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EQUATION
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1. INTRODUCTION

In this note we adapt recent results of Burq-Gérard-Tzvetkov [2] and Christ-Colliander-Tao [3] on
instability for non-linear Schrédinger equations to the semi-classical setting. Rather than work with Sobolev
spaces we estimate the sizes of solutions and their differences in terms of the small constant, h, coming
from the equation. The ideas remain exactly the same but we gain in the simplicity of the arguments and,
we hope, in physical relevance.

Our motivation comes from the Gross-Pitaevski equations used in the study of Bose-Einstein condensa-
tion [6]:

(1.1) ihgq)(r t) = S + Vet (r) + g|®(x, 8)[* ) ®(r, 1)

. at ’ - m ext g ’ ’ ’

where the coupling constant g is given in terms of the Planck constant & and the scattering length a:
4rh?a

(1.2) g= (N-1).

Here N is the number of particles in the condensate, typically a very large number. In this equation we
normalize the wave function so that it gives a probability distribution:

@ (e, )]72 déf/ |B(r, ¢)[2dr = 1.
RB

The energy functional associated to (1.1) is given by the usual expression which we divide into kinetic,
exterior, and interaction energies:

2
Blo] = [ (G IVBrR + Vaa 000 + Yo ) .

E[®] = Exin(t) + Epot(t) + Bing(t) .

The total energy E[®] is conserved and (1.1) is rewritten from the variational point of view as thd;hid® =
OE/0®* where o* denotes the complex conjugate.

The scattering length a appearing in the constant g is a physical parameter of the system and it is defined
using two body particle interaction: it is positive for repulsive interactions and negative for attractive ones.
Classically it is determined using the far field approximation in scattering theory: it is the radius of an
attractive or repulsive sphere with the leading far field behaviour same as the two molecule subsystem of
the condensate.

In principle, using the method based on the existence of Feshbach resonances [6], the scattering length
can be tuned to any value, including values close to zero, or values of different signs. This can lead to very
interesting instability phenomena as investigated recently in [5],[7].

The mathematical instability results we are using are of considerably weaker nature — see the table
below. The main problem with the results of [3] is the non-physical nature of the initial conditions. The
more geometric and physical results of [2] suffer from the requirement of small a(N —1) — see Fig.1. Clearly
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the case of large a(N — 1) is more interesting but then the mechanism must be completely different than
in [2].

As the first mathematical approximation to (1.1) we will consider the non-linear Schrédinger equation
with two parameters, a small pseudo-Planck constant h, and a > 0 a pseudo-scattering length:

3
(1.4) ihdyu = —h*Au + V(x)u + h2alul®v, w=up(t,r), r€R> A:= Zaﬁj .
j=1
In quantum mechanics instability should be considered with respect to complex projective distance:
(1.5) vj € L*(R?), dpr(v1,02) L cos™! (W) .
[[o1][lvz]l

We will consider two different types of instability:
e High energy: v’/ = u{b(t)7 j =1,2, bounded in L2, but with unbounded (as h — 0) energies solve

(1.4), and
dpr (uy, (tn), uj (th)) FExin(tn)
1.6 PIAh L h — 00, — 2 _ 00, tp,—0, h—0.
(1) e (1 (0), 122 (0)) Biin(0) g

e Geometric: v/ = u)(t), j = 1,2, with |[u] (t)]|z2 ~ E(0) > Eint(0), solve (1.4), a = o,_o(1), and
for h-dependent times ¢y,

[ (tn) — i (tn) | 2
[[u,(0) = uj (0)] 2
For some potentials we can also show that we have projective instability along a sequence of values of h:

don(ah () (0)
dpr (u,(0), uj, (0)) ’

The instability in (1.7) is extremely weak and all we can say at this stage is that we have a phenomenon
which is impossible in linear unitary propagation. In fact, the semiclassical adaptation of the result of [2]
can be considered as a stability result: some eigenstates of the Schrodinger operator —h%A + |z|? (see (3.3)
below) persist in non-linear propagation long enough to develop a global change phase which implies (1.7)
but not (1.6). However for a class of potentials with cylindrical symmetry we can obtain (1.8).

In the two cases the relevant time scales and the localizations of the initial data leading to the instability
are different and correspond to the regimes considered in [3] and [2] respectively. In the first case the
structure of the exterior potential V' is irrelevant and in the second case the semi-classical dynamics of
—h2A + V(z) replaces the compact manifold geometry. This is represented schematically in the following
table:

(1.7)

>tha — o0, h—0.

(1.8)

th — o0, h=hy —0, k— 0.

Time scale | Effect of V Expected instability | Initial data

t<<h The potential plays no rdle, |a| > ¢ > 0 | Type (1.6) instability | h=3/2¢(x/h)

t — oo global Hamiltonian flow in the energy | Type (1.7) instability | Special excited modes of
surface of €2 + V(z) relevant, a = o(1). —h*A + V()

NOTATION. In this paper C' denotes a bounded constant the value of which may change from line to line.
We use the notation a ~ b if a/C <b < Ca, and a < b, if a < Kb for some fixed large constant K.
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2. HIGH ENERGY INSTABILITY

In this section we will prove a precise version of (1.6). We assume that V € C>(R?®) and that V > —C.

Theorem 1. Suppose that the initial conditions for (1.4) are given by

. _ T — Ty . oS}
up (@) = h=*%¢ (hJ) , J=12, ¢€CZ®?), ol =1,

1 —
|x1 — 22| = Coh <log (h)) , a<l,

where Cy is a fized large constant. Suppose also that ¢ is real valued and has a nondegenerate mazimum.
Then for |a| > h°, § < 1, we have

dpr(“;ll(t),U%(t))Tt:|a|flh2(1og(1/h))a 1 o/2
22 e (0 (0), 2(0)) ~ (s (5))
and for the energy of u;‘ ’s we have
Eiin(la] "t h?(log(1/h))*) 1
(2.3) o N (10g (h)) .

If @ ~ 1 this means that at very short times we have logarithmic divergence for the projective distance
quotient, and an energy transfer from interaction energy to kinetic energy. The generic condition that ¢
has a nondegenerate maximum is made for technical convenience only — see Lemma 2.1 below.

(2.1)

2.1. The ansatz. In this section the sign the constant a in front of the non linearity does not matter. For
clarity we fix it to be equal to + (defocusing) Let ], be as in the statement of Theorem 1:

, B T —
ul (z) =h (3/2) ¢ (h J) .
Denote
j — —itah 2% ((x—1x;

(2.4) vl (t,2) = h=CDp((x — x;)/h)etah™" ¢ (@=z5)/h)
solution of .

ihoyv], = ah®v] |*v],
We will now check that with the choices of z; in (2.1) we obtain (2.2) for the two ansétze. We see that

L 1 —a/2

(2.5) dpy(up,,up) = cos™! (\(u}l,uiﬂ) =cos ' (1-0O(|z1—z2|/h) = O(|(x1—x2)/h|2) = <log <h)> .
We also compute

(2.6) dpr(v,ll(t),v,%(t)) =cos~! (

We now need

/ 6z — 21 /R)B(@ — o R)eith 2a(@ @1 /W)=* =ra /1)) g
R3
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Lemma 2.1. Suppose that ¢ € C2°(R3;R) has a nondegenerate mazimum and that ||¢||zz = 1. Then for
o>y~ >1,

<b+0O(lyl +1/(clyl),

bz — y)(x)e” (@ @1 =0% () g
R3

where b < 1 depends only on ¢.
Proof. We first note that

bz — ) p(z)e @@= @) gy — [ 42 (2)ei7 =)= @) gy 4 O(Jy]) .
R3 R3

The phase in the integral can be written as o (y, ¥, (x)) where at the maximum of ¢, xo, | Dy (z0)| > ¢ > 0,
uniformly in y. All derivatives of v, are also bounded uniformly in y. Hence when we cut-off to a small
neighbourhood of zy the phase has no stationary points and the integral decays rapidly as o|y| — oco. Since
|[¢]lr2 = 1 the contribution away from that neighbourhood is strictly smaller than 1. O

We apply the lemma with o = tah=2log(1/h)* and y = (x1 — x2)/h, |y|~! < o if Cy (in the condition
on x; — x2) large enough. Hence (2.6) shows

(2.7) dpr (03, (1), 07 (1) > ¢ >0,

and consequently we have (2.2) with ufl(t) replaced by vfl The proof of Theorem 1 amounts to showing
that for times of the order |a|~'h?log(1/h)%, and for |a| bounded away from 0, the ansatz dominates the
solution of the non-linear equation.

In preparation for the analysis of the solution we record the following simple

Lemma 2.2. Let
P,=—-h*A+V(z), VeC®R?, V>-C.

If v = vy, is given by (2.4) then
|(hD2) ]| < Cah™ (14 (th™>[a])!),
[(hDz)*0ll 2 < Cal1+ (tha])l*), [|Phv]lre < (14 (th~?[a])?).

2.2. Non linear analysis. We start with a remark about the existence of solutions to the non-linear
equation (1.4). The norm involved in the standard fixed point argument is the H? semi-classical norm: in
dimension 3, the H? norm controls the L> norm with a large constant, and consequently the equation (1.4)
is easily shown to be locally well posed in H?(R?). Using this local existence result, the well posedness for
the time ¢t ~ |a|h?(log(1/h))® given in Theorem 1 follows from a priori bounds on the solution which we
prove in this subsection.

We recall that the semi-classical Sobolev norms are defined as follows

lallgg = > I(AD)*ullz2

|| <k
The following lemma provides a translation of the standard Sobolev embeddings:

Lemma 2.3. For 2 < p < oo satisfying

1 m
S—-—<

1 m
2 n " p’

1
7_7<07 b =00,
n

< o0,
b 2

we have
n(1_1
lull ey < CR"G 8 e oy -
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Proof. With h =1 this is one of the standard Sobolev inequalities. Applying it to v, (z) = u(hx) gives the
lemma: (hD,)%u = D%y,

||Uh||Hm(]Rn) = h_% ||U/||H’71ﬂ(Rn) 3 H’Uh”Lp(]Rn) = hiﬁ UHLp(Rn) .

]

We now consider u the solution of(1.4) with initial data u} given in Theorem 1. Write u = v + w where
v is the ansatz above. We obtain the following equations for for w:

(2.8) (ihdy + Pr)w = h?|al (O(jv[*w]) + O([vl|w[*) + O(|w]*)) — Py

We are going to show that the above equation can be solved by energy methods and that the solution
satisfies

(2.9) sup (lwlZ2 + | Paulz2) < Ch/lal .
t€[0,h?|a| =1 (= log(h))*]

As a startup and to make the main ideas clear, we consider a simpler problem for which the fixed point
argument can be performed in L2. Consider @ solution of the linear equation
(2.10) (ihd; + Pp)w = |a|h*O(Jv]*)w — Py .
Denote Iy(t) = ||w||3.. Then

dly(t 2 ~ _ 2 ~ ~
dozf ) = —EIm<w(t),ih8tw(t)> = —Elm<w(t), R2alv(t)|*w(t) — Pyv),

since the term involving P,w disappears due to the self adjointness of P,.
Using Lemma 2.2 we see that for for ¢ € [0, h?|a|~!(—log(h))?]
d

270 < Clalhllv(®)|[Z=To(t) + W Pro(t) [ o (1) %

(2.11)

< Cla|h™2Io(t) + Ch™ (1 + (th™2|a|)?)Io(t)?
< C'lalh™?Io(t) + C'(1 + (—log h)**)?*/|a|
As a consequence, through an application of the Gronwall lemma, we get for ¢ € [0, |a|h?(—log(h))“].

t
Io(t) gcecﬂa\h”/ e=O31ah™* (1 4 (— log h)*)ds
0

< CeC N2 al) (1 + (~ log h)')
< CeC(—logh)"‘)h2—e/‘a|2 < (hl_e//|a\)2 )

Hence the solution of (2.10) is negligible as long as |a| > h%, § < 1.
We come back to the estimation of the true nonlinear correction term w. We proceed as in the model
case (2.10) and use the energy method as in (2.11), now with

I(t) © lw(®) 32 + | Puw(t)|3: -
We recall (2.8):
(ihdy + Pyyw = h|al (O(|o[2|w]) + O([o]jw[?) + O(lw]*)) — Pyv,
which using (2.11) gives,

(2.12) %Ilw(t)llw = O(1/h) (K]al ({[ollw]?, [w]) + (wl, [w||v]*) + {wl, [w])) + (| Pawl, [v])) -
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The operator applied to w, P,w, satisfies the equation
(ihd; + Pp) Phow = h?a(O(vPyv)w + O(v?) Pyw + O(Prv)w? + O(v)wP,w
+ O(w?) Pyw + O(|hVv[*)w + O(v|hVv||[hVw))
+ O(v|hVw|?) + O(|hVw|?*w)) — P?v,
and the same method as in (2.11) gives
(2.13)
%HPW(t)Hm = 0(1/h) (lalh® ({[vPuvl[wl, |Pywl) + (v[*|Pawl, [w]) + (|Pyolw]?, [Phwl])
- {Jollwl Pl |Preol) + (fwl?, 1Py} + (B 0[2lo], [ Paw]) + {Jol 1V o] 1V ], | Paw])
+ ([llhVw], [Phw]) +([hVw]*fwl, |Pywl)) + (| Piol, [Pawl))
By putting (2.12) and (2.13) we obtain

dI
= < Clalh([[o[ o I(t) + [[wl|7a + [[vll 22 [[w]|F6 + [[v]| oo | Pavl| Lo I (2)
1
+ [[Pov| oe w74 T (6)7 + ([0l oo ] o= I(2)
1
+[wlZI(t) + [|AV[[F I(8) + [Jv]| o< AV 241 (2)2

+[wl pee [|hVw ]| 2 1()2) + o]l 2 1(8)% + || Pyol|221(t)2

(2.14)

where all the norms are taken in LP(R3) at time t.
We need the following cases of Lemma 2.3:

1BV fllzace) + | fllpagay < Ch™* (| Pufllre + 1 fll2)
(2.15) £l zorsy < ChR (| Pufllre +11fl22)
£l poe sy < CRT32(| Pufllzz + 1| £l z2) -

Using (2.15) to estimate the terms involving w in (2.13) and in (2.8), and using Lemma 2.2 to estimate
the terms involving v, we see that (2.14) implies
dI(t)

(2.16) 2 < Clalh? (L+|ath 2 R)I(0) + 1(1)3) + 1()F ) + Ch (1)} (1 + |ath™2]).

Since I(0) = 0, we can use a bootstrap argument to show that for 0 < t < h?|a|log(1/h),
I(t) < (h'=/lal)* < h*,

if |a| > h%, § < 1. For the reader’s convenience we briefly recall the standard argument.

Consider the set

J={t : I(s) <h?,0<s<t}n]0,|alh?log(1/h)?].

Then J # () as I(0) = 0, J is clearly closed as I(t) is continuous, and the same Gronwall inequality applied
to (2.11) shows that J is open. Hence J = [0, |a|h?log(1/h)?].

To summarize, we conclude that for |a| > h° for some § < 1 the ansatz v dominates the solutions for
times of the order |a|~th?log(1/h)®.

Remark. It is an interesting question which other initial conditions can produce similar effects, in par-
ticular what level of localization is necessary. A natural localization from the point of view of quantum
mechanics is given by initial data of the form

uj(2) = h%¢ (x ;;j) :
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To see the instability in this case let us consider an example discussed in §3: V(z) = |z|?. Then the unitary
transformation () = hiu(hz#) changes the equation (1.4) to
0yt = —AT+ |Z|?u+ ah” 2 |d*a .
An argument similar to that above shows that for @ > h2+¢, e > 0 and |21 — x2| ~ hz (log(1/h))* we have
(1.6).
3. GEOMETRIC INSTABILITY

In this section we will consider a class of cylindrically symmetric potentials with the principal example
given by the harmonic oscillator V (z) = |z|:

ihOyu = —h*Au+V(z) + ah?[ul®*u, u=up(t,z), zcR?,
V(Roz) =V (z), 0€]0,2r), 0V(x)=0{(z)™), V(z) > (x)"/C -1,
where Ry is the angle f-rotation with respect to the z3 axis. The equation (3.1) is “gauge invariant”

and consequently, if the initial data satisfies us—o(Rgx) = €™%us—o(z), then the solution satisfies the same
invariance for any t. Let us write

(3.2) Vi ={ue L*(R? : Rju=e"u}.

The operator P,ly, can be considered as an operator on R x Ry :

(3.1)

(nh)*

h
Pulv, = (hDy)* + (hDr)* —i—hDr +V(r,y) +

r
We choose n = n(h) so that

nh=1+0(h).
Suppose that the potential V(r,y) + 2 has a non-degenerate absolute mininimum at (yo,7) with the
value Vj. The standard analysis (see for instance [4]) shows that

oo
Ph[VT,,: Z )\jej ® 6; s
7=0

where o* denotes complex conjugation and,

(y=10)*+(r—r0)2)/(Ch) < = < O -0 +(r—ro)*)/h
e eolr, S e 5
cvh s@lry) < o
Ao~ Wo, )\17)\0>h/C’,

eo(x) ~ e eg(r,y),

and from the point of view of counting functions \; ~ hj'/2

counting function are available but this is sufficient for us.
We can now state the precise version of (1.7):

. Much more precise estimates for ey and the

Theorem 2. Let V' be a cylindrically symmetric potential satisfying the assumptions above. Suppose that
eo is the ground state of Pp|v, , where V,, is given by (3.2) with nh ~ 1, and that two initial conditions for
(3.1) are given by

(3.3) u?(x) =rjeo(z), j=1,2, Ki=kK, Ke=K+e, ke <1,
Then for t(ar?)3/? < erat < 1,

[[un (t) — up (£)]] 2
(3.4) > (tka+1)/C,

lu, (0) = u ()| 2

uniformly in h, a < 1, ak* < 1, and k > 1.
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3.1. The instability. We first discuss the consequences of the theorem. Since we can take x ~ 1, a ~ h?,
t~h=7, e~ h",
3 3
5<7<§5,7—5<p<§6—7,

we obtain,

1 u2
Ry Y
[ (0) = uj (0)]]2
and (1.7) follows. That choice of parameters might be interesting since a is the (renormalized) scattering
length: that is the essential “interaction” size of the molecules forming the condensate.
As we will see, for ak? < 1, the phase of the solution of (3.1) with the initial data xeqg(z) is essentially
tAo/h + k?at. The “non-linear” phase shift produces instability (3.4) but since it is global in 2 we do not
have instability using the projective norms (1.5).

3.2. Structure of the solution. Denote by u the solution of (3.1) with initial data xeq(x). We recall
the two standard conservation laws:

(3.5) ull72(t) = l|ull72(0) = &2,
and
(3.6) B(u)(t) = / BVl + |f2]ul? + %h2a|u\4 — B(u)(0)

We write E = Ey, + Fint, grouping kinetic and exterior energies together in Eyy,.
We have E(u)(0) = k?\g + £*F), where \g ~ 1 is the ground energy of P,]y, and

Fj, = h*alleg||7« ~ ah.

To obtain estimates in the nonlinear propagation, we slightly modify the argument of [2]. For that we
decompose u on the L? basis of eigenfunctions of the operator Py, :

_ Xo+rK2Fh
57) u(t,x) = ke~ a )y )+ Zuj Jej(x
e BN () ).
To estimate the norm of ¢(t, ) we write
Eint(0) = E(0) — Ejn(0)
E(0) = Xollu(0)]Z:
= E(t) = Xollu(®)Z-,

with the last equality following from the conservation laws (3.5) and (3.6). Since Ein(0) = k*F), ~ ahx?
and

E(t) = Bun(t) + B (t) = cdoly(t)* + ZA Juj (£)] + 7||u||L4( )
7j=1
we conclude that

ah? ah?
(3-8) Cr'ah > Z Ao)lu; ()] + TIIUHE(U > hllg(t)72 + = IIUHL4( )s

as A\j — Ag > h for j > 1. Thus
(3.9) lg()l172 + ahljul|74(t) < Car* .
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On the other hand
la@®)N1Z2 = llull7=(t) = K24 = £*(1 = [y@)?)
Combined with (3.9) we obtain x2(1 — |y(¢)|?) < Cak?, that is,

(3.10) 11— |y(t)]| < Car?.
and consequently, according to (3.9)

lgllz+(t) < Ch™" (k" + Ay (t)eol 1)

3.11
(8.11) < Ch™'k* (14 Car’hh™") < Ch™'k* (1 + ar?).

Since v(0) = 1 the estimates (3.9) and (3.10) show that for ax? < ax® < 1 the term corresponding to first
eigenfunction dominates in the non-linear propagation.

3.3. Non-linear propagation of leading term. From the formula for y(t):
"}/(t) — eit(/\o+,i2Fh)/h<u’60>’
we derive the equation satisfied by ~:
(3.12) ihy — nth(l — h/|2)’y = —r2ah? (2(\’y|2 + Z’YQ + 2ev + 0y + O’)
where
¢ = (a:leol’e0) o = 1¢] < llallzzlleoll?s < Ca'?kh7"
o= [leaPlaP, n= [ @& — Il < e< ol lalfs < Ch~ant
7= /|QI2(160 = ol < lleollz=llalls < lleollz=llgllZsllallz < Ch™'w*al/?
If ak* < 1, with & large, we obtain
(3.13) 7] < Car? <a1/2m2(1 + Car™) + ar* + a1/2H4> < C'(art)?/?.
Thus
(1) =1+ O(t(ar")*?),
and for t < (ax®)™3/2, ~(t) ~ 1.
Proof of Theorem 2: Due to our estimates we need to consider the leading term
,{ry(t)e*it()\(ﬁ*Fh,KQ)/h , Fn~ah.
We now note that, in the notation of (3.3),
eitan;L/h - ez'mth/h ~ 2extFy /h,
for ketFy/h ~ etar < 1. Since that difference gives a lower bound for ||u},(t) — u? (t)||/k with an error
O(t(ax*)?/?). Since
[, (0) = uh (0)]| = e,
we obtain (3.4). O
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3.4. Projective instability. Following a suggestion of Mike Christ we modify the above construction to
obtain a stronger projective instability (1.8) along a sequence of hy’s. For that we assume that, in the
notation of Theorem 2,
The function (r,y) — V(r,y) + r~2 has two distinct absolute non-degenerate minima
(rj,y;), 3 =1,2,, and its Hessians at (r;,y;) are equal.
In this case, with Vo = V (75, y;),

2 o]
fww:z)%%®%+zyﬁ®%v
j=1

k,j=1
: : 1 1 2 2 ; C 2 2
3.14 el () ~ 9l ry), = o~ y=y)"+(r=r;)")/(Ch) < &I ry) < e~ CUy—ys) +(r—rj) )/h,
(3.14) o(z) o(ry) N _o(y)_\/g
ail a2 _ >\(1) O(h*>) 1 y2 _ 2
(3.15) (a21 o ) - ( oth=) A2 C AN A2 = O(nh — 1]+ h?),

see [4, Theorem 6.10]. The functions eé, j =1,2, are very close to linear combinations of the eigenfuctions
corresponding to the lowest eigenvalues of Ply, . They are almost orthogonal to e, with k£ > 0:

(ex,ef) = O(h=).
If we choose a sequence of h’s for which [nh — 1| = O(h?) then
Nj— Ay >h/C, j>0.
Suppose now that we solve (3.1) with

un(0,2) = kreh(@) + racd(a),
where 0 < x; ~ k. Let a,t and & satisfy the assumptions of Theorem 2:
(3.16) art <1, t< (ak®)?, K> 1,
and in addition assume that these parameters are h-tempered, by requiring that

a>h.
Then 1 2 2 2
up(t, z) = ket CotFrr)/hyy (t)ey(x) + ngfm(t)el()‘0+Fh“2)/heg(a:) +q(t,x),

where, using the same argument as before, we can show that «;(¢) is bounded and ¢(¢, ) satisfies esti-
mates (3.8), (3.9). On the other hand the modes e} and €3 do not interact (see (3.14)), and hence the
estimates on ¢ give

d

dt|7j|2‘ <Oy (hM + (CLH4)3/2)
As a consequence we obtain

11—yl < Ctlar)*2,
and coming back to the equation satisfied by v;,
vi(t) = 14+ O(t(arh)?/?) + O(t2a® k%) = 1 + O(t(ar?)*/?).
The last equality came from noticing that (3.16) implies that
a3 k8 = (t(an4)3/2)2(an4)7%/{72 < t(art)3/2.
Now suppose that we take another initial condition,

p(x,0) = (k1 + €)ej () + (ko + e)eg(z), e>hN.
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We first check that

(3.17) dpr (un(0), Gy (0)) ~ €|k1 — ko|/k .
In fact, the left hand side is equal to
1 ( lil(ﬂl —+ 6) —+ HQ(I{Q —+ 6) )
cos
(2 + k3 2 (1 + € + (2 + )12

Putting & = (k1, k2) and @ = (1,1) the main term inside cos™! is

|12 + efd, &) :1_62<a*|| <1z>) ( )
IR0+ 2¢(, @)/ 7] + €22/ 7)) 2077 2l EE

2
_q_ 2F k) _
‘ 2(k3 + K2) +0 H3

We now estimate the projective distance between up(t) and 4y (t). For that we assume that

(3.18) k1 — kol ~ K, art <e< 1, Pa*rt <e, 1< tha,

noting that (3.18) imply previously made assumptions. In particular we have e < eatk. Then using the
previous estimates,

2
(up(t), un(t)) = Zﬁj(ﬁj + e)eit(nf—(ﬁj+e)2Fh,)/h + O(F&MtQag) + O(CLI‘#) + O(h™)
j=1

2
S et o)
j=1
We then have
[(un(8), @n (D)2 _ e+ i + 20303 cos(t(rr — ra)eFh/h)
llwn ()12 @n |2 (KT + K3)?

+0(e),

and consequently,
dpr (un (t), ap(t)) ~ exat .
This gives the following
Theorem 3. Suppose that V(z) in (3.1) satisfies the assumption of §3.4 and that the initial conditions
are chosen as above with the parameters satisfying (3.18). Then for a sequence of h satisfying
nh =1+ 0O(h?),

we have
dpr (un(t), Un(t))

dpr (un(0),1,(0))
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