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Abstract

The purpose of this note is to extend to any space dimension the bilinear estimate for eigenfunctions of the Laplace
operator on a compact manifold (without boundary) obtained in [1] in dimension 2. We also give some related
trilinear estimates.

Résumé

L’objet de cette note est de généraliser a toute dimension d’espace les estimations bilinéaires de projecteurs
spectraux de lopérateur de Laplace sur une variété compacte (sans bord), démontrées dans [1] en dimension 2.
On énonce aussi des estimations trilinéaires.

Version francaise abrégée

Soit (M, g) une variété riemanienne compacte, C* (sans bord) et A le laplacien sur les fonctions de M.
Nous avons obtenu précédemment ([1]) des estimées bilinéaires sur les projecteurs spectraux du laplacien
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dans le cas ol la dimension de M est 2. Le but de cette note est de généraliser ces estimées en toute
dimension d’espace :

Théoréme 0.1 Soit x € S(R). Pour A € R on note xx = x(vV—A — X) le projecteur spectral autour de
A. Il existe C tel que pour tous A\, u > 1, f,g € L>(M),

IXaf xugllz2ary < CA(d, min(X, w)[| fllz2 a9l 22 (ary,

avec .
v ifd=2
A(d,v) = VT log?(v) ifd=3
VT ifd > 4

De plus on a aussi pour tous \, i, v > 1, f, g, h € L>(M) ’estimation trilinéaire suivante :

Ay 3

-
I g Xkl z2any < c( ) 1 lmoon 9]z can bl o

max(A, y, V)
Si on applique ce résultat en choisissant pour f et g deux harmoniques sphériques sur la sphere S¢ on
obtient

Corollaire 0.2 I] existe C > 0 tel que si H, et Hy sont deuzx harmoniques sphériques de degrés respectifs
p et q plus grands que 1, on a

| HpHgllL2(say < CA(d, min(p, q))|| Hpll r2(say |1 Hgll L2 s (1)

La version linéaire de notre théoréeme (A = p = v), sans la perte logarithmique pour d = 3, est due
a Sogge [4,5,6]. En dimension 2, notre preuve dans [1] était inspirée par un travail de Hormander [3]
sur les opérateurs satisfaisant & la condition de Carleson-Sj6lin. Ici notre preuve est différente (méme
pour d = 2) et repose sur une bilinéarisation des arguments de [4,5,6] dans Pesprit de Stein [7]. Plus
précisément, apres diverses réductions, on se rameéne & établir deux estimées (micro)-locales linéaires sur
lopérateur. La premiere précise la continuité L? de l'opérateur, tandis que la seconde est fondée sur
Peffet dispersif. Le fait que dans la relation (1) la plus haute fréquence disparaisse complétement du
terme de droite est crucial en vue des applications a 1’étude de I’équation de Schriodinger non linéaire
(cf. [1]). Un calcul élémentaire sur les fonctions propres e, (v1,z2,7') = (v1 + iz2)", (z1, 9, 2') € S¢, qui
se concentrent sur un équateur, montre que p = 2 est le plus grand indice pour lequel cette propriété est
vraie si on étudie la norme L? de xf x,g. Le méme calcul montre que (1) est optimal sur S? tandis que
sur S? (d > 3), 'optimalité (modulo la perte logarithmique) est obtenue en considérant les harmoniques
sphériques zonales qui se concentrent sur deux poles de la sphere.
D’autres applications du théoreme 0.1 seront développées dans un article ultérieur.

1. Introduction

Let (M, g) be a compact smooth Riemannian manifold without boundary of dimension d and A be the
Laplace operator on functions on M. In [1], we proved a bilinear estimate for the spectral projectors of
A in the case d = 2. Our goal here is to extend this result to higher dimensions.

Theorem 1.1 Let x € S(R). For A € R, denote by xx = x(vV—A — X) the spectral projector around .
There exists C such that for any A\, > 1, f,g € L*(M),

IXaf xugllz2ary < CA(d, min(X, )| fllz2 a9l 22 (ary, (2)
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with

vi ifd=2
Ad,v) ={ v T log?(v) ifd=3
VT ifd>4

Moreover for any A\, pi,v > 1, f,g,h € L>(M), the following trilinear estimate holds

A\ e
) 11z o gl 2 Il 2o 3)

Jh <C| —F——
X2 f xXug Xuhllz2an < (max(/\7M>V)

Applying this result with f and ¢ two spherical harmonics on the sphere S¢, we obtain

Corollary 1.2 There exists C > 0 such that if H, and H, are two spherical harmonics of respective
degrees p and q greater than 1,

| HpHyll12(sey < CA(d, min(p, q))|| Hpl| 12(s) |1 Hgll L2 s (4)

The linear versions of our theorem (A = p = v), without the logarithmic loss for d = 3, are due to
Sogge [4,5,6]. In the case d = 2 our proof in [1] was inspired by Hérmander’s work [3] on Carleson-Sjolin
type operators. The proof we present here is different even for d = 2 and relies on a bilinearization of
the arguments in [4,5,6]. More precisely, after several reductions we reduce the matter to two (micro)-
local linear estimates of quite a different nature. The fact that in (2) the highest frequency disappears
completely in the right hand side of the estimate is crucial in the applications to the non-linear Schrédinger
equation (see [1]). A simple computation on the eigenfunctions e, (1, z2,2’) = (1 + iz2)"™, (x1,22,2") €
S¢, which concentrate on the equator, shows that p = 2 is the highest index for which this phenomenon
occurs if one studies the L? norm of x f x,,9. The same computation shows that (4) is optimal on S?. For
d > 3, the optimality of (4) (except for the log loss) can be deduced by considering the zonal eigenfunctions
which concentrate on two poles of the sphere.

We will give applications of Theorem 1.1 to the non linear Schrédinger equation in a forthcoming paper.

2. Bilinear Estimates

In this part we are going to give an outline of proof of the estimate (2). The proof of (3) is similar.
We assume 1 < A < p. The estimate (2) for any non trivial choice of x implies (2) for all x. Using
a parametrix for the solution of the wave equations, Sogge [6] shows that for a suitable choice of the
function x, we have:

d—1
anf =X+ Raf,  [[Baflle < Cllfllee
and in a coordinate system close to x¢g € M,

Tf(e) = [ a0 f0)dy

where a(x,y, \) is a polynomial in A~! with smooth coefficients supported in the set {(x,y) € R?¢; |z| <
d < e/C <yl < Ce} and ¢(z,y) = —d,4(z,y) where dy(x,y) is the geodesic distance between z and y.
In geodesic coordinates y = expy(rw), r > 0, w € S71, we have

Tof(z) = / / P9 g (0, A) f (w)drde 2 / 1Y £, (2)dr.
0 weSa-1 0
where

dy = R(Tv w)drdw, ‘Pr(wi) = @(x, T, w)v CLT(CE,W, )‘) = H(Taw)a(zvrv"U, A)a fr(w) = f(rﬂ W)'
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We get
(ThfTug)(x / / T5 fr(z) T gq( )drdg.

The operator T} is clearly bounded on L?(M) by CA=(@=1)/2 and the Minkowski inequality shows that
to prove Theorem 1.1 it is enough to show, uniformly for 1 < X < p,

175 f Tlgllp2ary < CA(d, )\)(/\H)

sa-1yllgll L2 sa-1)- (5)
We have

T3 fTg(x) = /Sd . erer@@tined@e g (1w Nag(z, o, 1) f(w)g(w)dwdw'.
X

Here we see SY~! as an embedded submanifold of R? and consequently V¢, (z,w) € T,S*! c R™
Therefore V.V, ¢, is a function valued in d x d matrices. We work with w’ close to a point w(, that we
can assume to be equal to (1,0,...,0). If M is a d X d matrix, we denote by II; M its first column and
by II{ M its d — 1 other columns.

Lemma 2.1 Let wy = (1,0,...,0). For any a > 0 there exist ¢ > 0 such that if |wy — w(| > o and
lwo + wj| > « then there exist € > 0 such that if W' is close to wj), w close to wy and /C < r,q < Ce,
then

|det [I11 V4 Ve or (2, w), I{ Vo Vg (2,0)] | > ¢ > 0. (6)
Proof. Proceeding as in [1] and using Gauss’ lemma (see for example [2, 3.70]) we get
Vm@r(07w) = w. (7)

Consequently, the matrix V., V¢, (0,w) is the orthogonal projection onto the tangent plane to S*! at w.
Then, since we have supposed that wy # twy,

det [T11 V4 Vg, (0, wo), I} Vi Vi g (0, wj)] # 0. (8)

By continuity we get (6) for (z,w,w’) close to (0,wp,w)) and € > 0 small enough. O
Under the assumptions of Lemma 2.1, the function w; is, in a neighbourhood of wy, a coordinate on
S%1 and we can consider now the operator (with frozen 6 = (wy,...,wq))

T;’af(x) Tilg(x) = /]R s ¢! Oer (@0 tuea(@w)) g (3w, 0, Nag(z, o', 1) f(wr)g(w')dw dw'.
X

We can write

HT;’efT;ng%z = /K(wl,ol,w',U’)f(wl)g(w’)f(Ul)g(U)dwldoldw’do’

o [A\Y wy,01,w 0"\, 1o
K(wy,o1,0',0") = / e!¥ra.0(w1,01.0, '“)Ahq,g(wl,al,w yo' A, p)dx
z€RL |z| <6

‘IIT#Z,@(J:’ w1, 0-17"")/7 OJ? /\’ M) = M(‘pq(wil) - QOq(.%‘, OJ)) + /\(@T(xawla 9) - @T(xv 01, 9))
where, according to Lemma 2.1 the phase ¥ satisfies

V.| > Cplw —o'| + Mwr — a1]), |090| < Colplw’ — 0’| + Awy — a1]), Yo € N%
Using these estimates, by integrations by parts in x, we get easily

VN eN, |K(w,o1,u,0)] <O+ Nwi — 01| + plw’ — o)™V
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Taking N large enough, Schur’s Lemma gives
dtdo
I3 Ty < o | [
A IR verperi—1 (14 At + ulo))V
< O™ O F 112 a1y 191172 g1y -

Using Minkowski inequality in the remaining d — 2 coordinates on SE~!, and partitions of unity, this
implies:

Hf||%2(sd71)||9||2L2(sd71)

Proposition 2.1 Suppose that a,(x,w, X\)ay(z,w’, 1) is supported in a set where
lw—W'|>aand jw+ | >

and that g and r are close to each other. Then

175 Tegllzaan < Can™ T A2 fll2@asllglesery-

Remark that Proposition 2.1 gives (except for the log loss in dimension 3) the estimate (5) if d > 3 and
is better if d = 2.

We are now left with the following two cases:

(i) ar, aq are localized close to w = wy, W’ = wy respectively.

(ii) ar, aq are localized close to w = wy, w’ = —wy respectively.
We are going to study the case (i), the case (ii) being similar. We follow Sogge’s strategy [6], in the spirit
of the arguments of Stein [7].

Lemma 2.2 The phase ¢q(x,w) is a Carleson-Sjolin phase: near any point (xo,wp), one can choose a
splitting of the variable x = (t,z) such that
(i) For fized t the phase @q(t, z,w) is uniformly non degenerate:

D?p,(t, z,w)
_ > .
‘det ( 02,00, )’ >c>0 (9)

(i) Let Sy, = {Vi.0q(t, z,w), w ~wo}. Then S . is according to (i) a smooth hypersurface in R% and
it has non-vanishing principal curvatures: denote by n(t, z,w) the normal unit vector to the surface
S at the point V; ,pq(t, z,w). Then

2

0
_ > . 1
det<3wj8wi Vi 04(t, 2, w), n(t, z,w)}‘ >c>0 (10)

Furthermore if v is close to q and wy close to w}y or close to —w),, then we can choose the same splitting
for the phases pq(z,w) and @, (x,w').

Proof. We may assume wy = (1,0,...,0). We choose t = x1, 2z = (z2,...,2q). Estimates (9) and (10) at
the point ¢ = 0,z = 0 are an easy consequence of (7) and the lemma follows by continuity. O

Using (9) we deduce the following refinement of the L? boundedness of the spectral projector.

Proposition 2.2 The operator

g € L*(M) = Tg(t,2) € L(Ry; L*(RI))
is continuous with norm bounded by Cv~(4=1)/2,
On the other hand, using the dispersion property (ii) in Lemma 2.2 leads to the following.
Proposition 2.3 In the coordinate system of Lemma 2.2, we have:

HTVTf(t, Z)HLQ(Rt;Lw(Rz—l)) < OA(d, y)y*(dfl)/ZHf”Lz'
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Before giving the proof of this result, let us show how to finish the proof of Theorem 1.1. Putting together
Propositions 2.3 and 2.2 we get (using that the same splitting can be chosen for ¢, and ¢,) that

(f.9) € LY x L, — T3 f(t,2) x Tjlg(t, ) € L*(Ry; L*(RETH))
is continuous with norm bounded by
C(Ap)~@=D/2A(d, \)
which is (5). O
Let us come to the proof of Proposition 2.3. By a T'T™* argument, it is enough to estimate the norm of

T(T))" : LRy L' (RE ) = L2(Ry; L¥(RETH).
But the kernel of this operator is
K(t,z,t',2) = /ew(‘”(t’z’“’)f“"r(tczl’“’))ar(t,z,w,V)ar(t’,z’,w,y)dw

and using the second part in Lemma 2.2 we can show that

C - C
I+ v|(t,2) — (t’,z/)|)(d*1)/2 T (4ot - t,|)(d71)/2

|K(t,2,t,2")] <

Indeed,
VulVipr(t,z,w),n) =0<n=n(tzw)
and taking into account that
or(t, 2,w) = pr(t, 2, w) = (Vezpr(t, 2,0), (2) = (', 2) + Ou(lI(t, 2) = (', 2)]%),
we see that if (¢, z) — (t/,2’) is in a small conic neighbourhood of the critical direction n(t, z) then, in view

of (10), we can apply the stationnary phase formula to the integral in w. Otherwise, we can integrate by
parts in w and using that

Ve (or(t, 2,0) = on(t, 2/, w)) | 2 cl(t, 2) — (', )]
we get for any N € N a better estimate (see [6, p 63]), namely,
Cn
(T +wl(t,2) = (¥, 2 )N

We conclude using the classical one dimensional Young inequality

[K(t 2,1, 2")] <

p cv=1/? if d=2

r T\ * S —1 .

1T(T,) HL(L?(]fl,l[t/;Li,);L2(]71,1[t;L§°)) <C i< (L+ v]s) (@ D72 S COv logy) ifd=3
= cvt if d > 4.
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