RESONANCE EXPANSIONS IN SEMI-CLASSICAL PROPAGATION

NICOLAS BURQ AND MACIEJ ZWORSKI

1. Introduction and statement of results

Resonances, or scattering poles, are complex numbers which mathematically describe metastable states: the real part of a resonance gives the rest energy, and its imaginary part, the rate of decay of a meta-stable state. They appear in many branches of physics, chemistry and mathematics, from molecular dynamics to automorphic forms – see [12] for a general introduction (and [5, Sect.1] for a somewhat different point of view).

The purpose of this note is to present an expansion of a semi-classical propagating state in terms of resonances close to the real axis. Since inverse of the distance to the real axis gives the life-span of a resonance, the times at which the expansions are valid have to be large enough to eliminate the contribution of other resonances (see the remark at the end of Sect.3). Our method also gives an expansion of scattered classical waves in terms of scattering poles close to the real axis. This expansion is weaker than the expansion presented in [11] but the advantage is that it does not depend on any hard to verify conditions (which was the case in [11]).

Our semi-classical results are applicable to Schrödinger or wave equations for long range “black box” perturbations [6] – see Sect.2 for a review of definitions. A typical operator to keep in mind is P (h) = −h^2Δ + V (x), where |V (x)| ≤ C|x|^{−ϵ}, ϵ > 0 is analytic in a complex conic neighbourhood of infinity (in this case R_0 in the theorem below can be taken to be 0). We denote by Res(P ) the set of resonances of P (h), that is the set of poles of the meromorphic continuation of R(z, h) = (P (h) − z)^{−1} from Im z > 0 to the lower half-plane.

Theorem 1. Let P (h) be an operator satisfying the assumptions of Sect.2 and let χ ∈ C^∞_c (R^n ) be equal to one on a neighbourhood of B(0, R_0). Let ψ ∈ C^∞_c ((0, ∞)) and let chsupp ψ = [a, b]. We put μ(z) = z or √ z, with the convention that √ z > 0 for z > 0. There exists 0 < δ < c(h) < 2δ such that for every M > M_0 there exist L = L(M) and d(h), d(h)h^{−M} = 1 + O(h) , and we have χe^{−itμ(P )/h}χψ(P ) = ∑ z∈Ω(h)∩Res(P) χRes(e^{−itμ(•)/h}R(•, h), z)χψ(P ) + O_{H→H}(h^∞) , for t > h^{−L} , Ω(h) = (a − c(h), b + c(h)) − i[0, d(h)) , (1.1)

and where Res(f(•), z) denotes the residue of a meromorphic family of operators, f, at z.

The functions c(h) and d(h) depend on the distribution of resonances: roughly speaking we cannot “cut” through a dense cloud of resonances. Even in the very well understood case of the modular surface [1, Theorem 1] there is, currently at least, the need for some non-explicit grouping of terms. This is eliminated by the separation condition [11, (4.4)] which however is hard to verify.

The method of proof is a direct consequence of earlier work of Tang and the second author, which in turn draws heavily from the work of Melrose, Sjöstrand, and Stefanov-Vodev – see [10],[11] and the references given there. The dynamical nature of resonances was emphasized early 1

by Lax and Phillips [3] and their celebrated semi-group still provides the most elegant connection between the stationary and dynamical definitions. In practice, that is, when evolution equations are being considered, the semi-group methods provides expansions in non-trapping situations only – see Sect.3 of [11] for a review of Vainberg’s direct proof.

The time dependent theory of resonances has also been investigated recently in [5] and [9]. The difference here lies in considering many resonances at high energies rather than time dependent theory of a single resonance obtained by perturbing an embedded eigenvalue. In the energy régimes at which molecular reactions take place there are normally many resonant states and it is their contributions to the propagation of a state that seems to be of interest – see [4] and references given there. The random matrix method is one of the tools used in transition state theory and it still remains inaccessible in rigorous work on quantum mechanics.

Ideas used in the semi-classical case provide an unconditional result in the case of the classical wave equation. Suppose that the operator P satisfies the assumptions of Sect.2 with h = 1. The wave group of P can be defined abstractly by

U(t) = exp ( 0 I P 0 ) = ( D_tU(t) U(t) D^2_t U(t) D_tU(t) ) with U(t) = i ( sin t √ P √ P ) (1.2)

As usual we define the iterated domain by D^L = (P + i)^{−L}H. (1.3)

Our result is slightly different depending on finer assumptions on P which we state as three cases:

Case 1 P |_Rn_{\B(0,R0)} = −Δ|_Rn_{\B(0,R0)} n odd Case 2 P |_Rn_{\B(0,R0)} = −Δ|_Rn_{\B(0,R0)} n even Case 3 P |_Rn_{\B(0,R0)} = Q|_Rn_{\B(0,R0)} any n

where Q is an elliptic operator close to the Laplacian at infinity – see (2.2) with h = 1.

Theorem 2. Let P be an operator satisfying the assumptions of Sect.2 with h = 1. Let χ ∈ C^∞_c (R^n ) be equal to one on a neighbourhood of B(0, R_0) and Ψ ∈ C^∞ (R) be an even function such that

Ψ (x) = 1 { for x ∈ R in cases 1 and 2 for x ≥ 1 in case 3

, Ψ (x) = 0 near 0 in case 3

(1.4)

For every M > M_0, there exist ϵ = ϵ(M) > 0, a function c(t) satisfying |c(t) − t^ϵ| ≤ C, and a curve, y = γ(x) > 0, such that γ(x)|x|^{−M} = 1 + O(|x|^{−1}) , and χU(t)Ψ( √ P )χ = ∑ Im λj >−γ(Re λj ) 1<| Re λj |<c(t) χRes(e^{−it•}R(•), λ_j )χ + E(t) + W (t)

λ^2_j ∈ Res(P ) , Im λ_j < 0 , ‖E(t)‖_DL_{→H} ≤ { C_M t^{K0 −ϵL} in cases 1 and 3 Ct^{−n+1} in case 2 ,

(1.5)

where K_0 is a fixed constant and L is large enough in case 2, and W (t) corresponds to the contribution from the pure point spectrum of P .

We note that when the algebraic multiplicity is equal to the geometric multiplicity we have Res(e^{−it•}R(•), λ_j ) = e^{−itλj} Res(R(•), λ_j ) , while in general, powers of t will appear in the expansion.

The term W (t) has the usual expression: W (t) = i ∑ μ_k ∈σ_{pp}(P ) χ sin(t √ μ_k) √ μ_k Ψ( √ μ_k)Π_{μk} χ , where Π_μ is the orthogonal projection on the eigenspace of μ.

2. Preliminaries To avoid the analysis of specific aspects of obstacle, potential, or metric scattering we work in the “black box” formalism introduced in [8] and generalized further in [6].

The operator we study acts on H, a complex Hilbert space with an orthogonal decomposition H = H_{R0} ⊕ L^2(R^n \ B(0, R_0)) , where R_0 > 0 is fixed and B(x, R) = {y ∈ R^n : |x − y| < R}.

The corresponding orthogonal projections are denoted by u|_{B(0,R0)} and u|_Rn_{\B(0,R0)} or by 1l_{B(0,R0)}u and 1l_Rn_{\B(0,R0)}u respectively, where u ∈ H.

We work in the semi-classical setting and for each h ∈ (0, h_0], we have P (h) : H −→ H with the domain D, independent of h, and satisfying 1l_Rn_{\B(0,R0)}D = H^2(R^n \ B(0, R_0)) uniformly with respect to h (see [6] or [10] for a precise meaning of this statement).

We also assume that 1l_{B(0,R0)}(P (h) + i)^{−1} : H −→ H_{R0} is compact ,

(2.1) 1l_Rn_{\B(0,R0)}P (h)u = Q(h)(u|_Rn_{\B(0,R0 )}), for u ∈ D , (2.2) where Q(h) is a formally self-adjoint operator on L^2(R^n ) given by Q(h)v = ∑ |α|≤2 a_α(x; h)(hD_x)^αv for v ∈ C^∞_0 (R^n )

such that a_α(x; h) = a_α(x) is independent of h for |α| = 2, a_α(x; h) ∈ C^∞_b (R^n ) are uniformly bounded with respect to h, here C^∞_b (R^n ) denotes the space of C^∞ functions on R^n with bounded derivatives of all orders, ∑ |α|=2 a_α(x; h)ξ^α ≥ (1/c)|ξ|^2, ∀ξ ∈ R^n , for some constant c > 0, ∑ |α|≤2 aα(x; h)ξ α −→ ξ^2 uniformly with respect to h as |x| → ∞.

The meromorphic continuation is guaranteed by the following analyticity assumption: there exist θ ∈ [0, π), ϵ > 0 and R ≥ R_0 such that the coefficients a_α(x; h) of Q(h) extend holomorphically in x to {rω : ω ∈ C^n , dist(ω, S^n) < ϵ, r ∈ C , |r| > R, arg r ∈ [−ϵ, θ_0 + ϵ)} with ∑ |α|≤2 aα(x; h)ξ α −→ ξ^2 uniformly with respect to h as |x| → ∞ remains valid in this larger set of x’s.

We use P (h) to construct a self-adjoint operator P^♯(h) on H^♯ = H_{R0} ⊕ L^2(M \ B(0, R_0)) as in [8] where M = (R/RZ)^n for some R ≫ R_0. Let N(P^♯(h), I) denote the number of eigenvalues of P^♯(h) in the interval I, we assume N(P^♯(h), [−λ, λ]) = O((λ/h^2)^{n♯/2}), for λ ≥ 1 , (2.3) for some number n^♯ ≥ n.

Under the above assumptions on P (h), the resonances close to the real axis can be defined by the method of complex scaling (see [6] and references given there). They coincide with the poles of the meromorphic continuation of the resolvent (P (h) − z)^{−1} from Im z > 0 to a conic neighbourhood of the positive half axis in the lower half plane. The set of resonances of P (h) will be denoted by ResP (h) and we include them with their multiplicity.

The spectral assumption (2.3) implies (in a non-trivial way – see [6] and references given there) a bound on the number of resonances: let Ω ⋐ {z : Im z ≤ 0 , Re z > 0}, then # Ω ∩ Res(P (h)) ≤ Ch^{−n♯} , (2.4) where # denotes the number of elements counted according to their multiplicities.

We will need two lemmas which come from [10]:

Lemma 2.1. For any simply connected compact set Ω̃ ⊂ S_θ where S_θ = {z ∈ C : Max(−π, 2θ − 2π) < −argz < 2θ} (θ as in condition 3 of P (h)) and positive function g(h) ≪ 1 defined on 0 < h < h_0, there exist constants A = A(Ω̃) > 0 and h_1 with 0 < h_1 < h_0 such that ‖χ(P (h) − z)^{−1}χ‖_{H→H} ≤ Ae^{Ah−n♯ log 1g(h)} ∀z ∈ Ω̃ \ ⋃ z_j ∈ResP (h)∩Ω̃D(z j , g(h)) for h < h_1, where χ ∈ C^∞_0 (R^n ) with χ = 1 near B(0, R_0), and D(z_j , g(h)) = {z ∈ C , |z_j − z| ≤ g(h)} . This is a generalization of earlier results on bounds on the resolvent in the non-physical plane (see [10] and references given there, and [11, Proposition 4.1] for a direct proof in a simpler setting), and is based on the work of Sjöstrand [6].

The second lemma is the “semi-classical” maximum principle (see [11, Lemma 4.1]): Lemma 2.2. Fix an integer n^♯ and let 0 < h < 1. Suppose F (z, h) is a family of holomorphic function (in z) defined in a neighbourhood of Ω(h) = [E(h) − 5h^{k̃}, E(h) + 5h^{k̃}] + i[−4h^{k+n♯+2}, 4h^{k+1}] for k > n^♯, k̃ ≤ k − n^♯, and a real number E(h). If F (z, h) satisfies |F (z, h)| ≤ Ae^{Ah−n♯ log 1h} on Ω(h) |F (z, h)| ≤ 1 Im z on Ω(h) ∩ {Im z < 0}, then, there exist h(k) > 0 and C > 0 such that |F (z, h)| ≤ C h^{k+n♯+2} for z ∈ Ω̃(h) = [E(h) − h^{k̃}, E(h) + h^{k̃}] + i[−2h^{k+n♯+2}, 2h^{k+n♯+2}]

(2.5)

A direct consequence of these two lemmas is the following

Lemma 2.3. Suppose that the operator P (h) has no resonances in Ω(h) = [E(h) − 5h^{k̃}, E(h) + 5h^{k̃}] + i[−4h^{k+n♯+2}, 4h^{k+1}] for k > n^♯, k̃ ≤ k − n^♯, and a real number E(h).

then, there exist h(k) > 0 and C > 0 such that |χ(P (h) − z)^{−1}χ| ≤ C h^{k+n♯+2} for z ∈ Ω̃(h) = [E(h) − h^{k̃}, E(h) + h^{k̃}] + i[−2h^{k+n♯+2}, 2h^{k+n♯+2}]

(2.6)

3. The semi-classical expansions For simplicity of presentation we assume that there is no point spectrum. The contribution of eigenvalues of P to (1.1) is immediate and the modification of the argument is clear.

Let us write R_±(z, h) = (P (h) − z)^{−1} , analytic for ± Im z > 0 , using the same notation for the meromorphic continuation. The spectral projection is then given by Stone’s formula:

dE_λ = (2πi)^{−1}(R_−(λ) − R_+(λ)) , and the left hand side of (1.1) can be rewritten as χe^{−itμ(P )/h}χψ(P ) = 1 2πi ∫_∞ 0 e^{−itμ(λ)}χ(R_−(λ) − R_+(λ))χdλψ(P ) . (3.1) We would like to deform the contour in this integral with some modifications necessary, as we would like to commute χ and ψ(P ), and as ψ ∈ C^∞_c ((0, ∞)).

As recalled in Sect.2, the number of resonances in [a−2δ, b+2δ]−i[0, δ] is bounded by O(h^{−n♯} ). Hence there exists c(h), 0 < δ < c(h) < 2δ , such that D(a − c(h), 2h^{n♯+1}) ∩ Res(P ) = D(b + c(h), 2h^{n♯+1}) ∩ Res(P ) = ∅ .

We construct an h-dependent function, ψ_h, satisfying, ψ_h ∈ C^∞(R) , supp ψ_h ⊂ [a − c(h) − h^{n♯+1}, b + c(h) + h^{n♯+1}] , ψ_h ≡ 1 on [a − c(h) + h^{n♯+1}, b + c(h) − h^{n♯+1}] .

(3.2)

We have the following slight modification of the standard almost analytic continuation lemma (see for instance [2, Sect.8]):

Lemma 3.1. The function ψ_h satisfying (3.2) can be extended to a function in C^∞(C ) satisfying

¯∂_zψ̃_h(z) = { O(| Im z/h^{n♯+1}|^∞) 0 if | Re z − a + c(h)| > h^{n♯+1} and | Re z − b − c(h)| > h^{n♯+1} (3.3)

We now introduce fixed cut-off functions ψ_i ∈ C^∞_c ((0, ∞)): supp ψ_1 ⊂ [a − 3δ, b + 3δ] , supp ψ_2 ⊂ [a − δ, b + δ] , ψ_1 ≡ 1 on [a − 2δ, b + 2δ] , ψ_2 ≡ 1 on [a − δ/2, b + δ/2] , .

(3.4)

We then rewrite the right hand side of (3.1) as 1 2πi ∫_∞ 0 e^{−itμ(λ)}χ(R_−(λ) − R_+(λ))ψ_h(λ)χψ(P )dλ + 1 2πi ∫_∞ 0 e^{−itμ(λ)}χ(R_−(λ) − R_+(λ))(ψ_1 − ψ_h)(λ) ((1 − ψ_2)(P )χψ(P )) dλ + 1 2πi ∫_∞ 0 e^{−itμ(λ)}χ(R_−(λ) − R_+(λ)) ((1 − ψ_1)(P )χψ(P )) dλ , (3.5)

and we claim that the two last terms give O(h^∞) contributions. For that we need the following lemma which comes essentially from Sect.4 of [6] (see also Sect.5 of [8] for a simpler version, and Sect.3 of [7]):

Lemma 3.2. Let χ, ψ, and ψ_i have the same properties as in (3.5). Then ⟨P ⟩^mψ_i(P )(1 − χ) = ⟨Q⟩^mψ_i(Q)(1 − χ) + O_{H→H}(h^∞) ⟨P ⟩^m(1 − χ)ψ(P ) = ⟨Q⟩^m(1 − χ)ψ(Q) + O_{H→H}(h^∞) , where Q = Q(h) is the same as in (2.2).

Hence to show that the last terms in (3.5) are negligible we observe that ⟨Q⟩^m(1 − ψ_j )(Q)χψ(Q) = O_{H→H}(h^∞) , which, in view of the support properties of ψ and ψ_j , follows from the semi-classical functional calculus (see Sect.8 of [2]). We needed the powers of ⟨P ⟩ to guarantee the convergence of the spectral measure integral on the real line.

We now deform the contour in the first term of (3.5) (see Fig. 1) using the Green formula and noting that in the support of ¯∂_zψ̃_h there are no poles of R_−(z, h) − R_+(z, h). Thus 1 2πi ∫_∞ 0 e^{−itμ(z)}χ(R_−(z) − R_+(z))ψ_h(z)χψ(P )dz = ∑ z∈Ω(h)∩Res(P) χRes(e^{−itμ(•)/h}R(•, h), z)χψ(P ) + 1 2πi ∫ Γ(h) e^{−itμ(z)}χ(R_−(z) − R_+(z))ψ̃_h(z)χψ(P )dz + 1 π ∫ ∫ e^{−itμ(z)}χ(R_−(z) − R_+(z)) ¯∂_zψ̃_h(z)χL(dz)ψ(P ) ,

(3.6)

where Ω(h) is as in Theorem 1, Γ(h) is the interval [a − 2δ, b + 2δ] − id(h) with the positive orientation, and L(dz) is the Lebesgue (dxdy) measure in C . Here d(h) = h^M (1 + O(h)) is chosen so that there are no resonances in [a − 2δ, b + 2δ] − i[d(h) − h^{M1} , d(h) + h^{M1} ], and that d(Γ(h), Res(P (h))) > h^{M2} , for some fixed M_2 (the constants M_1 and M_2 depend on M and n^♯). The existence of d(h) follows again from the polynomial upper bound on the number of resonances.

The last two terms of the right hand side of (3.6) are negligible. In fact, Lemma 2.1 and the choice of Γ(h) guarantee that χ(R_−(z, h) − R_+(z, h))χ = O_{H→H}(1)e^{h−K1} , where K_1 depends on M_2 and n^♯ only. Hence the integral over Γ(h) is bounded by exp(−th^M )e^{h−K1} = O(h^∞) , if t > h^{−L}, L > K_1 + M.

The last term on the right hand side of (3.6) is estimated using Lemma 2.3 as we recall that there are no poles in the support of ¯∂_zψ̃_h. Hence we bound the norm of the integrand by | Im z/h^{n♯+1}|^∞h^{−K2} . Since | Im z| ≤ h^M , this is O(h^∞) if M > n^♯ + 1.

Remark. As was observed by Laurence Nedelec, the method of proof of Theorem 1 easily allows replacing Ω(h) by ~Ω(h) = (a − c(h), b + c(h)) − i[0, d̃(h)) where d̃(h) = ϵ + O(h), 0 < ϵ < 1/C. That of course shows the expected fact that ∑ z∈~Ω(h)∩Res(P)\Ω(h) χRes(e^{−itμ(•)/h}R(•, h), z)χψ(P ) = O(h^∞) for t > h^{−L}. Again, without a separation condition on resonances, the bound is very unstable and the domains ~Ω(h) and Ω(h) have to be carefully chosen.

a b b + 2δ a − 2δ

h^{M+1} h^M support of ¯∂ψ̃_h Figure 1. The contour deformation in the semi-classical case (there are no resonances in the shaded region)

4. The expansions for the wave equation

In this section we come back to the classical case and assume that the operator P satisfies the asumptions of Sect. 2 for h = 1. As in the previous section we assume for simplicity that P has no point spectrum.

For C > 0 sufficiently large we write Ω̃ = {|Imz| < |Rez|^{−2}/C , |z| > 1}. In the classical case, Lemma 2.1 gives, by a scaling argument, the following estimates on the truncated resolvent: ‖χ(P − z)^{−1}χ‖_{H→H} ≤ Ae^{A|z|n♯ /2 log(1/g(1/|z|))} ∀z ∈ Ω̃ \ ∪_{zj ∈Res(P )∩Ω̃}D(z_j , g(1/|z|)) (4.1)

and for z_0 ≫ 1 if P has no resonances in the set

Ω(z_0) = [z_0 − 5|z_0|^{−k̃/2}, z_0 + 5|z_0|^{−k̃/2}] + i[−4|z_0|^{−(k+n♯+2)/2}, 4|z_0|^{−(k+n♯+2)/2}] then Lemma 2.3 gives |χ(P − z)^{−1}χ| ≤ C |z|^{(k+n♯+2)/2} for z ∈ Ω̃(z_0) = [z_0 − |z_0|^{−k̃/2}, z_0 + |z_0|^{−k̃/2}] + i[−2|z_0|^{−(k+n♯ +2)/2}, 2|z_0|^{−(k+n♯ +2})/2] .

(4.2)

In the case of the wave equation it is convenient to make the change of variables z = λ^2, with C \ [0, ∞ corresponding to Im λ > 0. We then write R(λ) = (P − λ^2)^{−1} and we now have a meromorphic continuation to a conic neighbourhood of R.

We are going to use the estimates (4.2) and (4.1) to perform a contour deformation in the integral: χU(t)(P + i)^{−L}Ψ( √ P )χ = i 2π ∫_{+∞} −∞ e^{−itλ}χR(λ)(λ^2 + i)^{−L}Ψ(λ)χdλ , t > 0 , (4.3) were we noted that the contribution of R(−λ) in the spectral projection can be eliminated by contour deformation when t > 0 – see [11, Sect.4]. We first consider case 1: odd dimensions and P = −Δ in the exterior of a (large) ball. Let is fix M > (k + n^♯ + 2)/2. In view of the estimate on the number of resonances, we can construct a smooth curve Γ̃ = {z = x + iγ(x) : x ∈ R} (4.4)

such that ∀x ∈ R, γ(x) > 0 and γ(x)|x|^{−M} = 1 + O(|x|^{−1}) (4.5) ∀z ∈ Γ̃, dist (z, Res(P )) > |z|^{−M} (4.6)

and such that the length of the part of Γ̃ lying between −x and x is smaller than 3x. This can be achieved by considering h_j = 2^{−j/2}, j ∈ N and scaling: for |x| ∈ [2^j , 2^{j+1}] the curve is obtained from the curve Im z = d(h_j ) constructed in the proof of Theorem 1. It is then enough to modify the curves slightly near each of the points x = 2^j in order to join them together.

Take ϵ > 0 to be fixed later. Using again the estimate on the number of resonances, there exists a function c(t) ∼ t^ϵ such that the operator P has no resonances in the balls D(±c(t), t^{−M} ). Now, we deform the contour in (4.2) to the following new contour: Γ = {z = x + iγ(x) : |x| < c(t)} ∪ c(t) × −i[0, γ(c(t))] ∪ {|x| ≥ c(t)} (4.7) = Γ_1 + Γ_2 + Γ_3

(4.8)

and we obtain c (t) ∼ t^ϵ γ (c (t)) ∼ t^{−εM}

Figure 2. The contour deformation in the classical case (for case 2)

(4.9) χU(t)(P + i)^{−L}χ = i 2π ∫ Γ_1 +Γ_2+Γ_3 e^{−itλ}χR(λ)(λ^2 + i)^{−L}χdλ + ∑ Im λj >−γ(Re λj ) | Re λj |<c(t) χRes(e^{−it•}R_−(•), λ_j )(P + i)^{−L}χ

The finitely many additional resonances appearing in (4.9) (compared to (1.5) – all of them near 0) give an exponentially small contribution. To obtain Theorem 2 it is now sufficient to control the error term given by the integral on the deformed contour. Let us consider first the contribution of Γ_1. We use (4.1) and get, for any f ∈ H, ‖ ∫ Γ_1 e^{−itλ}χR(λ)(λ^2 + i)^{−L}χdλf‖ ≤ ∫ Γ_1 e^{−αt|z|M} Ae^{A|z|n♯} dz‖f‖ ≤ ∫_{c(t)} −c(t) e^{−αtt−ϵM} Ae^{Atϵn♯} dz‖f‖ , α > 0 , (4.10) and for ϵ(M + n^♯) < 1, this term is decaying faster than any polynomial. We now fix ϵ < 1/(M + n^♯) and consider the contribution of Γ_2, where we use (4.2):

‖ ∫ Γ_2 e^{−itλ}χR(λ)(λ^2 + i)^{−L}χdλf‖ ≤ ∫_{γ(c(t))} 0 e^{−sαttϵM} |z|^{(k+n♯+2)/2} (1 + |z|)^L ds‖f‖ ≤ ∫_{2t}−ϵM 0 t^{ϵ(k+n♯+2)/2−ϵL}ds‖f‖ ≤ Ct^{ϵ[(k+n♯+2)/2−L]}‖f‖ .

(4.11)

This is exactly the decay stated in Theorem 2. For the contribution coming from Γ_3, we use the spectral calculus, to obtain ‖ ∫ Γ_3 e^{−itλ}χ(R(λ) − R(−λ))(λ^2 + i)^{−L}χdλf‖ ≤ sup_{Γ3} |λ^2 + i|^{−L}‖f‖ ≤ 1 t^{ϵL} ‖f‖ , (4.12)

where (see [11, Sect.4]) we can insert the term R(−λ) and use the bounds on the spectral projection.

To deal with case 2, that is with n even, we have to modify our argument because the resolvent has a branching point at λ = 0. Hence we have to deform the contour which near 0 is equal to {z = x − iβx, x ≥ 0} ∪ {z = x + iβx, x ≤ 0}, for β small (4.13) and to use the usual estimates for the resolvent near 0: ‖χR (z) χ‖ ≤ C_{a,b}|z|^{n−2}| log(z)| (4.14) in any sector arg z ∈ [−a, b].

To deal with the general case, we consider an almost analytic extension of the function Ψ, ~Ψ such that ¯∂ ~Ψ is supported in a set where P has no resonances. We deform (4.3) to a contour which for |z| > 1 is the same as before, and for |z| < 1 it is as in Fig. 3. By Stokes’s formula we 0

support of ¯∂ ~Ψ

~Ψ = 1 ~Ψ = 0

~Ψ = 1

Figure 3. The contour deformation in the “black box” case

get exactly the same contributions as in case 1 (since near 0, ~Ψ = 0) with an additional term i 2π ∫ Ω ¯∂ ~Ψ (z) e^{−itλ}χ(R(λ)(λ^2 + i)^{−L}χdL (z) (4.15)

where Ω is the domain between the real axis and the new contour (in shadedin Fig. 3). Using that ¯∂ ~Ψ (z) = O (| Im z|^∞), we obtain that this last term is O (t^{−∞}) (in the energy norm).

Finally, we point out that the remark made at the end of Sect.3 applies also in the classical case: we can sum over resonances in a larger region but the additional contribution can be absorbed into the error term E(t).

Acknowledgments: The authors would like to thank the National Science and Engineering Research Council of Canada and the France-Berkeley Fund for partial support. The research of the second author was partially supported by the National Science Foundation of the U.S. We would also like to thank Laurence Nedelec for her comments on the first version of the paper.

References

[1] Christiansen, T. and Zworski, M., Resonance wave expansions: two hyperbolic examples, preprint, 1999, to appear in Comm. Math. Phys.

[2] Dimassi, M. and Sjöstrand, J., Spectral asymptotics in the semi-classical limit, LMS Lecture Series, Cambridge University Press, 1999.

[3] Lax, P. and Phillips, R., Scattering Theory, Academic Press, 2nd edition 1989.

[4] Peskin, U., Reisler, H., and Miller, W.H., On the relation between unimolegular reaction rates and overlapping resonances, J. Chem. Phys. 101 (11) (1994), 9672-9680.

[5] Merkli, M., Sigal, I. M. A time-dependent theory of quantum resonances. Comm. Math. Phys. 201 (1999), 549–576.

[6] Sjöstrand, J., A trace formula and review of some estimates for resonances, in Microlocal analysis and spectral theory (Lucca, 1996), 377–437, NATO Adv. Sci. Inst. Ser. C Math. Phys. Sci., 490, Kluwer Acad. Publ., Dordrecht, 1997.

[7] Sjöstrand, J., Resonances for bottles and trace formulae, preprint, 1998, to appear in Math. Nachrichten. [8] Sjöstrand, J., and Zworski, M., Complex scaling and the distribution of scattering poles, Journal of A.M.S., 4(4)(1991), 729-769 [9] Soffer, A. and Weinstein, M. Resonances, radiation damping and instability in Hamiltonian nonlinear wave equations. Invent. Math. 136 (1999), 9–74.

[10] Tang, S.H. and Zworski, M. From quasimodes to resonances, Math. Res. Lett., 5(1998), 261-272 [11] Tang, S.H. and Zworski, M. Resonance expansions of scattered waves, preprint 1999, to appear in Comm.

Pure Appl. Math.

[12] M. Zworski, Resonances in physics and geometry. Notices Amer. Math. Soc. 46 (1999), 319–328.

Université de Paris-Sud, Orsay E-mail address: Nicolas.Burq@math.u-psud.fr

Department of Mathematics, University of California, Berkeley E-mail address: zworski@math.berkeley.edu