SEMI-CLASSICAL ESTIMATES FOR THE RESOLVENT IN NON TRAPPING GEOMETRIES by Nicolas Burq

Abstract. — The purpose of this note is to present a very natural and simple method to prove (for non trapping geometries) the existence of resonance-free regions and to give estimates for the resolvent in these regions. The method is valid in any dimensions of space and does not rely on Lax and Phillips theory.

Résumé. — On présente dans cette note une méthode simple et naturelle permettant d’obtenir (dans le cas d’une géométrie non captante) l’existence de régions ne contenant pas de résonance et de démontrer des estimations sur la résolvante dans ces régions. Cette approche est indépendante de la dimension d’espace et n’utilise pas la théorie de Lax et Phillips.

1. Introduction

The purpose of this article is the study of the localization of resonances for the semi-classical Schrödinger equation near positive energy levels. The shape resonances are the metastable states of a system whose evolution is described by a Hamiltonian, H, depending upon the Planck constant h. An important feature of the resonances is their lifetime (the reverse of their width) which describes the time needed by a wave packet associated to the resonance and initially localized in a compact region of the space, to develop a non zero probability density in the outside region. In this paper we shall study the semi-classical approximation when the Planck constant tends to 0. In the case of non trapping geometries (see definition below), it is known that there exist some pole free regions. The proofs of these results rely on the “propagation of singularities” theorem of R. Melrose and J. Sjöstrand [MS82] on the one hand and on the other hand on Lax and Phillips [LP89] theory in odd space dimensions and on some resolvent computations in even (or odd) space dimensions (see Vainberg [Vai88]). The purpose of this note is to present a very natural and simple method relying on P. Gérard, E. Leichtnam [GL93] and P.L. Lions, T. Paul [LP93] Wigner measures (or semi-classical measures), to prove these results (see also the survey by P. Gérard, P. Markowich, N. Mauser and F. Poupaud [GMMP97] and the work by L. Miller [Mil97, Mil00]). The method does also provide a direct proof for the estimates on the outgoing resolvent in these regions. For the sake of simplicity we restrict the study to the case of compactly supported perturbations of the semi-classical Laplace operator.

1.1. Asumptions. — Let Θ ⊂ R^d be a (possibly empty) smooth compact obstacle whose complementary, Ω = Θ^c, is connected. Suppose that Ω has no infinite order contact with its boundary (see in section 4 the precise definition). Consider a semi-classical self adjoint operator defined on L^2 (Ω): P = d∑ i,j=1 a_{i,j} (x)hD_{xi} hD_{xj} + d∑ i=1 (b_i (x)) hD_{xi} + V (x)

(1.1)

with domain

D(P ) = {u ∈ H^2 (Ω) ; u |_{∂Ω}= 0}

(1.2)

Observe that ∂Ω can be empty.

Suppose that the functions a_{i,j}, b_j and V are smooth, that P is elliptic (∃c > 0; (a_{i,j} (x)) ≥ cId) and that the operator P is for |x| large enough equal to P_0 = −h^2Δ. Let p(x, ξ) be the semiclassical principal symbol of the operator P : p(x, ξ) = d∑ i,j=1 a_{i,j} (x)ξ_iξ_j + d∑ i=1 b_i (x) ξ_i + V (x)

(1.3)

Consider the resolvent of the operator P : R(z, h) = (P − z)^{−1} which is (since P is self adjoint) defined (and holomorphic) for Imz ≠ 0. It is well known that this resolvent admits a meromorphic continuation (as a bounded operator from L^2_{comp}(Ω) to L^2_{loc}(Ω) across the continuous spectrum R^+ to the logarithmic plane if d is even and to the z^2-plane if d is odd. We will denote these spaces by C̃ in the sequel. The resonances are the poles of this meromorphic continuation. In this paper we’ll restrict our attention to the resonances close to the real axis and obtained by the continuous meromorphic extension from {Imz > 0}. Remark that the framework above contains naturally the two main models we have in mind: the semi classical Schrödinger operator P = −h^2Δ+V (x) and the high frequency Helmoltz operator P = −Δ−λ^2 with |λ| = h^{−1} >> 1. In this article we’ll be interested only in the non trapping case (see [Bur98, Bur00] for general results in the trapping case).

Definition 1.1. — The energy e ∈ R^+ is non trapping if every integral curve of the hamiltonian vector field associated to the symbol p(x, ξ), drawn on the surface S_e = {(x, ξ); p(x, ξ) = e} and reflecting on the boundary according to the law of the geometric optics (the so called generalized bicharacteristics) does leave any compact set in finite time (remark that the equation p(x, ξ) = e implies a uniform bound on |ξ| hence “leaving any compact set” means “going to the infinity in the x variable”). We refer to [MS82] for a precise definition of generalized bicharacteristics)

If d is odd, using Lax and Phillips semi-group theory [LP89] (see also [TZ00, Vai88] for a result independent of the parity of the dimension of space), it is possible to show that the following result is a consequence of the “propagation of singularities theorem” (see [MS82])

Theorem 1. — Consider K a compact subset of R^+ . Suppose that every energy level in K is non trapping. Then for any N ∈ N there exists h_N > 0 such that for any 0 < h < h_N the operator P (h) has no resonance in the set {z ∈ C̃; Rez ∈ K, |Imz| ≤ Nh log 1/h} (1.4)

In this text we are going to give a very natural and simple (at least when the boundary is empty) proof of the following (weaker)

Theorem 2. — Consider K a compact subset of R^{+,∗} . Suppose that every energy level in K is non trapping. Then for any N ∈ N there exists h_N > 0 such that for any 0 < h < h_N the operator P (h) has no resonance in the set Λ_N (h) = {z ∈ C̃; Rez ∈ K, |Imz| ≤ Nh} (1.5)

Furthermore for any χ ∈ C^∞_0 (R^d ) and any N ∈ N there exists h_N > 0 and C > 0 such that for any 0 < h < h_N and any z ∈ Λ_N (h) ‖χR(z, h)χ‖_{L(L}2_{(Ω))} ≤ C h (1.6)

Remark 1.2. — Remark that the pole free region in theorem 2 is smaller than the one in theorem 1. However, the estimate (1.6) which is the natural one (it is satisfied by the free resolvent χ(P_0 − z)^{−1}χ, seeproposition 2.1) is exactly what is needed to prove exponential energy decay or asymptotic expansion of solutions to wave equations (see [Mor61, Mor75, MRS77]). One could also remark that very few regularity on the coefficients is needed for the proof of theorem 2 (C^2 coefficients or even less would be enough, see [Bur97a] for results in this direction). We’ll not develop this aspect of the problem in this paper.

Remark 1.3. — It is well known that if χ is equal to 1 on the set where the operator P is not the standard Laplacean, the resonances are the poles of the meromorphic family of operators χR(z, h)χ. Hence estimate (1.6) implies the first part of theorem 2.

Remark 1.4. — It is not difficult to prove that if an energy level e_0 is non trapping then every energy levels sufficient close to e_0 are non trapping. This implies that the conclusions in the theorems above hold for K a neighborhood of e_0.

The note is organized as follows: In section 2 we give some basic results about the behaviour of the free resolvent. In section 3 we give the proof of theorem 2 in the simpler case when Ω = R^d . In the general case the idea is the same but the proof is technically more complicated. In section 4 we give the modifications required for the general case and the necessary references.

Acknoledgements: I want to thank P. Gérard and L. Miller for their comments on a previous version of this note and particularly M. Zworski for having kindly accepted that I include his elementary proof of the estimates for the free resolvent.

2. The free resolvent

In this section we have gathered the estimates on the free resolvent (−Δ − λ^2)^{−1}, that we shall use in the sequel. These estimates are well known, at least for λ real (especially in odd dimensions of space, see [Zwo89] and for a simpler argument valid also in even dimensions see [Vod94a] and [Vod94b]). The exposition in this part follows a method of M. Zworski [Zwo00] which has the advantage of reducing the use of explicit calculus.

2.1. Estimates on the free cut-off resolvent. — Let R_0(λ) = (−Δ−λ^2)^{−1}, Δ = ∑_d j=1 ∂^2_{xj} , be the free resolvent in R^d , normalized so that Imλ < 0 is the resolvent half-plane. Proposition 2.1. — Consider χ ∈ C^∞_0 (R^d ). There exists C > 0 such that for any |λ| > 1, Reλ ≥ 0, we have

‖χR_0(λ)χ‖_{L(L}2_{(R}d_{))} ≤ exp(C(Imλ)_+) |λ| (2.1)

In odd dimensions of space, the estimate 2.1 follows easily from the sharp Huygens principle and the relation

λR_0(λ) = ∫_{+∞} 0 e^{−iλt} cos √ −Δdt. (2.2)

For Imλ < −C < 0 this follows from the resolvent estimate, ‖R_0(λ)‖_L2_{→L}2 ≤ C/|Imλ^2| (2.3)

To prove (2.1) in all dimensions, we use the formula relating the spectral measure of −Δ to the difference of resolvents (see for exemple [Mel94, section 1.5]): χ(R_0(λ) − R_0(−λ))χ = λ^{d−2 t}E^χ (λ)E^χ (−λ) , E^χ (λ) : L^2(R^d ) → L^2(S^{d−1}) , E^χ (θ, x) = exp(iλ⟨x, θ⟩)χ(x) .

(2.4)

Hence, the estimate (2.1) for Imλ > C > 0 will follow from the estimate for Imλ < −C < 0 and another estimate: ‖E^χ (λ)‖_L2_{(R}d_{)→L}2_{(S}d−1_) ≤ C|λ|^{− d−12} e^{C|Imλ|} . (2.5) This is the same as proving the bound for E^χ (λ) ∘ F, where F is the Fourier transform. By Schur’s lemma this in turn reduces to the estimate ∫ S^{d−1} |χ̂(ξ − λω)|dω ≤ C|λ|^{1−d}e^{C|Imλ|} , ξ ∈ R^d , which follows from the Paley-Wiener theorem. In fact, we write ξ = t(ω)ω + ξ^⊥(ω) where ⟨ξ^⊥(ω), ω⟩ = 0. We then need to estimate C_M e^{C|Imλ|} ∫ S^{d−1} (1 + |t(ω) − Reλ| + |ξ^⊥(ω)|)^{−M} dω . Thus we can assume that |t(ω) − Reλ| < Reλ/3 and change the variable of integration to y ∈ R^{d−1} : ω = (ξ − y)/|ξ − y|, Reλ/3 < |ξ − y| < 2Reλ. Since |Dω/Dy| ∼ (Reλ)^{1−d}, the estimate follows.

We now have (2.1) for |Imλ| > C, Reλ > 0, |λ| > 1 (the last restriction only in even dimensions to avoid the discussion of the logarithmic plane). The general case follows from the Phragmén-Lindelöf principle.

The next result is a microlocal traduction of the outgoing behaviour of the resolvent. Proposition 2.2. — Consider χ_1, χ_2 ∈ C^∞_0 (R^d ), with disjoint supports, and K a compact subset of S^{d−1}. Suppose that

∀x ∈ supp(χ_1), ∀y ∈ supp(χ_2), x − y |x − y| /∈ K (2.6) then ∀N, ∃C_N , ∀u ∈ L^2(R^d ), ∀ξ ∈ R^+ × K, ∀λ; Reλ > 0, |λ| > 1, |F_{x→ξ}(χ_1R_0(λ)χ_2u)(ξ)| ≤ C_N (|λ| + |ξ|)^N e^{CIm(λ)+}

(2.7)

The proof for Imλ ≤ −C < 0 is a straightforward consequence of elliptic regularity (and the asumption (2.6) is not used here). According to (2.4), the proof for Imλ ≥ C > 0 follows from the similar estimate for^tE^{χ1} (λ)E^{χ2} (−λ)u. We have F_{x→ξ}(^tE^{χ1} (λ)E^{χ2} (−λ)u)(ξ) = ∫ x,y∈R^d ω∈S^{d−1} e^{iλ(⟨x−y,⟩ω−⟨x,ξ⟩)}χ_1(x)χ_2(y)u(y)dxdydω (2.8)

Consider the following operator (with (x − y)^⊥(ω) = (x − y) − ⟨(x − y), ω⟩ω) L = i ( ⟨ξ − λω⟩ · ∇_x − λ⟨(x − y)^⊥(ω), ω⟩ · ∇_ω ) (ξ − λω)^2 + λ^2((x − y)^⊥(ω))^2 , (2.9)

which is tangential to R^d_x × S^{d−1}_ω . Integrating by parts N times in (2.8) with the operator L (and using (2.6)) we obtain the announced decay for Imλ > C, Reλ > 0, |λ| > 1. Now the general case follows as above from the Phragmén-Lindelöf principle.

3. The case Ω = R^d 3.1. Preliminaries. — The proof of theorem 2 is a contradiction argument (the idea of arguying by contradiction to obtain estimates and to use defect measures dates to [Leb96]): take χ ∈ C^∞_0 (R^d ) equal to 1 near the set where P ≠ P_0 and fix N ∈ N. Suppose that (1.6) is false. Then there exist sequences (h_n) → 0, (z_n) ∈ Λ_N (h_n) and (u_n) ∈ L^2(R^d ) such that ‖χR(z_n, h_n)χu_n‖_L2_{(Ω)} > n h_n ‖u_n‖_L2 . (3.1) By dividing u_n by a suitable constant we can suppose that ‖χR(z_n, h_n)χu_n‖_L2_{(Ω)} = 1.

(3.2) Denote by f_n = R(z_n, h_n)χu_n the solution to (P (h_n) − z_n)f_n = χu_n, f_n ∈ D(P )_{loc},

(3.3) with (from (3.1) (3.2)) ‖χu_n‖_L2 = o(h_n), ‖χf_n‖_L2 = 1. (3.4) Lemma 3.1. — The sequence (f_n) is bounded in L^2_{loc}(R^d ).

Take a function Ψ ∈ C^∞(R^d ) equal to 0 where P is not equal to P_0, equal to 1 for |x| large and such that χ is equal to 1 on the support of ∇Ψ. We have (P (h_n) − z_n)Ψf_n = (P_0(h_n) − z_n)Ψf_n = Ψχu_n + [P (h_n), Ψ]f_n

(3.5) Since χf_n and (P (h_n)−z_n)f_n are bounded in L^2 we deduce that near the support of ∇Ψ, h_n∇f_n is also bounded in L^2. This implies that the right hand side in (3.5) is bounded in L^2 by Ch_n. Furthermore, every term in (3.5) is supported in the set where P = P_0. Hence Ψf_n = R_0(z_n, h_n)(Ψχu_n + [P (h_n), Ψ]f_n)

(3.6) is, according to proposition 2.1 with λ_n = √ z_n/h_n and other function χ, bounded in L^2_{loc}(R^d ).

3.2. Semi-classical measures. — Consider for a(x, ξ) ∈ C^∞_0 (R^{2d} ) and φ ∈ C^∞_0 (R^d ) equal to 1 near the x-projection of the support of a the operator Op_φ(a)(x, hD_x) defined by

Op_φ(a)(x, hD_x)f = 1 (2π)^d ∫ e^{ix·ξ}a(x, hξ) ^φf (ξ)dξ (3.7)

The operator Op_φ(a)(x, hD_x) is (uniformly with respect to 0 < h < 1) bounded on L^2 and we have the following weak form of Gårding inequality

Proposition 3.2. — For any a ∈ C^∞_0 (R^{2d} )

a(x, ξ) ≥ 0 ⇒ lim inf_{n→+∞} Re ( Op(a)_φ(x, h_nD_x)f_n, f_n)_{L2(Rd)} ≥ 0

(3.8)

To prove this result consider for ε > 0, ψ ∈ C^∞_0 (R^{2d} ) equal to 1 near the support of a and b = ψ √ ε + a ∈ C^∞_0 (R^{2d} ). Then the symbolic calculus shows 0 ≤ ( Op(b)^∗_φ Op(b)_φf_n, f_n ) = ( Op(a)_φ(x, hD_x)f_n, f_n)_{L2} + ε ( ψ^2f_n, f_n ) L^2 + O(hn)

(3.9)

hence

lim inf n→+∞ Re ( Op(a)_φ(x, hD_x)f_n, f_n)_{L2(Rd)} + ε lim inf_{n→+∞} ‖ψf_n‖^2 ≥ 0

(3.10)

When ε > 0 tends to 0 we get proposition 3.2.

Remark that by the symbolic calculus the operator Op_φ(a)(x, hD_x) is, modulo operators bounded in L^2 by O(h^∞), independent of the choice of the function φ. For conciseness, we’ll dropp in the sequel the index φ. As in [GL93] (see also [Bur97b]) we can prove the following

Proposition 3.3. — There exist a subsequence (n_k) and a positive Radon measure on R^{2d} , μ, such that for any a ∈ C^∞_0 (R^{2d} ) lim k→+∞ (Op(a)(x, h_{nk} D_x)f_{nk} , f_{nk} )_L2 = ⟨μ, a(x, ξ)⟩ (3.11)

The idea for extracting such a sequence is to fix a and consider the bounded sequence (L(a)_n) = (Op(a)(x, h_nD_x)f_n, f_n)_L2 . By compactness we can extract a subsequence which converges. Iterating this process for a sequence (a_j ) dense in C^∞_0 , we obtain, by diagonal extraction, a sequence (f_{nk} ) such that the limit exists for any a_j. By (3.8) the limit defines a positive functional on a dense subset of C^∞_0 (hence this limit is continuous for the C^0_{comp} topology). It is consequently a Radon measure and the limit (3.11) exists for any a ∈ C^∞_0 .

We can extract subsequences further so that Rez_{nk} → e ∈ K h^{−1}_{nk} Imz_{nk} → α ∈ [−N, 0] (3.12)

For the sake of conciseness we shall note again (f_n), (u_n), (z_n) the extracted subsequences.

The measure μ represents at points (x_0, ξ_0) the oscillations of the sequence f_{nk} at point x_0 and scale ξ_0/h_{nk} . The oscillations at frequencies smaller than h^{−1}_{nk} are concentrated in {ξ_0 = 0} whereas the oscillations at higher frequencies are lost. The following lemma shows that nothing is lost and that the measure μ contains the relevant information about the sequence (f_{nk} ):

Lemma 3.4. — The sequence (f_n) is h_n-oscillating: ∀ψ ∈ C^∞_0 (R^d ), lim_{R→+∞} lim sup_{n→+∞} ∫ |ξ|≥R/h_n | ^ψf_n(ξ)|^2dξ = 0 (3.13)

Indeed, this result is a simple consequence of the equation (P (h_n) − z_n)f_n = χu_n bounded in L^2

(3.14) and of the fact that the operator (P (h_n) − z_n) is uniformly elliptic in the semi-classical meaning for |ξ| ≥ R with R large enough.

From lemma 3.4 we deduce easily that (according to (3.4)) ⟨μ, χ(x) × 1_ξ⟩ = lim_{n→+∞} ∫ |χf_n|^2 = 1 ≠ 0

(3.15) We’ll get the announced contradiction if we show that μ ≡ 0. 3.3. Invariance of the defect measure. — Take a ∈ C^∞_0 and consider first 0 = ((a(x, h_nD_x)(P (h_n) − z_n))f_n, f_n)_L2 = ((a(x, h_nD_x)(P (h_n) − e))f_n, f_n)_L2 + o(1)

(3.16)

Taking into account that the operator Op(a)(x, hD_x)(P − e) is equal to Op(a × (p − e))(x, hD_x) modulo O(h) in L(L^2_{loc}; L^2_{comp}) and passing to the limit in (3.16) we obtain ⟨μ, a(x, ξ)(p − e)(x, ξ)⟩ = 0 (3.17) from which we deduce that the measure μ is supported in the characteristic set of the operator: {(x, ξ); p(x, ξ) = e} (3.18) Consider now h^{−1}_n ([a(x, D_x), P (h_n) − z_n]f_n, f_n)_L2

(3.19) taking into account that the adjoint of P (h) − z is P (h) − z we obtain from (3.4) (3.12) h^{−1}_n ([a(x, D_x), P (h_n) − z_n]f_n, f_n)_L2 = h^{−1}_n ((P (h_n) − z_n)a(x, h_nD_x)f_n, f_n)_L2 + o(1) = h^{−1}_n ((z_n − z_n)a(x, h_nD_x)f_n, f_n)_L2 + o(1) = (−2i(α + o(1))a(x, h_nD_x)f_n, f_n)_L2 + o(1)

(3.20)

Passing to the limit in (3.20) and taking into account that the operator h^{−1}_n [a(x, D_x), P (h_n) − z_n]

(3.21) is equal to 1 i {a, p}(x, hD_x) + O(h)_{L(L}2_{loc;L}2_{comp)}

(3.22) where the Poisson bracket of a and p, {a, p}, is defined by {a, p} = ∇_ξa · ∇_xp − ∇_xa∇_ξp, (3.23) we obtain the following: ⟨μ, {a, p}⟩ = ⟨μ, 2αa⟩ (3.24) or equivalently (with H_p the Hamiltonian vector field of p)

H_p(μ) − 2αμ = 0

(3.25)

The equation (3.25) is a transport equation for the measure μ, with a damping term. This transport equation (and (3.18)) implies that the measure μ is (modulo the damping coefficient) invariant along the integral curves of the vector field H_p drawn on the surface {p − e = 0}.

According to the non trapping condition, these integral curves (parametrized by the variable s ∈ R) do leave any compact set in x both for s << 0 and s >> 0.

The following result is a microlocal interpretation of the “outgoing” terminology: roughly speaking, any outgoing solution to Helmoltz equation is microlocally concentrated near “outgoing” directions. Hence the measure is equal to 0 near incoming directions.

Proposition 3.5. — Take R large enough such that supp(χ) ⊂ B(0, R − 1). Then the measure μ is null close to the incoming points: Inc = {(x, ξ); |x| ≥ R, x · ξ ≤ 0} (3.26)

Indeed, this result is a direct consequence of proposition 2.2 and (3.6) (with λ_n = √ z_n/h_n). The contradiction is now straightforward: consider a ray starting at a point (x_0, ξ_0). Suppose that |x_0| < R. When the parameter along the ray tends to −∞, the ray tends to the infinity (in x variables); hence it leaves the ball B_x(0, R) at a point (x_1, ξ_1). Since for this point ẋ = 2ξ, the corresponding point is an incoming point where the measure μ is null. Since the measure μ is invariant along this ray; it is identically null which contradicts (3.15).

Remark 3.6. — In this proof, the nature of free problem (−h^2Δ − e in our particular case) intervenes only for 2 purposes: first to obtain the L^2_{loc} boundedness of (f_n) from the boundedness of (χf_n), the only fact used is that the free outgoing resolvent satisfies the estimates we want to prove for the perturbed problem; and the second point where the nature of the free problem intervenes is to prove that the measure is null near incoming directions.

4. The general case

In this section we are going to outline the modifications needed to perform the same proof as above in the case of a boundary value problem. The proof is again a contradiction argument. Suppose that we have two sequences, (f_n), (u_n) satisfying (3.2), (3.3) and (3.4) and (f_n) satisfies the boundary condition f_n |_{∂Ω}= 0. We have chosen to deal with Dirichlet boundary condition. The general case of systems of boundary problems satisfying strong Lopatinski conditions is treated (in a different framework) in [BL99].

4.1. Geometry. — Denote by^bT Ω the bundle of rank d whose sections are the vector fields tangent to ∂Ω,^bT^∗Ω the dual bundle (Melrose’s compressed cotangent bundle) and j : T^∗Ω → bT^∗Ω the canonical map. In any coordinate system where Ω = {x = (x_n > 0, x^′)}), the bundle bT Ω is generated by the fields^∂_{∂x′} , x_n^∂_{∂xn} and j is defined by j(x_n, x^′, ξ_n, ξ^′) = (x_n, x^′, v = x_nξ_n, ξ^′). (4.1)

Denote by CarP the characteristic manifold of P − e and Z its projection

CarP = { (x, ξ) ∈ T^∗R^d |_Ω; p(x, ξ) = e } , Z = j(CarP )

(4.2)

The set Z is a locally compact metric space.

Consider, near a point z_0 ∈ ∂Ω a geodesic system of coordinates for which (near z_0) Ω = {(x, y) ∈ R^+ × R^{d−1} } and the operator P has the form P = −h^2∂^2_{xn} + α(x_n, x^′)h∂_{xn} + h∂_{xn} α(x_n, x^′) + R(x_n, x^′, hD_x′ ) (4.3)

with R a second order tangential operator ans (since P is self adjoint) iα(x_n, x^′) ∈ R. Conjugating the operator P by e ∫ xn α(x_n,x^′)/h (which at the L2 level is an isometry), and modifying R, we

can suppress the α(x_n, x^′)h∂_{xn} + h∂_{xn} α(x_n, x^′) terms. We recall now the usual decomposition of T^∗∂Ω (in this coordinate system). Denote by r(x_n, x^′, ξ^′) the semi-classical principal symbol of R and r_0 = r |_{x=0}. T^∗∂Ω is the disjoint union of E ∪ G ∪ H with E = {r_0 < e}, G = {r_0 = e}, H = {r_0 > e} (4.4)

In G we distinguish between the diffractive points G^{2,+} = {r_0 = 0, ∂_xr |_{x=0}< 0} and the gliding points G^− = {r_0 = 0, ∂_xr |_{x=0}≥ 0}.

4.2. Semi-classical measures. — Consider functions a = a_i + a_∂ with a_i ∈ C^∞_0 (Ω × R^d ) and a_∂ (x_n, x^′, ξ^′) ∈ C^∞_0 (R^{2d−1} . Such symbols are quantized in the following way: Take φ_i ∈ C^∞_0 (Ω) (resp φ_∂ ∈ C^∞_0 (R^d )) equal to 1 near the x-projection of supp(a_i) (resp the x-projection of supp(a_∂ )) and define (4.5) Op_{φi,φ∂} (a)(x, hD_x)f = 1 (2πh)^d ∫ e^{i(x−y)·ξ/h}a_i(x, ξ)φ_i(y)f(y)dydξ + 1 (2πh)^{d−1} ∫ e^{i(x′−y′)·ξ′/h}a_i(x_n, x^′, ξ)φ_i(y_n, y^′)f(y_n, y^′)dy^′dξ^′ Remark that according to the symbolic semi-classical calculus, the operator Op_{φi,φ∂} (a) does not depend on the choice of functions φ_i, φ_∂ , modulo operators of norms O(h^∞) on L(L^2_{loc}; L^2_{comp}).

Denote by A the space of the operators which are a finite sum of operators obtained as above in suitable coordinates systems near the boundary. Denote, for A ∈ A, by a = σ(A) the semiclassical symbol of the operator A. For such functions a we can define κ(a) ∈ C^0(Z) by κ(a)(ρ) = a(j^{−1}(ρ)). (4.6)

(the value is independant of the choice of j^{−1}(ϱ)). The set {κ(a), a = σ(A), A ∈ A} (4.7)

is a locally dense subset of C^0(Z).

The same argument as in section 3 shows that if a_i ∈ C^∞_0 (Ω × R^d ) is equal to 0 near CarP then lim n→+∞ (Op(a_i)(x, hD_x)f_n, f_n)_L2 = 0

(4.8)

and the analysis of the boundary value problem shows easily that if a_∂ ∈ C^∞_0 (R^d × R^{d−1} ) is equal to 0 near Z (i.e. a_∂ is supported in the elliptic region) then lim k→+∞ ( Op(a_∂ )(x_n, x^′, hD_x′ )f_k, f_k ) L^2 = 0

(4.9)

The analog of proposition 3.3 is the following:

Proposition 4.1. — There exists a subsequence (k_p) and a Radon positive measure mesure μ on Z such that ∀Q ∈ A lim_{p→∞}(Qf_{kp} , f_{kp} )_L2 = ⟨μ, κ(σ(Q))⟩. (4.10)

The proof of this result in the interior of Ω is the same as in section 2 and near a boundary point, it relies on Gårding inequality for tangential operators (see G. Lebeau [Leb96] for a proof in the classical context and [GL93, Bur97b] for the semi-classical construction). As before, we note again (f_k) the extracted sequence.

Proposition 4.2 (First properties of the measure μ). — μ(H) = 0

(4.11)

lim sup k→+∞ | ( Op(a) 1 i ∂_xf_k, f_k ) L^2

| ≤ sup

ϱ∈ supp(a) |r − e|^{1/2}|a| (4.12)

The relation (4.11) is a simple consequence of the micro-local analysis of the boundary problem near a point ϱ_0 ∈ H. To prove (4.12) compute | | ( Op(a) 1 i h_k∂_xf_k, f_k ) L^2 | | ≤ ‖ Op(a) 1 i h_k∂_xf_k‖_L2 ‖f_k‖_L2 ≤ (−1 i h_k∂_x Op(a)^∗ Op(a) 1 i h_k∂_xf_k, f_k )_{1/2} L^2 ‖fk‖L^2 ≤ ( Op(a)^∗ Op(a)h^2_k∂^2_xf_k, f_k )_{1/2} L^2 ‖fk‖L^2 + o(1)

≤ ( Op(a)^∗ Op(a)(P − e − R + e)f_k, f_k)^{1/2}_{L2} ‖f_k‖_L2 + o(1) ≤ ( Op(a)^∗ Op(a)(−R + e)f_k, f_k)^{1/2}_{L2} ‖f_k‖_L2 + o(1)

(4.13)

and we obtain

lim sup k→+∞ | |( Op(a)1 i ∂_xf_k, f_k ) L^2 | | ≤ |⟨μ, −a_2(r − e)⟩|_{1/2} ≤ C sup ϱ∈ supp(a) |a||r − e|^{1/2} (4.14)

The following result is the analog of lemma 3.1:

Lemma 4.3. — The sequence (f_k) is h_k-oscillating:

∀ψ ∈ C^∞_0 (Ω) lim_{R→+∞} lim sup_{k→+∞} ∫ |ζ|≥R/h_k | ^ψf(ζ)|^2dξ = 0 ∀ψ ∈ C^∞_0 (Ω) lim_{R→+∞} lim sup_{k→+∞} ∫ |η|≥R/h_k,x>0 | ^ψf(x, η)|^2dxdη = 0 (4.15)

The proof of this result is again a straightforward consequence of the equation.

4.3. Invariance of the defect measure. —

Proposition 4.4. — Consider q ∈ C^∞(Z). Then the measure μ satisfies ⟨μ, {p, q} − 2αq⟩ = 0 (4.16)

Remark 4.5. — For q ∈ C^∞(Z), in general {p, q} = −2ξ_n∂_{xn} + {r, q} is not a function defined on Z (because of the ξ_n dependance). To obtain a (μ-integrable) function on Z, we have to take the convention {p, q}^{def}= −2ξ_n∂_{xn} q1_{ϱ /∈H} + {r, q}. (4.17)

The proof of proposition 4.4 is simply integration by parts (and some carefull study of the terms arising). We give it below: Since in Ω, the equation (4.16) is simply (3.24), we restrict the study to the case where q is supported near a point ϱ_0 ∈ T^∗∂Ω. From Malgrange preparation theorem, there exist functions q_0(x_n, x^′, ξ^′), q_1(x_n, x^′, ξ^′) ∈ C^∞ such that q |_{CarP} = q_0 |_{Car p} +ξ_nq_1 |_{Car p} .

(4.18) Put Q = Op(q_0) + Op(q_1)^1_i h∂_{xn} and compute h^{−1}_k ((P − z_k)^∗Q − Q(P − z_k)f_k, f_k)_L2 .

(4.19) Two integrations by part, (4.3) and the boundary condition f_k |_{xn=0}= 0 show that (4.20) h^{−1}_k ((P − z_k)^∗Q − Q(P − z_k)f_k, f_k)_L2 = h^{−1}_k (P − z_k)^∗Qf_k, f_k)_L2 + o(1) = − (Q_1 |_{xn=0} h_k∂_{xn} f_k |_{xn=0}, h_k∂_{xn} f_k |_{xn=0})_{L2(R}d−1_{x′ )} On the other hand

h^{−1}_k ((P − z_k)^∗Q − Q(P − z_k)f_k, f_k)_L2 = h^{−1}_k ((P − z_k)^∗Qf_k, f_k)_L2 + o(1) = h^{−1}_k (([(P − z_k), Q] + 2ih_kαQ + o(h_k)) f_k, f_k)_L2 = ( −i(A_0 + A_1 1 i ∂_{xn} + A_2(P − e) + o(1))f_k, f_k ) L^2

(4.21)

Where A_0, A_1 and A_2 are tangential operators, and on Car P we have a_0 + a_1ξ_n = {p, q} − 2αq. (4.22) From (4.11) we deduce that μ-almost everywhere a_0 + a_1ξ_n1_{xn>0} = {p, q} − 2αq. (4.23) Passing to the limit in (4.21) we obtain

(4.24) lim_{k→+∞} ( (A_0 + A_1 1 i ∂_{xn} + A_2(P − e) + o(1))f_k, f_k ) L^2

= ⟨μ, a_0⟩ + lim_{k→+∞} ( A_1 1 i ∂_{xn} f_k, f_k ) L^2

Take ε > 0 and φ ∈ C^∞_0 (] − 1, 1[) equal to 1 near 0. Note

(4.25) A_1 = (1 − φ( x_n ε ))A_1 + Op ( φ( x_n ε )φ( r(x_n, x^′, ξ^′) − e ε ) ) A_1

+ Op ( φ( x_n ε )(1 − φ( r(x_n, x^′, ξ^′) − e ε )) ) A_1

The first term in the right hand side of (4.25) is supported in the interior of Ω; its contribution to the limit in (4.21) is equal to ⟨μ, (1 − φ( x_n ε ))a_1ξ_n⟩

(4.26) The contribution of the second term is, according to (4.12), smaller than sup ϱ∈supp(φ(^{xn}_ε )(φ(^{r(xn,x′,ξ′)−e}_ε ))) |r − e|^{1/2}|a_1| ≤ Cε^{1/2} (4.27)

and the contribution of the last term smaller than

(4.28) ‖h_k∂_{xn} f_k‖ ‖ ‖A^∗_1Op ( φ( x_n ε )(1 − φ( r(x_n, x^′, ξ^′) − e ε )) )_∗ f_k ‖ ‖ ≤ C⟨μ, a^2_1φ^2( x_n ε )(1 − φ( r(x_n, x^′, ξ^′) − e ε ))^2⟩^{1/2} + o(1) Passing to the limit ε → 0 we obtain that the contribution of the first term is equal to ⟨μ, a_1ξ_n1_{xn>0}⟩ = ⟨μ, a_1ξ_n1_{ϱ /∈H}⟩, (4.29) the contribution of the second term is (according to (4.27)) equal to 0 and the contribution of the last term is smaller than ⟨μ, a^2_11_{xn=0}1_{r≠e}⟩ = ⟨μ, a^2_11_{ϱ∈H}⟩ = 0.

(4.30) Finally we have proved lim n→+∞ − (Q_1 |_{xn=0} h_k∂_{xn} f_k |_{xn=0}, h_k∂_{xn} f_k |_{xn=0})_{L2(R}d−1_{x′ )} = −i⟨μ, {p, q} − 2αq⟩ (4.31) But, if q ∈ C^0(Z), the function q |_{xn=0} is independant of ξ_n Hence q_1 |_{xn=0}= 0 and we get proposition 4.4.

Proposition 4.6 (see [BG97]and [Mil97]). — We have μ(G^{2,+}) = 0

(4.32)

Consider a point ϱ_0 ∈ G^{2,+}. Apply (4.31) to a family of functions q = ξ_n × q_ε with

q_ε = φ( x_n ε^{1/3} )φ( (r(x_n, x^′, ξ^′) − e) ε )a(x_n, x^′, ξ^′). (4.33) Then we get (4.34) lim_{n→+∞} ( φ(^{(r(0,x′ ,hkDx′ )−e)} ε )a(0, x^′, h_kD_x′ )h_k∂_{xn} f_k |_{xn=0}, h_k∂_{xn} f_k |_{xn=0} ) L^2(R^{d−1}_{x′} ) = ⟨μ, −2ξ^2_n∂_{xn} (φ( x_n ε^{1/3} )φ( (r(x_n, x^′, ξ^′) − e) ε )a(x_n, x^′, ξ^′))⟩ − ⟨μ, ∂_{xn} rφ(x_n/ε^{1/3})φ((r(x_n, x^′, ξ^′) − e)/ε)a(x_n, x^′, ξ^′) + ξ_n{r, q_ε}^′ + 2ξ_nαq_ε⟩ where {r, q}^′ is the Poisson bracket with respect to the x^′, ξ^′ variables. Remark that on the support of the measure μ, ξ^2_n = e − r(x_n, x^′, ξ^′). Hence we can apply the dominated convergence theorem and obtain that the right hand side in (4.34) tends to ⟨μ, −∂_{xn} r(0, x^′, ξ^′)a(x_n, x^′, ξ^′)1_{xn=0}1_{r=e}⟩ = ⟨μ, −∂_{xn} r(0, x^′, ξ^′)a(x_n, x^′, ξ^′)1_{ρ∈G} ⟩ (4.35)

Remark that ∂_{xn} r < 0 at the point ϱ_0. If ∂_{xn} r < 0 on the support of a then the right hand side in (4.35) is non positive. On the other hand by Gårding inequality the limit on the left hand side is non negative. Both sides are then equal to 0. this implies proposition 4.2.

It is now possible to prove as in [BL99, theorème 1], by measure theory methods, that the invariance of the measure μ along the bicharacteristic flow is equivalent to propositions 4.4 and 4.6 (in fact the proof of this result is presented in [BL99, section 3.3] for classical measures, in the more general context of systems, but the proof for semi-classical measures is the same word by word). The proof of this equivalence is in two steps. First one shows that if a measure is invariant then it satisfies propositions 4.4 and 4.6. The proof of proposition 4.4 is straightforward whereas the proof of proposition 4.6 uses simply that G^{2,+} is transversal to the flow. The second step is the proof of the fact that propositions 4.4 and 4.6 imply the invariance of the measure. This last result is the measure analog of R. Melrose and J. Sjöstrand’s theorem of propagation of singularities. It is much simpler in this framework but remains a litle bit technical. Let’s give an outline of this proof: There is a hierarchy in the points: Z = E ∪ ∞⋃ j=0 Z^j (4.36)

with

Z^0 = Z ∩ (x_n > 0)

Z^1 = H = { (x^′, ξ^′); r_0(x^′, ξ^′) > e } Z^2 = { (x^′, ξ^′); r_0(x^′, ξ^′) = 0, r_1(x^′, ξ^′) ≠ 0 } . . . Z^{k+3} = { (x^′, ξ^′); r_0(x^′, ξ^′) = 0, H^j_{r0} (r_1) = 0, ∀j ≤ k; H^{k+1}_{r0} (r_1) ≠ 0 } . . . Z^∞ = { (x^′, ξ^′); r_0(x^′, ξ^′) = 0, H^j_{r0} (r_1) = 0, ∀j } . Z^2 = G^{2,+} ∪ G^{2,−}, G^{2,±} = { (x^′, ξ^′) ∈ Z^2, ±r_1(x^′, ξ^′) > 0 } . (4.37)

The asumption that Ω has no infinite order contact with its boundary is simply the fact that Z^∞ = ∅. The measure μ is null near any point ϱ_0 in E, near a point in Z_0 the invariance theorem has been proved in section 3. Near a point in Z^1 (a hyperbolic point) it can be proved by constructing the parametrix (or some symetry arguments). Of course the most difficult cases are the glancing case. Now suppose that ϱ_0 ∈ Z^j to prove the invariance result near ϱ_0 the idea is to proceed by induction on the index of the layer Z^j . At each step, since the invariance result is assumed to be true near points in Z^k, k < j, one considers the part of the measure μ for which the result is already known (i.e. the measure μ restricted to points whose flow do not encounter Z^l, l ≥ j near the point ϱ_0). Denote by μ_j this part of the measure μ. Since μ_j is by the induction asumption, invariant, it does satisfy (according to the first step) the same relations as μ (4.16), (4.32). Hence μ − μ_j does also satisfy these relations. We are going to argue on μ − μ_j which is supported along generalized bicharacteristics which encounter Z^l; l ≥ j (and because there is no point in Z^l, l > j near a point in Z^j, these bicharacteristics encounter Z^j). A transversality argument shows that any such bicharacteristic encounter (locally) at most only one point in Z^j. Then the measure is (by the induction asumption) invariant before and after that point and the jump formula (to show that there is no jump) in conjunction with (4.16) and (4.32) near G^{2,+} implies the invariance of the measure μ − μ_j. One can remark that the case ϱ_0 ∈ G^{2,+} is inspired from the study by V. Ivrii of the propagation of singularities near diffractive points (see [Ivr98], [Hör85, Chap. 24]).

The rest of the proof of the estimate (1.6) in the case of a boundary value problem is now the same as in section 3.

Remark 4.7. — As pointed out in remark 3.6, the nature of the free problem intervenes only for two purposes: First we use that the free problem satisfies the estimate we want to prove for the perturbed problem. About this asumption remark that (at least on the real axis) it is a consequence of the limiting absorbtion principle and Mourre estimates (see [GM88, TZ00]). The second result on the free resolvent we use is that the outgoing solutions have some decay in the incoming region (which implies that the measure is equal to 0 in the incoming region). This result is also a consequence of Mourre estimates and it follows from a slight modification of the argument in [TZ00]. These two facts show that our strategy applies to long range perturbation of the Laplace operator and gives an estimate as in (1.6) (for real z of course since resonances can non longer be defined).

References

[BG97] N. Burq and P. Gérard. Condition nécessaire et suffisante pour la contrôlabilité exacte des ondes. Comptes Rendus de L’Académie des Sciences, pages 749–752, 1997. t.325, Série I.

[BL99] N. Burq and G. Lebeau. Mesures de défaut de compacité, application au système de lamé. A paraître aux Annales de L’Ecole Normale Supérieure, 1999.

[Bur97a] N. Burq. Contrôle de l’équation des ondes dans des ouverts peu réguliers. Asymptotic Analysis, 14:157–191, 1997.

[Bur97b] N. Burq. Mesures semi-classiques et mesures de défaut. Séminaire Bourbaki, Mars 1997. [Bur98] N. Burq. Décroissance de l’énergie locale de l’équation des ondes pour le problème extérieur et absence de résonance au voisinage du réel. Acta Mathematica, 180:1–29, 1998.

[Bur00] N. Burq. Lower bounds for shape resonances widths of long range schrödinger operators. Prépublications de l’université de Paris Sud Orsay, 2000.

[GL93] P. Gérard and E. Leichtnam. Ergodic properties of eigenfunctions for the dirichlet problem. Duke Mathematical Journal, 71:559–607, 1993.

[GM88] Christian Gérard and André Martinez. Principe d’absorption limite pour des opérateurs de Schrödinger à longue portée. C. R. Acad. Sci. Paris Sér. I Math., 306(3):121–123, 1988.

[GMMP97] P. Gérard, P. Markowich, N. J. Mauser, and F. Poupaud. Homogenization limits and Wigner transforms. Comm. Pure Appl. Math., 50(4):323–379, 1997.

[Hör85] L. Hörmander. The Analysis of Linear Partial Differential Operators III, volume 274 of Grundlehren der mathematischen Wissenschaften. Springer Verlag, 1985.

[Ivr98] V. Ivrii. Microlocal Analysis and Precise Spectral Asymptotics. Springer Monographs in Mathematics. Springer, 1998.

[Leb96] G. Lebeau. Equation des ondes amorties. In A. Boutet de Monvel and V. Marchenko, editors, Algebraic and Geometric Methods in Mathematical Physics, pages 73–109. Kluwer Academic, The Netherlands, 1996.

[LP89] P. D. Lax and R. S. Phillips. Scattering theory. Number 26 in Pure and Applied Mathematics. Academic Press, 2 edition, 1989.

[LP93] P.L. Lions and T. Paul. Sur les mesures de Wigner. Rev. Mat. Iberoamericana, 9(3):553–618, 1993.

[Mel94] R.B. Melrose. Geometric scattering theory. Lectures at Stanford University, 1994. [Mil97] Luc Miller. Refraction d’ondes semi-classiques par des interfaces franches. (refraction of semiclassical waves by sharp interfaces). C. R. Acad. Sci., Paris, Ser. I, Math., 325(4):371– 376, 1997.

[Mil00] L. Miller. Refraction of high-frequency waves density by sharp interfaces and semiclassical measures at the boundary. J. Math. Pures Appl., IX. Ser., 79(3):227–269, 2000.

[Mor61] C. S. Morawetz. The decay of solutions of the exterior initial-boundary value problem for the wave equation. Communications on Pure and Applied Mathematics, 14:561–568, 1961.

[Mor75] C. S. Morawetz. Decay of solutions of the exterior problem for the wave equation. Communications on Pure and Applied Mathematics, 28:229–264, 1975.

[MRS77] C. S. Morawetz, J. V. Ralston, and W. Strauss. Decay of solutions of the wave equation outside non-trapping obstacles. Communications in Pure and Applied Mathematics, 30:447– 508, 1977.

[MS82] R.B. Melrose and J. Sjöstrand. Singularities of boundary value problems I & II. Communications in Pure Applied Mathematics, 31 & 35:593– 617 & 129–168, 1978 & 1982.

[TZ00] Siu-Hung Tang and Maciej Zworski. Resonance expansions of scattered waves. Comm. Pure Appl. Math., 53(10):1305–1334, 2000.

[Vai88] B. R. Vainberg. Asymptotic methods in equations of matheatical physics. Gordon and Breach, New York, 1988.

[Vod94a] G. Vodev. Sharp bounds on the number of scattering poles in even-dimensional spaces. Duke Math. J., 74(1):1–17, 1994.

[Vod94b] G. Vodev. Sharp bounds on the number of scattering poles in the two-dimensional case. Math. Nachr., 170:287–297, 1994.

[Zwo89] M. Zworski. Sharp polynomial bounds on the number of scattering poles. Duke Math. J., 59(2):311–323, 1989.

[Zwo00] M. Zworski. Personnal communication. 2000.

Nicolas Burq, Université Paris Sud, Mathématiques, Bât 425, 91405 Orsay Cedex E-mail : Nicolas.burq@math.u-psud.fr