MULTILINEAR EIGENFUNCTION ESTIMATES AND
GLOBAL EXISTENCE FOR THE THREE DIMENSIONAL
NONLINEAR SCHRODINGER EQUATIONS

by
N. Burq, P. Gérard & N. Tzvetkov

Abstract. — We study nonlinear Schrédinger equations, posed on a three dimen-
sional Riemannian manifold M. We prove global existence of strong H' solutions on
M = 8% and M = 5% x S! as far as the nonlinearity is defocusing and sub-quintic and
thus we extend the results of Ginibre-Velo [13] and Bourgain [1] who treated the cases
of the Euclidean space R? and the flat torus T? respectively. The main ingredient in
our argument is a new set of multilinear estimates for spherical harmonics.

1. Introduction

Let (M, g) be a compact smooth boundaryless Riemannian manifold of dimension
d > 2. Denote by A the Laplace operator associated to the metric g. In the
case d = 2, we discovered in [8] a bilinear generalization of the well-known Sogge
estimates [22, 23, 24] for L” (p > 2) norms of L? normalized eigenfunctions of
A. These bilinear estimates play a central role in the analysis of [8] concerning the
nonlinear Schrédinger equation (NLS) posed on M. The goal of this paper is to
generalize our bilinear estimate of [8] to all higher dimensions and to deduce new
results regarding the global existence of solutions for NLS when d = 3.

We consider thus the Cauchy problem for NLS

(1.1) iug + Au = F(u), uli=o = ug.
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In (1.1), u is a complex valued function on M. The nonlinear interaction F' satisfies
F(0) = 0 and is supposed of the form F' = %—‘E/ with V € C*®°(C; R) satisfying

(1.2) V(e?2) =V(z), B€R,zeC,
and, for some o > 1,
081022V (2)] < Cy ey (14 |2) TR

The number « involved in the second condition on V corresponds to the “degree” of
the nonlinearity F'(u) in (1.1). Under these assumptions on F', NLS can be seen as
a Hamiltonian equation in an infinite dimensional phase space. It follows from that
Hamiltonian structure that smooth solutions of (1.1) enjoy the conservation laws

(1.3) [ut, )Lz = lluollrz,  E(u(t)) = E(uo),

where the energy functional E reads as follows,
(1.4) E(u) = / IV gul? dzx +/ V(u) dx .
M M

In view of (1.3) and (1.4), the local well-posedness of (1.1) in H'(M) (with time
existence depending upon the H' norm) is of particular importance. If for example
V >0 and (d — 2)a < d+ 2, (1.3) provides an H' a priori bound and thus the
local well-posedness of (1.1) in H! implies the global well-posedness in H!. Let us
notice, on the other hand, that the local well-posedness of (1.1) in H®, s > d/2 can
be obtained by the classical energy method (see [21]). If M is two dimensional, the
well-posedness of (1.1) in H'(M) is established in [5]. In this case, the issue is to
get an improvement of € derivatives with respect to the energy method. In [5], this
¢ gain is achieved by a Strichartz type inequality (with derivative loss). Therefore,
for d = 2, the H' well-posedness theory for (1.1) is completed. Moreover, in the
recent paper [8], we establish a sharp H* theory in the case M = S2, as far as cubic
nonlinearities are concerned.

In three dimensions, the H' theory for (1.1) becomes much harder. In the case
d = 3, the Strichartz type inequalities established in [5] yield the local well-posedness
of (1.1) in H%, s > 1, as far as o« < 3. Notice that this is already a significant
improvement with respect to the energy approach. Unfortunately, it barely misses
the crucial H' regularity. However, in [5], we succeeded in using the conservation
laws (1.3) in order to get global H®, s > 1 strong solutions. By “strong H* solutions”,
we mean the existence, the uniqueness, the propagation of regularity and the uniform
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continuous dependence in bounded subsets of initial data in H®. Moreover, the
methods of [5] also yield uniqueness of H! weak solutions.

On the other hand, if M is the torus T? and o < 5, the global existence of H'
strong solutions of (1.1) was established by Bourgain [1]. The approach in [1] is
based on an ingenious use of multiple Fourier series and thus relies deeply on the
particular structure of the torus. In this paper, we will prove the counterpart of this
result of Bourgain to the cases of the sphere S? and the product manifold Sg x S,
where S;f, d > 1 is the embedded sphere of radius p in R,

Theorem 1. — Let M = S or M = SZ x S endowed with the standard metrics.
Suppose that o < 5 and V(z) > —C(1 + |2|)8, B < 10/3. Then there exists a space
X continuously embedded in C(R; HY(M)) such that for every ug € HY(M) there
exists a unique global solution uw € X of the Cauchy problem (1.1). Moreover

1. For every T > 0, the map ug — u € C([-T,T]; H'(M)) is Lipschitz continu-
ous on bounded sets of H'(M).
2. Ifug € H°(M), o > 1, then for every t € R, u(t) € H°(M).

Let us make some comments about this result. The condition
V(z) = =C(1+z)", B<10/3

is classically (see e.g. Cazenave [10]) imposed to ensure that the energy controls the
H'(M) norm (defocusing case).

The space X will be defined in section 3 as a local version of Bourgain space X1t
It is used to ensure the uniqueness of solutions. However, observe that if o > 3/2,
then the uniqueness holds in the class C(R; H?(M)). In particular, our theorem
implies that for any smooth data ug, there exists a unique global smooth solution.

In the appendix of this paper, we show that Theorem 1 can not hold for o > 5.
The proof is based on an adaptation of an argument of a recent paper of Christ-
Colliander-Tao [11] to the setting of compact Riemannian manifolds. The critical
case a = b is still open.

Let us recall that the result of Theorem 1 was known if we replace M with
the Euclidean space R? (see Ginibre-Velo [13] and Kato [17]). To get the H'(R?)
well-posedness of (1.1), for @ < 5, it is sufficient to apply the Picard iteration
scheme to the Duhamel formulation of f (1.1) in the space L2WH5(R3) N LP H(R3),
where T depends only on ||ug|/z:. The approach on R?® breaks down in the case
of a compact manifold since the corresponding Strichartz type estimates have to
encounter some unavoidable derivative losses (see [1, 5, 6]). In order to deal with
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such losses, bilinear improvements of the Strichartz inequalities are very useful (see
e.g. [1, 18, 19, 28, 8|). This is the approach that we will adopt in the proof of
Theorem 1 when M = S3. The proof in the case M = Sf) x S' is more intricate. The
bilinear Strichartz estimates that we are able to prove in the case M = 8[2) x S are
considerably weaker compared to the corresponding estimates for M = S3. However,
they are sufficient to treat the case @ < 4. The crucial new point involved in the
analysis on Sl% x S1 is that we can prove a trilinear improvement of the Strichartz
estimate which enables one to treat the case a = 5 for data in Hs(Sg x S1), s> 1.
A suitable interpolation (in the framework of a Littlewood-Paley analysis) between
the bilinear and the trilinear approach finally completes the argument in the case
M =52 xS

The results of Ginibre-Velo [13] on R?, of Bourgain [1] on T? (and more recently
on the irrational three dimensional torus [4]), and Theorem 1 were obtained for
seemingly different reasons in each case. For the torus the eigenfunctions enjoy very
good algebraic properties and LP bounds whereas the spectrum is “badly” localized.
On the other hand for the sphere S3, the eigenfunctions present “bad” concentration
properties but the spectrum is very well localized, and the manifold S? x S' has
an intermediate behavior. The balance between these properties (concentration of
eigenfunctions and repartition of the spectrum) leads to the suggestion that a similar
result might hold for any three dimensional manifold. The proof of this conjecture
would necessitate a general analysis of the Schrodinger group, unifying these different
approaches, which seems to be out of reach at the present moment.

The H' theory for (1.1) in dimensions d > 4 remains an open problem. The
only known result in this direction is that of Bourgain [2] who gets global H*(T*)
solutions, if a« < 2, s > 1.

It seems that the obstructions to extending our approach to high dimensions are
not only of technical nature since in [6] we have shown that for no « €]1,2] (even
very close to 1), the Cauchy problem (1.1), posed on S® can have strong H! solutions
in the sense explained above. Interestingly, the result of [6] is in strong contrast with
the situation on RO (see [7]).

We now turn to the crucial step in the proof of Theorem 1. To that purpose, we
introduce the following notation : given v > 1, we set

vi if d =2
A(d,v) = v3 log"/?(v) ifd=3
v if d > 4.
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With this notation, we have the following multilinear eigenfunction estimates.

Theorem 2. — There exists C > 0 such that, if H, and H, are two spherical
harmonics of respective degrees p and q,

(15) [ HyHyll pasny < CA(d, min(p, g) + D) Hyll 2gso) | Hyll 2gso) -
Moreover for any p > q > r > 0, the following trilinear estimates hold

1
(1.6)  [[HpHgHy | 12(s2) < C[(L+ q)(1 + )] || Hpllz2(s2)l| Hgll 12 (s2) |1 Hr [ 12(s52) -

Estimates (1.5) and (1.6) are sharp, apart from the logarithmic loss in (1.5) for
d=3.

Remark 1.1. — As an easy consequence of (1.5), one can prove the corresponding
estimate to (1.6), for d > 3,

d—1
(L7) [[HpHgH: || 1250y < CA(d, g + 1) (1 +7) = | Hpll p2(s0) [ Holl L2 (s0) | Hr | 1252 -

d—1

Indeed it suffices to use that the L=°(S%) norm of H, is bounded by (1+7) 2 (Weyl
bound) and (1.5) for the product H,H,.

In view of further possible developments, we will also prove in section 2 that for
every n €]0,1] there exists Cy such that

1 —
(1.8) | HpHyH:|l12(53) < Cy(1+ )2 (1 + 1) 7 Hpll p2(59) | Holl 22 s9) 1 | £2s3) -

In fact, we deduce Theorem 2 as a consequence of a more general statement
concerning the approximated spectral projectors x(v/—A — A), A > 1, x € S(R),
where A is the Laplace operator on an arbitrary compact Riemannian manifold
(M, g) (see Theorem 3 below).

Notice that when p = ¢ = r, apart from the log loss in 3d, we recover some
particular case of the LP — L? linear estimates of Sogge [22, 23, 24]. In the proof of
Theorem 1, we typically apply Theorem 2 for p > ¢ and thus estimates (1.5), (1.6)
are used in their full strength.

In the case d = 2, estimate (1.5) has already appeared in our previous paper
[8]. In [8], the proof is inspired by Hérmander’s work [16] on Carleson-Sjélin type
operators. The proof we present here is different even for d = 2 and relies on a
“bilinearization” of the arguments in [22, 23, 24]. After several preliminaries, we
reduce the matters to two micro-local linear estimates of quite a different nature.
The first one is applied to the higher frequency eigenfunction and is in the spirit
of the L? boundedness of spectral projectors. The second one is applied to the
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smaller frequency eigenfunctions and relies on a dispersive (curvature) effect. As
far as the optimality of (1.5), (1.6) is concerned, we notice that it is achieved either
by testing the estimates against eigenfunctions concentrating on an equator or by
testing against zonal eigenfunctions concentrating on a point.

Let us mention that estimates (1.5), (1.6) and a sketch of the proof of (1.5)
appeared in [9].

The rest of this paper is organized as follows. In section 2 we prove Theorem 2. In
section 3 we set up the framework of Bourgain’s spaces and reduce the proof of The-
orem 1 to the obtention of nonlinear estimates in this framework. Section 4 consists
in two parts. First we prove bilinear Strichartz estimates for the linear Schrédinger
group on S3. Then we show that Theorem 1 holds for any three dimensional mani-
fold on which these estimates are true. Section 5 also consists in two parts. First we
prove trilinear Strichartz estimates for the linear Schrédinger group on the product
manifold Sg x S and then we show that Theorem 1 holds for any three dimensional
manifold on which these estimates are true. An appendix is devoted to the proof of
the optimality of the quintic threshold.

Acknowledgements. We are grateful to J. Bourgain for sending us his manu-
script [4] and H. Koch and D. Tataru for interesting discussions about spectral
projectors.

2. Multilinear eigenfunction estimates

In this section we prove Theorem 2, and more generally the corresponding result
for spectral projectors on arbitrary compact manifolds.

2.1. On the optimality of the estimates. — We first consider the optimality
of (1.5) in the case d = 2,3. Let us see S¢ as a hypersurface in R i.e.
Sd: {(371,...,1}14.1) ERCHl : :c%—k‘--—i-xﬁﬂ = 1}.

Let us define the highest weight spherical harmonics R, = (z1 + ix2)? which con-
centrate, for p > 1, on the closed geodesic (a big circle) z? + 22 = 1. An easy
computation shows that

a1
[Rpll2(say =p~ T, p>1
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Clearly R,R,; = R,14 and therefore there exist constants C, C such that for every
(»: ),

a1, a1
[RpRyllr2(say > C(p+¢q)~ * > C(min(p,q)) * [[Rpll r2(say | Ryll 22 (sa) -

Therefore, for d = 2, 3, estimate (1.5) turns out to be optimal, modulo the logarith-
mic loss in 3d. In the same way, since R,RqR, = Rj{q+r, estimate (1.6) is optimal
by testing it on R,, R, and R,.

Let us now consider the case d > 4. In this case the optimality of (1.5) is given
by the zonal spherical harmonics. Let us a fix a pole on S?. If we consider functions
on S¢ depending only on the geodesic distance to the fixed pole, we obtain the
zonal functions on S¢. The zonal functions can be expressed in terms of zonal
spherical harmonics which in their turn can be expressed in terms of the classical
Jacobi polynomials (see e.g. [22]). Using asymptotics for the Jacobi polynomials
(see [26],[22, Lemma 2.1]) we can obtain the following representation for the zonal
spherical harmonics Z, of degree p, in the coordinate 6,

o(1)
p sin 6

d—1

(2.1)  Zy(0) = C(sin 9)*7{ cos|(p + a)f + ] +

}) ESGSW_Ea
p p

where a and 3 are some fixed constants depending only on d. Moreover, we have a

pointwise concentration

d—1
(2.2) 1Zp(0)| =p =z, 0¢l[c/p,m—c/p]
and [|Zp||12(gay & 1. Let ¢ > p. Then

¢/

™ p
1ZpZq 7254y = / Z5(0)Z¢ (0)(sin6)*'dp > / Z2(0)Z2(6) (sin 6) "' do .
0

c/q
Using (2.2), we get

¢/

p
12524112250y > de—l/ Z2(0)(sin )"~ do.

c/q
In view of (2.1),

HZquH%%sd) Z deil[ll — Iy,
where

c/p 1 c/p 1
I = / cos?[(p + )8 + 3)do > ¢ and Iy = 2/ ——df < ¢ <
c/q p q c q
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Therefore
(2.3) 12 Zal a5y 2 O™ 21221 50 | ZalEn s
if p < ¢q. Let finally p ~ ¢. Using (2.2), we get

c/p -
(2.4) 1ZpZq72 = Cp*@Y / (sing)*'df > Cp* @V p~t =Cp*?.
0

Therefore, collecting (2.3) and (2.4), we obtain

. a2
12pZq|l 12 (5ay = C(min(p, q)) = [ Zpll L2 (s4) [ Zql 12 (59)
which proves the optimality of (1.5), for d > 3, modulo the logarithmic loss in 3d.
Let us finally notice that similarly we can prove that for p > ¢ > r
=2 d—1
1ZpZqZr || 1250y = Cq 2 v 2 || Zp|| L2 (say [ Zg | 259y | 20 | 259

which proves the optimality of (1.7), for d > 3, apart from the logarithmic loss in
3d, and the optimality of (1.8) apart from the 7 shift.

2.2. A first reduction. — Let (M, g) be a compact smooth Riemannian manifold
without boundary of dimension d and A be the Laplace operator on functions on M.
It turns out that estimates (1.5), (1.6) and (1.8) can be deduced from the following
more general result.

Theorem 3. — Let x € S(R). For A € R, denote by x» = x(vV—A — ) the
approximated spectral projector around \. There exists C such that for any A\, u > 1,
f,9 € L*(M),
(2.5) XS Xugll L2y < CA(d, min(A, ) || f1 2 |91 22 (ary -
Moreover, in the case d =2, for any 1 < X< u <v, f,g,h € L>(M), the following
trilinear estimate holds
1

(2.6) IXaf xug xvbllL2ary < COWE Fllzzan 9l 2 an 17l L2 (ar) -
Finally, in the case d = 3, for any 1 < X < pu < v, f,g,h € L*(M), n €]0,1], the
following trilinear estimate holds

_p 1
(2.7) HX/\qugth”m(M) < Cn)\l nﬂ2+an\|L2(M)H9HL2(M)HhHL2(M)-

Remark 2.1. — If one is only interested in estimates for single eigenfunctions, the
bounds provided by Theorem 8 seem to be relevant for “sphere like manifolds” but
they are far from the optimal ones in the case of the torus. For example, the classical
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result of Zygmund [27] says that there exists a constant C' such that for every couple
(f,9) of eigenfunctions of the Laplace operator on the torus T?, one has

1f gllz2cr2y < Cllfllz2cr2y gl L2 T2y -

We refer to Bourgain [3] for further extensions of Zygmund’s result.

A first reduction in the proof of Theorem 3 is that it suffices to prove it for one
fixed non trivial function x.

Lemma 2.2. — Suppose that the assertion of Theorem 8 holds for a bump function
X € S(R) which is not identically zero. Then it holds for any other choice of the
bump function.

Proof. — Suppose that (2.5) holds for a nontrivial x € S(R). Then, there exists
xo € R such that x(zo) # 0 and moreover there exists § > 0 such that x(z) # 0 for
x € R satisfying |z — x| < 26. Using a partition of unity argument, we can find
¥ € CF(R) supported in {z € R : |z| < 32} such that

(2.8) D ¢z —nd)=1.
neL
Thanks to the support properties of ¥ and x, we can write
Y(x —mnd — )
X(x+mzg—nd —N)

Notice that the second factor in the right hand-side of (2.9) is uniformly bounded.
Therefore, using that (2.5) holds for x, we obtain the estimate

(2.9) Pz —né— ) =x(x+x0—nd — A)

(210) [ ¥(vV=2 — nd = N () o(V=3 —md — u)(g) 12 <
< CA(d, min(n| + A Jm| + ) /]l 2llgll 2

Let us now take an arbitrary function x; € S(R). Using (2.8), we can write
(2.11) Xi(V=A=Nf =Y d(V-A—ns =N xi(V-A-N)f.
neZ
Let ¢ € C§°(R) be equal to one on the support of ¢. Then clearly
CN < éN
A +]z = ADV(A+ = A=nd)™¥ = (1 + )N

(212) (@ —Nd(a—A—nd)| <
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Using the expansion (2.11) together with (2.10) and (2.12) yields

X1 (V=2 =N () x1 (V=42 = 1) (9)|l 2

s Cwhdmin(nl 4 Al b)) g
< DN ] e

<
(n,m)€Z?

< CA(d, min(A, p))[| fll 22 llgll 2 -

Hence (2.5) holds for x;. The proof of the independence of (2.6) and (2.7) with
respect to the bump function y is very similar and thus we will omit it. O

2.3. Reduction to oscillatory integral estimates and main properties of
the phase function. — Following [24, Chap. 4], thanks to Lemma 2.2, it is
sufficient to prove Theorem 3 with x such that Y(7) is supported in the set

{TeR: <7< 24,

where € > 0 is a small number to be determined later. We can write
1 2e ) )
of =50 [ RO ar
™ 1>

For e < 1 and |7| < 2¢, using a partition of the unity on M, we can represent iV =42
as a Fourier integral operator (see e.g. [15]). Therefore x) can also be represented
as such. After a stationary phase argument (see [24, Chap. 5]) we can represent
x)f as follows.

Lemma 2.3. — There exists g > 0 such that for every e €]0,¢e¢|, every N > 1, we
have the splitting
d—1
(2.13) =X Ihf+ RS,
with

IRl e ary < O N M flz2ary, k=0,...,N.
Moreover there exist § > 0 and, for every xg € M, a system of coordinates V C RY,
containing 0 € R such for x € V, |z| <4,

Tf(a) = [ e atey 0 )y
Rd
where a(z,y, \) is a polynomial in \~' with smooth coefficients supported in the set
{(z,y) eV XV : !x\§5<<%§]y|§(§'5}

and —p(z,y) = dg(x,y) is the geodesic distance between x and y.
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Remark 2.4. — Let us notice that one can use X(—A"'A — \) as approzimated
spectral projector instead of x(v/—A — X). In that case one should use semi-classical
calculus for the approzimation of exp(itA~'A), A >> 1, as we did in [5].

In view of Lemma 2.3, to prove (2.5), it is enough to show
_d-1
(2.14) 1T Tugllpz < CA(d, D) (Aw) ™ = (1 fllz2llgll 2
uniformly for 1 < A < p. Indeed, using (2.13), one has to evaluate in L? the products
I\ f R,uga R)\fTug Ryf R,ug-

The products involving R, are straightforward to estimate while for Ry f T},g, using
the L? boundedness of Xus We write

_N —d=1
IBAS Tuglize < ClRASflLol[Tpgllre < OnA™ 2 || fllz2llgll 22 -
To prove (2.6), it is enough to show that for d = 2,
_1 1
ITxfTug Tuh|[ 2 < CAw) " sv 2| fl 2|9l 2| All L2

uniformly for 1 < A < p < v. In this case there are more remainder terms to
estimate. The most difficult one is Ry fT,,gT,h. This term can be evaluated, by
using (2.14) for d = 2, as follows

N 1 _1
IBAf Tug Tubllr2 < [ Rafllze<|Tug Tubllr2 < ONA™Nu~ 5072 | fll 2 llgll 2 |2l 2
Similarly, to prove (2.7), it is enough to show that for d = 3,
[ R
ITxf Ty 9T Bl 2 < CAT"™ 2 7 fl| 2l gl 2|l 2

uniformly for 1 < A < p < v. In this case, we estimate Ry f T,,g T, h, by another use
of (2.14), as follows

IBAf Tug Tohl[ 2 < ([BAfll Lo | Tug Tubll 2 <
< CnA N log 2 (™ 2| 2 gl g2 1l 2 <
< CnaA N Lz gl e 2
where 1 > 0.
Next, we represent y in geodesic (polar) coordinates as y = expy(rw), r > 0,
we S For || < § and w € S9=1 we define the frozen phase ¢,

pr(z,w) = p(z, expy(rw)) .



12 N. BURQ, P. GERARD & N. TZVETKOV

We now state the main property of the phase ;.

Lemma 2.5. — There exists € > 0 such that for every r € [¢/C, Cel, every

w=(wi,...,wq) € Sa-1 « RY,
we have the identity,
Veor(0,w) = w.
Proof. — The proof for d = 2 is given in [8]. The extension to an arbitrary d is

straightforward as we explain below. For ¢ < 1, let y = expy(rw), r = —¢(0,y) and
u = u(z,y) € T,M be the unique unit vector in the tangent space to M at y such
that

expy(—go(w, y)U(.%'7 y)) = Z.
Differentiating with respect to x this identity, we get for x = 0, and any h € Ty M,
(2'15) h = —90 (vxcp(()» y) ’ h) Tru(O,y) (expy) : ’LL(O, y)
+ Tru(O,y) (expy) (T Txu(ov y) ’ h) )

where T' denotes the tangential map.
On the other hand, we have

(2.16) Tru(0,y) (expy) cu(0,y) = —w  or  w(0,y) = —Tru(expg)(w).
Consequently, using Gauss’ Lemma (see [12, 3.70]), we get
(2.17) 90 <Tm(0yy) (exp,) (r Tpu(0,y) - h) w) =0.

Let us now take the scalar product of (2.15) with w. Collecting (2.15), (2.17)
and (2.16) yield
go(w, h) = go(Vap(0,y), h), VheTopM

which completes the proof of Lemma 2.5. O
Let us notice that there exists a smooth positive function x(r,w) such that dy =

k(r,w)drdw. For r € [§,Ce] and X > 1, we define the operator Ty, acting on
functions on S%! via the identity

(T5f)(z) = / e (@) g, (2,0, \) f(w)dw,

Sd*l
where a,(z,w,\) = k(r,w)a(x,r,w, A). Then clearly

(7)) = /0 @) (@)dr,
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where f,.(w) = f(r,w). Similarly, with g,(w) = g(q,w),

(T3 To) / / (T3)(@) (Tigy) () drda
and the Minkowski inequality shows that (2.5) will be a consequence of

_d-1
(2.18) 1TXf Tiglle < CA(d, \) (M)~ 2 [ fll L2 (sa-1) 9]l L2 (sa-1y,
uniformly for 1 <A <y and r,q € [§, Cel.

Similarly, to prove (2.6), it is enough to show

_1 _1
(2.19) |TXf TlgTohl L2 < COw)"1v 2| fll L2y lgll 2esny 1Rl L2 (s1y,
uniformly for 1 <X <pu <wvandr,q,s € [g,Cel

Finally, to prove (2.7), it is enough to show

_p -1 —
(2.20) ITXf Tig Tohl e < ONT"u 27| fll 2 (s2) gl 252y 1| 2 s2),

uniformly for 1 <X <pu <wvandr,q,s € [g,Cel
Fix a point w € S, The set

S:v:{vzv()@r(l'vw)7 wesd_17 WNQ}

is a smooth hypersurface in R?. Indeed assuming for instance w = (1,0,...,0), then
(w1 = way...,,wg—1 = wq) is a system of coordinates on 591 and according to
Lemma 2.5, V,,V,p, has rank d — 1.

Following Stein [25] and Sogge [24], we now state the crucial curvature property.

Lemma 2.6. — The hypersurface Sy has non-vanishing principal curvatures. More
precisely, for w € R a local coordinate system near w € S*1, if we denote by
+n(z,w) the normal unit vectors to the surface Sy at the point Vo, (z,w) then, for
x close to 0,

2

(2.21) det <aufavx<pr(1: w), n(z,w))| > c¢> 0.
Proof. — The relation (2.21) is equivalent to the fact that
w— n(z,w) € G-l

is a local diffeomorphism. Consequently it is independent of the choice of coordinates
w and it suffices to prove it for a particular choice of a coordinate system near w.
We can suppose that w = (1,0, ...,0) and we choose as coordinates

w = (wl,...,wd_l) = (wg,...,wd)
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We can also assume that at the point (z = 0), the metric is diagonal, g;; = J; ;.
Using Lemma 2.5, we get
2

0
2.22 x¥r\Y, ) y w=0— Id
(2.22) (g To#0:0)10.0)

7

and consequently (2.21) follows by continuity. O
Denote by (T7)* the formal adjoint of T)”. The kernel of the operator TV (TV)*,
K(x,2'), is given by the relation

K(z,2') = /eil’(w(m’w)_“"’“(m/’w))ar(x,w,V)ar(x/,w,V)dw.

The curvature property of the phase ¢, in Lemma 2.6 implies a dispersion inequality
for the kernel K.

Lemma 2.7. — There exist C > 0 such that for any v > 1,
C

(1+vje—2)%

(2.23) K (z,2)| <

Proof. — Let us write a Taylor expansion
907“(:5’ U}) - @T(Ij?w) = <'1: - l‘,, 1/1(x,:c',w)>
where )
P(z, 2, w) = / Veor (@' +0(x — '), w)do.
0
With o = %, we can write
or(z,w) — op (2, w) = |z — 2’| ®(x, 2/, 0, W)

where
O(z,2',0,w) = (o, Y(z, 2, w))

Now we want to prove, with A = v|z — /|,

R o)< — oy
1+ =z
where
(2.24) K(z,a',0) = /ei)‘@(x7xl7(’7w)ar(m,w,V)ar(x’,w,u)dw.

From the definition of the normal n(z,w), we have V,,® =0 for x = 2/ = 0, w = 0,
o = +n(0,0). According to the curvature property (2.21), we have det(VZ®) # 0
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forx =2’ =0, w =0, 0 = +n(0,0). From the implicit function theorem, there
exist k > 0, such that if

(2.25) o —n(0,0)] <k or |c+n(0,0)] <k

then the phase ®(x,2’, 0, w) has a unique nondegenerate critical point w(z,z’, o)
and, by stationary phase, under the assumption (2.25), the kernel (2.24) is bounded
by C'(1+ )\)7d2;1. Let us next assume that

(2.26) o —n(0,0)| >k and |o+n(0,0)] > k.

Then for w close to 0 and |z| small enough, we obtain by continuity

(2.27) lo —n(z,w)| > k/2 and |o+ n(z,w)| > rK/2.

The kernel of V.,V ¢, (x,w) is one dimensional and spanned by n(z,w). Coming
back to the definition of ®, we deduce that (2.27) implies (for |2’| small enough)

|Vu®(z,2',0,w)| > ¢>0.

Consequently, integrating by parts in (2.24), we obtain that under the assumption
(2.26) the kernel (2.24) is bounded by C (1+\) ™% which is even better than needed.
This completes the proof of Lemma 2.7. O

The second property of the phase we need is the following:

Lemma 2.8. — Letx = (t,2) € RxR¥ where t = 21 and z = (v2,...,24). Then
for every

w=(wy,...,wq) € 57!
with w1 # 0 there ewist a neighborhood U C Sl of w, e >0 and § > 0 such that,

for e/C < r < Ce and |x| < 6, the phase @.(t,z,w), where w € R¥! is a local
coordinate in U, is uniformly non degenerate with respect to (z,w). More precisely

o(t, z,w
(2.28) det (e 2w
1,7 8?:]‘8’[1)2'
Proof. — Since (2.28) is independent of the choice of coordinates w, it suffices to
prove it for a particular choice of a coordinate system near w.
For w = (w1, ws,...,wq) € S9=1 in a small neighborhood of w, we choose w as

w = (wl,...,wd_l) = (wg,...,wd)
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which is a coordinate system thanks to the assumption w; # 0. We can also assume
that at the point (t = 0,z = 0), the metric is diagonal g; ; = ¢; ;. Using Lemma 2.5,
we get

2o, (t
(2.29) det (M) _
W\ 0200 (g w)=(00)
We now obtain (2.28) from (2.29) by continuity. O
We next state a corollary of Lemma 2.8.
Lemma 2.9. — Let o, ... ,w®) be N points on SE1. Then there exists a split-

ting of the variable x = (t, 2) Ei%de_l and neighborhoods U; C 41, j=1,...,N
of w9 such that o, (t, z,w) satisfies (2.28), where w is a coordinate in Uévlej.

Proof. — Obviously, there exists a unit vector e such that

e-g(j)sé(), j=1,...,N.

By performing a rotation, we can assume that e = (1,0,...,0) and consequently it
suffices to apply Lemma 2.8. 0
2.4. Linear estimates. — The dispersion inequality of Lemma 2.7 leads to the

following estimate.

Lemma 2.10. — Let (t,z) € RxRY! be any local system of coordinate near (0,0).
Then the operator

g€ Ly — (T))g(t,z) € L*(Re; LX(RT))
is continuous with norm bounded by CA(d, v)y=(¢=1D/2,
Proof. — Recall that
(T0)(02) = [ o=t z,0,0) fw)dw.
Let consider the formal adjoint of T} defined as
T @) w)i= [ e T T w2

According to the classical duality argument which reduces the study of T to the
study of T (T}))*, it is sufficient to show that the norm of the operator

T0(T7)* : L?L! — L?L%°
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is bounded by C[A(d, v)v~(@=D/2]2, But according to Lemma 2.7, the kernel of this
operator satisfies (2.23) and as a consequence, there exists C' > 0 such that for every
v>1,

C
(2.30) |K(t,2,t,2")] <
(1+v|t— t’|)
Using (2.30) and the Young inequality, we get
% ds
IT(T)) gl p2ree < C —— ll9ll2ns

lsl<c (1 4 u|s])d%
But clearly

Cv=1/2 if d =2
ds .
/ ———— << Cvltlog(v) ifd=3
< (1+v]s)F . .
et Cv if d > 4.
It remains to observe that the right hand-side of the above inequality is equal to
CIA(d, v)v~(@=1/2]2 which completes the proof of Lemma 2.10. O

In two space dimensions, we shall need the following extension of Lemma 2.10.

Lemma 2.11. — Letd =2 and (t,z) € R x R¥1 be any local system of coordinate
near (0,0). The operator
g € Ly v (T))g(t,2) € L' (R L(Rz))

is continuous with norm bounded by Cv—1/4.

Proof. — Similarly to the proof of Lemma 2.10, it is sufficient to show that the
norm of the operator

TH(T))* : LPLL v LELE
is bounded by Cv~1/2. The kernel K (t, z,t', 2') of T} (T};)* satisfies the bound (2.30)
with d = 2. From the Hardy—Littlewood inequality,

t')dt'
(2.31) / —
(14 uyt — )2

Therefore

< Ov 2| fll s ey

LA(Ry)

175(T0)" llpspee < Cv gl o,
t z
which completes the proof of Lemma 2.11. O

In the proof of (2.20), we need the following extension of Lemma 2.10 for d > 3.
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Lemma 2.12. — Let d > 3, p > 2 and (t,z) € R x R be any local system of
coordinate near (0,0). The operator

g € Ly, — (T})g(t, z) € LP(Ry; LX(RE))
is continuous with norm bounded by Cv=1/P.

Proof. — Let p’ be such that % + ]% = 1. It is sufficient to show that the norm of
the operator

(1)) LY LY YL
is bounded by Cv~2/P. Since for p > 2,

using the Young inequality, we get the bound

/ F(#)dt!
1+v)t—t)F

which completes the proof of Lemma 2.12 thanks to the bound (2.30) on the kernel
of T} (T7))*. O

1

PR < Cv 2,
(I+vt]) 2

(Re)

L5

< CV_Z/p ”fHLp’ (R)
LP(R¢)

Remark 2.13. — Notice that for p = 2, the proof above still works in dimensions
d > 4. In the case p = 2, d = 3, we have the same difficulty as in the case of the
end point Strichartz estimates on R? (see Remark 2.15 below).

A consequence of Lemma 2.8 is the following statement.

Lemma 2.14. — Under the assumptions of Lemma 2.8, the operator
g € Ly, — (T} g)(t, ) € L®(R;; LA(RI))

is continuous with norm bounded by Cy~(4=1/2,

Proof. — In view of (2.28), the statement of Lemma 2.14, which can be understood
as a refinement of the L? boundedness of the spectral projector, is an immediate
consequence of the following generalization of Plancherel’s identity, which we borrow
from [16].
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Lemma (non degenerate phase lemma). — Let us consider p € C°(R} xR)
and a € CP (R} x R}) such that

0%
2.32 .
(2.32) (z,w) € supp(a) = det [azaw(z,w)} #0
There exists C > 0 such that for every A > 1, the operator T
(2.33) Thf(z) = / e EW g (2 w) f(w)dw
satisfies,

T fllp2 ey < C)(%HfHLQ(Rg) .

2.5. Multilinear estimates. — Let us first prove (2.18). We can write
(TXfTig)(x)
= [ e o, (a0, X)ay (o, ) ()9 ) dds
Sd—1 Jgd—1

We need to evaluate the above expression in L2. After a partition of unity, we can
suppose that on the support of
ar(z,w, Nag(z, o', 1),

(w,w') is close to a fixed point (w™,w®). We can therefore use the splitting 2 =
(t,z) of Lemma 2.9 with N = 2. Using Hoélder’s inequality, Lemma 2.14 and Lemma
2.10, we infer

_d=1
T3S Tigllrzrz < ITXF 2o 1 TH gl pge 2 < CA(d, N)(A)™ = (| f Iz 19l 22 -

This completes the proof of (2.18).
We next prove (2.19). Let us write

(Tj\,f T'gg Ts / / / z)\tpr z,w)Fippg(z,w')+ives(z,w’)
St JstJst
ar(z,w, N)ag(z, ', p)as(z,w” v) f(w)g(w)h(w")dwdw' dw" .

After a partition of unity we can assume that (w”,w’,w) is close to a fixed point
(g(l),g@),g@)). With the splitting © = (¢,2) of Lemma 2.9 with N = 3, using
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Lemma 2.14, Lemma 2.11 and the Holder inequality, we get

ITXf TR Tohl e < N TXfllzarse I TAgl oo 1T R Loe 2
111
< COXTapmav 2| f| 2 lgll 2l 2 -
This completes the proof of (2.19).
We finally prove (2.20). We can again use the splitting = = (¢, 2) of Lemma 2.9

with N = 3. For p > 2 and ¢ > 2 such that % + % = %, a use of Lemma 2.12 gives
the bound

ITXf TR Tohl p2re < I TXfllzrree I Thgl Lopee 1T0R]| Loe 12
P
< ON ™2 fl 2 N9l 2l 22
where n = %. This ends the proof (2.20) and completes the proof of Theorem 2. [

Remark 2.15. — As pointed to us by Koch and Tataru [20], another approach to
these multilinear estimates would be, after a suitable microlocalization, to particu-
larize one variable (t in the exposition above) and see the equation satisfied by the
approrimated spectral projector

(A+2)xa(u) = Op2(N)
as a semi-classical evolution equation of the type
(ihd + Q(t, 2, hDy))xa(u) = Op2(h),  h=A"1.

Then Lemmas 2.10, 2.11 are simply the (semi-classical) Strichartz estimates which
can be proved by using the approach in [5].

3. Preliminaries to the proof of Theorem 1

In this section (M, g) is an arbitrary Riemannian manifold of dimension d. Our
first purpose is to introduce the basic localization operators Ay and Ay which are
naturally related to the Sobolev spaces and the Bourgain spaces on M respectively.
We establish some basic bounds related to Ay and Apyy. The main purpose of
this section is to show that the well-posedness of the Cauchy problem (1.1) in the
Sobolev space H*(M) is a consequence of nonlinear estimates in the Bourgain spaces
associated to the Laplace operator A. This reduction is now classical (see e.g. [14]).
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3.1. Bourgain spaces and basic localization operators. — Since M is com-
pact, A has a compact resolvent and thus the spectrum of A is discrete. Let
ex € L?>(M), k € N be an orthonormal basis of eigenfunctions of A associated
to eigenvalues A\g. Denote by P the orthogonal projector on eg. The Sobolev space
H*(M) is therefore equipped with the norm (with (z) = (1 4 |z|2)/?),

lullFrsary = D) I Prel T2 ary -
k

The Bourgain space (or conormal Sobolev space) X*(R x M) is equipped with the
norm

lal%eenmxnry = DRI + M) Peu(m) 122, xary = lle™ult, Mg, e ary)»
k

where ]Sk\u(T) denotes the Fourier transform of P,u with respect to the time variable.
Let us first recall that for b > 1/2 the space X*?(Rx M) is continuously embedded
in C(R; H%(M)). For u € C§°(R x M), we write

1 o0 <T —|— Ak>b/\ .

Pou(t) = — L Pou(r)etdr.
el?) 27r/_oo )

For b > %, we get by the Cauchy-Schwarz inequality, applied in 7,

[e.9]

(3.1) )2 P(t)] < © { [ e+ Ak>2b|%<f>|2df}2.

—00

Squaring (3.1), integrating over M and summing over k yields,

1
(3.2) 1wl oo ; 5o (ary) < Cllullxsp@mxany, 0> ok

For u € C>*(M) and N > 1, we define the projector Ay as
An(u) = Z Pyu.
k:N<(A)2 <2N

We now state a basic bound for Ay.

Lemma 8.1. — There exists a constant C' such that for every q € [2,00], every
u € L3(M),

a_d
AN (W)l Laary < C N2 a[[An(u)|L2(ar) -
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Proof. — The assertion clearly holds for ¢ = 2. We next prove it for ¢ = co. Let us
write Ay = Z;V;()l Ay ;, where

(3.3) Ay = > Py
ki N4j<(g)2 <N4j+l

Due to the Weyl estimate (see Lemma 2.3)

d—1
AN ()|l (ary < CN 2 | AN (w22 (ar)

and due to the triangle and Cauchy-Schwarz inequalities

AN (W)l oo (ar)

=

N-1

- 1 1
d—1 2 2 a
<ONF (Y lAans@lan )’ (3 12)7 = ONF AN @) 20 -
j=0 j=0
By Holder’s inequality, this completes the proof of Lemma 3.1. ]

For N > 1 a dyadic integer, i.e. N =2 n € N, we define the operator Sy as
Sy = Z An,,
N1 <N

where the sum is taken over all dyadic integers N; smaller or equal to N. We also
define S1 by S1(u) :=0.

Next,Qfor U é C3°(R x M) and N, L positive integers, we define the localization
operators Apyy, as

1 — A
Anp(u) == — Z / Pou(r)edr .
2m . L<(r+AR)<2L
E:N<(AL)2 <2N
It is easy to check that Ay is a projector. It follows from this definition that for
every s, b there exists C' > 0 such that
1

(3.4) aHANL(u)HXva(RxM) < LbNSHANL(U)HLQ(RxM) < CHANL(U)HXW(RXM) )
and

1
(3.5) Yol Y LPN*|AnL(W)]7e < [lullfer < CY LN An (w72,
N.L N.L

where the sums is taken over all dyadic values of N and L, i.e. N = 2" L = 2!,
n,l € N. We now state a basic bound for Ayy,.
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Lemma 3.2. — There exists a constant C' such that for every p,q € [2,00], every
u€ L*(R x M),

1.1 d_d
NL\UW)|Lp(R; La(M)) = P TANLU) || L2(Rx M) -
[ANL(u)]l SCL2 P N2 || Anp(u)l|
Proof. — Since ANAnr, = AN, a use of Lemma 3.1 yields
d_d
IANL(W) || p(r; Loy < ON2 " a|ANL(W) || o r; £2(01))-

Therefore, we only need to consider the case ¢ = 2. Using that ]5151(7') = Pyu(r),
we can write

INVOIOAFEIEDS /M

2
/ Pou(t)e"dr| .
1 L<(r4+Ak) <21
k:N<(A\k)2Z<2N

Since the integration over 7 is on a region of size L, using the Cauchy-Schwarz
inequality in 7 and the Plancherel identity yields

Iave@Oan <CL X [ [ BamPar < CLlulagan -
ki N<(\) 3 <2N o

Applying the last inequality to Ay (u) instead of u and using that Ay, is a pro-
jector gives
1
IANL(W) || oo 22(ar)) < C L2|ANL (W)l L2Rx ) -
The assertion of the lemma trivially holds for p = ¢ = 2 and therefore the proof of

Lemma 3.2 is completed by Holder’s inequality. O
3.2. Reduction to nonlinear estimates in Bourgain spaces. — The starting
point is to consider the integral equation (Duhamel form)
t
(3.6) u(t) = g — i / ¢E=TD By (r))dr
0

At least for classical (smooth) solutions u the integral equation (3.6) is equivalent to
(1.1). For that reason we solve (3.6) by the Picard iteration in a suitable functional
setting and thus we get solutions of (3.6). In the case of low regularity solutions of
(3.6) the information we have for u and F'(u) should be strong enough to conclude
that the we get solutions of (1.1) too.

For T > 0, we define the restriction space X;’b = X*V([~T,T] x M), equipped
with the norm
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For b > 1/2, the space X:S'F’b is continuously embedded in C([-T,T7; H*(M)) (see
(3.2)) and X;Jb will be the space for the solutions of (3.6) on [-7,7]. The next
proposition contains the basic reduction to nonlinear estimates in X*?.

Proposition 3.3. — Assume that there exists (b,V') € R? satisfying
1
(3.7) 0<b’<§<b, b+ <1
such that for every s > 1 there exists a constant C' such that for every u € X*?,

(38) ”F( )HXS b'(]RXM) < C<1 + ”uHxl b(Rx M >HUHXS’Z’(]R><M) )

and for every u,v € X*?,

(39) F ()~ F(0)ll v @xan) <

C(1+ 5 eany + 10157 a1 = llxenscan -
Then

1. For every bounded subset B of H'(M) there exists T > 0 such that if ug € B
then there exists a unique solution u of (3.6) on [=T,T) in the class X%’b
Moreover the map vy +— u € C([~T,T]; H'(M)) is Lipschitz continuous on
B.

2. If in addition ug € H*(M) then uw € C([-T,T]; H*(M)).

The function u is a solution of (1.1) in the distributional sense.

4. If in addition we suppose that V(z) > —C(1 + |z|)?, B < 2 +4/d then the
results above hold for any arbitrarily large T'.

5. Forug € H*(M), s > d/2 the solution is unique in C([-T,T]; H*(M)).

@

Proof. — Let ¢ € C§°(R) be equal to 1 on [—1, 1]. The identity
9 (£)e™ woll xo s ary = 19l pro ey ol 22 ar)

follows from the definition of X**(R x M) and therefore for T < 1

(3.10) 1€ uoll a0 < Cluoll e as

The bound

(3.11) H¢ t/T) / i(t=DAp(r )dTH

1-b—/
Xb(Rex M) =T 1 Lo ocasy
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holds for T' < 1 and (b, ') satisfying (3.7). Indeed (see [8, Proposition 2.11]) estimate
(3.11) follows from the one dimensional inequality

t
(3.12) v (t/T) /0 9(m)dr || gy < CT "V llgll v )

A proof of (3.12) can be found in [14].
Using (3.11) and the assumptions of the proposition we obtain the estimates

(3.13) H /0 t e“t*T)AF(u(T))dT‘

and

) —
, SCT (U ull ) el s

S,
XT

<
s,b —
T

t
(3.14) | /0 e IA(F(u(r)) — F(u(r)))dr]
1-b-b' a—1 a—1 _
CTH Y (14 ulsgd + ol = ol

provided T' < 1 and (b, b') satisfying (3.7). Let B be a bounded subset of H'(M). Tt
results from (3.10), (3.13) and (3.14) with s = 1 that there exists 7' < 1 such that
for every up € B the right hand-side of (3.6) is a contraction in a suitable ball of
X%Jb with a unique fixed point which is the solution of (3.6). The uniqueness in the
class X}’b and the Lipschitz continuity of the flow map follow from (3.14). Suppose
now that ug € H¥(M). Then as before it follows from (3.10), (3.13) and (3.14) that
we can find T < T such that we can identify u|[7iﬂ as the unique solution of (3.6)
on [=T,T] in the class X‘%’b C Xilﬁ’b. In particular u(t,-) € H*(M) for t € [T, T).
Then by a bootstrap and the tame estimate (3.13) we conclude that u(t,-) € H*(M)
for t € [T, T]. Thanks to (3.8), we obtain that F(u(t)) € X}’fb/ and since b’ < 1/2,
we infer that

at[ /0 t e—”AF(u(T))dT} — A F(u(t))

in the distributional sense which implies that w is a solution of the original PDE (1.1)
in the distributional sense. If ug € H?(M) then, thanks to the propagation of the
H? regularity assertion, one can take the scalar product of (1.1) with v and u; and it
results that the conservations laws (1.3) hold. If ug € H'(M), we can approximate
in H'(M) the function up with a sequence (ug,,) such that ug, € H?(M). If we
denote by wu,(t) the corresponding solutions of (1.1), thanks to the propagation of
the regularity we obtain then w,(t) enjoy the conservation laws (1.3) for ¢ on the
time of existence of u(t). Finally we can passe to the limit n — oo and thanks to
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the H' continuity of the conservation laws functionals, we deduce that u(t) satisfies
the conservation laws (1.3). If we suppose that V(z) satisfies V(z) > —C(1 + |2|)?,
B < 24 4/d, using the Gagliardo-Nirenberg inequalities, we obtain that there exists
6 €]0,2[ such that

/MV(U(t)) > —Cllu()" lu®)llf - C.

Therefore, the conservation laws (1.3) yield a bound independent with respect to ¢
for [[w(?)|| 1 (ar) which allows to reiterate the local existence argument and thus to
achieve the existence of u(t) on an arbitrary time interval. Finally, thanks to the
Sobolev embedding H*(M) C L>*(M), s > d/2 and the propagation of regularity,
we easily obtain that if ug € H*(M), s > d/2 then the uniqueness holds in the class
C([-T,T); H*(M)). This completes the proof of Proposition 3.3. O

With Proposition 3.3 in hand the assertion of Theorem 1 follows from the following
statement.

Theorem 4. — Let M = S or M = S§ x St endowed with the standard metrics.
For every 1 < a <5 and s > 1 there exists (b,b') € R? satisfying (3.7) such that
(8.8) and (3.9) hold.

The next two sections are devoted to the proof of Theorem 4.

4. Bilinear Strichartz estimates and applications

In this section we prove Theorem 4 for M = S3 with the standard metric.

4.1. Bilinear Strichartz estimates on S3. — In the case M = S? the eigenval-
ues of —A are \; = k2 — 1, k > 1 and this fact plays a key role in the analysis. The
starting point is the following bilinear improvement of the L* Strichartz inequality
on S established in [5].

Proposition 4.1. — For every interval I C R, every € > 0 there exists a constant
C such that for every Ny, No > 1, every fi, fo € L?(M),

) 2
. . L
I T 28, £l ooy < Clomin(e, N4 [T, £l zan -
i=1 =
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Proof. — By a time translation we can suppose that I = [0,7]. Moreover, for
f € L2(M) the function e®® f is periodic with respect to ¢ and therefore it suffices
to give the proof with T" = 27. Let us write

2

H eitA(ANj i) = Z e_it()\kl‘f')\kz)Pkl(fl)Pkg(fQ) )
j=1 Nj<(h;) <2N;

Using the Parseval identity with respect to ¢ we get

2
H HeitA(ANjfj)HiQ([O,QW]XM) — Z H Z Pkl(fl)sz(fQ)’
j=1

TEL T=)\k1 +)‘k2

)

2
L2(M)

where the summation over (ki,k2) is restricted to N; < (/\kjﬁ < 2Nj, j = 1,2.
Applying the triangle inequality for the L?(M) norm, the Cauchy-Schwarz inequality
in the summation over (ki,ks2), and the bilinear estimate of Theorem 2 for d = 3
yields that for every ¢ > 0,

2
I H "2 (AN, ) HiQ([O,QW]xM)
j=1

2
< Cr (min(Ny, No)) < sup an, v, (7) [T 14N, £172a0)

TEL j=1

where
oy (r) = # { (k. k) €N? 742 = R 4k, Ny < ()7 < 2N, 5 = 1,2
We claim that an, N, (7) < C.N¢. Indeed this follows from the next lemma.

Lemma 4.2. — For every € > 0 there exists C' > 0 such that for every positive
integers T and N,

(4.1) #{(k1,k2) €N? . N<k; <2N, k¥I+ki=71}<CN°.

Proof. — This lemma already appeared in [8] (see [8, Lemma 3.2]). We recall the
proof. For 7 < 10N* it follows from the divisor bound in the ring of Gaussian
integers which is a Euclidean division domain. For 7 > 10N* there is at most one
value of (k1, k2) satisfying the imposed restriction since in this case k2 should range
in an interval of size smaller than one. Hence for 7 > 10N* the left hand-side of
(4.1) is bounded by 1. This completes the proof of Lemma 4.2. O
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Proposition 4.1 now readily follows from Lemma 4.2. O

4.2. Using bilinear Strichartz estimates. — From now on we simply assume
that M is a three dimensional compact manifold satisfying Proposition 4.1. Pro-
ceeding as in [8, Section 3.2] one can show, for instance, that three dimensional Zoll
manifolds have this property. As a consequence it can be remarked that in fact
Theorem 1 holds for any such manifold.

First we deduce from Proposition 4.1 the following bilinear estimate in the X*?
context.

Proposition 4.3. — For every ¢ > 0 there exist 3 < % and C > 0 such that for
every N1, No, L1, L > 1, every uy,us € L*(R x M),

2 2
. 1.
H H ANij (UJ)HLQ(RXM) < C<L1L2>ﬁ(mln(N17N2>)2+ H HANij (uj>”L2(R><M) .
j=1 j=1

Proof. — Let us suppose that N1 < Ny. Using Lemma 3.2 and the Holder inequality
we can write

2
42) | TT 28z, )l sy <
j=1

< AN Ly (u) || o Lo () [A N L (u2) | 2w L2 (1)) <

3 L2
< O NP (L1Lo)t [T IIAN, L, ()l 2 -
j=1

Estimate (4.2) is better than the needed one with respect to the L; localization but
is far from the needed one with respect to the INV; localization.

We now estimate || ]_[?:1 AN, 1, (uy)| 2 Dy means of Proposition 4.1. It is indeed
possible thanks to the following lemma.

Lemma 4.4. — For every b E]%, 1], every 6 > 0, there exists Ch 5 such that for
every ui,ug € X%(R x M), every 1 < N1 < No,

2 [
H H AN, (uj)HLQ(RxM) < Chs N12+6 H AN, ()| xo (mx ar) -
j=1 Jj=1
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Proof. — Let us set v;(t) := e Ay, (u;)(t), j = 1,2. Then we can write

1 > itT [ —1tA
ANj(uj)(t)_%/ &7 eHAG (1) dr

Therefore
2

2
[[an =g [ [ e (e 5m) dnde
j=1 j=1

Using the triangle inequality and Proposition 4.1 gives that for every unit interval
I CR, every d > 0 there exists Cjs such that

H HAN (uj HL2 1) < C’(;N2+6/ / HHU] (15 ”L2(M dmidry .

Hence using the Cauchy-Schwarz inequality in (71, 7'2) gives for b > 1/2,

(4.3) HHAN Uj HL?(JxM <Cb5N2+5HH (T2 ®, xa1) =
j=1 7=1

2
340
= Cps N? H AN, ()] x0.0(Rx M) -
j=1
Using a partition of unity, we can find a ¢ € CSO(R) supported in [0, 1] such that

(4.4) AN Zw t— — AN u] ZAN ( ) (t)) .

neZ nez
Notice that if for u € XO*(R x M), b € [0,1], we set uy,(t) =1 (t — %)u(t) then
(4.5) Z Hu”H?XOﬁ(RxM) = C”uH?}(Ovb(RxM) :
nez

Indeed (4.5) is straightforward for b = 0 and b = 1 and it follows by complex
interpolation for b €]0, 1[. Using the almost disjointness of the supports of w(t — %),
n € Z, the triangle inequality, estimates (4.3), (4.4) and (4.5) complete the proof of
Lemma 4.4. O

Next we apply Lemma 4.4 with Ay, . (u;), j = 1,2 in the place of u; and it follows
from the definition of X*° that, for any b > 1/2 and any & > 0,

2 1 2
146
(4.6) H H ANij (uj)HL2(R><M) < Cps Ny (L1L2)b | | HANij (uj)HL?(RxM)'
i=1 j=1
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It is now clear that the proof of Proposition 4.3 can be completed from (4.2) and (4.6)
by a suitable Holder inequality O

Let us now turn to the proof of (3.8). Set 0 = % and 0 = %. Thanks to (1.2) and
using that F'(0) = 0, we obtain that the function

F(u) — (0F)(0)u — (OF)(0)u

is vanishing at least of order 3 at the origin. Therefore, in order to prove (3.8) , it
suffices to prove

(4.7) | F'(u )Hxs —b' (Rx M) < C(H“Hxl B(Rx M) + ”uHxlb RxM))”uHXS,b(RxM)

assuming that F'(u) is vanishing to order 3 in zero. We can write

F(u) =Y [F(Sn (u) = F(Sy, ja(u))],

Ny
where the sum is taken over all dyadic values of Ny (recall that Si/5(u) = 0). We
have for z,w € C,

1 1
F(z) — F(w) = (Z—U))/O OF (tz+ (1 — t)w)dt + (z—w)/o OF (tz+ (1 — t)w)dt .
Therefore

F(Sn, (1)) = F(Sn, j2(w))
= An, (W)G1(An, (1), Sy, j2(1)) + An, (W) G2(An, (u), Sn, j2(w)),
with
1 1
Gi(z1,22) = /0 OF (tz1 + z2)dt, Ga(z1,22) = /0 5F(t2’1 + 29)dt.

We have thus the splitting F(u) = Fi(u) 4+ F>(u), where
ZANI ) G ( ANl( ), SN1/2(U))'

Thanks to the growth assumptlon on V(z), we have the bound
|Gj(21,22)] S C(L+ || + [22)* 7, j=1,2.

We will provide a bound only for Fj(u). The analysis for Fs(u) is exactly the same.
We have for dyadic integers N1, No

Ay, if Ny = N,

Ay, Ay, =
N {O otherwise.
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and hence we can write that for dyadic integers N1, No,

G1(AN, SN, (1), SN, 25N, (1)) — G1(AN, Snyj2(1), SN, 2SN, j2(1))

is equal to
G1(0, Sn, (1) — G1(0, S, y2(u)) if 2Ny < Ny,
G1(An, (u), Sy, j2(u)) — G1(0, Sy, j2(u)) if No = Ny,

G1 (AN, (1), Sy, j2(1)) — G1(An, (1), Sy, j2(w) =0 if Ny > 2Ny

Using the vanishing property of F' at the origin allows us to write

Gi(AN, (), Sy (W) = > Any(u)H{? (A, (1), Sy, jo(u))+

N2 :N2<N;
+ > An(u)Hy (A, (1), Sy 2(u)),
N3 : Na<Ni
with
1 .
HY (a,b) = Jo 92G1(0,ta +b)dt  if 2Ny < Ny,
b i 01Gy (ta, b)dt it Ny = Ny,

where (01,02) are the derivatives of G; with respect to the first and the second
arguments respectively. Moreover

15~ .
92G1(0,ta + b)dt  if 2Ny < N,
HéVQ(ay b) = {fo 2 1( ’ a+ ) 1 2= 1

Jo P1G1(ta, b)dt if Ny = Ny.
Notice that

[H (a,0)] < C(1+ Ja] + b2, =12
We can write

= > Ax (W) AN, () HZ (AN, (1), Sy, o (u)+
No<Np

+ Y An (W AN, () Hy (A (), Sy, 0(u) = Fua(u) + Fia(u).
No<N;

We will provide a bound only for Fj;i(u). The analysis for Fia(u) is exactly the
same.
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Similarly to the analysis for G1(An, (u), Sy, /2(u)), using once again the vanishing

property of F' at the origin, allows us to expand H {V 2 as follows
H{® (Awy (), Swyp(w) = D Any(w)H " (A, (w), Sy o))+
N3 : N3<N»
+ D A (WH Y (A (u), Sy, ja(w)),

N3 : N3<N»
where, due to the growth assumptions on V', H N2’N3(a b) satisfies
(45) (HNY (0, )] < C(1+ [a] + p)™=@=39), j 1,2

Of course we can write explicit formulas for H ﬁz’Ng’ (a,b) as we did for H"?(a, b) but

it will not be needed in the sequel. The only information for H ﬁZ’NS (a,b) that we
will use is the bound (4.8). Now, we can write

Fra(w) =Y An()Ax, () Ay () HP ™ (A, (), Sy, j2(u) +
N3<N3<N;

+ D> AN W) AN ) AN (W H ™ (AN (1), Shy2(w) = Fiai (u)+Fiis(u)
N3<N2<Ni

We will provide a bound only for Fi11(u). The analysis for Fiia(u) is exactly the
same. Notice that

(4.9) Ay => Ani,
L

where the sum is taken over all dyadic values of L. For w € X5V (R x M), we set

= 3 / ANy (w HANL W H Y™ (A, (1), S (),
Lo,L1,L3,Lg,Ng Y RXM Jj=1
N3<Np<Np

where the sum is taken over dyadic values of Nj;, L;, j = 0,1,2,3. By duality, to
prove (4.7) it suffices to establish the bound

1112 Cllwll ooy (1o gmnny = 115 gsean ) Nlxeosan -

Set

No,N1,Na2,N: NV
It ity = ‘/RX Aoz, (w HANL () HNN3 (A, (1), Sy o)) |
7j=1
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We split I as

| < L+ I,

No,N1,Na,N: .
where we define I; and I to be the sums of the terms [ LooilliQZigg associated to

indexes such that Ny < AN; and Ny > AN respectively, and A > 1 is a large
constant to be determined later.

We first evaluate I;. Using Proposition 4.3, and the Hoélder inequality, we get,
that for every € > 0 there exists § < % such that,

1
1o NNs < OL(NpN3) 2 (Lo L1 Lo L) | H{y ™ (A, (1), Sy 2 ()| oo (i any
3

ANy Lo (W) 2 @xary [T 14N, L, @)l 2
j=1
Thanks to (4.8) we can write

N2, N- max(a—3,0
|E ™ (A, (), S 2 ()l < C(1+ [ Any (@)l + 1S o)) ™7
Using Lemma 3.2, (3.5) and the Cauchy-Schwarz inequality yield, for b > 1/2,

[ AN (W) Lo mx ) < Z IAN;L (W) || ooy ) <
L
31 1 1_
< ZCN32L2 [ANsz(w)||L2®xar) < CNg ZLQ PLON3 || AN, L (u)l| 2R ar)
L L

1 i i 1
<Ny (D) (S L NN L ()R ean) T < O llull o
L L

We next estimate [|Sy, j2(u)|| L.

1SNy 2 (W] Loo (mx a1y <

21
< Z AN, (W) || Loe@xary < C Z Z Ng L2 |An,p(u)|l p2@xary <

N4:N4§N3/2 Ny: N4SN3/2 L
1 1 1
<o > W)Y YN A )’ <
Ny:N4<N3/2 L Ny:N4<N3/2 L

1
< ONg Jlullx1,
provided b > 1/2. Using the last two estimates, we obtain the bound

1
(4.10)  [HY™ (An (W), S 2 (w))l] oo xary < 1+ C(NZ [Jul| x1,)mx 300
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With (4.10) in hand, we estimate ;. Let us recall a discrete Schur lemma.

Lemma 4.5. — For every A > 0, every s > 0 there exists C > 0 such that if (cn,)
and (dn,) are two sequences of nonnegative numbers indexed by the dyadic integers,
then,

S

Y My <[ X&) (k)
Ny

No<AN; ~ 1 No

Proof. — Let us set
NS
K(No,Nl) = ]INOSANl F(‘)S .

1

Summing geometric series imply that there exists C' > 0 such that
supZK (No, N1) +supZK (No, N1) < C.
0 N1 N NO

Therefore the Schur lemma implies the boundedness on l12v0 X l?vl of the bilinear form
with kernel K (Ny, N1). This completes the proof of Lemma 4.5. O

In estimation Iy, we first sum with respect to Lg, L1, Ng, N1. Writing
Ng

1= N Ny *N§, (LoL1)? = LY LALS V' Lo7°,

using Lemma 4.5 and (4.10), after summing geometric series in Lo, L1, we can write
forb>1/2and 1/2 >V > 3,

3,0
11 < Cellull xoagecan 10l @enn (1+ Tl )

max(a—3,0) 3

> (VaNs)2 2t (LyL3)’Ny T H IAN;L; (W) L2 ®xar) -
La,Ls N3<No §=2

Since a < 5 and N3 < No,we have, choosing € > 0 small enough,

max(a—3,0)

(N2N3) Ny < N9 N3(NyNs3)™*¢

Therefore, by summing geometric series in Nao, N3, Lo, L3, we get the bound

I < CHw”X 50" (Rx M) (HU||X1 Bb(Rx M) + ||UHX1 b(Rx M )HuHXsﬁb(]RxM) :

It remains to estimate I5. We start with a rough bound for H; NQ’ 3

use of Leibniz rule and the Sobolev embeddings, we obtain the followmg statement.

. By a repetitive
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Lemma 4.6. — There exists A > 0 such that for every coordinate patch
k:UCRS— M,
every v € N3, there exists C, > 0 such that for every u € L*(M),
Na,N: +A 3,0
1O (A (u((2))), Sy o (@)l ooy < C NG (1 ey )
We next state a bound for products of eigenfunctions.

Lemma 4.7. — Let1 > 6 > 0. There exists A > 0 such that if
(4.11) No> ANy, Ny<Np<Ni, N3< Ny~
then for every v > 0 there exists C, such that for every u,w € L*(M),

3
(O
Ns,N: max(a—3,0
/ H 2’ 3 ANa(u)szg/Q(u>)PkowHiju < 'yHUHL2HwHL2<1+‘|UHL2a(M) )>,
j=1

provided (A,;)? € [Nj,2Nj], j =0,1,2,3.

Proof. — A similar argument already appeared in Lemma 2.6 of our previous paper
[8]. The new point here is the presence of HﬁQ’N3. Working in local coordinates,
due to Lemma 2.3, we can substitute P w with the oscillatory integral

[ % T 3
(4.12) /6 Mg 1 ’yO)ao(iU,yo,)\ﬁO)w(yo)dyo-

Indeed the remainder term can be estimated thanks to the Sobolev embeddings and
Lemma 4.6. We consider three cases.

— Case 1. Suppose first that N7 < N&_‘s. Using Lemma 2.5, we integrate by
parts in the variable x by means of the oscillating factor

1
(2 2 ‘P(f‘?»yo)
e ko ,

and after ¢ integrations, we gain a factor Ny ?. On the other hand, due to

Lemma 4.6, the assumption N1 < N, 1=9 and the Sobolev inequality, we obtain

that the derivation of the amplitude is causing at most a factor Ng(l 0+4, By
taking ¢ > 1, this completes the proof in the case N1 < NOI_‘S.

— Case 2. Suppose next that Ny > Nol_‘s but Ny < Nol_‘s. In this case we can

substitute Py,w with (4.12) and Py, u with

1

1
.Aj , S
/ NI g (2,1, A7 u(yn)dys -
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Indeed in the considered case the remainders in the approximation for Py, w
and Py, u given by Lemma 2.3 are both O(N; *°) as operators from L? to the
Sobolev spaces. Thanks to Lemma 2.5, if we take A > 1, we can again integrate
by parts in & with the slightly modified oscillatory factor

1
A @ (z,y0.y1)
k b
e ko ,

where
11
(Y0, y1) = (T, Y0) + N\,  Ai (@, 1) -
— Case 3. Suppose finally that Ny > Nol_‘; and Ny > N&“s. Then we can

substitute Py, w, Py, u and Py,u with the corresponding oscillatory integrals
and we can then argue as in case 2.

This completes the proof of Lemma 4.7. 0
Lemma 4.7 is now used to get a bound for space time functions.

Lemma 4.8. — Let s > 1, b,' >0 and 1 > 6 > 0. Then there exists A > 0 such
that if No, N1, No, N3 satisfy (4.11) then for every ~ > 0 there exists C such that
for every w € X5Y (R x M), u e X" (R x M),

— 1
No,N1,N2,N3 < C’YNO (L2L3)2
Lo,L1,Lo,L — /
0,L1,L2,L3 Lg (L1L2L3)b

—1
ool e (el + ullSend )l o

Proof. — Define 11}, ;, as follows
1

= / ]Sk\u(T)eitTdT.
2T JL<(r4ap)<2L

Iy (u) :

Further we set
A(No, N1, Na, N3) := {(ko, k1, ka, k3) © Nj < (A,)? < 2Nj, j =0,1,2,3}.
Since
Anr = Z I 1,

ki N<O\) 2 <2N
we get the bound

No,N1,N2,N3
Lo,L1,L2,L3
3
Na, N
< Z Hpj3" 7 (Ang (u), Sy j2(u) Hk’o,Lo(w)Hij,Lj(U) :
A(No,N1,Na,Ng) |7 BXM j=1
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Since Pyl 1, = Iy 1, under the assumption (4.11) a use of Lemma 4.7 yields,

No,N1,N2,N: — -3,0
Ioyiiiin’ < CoNg ™ sup (1 Ju() 505 7)

0o 3
> Ml TT M0, znde.
A(No,Ny,Na,N3) ¥~ j=1

For b > 1/2, a use of (3.2) and the Holder inequality implies that under the assump-
tion (4.11),

No,N1,N2,N3 — max(a—3,0)
Tho Ly Loils = CyNo "1+ HU”Xo,b(RX]\/[)

3

Z HHko,Low”LQ(RxM)||Hk1,L1U||L2(RxM) H HHk]’,LjUHL‘X’(R;LZ(M)) .
A(No,N1,N2,N3) j=2

Since An, Uy, 1, = Uy, 1,, for k; such that N; < <)\kj>% < 2Nj, using (3.4), we
get

(4.13) Mg, 20wl 22 ary < ONG L wll - e nry

—s7—b —b
(4.14) HHkl,LluHLQ(RXM) <CN{°Ly Hu”Xs«b(RxM) < CL; HU”XS»b(RxM) )

and using Lemma 3.2, for j = 2, 3,

1
(4.15) ||k, L, ull oo ; 22(ary) < L [k, nyull L2
1y 1 p
< CL; ullxos@mxary < CL; lull xio@xar -

Using a crude form of Weyl asymptotics, we get a bound

3
(4.16) |A(No, N1, No, N3)| < C(J Vi)
j=0
Lemma 4.8 follows in view of (4.13), (4.14), (4.15) and (4.16). O
We fix the constant A in the definition of I; as the one involved in Lemma 4.8. We
split I as
Iy := In + Iaa,

_ No,N1,N2,N3
In = Z Z Z IL07L1,L27L3

Lo,L1,L2,Ls Ns<N2<N1 Ny : No>AN;,N3<Ni~°

with
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where 6 €]0,1[ is to be specified later. Using Lemma 4.8, if ¥’ > 0 and b > 1/2 a
summation of geometric series provides the bound

I < CHU)HX s b’(]RxM)(HuHXI b(Rx M) + HUHXI b(Rx M )HUHXva(RXM) .

It remains to evaluate 9.

Lemma 4.9. — Let s > 1. There exists 6 > 0, 61 > 0, d9 > 0 such that if
Ny > ANy and Ny > No > N3 > N} 70, then there exists (b, V') € R? satisfying (3.7)
such that

womin s Clolsar (Il + lullSh ) el 0

e (NoN1N2N3)°t (LoLy Lo L3)%

Proof. — We use Proposition 4.3, the Holder inequality and (4.10). For every € > 0,
there exists 6 < % such that,

max(a—3,0)

No,N1,N3,N: —
]LOO,thLQ?Lss < Ce (N2N3) (L0L1L2L3)BN ’ ||ANOLO(U})HL2(R><M)

max(a—3,0
H AN, L; (W L2(Rx a1 (1 + llull 1, b(Rng)

Therefore
L L1L2L3) ]\7S
IN07N17N2,N3 < ( 0 NN
LO;LI,LQ,Lg —_ L (L1L2L3)b NS<N2N3)( 2 3)
max(a—3,0)
Ny ol e geenny (lenssenn + Il bgscan ) el xesqaan -

Since o < 5, we observe that there exist ¢ > 0, § > 0 and §; > 0 such that under
the assumption of the lemma,

Ns max(a—3,0) 5
——— (N2 N Ny, ? < (NgN1NoNg)~ %t
N7 (NQNg)( o N3) 7+ < (NoN1N2N3)

The parameter € > 0 being fixed, we choose 3 as imposed by Proposition 4.3. Finally
we chose (b,b') € R? satisfying (3.7) such that b’ > 3. This completes the proof of
Lemma 4.9. O

Using Lemma 4.9, a summation of geometric series yields

I < C||U)HX—S b (Rx M) (||U||X1 b(Rx M) + HUHX1 b(Rx M )HUHXSJ’(RXM) .

This completes the proof of (4.7) (and thus of (3.8)) in the case of a three dimensional
compact manifold satisfying Proposition 4.1.
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Remark 4.10. — Let us notice that the estimate (3.8) holds for any sub-quintic
nonlinearity, not necessarily satisfying the gauge condition (1.2). We used (1.2)
in the reduction to F vanishing of order three at zero performed above because it
simplifies a bit the analysis. More precisely for an arbitrary F in the expansions of
G1(An, (u), Sy, j2(u)) and HN? (AN, (u), Sn,/2(u)) above one should add a constant.
This would force one to analyze quadratic nonlinearities separately which can be done
with our methods.

Thanks to the multilinear nature of our arguments, the proof of (3.9) is essentially
the same as for (3.8). Indeed for suitable F, F; one writes

F(u) — F(v) = (u —v)Fi(u,v) + (u — v)F2(u,v).

Then we expand
u—v= ZANl(u—v)
N1
and for j = 1,2,
Fj(u,v) =Y [F(Sny (1), Sny (v)) = Fj (S, 2(u), Sy 2(v))].
Ny

One then further expand the difference and after a duality argument the proof of
(3.9) is reduced to a bound for a 4-linear expression multiplied with a factor similar
to HﬁQ’N‘”’(ANB(u), Sn,/2(u)) appeared in the proof of (3.8). We omit the details.

5. Trilinear Strichartz estimates and applications

In this section we prove Theorem 4 for M = 5[2) x S' with the standard metric.

5.1. Trilinear Strichartz estimates on M = Sg x S'. — We do not know
whether Proposition 4.1 holds in this case. Instead, we shall prove a trilinear
Strichartz-type estimate. Let us first introduce some notation. As usual we identify
St with R/(27Z). The eigenfunctions of A in the considered case are

Amn =m> +k(n*+n), m>0, n>0, K= —.

Let us denote by II,, the spectral projector on spherical harmonics of degree n > 0
on Sﬁ. For f(w,0) € LZ(S/% x S1), we set

1 2w

Omf(w) =5 i f(w,0) e ™40 .
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The crucial estimate is the following.

Proposition 5.1. — For every interval I C R, every € > 0 there exists a constant
C such that for every N1 > Ny > N3 > 1, every f1, fo, f3 € L*(M),

3 5 3,5
H H eztA(ANjfj)HLQ(IxM) < C’]\f?;l]\ff"'E H HANjfjHL?(M) .
j=1 =

Proof. — By a time translation we can suppose that I = [0,7]. Since k is not
necessarily integer, we can not employ the argument of Proposition 4.1 which reduces
the analysis to the case I = [0, 27]. We shall instead use the following lemma, already
used in a similar context in [4].

Lemma 5.2. — Let A be a countable set of real numbers. Then for every T > 0
there exists Cr such that for every sequence (ay) indexed by A one has

Hzakei/\tHL%o,T) SCT(Z( Z ]aA|>2>§.

AeA IEZ  X:[A—1|<1/2

Proof. — Let ¢ € C§°(R) be such that ¢7 = 1 on the interval [0, 7. Set
F&) = yr(t)are™.
AEA
Then
Fr) =Y dr(r = Nay

AEA
and the problem is to show that

HJ?HLQ(]R) < CT(Z ( Z |a>\|>2)é .
I€Z " A:|A—1|<1/2

Next, we write

FOIY > Wr(r=Nllaxl <> K (1, 7)h(),

€2 X:|A—1|<1/2 leZ
where
h(l) = Z laxl, K(l,7)=  sup ]@(T -]
A A—l|<1/2 As[A=l<1/2
It is clear that |A — | < 1/2 implies

1 C
<
T+|r=A ~ 1+ |7 =]
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and therefore, using that ¢y € C§°(R), we deduce that for every N € N there exists
Cr,n such that
Cr N
I <« __ TN
K< 3
A use of the Schur lemma completes the proof of Lemma 5.2. 0

We expand
3 .
7j=1
3
_ Z e_Z(Aml ny +)\m2 n2+Am3 nd)t ) m1+m2+md H Hn] (._)m] f‘7 )

where the sum is taken over (m;,n;), j = 1,2,3 such that N; < ()\mj,njﬁ < 2N;.
Using the Parseval identity with respect to 6 and Lemma 5.2, we obtain

3
I H elm(ANa‘fj)Hi?([o,T}xM)

j=1
SO 0 D SE | (Y

(l7§)eZ2 [i— >\m1 ny— /\m2 ng — >\m3 n3|<l/2 ] 1
E=mi+ma+ms3

i

L2 SZ

where the summation over (my, ma, mg, n1,n2, ng) is restricted to (m;, n;) such that
N; < ()\mjmj)% < 2Nj;, j =1,2,3. Applying the triangle inequality for the LQ(Sg)
norm, the Cauchy-Schwarz inequality in the summation over (my, mo, ms, ni,ng, ns3),
and the trilinear estimate (1.6) of Theorem 2 yields

3
I H 6ltA(ANJ‘fj)HiQ([O,T}xM)

i=1

3
5> 3 A(L€)|(N2N3)2 [T M, Om, TillTasz)

(1,6)€Z? l1=2my,nq —Amg,ng—Amg,ng|<1/2 Jj=1
§=mi+ma+m3

3

1

< (NoN3)z sup [ALE| T 112
(L,¢)ez? j=
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where

3
A(1,€) := {(m1,ma,m3,n1,n2,n3) € N® : |1 = "(m? + k(n] +ny))| < 1/2,
j=1
E=mi+mat+mg, Nj<Amn)? <2Nj, j=1,2,3}.

It remains to bound the size of A(l,£). The number of possible (ms,n3) is bounded
by CNZ2. The number of possible my is bounded by C'Ny. Thus the number of
possible (mg,m3,n3) is bounded by CNaN3. Let us now fix a possible triple
(ma,ms3,n3). Our goal is evaluate the number of possible (m1,ni,n2) such that
(m1, ma, mg,ni,n2,n3) € A(1,§). In view of the imposed restrictions, we can elimi-
nate mj by concluding that (n1,n2) should satisfy

= (€~ mz — ma)® = — 103 — [+ + 0+ ]| < 5
or equivalently
(5.1) |(2n1 + 1) + (2n2 + 1) = R| < %
where

4
R:—4(n§+n3)—|—2—|—;[l—(g—mg—mg)Q—m%—mg].

Using Lemma 4.2, uniformly with respect to R, the number of integer solutions
(n1,n2) € [0,CNy] x [0,CNg| of the inequality (5.1) is bounded by C.N§ which
implies the estimate

AL €)] < CaNZN, ™.

The proof of Proposition 5.1 is now completed. ]

5.2. Using trilinear Strichartz estimates. — From now on we simply assume
that M is a three dimensional compact manifold satisfying Proposition 5.1. Pro-
ceeding as in [8, Section 3.2] one can show, for instance, that the product of any
Zoll surface with S' has this property. As a consequence it can be remarked that in
fact Theorem 1 holds for any such manifold.

For our purpose in this section, we will first use the following weaker form of
Proposition 4.1 which is a consequence of Proposition 5.1.



NLS ON THREE DIMENSIONAL MANIFOLDS 43

Proposition 5.3. — For every interval I C R, every € > 0 there exists a constant
C such that for every N1, No > 1, every f1, fo € L?>(M),

2 2
. ) 3
ITL AN, ) 2 grnry < Clmin(Ny, No) T [ TlIAN, fllz2ar)
j=1 j=1
Proof. — It suffices to apply Proposition 5.1 with f3 = 1. O

Proposition 5.1 and Proposition 5.3 now imply the following statement.

Proposition 5.4. — For every € > 0 there exist § < % and C > 0 such that for
every Ny > Ny > N3 > 1, Ly, Ly, Ly > 1, every ui,ug,us € L*(R x M),

2 3 2
3+
(5.2) ITT ANz, (W) 2 < C(LaL2) Ny T AN,z (u))l 2
j=1 j=1
and
3 5, 5, 3
= T€& < TE
(5.3) ITI ANz, (up)]| 2 < C(LaLaLs) Ny NG T AN, z; ()22 -
j=1 j=1

Proof. — One can show that Proposition 5.3 implies (5.2) exactly as we did in the
proof of Proposition 4.3. The proof of (5.3) follows similar lines. First, using Lemma
3.2 and the Holder inequality we get

3
(5.4) H H ANz, (“J‘)Hm <
j=1

3

< ANy () llzs; 2any [T 12N,z (W)l o, 1 ary) <
=2

3
3 1
< C (NoN3)2 (L1 LoLs)s [ ] AN,z (uj)ll 2 -
j=1
Next, exactly as in the proof of Proposition 4.3, we obtain that for every unit
interval I C R, every b > 1/2, every § > 0 there exists C} 5 such that for every
N1 > Ny > N3 > 1, every ui, u2,us € Xo’b(R X M),
246

3 5 3
(5.5) ITI 2w, (Uj)HLz(]XM) < Cos Ni N T IAN, () x0s -
j=1 Jj=1
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Using the partition of unity (4.4), we get the bound

3
| H AN, (uj)HLQ(]RxM) =
j=1

3
§+5 5
< CpsNy Ng (L1 LaLa)’ [ AN, £, (u)) | 22
j=1

Finally, a suitable interpolation between (5.4) and (5.6) completes the proof of
Proposition 5.4. 0

Let us now turn to the proof of Theorem 4 in the case M = Sg x St (or more
generally any manifold satisfying Proposition 5.1). We can again suppose that F'(u)
is vanishing at least at order three at zero. We expand F'(u) as we did in section 4.
We even make one more expansion of the terms H ﬁ-Q’Ng’ and it results that estimate
(3.8) is a consequence of the bounds

(5.7) J < CHwH)(—s,b’(RxM)||u||§(s,b(RxM)

and

(58) < Clwlyw sy (a5 gnn ) ulxeoenn -
where

J = Z Z Z / ANyLo(w HANL ’

Lo,L1,L2,L3 No N3<N2<Ni

and

I= 2 X

Lo,L1,L2,L3,Ls No Ny<N3<N2<N;
[ (HANL ))HN0 N A (), Sy 2(w)].

with sums taken over the dyadic values of N; and Lj;, j = 0,1,2,3,4. Moreover
HN2:N3:N4 (g b) enjoys the bound

|HN2 N3N (0, )] < C(1 4 |a] 4 [p])m (=40
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In addition for 4 < o < 5, we can further expand H™2N3:N1 and we can get the
bound

1
(5.9) |HN NN (AN, (u), Sy o () [7T < C DT AN (u)].
Ny : N5 <Ny

The proof of (5.7) is a consequence of the bilinear estimate (5.2). More precisely,
using (5.2) and the Holder inequality, we obtain that for every € > 0 there exists
B < 1/2 such that

3 3
3
/ANOLO (w) [] An,z, ()| < C(N2N3) 3 =LY Ang o (w) |2 [T LTI AN, 2, ()] 12 -
j=1 j=1

Since for £ < 1/4 we have % + e < 1, we can complete the proof of (5.7) as we did
in section 4. A similar argument (using both (5.2) and (5.3)) is valid for (5.8), if
a <4.

To prove (5.8) if 4 < aw < 5, we use Proposition 5.4 in its full strength. Set

4
R = | [ s (T Awe 00 ¥ (A 1) Sy 20
j=1

In order to estimate [ ﬁfﬁ 1LA27 QLI;%T“, we use the following form of Holder’s inequality.

Lot = (L) (L el)

Since 4 < a < 5, v = o — 4 €0, 1[. Using (5.10), we can write,

(5.10) vy €0, 1],

(5 11) IN0N1N2N3N4 [ N0N1N2N3N4]1—'y[ N0N1N2N3N4]'7
: LoL1LoL3Ly — \YLoLiLoLsLy LoL1LoL3Ly

)

where
4
NoN1N2N3Ny __ | |
JL0L1L2L3L4 - / ‘ANOLO ('LU)( ANij (U)) ’
Rx M j=1

Thanks to (5.9), the second factor Kﬁ?ﬁﬁ%ﬁf‘* in (5.11) enjoys the bound

4

NoN1NaN3N.

KL00L11[/22L324 ! S C Z / ‘ANOLO (w) ( H ANij (U)) ‘ ‘AN5 (’U/)’ °
N5 : N5s<Ny RoxM j=1
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Let us now bound J ivo OLAII 1L]\2[ QL];[ ziv *. Using Holder inequality and Proposition 5.4 (both

(5.2) and (5.3)), we obtain that for every £ > 0 there exists § < 1/2 such that

4
NoNi NaN3N. 3 Ste
T et t < C(NaN3)3 TNy Lyl ANy o (w) | 22 11 L?HANij (u)][z2 -
j=1

Next we estimate Kﬁoﬁﬁ%ﬁy“ By writing An, = > ;. An,L;, using Holder’s
inequality and Proposition 5.4 (twice (5.3)), we obtain that for every € > 0 there
exists # < 1/2 such that Kﬁoﬁlﬁijﬁ{j‘* is bounded by

5
3 5
C Y D T (NaNg) T (NGNG) LG [ Ang o ()22 [T L7 14N, 1, (W) 22
N5 :N5<Ns Ls j=1

5 1
Writing N o N5 N +€, using the Cauchy-Schwarz inequality, we get for b > 3,

§+e
STOS NG AN, Ly (W)l 2 <

N5:N5<Ny Ly
B—bnriTE 2\ 3 I+e
(2 X [N s < ONF fulla.
N5:N5<N4 L3

Therefore, we have the estimate,

NoN1N2N3N, 3 S4e
KL00L11LQQL3%/44 < C(N2N3)4+EN44 ngHANOLO (w)HL2

4 1
5te
(TL 25180, )22 ) N5
j=1

Coming back to (5.11), we obtain the following estimate

S 3 £ §+5 7(l+€)
(5.12) JNoNIN2N3 Ny C%(NgNg,)ﬁ NiTN]

B=b’ B—b
LoL1LoLsLy — Nf N2N3N4 LO (L1L2L3L4)

4
(NG * L 18wz ()l122) (NF 81 A () 2) ( TT NG 22w, 2, ()l 22 )l -
j=2

Let us take € > 0 such that (3 +2¢) + (2 +¢) +v(5 + &) < 3 or equivalently,

1—7 5—«a
0<e< = .
4B834+7v) 4(a-1)
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Note that a proper choice of ¢ is possible thanks to the subcritical assumption « < 5.
Therefore there exists # > 0 such that for Ny < N3 < No,

(N2N3)%+5N§+€N47(i+6) < C
N2N3N4 - (]\[2]\73]\74)(9 .

As in section 4, we split I < |I;| + |I2|, where I; is the contribution to I of the
sum over (Ng, N1) such that Ny < AN; and A > 1 is a large constant and I3 the
contribution corresponding to Ny > AN;. Thanks to (5.13) and (5.12), we get the
needed bound for I; by summing geometric series in Lg, L1, Lo, L3, Ly, No, N3, Ny
while the sum over (Ny, N1) is performed by invoking Lemma 4.5. The bound for
I, and (3.9) in the case under consideration can be established exactly as we did in
the previous section. This completes the proof of Theorem 4. O

(5.13)

Remark 5.5. — A careful examination of the proof above shows that Theorem 4
still holds for a three dimensional manifold M satisfying the more general trilinear
Strichartz estimate,

3a>0:VYT >0 Ye>0,3C>0:VYN3< Ny <N,V fi, fa, f3 € L*(M),

5 3
ITT e An, il poqoynry < CN3 TN~ T IAN, £l 220 -
j=1 =

Appendix A

This appendix is devoted to the optimality of the assumption o < 5 in Theorem 1.
Let us again consider a 3d-manifold M endowed with a Riemannian metric g and A
the Laplace-Beltrami operator acting on functions of M. We consider the following
non-linear Schrédinger equation on M

(A1) (8 + A)yu = F(u), uleo = uo € H' (M)

where F(z) = (1 + |z|2)OT_lz and « > 5.

Let us fix s > 3/2. Equation (A.1) is well-posed for data in H*(M) by the energy
method. In particular, for every bounded set B C H*(M) there exists Ts such
that for every ug € H*(M) the Cauchy problem (A.1) has a unique solution on the
interval [—T, Ts] in the class C([—Ts,Ts]; H*(M)). Moreover the flow map

P :ug—u
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is continuous (and even Lipschitz continuous) from B, endowed with the H*(M)
metric, to C([—Ts,Ts]; H*(M)). The next statement shows that ® can not be
extended as a continuous map on bounded sets of H!(M).

Theorem 5. — Let B be a bounded set of H'(M). There is no T > 0 such that
the map ® can be extended as a continuous map from B to C([-T,T]; H'(M)).

The result of Theorem 5 readily follows from the following statement.

Theorem 6. — There exist a sequence (ty)nen of positive numbers tending to zero
and a sequence (un(t))ns1 of C°(M) functions defined for t € [0,t,], such that
(i0) + Ay = (1+ |un|?) 2 uy,
with
lim ||un (0) || g1 (ar) = 0,

n—oo
and

T a1y = o
Remark A.1. — The result of Theorem 6, in the particular case M = R3, endowed
with the standard metric, can be found in [11]. We also refer to [11] for more ill-

posedness results for NLS on R%, d > 1, with power-like nonlinearities and data in
H?, s> 0.

Remark A.2. — The proof of Theorem 6 is strongly inspired by [11]. The only
observation we make here is that the dilation arguments involved in the proof in [11]
are not essential. It is clear from the proof we present that the discussed phenomenon
1s completely local, i.e. the whole analysis is close to a point of M for very small
times.

Proof. — We work in a local coordinate patch around 0 and consider as initial data
the sequence

un(0) = kun'2p(nz), n>1,
where ¢ is a fixed non negative smooth compactly supported function and
Kn = IOg_a(n)

with d > 0 to be fixed later. Remark that

[un(O)| 1 (agy ~ Fon-
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a—

Let us set f(z) :=(1+ |2']2)T1 Then
vp(t) = ﬁnn1/2cp(na:)efitf(”’ml/z‘p(m))
is the solution of the equation
(A.2) i0pvy, = F(vp),  Vplt=0 = un(0) .
Let us give a basic bound for vy, (t).
Lemma A.3. — There exist ¢ > 0 and C > 0 such that for anyt > 0,
IVavn(®)|lr2 > kn (ct/ﬁ*ln(o‘*l)/2 — C’> :

Proof. — The change of variable y = nx gives
—1 /{nnl/Q
I92vn(t)l122 = | Wy [rnplype i teen o7 |
(A-3) > ko (20 ()0-F (20 (1)) - Viyp(0) 22 — V9 l12)
> ct K%n(a_l)ﬂ — Ckp,
which implies the lemma. O

For functions u on M, we define the quantity,

1
En(u) = [n?ull3 +n 2 Aulf3s| "

The key point in the proof of Theorem 6 is the next statement.
Lemma A.4. — The solution uy, of (A.1l) with initial data

uy = kpn'p(nz) € C°(M)
exists for 0 <t < t,, where

tn, = logt/8(n)n=(@=1)/2,

Moreover, there exist € > 0 such that fort € [0,t,],

En(un(t) —vp(t)) <Cn™c.
Proof. — Since the initial data are in H*, s > 3/2, we know that u,(t) exist on a
(non empty) maximal time interval [0,¢,[. Consequently, to prove Lemma A.4, we
simply prove the a priori estimates which ensure, by a classical bootstrap argument,

both the existence and the control on Ej, (u,(t) — v, (t)) for t € [0,,] N[0, %,[. Let us
set w, := u, —v,. For the sake of conciseness, in the rest of the proof of Lemma A .4,
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we drop the subscript n of u,, v, and w,. The a priori estimates involved in the
proof are simply energy inequalities in the equations

(10 + A)w = F(u) — F(v) — Av = O(1 + [v|*7' + |w|*Hw — Av
and
(i0y + A)Aw = A (F(u) — F(v)) — A% = —A%v + A,
where
A= O00 4 Jw|* + v]* ) Awt
+O((1+ |w]* 2+ [|* (L + |w| + |v| + |Vw| + |Vo])) Vw+

+ O ((1+ [w|*72 + v]* )1 + [V + (o] + [w])|[V0]) w.

From the explicit formula for v, we have for 0 <t <t,, k=0,1,2,...,
IV 0]| oo < Ot 10g" 5 () |
According to the Gagliardo-Nirenberg inequalities,
(A.4) Iz < CUFIZR NI < Ont 2B (f)
we deduce
(A5) n O+ [o]* ™+ w|* Dwllpz < C (1 +[lullg<" + [wl§=!) nllwle <
< Cn VB, (w) + ES(w)).

To estimate A, we proceed similarly. More precisely, thanks to (A.4), we estimate
systematically the terms involving v or w below the O sign in L*°. The only term
which cannot be estimated by invoking (A.4) is

(A.6) O((1 + [w]* + [v]*"?)(|Vw|)) V.
In order to evaluate (A.6), we use the bound
IVwllzs < ClIVw] g < Cn¥E, (w)

and we obtain

(A7) 1(A.6)|| 2 < C (DB, (w) + Eg(w)) .
We are therefore conducted to the following estimate for A
(A.8) n A2 < O P log (n)(En(w) + Ef (w) .

Next, thanks to the formula for v, for 0 <t < t,,, we estimate the source terms,

(A.9) n||Av| 2 +n 7| A%]| 2 < Cn?log!/?(n)
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According to (A.5), (A.7) and (A.9), we obtain

d
& B2 (w) < Cn@ D/ log () (B2(w) + By () + Cn® log! () Bu(w).
Suppose first that F,(w) < 1 which is clearly the case at least for ¢ < 1 since
wli=o = 0. Notice that

n*log(n)
n(e=1/21og"/4(n)’

2 log1/2(n)En(w) < nla—1)/2 log1/4(n)E721(w) +

Therefore
d
dt
Integrating the last inequality between 0 and ¢ gives the estimate

Ep(w) < Cn2 %5 log!/4(n) Ctn'* D 2 log!1(n)

— 4 a—1 — 4
G*Ct”(a D/210g!/ (n)Eg(w) < C’n477 10g3/4(n) efCtn(a /2 10gt/ (n)

For every v > 0 there exists Cy such that for ¢ € [0, 1],
Ctnle=1/2 10g1/4(n) <C 10g3/8(n) < ~logn+ C,

Since o > 5, by taking v > 0 small enough, we obtain that there exists € > 0 such
that for ¢ € [0,t,], we have

(A.10) E,(w)<Cn™¢.

Finally the usual bootstrap argument allows to drop the assumption E,(w) < 1.
This completes the proof of Lemma A.4. O

It is clear that by interpolation, the quantity E, (u) controls uniformly with respect
to n the H' norm of u. Consequently, it follows from Lemma A.3 and Lemma A.4
that for § < g; and n>> 1,

Lo
lwn (tn) | g > C'logs 6(”)

This completes the proof of Theorem 6. 0
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