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Probabilistic Sobolev embeddings, applications to
eigenfunctions estimates

Nicolas Burq and Gilles Lebeau

ABSTRACT. The purpose of this article is to present some probabilistic versions of
Sobolev embeddings and an application to the growth rate of the LP norms of Spherical
harmonics on spheres. More precisely, we prove that (for natural probability measures),
almost every Hilbert base of L*(S?) made of spherical harmonics has all its elements
uniformly bounded in any LP space (p < +00). We also show that most of the analysis
extends to the case of Riemanian manifolds with groups of isometries acting transitively.

1. Introduction

Consider (M, g) a compact Riemanian manifold of dimension d and A the Laplace
operator on (M, g). Since the works by Hérmander [10] and Sogge [14], it is known that

the eigenfunctions satisfy

THEOREM. For any 2 < p < 400, there exists C > 0 such that for any eigenfunctions
of the Laplace operator u, —Agu = A2, one has

(1.1)

with

(1.2) 5(p)
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FIGURE 1.1. Eigenfunction estimates

These estimates are also known to be optimal on the spheres (endowed with their
standard metric). In the first regime, the so called zonal spherical harmonics (which
concentrate on two opposite points on a diameter of the sphere) are optimizing (1.1) while
in the second regime, the highest weight spherical harmonics (u(z1,- - xqe1) = (21+iz2)")
which concentrate on the equator (z3, -, z4+1) = 0 are saturating (1.1). On the other hand,
the case of the tori shows that there exists manifolds on which these estimates can be
improved. Indeed, on tori, we have by simple number theory arguments

(1.3) 5(p) < %(1 - ;) +e

(for d > 5, the € can be dropped). On the other hand, it is standard and can easily be
shown (see e.g. Section 4.1 and the works by Bourgain [2, 3| and Bourgain-Rudnick [4]
for many more results on eigenfunctions on tori) that on tori

d—2 d 2d
1.4 S(p) > —— — = >
(1.4) (p) 2 — o P2
and consequently, as soon as d > 3, even on the torus, there exists sequences of L2-
normalized eigenfunctions having unbounded LP norms. On the other hand, of course, the

usual eigenbasis of eigenfunctions
en(z) = €™ n e 74

has all its LP norms bounded and consequently a natural question is to ask whether this
phenomenon is unique or there exists other manifolds exhibiting the same kind of behaviour
(existence of both sequences having unbounded LP norms and sequences having bounded
LP norms). Our result is that it is true on all spheres S? endowed with their standard
metric (for any p < +00), despite the optimality of (1.1). We actually prove a stronger
result. Let us recall that the eigenfunctions of the Laplace operator on the spheres S? (with
its standard metric) are the spherical harmonics of degree k (restrictions to the sphere S
of the harmonic polynomials of degree k) and they satisfy

e For any k£ € N, the vector space of spherical harmonics of degree k, Ej, has
dimension

o ()
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e For any e € Ej,, —Agae = —k(k+d — 1)e.
e The vector space spanned by the spherical harmonics is dense in L?(S%)

As a consequence, any family B = (By)ren = ((bk1)i=1,...N, )ken Of orthonormal bases of

(En,) is a Hilbert base of L*(S%). Our result is the following (with I'(z) = [ oo pele—tgy
the classical Gamma function).

THEOREM 1. For any d > 2, consider the space of spherical harmonics of degree k, Ej
endowed with the L*(S®) norm and Sy, its unit sphere endowed with the uniform probability
measure Py,. Consider the space of Hilbert bases of L*(S?) having all elements harmonic
polynomials, with real coefficients, endowed with its natural probability measure, v (see
Section 3 for a precise definition). Then for any 2 < q < 400, we have

q/2 Ny
Ny ((2)(2))

VlSd” I(3)0(%55)

(10) AL =Ellulfn) = [ lullondPe =
UESK

D=

q 1
Ak = e )M( O3 +00)

and there exists Mgy > 0 such that

C @ if (ddH) < g <+
(1 7) ‘M —A ‘< Nk(d—l)q
: 9.k k| = C i/f; if2<q< (d+1)
4" 2¢q

N

ko

2d
@-n
2e~ Ny~ if (d+1) <g <+

(1.8) Pi(u € Sy |||ul| e — /\/lq,k‘ > A) < " a-

2¢~Ne 7 if2<qg< (d+1)
and
(1.9) I/({B = (bk,l)kEN,l=1,---Nk € B; 3k, l; Mq,k’ > T}) < Ce*CTQ

Furthermore, there exists C,c,co > 0 such that

(1.10) v({B= (bk,l)keN,lzl,---Nk € B; 3k, I; ”kaHLoo(Sd) > (co +1r)/log(k)}) < Ce_cr2

REMARK 1.1. VanderKam [15] (see also Zelditch [16]) proves an estimate for the L>°-
norm of spherical harmonics on S* which involves a logarithmic loss (log?(k)), in the same
context. Though the results are in spirit very close, the methods of proof appear to differ
significantly: VanderKam’s approach (which do not appear to be flexible enough to tackle
the case p < 400, or to give lower bounds) is based upon the precise descriptions of some
particular spherical harmonics, implied by Ramanugjan’s conjectures proved by Deligne [7].
As explained above, our proof is very general (see Section 4) and the only sphere-specific
fact we use is the exact spectral clustering

o(—A) = {k(k+d—1),k € N*}.
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REMARK 1.2. We actually prove a stronger result. Indeed, when proving the first part
of Theorem 1 (equations (1.6), (1.7), (1.8)), modulo a small change in the estimates, we
only use the fact that the group of isometries on the manifold M acts transitively, whereas
for (1.9) and (1.10), we use only the fact that the dimension of the eigenspaces is bounded
from below by a positive power of the eigenvalue (see Theorem 3 and Remark 3.2)

Let us end this introduction by mentioning that most of the work presented here is
extracted from more general results on probabilistic Sobolev embeddings and applications
to the study of the behaviour of solutions to Partial Differential Equations [5].

2. Probabilistic estimates

2.1. The spectral function. In this section, we consider a compact Riemanian man-
ifold (M, g). We assume that the group of isometries of M acts transitively. Denote by
E)\ = Ker(—A, — \Id), A € o(v/—A), an eigenspace of the Laplace operator of dimension
Ny. Let (ejﬁ,\)é\gl be an orthonormal basis of the space E), and denote by I\ = (ej,,\)j-v;l,
and

N
R =)
j=1

We can identify a point U = (uj)jygl € S™~1 on the unit sphere in RM with the function

Ny
(2.1) u(@) = 3 ujesale) = U~ Fa(x) € S,
j=1

the sphere of functions in Ey having L?(M)-norm equal to 1.

LEMMA 2.1. Under the assumptions above, we have

N
@) =3 @) = Jois

J=1

PRrROOF. We notice that
Ny
Kx(z,y) =Y _eja(x)ejn(y)
j=1

is the kernel of the orthogonal projector on the space E) which is invariant by the action
of any isometry R. As a consequence, we deduce K (z, R~'y) = K)(Rz,y), which implies
that ff(x) is invariant by the isometries of the manifold M, hence constant on M, with
integral N. O

LEMMA 2.2. Under the same assumptions as in Lemma 2.1, there exists C' > 0 such
that for any A € o(—A), for any u € E) we have

N 1
(2:2) lullz~an < (ya) el
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PROOF. Let us denote by T the orthogonal projector on Ej. By the usual TT* argu-
ment the norm of T seen as an operator from L?(M) to L>(M) is equal to the square root
of the norm of TT* = T seen as an operator from L'(M) to L>(M). This norm is equal
to the L>°(M x M)-norm of its kernel K(z,y). By Cauchy-Schwartz inequality, we have

1/2 N
(2.3) |Kx(z,y)| < (Ea(z,2)Kx(3.9)) /::\@MR4>
2 Ny
= K| poo (vrxcary = 15 (2) | Lo (ary = Vol(01)

which proves (2.2). Notice that actually the proof also gives that there exists a (non trivial)
function u € E) for which

e = (sl
| poo ==—=) " |u .
Leo(M) Vol(M) L2(M)
0
2.2. Almost sure L? estimates. In this section, we prove the main estimate on the
L% norms. The proof is very much inspired from Shiffman-Zelditch [13]. The main step in

our proof is the proof of the estimates (1.8).
According to Theorem 1, with Fy(u) = [[ul| Le(sa),

(2.4)  [Fy(u) = Fy(v)| = [llulle = lvllza| < lJu = vl|La

1_ 1_
< ONZ 7D = v) 2 < N Ddist (u, v),

with
d o 2(d+1
v(g) = {(‘H)q L Y Jgoo
)1 1 . 2(d+1
it 29 if2<¢< d—1
We deduce

1
| [Lips < ONZ

and consequently, according to the concentration of measure property (see Proposition 5.2)
applied to the function F,(u) = ||u||r« on the Ni-1 dimensional sphere Sy we get

()
(2.5) Pel|Fy(u) = M| > r) < 2¢~°M "7

where M, is the median value of the function F' on Sj. This implies (1.8). To get (1.7),
we need to estimate from below and above Mg ;. According to (2.1), (5.1) and Lemma 2.1
(and the rotation invariance of the uniform measure on the sphere Si), we have

() L N

Bi(lu(@)] > A) = —F— L N2 / sin™F % () dep,

r(Br(3) <Oz Jo
1/2

where the value of 8 in the expression above is fied by the relation A = m cos(0).

Using

—+o00
Eamwzq/’ LB (g] > A)dA
0
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we obtain
(26) A7, = Ex([lull%,) = / / () |tddpy = g / / ARy (ua)] > A)A
Ng
B *) Nk fl/2 o
—QF(N Q)I‘() Vel Sd /Sd/ cos(6 81n(9)/0 sin™*~2(p)dpdfdz
_ F(%) N a/2 o d ESinNk_z CoS q
=2 (]Vgl)r@(w(gd)) vol(s) [ (1) cos(i)dp
EEGAERYC NG
(Vou(sh) " m(Ms)r(3)
We deduce
(2.7) 1
(M) TEHT(EE) \s V2e  (T(H)N\: . q
-Aq, = T 1 = T 1 € 1 O(—
' (Vol<Sd>)2q<F(Nz*")F(%)) (v01<gd>)2q(r;)> (1+0,)

We also have
’Aq,k - Mq,krl = }HFHLQ(S;C) - HMq,kHLQ(Sk)‘q

+oo
<IF = Myallfagy =1 [ NTURLIF = Ml > A
0

Foc 27v(q) y2 q
q—1_—c1 N A
Sq/o AT e dk—i( o) (4/2)-

2NQ’Y
We deduce

C
(29) |Aq7]€ - Mq,k‘ S W\/a

k

which, according to (2.7), implies (1.7).
We can now deduce an estimation of the L° norm

THEOREM 2. Denote by My i, the median value of the function Fu(u) = ||ul|fec on the
unit sphere Sy (endowed with its uniform probability measure). Then there exists cy,c1 > 0
for any k € N* we have

(2.10) Moo i € [co\/10g(k), c11/Tog (k)]

and consequently according to (2.4) and Proposition 5.2,

Py(u € Sis |lull e > e1v/Tog(R) + A) < 2e7,
Pr(u € S; ’HuHLoo < cpy/log(k) —A) < 2¢~ N

(2.11)
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PROOF. According to Sobolev embeddings, there exists Cy > 0 such that for any k,
any q¢ > 2, and any u € F},

lullg < lullzee < Cok™"4|full,
and choosing q; = agglog(k), we obtain with C; = Cpe? 0 independent of k
(2.12) Ex(lullgy) < Ex([Jullz~) < CrEx(([ullg,)

On the other hand for any ¢ € [2, 00|, by Proposition 5.2 we have

Ex(llullg) — Myl < / leullg — MgnldP = /0 Pe([[[ullg = Mgl > A)dA

22
/ e N = \/1/ey
0

Since g < eglog(Ny), (1.7) imply Mg, n ~ /qr. We deduce consequently from (2.13)
Er(||u|lg,) ~ v/@k, and also according to (2.12), E(||u|/z~) ~ /qx, hence, again according

(2.13)

Let us now remark that in the proof above, we used only Lemma 2.1 and the LP esti-
mates on eigenfunctions given by Theorem 1. However, in the case of a riemanian manifold
with a group of isometries acting transitively, we can use Lemma 2.2 and interpolation to
obtain that there exists C' > 0 such that for any A € o(v/—A) and any u € Ej,

[ulleary < CN2 IIUIIL2(M)
Plugging this estimate instead of Theorem 1 in the proof above gives

THEOREM 3. Consider (M, g) a riemanian manifold on which the group of isometries
act transitively. for any X € o(v/—A, denote by E\ the eigenspace of the Laplace operator
of dimension Ny > 0, endowed with the L*(M) norm and Sy its unit sphere endowed with
the uniform probability measure Py. Then for any 2 < g < +00, we have

N2 (e

2 ))
Vol(S7)5 =1 AT (3)T (23+)

(2.14) AZ’A = E(Hu”%q(gd)) - / s ”uHLq Sd)dp)\ —
UES)

Ay = VOZ(;)[( +O(G) +0(2)

and there exists Mg\ > 0 such that

(2.15) ‘Mm - Am‘ < oY1

1/q’
N,

> ao
[ V)

(2.16) Py(u € Sy; )Huum - Mm] > A) < 27N
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3. Eigenbases

We come back to the case of the sphere and spherical harmonic. We can identify the
space of orthonormal basis of Ej, (endowed with the L?-norm) with the orthogonal group,
O(Ny) and endow this space with its Haar measure, vg. Let us recall that

(3.1) BrenEi
is dense in L2(S?). The set of Hilbert bases of L? compatible with the decomposition (3.1)
is
B = xenO(Nk))
and is endowed with the product probability measure
V= Qplk.
Now, we can proceed to prove (1.9) and (1.10). According to (1.8), we get

PROPOSITION 3.1. There exists C,c > 0 such that for any k € N,
(3.2)

ve({B = (b)) € SU(Nk); 31 <1< Ny bl o — Mg| > A) < coeaF* 7 0A pd—1

Indeed, the map
B = (b))} € SU(Ny) — by € Sy,
sends the measure v, to the measure Pj and consequently, according to (1.8) for any
1 <lp < Ny

e @
I/k({B = (bl)lNzkl € SU(Nk), Hblo”Lq _Mng‘ > A) < coe 1Nkw q A2.

We deduce
(3.3) ve({B = (b)Y € SUNL); 3o € {1, Niki |[big |l o — M| > A)

< Coe,cle(d—l)v<q)qA2k(dfl)

)

which implies (1.9). Let us define now
Fk,r = {B = (bk) S SU(Nk);Vlo;

[iiall o = M| < 7}
and
Fr = Mol = {B = (bry); k € NI =1, - Ny; Vko, lo;
We have
(3.4) V(F)° < S wn(FE,) < cpe P TIO pAT L < N7 o mRTIN@O o Gemer?,
k k k

PR LS

This ends the proof of (1.9). To prove (1.10), it sufficies to follow the same strategy
and use Theorem 2 instead of (1.8).

REMARK 3.2. In the more general case of a riemanian manifold having a group of
isometries acting transitively, the results above on Hilbert bases extend straightforwardly
under the additional assumption that

liminf log(Ny) > 0.
Aeo(vV/—A)
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4. Other manifolds

4.1. Tori. A natural class of examples for which the group of isometries acts transi-
tively are the tori. As a consequence, as already mentionned, we deduce that Theorem 3
holds. Finally, Theorem 2 holds also with log(k) replaced by log(NVy), with the notable
difference that the multiplicity N do not tend to +oo if d < 4. On the other hand,
the proofs of (1.9) and (1.10) use the fact that the multiplicity tends to infinity at least
polynomially, and it consequently holds on rational tori only if d > 5 (see Grosswald |8,
Chapter 12])). For dimensions d < 4, we only obtain the weaker

(4.1) VA > 0,v({B = (bk1)keni=1,--N;, € B; Yk, ; [|bgl poo(say < A}) = 0.

Finally, to complete our probabilistic upper bounds, we can also get lower bounds on
tori: For n € N Let us denote by E, 4 the eigenspace of the Laplace operator associated
with the eigenvalue A and 71 (A) the number of presentations of the integer n as a sum of
d squares of integers:

ra(n) = #E\ Eyg= {(n1,...,nq) € Zd;Zn? = A}

According to Weyl’s formula,
Z rq(m) = Cn? + O(n%)
F<m<n

From which we deduce that for any d > 2 there exists a sequence A\, — +o00 such that

d—2
ra(Ap) > cAp?
and by considering the following eigenfunction on T (having L?-norm equal to 1),
wle)=rad)F Y @
N=(n1,...,ng)€Ex, a4

we have according to Sobolev embeddings

d—2 k.
cAp" ~ lupllpee < CAF [Jup||zr

Hence
d—2_ k
chpt P < lup e
which is (1.4).
4.2. Other manifolds. We can extend our results on arbitrary manifolds, to the price
of considering only approximate eigenfunctions. Here the Weyl asymptotics are playing a

crucial role. Let us consider 0 < ap < 1 < by < ¢ two functions defined for (0, hg) such
that

4.2 limby, =1=1i
(42) pim b = 1 = lim ax
We assume that

(4.3) by, —ap > Mh
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for a constant M to be precised later Let Ej, be the subspace of L?(M)
Ep={u= Z zren(x), 2 € CY, Ep={u= Z zrer(z), 2, € R},
(4.4) kely, keI,
In = {k € N; hwy, € (ap, bp)}

Let Nj, = dim(Ep). Let us recall that Weyl formula (with precise remainder) reads (see
Hormander [10])

(4.5) Np, = (2mh)~*Vol(M)Vol(S471) / p?tdp 4+ O(h™4T)
(a,b)

and consequently, we have

Vol (M)

(4.6) 3C > 0;¥A > O‘ﬁ{k € Nywy, < A} — cd(%)dxd( < A1
and
(4.7) ﬁ{k:;wk S Ih} — de ((h_lbh)d _ (h_lah)d)‘ < ol man

Which implies
dMy > 0; by, — ap, > Moh = 308 > a > 0;

(4.8) ah_d(bh — ah) < Np = ﬁ{k;wk S Ih} < ﬁh_d(bh — ah)

Let (eh,j)évzhl be an orthonormal basis of the space Fj,
ny
Fh(w) = (eh,j(x))j:hla

and fp(z) = [|[Fp(2)|2z = (Zjvzhl e%’j(x))l/Z. We can identify a point U = (uj)j-vzhl € Sp
with the function

Np,
(4.9) u(z) =Y ujepj(z) =U - F(x).
j=1

We have the following other consequence of Weyl’s formula (or rather a consequence
of the proof by Hérmander [10])

LEMMA 4.1. Let ap,by, as above. We assume that by, — ap, > Moh so that (4.8) is
satisfied. We also assume if a = b that their common value is positive. Then there exists
Co > 0 such that for any x € M and any h €]0,1] we have

(4.10) lem,h’ < C()hid(ah — bh)
By decomposing L?(M) as a direct sum of spaces
LQ(M) = EBkEhk

where Ej,, correspond to the choice by, —aj, = Mh, we can prove the analogs of Theorems 1,
2. The only essential difference is that of course the elements of Ej, are no more exact
eigenfunctions, but rather approximate eigenfunctions:

—Ae = hi e+ O(h ") 2
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On Zoll manifolds (where all geodesics are periodic, the clustering of the eigenvalues
(see [1]) allows to improve to
u € By, = —Au=h_*u+ O(1) z2(nr)
5. Probability calculus on spheres
PROPOSITION 5.1. Let us denote by py the uniform probability measure on the unit
sphere S(N) of RN. We have (see |5, Appendix A])
0
(5.1) pn(|z1]| > cos(0)) = 1t€[071[DN/ sinN*Q(cp)dcp
0

with Dy = clc% where ¢y, is the k — 1-dimensional volume of the sphere S(k).

- ¢

Notice that

w/2 1 N3
(5.2) 1= DN/ sin?V "2 (p)dy = DN/ 1-t)"2
0 0

Dy (! _ Dy N-11
= [0—w Tt Sl
where [ is the beta function of Weierstrass,
I'(x)I(y)
x? = )
which implies
(X
Dy =2 (2)

N—-1 1\°
L5791 (3)
Finally let us recall the standard concentration of measure property (see e.g. Ledoux [12])

PROPOSITION 5.2. Let us consider a Lipshitz function F on the sphere ST = S(d + 1)

(endowed with its geodesi distance and with the uniform probability measure, ug). Let us
define its median value M(F) by

1 1
uEZ2MEF) =5, pF < M(F) =z 3.
Then for any r > 0, we have
~ g
(5.3) u(|F — M(F)| > r) < 2e P s
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