, volume 345 of Lecture Notes in Physics. Springer Verlag, 1989.

[18] L. Hörmander. The spectral function of an elliptic operator. Acta Math., 121:193–218, 1968.

[19] L. Hörmander. The analysis of linear partial differential operators, Chapter 18, Volume III, Springer-Verlag, 1985.

[20] L. Kapitanskii. Some generalizations of the Strichartz-Brenner inequality. Leningrad Math. J., pages 693–726, 1990.

[21] T. Kato. On nonlinear Schrödinger equations. Ann. I.H.P. (Phys. Théor.), 46:113–129, 1987.

[22] M. Keel and T. Tao. Endpoint Strichartz estimates. Amer. Jour. of Math., pages 955– 980, 1998.

[23] C. Kenig, G. Ponce and L. Vega. Oscillatory Integrals and Regularity of Dispersive Equations. Indiana Univ. Math. Journal, 40:33–69, 1991.

[24] G. Lebeau. Contrôle de l’équation de Schrödinger. Journal de Mathématiques Pures et Appliquées, 71:267–291, 1992.

[25] M. Reed and B. Simon. Methods of Modern Mathematical Physics, volume I–IV. Academic Press, 1975.

[26] D. Robert. Autour de l’approximation semi-classique, volume 68 of Progress in Mathematics. Birkhaüser, 1987.

[27] C. Sogge. Oscillatory integrals and spherical harmonics. Duke Math. Jour., 53:43–65, 1986.

[28] C. Sogge. Concerning the L^p norm of spectral clusters for second order elliptic operators on compact manifolds. Jour. of Funct. Anal., 77:123–138, 1988.

[29] C. Sogge. Fourier integrals in classical analysis. Cambridge tracts in Mathematics, 1993. [30] C. Sogge and S. Zelditch. Riemannian manifolds with maximal eigenfunction growth.

Preprint, 2001.

[31] G. Staffilani and D. Tataru. Strichartz estimates for a Schrödinger operator with nonsmooth coefficients. Préprint, 2000.

[32] E. M. Stein. Harmonic analysis: real-variable methods, orthogonality, and oscillatory integrals. Princeton University Press, Princeton, NJ, 1993. With the assistance of Timothy S. Murphy, Monographs in Harmonic Analysis, III.

[33] E. M. Stein and G. Weiss. Introduction to Fourier analysis on euclidean spaces. Princeton University Press, Princeton, N.J., 1971. Princeton Mathematical Series, No. 32.

[34] D. Tataru. Strichartz estimates for operators with nonsmooth coefficients and the nonlinear wave equation. Amer. J. Math., 122:349–376, 2000.

[35] L. Vega. Restriction Theorems and the Schrödinger multiplier on the torus. Partial differential equations with minimal smoothness and applications (Chicago, IL, 1990). IMA Vol. Math. Appl. , 42:199–211, Springer, New York, 1992.

[36] W. Wolibner. Un théorème sur l’existence du mouvement plan d’un fluide parfait, homogène, incompressible, pendant un temps infiniment long. Math. Z, 37:698-726, 1933.

[37] V. Yudovitch. Niestatsionarnye tiechenia idealnoi niecjimaiemoi jidkosti. Journal vytchisl. mat. i mat. fis., 3:1032–1066, 1963.

[38] K. Yajima. Existence of solutions for Schrödinger evolution equations. Commun. Math.

Phys., 110:415–426, 1987.

N. Burq, Université Paris Sud, Mathématiques, Bât 425, 91405 Orsay Cedex E-mail : Nicolas.burq@math.u-psud.fr • Url : http://www.math.u-psud.fr/~burq P. Gérard, Université Paris Sud, Mathématiques, Bât 425, 91405 Orsay Cedex E-mail : Patrick.gerard@math.u-psud.fr N. Tzvetkov, Université Paris Sud, Mathématiques, Bât 425, 91405 Orsay Cedex E-mail : Nicolay.tzvetkov@math.u-psud.fr