CONCENTRATION OF LAPLACE EIGENFUNCTIONS AND
STABILIZATION OF WEAKLY DAMPED WAVE EQUATION

N.BURQ AND C.ZUILY

ABSTRACT. In this article, we prove some universal bounds on the speed of concentration on
small (frequency-dependent) neighbourhoods of sub-manifolds of L?-norms of quasi modes
for Laplace operators on compact manifolds. We deduce new results on the rate of decay of
weakly damped wave equations.

1. NOTATIONS AND MAIN RESULTS

Let (M, g) be a smooth compact Riemanian manifold without boundary of dimension n, A,
the Laplace-Beltrami operator on M and d(-,-) the geodesic distance on M.

The purpose of this work is to investigate the concentration properties of eigenfunctions ¢
with eigenvalues A% of the Laplace operator Ay (or more generally quasi-modes), in rela-
tion with some control theory results. There are many ways of measuring such possible
concentrations. The most classical is by describing semi-classical (Wigner) measures (see
the works by Shnirelman [35], Zelditch [50], Colin de Verdiere [22], Gérard-Leichtnam [23],
Zelditch-Zworski [51], Helffer-Martinez-Robert [24], Anantharaman [1]. Another approach
was iniciated by Sogge and consists in studying the potential growth of ||| Le(ar), see the
works by Sogge [37, 38, 40], Sogge-Zelditch [39], Smith-Sogge [36], Blair-Smith-Sogge [7],
Blair [5], Burg-Gérard-Tzvetkov [13, 12, 14], and in the integrable case by Toth [45, 46]
and Toth-Zelditch [47, 49, 48]. Finally in [15, 9, 44] the concentration of restrictions on
sub-manifolds was considered. Our present approach is connected to works by Blair and
Sogge (see also [41, 42]) where the authors studied the concentration (in L? norms) on small
(frequency dependent) neighbourhoods of geodesics. They recognized that Sogge’s LP esti-
mates for eigenfunctions implied the impossibility to concentrate on neighbourhoods of width
smaller than A~/2, and studied the improvements when the manifold has non positive cur-
vature (by showing that it is actually impossible to concentrate on neighbourhoods of size
A~Y/2. Here, on the same question, we follow a different path and are interested on the speed
of non concentration and on the extension of such results to higher dimensional sub-manifolds
(for which the non concentration property, even with non optimal rates does not follow from
Sogge’s LP estimates). Our first results are the following robust bounds (i.e. independent of
the geometry) where, in view of applications to eigenfunctions estimates, we set h = A71.
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Theorem 1.1. Let k € {1,...,n — 1} and ¥* be a sub-manifold of dimension k of M. Let
us introduce for 8 > 0,

(1.1) Ng={pe M :d(p,x*) < 3}.

There exists C > 0, hy > 0 such that for every 0 < h < hg, every a € (0,1) and every solution
W € H?2(M) of the equation on M

(h2Ag + 1)¢ =g

we have the estimate
g n 1
(1.2) [l L2 (Nanr/2) < Cex (k. )(WHB(M) + EHQHLQ(M))

where o(k,n)=1ifk<n-3,0(n—2,n)=1",0(n—1,n) = %

Here 17 means that we have a logarithm loss i.e. a bound by Ca|log(a)|.

Remark 1.2.

(1) As pointed to us by M. Zworski, the result above is not invariant by conjugation by
Fourier integral operators. Indeed, it is well known that micro-locally, —h?A — 1 is
conjugated by a (micro-locally unitary) FIO to the operator hD,,. However the result
above is clearly false is one replaces the operator —h?A — 1 by hD,,.

(2) In the case of curves, Theorem 1.1, with a non optimal exponent o = % < o(l,n),
follows easily from the LP spectral projector estimates by Sogge [37] (see [6] for an
improvement on negatively curved manifolds).

Another motivation for our study was the question of stabilization for weakly damped wave
equations.

(1.3) (8,52 — Ay +b(2)0)u =0, (u, Opu) |=0= (ug,u1) € HS+1(M) x H°(M),
where 0 < b € L*°(M). Let

B0 = [ {0(V5up), Tyulp) + 0u(p) vy )
where V, denotes the gradient with respect to the metric g.

It is known that as soon as the damping b > 0 is non trivial, the energy of every solution
converge to 0 as ¢ tends to infinity. On the other hand the rate of decay is uniform (and
hence exponential) in energy space if and only if the geometric control condition [29, 30, 11]
is satisfied. Here we want to explore the question when some trajectories are trapped and
exhibit decay rates (assuming more regularity on the initial data). This latter question was
previously studied in [27, 25], on tori in [16, 28, 2] (see also [17, 18]), on the disc [3], and
on hyperbolic manifolds [19, 20, 33, 34, 31, 32, 21, 10], and more recently by Leautaud-
Lerner [26] (see also [4] for a singular damping in dimension 1). According to the works by
Borichev-Tomilov [8], stabilization results for the wave equation are equivalent to resolvent
estimates. On the other hand, Theorem 1.1 implies easily (see Section 2.2) the following
resolvent estimate
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Corollary 1.3. Consider for h > 0 the following operator

(1.4) Ly = —h*A, — 1 +ihb, be L®(M).
Assume that there exists a global compact sub-manifold ¥ C M of dimension k such that
(1.5) b(p) > Cd(p,=*)*", peM

for some k > 0. Then there exist C > 0, hg > 0 such that for all 0 < h < hg
lellz2ary < Ch™ Y Lol 2 gan,
for all p € H*(M).

This result will imply the following one. Notice the loss of one derivative between the energy
in the Lh.s. (H! x L?norm) and the r.h.s. (H? x H'-norm).

Theorem 1.4. Under the geometric assumptions of Corollary 1.3, there exists C > 0 such
that for any (ug,u1) € H2(M) x HY(M), the solution u of (1.3) satisfies

1 C
(1.6) E(u(t))> < tj(IIUOIIH2 + [l 1)
Remark 1.5. Notice that in Theorem 1.4 the decay rate is worse than the rates exhibited
by Leautaud-Lerner [26] in the particular case when the sub-manifold ¥ is a torus (and the
metric of M is flat near ). We shall exhibit below examples showing that the rate (1.6) is
optimal in general.

A main drawback of the result above (and Leautaud-Lerner’s results) is that we were led to
global assumptions on the geometry of the manifold M and the trapped region ~*. However,
the flexibility of Theorem 1.1 is such that we can actually drop all global assumptions and
keep only a local weak controlability assumption.

In the sequel we shall denote by ®(s) the bicharacteristic flow of the Laplacian A, defined on
the sphere cotangent bundle

S*M = {(.Z‘,f) € T"M; ||£||g(x) = 1}'

Theorem 1.6. Let us assume the following weak geometric control property: for any po =
(po,&0) € S*M, there exists s € R such that the point (p1,&1) = ®(s)(po) on the bicharacter-
istic issued from pg satisfies

o either p1 € w = U{U open ;essinf;;b > 0}
e or there exists k > 0,C > 0 and a local sub-manifold ©* of dimension k > 1 such that
p1 € XF and near pq,
b(p) > Cd(p,3*)*".

Notice that since S*M is compact, we can assume in the assumption above that s € [-T,T) is
bounded and that a finite number of sub-manifolds (and kappa’s) are sufficient. Let ko be the
largest. Then there exists C > 0 such that for any (ug,u1) € H2(M) x HY (M), the solution
u of (1.3) satisfies
1 C
BE(u(t)? < — (luollm2 + llua]l 1)
tro
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The results in Theorem 1.1 are in general optimal. On spheres 8" = {w € R"*! : |w| =1}, an

explicit family of eigenfunctions ej(wy, ..., wpt1) = (w1 +iws)? (eigenvalues )\? =j(+n-1))
is known. We have
(1.7) e @) = (1= /) = B0 = (g o).

Set A] = fLQ(S”) |ej(w)]2dw, BJ = fN h1/2 |ej(w)|2dw, h] = )\J_l = j_l(]_ + O(].))
oy

1/2

These eigenfunctions concentrate exponentially on 5~/ neighbourhoods of the geodesic curve

given by {w € S™;w’ = 0} (the equator). As a consequence, limj_,+ooj%Bj =C > 0. Let
Y ={w=(w,wy,y,2) ERXRXRFIXR" :|w=1,2=0}

1
Then, Nah}” ={w= (w1, w2,y,2) ERXRxRFIXxR"F: |0 =1,z < ah?} which we

1
parametrize by: [2| < ah?, |y <1-— |22, w?+ws=1-]|y/*— |22 Then

ah1./2
J .
Bj = !S"_'H!/ p“‘k‘l/ / (1= [yl* = 1pl*) dpdy do.
p=0 ly|<vV/1=p? Jwitwi=1—[y|>—|p|?

Setting successively y = r,0 < r < /1 — p2,0 € S¥72 r = /1 — p2s then p = %,s = %

we see easily that jnT_lAj ~ Ca™ k. If k = n — 1 we have ”T_k = % and if Kk =n — 2 we

have ”T_k = 1. In these two cases the estimate proved in the concentration theorem is optimal

(except for the logarithmic loss appearing in the case of co-dimension 2).

On the other hand again on spheres, other particular families of eigenfunctions, (f;, A;) are
known (the so called zonal spherical harmonics). These are known to have size of order
)\gn_l)/ Zina neighbourhood of size )\j_l of two antipodal points (north and south poles). As a
consequence, a simple calculation shows that if the sub-manifold contains such a point (which

if always achievable by rotation invariance), we have, for a = eht/?
2 2
HfjHLQ(Nahl/2) > ch ~ a7,

which shows that (1.2) is optimal on spheres (at least in the regime o ~ h'/2). To get
the full optimality might be possible by studying other families of spherical harmonics. For
general manifolds, following the analysis in [38, Section 5] and [15, Section 5]) should give the
optimality of our results for quasi-modes on any manifold.

The paper is organized as follows. We first show how the non concentration result (Theo-
rem 1.1) imply resolvent estimates for the damped Helmholtz equation, which in turn imply
very classically the stabilization results for the damped wave equation. We then focus on
the core of the article and prove Theorem 1.1. We first show that the resolvent estimate
is implied by a similar estimate for the spectral projector T = x(v/—A — X), where x is a
non trivial smooth function. Then a classical TT™* argument reduces the analysis to proving
estimates for T)\Ty on L?*(Nap1/2) To prove this latter estimate, we rely on harmonic analy-
sis and the precise description of this spectral projector given in [15], following some earlier
works by Sogge [38]. We show that this operator can be decomposed into a sum of operators
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Sf\,j =1,...,J ~ log(\) the two extremal points j = 0,j = J corresponding to the two
extremal regimes (zonal and highest weight eigenfunctions), and the points in-between to the
intermediate regimes. Taking benefit from the precise description of their kernels, each of
these pieces can in turn be controlled after suitable change of variables by exploiting on one
hand quasi-orthogonality to localize the estimates, and on the other hand oscillations in the
phase (despite degeneracies) via yet another TT* argument. It remains to sum the contribu-
tions of each piece Sﬁ\ (in the case k = n — 2 each piece gives the same contribution, which
leads to the logarithmic loss in (1.2)). We gathered in an appendix several technical results.

Acknowledgments We’d like to thank M. Zworski for fruitful discussions about these results.

2. FROM CONCENTRATION ESTIMATES TO STABILIZATION RESULTS

1. A priori estimates. Recall that (M, g) is a compact connected Riemanian manifold.
We shall denote by V, the gradient operator with respect to the metric g and by dv, the
canonical volume form on M. In all this section we set

(2.1) Ly = —h*A, — 1 +ihb
We shall first derive some a-priori estimates on Ly,.
Lemma 2.1. Let Ly, = —h*A, — 1 + ihb. Assume b > 0 and set f = Lpp. Then

(4) h/ blo(p)[? dvg(p) < llell L2an | Fll L2 (s
(2.2) M

(i) 2 /M 9 (Voo (), Voo (1) dvg(p) < Il22ar) + Il 2an 1 F1lzan

Proof. We know that A, = divV, and by the definition of these objects we have

A= /gp gp(p g‘P( dvg /AQ‘P dvg()

Multiplying both sides by h? and since —h*Agp = f + ¢ — ihbp we obtain

w2a= [ lowPdu) —in [ 6ol do)+ [ 10 o)

Taking the real and the imaginary parts of this equality we obtain the desired estimates. [

2.2. Proof of Corollary 1.3 assuming Theorem 1.1. According to condition (1.5) we
have on N§;1/2
b(p) > Cd(p, k)26 > CaPRh,

Writing fN§h1/2 lo(p)|? dvg(p) chhuz o) ( Ne()|? dvg(p), we deduce from Lemma 2.1
that
2 1 —(14+k)
(2.3) lo(p)I"dvg(p) < F5ch el Lzan 1 £l L2 any-
N&p1/2 a

Therefore we are left with the estimate of the L?*(N_,1/2) norm of .
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According to (2.1) we see that ¢ is a solution of
(h*Ag + 1) = —f + ihbp =: gp
where g;, satisfies

lanllzzcary < [1fll2ary + Chllel L2 any-
It follows from (2.3) and Theorem 1.1 that

1 _ 14k 1 1 o ].
lellzn < —r—h"F el s |1, + Ca” lellzan + = 1 fll2an):
C2ar h

Now we fix a so small that Ca® < % and we use the inequality a2bz <ea+ 41—66 to obtain
eventually

el z2eary < CR O fll p2eany
which completes the proof of Corollary 1.3.

2.3. Proof of Theorem 1.4 assuming Corollary 1.3. The proof is an immediate conse-
quence of a work by Borichev-Tomilov [8] and Corollary 1.3. We quote the following propo-
sition from [26, Proposition 1.5].

Proposition 2.2. Let k > 0. Then the estimate (1.6) holds if and only if there exist positive
constants C, \g such that for all uw € H?(M), for all X > X\ we have

Cll(—=Ag = X+ iAb)ull r2(ary = A" |lull 2 (an-

2.4. Proof of Theorem 1.6 assuming Theorem 1.1. As before Theorem 1.6 will follow
from the resolvent estimate

(2.4) 3C > 0,ho > 0:Yh < hg |l¢llz2oan < Ch™ ) Lol 2any
for every p € C*(M).

We prove (2.4) by contradiction. If it is false one can find sequences (¢;), (h;), (f;) such that
. J
(2.5) (—hiAg = L+ihb)pn = f; and  lgllr2ar) > i il 2.
j

Then [|¢;]/z2(ar) > 0 and we may therefore assume that [|o;]|z2() = 1. It follows that
(2.6) I £illz2cary = o(hj*7),  j — +oo.

Let p be a semiclassical measure for (¢;). By Lemma 2.1 we have

/M {10V g0;()1? = 19;(p)1*} dvg(p)| < £l L2a)-

It follows that (y;) is hj-oscillating which implies that p(S*(M)) = 1. We therefore shall
reach a contradiction if we can show that supp u = () and (2.4) will be proved. First of all by
elliptic regularity we have

(2.7) supp pu C {(p,§) € S™(M) = gp(§,€) = 1}.
On the other hand using Lemma 2.1 we have
1
(2.9 [80)les0)F duy) < 151200
J
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since |¢jllr2(ar) = 1. We deduce from (2.5), (2.8) and (2.6) that

(2.9) (h?Ag +1)¢j =Gy, where |Gz = o(thE) — 0,7 = +oo.

This shows that the support of u is invariant by the geodesic flow. Let pg € S*(M) and
p1 = (p1,&1) € S*(M)) belonging to the geodesic issued from pg. Then

po & supp p <= p1 & supp .
But according to our assumption of weak geometric control, either a neighbourhood of p;
belongs to the set {b(p) > ¢ > 0} or p; € ¥¥ and b(p) > Cd(p, ¥¥)?* near p;. In the first case
in a neighbourhood of p; the essential inf of b is positive and hence by (2.8) p1 ¢ supp p. In
the second case taking a small neighbourhood w of p; we write

/ 0 (p)? g (p) = / 10 (0)? dvg () + / i () dvg(p) = (1) + (2).
w wﬂNahjl./Q wﬂNgh}ﬂ
By Theorem 1.1 and (2.9) we have

K 1 K 5
(1) = Ca™(1 + = llgjllz2(an)) < Ca”(1 +o(h}))
J
Using the assumption b(p) > Cd(p, ) and (2.8) we get

c ) Clfilzan _ o(1)
% e /Mb<p>\soj<p>r R Y

It follows that

[1eso ey ) < e + %),

Let ¢ > 0. We first fix a() > 0 such that Ca(e)? < e then we take jo large enough such
that for j > jo,0(1) < a(e)?**3e. It follows that for j > jo we have [ |¢;|*dvy < e. This
shows that lim;_, o [ || dvy = 0 which implies that p; ¢ supp p thus py ¢ supp . Since
po is arbitrary we deduce that supp u = () which the desired contradiction.

The rest of the paper will be devoted to the proof of Theorem 1.1.

3. CONCENTRATION ESTIMATES (PROOF OF THEOREM 1.1)

The Laplace-Beltrami operator —A, with domain D = {u € L?(M) : Ayu € L?*(M)} has a
discrete spectrum which can be written

0= <A} <+ <Af-or = +oc.

Moreover we can write L?(M) = 693;087-[]', where H; is the subspace of eigenvectors associated
to the eigenvalue )\? and H; L Hy if j #k, and for ¢ € H;, —Agp = /\?go.

For A > 0 we define the spectral projector II : L?(M) — L?*(M) by

(3.1) LQ(M)Bf:Z(pj,'—)H)\f:Z(pj, A)\:{jGN:/\jE[)\,)\+1)}.
JEN JEAN

Then II is self adjoint and II3 = II,.



Theorem 1.1 will be a consequence of the following one. Recall N,p1/2 has been defined in

(1.1).

Proposition 3.1. There exist C > 0, hy > 0 such that for every h < hy and every o € (0,1)
1

(32) MDvull p2(Nopir2y < Calllullzzany, - A=

for everyu € L*(M), Hereo =1 ifk<n—3,0=1" ifk:n—2,0:% ifk=n—1.
Here, as before, 1~ means that we have an estimate by Ca|log(a)|.

3.1. Proof of Theorem 1.1 assuming Proposition 3.1. If v = ijo @; we have g =
(R2A, + 1)y = ijo(hQAg + 1)¢;. Therefore by orthogonality
(3.3) 9B = S 11 = B2X2P 512200
Jj=0
Let ¢ be a fixed number in |0, 1[. With N = [ggA] we write

N
Y= Z yx + Ry
k=N

Recall that I\ k%) = > ;e @), where B = {j > 0: A\ € [\ + Kk, A+ k+ 1[}.

Assume |k| > 2. Since A +k < A\j < A+ k+ 1 we have |\; — A| > L[k| which implies that
]/\32- — A%| > 1|k|A. By orthogonality we have

e Z20n = D NesllZaan Z )\2|2|)\§ — NPl 2
jeEk JEE
< |l<:|2)\2 >IN - >\2\2||<Pa||L2(M) |k|2 Z 207 = 1Plls117 200
JEE JjEE)

Since Hi 4, = Uxtk, using Proposition 3.1 and the above estimate we obtain

> sl ans < Y, IMstllizz@vaaez) < Ca” D (Ml 2qan
2<|k|<N 2<|k|<N 2<|k|<N
1

<20a°r Y P ‘(Z|h2)\2—1| o122 as ) .

2<|k|<N JEE

Using Cauchy-Schwarz inequality, (3.3) and the fact that the Ej are pairwise disjoints we
obtain eventually

1
(3.4) | Z Ikl 2 (Nanrr2) < CO‘UEHQHLQ(M)'
2<|k|<N
Now a direct application of Proposition 3.1 shows that

(3.5) 1Y Tkl 2 (wanrzy < Coll9 )l c2eany

|kl<1
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Eventually let us consider the remainder Ry. We have
Ry=) @i+ @, A={j:N<A-N}, B={j:A>A+N+1}.
jeA jeB
The two sums are estimated by the same way since in both cases we have |\; — A| > ¢ thus
|/\]2- — A2| > cA2. Then by orthogonality we write

1> eillZaan = D leillizmn = ZW |2\A2 NP eill e an

JEA jEA JEA
< S Rl < 3 I 1Pl aany = ey
JEA JEN
It follows that [[Rn |2y < CllgllL2(ar)- Now (R?Ay+ )Ry = ZjeAUBO - hQ)\?)(pj = gn
and [|gn |l 2y < HgHLz . So using Lemma A.1 we obtain
ao'
(3.6) BN L2 (Nan1/2) < C?HQ”LQ(M)

Whereazéifk:n—l,azliflSk:gn—Q..

Then Theorem 1.1 follows from (3.4), (3.5) and (3.6).

3.2. Proof of Proposition 3.1. This result will be a consequence of the following one.

Proposition 3.2. There exists x € S(R) such that x(0) = 1 and there exist C > 0,hg > 0
such that for every h < hg,every a € (0,1), and every u € L*(M) we have

o 1
(3.7) IX(V=2g = Null p2(ngpir2) < Cfllullp2ary, A= 7
where x(\/—Ag = MNu =3 ";cn X(Aj — Ny if u= 3N ¥j-
Proof of Proposition 5.1 assuming Proposition 5.2. There exists 6 = 7 > 0 and ¢ > 0 such

that x(t) > c for every t € [—6,d]. Now let £ = {j € N : \; € [\, A +5)} and set TI{u =
> jer j- On E we have x(A\j — A) > ¢ > 0 therefore we can erte

1g(j)
xX(Aj —A)

u = x X(v/—Ag —A)oRu

where R is continuous from L?(M) to itself with norm bounded by % Therefore assuming
Proposition 3.2 we can write

1e(j) = x(\j =)

It follows that

C
(3.8) TS ull L2 (Vo1 2y < Ca® || Rull 2ar) < —a%llullz2an)-
where the constants in the right are independent of . NOW since
{7: X eMNA+1)} = U {j Aj€AN+EGA+ (E+1)0)}
where the union is disjoint, one can write IIyu = ZN ! IT§ +ks- 1t follows from (3.8) that

IMxull p2(Np12) < €' lull p2ar
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which proves Proposition 3.1. U

It remains to prove Proposition 3.2. Until the end of this section ¢ will be a real number such
that

c=1ifk<n-3, o=1 ifk=n-2, U:% ifk=n-—1.

As before for every p € ¥* one can find an open neighbourhood Up of pin M, a neighbourhood

By of the origin in R" a diffeomorphism 6 from U, to By such that
3.9 (i) OU,NER) = {z = (24,25) € R* x R"*)N By : 23, = 0},
' (i) O(U, N Nap1/2) C Baj =: { € By : |zp| < ahz}.

Now ¥* and Nup1/2 for h small, are covered by a finite number of such open neighbourhoods
ile. N 1 C U2, Up,. We take a partition of unity relative to this covering i.e. ((;) € C°°(M)
(03

with supp ¢; € Up; and 2321 ¢j = 1 in a fixed neighbourhood O of ¥ containing Nap1/2. For
p € O we can therefore write

(3.10) X(V=Ag = Nu(p) = > x(v=84 = ) (Gu)(p).
=1

Our aim being to bound each term of the right hand side, we shall skip the index j in what
follows. Moreover we shall set for convenience

xXa = X(v/ =4y = A).

We shall use some results by Sogge (see also [15, Theorem 4]).

Theorem 3.3 ([38, Lemma 5.1.3]). There exists x € S(R) such that x(0) = 1 and for any
po € XF there a diffeomorphism 6 as above, open sets W C V = {x € R" : |z| < &}, a
smooth function a : Wy x Vy X Rj — C supported in the set

{(z,y) e W x V: |z| < cpe < cre < |y| < e < 1}

satisfying
Va € N*",3C, > 0: YA > 0,05 a(z,y,\)| < Ca,

an operator Ry : L*(M) — L* (M) satisfying
[Rawlpee(ary < Cllull L2y,
such that for every x € U = W N {x : |z| < ce}, setting & = Cuo 0~ we have

n—1

(3.11) (Cu) () =12 /ev MED alz,y, Aa(y) dy + (Ra(Cu)) (07" ()

where Y(z,y) = —dg((071(x)), (07 (y))) is the geodesic distance on M between 0~ (z) and
0=1(y). Furthermore the symbol a is real non negative, does not vanish for |x| < ce and

dg((071()), (07 (1)) € lese, cael.

Let us set

(3.12) Taie) = / N (., Nii(y) dy.
yeVv
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It follow from (3.11) that

net,
(3.13) Ixa(Cu)ll2 (v, ) < A2 Tl L2, ) + IRACW N L2 (N, )

Let us look to the contribution of R). Since (see (3.9)) the volume of Nypt/2 is bounded by
C(ah%)"*lg we can write

n—k
IRACW) | p2(wapir2) < C(@h?) "2 [Ra(Cu)l e (2 <C(ah2) 2 Jull2(ary-

If k=n—1 we have a3 = o and if 1 <k<n-—2wehave a2 N < a. Therefore we get
(3.14) IRACUW N £2(Nap1/2) < CaZllullp2(ary-

According to (3.13) Proposition 3.2 will be a consequence of the following result.
Proposition 3.4. There exists positive constants C, Ny such that

(3.15) NT | Taitl 2(s, ) < Collull g2an)

for every A > Ao and every u € L*(M).

Proof of Proposition 3.4. Set Sy = T\T," and denote by 1p the indicator function of the set
B h- By the usual trick (3.15) will be a consequence of the following estimate.

n— g 1
(3.16) HlBS)\lBUHL2(Rn) S Ch 1a2 H’UHL2(R")7 h = X
Let KCx(x, 2’) be the kernel of Sy. By (3.12) it is given by
(3.17) Ka(oa) = [ NV Dlata,y Na(a', y. ) d.

We shall decompose
Ky = K} + K3,
Ky = 1{|xfx’|<l}lc>" KX = 1t clomwrizyKn

&_Zg,sf /wxx ") da!

7j=1

(3.18)

and treat separately each piece.

3.3. Estimate of S{. When |z — 2’| < 1 the kernel K, is uniformly bounded. Therefore
K| < Clyj;_y|<1y> S0 by Schur lemma We have
— A

1830l p2rny < CR™M vl 2Ry
Therefore
(319) ||1BS}1\1BU||L2(RTL) S Chhn_lnanQ(Rn).

Now writing @ = (24, 75) € R¥ x R"7*, 2/ = (2, 2}) € R¥ x R""*, we have

1830 (-, ) || 12 (my SC/ Lzt |<h} / 1 {wa—ar, | <n) V(20 3,) da,
Rn—k Rk

dx},.
L2(RFk)
11



Again by Schur lemma we get
1830l oo (R 12(RE)) < CthUHLl(R”*’“,L%Rk))'
We deduce that
11683150l 2y < Clah®)" ™ h 0] 2 (gen)-
This estimate can be rewritten as
(3:20) 158X B[l 2@ < Ca® 0™ ¥ 270" +k||UHL2(Rn)-
Now if b2 < o we use (3.19) and we obtain
118S\180| 2Ry < Ca®h™ o]l 2w
If a < h? we use instead (3.20). Since n — k — 20 > 0 we can write

1 N—K—40 1 n— g1NnN—o
< Ca? b2 (k=200 T (0 RITE 1y || o gy = CA® R ||| p2(rey

S CO&QU}‘Lnil ||UHL2(Rn) .

1188\150| 2R

Therefore in all cases we have

(3.21) 11583 150] 2@n) < Ca® B Yo 2.

3.4. Estimate of Si. To complete the proof of Proposition 3.1, the strategy is the following:
we first decompose the kernel /Cf\ (and hence the operator 7,7y) into pieces corresponding
to |z —a'| ~27,5=0,...,J =log()\)/log(2), and bound separately the contribution of each
piece. We then use quasi-orthogonality and rescalling arguments to reduce the analysis to
estimating operators with kernels of the type

eV XXy (X — X')a(279X, 279 X \),

where y1; = A277, o € C§°(R") is supported in a shell {1 < |X| < 2}, and Jj are phases de-
pending nicely on j as a parameter (they are asymptotically close as j — 400 to the euclidean
distance | X — X'|). Finally, we can apply to these operators a version of a classical lemma (see
Theorem A.2) allowing to bound the operator norm of such operators with oscillatory kernels,
assuming a lower bound on the rank of the differential of the phase (see Theorem A.4).

Our starting point is the description of the kernel K given in [15].

Lemma 3.5 ([15] Lemma 6.1). There ezists ¢ < 1, (api,bp)peN € C*R" x R" x R) such
that for |x — 2’| 2 A\~ and any N € N* we have

N-1 iz)u/}:vz)

(3.22) Ky(z,2') = Z a;t(:z‘,a:', A) +bn(z, 2’ N,
+ p=0 )\|ZL‘—I'/’ 7-&-}7

where ¥(z,2') is the geodesic distance between the points 6= (z) and 6~'(2). Moreover a;,t
are real, have supports of size O(e) with respect to the two first variables and are uniformly

bounded with respect to X. Finally

o (z, 2, \)| < On( Az — !|)~ TN,
12



Recall that Ky is the kernel of 7,7, and notice that the description of the kernel of T
given in [38, Lemma 5.1.3] which was of course an important point for the analysis in [15]
would not be sufficient for our purpose, as we shall perform later yet another T argument
(one never has enough of a good thing), using the partial non-degeneracy of the phase below
(see Theorem A.2). In particular, in the stationary phase argument leading to (3.22), the

identification of the critical points (and hence the two critical values of the phase, +¢(x, z’)
is of crucial importance for our analysis below.

We cut the set §+ < |z — 2/| < £ into pieces
1 .
o —a'|~27, S <27 <

and we estimate the contribution of each term. According to Lemma 3.5 we are lead to work
with the operator

Ajv(z) = /kj(x,:r’,)\)v(ac')dx’

where
B N-1
(3.23) kj(z, 2/, \) = (A277) T xo(2 (2 — )M (@) D A Pay(x, 2l N).
p=0

Now there exists x € C*°(R") such that suppxy C {z : |z| < 1}, x(z) = 1 if |z| < § and
Z x(z —p) =1,V € R

We now write

(3.24) =
kipa(2,2', %) = (2w = p)kj(w, 2, x (272" — q)

and we denote by Aj,, the operator with kernel k;p,.
Notice that the sum appearing in (3.24) is to be taken only for |p — ¢| < 2.

We claim that by quasi orthogonality in L? we have

(325) HlBA 1BHL2 Rn)_>L2(Rn) < C| su|p< HlBAqulBHL2 Rn)_>L2(Rn)
p—q

Indeed let us forget 1 which plays any role. We have
Aol omey = >, D / ipalX(2 - —@)v)(2) Ajyr g X2 - —¢)0] () dz
lp—a|<2 |p'—q'|<2

where X € C§°(R"), X = 1 on the support of x and 7. [X(z — p)]? < M,Vz € R"™. Due to
the presence of x(2/z — p), x(2/z — p’) and xo(2/(x — 2’) inside the above integral one must

also have |p — p/| < 2 in the sum. Therefore we are summing on the set £ = {(p,q,p’,¢) :
p—ql <2,[p—p'[ <2,|p" — ¢'| <2}. We have

EcE ={(p.a.0.d): lp—al <2,]p' —q| <4,]¢' — q| <6},

ECE ={pq¢r.d): I —d1<2,p—d|<4,|q¢—4¢| <6}
13



It follows from the Cauchy-Schwarz inequality that ||A;v||z2rn) can be bounded by

1 . 1
(D2 I AipallFems IR - =0l ey " (D2 Mg o 21X - =)ol 3 )
E1 E2

and therefore by the choice of X by C'sup,_g <5 |’AJPQ‘|%2(RW)—>L2(Rn)HU”%?(RH) which proves
our claim.

Now let us consider the operator @, defined by

Qjpgv(X) :/R" aqu(X,X',)\)v(X’)dX'

Uij(Xv Xl? )‘) = X(X - p)kj(zij)g 27jX,, /\)X(X/ - Q).

(3.26)

Then by the change of variables (z = 277X, 2’ = 277 X’) we can see easily that

(3.27) 112 BQjpglaipvllL2@n) < Kj|vllL2mn) implies
(3.28) 118 Ajpql V| L2®n) < 277" Kj||v]|L2Rr).-
Setting

(3.29) =27, (X, XT) = 204277 X, 270 X),

we deduce from (3.23) and (3.26) we have

n—1

Cipa(X, X' A) = 7 7 @B XX (X — )y (X — q)xo(X — X)
(3.30) -1 . )
Y A TPa, (270X, 279X 0.
p:

We shall derive two estimates of the left hand side of (3.27). On one hand using Theorem
A.4 with p =k — 1 we can write,

1 . n—k
125 5@jpglai vl L2mmy < Clah22) = [|Qjpgloi BVll oo (my* ., L2RY )

B I Y = |
< Cuy * (ahz22) 7 p; 2 |Laipoll ymp+ R, 2@®E 1))

—1

_n 1 iim _ k-1
< Cp; T (@b 7 ol g
We deduce from (3.28) and (3.25) that

n—
2

1 me—kei(n=k_
(3.31) 115A;1pv]|2mny < CA" a7 F2TC 7D ]| 2Ry,

On the other hand using Theorem A.2 with p =n — 1 we can write

n—1 n—1

M;THUHL%RH),

112 5Qijpgl2i 50l L2®m) < 1QipgleipvllL2rry < Ctj 2

from which we deduce using (3.28) and (3.25) that

(3.32) 11pA;1pv||f2@ny < C277(270)" " < CR™ 1277,
14



Recall that we have S} = Y.y A; where E = {j : 1 <27 < A}. Then we write

JEE

1BS§1B’U = Z 1BAle’U + Z 1BAle’U = (1) + (2), where

(3.33) Jek Jep:
1 , .
Ei={j:-<2<a?}, FB={j:a?<2 <AL
5
To estimate the term (1) we use (3.31). We obtain
_ _ sin—k
(1) 2mny < CR™ Ta™F Z 21"z 1)HUHL2(R”)-
JjE€EEL
Then we have three cases.
If 2% — 1> 0 that is if k < n — 3 then
n—1_n—k 1 nTikil n—1_2
IOz < CR" e F (=) lollpaey < O[]l p2qmn)-

If 25k — 1 =0 that is if k = n — 2 then
1D z2ny < Ch"a? log(a™Y)||v] 2 (me)-
If k=n—1 then
(Dl 2@y < CR" M 277 ol 2wy < OB alol| p2gmm)-
j=0
To estimate the term (2) we use (3.32). We obtain
1) 2@mny < Chn*l@QH”HL?(Rn)-
Using these estimates and (3.33) we deduce
(3.34) HlBsng’UHL%Rn) < COJQUhnilH’UHL%Rn)
Whereazlifkrgn—S,U:l_ifk‘:n—2,0’:%ifk‘:n—1. O

Gathering the estimates proved in (3.21) and (3.34) we obtain (3.16) which proves Proposition
3.4 and therefore Proposition 3.1. The proof of Theorem 1.1 is complete.

APPENDIX A. SOME TECHNICAL RESULTS

A.l. A lemma.
Lemma A.1. Let w € C*®(M) be a solution of the equation (h*A, + 1)w = F Then

a’y
1wl L2vgrzy < C7=(IFllz2n) + 1wllz2ar)

where'yzéifk:n—l,yzliflgkgn—z
15



=

Proof. Setting ||V w||p2(ar) = (fM 9p(Vgw(p), Vow(p )) dvg(p )) * we deduce from Lemma 2.1
and from the equation that

hlIVgwllzzan < C(IF | L2 + 1wl z2an))
h? HAngm(M) < 1M e2ary + [lwll 22 (ary-
Now setting w; = (¢jw) o 07! (see (3.10)), we have

(A1)

no no

(A.2) w2 (vanirzy < D NGWlL2vanrzy < C > @il 25, 0)-
j=1 j=1

For fixed j € {1,...,n0} we deduce from (A.1) that

(A.3) hH@jHﬂl(Ba,h) + hQH@'HH?(Ba,h) < C(HFHL2(M) + HwHL2(M))>
from which we deduce that for € > 0 small
(A.4) W @il e < CUF 2 + lwll 2 ) -
Using the Sobolev embeddings H!(R) C LOO(R) and H'*(R?) C L*®(R?), the fact that
Bon C{z = (wa, ) € RF x R"F 1 |7] < ah2} and (A.3), (A.4) we obtain
1
lwjllz2(B..,) < (ahz)2 W0l (B ) < o= (||FHL2 wmy + lwllezan),  ifk=n-1,
- 1o .
lwjllz2B, ) < ahz||wjlmi+ep, ,) < C+ (HFHL2 wmy +llwllzan),  ifk<n-—2

Lemma A.1 follows then from (A.2). O

A.2. Stein’s lemma. In this section we prove a version of Stein Lemma [43, Chap 9, Propo-
sition 1.1]. For A > 0 we consider the operator

(A.5) TMu(E) = / M) (X, 2, Nu(X) dX
where ¢ : R” x R® — R is a smooth real valued phase and a a smooth symbol.

We shall make the following assumptions.

(H1) there exists a compact K C R" x R" such that suppyza C K, VA >0,

(H2) rank( ¢ (X :)) >pe{l,...,n},V(X,E) ek
0X;0=; " " 1§i,j§n_p v b = :

Our purpose is to prove the following result.

Theorem A.2. Under the hypotheses (H1) and (H2) there exists C > 0 such that

_bp
1T | g2y < CA”2 ||ull p2(ro)
for every A > 0 and all u € L*(R™).

Remark A.3. We shall actually apply Theorem A.2 for a family of phases ¢; and symbols
a; converging in C* topology to a fixed phase ¢ and symbol a and use that in such case the
estimates are uniform with respect to the parameter j, which will be a consequence of the
proof given below.

16



Below we shall prove a slightly stronger result.
First of all by the hypothesis (H1), using partitions of unity, we may assume without loss of
generality that with a small € > 0
suppyza C Vo, = {(X,E) e R" X R" : |[X — Xo| + [E—Eo| <}, po = (Xo,E0).
Moreover changing if necessary the orders of the variables we may assume that near pg
X = (xay) € R” x Rnipv E= (5777) ERP xR"™P
and for all (X,E) € V,, the p x p-matrix

- ¢ =
(A.6) Mp(X, ) = (8xi8§j &, H)) 1<i,j<p

is invertible with || M,(X,Z)7| < co.

Then we have

Theorem A.4. There exists a positive constant C such that for every A > 0 we have
A _r
Tl e v 2y < CA 2 el g —r 2wt

for all w € LY (R, ™7, L*(RE)).
Theorem A.2 follows from Theorem A.4 using (H1) and Holder inequality.

Proof of Theorem A.J. Let us set for (y,n) € R"P x R"™P
(A7) ¢(y,n)(x7€) = ¢(x7y7§7 77)7 QA(y,m) (1775) = a(x7y7€777)7 uy(x) = u(a;, y)7

(AS) T()?‘%n)uy(f) = /1;{17 ei/\(ﬁ(y»’f}) (x’g)a(y,n) (1‘7 §)uy(a}) dfl?
Then we have
(A.9) T Mu(E) = /R . T(*y,n)uy(g) dy.

We claim that there exists C' > 0 such that for every (y,n) € V{y, n,) We have

(A.10) HT(\M)UyHH(Rg) < OA"2|luyl|p2grey VA > 0.
Assuming for a moment that (A.10) is proved we obtain
A A -z
1T u(, Ml 2me) < /Rnp T3y my sl L2y dy < CA™> s [uC, 9l L2 me) dy

which implies immediately the conclusion of Theorem A.2.

The claim (A.10) follows immediately from the proof of the Proposition in [43, Chapter IX,
Section 1.1, p. 377-379]. However, for the convenience of the reader, we shall give it here.

For simplicity we shall skip the subscript (y,7), keeping in mind the uniformity, with respect
0 (Y,m) € Viyon)» Of the constants in the estimates. Therefore we set

A
Sx = T(y,n)’ Plym) = U5 b= agyy.
17



It follows from (A.6) that the matrix

824
N(:L'vé.) = (M(x7£)) 1<i,j<p

is invertible and || N (z,&)7!|| < ¢ where ¢g is independent of (y,7). Now by the usual trick
the estimate (A.10) is satisfied if and only if we have

(A.11) [SXS3fll2mry < CATP([ fllL2(mr)

with C independent of (y,n). It is easy to see that

(A12) SS36) = [ K&
p

with

K6€) = [ Mo, o, ¢) do.

Let us set (e
n _ -1 S
C(J"aé)é—)_N(I7§) |§7£,|
Then we can write
(A.13) o(x,€,&) - Vper W@ =v@L) — AW@O=V@N A (2, €, ¢
where
- (O .
A(ZL‘,&,& ) = j;cj(x7£>£ )(aixj(x7£) - aixj(xvg ))a
=2 o880 (5,5 (006 = &) + Ol =&P).

J,l=1
= (N(@,9e(@,6,¢),6 = &) + O = €1°) = ¢ = |+ Ol = €',
where O(|¢ — ¢'|?) is independent of (y, 7). Since b has small support in ¢ we deduce that
Moreover since the derivatives with respect to z of N(x,£)~! are products of N(x,£)~! and

derivatives of N(z,€), we see that all the derivatives with respect to x of A(x,&, ) are
uniformly bounded in (y,n) near (yo,n0). Let us set

1 !
L= Wc(l‘,f,g ) . Vm

It follows from (1.4) and the fact that b has compact support in z that for every N € N we
can write

K(,¢) = /R ) A @O=V@O) ()N b(z, €)b(x, )] da.

We deduce from (A.14) that for every N € N there exists Cy > 0 independent of (y,7n) such
that

Cn
K(& &) < :
&= N —enw
Taking N > p we deduce from (A.12) and Schur lemma that (A.11) holds with a constant C
independent of (y,n). This completes the proof. O

18
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Lemma A.5. Letd > 1, § € R and ¢o(x,2') = (Zc-l (zj — 2})* + 0%)%. Let M =

J=1
9?90 / )
T, . Then
(8xj8x;€( ’ ) 1<jk<d

(i) if 6 #£0 M has rank d  for all z,2’ € RY,
(ii) if =0 M has rank d — 1 for x # 2’

Proof. (1) A simple computation shows that

/

J
po(x,z')
where ¢;;, is the Kronecker symbol. For A € R consider the polynomial in A

F(X) = det ( — ik + )‘ijk)lgj,kgd

n—1 xj -7
M = (pg(x,x ) <_5jk + ijk), wj =

We have obviously F(0) = (—1)%. Now denote by C;()\) the j* column of this determinant.
Then

d
'(A) = det (C1(N), ..., CL(N), ... Ca(N).

Since det (C1(0), ..., C(0),...Cq(0)) = (—1)4-1 2 we obtain F’(0) = (—1)4~1 Z;.lzl wJQ-. Now
Cj(A) being linear with respect to A we have C7 ()\) = 0. Therefore

d
F'O)=>" > det (CL(A),...,Cj(N),...,Cr(N), ..., Ca(N)).

=1 k=1kj
Since C}(\) = wj(wi,...,wq) and Ck( ) = wi(wi,...,wg) we have F”(X\) = 0 for all A\ € R.
It follows that F'(\) = ( 1)4(1 — AZ] 1 ]) Therefore

52
det M = 41— —— #0
‘ Zw 900(1»‘,96’)2 7
(i1) Since x — 2’ # 0 we may assume without loss of generality that wy # 0. Set
A= ( — 5jk + ijk)lgj,kgdfl'

Introducing G(\) = det ( — d;x + Awjwy) the same computation as above shows that

1<5,k<d—1

det A = Zw —1)% 12 £ 0.
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