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Abstract. — We show, by the means of several examples, how we can use Gibbs measures to construct
global solutions to dispersive equations at low regularity. The construction relies on the Prokhorov com-
pactness theorem combined with the Skorokhod convergence theorem. To begin with, we consider the non
linear Schrodinger equation (NLS) on the tri-dimensional sphere. Then we focus on the Benjamin-Ono
equation and on the derivative nonlinear Schrédinger equation on the circle. Next, we construct a Gibbs
measure and global solutions to the so-called periodic half-wave equation and of the Szegd equation. Fi-
nally, we consider the cubic 2d defocusing NLS on an arbitrary spatial domain and we construct global
solutions on the support of the associated Gibbs measure.

Résumé. — On montre, grace a différents exemples, comment on peut utiliser des mesures de Gibbs
pour construire des solutions globales, & basse régularité, pour des équations dispersives. La construction
repose sur le théoréme de compacité de Prokhorov, combiné avec le théoréme de convergence de Skorokhod.
D’abord on considére I’équation de Schrodinger non-linéaire (NLS) sur la sphére de dimension trois. Ensuite
on étudie I’équation de Benjamin-Ono et ’équation de Schrodinger avec dérivée sur le cercle. Puis, on
construit une mesure de Gibbs et une solution globale aux équations des demi-ondes et de Szegd avec
conditions périodiques. Enfin, on considére NLS cubique défocalisante, en dimension deux, sur un domaine
quelconque et on construit des solutions globales sur le support de la mesure de Gibbs correspondante.
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1. Introduction and main results

1.1. General introduction. — A Gibbs measure can be an interesting tool to show that local
solutions to some dispersive PDEs are indeed global. Once we have a suitable local existence and
uniqueness theory on the support of such a measure, we can expect to globalise these solutions; this
measure in some sense compensates the lack of conservation law at some level of Sobolev regularity.
See [4, 5, 54, 49, (50|, 17, 39}, [40), 13] where this approach has been fruitful.

Assume now that we have a Gibbs measure, but that we are not able to show that the equation is
locally well-posed on its support. The aim of this paper is to show - through several examples - that
in this case we can use some compactness methods to construct global (but non unique) solutions on
the support of the measure. Although this method of construction of solutions is well-known in other
contexts, like for the Euler equation (see Albeverio-Cruzeiro [1I]) or for the Navier-Stokes equation (see
Da Prato-Debussche [24]), it seems to be not exploited in the context of dispersive equations.

In [14] we have constructed global rough solutions to the periodic wave equation in any dimension
with stochastic tools. While in [14] we used the energy conservation and a regularisation property
of the wave equation in the argument, here we use instead the invariance of the measure by the non
linear flow. As a consequence we also obtain that the distribution of the solutions we construct is
independent of time.

Our first example concerns the non linear Schrédinger equation on the sphere S? restricted to zonal
functions (the functions which only depend on the geodesic distance to the north pole). For sub-quintic
nonlinearities, we are able to define a Gibbs measure with support in H°(S?) for any ¢ < 1/2, and
to construct global solutions in this space. This is the result of Theorem In [7], Bourgain-Bulut
have considered a similar equation (the radial NLS on R3) in the case of the cubic nonlinearity. The
solutions obtained in [7] are certainly "stronger" compared to the ones obtained in the present paper,
the uniqueness statement being however not explicited in [7].

In a second time we deal with the Benjamin-Ono equation on the circle S = R/(27Z). This model
arises in the study of one-dimensional internal long waves. In [35], [36] L. Molinet has shown that
the equation is globally well-posed in L?(S') and that this result is sharp. For this problem, a Gibbs
measure with support in H~7(S!), for any o > 0 has already been constructed by N. Tzvetkov in [48].
In this case, we also construct global solutions on the support of the measure and prove its invariance
(Theorem. A uniqueness result of the dynamics on the support of the measure was recently proven
in a remarkable paper by Y. Deng [22].

Our third example concerns the periodic derivative Schrodinger equation. Here we use the measure
constructed by Thomann-Tzvetkov [47]. We construct a dynamics for which the measure is invariant
(Theorem [1.3)). This result may be seen as a consequence of a recent work by Nahmod, Oh, Rey-
Bellet and Staffilani [37] and Nahmod, Ray-Bellet, Sheffield and Staffilani [38]. Their approach is
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based on the local deterministic theory of Griinrock-Herr [29] which gauges out (the worst part of)
the nonlinearity, and the uniqueness is only proved in this gauged-out context.

Next, we consider the so-called half-wave equation on the circle, which can be seen as a limit model
of Schrodinger-like equations for which one has very few dispersion. This model has been studied by
Gérard-Grellier [28] who showed that it is well-posed in H'/2(S!) (see also O. Pocovnicu [42] and more
recently Krieger-Lenzmann-Raphaél [33] for a study of the equation on the real line). Here a Gibbs
measure with support in H~?(S!), for any o > 0 can be defined, and global solutions (see Theorem [1.7)
can be constructed. This approach directly applies to the cubic Szegé equation which was introduced
and studied by Gérard-Grellier |25, 26, 27]. This equation has no linear part, but using the particular
structure of the (resonant) nonlinearity, we are able to show the invariance of a Gaussian measure (at
negative regularity).

Finally, we consider the NLS on an arbitrary 2d spatial domain. Here the construction of the
Gibbs measure goes back to the works in QFT (see [44] and the references therein). For the sake of
completeness, we shall present a proof below based on (precise versions of) the Weyl formula. However
we want to stress that the ideas used in the construction of the Gibbs measure are in the spirit of [44].
The support of the measure is again H~° for any s > (. In the case of the torus as spatial domain,
J. Bourgain [5] constructs strong global solutions on the support of the measure. This remarkable
result relies on the local theory in H?, ¢ > 0 and on a probabilistic regularization property. In the
case of an arbitrary spatial domain the local theory is much more involved (and presently restricted
to much higher regularity) compared to the case of the torus. Consequently, it seems natural to turn
to weak solution techniques.

Therefore our results on the half-wave equation and the 2d NLS are out of reach of the present
"strong solutions" methods and as such they should be seen as the main result of this article.

Summarizing the previous discussion, one may also conclude that the main point to be discussed
when applying strong solutions techniques in all considered examples is the uniqueness.

1.2. The Schrédinger equation on S3. — Let S? be the unit sphere in R*. We then consider the
non linear Schrodinger equation

1) i+ Agsu = [ul""tu, (t,z) € R x S,

' u(0,2) = f(z) € H7(S?),

for 1 < r < 5. In [9] N. Burq, P. Gérard and N. Tzvetkov have shown that (|1.1)) is globally well-

posed in the energy space H'(S?). In this paper we address the question of the existence of global

solutions at regularity below the energy space. Denote by Z(S?) the space of the zonal functions, i.e.

the space of the functions which only depend on the geodesic distance to the north pole of S?. Set
rad(Sg) HU(S?)) N Z(S3> Lrad(sg) rad(Sg) and

1/2 1/2 3
Xrad rad S m rad
o<1/2

In the sequel we say that uy converges to u in Xiés if un converges to v in H? , for any s < 1/2.



4 NICOLAS BURQ, LAURENT THOMANN & NIKOLAY TZVETKOV

For z € S?, denote by 6 = dist(x, N) € [0, 7] the geodesic distance of x to the north pole and define

(1.2) Po(z) = \ﬁsmne n>1.
T

sin

Then, (P,)n>1 is a Hilbertian basis of L2 ,;(S3), which will be used in the sequel. Next, in order to

avoid the issue with the O-frequency, we make the change of unknown u — e %, so that we are

reduced to consider the equation
i0iu + (Ags — Du = |u|""tu, (t,z) € R xS,
{u(O,x) = f(z) € HO(S?).
Let (€2, F,p) be a probability space and (gn(w))n>1
Gaussians, g, € Ng(0, 1), which means that g, can be written
() = = (hale) + ().

are independent standard real Gaussians (Ng(0,1)).

(1.3)

a sequence of independent complex normalised

where (hy (w), Zn(w))n>1
For N > 1 we define the random variable

=z

w i pn(w,x)

and we can show that if o < 1, then (pn)n>1 is a Cauchy sequence in L?(€; H°(S?)): this enables
us to define its limit

(1.4) w i p(w, ) gn(w ) € L*(Q; HO(S?)).
n>1

We then define the Gaussian probability measure y on X : ﬁ (S®) by = p ot In other words, u is
the image of the measure p under the map

Q — xY 2(S3)

rad

gn

w — pw
n>1

We now construct a Gibbs measure for the equation (1.3). For u € L™t!(S?) and 3 > 0, define the

density

(1.5) G(u) = et Jss ™!

and with a suitable choice of 5 > 0, this enables to construct a probability measure p on Xjé fl (S?) by
dp(u) = G(u)dp(u).

Then we can prove
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Theorem 1.1. — Let 1 < r < 5. The measure p is invariant under a dynamics of (1.1). More
precisely, there exists a set X2 of full p measure so that for every f € 3 the equation (1.1)) with initial
condition u(0) = f has a solution

ueC(R; X2(s%)).

rad

The distribution of the random variable u(t) is equal to p (and thus independent of t € R):
Here and after, we abuse notation and write

C(R; X,00(8%) = () C(R;HI,u(S").
o<1/2

In our work, the only point where we need to restrict to zonal functions is for the construction of the
Gibbs measure. The other arguments do not need any radial assumption. The result of Theorem
can not be extended to the case r = 5. Indeed, it is shown in [2, Theorem 4] that ||ul|zsgs) = +oc,
p—a.s.
Since G(u) > 0, p—a.s., both measures p and p have same support. Indeed, u(Xjﬁ(S?’)) =
p(X 7}({3(83)) =1, but we can check that u(H 1/2(83)) p(H 1/2(83)) =0 (see [12] Proposition C.1|).

rad rad

Let us compare our result to the result given by the usual deterministic compactness methods. The
energy of the equation (|1.1]) reads

1 1 )
) =5 [Vl + = [

Then, one can prove (see e.g. [18]) that for all f € H'(S3) N L™T1(S?) there exists a solution to (1.1
so that

(1.6) u € Cy(R; H'(S)) N Cu (R; L™H(S7)),

(here Cw stands for weak continuity in time) and so that for all t € R, H(u)(t) < H(f). Notice that
in we can replace the space H!' with H1 i fen md

The advantage of this method is that there is no restriction on » > 1 and no radial assumption on
the initial condition. However this strategy asks more regularity on f. We also point out that with
the deterministic method one loses the conservation of the energy, while in Theorem we obtain an
invariant probability measure (see also Remark .

1.3. The Benjamin-Ono equation. — Recall that S! := R/(27Z) and let us define

2T
1172ty = <27r>—1/0 | f(2)]?dz.

For f(z Z ae*® and N > 1 we define the spectral projector Iy by Iy f(z Z ape™ . We
kez [k|<N

also define the space X° Sl m H™?
>0
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Denote by H the Hilbert transform, which is defined by
Hu(x) = —i Z sign(n)c,e™, for wu(z) = Z cne™?,

nez* nezx*
In this section, we are interested in the periodic Benjamin-Ono equation

Opu + HO?u + 8x(u2) =0, (t,z)eR xS,
{u(O,x) = f(x).

Let (Q,F,p) be a probability space and (gn(w))n>1
Gaussians, g, € N¢(0,1). Set g_n(w) = gn(w). For any o > 0, we can define the random variable

(1.7)

a sequence of independent complex normalised

(1.8) wi p(w,z) = Memx e L*(; H(SY),
nez* 2|n|5

and the measure ;1 on X°(S!) by = po¢~!. Next, as in [48] define the measure py on X°(S!) by
(1.9) dpn (1) = W (w)da(w),
where the weight ¥ is given by

\I,N(U) = 5NX(||UN||%2 _ O[N)e_%fSl u?\](ﬂ@)dm’ Uy = HNU,

with x € C5°(R),

an :/ HUNH%%sl)dM(U) :/ H(PN(wa')H%Q(Sl)dp(w) =
XO0(s1) Q

1
)
n
1<n<N

and where the constant By > 0 is chosen so that py is a probability measure on X°(S!). Then the
result of N. Tzvetkov [48] reads: There exists W(u) which satisfies for all p € [1, 400, ¥(u) € LP(du)
and

(1.10) Un(u) — U(u) in LP(dp(u)).

As a consequence, we can define a probability measure p on X°(S!) by dp(u) = ¥(u)du(u). Then our
result is the following

Theorem 1.2. — There exists a set 3 of full p measure so that for every f € ¥ the equation ((1.7)
with initial condition uw(0) = f has a solution

ueC(R;X°(Sh).
For all t € R, the distribution of the random variable u(t) is p.

Some care has to be given for the definition of the non linear term in (1.7]), since u has a negative
Sobolev regularity. Here we can define 9, (u?) on the support of y as a limit of a Cauchy sequence (see

Lemma .

As in [13] Proposition 3.10] we can prove that

J suppp=suppp.
X€C5° (R)
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The cut-off x(|lun||?2 — an) can not be avoided here because the term [, u};(z)dz does not have a
sign (compare with the analysis of the half-wave equation and the defocusing NLS below where it can
be avoided, after a suitable renormalisation of the potential energy).

Observe that ¢ in has mean 0, thus p and p are supported on O-mean functions. This is not a
restriction since the mean fSl u 1S an invariant of .

We complete this section by mentioning [51), 52, 53, 23] where the authors construct Gibbs type
measures associated with each conservation law of the Benjamin-Ono equation.

1.4. The derivative non linear Schrédinger equation. — We consider the periodic DNLS equa-
tion.
(111) iOpu + 02u = i8x(\u|2u), (t,z) e R x S,
' u(0,z) = up(x).
Here, for o < 1/2 we define the random variable ((n) = (1 4 n?)%/?)
(1.12) w i p(w,x) Z 9n(w) e e L*(9; HO(S)),
nez >
and the measure p on X1/2(S1 ﬂ H(S') by u=pop!. Next, denote by
o<1/2

=Im /Sl u%, () Oz (uiy (v))da.

Let k >0, and let x : R— R, 0 < x <1 be a continuous function with support supp x C [—k, K]
and so that xy =1 on [—x/2,k/2]. We define the density

() = Bl aen e 1¥ (02 for v @,
and the measure py on X/2(S') by
(1.13) dpre () = Wy (w)da(u),
and where Sy > 0 is chosen so that py is a probability measure on X/ 2(sY). By Thomann-

Tzvetkov [47, Theorem 1.1], py converges to a probability measure p so that dp(u) = ¥(u)du(u).
Moreover, for all p > 2, if k < k), then W(u) € LP(dp). Then our result reads

Theorem 1.3. — Assume that k < ko. Then there exists a set X of full p measure so that for every
f € ¥ the equation (1.11)) with initial condition u(0) = f has a solution

ue C(R; XY2(Sh).
For all t € R, the distribution of the random variable u(t) is p.

Here, for k < kg, we have

U swpp={llull2 <x}[) suppp.
XECE ([~ or])
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1.5. The half-wave equation. — The periodic cubic Schrédinger on the circle has been much
studied and in particular rough solutions have been constructed. See Christ [19], Colliander-Oh [21],
Guo-Kwon-Oh [34], and Bourgain [5] in the 2-dimensional case.

Here we investigate a related equation where one has no more dispersion: We replace the Laplacian

e "% and we consider the following

with the operator |D|, i.e. the operator defined by |D|e'"™* = |n|e
half-wave Cauchy problem

i0wu — |Dlu = |ul?u, (t,z) € R x S,

u(0,z) = f(x).
This model has been studied by P. Gérard and S. Grellier |28] who showed that it is well-posed
in H'/2(S1). However, the Sobolev space which is invariant by scaling is L?(S'), hence it is natural
to try to construct solutions which have low regularity. In the sequel, in order to avoid trouble with
the 0-frequency, we make the change of unknown u — e~"u, so that we are reduced to consider the
equation

i0pu — Au = |u*u, (t,z) € R x S,
where A := |D| + 1.

Let (2, F,p) be a probability space and (gn(w))
Gaussians. Here we define the random variable

nez @ sequence of independent complex normalised

n(w) i 2 —o(ql

(1.14) w (w,x) = I _ginz ¢ [ O, H7(SY)),

TR S ( )
1

for any o > 0, and we then define the measure p on X°(S!) by u=po ™.

N

We need to give a sense to |u|?u on the support of u. In order to avoid the worst interac-
tion term, we rather consider a gauged version of the equation for which the nonlinearity is for-
mally [ul*u — 2|ul|7. (s1yu- More precisely, define the Hamiltonian

1 2
v = [ P [ = ([ )’
st 2 Js1 St

and consider the equation
0HN

0w

i@tu ==

which reads

(115) {ZatU—Au:GN(u)’ (t’x) GRXSI,

u(o,l‘) = f($)7
where G stands for
(1.16) Gn(u) = HN(|HNu|2HNu) - 2||HNu||%2(S1)HNu.

This modification of the nonlinearity is classical, and is the Wick ordered version of the usual cu-
bic nonlinearity (see Bourgain [5], Oh-Sulem [41]). Recall, that since the L? norm of (I.15)) is
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preserved by the flow, one can recover the standard cubic nonlinearity with the change of function
t
on(t) = un(t) exp ( — 22'/ lun(7)||72d7) with the notation uy = IIyu.
0
Here, the main interest for introducing the gauge transform in ([1.16)) is to define the limit equation,
when N — +o0.

Proposition 1.4. — For all p > 2, the sequence (GN(U))N>1 is a Cauchy sequence in the space

LP(XO(SY),B,du; H7(S")). Namely, for all p > 2, there exist n > 0 and C > 0 so that for all
1<M<N,

P
/XO(SI) |G N (u) — GM(u)||H70(Sl)du(u) < .

We denote by G(u) the limit of this sequence.

It is then natural to consider the equation

i0pu — Au = G(u), (t,z) € R xS,

(1.17)
u(0, ) = f(x).

We now define a Gibbs measure for (1.17)) as a limit of Gibbs measures for (1.15). In the sequel we

use the notation uy = Iyu. Let x € C§°(R) so that 0 < x < 1. Define

1
an= [ Baydat = Y
XO0(S1) (8% |n|Z§:N 1+ |n|
consider the density
_ 4 _ 4
(1.18) On(u) = BNX(”UNH%Z(gl) —ay)e (\\uNI\L4(S1) 2HuNHL2(S1)),

and define the measure
dpn (u) = On (u)dp(u),
where By > 0 is chosen so that py is a probability measure.

Remark 1.5. — We could avoid the cut-off procedure, x, above, by using another renormalization,
namely defining

(1.19) Gy (u) = Iy (Myul*TIyu) — 2anTIyvu, ay =E, [HHNU||2L2(S1)]=
see the construction in Section B.3] for NLS on a bounded domain.
In our next result, we define a weighted Wiener measure for the equation (|1.17)).

Theorem 1.6. — The sequence On(u) defined in (1.18)) converges in measure, as N — oo, with
respect to the measure p. Denote by O(u) the limit and define the probability measure

(1.20) dp(u) = O(u)du(u).

Then for every p € [1,00[, O(u) € LP(du(u)) and the sequence ©n converges to © in LP(du(u)), as N
tends to infinity.
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The sign of the nonlinearity in (L.17) (defocusing) plays a role. Indeed, Theorem [1.6]is not expected
to hold when G(u) is replaced with —G(u).
Again, with the arguments of [13], Proposition 3.10|, we can prove that

|J suppp=suppp.
X€C5° (R)
Consider the measure p defined in ((1.20)), then

Theorem 1.7. — There exists a set ¥ of full p measure so that for every f € ¥ the equation ((1.17)
with initial condition uw(0) = f has a solution

ueC(R;X°(Sh).
For all t € R, the distribution of the random variable u(t) is p.

In equation (|1.17)) the dispersive effect is weak and it seems difficult to deal with the regularities on
the support of the measure by deterministic methods.

Remark 1.8. — More generally, we can consider the equation
i0iu — A% = |ulP"tu, (t,z) € R x S,

with @ > 1 and p > 1. Define X#(S!) = MNr<s H7(S!). In this case, the situation is better since the
series

gn(w) inx
Wi palw, ) =Y e
2 (14 [nl)e/

are so that o € L*(Q; HP(S!)) for all 0 < 8 < (a — 1)/2. Here we should be able to construct
solutions
u € C(R; X@~1/2(s1h)),

1.6. The Szeg6 equation. — Our approach can also be applied to the Szegd equation, introduced
and studied by Gérard-Grellier [25], 26}, 27]. This equation is defined by
(1.21) iOpu =T (Ju*u), (t,z) e R xS,

where IT* is the orthogonal projector on the non-negative frequencies : II'T (3, o cnén) = 3,50 Cnén-
In this context, we define the Gaussian measure p4 by py =po gpjrl with

W ppwa) =Y IREL 90(©) _ ina ¢ L2(2; H7(SY), >0,
nso (1+n)
where H$ (SY) = H5(S")n {u =II"(u) } As in the previous section, one can construct the correspond-
ing objects G}, pﬁ, p+ by replacing Iy by II"IIy. Then the result of Theorem applies here with
the measure p,. Moreover, one can prove that the H}r/ 2(Sl) norm is conserved by the flow of ,
thus the measure p is formally invariant under this flow. As a consequence, the result of Theorem [I.7]
also applies to the measure p (such a fact is not true for (1.17))). More precisely, one has
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Theorem 1.9. — There exists a set ¥ of full puy measure so that for every f € ¥ the equation (|1.21])
with initial condition w(0) = f has a solution

ue C(R; X°(Sh).
For all t € R, the distribution of the random variable u(t) is pi.

The probabilistic approach for the construction of global dynamics for the Szeg6 equation is relevant
at negative Sobolev regularity. Actually, Gérard and Grellier recently proved that there exists a
sequence (up,)n>0 of smooth solutions of and a sequence of times ¢,, —> 0 such that for all o > 0,
when n — 400

[[tn (O] == (s1) — 0,
but

‘<Un(tn)a 1>‘ — +00,
which shows that if a deterministic lowmap exists in H~9(S'), it can not be continuous near the origin.
The sequence (u,,(0)),>0 is explicit and takes the form u,(0) = A\, (e + €,), see [25].

For n > 0, we have Ae,, = (n + 1)e,, then u satisfies ([1.21)) if and only if v = e~ Ay, satisfies
0w + Av =117 ([v|*v), (t,z) e R x Sh

Notice that w and v only contain non-negative frequencies. It is easy to see that the renormalised
equation in this context is the same as in the case of the half-wave equation, but restricted on non-
negative frequencies. As consequence, the analysis is very close to (1.17]), except that we only deal
with non-negative frequencies. We will therefore rely on the analysis of the previous section.

1.7. The 2d NLS on an arbitrary spatial domain. — We assume that (M, g) is either a two
dimensional compact Riemannian manifold without boundary or a bounded domain in R?. We suppose
that vol(M) = 1. This assumption is not a restriction since we can always reduce the analysis to this
case by rescaling the metric. We impose it since some of the computations simplify a little under this
assumption.

Denote by —A, the Laplace-Beltrami operator on M (with Dirichlet boundary conditions in the

case of a domain in R?). Consider the nonlinear Schrédinger equation
i+ (Ay — Du = |ul*u, (t,7) € R x M,

u(0,z) = f(x).
Our aim is to construct a Gibbs measure p associated to (1.22) and to construct global solutions
to (1.22) on the support of p. Let (¢n)n>0 be an orthonormal basis of L?(M) of eigenfunctions of —A,
associated with increasing eigenvalues (A2),>0. By the Weyl asymptotics A, ~ n'/2. Let (gn(w))n>0
be a sequence of independent standard complex Gaussian variables on a probability space (2, F,p).
We denote by p the Gaussian measure induced by the mapping

gn(w)

n>0 (>\72’L + 1)

(1.22)

wir— VU(w,z) = en(T)

N|=
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and we can interpret u as the Gibbs measure which is associated to the linear part of . One may
see u as a measure on H—%(M) for any fixed s > 0, and we can check that u(L?(M)) = 0. Notice
also that thanks to the invariance of the Gaussians under rotations the measure p is independent of
the choice of the orthonormal basis (¢n,)n>0-

Now, if one wishes to define a Gibbs measure p (which is a density measure w.r.t. p) associated
to , namely corresponding to the Hamiltonian

1 1
1) =5 [ (V) + g [t

we have [ M |u|* = +o0o on the support of u. Therefore a suitable renormalization is needed. For
U= ano Cnon, we set uy = Iyu = anN Cn@n. Denote by

1
1.23 = Lo dp(u) = — .
(1.23) v = | g It = 3

0<n<N

Then we define the renormalized Hamiltonian
1
Hy(u) = / (IVul® + |ul?) + / T yvul* — 2aN/ ‘HNU‘2 + o,
M 2 Jm M

and consider the equation
0H N
ou ’

i@tu ==

which reads

(1.24)

i+ (Ag — Du = Fy(un), (t,z) e Rx M,
u(0,z) = f(),

where Fy stands for

(1.25) FN(’U,N) = HN(|uN|2uN) — QQNUN.

Recall, that since the L? norm of is preserved by the flow, one can recover the standard cubic
nonlinearity with the change of function vy (t) = un(t) exp(—2ant).

Thanks to the gauge transform in we are able to define the limit equation, when N — +o0.
Set X°(M) = () H(M), then

o<0

Proposition 1.10. — For all p > 2 and o > 2, the sequence (FN(UN))N>1 is Cauchy in

LP(XO(M),B,du;H_U(M)). Namely, for all p > 2, there exist n >0 and C > 0 so that for
all1< M < N,

Fny(un) — Fy(u P ondp(u) < —.
/. g ) = sy ) < 5

We denote by F(u) the limit of this sequence.
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We now consider the equation

(1.26) i0u+ (Ay — Du = F(u), (t,z) € RxM,
' u(0,z) = f(x).
We now define a Gibbs measure for ([1.26) as a limit of Gibbs measures for ((1.24)). Set
1
(1.27) fn(u) = / T yvul® — 2aN/ Myl + o,
2 Jm M

and consider the measure
dpn(u) = Cye N dp(u),
where C'y > 0 is chosen so that py is a probability measure. Then

Theorem 1.11. — Let us fir 1 < p < co. The sequence (fn(u))n>1 converges in LP(du(u)) to some
limit denoted by f(u). Moreover

e W e LP(dp(u)).
Therefore, we can define a probability measure on X°(M) by
(1.28) dp(u) = Cove ™ W dp(u).

The result of Theorem is not new. One may find a proof of it in the book by B. Simon [44,
page 229]. The approach in [44] is using the control of the singularity on the diagonal of the Green
function associated with A;l. Here we present a slightly different proof based on spectral consideration
via the Weyl asymptotics. We decided to include this proof since the argument is in the spirit of the
analysis of the other models considered in this article.

We are able to use the measure p defined in ((1.28) to define global dynamics for the equation (1.26]).

Theorem 1.12. — There exists a set % of full y measure so that for every f € X the equation (|1.206))
with initial condition uw(0) = f has a solution

u € C(R;XO(M)).

For all t € R, the distribution of the random variable u(t) is p.
Remark 1.13. — Another choice of renormalization procedure, namely defining
(1.29) Fy(un) =Ty (lun Pun) = 2)un|[720wn-
would lead to another limit equation

i + (A, — V)u = F(u),
with

Fu) =l Fulu)” =" fufu = 2ull3apq

which is slightly more natural as if v is a (L?-bounded) solution of

10w + (A, — Vv = |v|*v,
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—2it||v||?

then u = e LZM)y satisfies

i + (Ay — 1)u = F(u).

However, this renormalization would require another cut-off (see Section (7)) because the main contri-
bution of the potential energy in the Hamiltonian is no longer positive. Finally, yet another renormal-

1
ization is possible: by the Weyl formula (8.1) we know ay = yy InN + C + o(1), and it is easy to
0y

check that it is possible to replace ay by its equivalent in the definition of Hy(u) and in (1.25)). In
this case, the renormalisation does not depend on M (but only on its volume which if fixed to 1).

Remark 1.14. — In Theorems 1.12] the sign of the nonlinearity (defocusing) plays key a role
and we do not know how to define a probability Gibbs measure if F' is replaced by —F. See Brydges-
Slade [8] for a non existence result in this context.

Let us recall some deterministic results on the nonlinear cubic Schréodinger equation on a compact
surface. The equation is locally well-posed in H*® for all s > 0 when M = T? (Bourgain [6]), in H*
for all s > 1/4 when M = S? and H® for all s > 1/2 in the case of a general surface M without
boundary (Burq-Gérard-Tzvetkov [11]). In the case of a surface with boundary, the equation is locally
well-posed in H® for all s > 2/3 (Blair-Smith-Sogge [3]). In each of the previous cases, thanks to an
interpolation argument, S. Zhong [55] has shown that the (defocusing) equation is globally well-posed
in H® for some 1 —§ < s < 1 with § > 0 sufficiently small.

1.8. Notations and structure of the paper. —

Notations. — In this paper c,C > 0 denote constants the value of which may change from line to line.
These constants will always be universal, or uniformly bounded. Forn € Z, we write (n) = (14|n|?)1/2.
In Section E we use the notation [n] = 1+ |n|, while in Section @ we write [n] = 1+ A2, We will
sometimes use the notations LY, = LP(=T,T) for T > 0. For a manifold M, we write L} = LP(M)

and for s € R we define the Sobolev space Hi = H*(M) by the norm |ju|ms = ||(1 — A)s/2uHL2(M).
If E is a Banach space and p is a measure on E, we write L}, = LP(du) and lullzrp = H”“HEHL{;
For M a manifold, we define X7 (M) = (,_, H"(M), and if I C R is an interval, C(I; X°(M)) =
Ny<o C(I; HT(M)). If Y is a random variable, we denote by Z(Y) its law (its distribution).

The rest of the paper is organised as follows. In Section 2] we recall the Prokhorov and the Skorokhod
theorems which are the crucial tools for the proof of our results. In Section [3| we present the general
strategy for the construction of the weak stochastic solutions. Each of the remaining sections is devoted
to a different equation.

Acknowledgements. — The authors want to thank Arnaud Debussche for pointing out the refer-
ence [24]. The second author is very grateful to Philippe Carmona for many clarifications on measures.
We also benefitted from discussions with Christian Gérard and Igor Chueshov.
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2. The Prokhorov and Skorokhod theorems

In this section, we state two basic results, concerning the convergence of random variables. To begin
with, recall the following definition (see e.g. [32, page 114])

Definition 2.1. — Let S be a metric space and (py)ny>1 a family of probability measures on the
Borel o—algebra B(S). The family (px) on (S, B(S)) is said to be tight if for any € > 0 one can find
a compact set K. C S such that py(K;) > 1—¢ for all N > 1.

Then, we have the following compactness criterion (see e.g. [32] page 114] or [31] page 309])

Theorem 2.2 (Prokhorov). — Assume that the family (pn)n>1 of probability measures on the met-
ric space S is tight. Then it is weakly compact, i.e. there is a subsequence (Ni)p>1 and a limit
measure pPoy Such that for every bounded continuous function f: S — R,

tim [ @y, () = | f@)dpulo)
k—oo Jg S

In fact, the Prokhorov theorem is stronger: In the case where the space S is separable and complete,
the converse of the previous statement holds true, but we will not use this here.

Remark 2.3. — Let us make a remark on the case S = R™. The measure given by the theorem allows
mass concentration in a point and the tightness condition forbids the escape of mass to infinity.

The Prokhorov theorem is of different nature compared to the compactness theorems giving the
deterministic weak solutions: In the latter case there can be a loss of energy (as mentioned below (L.6)).
A weak limit of L? functions may lose some mass whereas in the Prokhorov theorem a limit measure
is a probability measure.

We now state the Skorokhod theorem

Theorem 2.4 (Skorokhod). — Assume that S is a separable metric space. Let (pn)N>1 and poo
be probability measures on S. Assume that py —> poo weakly. Then there exists a probability space
on which there are S—valued random variables (Yn)n>1, Yoo such that L(YN) = pn for all N > 1,
L(Yoo) = poo and Yy — Y a.s.

For a proof, see e.g. [31], page 79]. We illustrate this result with two elementary but significant
examples:

— Assume that S = R. Let (Yn)i<n<oo be standard Gaussians, i.e. L(Yy) = L(Ys) = Nr(0,1).
Then the convergence in law obviously holds, but in general we can not expect the almost sure
convergence of the Yy to Y, (define for example Yy = (=1)VY,.).

— Assume that S = R. Let (Yn)i<n<oo be random variables. For any random variable ¥ on R
we denote by Fy(t) = P(Y < t) its cumulative distribution function. Here we assume that
for all 1 < N < oo, Fy, is bijective and continuous, and we prove the Skorokhod theorem in
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this case. Let U be a r.v. so that £(U) is the uniform distribution on [0, 1] and define the r.v.

Yy = F;NI(U ). We now check that the Yy satisfy the conclusion of the theorem. To begin with,

F-

s (t) = P(Yy <t) = P(U < Fy, (1)) = Fy, (t),

therefore we have for 1 < N < oo, £(Yy) = L(Yy). Now if we assume that Yy — Ya in law,
we have for all t € R, Fy, (t) — Fy, (t) and in particular Yy — Y, almost surely.

3. General strategy

Let (2, F,p) be a probability space and (gn(w))n>1 a sequence of independent complex normalised
Gaussians, g, € Nc(0,1). Let M be a Riemanian compact manifold and let (e,),>1 be an Hilbertian
basis of L2(M) (with obvious changes, we can allow n € Z). Consider one of the equations mentioned
in the introduction. Denote by
X7 =X(M)= () H (M).
T<0

We recall that uy converges to u in X7 , if uy converges to u in H*(M) for any s < o.

3.1. General strategy of the proof. — The general strategy for proving a global existence result
is the following:

Step 1: The Gaussian measure p: We define a measure g on X?(M) which is invariant by
the flow of the linear part of the equation. The index o. € R is determined by the equation and
the manifold M. Indeed this measure can be defined as p = p o ¢!, where ¢ € L?(Q; H°(M)) for
all o < o, is a Gaussian random variable which takes the form

o= 3

n>1 n

Here the (\y) satisfy A\, ~ cn®, a > 0 and are given by the linear part and the Hamiltonian structure
of the equation. Notice in particular that for all measurable f: X7¢(M) — R

(3.1 Lo F0 = [ (ot )ap(o)

Step 2: The invariant measure pn: By working on the Hamiltonian formulation of the equation,
we introduce an approximation of the initial problem which has a global flow ®», and for which we
can construct a measure py on X7 (M) which has the following properties

(i) The measure py is a probability measure which is absolutly continuous with respect to p

dpn (u) = U (u)dp(w).

(ii) The measure py is invariant by the flow ®5 by the Liouville theorem.
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(iii) There exists ¥ # 0 such that for all p > 1, ¥(u) € LP(du) and
Un(u) — W(u), in LP(du).
(In particular ||¥y(u)|[zz < C uniformly in N > 1.) This enables to define a probability measure
on X% (M) by
dp(u) = W(u)du(u),
which is formally invariant by the equation.
Step 3: The measure vy: We abuse notation and write
C([-T,T); X7(M)) = (] C([-T,T); H(M)).
o<0¢

We denote by vy = py o @' the measure on C([—T,T]; X?¢(M)), defined as the image measure
of pn by the map
X7(M) — C([-T.T}; X7(M))
— Dy (t)(v).
In particular, for any measurable F : C([-T,T]; X7*(M)) — R

F(u)dvy (u) = /X Py (O@)dex (o)

v

(3.2)

/(:([—T,T];ch)

For each model we consider, we show that the corresponding sequence of measures (vy) is tight in
C([—T, T|;H "(./\/l)) for all o < o.. Therefore, for all ¢ < 0., by the Prokhorov theorem, there exists
a measure v, = v on C([—T,T]; H°(M)) so that the weak convergence holds (up to a sub-sequence):
For all 0 < o, and all bounded continuous F : C([-T,T]; H"(M)) — R

i F d -
N c([-1,1);H°) (w)dvy () /c([—T,T];Ho)

At this point, observe that if oy < 02, then vy, = vy, on C([-T,T]; H?*(M)). Moreover, by the
standard diagonal argument, we can ensure that v is a measure on C([—T, T]; X (M)).

F(u)dv(u).

Finally, with the Skorokhod theorem, we can construct a sequence of random variables which con-
verges to a solution of the initial problem.

We now state a result which will be useful in the sequel. Assume that py satisfies the properties
mentioned in Step 2.

Proposition 3.1. — Let 0 < o.. Let p> 2 andr > p. Then for all N > 1

(3.3) H”UHLgHg‘ 2, < CTl/pHHU”Hﬂ Ly
Letq>1,p>2andr >p. Then for all N > 1
(3.4) Mol call p - < CTY?[llolsg -

In case Uy < C, one can take r = p in the previous inequalities.
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Proof. — We apply (3.2) with the function v — F(u) = |jull

abuse of notation

Py .- Here and after, we make the
Tz

HHUHLZ;H;;’ Ly, = HUHLﬁNLZ;Hg-

Then

- el g v (1)

/C([—T,T};XUC)

_ /X _en @)y yedon (0)

- /X a / ZH@Nu)(v)upgdt}de(v)

(35) = [ ] 1exowilan]ar

where in the last line we used Fubini. Now we use the invariance of py under @, and we deduce that
for all t € [T, T

[ 1ox @@ dono) = [ ollgdon ).
Therefore, from (3.5) and Holder we obtain with 1/r +1/ry =1

lellty oy = 2T /X  lellrgdon o)

_ o7 / ol W () dpa(w)
Xoc
< 2ol e NN )]z

Now, let r > p, take r; = r/p and we can conclude since ¥y (v) € L™ (dp).
For the proof of (3.4)), we proceed similarly. We take F(u) = Hquzg Lo In (3.2)), and use the same

arguments as previously. O

3.2. Some deterministic estimates. — We now state an interpolation result, which will be useful
for the study of each model. Consider (e,),>1 a Hilbertian basis of L? = L*(M) of eigenfunctions
of A:

—Ae,, = )\ien, n > 1.

For u = Z anén, we define the spectral projector

n>1
Aju = g Qp€n,

n>1:27<(\,)<29+!

so that we have u = Z Aju and for o € R
j=0

C1277 | Agull 2 < [|Aull ey < Co277|| Ajul 2.
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1,
Define the space W;* by the norm HuHW%p = |lullzz. + [[Orull 2z, Then
Lemma 3.2. — Let T > 0 and p € [l,+00]. Assume that u € LP([-T,T};L?) and dyu €
LP([-T,T); L?). Thenu e L*>([-T,T}; L?) and

/p), y1/p
lullf?, o

[ullpgere < C||UHLp
Proof. — Let v € L?(M) be so that ||y||z2 = 1, and define v(t) = (u(t),~). Then we clearly have
lollze < lullzzes 190wl < 0l o o,

and from the Gagliardo-Nirenberg inequality we deduce

1 1 1 1
(3.6) Il < Cllolly P lolyh, < Cllull g /2 ullyh o
Now from (3.6 we get
lullsgre = sup u(t)]z:
te[-T,T)

= sup sup o(t)
te[=T,T] ||yl 2=1

1 1
= sw - sup o(t) < Cllull Y ully k.
VIl ,2=1te[-T,T]

This completes the proof of Lemma [3.2] O
Denote by H? = H?(M). Using the previous result we can prove

Lemma 3.3. — Let T > 0 and p € [1,400]. Let —o00 < 03 < 01 < 400 and assume that u €
LP([-T,T); H°") and 8yu € LP([-T,T); H??). Then for alle > o1/p—oa/p, u € L= ([-T,T]; H* ™)
and

1 1
(3.7) Il e pres=e < Cllullzy gt Tl

Moreover, there exists 1 > 0 and 0 € [0,1] so that for all ty,ty € [-T,T)

9
lu(t1) = ult2)ll g —2: < Clta = bl [ull 3o Nulfy 10 o

Proof. — We use the frequency decomposition as recalled at the beginning of the section, and apply
Lemma [3.2) to Aju

1A ull o= < C2 | Ajull pee 2
(01— 1-1 1
< OO Aul P (19l g 2 + 180l g 12)
< C2j(01_5)2_j01(1_1/p)2_j0'2/p||Aju||2;%£1||A] Hl/Il’pHa2
T
—j(e—0o1/p+o2/p) 1/p 1/p
S C2 1 2 HU’HLPHUlH ||W%7PH02'
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This inequality together with [[ul| fec fro1-c < Z [1Ajull Lso pror—< yields (3.7). By Holder we get
Jj=0
to
(3.8) luty) = u(t2)lmee = || [ Oru(r)drllzes < [t — to V7] Bsul| 2 gy

t1

Next by interpolation, there exists 0y € (0,1) so that

1-6 [%
[u(ty) —uto)llgor—2c < lJu(ty) — u(to) |l o, lu(ts) — u(t2)ll e

—0, 0
< CHUHi%o?IGWHU(tl)—u(tz)Hb?az,
and the result follows from this latter inequality combined with (3.7) and (3.8)). O

4. The nonlinear Schrédinger equation on the three dimensional sphere

4.1. The setting. — Let S? be the unit sphere in R%. Consider the non linear Schrédinger equation
i+ (A —Du = |ul""tu, (t,z) eR xS,
u(0,2) = f(z) € H7(S?),

where A = Ags stands for the Laplace-Beltrami operator, and where 1 < r < 5. In the sequel we

(4.1)

consider functions which only depend on the geodesic distance to the north pole, these are called
zonal functions. Denote by Z(S?) this space. Roughly speaking, this is the same type of reduction as
restricting to radial functions in R®. Denote by L?_ ,(S*) = L?(S*) N Z(S?). We endow this space with

the natural norm
1 9 ™ 1
— 2\2 _ |~“ 2 2 2
£z g0 = ([ 108)" =2 ([ @R emafa)”

where = € [0, 7] represents the geodesic distance to the north pole of S* (the normalisation constant
is chosen such that the unit function has norm 1). The operator A can be restricted to Lfad, and it
reads

0? 2 0

022 ' tanz Oz

One of the main interests to restrict to zonal functions, is that the eigenvalues of A in L2 ,(S?)

rad

are simple. The family (P,),>1 defined in (L.2)) is a Hilbertian basis of L2 ,(S3) of eigenfunction

rad
1
of the Laplacian: For all n > 1, —AP, = (n? — 1)P,. We define the operator A = (1 — A)ﬁ, in
particular AP, = nP,.

A:

Let us define the complex vector space Ey = Span<(Pn)1§n§N). Then we introduce a smooth

version of the usual spectral projector on Ey. Let x € C3°(—1,1), so that x =1 on (—1/2,1/2). We

then define A
SN(Z CnPn) = X(N) chpn = Z X(%)Cnpn

n>1 n>1 n>1
One of the advantages of this operator compared with the usual spectral projector, is the following
result. See Burq-Gérard-Tzvetkov [10] for a proof.
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Lemma 4.1. — Let 1 < p < oco. Then Sy : LP(S3) — LP(S?) is continuous and there exists C > 0
so that for all N > 1,

HSN”LP(S3)—>LP(S3) < (.
Moreover, for all f € LP(S3); Snf— fin Lp(83)7 when N — +00.

4.2. Preliminaries: Some estimates. — In the sequel, we will need a particular case of Sogge’s
estimates.

Lemma 4.2. — The following bounds hold true forn > 1

Cnl/2=Yr  if 2<p<A4,
4.2 P =
(4.2) 1Pl e (s3) Cnl=3/P,  if 4<p< .

Proof. — The bound for p = oo is clear by the definition (1.2)). The case p = 4 is proved in [49,
Lemma 10.1] thanks to the formula

2min(k,l)
PP =1/ Picgpajors k0> 1,
P\ L P k2

The general case follows from Hoélder. O

The next Lemma (Khinchin inequality) shows a smoothing property of the random series in the L?
spaces. See e.g. [16, Lemma 4.2| for the proof.

Lemma 4.3. — There exists C > 0 such that for all p > 2 and (c,) € *(N)

(4.3) I3 g eallny < OV leal?) ™.

n>1 n>1

NI

Define 1 = p o o1, with ¢ given in (1.4). Then we can state

Lemma 4.4. — Let o < %, then there exists C' > 0 so that for all p > 2

(.4) lioleg ], < OV

Let 2 < q < 6, then there exists C > 0 so that for all p > ¢

(4.5) HHUHL;%HL;'; < Cvp.

Proof. — We prove (4.4). Let 0 < 1/2 and apply (4.3)) to (1 — A)U/Qcp = Z ‘(ljiUPn. Then

n
n>1

||(1_A)U/290H » <C\/ﬁ(z ‘Pn’2 )é
Ly = n2(l—=a)) °

n>1

Take the L?(S?) norm of the previous inequality, and by the Minkowski inequality the claim follows.
The proof of (4.5) is similar, using (4.2)) and the Minkowski inequality. O

We will also need the next result. See [13| Lemma 3.3] for the proof.
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Lemma 4.5. — Let 2 < q < 6. Then there exist ¢,C > 0 so that for all N >1 and X > 0
p(ue XY2S?) ¢ ||Shullpassy > A) < CeY.

Moreover there exist a,,c,C' > 0 so that for all1 < M < N and A >0

(4.6) p(u e XV2(S?) ¢ ||Syu — Syl ez > A) < Cle M

4.3. A convergence result. — Let 1 < r < 5 and recall the definition (1.5)) of G. Let N > 1 and
set Gy = BnG o Sy, where By > 0 is chosen such that

dpy(u) = Gy (u)dpu),

defines a probability measure on X'/2 (S?). Notice here that Lemma ensures that Sy is bounded
below away from 0. The next statement shows that we can pass to the limit N —> 400 in the previous
expression.

Proposition 4.6. — Let p € [1,00][, then
Gn(u) — G(u), in  LP(dp(u)),

when N — +00.

In particular, for any Borel set A ¢ X1/2(S%), ]\}im pn(A) = p(A). Observe that for all N > 1,
—00
pn (XY XY — 0, as well as p(XV/2\X /%) = 0.

rad rad

Proof. — Let ¢ < 6. By Lemma[4.1] and the Lebesgue theorem, we can pass to the limit N — +o00
in (4.6) and deduce that for all M > 1

p(ue XV2S?) o |llullzasy — 1Smullpass| > A) <
<p(ue XY2($?) ¢ flu— Syl pa(ssy > A) < Cle=eM™N,

Therefore ||Syul[ps — |lulpa in mesure, w.r.t. p, and then Gy(u) = G(Syu) — G(u). In other
words, if for € > 0 and N > 1 we denote by
Anve={ue X3S : |Gn(u) — G(u)| < e},
then /“[’(A?V,E) — 0, when N — +o00. Now use that 0 < G,Gy < ¢
IG = Gnllr < (G —=GN)lay Ny +I(G = Gn)Lag iz
< e(ulAne)? +2e(u(A5,)) " < Ce,

for N large enough. This ends the proof. O
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4.4. Study of the measure vn. — Let N > 1. We then consider the following approximation

o

) iOu+ (A — Du = Sy (|Svul"""Snu), (t,z) R xS,

4.7
u(0,x) =v(z) € Xiéj(S?’).

The main motivation to introduce this system is the following proposition, which is directly inspired
from [13| Section 8|. Therefore we omit the proof.

Proposition 4.7. — The equation (4.7) has a global flow ®n. Moreover, the measure py is invariant

under ®y : For any Borel set A C X:ﬁ(S?’) and for allt € R, py(®n(t)(A)) = pn(4).

In particular if £ 1/2(v) = pn then for all ¢ € R, ZX,}C{E((I)N@)U) = pN-

rad

Remark 4.8. — Observe that (4.7)) is not a finite dimensional system of ODE, but its flow restricted
to high frequencies is linear.

We denote by vy the measure on C ([T, T];X1/2(S3)), defined as the image measure of py by the

map
XY2(S?) — C([-T,T); XV2(s%))
v DN (t)(v).

Lemma 4.9. — Let 0 < % and p > 2. Then for all N > 1
(4.8) HHUHL';HgHLI;N <C.
Let2<q<6 andp>q. Then for all N > 1
(4.9) H||U”L1;Lg‘

Proof. — By (3.3) and the fact that G < C' we already have

<C.
e, S

lullze r2me < Cllvllizag = Cllellzmeg

where we used the transport property (3.1) with the map f : u — ||ul¥,,. Finally we conclude
with (4.4]).
For the proof of (4.9), we use (3.4) and (4.5). O

Lemma 4.10. — Let 0 > % and p > 2. Then there exists C > 0 so that for all N > 1
(4.10) <C.

HHUHW}’PH;”‘ Lo,

Proof. — By (4.8) it is enough to show that || H&tuHL;%H—J HLP < C. By definition
x I/N

Oyul|P P /

= 0, (t | ‘
/Xl/2(§3) [0 ( )(”)HL’}HIU pn(v)

10w dvy (u)

p
LY H;?
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Now we use that wy := ®n(t)(v) satisfies (4.7) to get
Hath”LgNL?}H;” < [I(A - UwNHLﬁNL”TH;" + ||SN(‘SNU)N’T715NU1N) HngLz%H;g’

which in turn implies

(4.11) HatuHLgNL;%H;o < (A = 1)“HL€NL§H;” + HSN(|SNU\"*15NU) ||L§NL§LH;"'
Firstly, by (4.8]) we get for o > 3/2
(4.12) (A = Dull gy o = lull g g e < C-

Then by Sobolev, since o > 3/2, we get [|g||;—+ < C||g|[z1. Therefore

HSN(!SNUVASNU)HLgNLgH;o < ClSv(ISnul" Snvu)llre, 2o
< CHSNUHZ{,’;VL}’“L;
<

CHUHELR,LEELQ’

where we used twice the continuity of Sy on L% spaces (see Lemma |4.1)). Now, since 1 < r < 5 we can

apply (4.9) and this together with (4.12)) implies the result.
O
4.5. The convergence argument. —

Proposition 4.11. — Let T >0 and 0 < % Then the family of measures

vN = ZLepne (un(t);t € [T, T])N21

is tight in C([—T,T);

S

"),

Proof. — Let ¢ < 3. Fix 0 < ¢ < ¢ < J and @ > 0. We define the space C%Hs/ =
C([-T,TY; HSI(S3)) by the norm
[u(ty) — u(t2)ll o

[elleg rrs = sup T -
el T, it |ty — to|® Lz

and it is classical that the embedding C3H® C C([-T,T); H’(S?)) is compact.
We now claim that there exists 0 < a < 1 so that for all p > 1 we have the bound

(4.13) ”uHLENC%Hs’ <C.
Indeed apply Lemma with o7 = s” and 02 = 0. Then for p large enough we have
1-6 0
lulleg st < Cllull o o llullyyr -0 < Clllzy o + Cllullyyze o

for some small a > 0. By (4.8)) and (4.10) we then deduce HUHLENC{;HS’ < C. (The fact that (4.13)) is
indeed true for any p > 1 is a consequence of Holder.) Let 6 > 0 and define the subset of Cr H?

Ks={ueCrH" st. HUHC%HS’ <5},
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endowed with the natural topology of CrH?. Thanks to the previous considerations, the set Ky is
compact. Finally, by Markov and (4.13) we get that

N (E5) < 6 llullyy_caprs < 0C,
which shows the tightness of (vy). O

The result of Proposition enables us to use the Prokhorov theorem: For each T' > 0 there exists
a sub-sequence vy, and a measure v on the space C([~T,T]; X'/2(S?)) so that for all 7 < 1/2 and all
bounded continuous function F : C([-T,T]; H"(S*)) — R

/c([T’T};HT) F(u)dvn, (u) — /C([T’T};HT) F(u)dv(u).

By the Skorokhod theorem, there exists a probability space (ﬁ,}: ,P), a sequence of random vari-
ables (uy, ) and a random variable @ with values in C([~7T, T]; X'/%(S?)) so that

(4.14) L(un,;t € [-T,T)) = ZL(un,;t € [-T,T)) =vn,, ZL(uste[-T,T]) =v,
and for all 7 < 1/2
(4.15) Un, — U, p—as. in C([-T,T);H"(S%)).

We now claim that Zyi1/2(un, (t)) = Lx1/2(un, (t)) = pn,, for all t € [-T,T] and & > 1. For
all t € [-T,T], the evaluation map

Ry : C([-T.T); XV2(S?) — XV%(S?)
u —  ult,.),

is well defined and continuous. Then, for all t € [T, T, un, (t) and uy, (t) have the same distribution.
Let us now determine the distribution of uy;, (¢) which we denote by V]t\;k. By definition of yka and vy,
we have for all measurable F : X'/2(S?) — R

/ F(v)dvy, (v) = / F(Ryu)dvn, (u)
X1/2(s3) c([-T,1x1/2(s%))

_ / F(Ry®y, (-Jw)dpn, (w)
X1/2(S3)

= [ P Ow)do ().
X1/2(S3)
From the invariance of py, under ®y, we get vak = PN, -
Thus from (4.15)) and the convergence property of Proposition we deduce that
(4.16) Lp(u(t))=p, Vtel|-T,T].
Let £ > 1 and t € R and consider the r.v. X} given by

X = iatuNk + (A — 1)uNk — SNk <‘SNkUNk|T_ISNkUNk)-
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Define X, similarly to X, with up, replaced with wy,. Then by (4.14)), D?CTXuz()?Nk) =

.,?CTXl/z(X N,) = 0o, in other words, )?k = 0 p-as. and uy, satisfies the following equation
p-—a.s.
(4.17) iatﬁNk + (A - l)ﬂNk = SN, (‘SNkaNkV_lSNkﬂNk).

We now show that we can pass to the limit & — +oc in (4.17) in order to show that w is p—a.s.
a solution to (4.1). Firstly, from (4.15)) we deduce the convergence of the linear terms of the equation.
Indeed, p—a.s., when k — 400

iOun, + (A — Dy, — idu+ (A—1a in D'([-T,7] x S?).
To handle the nonlinear term, we apply the next lemma.
Lemma 4.12. — Let 1 <r < 5. Up to a sub-sequence, the following convergence holds true
Un, — U, Pp—as. in L"([-T,T] x S%).
Proof. — In order to simplify the notations in the proof, we drop all the tildes and write N, = k and

wa = LP([-T,T] x S?). If 1 <r < 2, the result immediately follows from (4.15). For 2 < r < 5, by
the Holder inequality,

0
(4.18) Jue —ullzy, < lluk — UHL§71||UI<: ulll LTH,
with 6 = T(f_l). By ({#.15), a.s. in w € Q
(4.19) |l — uHL%:C — 0.

Let £ > 0 and A > 0. By the inclusion
VX, Y>0, {XY>Ac{x>MNul{y>ef),
together with (4.18) and the Markov inequality we have

(4.20) p(flur —ullzy, > A)
< p([lux, — uH%Q > e?)) + p(||lug — “”Lm > )
< p(ln = ullz, > X)) [ g —ulap
By (4.9) and the definition of v

/”“k”’ﬁldp /Ilwl’”ﬂlduk w) < Cr.

Similarly, / HuH’”T +1dp < Cr. Therefore / g, — U”fwjldp is bounded uniformly in k. Thus, thanks
Q

to (4.19)) and (4. 20|) we get the following convergence in probability

YA>0, p([lup—ulzr, >A) — 0, when k — +oo0,

and after passing to a sub-sequence, we obtain the announced almost sure convergence. O
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w(0).  Then by (4.16),

4.6. Conclusion of the proof of Theorem — Define f =
Q of full p-measure such that

Zx12(f)=p and by the previous arguments, there exists ' C
the following holds true.
Set ¥ = f(£), then p(X) = p(©') = 1. Moreover, for w’ € ', the r.v. u satisfies the equation

{ 04+ (A — D = g%, (t,z) € R x S?,

(0,2) = f(z) € XY*(S3).

rad

(4.21)

It remains to check that we can construct a global dynamics. Take a sequence Ty — 400, and
perform the previous argument for 7' = Ty . For all N > 1, let X be the corresponding set of initial
conditions and set ¥ = NyenXy. Then p(X) =1 and for all f € X, there exists

ieC(R; X*(s%),

rad

which solves (4.21]).
This completes the proof of Theorem [I.1]

5. The Benjamin-Ono equation
5.1. Preliminaries. — As in [48], consider the following approximation of
Ou+ HO2u + N0, (Myu)?) =0, (t,z) € Rx S,
{U(O,x) = f(x).

This equation is a linear PDE for the high frequencies (modes larger than N) and an ODE for the low
frequencies. It is straightforward to check that the quantity ||ul|z2(s1) is preserved by the equation,
thus (5.1) admits a global flow ®x(¢). The motivation for introducing (5.1)), is that it is given by the

Hamiltonian
1 2 1 3
Hy(u) :—2/ (\Dxll/Qu) —/ (HNU) .
Sl 3 Sl

As a consequence, we can check that the measure py as defined in (1.9)) is invariant by ®y. See [48|
for more details.

(5.1)

We now state a technical result which we will need in the sequel.

Lemma 5.1. — Let o > 1/2, then there exists Cg > 0 so that for all N € Z

1 C
(5.2 2 = <

neL

forall B <2a—1 when 1/2 < a <1 and f = o when a > 1.

Proof. — Cut the sum in two parts
1 1 1
. < S e
>3 D e P Y vy s AP R i ey
nez [n|<N/2 |n|>N/2
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Assume that o > 1. Then by ([5.3))

1 C 1 C
2 =N S e 2 T S e

neL [n|<N
Assume that 1/2 < o <1 and fix 5 < 2a — 1. Then by (/5.3

1 C 1 C 1 C
2 =N SN 2 N TN 2 e = N S N

neL [n|<N/2 [n|>N/2
which completes the proof. O
5.2. Definition of the nonlinear term in (1.7). — To begin with, we have

Lemma 5.2. — Let 0 > 0. Then there exists C' > 0 so that for all p > 2
Mol gzl < Cvp.
The proof is analogous to (4.4)) and is omitted here.

We define the term 9, (u?) in (1.7)) on the support of x as the limit of a Cauchy sequence. Recall the
notation uy = IIyu and set II° = 1 — Il the orthogonal projection on 0-mean functions. The next
result is inspired from [48, Lemma 5.1]

Lemma 5.3. — For all p > 2, the sequence (I_Io(u?\,))]\,21 is Cauchy in LP (XO(Sl), B, du; H*“(Sl)).
Namely, for all p > 2, there exist n > 0 and C' > 0 so that for all1 < M < N,

C

0,2\ _ 110(,,2 \||P -

/ o TIOGR) TG o) <

We denote by T1°(u?) its limit. This enables to define
0y (u?) = 0y ( °(u?)).
Proof. — By the result [47, Proposition 2.4] on the Wiener chaos, we only have to prove the statement

for p = 2.
Firstly, by definition of the measure p

AL U o e B A 1 S 1 W e
X0(s1) Q

Therefore, it is enough to prove that (Ho(ga?v))Nzl is a Cauchy sequence in L? (Q;H‘U(Sl)). Let
1 <M < N, let k € Z and denote by e(z) = ¢’*®. Then, by definition of ¢,

(k)= 3 T
0<|ns | mal<n 17112 [n2|2
n1#—ng
and thus we get
(0 — ) o) = > —Tmdme

In1|2 |na|z
ni|2|ng|2
B,
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where B](\?N is the set defined by

k
BE) = {(n1,n2) € 2% s.t. 0.< |nil,Ina| < N, ny # —n,
(|n1] > M or |ng >M) and ny + ng :].g},

Therefore we obtain

2 In19n29m, 9.
I = ey = [ 3 petmte
(nl TL2)€B§\§)N |n1’2’n2|2|m1‘2|m2‘2

(m1 ’m2)€BI(VI;,)N

Since (gn )nez+ are independent and centred Gaussians, we deduce that each term in the r.h.s. vanishes,
unless (n1,m2) = (m1,ma) or (n1,n2) = (ma,m1). Thus by interpolation between and the
inequality
1 1 1 Cy
2 Tl = 30 2 T =] < 307
[n|>M n#0
we obtain that for all 0 < 7 < 1 there exists C' > 0 so that forall 1 < M < N

2 1
H<H0((P?\7_90?\/I)’ek>HL2(Q) < C Z m
(nl,nz)EBX};?N
1 C
< C < .
< €2 = < MR
As a consequence we get
2 1 2
HHOW?V - 90?\/1)“L2(Q;H*”(Sl)) = Z (k)20 H<HO(‘/’?V — %) | ex >HL2(Q)
keZ
C 1 C
S 2 T S
whenever we choose 1 < 20. O

5.3. Study of the measure vn. — Consider the probability measure py defined by (1.9)). Define
the measure vy on C([-T,T]; X°(S')) as the image of py by the map

XY — (-1, 7 X°(s"))
vo— Oy (t)(v),

where @y is the flow of (5.1). Then, we are able to prove the following bounds

Lemma 5.4. — Let 0 > 0 and p > 2. Then there exists C' > 0 such that for all N > 1

(54) H HUHL%H;UHLQZN S C’
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and

(5.5) 0l g szl 5, < C:

Proof. — The bound (5.4) is obtained thanks to (1.10)), (3.3) and Lemma 5.2l We now turn to (5.5)).

From the equation
Ou = —HO2u — N0, ((Inu)?),

similarly to (4.11]), we deduce
Hat'l,LHL;;NL;;H;on S ”UHL];NL;%H;G + ||H0(HNU)2HLIP,NL%H;G.

By the invariance of the measure py by ®n we get

1T [(TTyvw)?] |

ZgNLZ}H;J N /c([—T,T};Xo) H HO[(HNU)2] HZ?HI"dVN(u)

B /XO(Sl)

_ /XO(SI) | TI°[ (T yv)?] HigH;"de(”)

(5.6) = o [ ] [ U (o)
X0(sth) ‘
and by Cauchy-Schwarz and Lemma [5.3
| 710 [(TTvw)?] |I£5NL;%H;U < Cp|| °[(Tnv)?] Hiisz—oH‘I’N(U)HLg <C,

which concludes the proof. O

p

O [(Tx [ () )] )|

dpn (v)
L H; 7

Proposition 5.5. — Let T >0 and o > 0. Then the family of measures
vN = Lopm-o (un(t);t € [T, T7)
is tight in C([-T,T); H—°(Sh)).

N>1

Proof. — The proof is similar to the proof of Proposition m Here we use the estimates ([5.4))

and ((5.5)). O

5.4. Proof of Theorem — By Proposition [5.5| we can use the Prokhorov theorem: For each
T > 0 there exists a sub-sequence vy, and a measure v on the space C([—T, T];XO(Sl)) so that
vn, — v weakly on C([-T,T]; H°(S")), for all & > 0. By the Skorokhod theorem, there exists a

probability space (@, F, p), a sequence of random variables (uy, ) and a random variable u with values
in C([-T,T); X°(S")) so that

f(ﬁNk;t €T, T]) = .i”(uNk;t €[-T, T]) =UnN,, .ﬁf(ﬂ;t € [-T, T]) =,
and for all ¢ > 0
(5.7) Uy, — U, p-—as. in C([-T,T;; H°(S").
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We have that Zxos1)(un, (t)) = Lxo Sl)(U/Nk( )) = pn,, for all t € [T, T] and k > 1. Therefore, for
all t € [-T,T], Lxos1y(u(t)) = p. Next, uy, satisfies the following equation p—a.s.

(3tUNk +H6x’U,Nk +HNk81((HNkuNk) ) =0.

We now show that we can pass to the limit & — 400 in the previous equation. Firstly, from (5.7) we
deduce the convergence of the linear terms of the equation. Indeed, p—a.s., when k — 400

i, +H PN, — Ou+Ho2u in D([-T,T) x S).
The only difficulty is to pass to the limit in the non linear term. Here we can proceed as in [24].
Lemma 5.6. — Let o0 > 0. Up to a sub-sequence, the following convergence holds true
°((Mn,un, )% — O°[@®], P —as. in L*([-T,T); H7(S")).

Proof. — In order to simplify the notations, in this proof we drop the tildes and write Ny = k. Let
M > 1 and write

I [(HkUk)2 - UQ] =11° [((Hk%)2 —uj) + (uj — Marur)?) + ((Marug)® = (Maru)?) + ((Maru)? ~ UQ)} :
To begin with, by continuity of the square in finite dimension, when & — 400
0 [(Mprug)?] — O°[(Myw)?], P —as. in L*([-T,T); H°(SY)).

We now deal with the other terms. It is sufficient to show the convergence in the space X := L? (Q X
[-T,T); H _"(Sl)), since the almost sure convergence follows after exaction of a sub-sequence.
With the same arguments as in (5.6) we obtain

2 2
AL O I L (Y | A A

“ o

= /XO(SI T[T ) = £ (172 o den()

_ QT/ T[T £)* = £2] [ Dr(F)du £,
XO0(Sst)
and by Cauchy-Schwarz and E,

[0 () =] [ < CIIO[(Was$)” = 2] | g -

This latter term tends to 0 uniformly in & > 1 when M — 400, according to Lemma [5.3] The term
T [(Taru)? — w?] ||
Finally, with the same argument we show

|| 100 [ (Myun)? = ui]

[ ()" - [#O)] [, o)

LZH;°

is treated similarly.

0 2 2
HX =< CH I [(ka) - f } HLﬁH;"”
which tends to 0 when & — +o00. This completes the proof. O
The conclusion of the proof of Theorem is similar to the argument in Subsection
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6. The derivative nonlinear Schrédinger equation

6.1. Hamiltonian formalism of DNLS. — To begin with, we recall some facts which are explained
in the appendix of [47]. We define the operator 9~! by

-1 . _ inT % ine
o f(x)—Zane — Z peL
nez neZ\{0}

and the skew symmetric operator (K (u,v)* = —K(u,v))

—ud Y u- —i+ud (v
(6.1) K (u,0) = ( i+v8‘1((u->) ——;8_1(“(') | ) '

Define H by
1
H(u(t)) :/ |0,ul*dx + 31’/ 2 O (u?)dz + / lu|Sd,
Sl 4 Sl 2 Sl

and introduce the Hamiltonian system

1o oH U, UV
(6.2) ) = K (u,v) g}fl( ) .

Opv S (U, v)

Denote by

(6.3) T,(t) = 2Im /Sl 0, + 2/81 |u|?,
then the system is a Hamiltonian formulation of the equation
(6.4) i0pu + O%u = 0, (|u]2u) + Tu(t)u,
in the coordinates (u,v) = (u,u) (see [47, Proposition A.2]). Now, if we set
(6.5) o(t, ) = etdo Tul®dsy(t 2,
then v is the solution of the equation
{ O + 02v = 10, (Jv[*v), (t,z) € R xS,
v(0, z) = up(z).
Moreover, if u© and v are linked by , we have T, = T,,.

Thanks to these observations, we can focus on the equation (6.4). We introduce a natural truncation
for which we can construct an invariant Gibbs measure. Namely, let K be given by (6.1]), and consider
the following system

OH (4
(6.6) ( Oru ) :HNK(UN,UN)HN< ;;‘I( N, N) )
v

Oy (un,vN)
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This is an Hamiltonian system with Hamiltonian H (IIyu,IIxv). Now we assume that v = u and we
compute the equation satisfied by ux: this will be a finite dimensional approximation of (6.4]). Denote
by HJN =1 — I, then in the coordinates vy = uy, the system reads

(6.7) i+ O2uy = illy (9 (Juy Pun) ) + unTuy + Ru(un),  (t,7) € R xS,
where
Rav(u) = 5Ty (w0 [Tl (00 (0) + T (w0 )]
%an (0™ [unTk (jun (") — TL (ju | un) )
(6.8) = Ri(un)+ R% (un).

For all N > 1, this equation is globally well-posed in L?(S') and let us denote by ®y the flowmap.
Moreover, the measure py defined in ((1.13)) is invariant by ®x (see [47, Proposition A.4|).

Recall that 4 = p o ¢~ with ¢ as in (1.12). We need to give a sense to the expression T}, in (6.3))
on the support of u.

Lemma 6.1. — Forallp > 2, the sequence (TUN)N>1 1s a Cauchy sequence in LP (Xl/Q(Sl), B, du; R).
Namely, for all p > 2, there exists C > 0 so that for all1 < M < N,

C
T — Turr [Pd < —.
/)(1/2(Sl)| N M| p(u) < M

We denote by T, the limit of this sequence which is formally given by (6.3)).

Proof. — Denote by J(u) = Im ud,u. Let 1 < M < N. Then for py(w,x) gn e .
Sl
In|<N

compute

J(on) = J(om) = — Z ”<‘7917>12| - Z W’

M<|n|<N M<|n|<N
where we used that Z % = 0. Define the r.v. G,(w) = |gn(w)|* — 1, hence
M<|n|<N <n>
n1naGp, Gn,
(6.9) Tlen) = Il = 3 oSt

2 2
Melmlual<y (02)
By independence of the g, E[G,,Gy]) = Cdp . Thus by integration of

n? C
/|J90N ¢M)|dp— Z n7>4 e

M<|n|<N

IN

By definition of u we have proved the result for p = 2. The general case p > 2 follows from the Wiener
chaos estimates (see e.g. [47), Proposition 2.4]). O
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6.2. Study of the measure vn. — Now define the measure vy = pyo®y' on C([-T,T}; Xl/Q(Sl))
and we have

Lemma 6.2. — Let 0 < % and p > 2. Then for all N > 1

(6.10) Mullzs el < C.

(6.11) 10l g g2l < €

Proof. — The estimate (6.10) is obtained with Proposition [3.1]and the definition (L.12)) of ¢. Similarly,
we also have that for all 2 < ¢ <p
(6.12) lullge r2re < C.

We turn to (6.11)). From the equation (6.7)) we get (similarly to (4.11)))

HatuHL{jNLl%Hg*Q <
2 2
< Haa:u”L,ijLgHg*Q + 1|0 (Jun| UN)”LﬁNLgHg*Q + HuNTuN”ijNLg,Hg*Q + HRN(UN)HL{;NLIZ’FH;’*Z
<llullzp rzme + ||UNH?igNLng FllunTuy e, cp ez + BN (un)llp 1p pg—2-

We estimate each term of the r.h.s. By (6.10) and (6.12)) we only have to consider the two last ones.
By Cauchy-Schwarz (recall that T, does not depend on )

(6.13) lunTunllze, ooz < llunllpze p2e ol Tunll 20 120

Then using the invariance of py (see the proof of Proposition and Lemma we have

2
Ty o = 20 [ T PO
vy X1/2(Sl)
2
< COlTo | l¥n()lirg < C,
n
which by (6.13) implies
lunTullze 122 < C.
The conclusion of the proof is given by the next result. O

Lemma 6.3. — Let o >1/2 andp > 2. Then

— 0 when N — +oo.

RN ) g e

Proof. — To begin with, using the same arguments as in the proof of Proposition with F(u) =

|Rn (T nw)l| we have,

p
LY H;

1RN (un)ll 1o prze < ClIBN(on) 20 e



REMARKS ON THE GIBBS MEASURES FOR NONLINEAR DISPERSIVE EQUATIONS 35

where we used that H\IINHLEL < C. We estimate each contribution in the r.h.s. of (6.8).
e Denote by Qn(vy) = vNH]LV (vNam(Wz)). Then by Sobolev and Cauchy-Schwarz

IBN (n)llpy e < ClIRN ()l e
< Cllond ' Qn(on) Ly
< llowllezr 2 1Qn ()l pzr g,
(6.14) < Cl@n(un)llgerp; -

Next, by the definition of p and the Wiener chaos estimates

IBN (n)llpy e < ClQN (M) 2

(6.15) Cllon(en)ll Lz my-

IN

We now compute the term ||Qn(pn)|| 2 z-1- We have
P x

Z (’I’Ll + TLQ)%%QW, ei(ng—ng—nl)r

N0z (py) = —i (n1){ng)(ns) ’

[n1l,n2l,ns|<N

so that

Y

871QN(90N) = - Z (nl + RQ)%%!]"«? 9na ei(n4+n37n27n1)x

nEAN (n1><n2><n3><n4>(n4 +ng — Nng — nl)

where the set Ay is given by

Ay = {n = (n1,ng,n3,ny) € 7* s.t. |n1l, [n2l, |nsl, [na] < N,

|ny +ng —ng| > N and n4+n37n27n17£0}.

As a consequence we obtain the following expression

N1+ n2) (M1 + M2)Gn; Gny Ing Ing 9mi Ima Ims Ima
(6.16) ”QN((PN)”?{A: Z ( )( )m ng Ing Ing Imi Ima Ima Imy

oty () (n2) (ns) (na) (ma) (ma) (ms) {ma) (ng +ng —na — n1)?’

with
By = {n,meAN s.t. my +m3 —mo —my :n4+n3—n2—n1}.

We take the expectation of (6.16). By independence of the g, and since they are centered, each
contribution in the r.h.s. is zero, unless {nl,ng,mg,m4} = {ml,mg,ng,m}. But coming back
to the definition of Ay, the condition |n; + ny — ng| > N implies that n3 ¢ {nl,ng}. Similarly,
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ms & {ml, mg}. Therefore, up to permutation we have n = m and by (5.2)) with a@ = 2

/QHQN(@N)H]quldp < C>

neEAN

(n1 +n2)2
(n1)%(n2)%(n3)?(na)?(na + nz — ng —nq)?

) 1
S ON' ) iy —na =)’

neEAN

1
S C 2 g

neEAN
Next, use that on Ay, (n1)(n2)(n3) > CN to get that

c 1 %

2

(6.17) /Q l@x(en) 1P = 7 EZ: )2 g = N
ne

Finally, from (6.14]), (6.15]) and (6.17)) we conclude that
HRJlV(uN)HijNLT%H;J — 0.
e We now consider the contribution of R%V. With the same arguments as previously,

HR?V(’UN)HLLH;" = CHR%V(UN)HL;L}E

< CHvNa’l [UNH]%,(\UN\A‘W)} ‘ Lo
Lk

< Cllowll a2 llonTy (Jon[*ow) l2r

< CllonTy (low|*"ow) [ z2r s

< Oy (lov]"ow) |l zarL2-

Denote by Vi = |on|*Tx. Then by [47, Lemma 2.2|, (Vy)n>1 is a Cauchy sequence in LL2, and
denote by V its limit. Write

N Villzerzz <INV = V)llggrrz + IOV a2
< Vv = Vliggrzz + 1MV z,

which tends to 0 when N — +o0. O

Proposition 6.4. — Let T >0 and o < 1/2. Then the family of measures

vN = ZLepne (un(t);t € [T, T])Nzl

is tight in C([—T,T); H° (S')).

Proof. — The proof is similar to the proof of Proposition m Here we use the estimates ([6.10))
and ((6.11)). O
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6.3. Proof of Theorem [1.3] — We can proceed as in the proofs of Theorems and [I.2] By
Proposition @ and the Prokhorov theorem we can extract a sub-sequence vy, and a measure v on the
space C ([T, T7; Xl/Q(Sl)) so that vy, — v weakly on C([—T,T]; H?(S")) for all ¢ < 1/2. Thanks to
the Skorokhod theorem, there exists a probability space (S~2, F ,P), a sequence of random variables (uy;, )
and a random variable @ with values in C([-T, T7; XI/Q(Sl)) so that

Z(un,;t € [-T,T)) = ZL(un,;t € [-T,T)) =vn,, ZL(uste[-T,T]) =v,
and for all o < 1/2
un, — U, Pp—as. in C([fT,T];HU(Sl)).
Moreover, uy, satisfies p-a.s. the equation (6.7). Passing to the limit in the linear terms makes no
difficulty, we only have to take care on the nonlinear terms. Denote by

G (u) = illy <8x(|uN\2uN)> +unTuy + Ry (uy).

The next result completes the proof of Theorem (the conclusion of the proof is similar to the
argument in Subsection .

Lemma 6.5. — Up to a sub-sequence, the following convergence holds true. For any o > 0
Gn, (Un,) — i0:(|u|? @) +uly, P —as. in L*([-T,T); H°(SY)).
Proof. — We drop the tildes and write Ny, = N. Since .Z(uy) = vy, we can apply Lemma
| RN (un) HL%LQTH;" = | Rn(un) ”LENLQTH;U — 0,
when N — +o00. The convergence of the two other terms is obtained as in Lemma [5.6] O

Remark 6.6. — Observe that in all the proof, we only used the fact that ¥ € L?(du) uniformly
in N > 1 (and not higher order integrability). Therefore the result of Theorem holds for s < ko,
and the support of p is not empty.

7. The half-wave equation

7.1. Justification of the equation. —

Proof of Proposition — We prove the result when p = 2. The general case follows by the Wiener
chaos estimates.
To begin with, use that

/ |G (1) = Gar(w) 2o g1y dia(u) = / 1G () = Grr(9) %o g1 dp-
XO0(s1) Q

Therefore, we are reduced to prove that (G N(gp)) is a Cauchy sequence in L? (Q; H *U(Sl)). Denote

by (with o = TIIne)

N>1

xn = lonPen = 2llen |72 gyen-
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It is enough to show the result for (xn), because once we know that xy — x in L?(; H~7(Sh)),
we deduce that Gn(p) = IIyxy — x in L2(€; H7(S')). In the sequel, we will use the notation
[n] =1+ |n|. Then, by definition of ¢ we can compute

XN = Z %ei@nfnfrng)z _9 |gn1 |2gni einaT
il Izl Insl< v [71]2 [2]2 [n3]2 | < [l [n3]2
i gn1§nggn3 i(nl—n2+n3)g; _ ‘gn‘an inT
- Z T 1. ,1°¢ — 3 ©
s Inalnsl<n, (1] [n2]2 [n3]2 men ]2
n1#£n2,n3#£ng
= XI1,N + X2,N-

Let 1 < M < N, then the second term is easily estimated

C
HXZ,N - X2,MHL2(Q;L2(81)) < A

We now turn tho the estimation of x; y. Denote by ex(z) = e**, then for all 1 < M < N

In19n,9
(7.1) (N —xumleg) = Y — et
) [n1]2 [no]2[n3]2
M,N

where the set Bg\?N is defined by
k
B](\/[?N = {(nl,ng,TLg) €73 st. 0< |TL1’, ’ng‘, |7”L3’ < N, ni #ns, n3g#ns,
and (Jn1| > M or |no| > M or |ng| > M) and ny —ng+ng = k:}
From ([7.1)) we obtain

[{(x1,v = x1,0 | ek>||iQ(Q) —

gnlgnzgnsgmlgngmg, d
Z 1, 1. .1 I 1 p.
s [ma]2[na]2[ns]2[ma]2[mo] 2 [ms]
M,N

k
(ml , M2 ,mg)EB](\/[?N

N|—=

(n1,n2,n3)€

Since the (gy,) are independent and centered, we deduce that each term in the r.h.s. vanishes, unless
{n2 = my and (n1,n3) = (m1,ms)} or {(n1,n3) = (ms,m1)}. Thus

1
loaw —xaslenlize <€ X

(n1,n2 ,ns)EBJ(\f[?N

By symmetry in the previous sum, we can assume that M < |ni| < N, 0 < |ng] < N and write
ng = k + ng —ny. Then by (5.2)) for some small € > 0

2 1 1
[ = XLM‘GHHLQ(Q) = ¢ Z (n1) Z (n2)(n2 — (n1 — k))

M<\n1|§N no€Z

(7.2) <c ¥ ! < ¢

M<n1|<N
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Now, by (7.2]) we get

1
HXl,N - Xl,M“iQ(Q;H—U(Sl)) = Z WHO(LN - X1,M ‘ ek> Hiz(Q)

el

m

N
—~

C 1 C
S A 2 EE < g

if we choose € < 0, and this concludes the proof.
As a conclusion, we are able to define a limit G(u) so that for all p > 2

(7.3) 1G(W)l Lz -0 (s1) < Cp,
hence the result. O
7.2. Construction of the measure p. — In this section ¢ is given by (1.14). Denote by
1
[n] =1+ |n|, then define ay = Z — and
[n|<N [n}

gn(u) = |Tyul72 — an.

7.2.1. Preliminar results. — We begin with the following result due to N. Tzvetkov. See [48,
Lemma 4.8] for a proof.

Lemma 7.1. — The sequence (QN(U))N>1 is Cauchy in L*(X°(S'),B,dw). Moreover there exists
¢ >0 so that for all A\ >0 and N > M > 1

u(u e XO(SY) : |gn(u) — gar(u)| > A) < QoM
Define the sequence

(74) vt == [ Juntt+2( [ Tun)? = =i+ 2yl

Proposition 7.2. — The sequence (fx)n>1 is Cauchy in L? (XO(Sl),B, d,U,). More precisely, there
exists C > 0 so that for all N > M > 1

C
(7.5) HfN(u) - fM(u)HLQ(XO(Sl),&du) < M% :
Moreover, for allp>2 and N > M > 1
C(p—1)2
(76) HfN(u) - fM(u)||Lp(X0(Sl)737du) < (]W;)

Corollary 7.3. — There exists ¢ > 0 so that for all A >0 and N > M > 1

p(ue XY ¢ Ifn(u) = far(w)] > A) < Com N,
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Proof of Corollary[7.3 — By Markov and (7.6) we have that for all p > 2

Cp?

< Gap)”

(€ XOY) < 1) = )] > X) € U0~ I,

Then choose p = coAY2MY* for ¢y > 0 small enough. O

Proof of Proposition — We prove ([7.5)). The estimate (7.6)) immediately follows from [47, Propo-

2
sition 2.4]. Firstly, we have/ lon|? = Z |gn
st In|<N [

(recall the notation [n] = 1+ |n|). Thus

22 _ [9n*lgm|*

[nl,|m|<N
Similarly, we explicitly obtain
(78) /S1 |SON|4 — Z ?nlgnlggn:’,gfm

1 1 1 1-
sl msbna < [11]2 [n2]2 [n3] 2 [na] 2
ni1—no+nz—ng=0

We introduce the set
An = {(n1,n2,n3,n4) € 7Z* s.t. [n1l, [n2l, [nsl, |na] < N and ng — ng + n3 —ng = 0}.

We now split the sum ([7.8]) in two parts, by distinguishing the cases n3 = n; and ng # n; in Ay

and write
(7.9 [ el =¥+ 2y,
with -

Yy — Gns Gz T

o [1]2[no) 2 [ng] 3 na] 2

where By = Ay N {ni; =ng or ng =ny }, and

(7.10) N = Z -(l]mgnlzgn3gln4 -
A mdns M]2[n2]2[n3]2 [n4]2

ni#na

We observe that if (n1,n2,n3,n4) € By, then either (ni,ng) = (n2,n4) or (n1,n3) = (n4,n2). Thus

2 2 2 2
wom ¥ be
nalng<n U OHES nalngl<n LU

ni#ns

4
- 2(/81 o) = > ’[gg]’w

n|<N
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where in the last line we used (7.7)). Thus, with (7.9) we obtain

4
fN(SON)Z—/Sl |80N|4+2(/Sl |<PN|2)2: Z I[gnn]L — 2ZN.

In|<N

We now show that (Zy)y>1 is Cauchy in L2(€2, F,p). Let 1 < N < M, then we define

AM,N = {(nl,ng,ng,n4) € Z* st. M < \n1|, |n2], \n3|, |n4\ <N,
ny—ng+ng—ng =0 and s.t. |nj| > M for some 1 <j §4}.
Thus, thanks to ([7.10) we have
Aty Anras ]2 [n2]2[ns]2 [na] 2 [ma]2[me] 2 [ms]2 [ma]2

n1#n2 mi1#Fmse
n1#ng m1#mag

We take the integral over € of the previous sum. By the independence of the Gaussians each term
vanishes unless {ni,na, n3,na} = {m1, mo, msg,my}. Thus

1
Zy — ZN |32y < C :
I i) <€ D sty
M,N
By symmetry of the sum, we can assume that |n;| > M and we replace ngy = n; — n2 + n3. Then
by (5.2)
1
1Zy = ZnNTe) < C
L@ nhn;gez (n1)(n2)(ns)(n1 —na + n3)
|n1|>M
1
< C
m%@ (n1)(n2)(n1 —ng)'—
|TL1|>M
1 C
= ¢ Z <nl>2725 = M1-2e’
[n1|>M
which was the claim. O
7.2.2. The crucial estimate. — We now have all the ingredients to prove the following proposition,

which is the key point in the proof of Theorem Recall the definition ([7.4)).
Proposition 7.4. — Let x € Cg°([=R, R]). Then for all 1 < p < oo there ezists C > 0 such that for
every N > 1,

<C.
L (du(u))

Proof. — Our aim is to show that the integral fooo APy (A AN )dA is convergent uniformly with respect
to N, where

(NP

Ay = {u e XO(s!) : X(||HNu|y§2(S1) - aN)efN(u) > )\}.
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Proposition is a straightforward consequence of the following lemma. O

Lemma 7.5. — For any L > 0, there exists C' > 0 such that for every N and every A > 1,

p(Ayn) < CAE,

Proof. — Firstly, observe that we can assume that A\ > Cpg for any constant Cr > 0. Let ¢g > 0 a
small number which will be fixed later and set

M = eco(ln/\)1/2.
To begin with p(Ay n) < u([l,\,N), where

Ay ={ue X8 fn(w) >mA, lgv(w)]| < R}.
e Assume that N < M. On the set { [gn(u)] < R+ 1} we have
fn(w) <2|Myul72gy < 2(CInN + R)? <2(CIn M + R)? = Ccjln A,

if A > Cp large enough. We fix ¢o > 0 so that C'c < 1/4. In particular p(Axn) < M(ZA,N) =0.
e Assume that N > M. First observe that if we define

Byn = {U e X°(S") : |gn(u) gM(U)’ > 1}7
by Lemma and the definition of M, we get for any L > 1
w(Byn) < Cexp(—cM'?) < Cp A",
Similarly, set
C’A,N:{ueXOSl | fv(w) = far(u )‘>1},
then by Corollary for any L > 1 we have
p(Crn) < Cexp(—cM1/4) <ot

We have AV)\,N C C)\,N U D)\7N where

1
< .
s lgv(u)| < R}

Then observe that { [gn(u)] < R} N {|gn(u) — gm(u)] <1} C {|gm(u)] < R+ 1}, therefore we can
write Dy y C By ny U E) N where

D/\,N:{UEXO( Yo fau(u) >

1
< .
SIA lgu(w)| < R+ 1}

In the first part of the proof, we have already shown that p(E)) = 0. Finally, we put all the estimates
together and obtain pu(Ay n) < CLA L. O

By ={ue X°E") : fu(w) >
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7.2.8. Convergence to the mesure p. — We now have all the ingredients to complete the proof of
Theorem [L.6l

First we define the density © : X°(S') — R with respect to the measure u of the measure p. To
begin with, let us recall the deﬁnition of the density ©n. By Lemma and Proposition we
have the following convergences in the p measure: gy(u) converges to g(u) and fy(u) to f(u). Then,
by composition and multiplication of continuous functions, we obtain

On(u) — Bx(g(u))e’™ = O(u),

in measure, with respect to the measure p, and where 8 > 0 is so that dp(u) = O(u)du(u) is a
probability measure on X°(S'). By this construction, © is measurable from (X°(S'), B) to R.

Then, we can extract a sub-sequence Oy, (u) so that Oy, (u) — O(u), pa.s. and by Proposition [7.4]
and the Fatou lemma, for all p € [1, +00),

[, 1etPdu) <timin [ (o, (0)Pdutu) < C.
XO0(st) k—ro0 XO(Sh)
thus ©(u) € LP(dp(u)).
It remains to prove the convergence of ©(u) in LP(du(u)): Here we can follow the proof of Propo-
sition .6l We do not write the details.

7.3. Study of the measure vn. — Let N > 1 and consider the equation . Observe that
uy = Iyu satisfies an ODE, while uz = (1 —IIx)u is solution to the linear problem (id; — A)uy = 0.
Since the L2(S!)-norm of a solution u to (1.15)) is preserved, it follows that the equation is globally
well-posed in L?(S'). We denote by ®x the lowmap. Moreover, because of the Hamiltonian structure
and the Liouville theorem, the measure py is invariant by .

Similarly to the previous section, for T' > 0 we define the measure vy on C([-T,T]; X°(S')) as the
image of py by the flowmap

XOs') — c([-T,7); X°(sh))
v o— Py (t)(v).

Using this definition, we can prove

Lemma 7.6. — Let o > 0, then for all p > 2

<C.

(7.11) HHG(U)HLPTH;"‘

P
Ly
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Proof. — By definition, invariance of py and Cauchy-Schwarz

G175 - dvn ()

p —
HG(U)HLIIZNLI%H;U - LZ,}H;G

/c([—T,T];XO)
_ /X IG(@nO@)IE, , ~don ()

o7 [ NG (0)dto)

< ATNGE) Do 103013
We conclude with ((7.3)) and Proposition O
Lemma 7.7. — Let o > 0, then for all p > 2
(7.12) HHu||L;%HI_U}|L,;N <C,
(7.13) Meullyzr o=l < C
Proof. — The proof of ([7.12]) is a consequence of (3.3) and Lemma The estimate ([7.13]) is obtained
from (|7.11)) and (7.12): The proof is similar to ([5.5) and we do not write the details. O]

As a consequence we can show
Proposition 7.8. — Let T >0 and o > 0. Then the family of measures
vN = Lopm—o (un(t);t € [T, T7)
is tight in C([—-T,T); H—°(S")).

N>1

7.4. Proof of Theorem [1.7. — The proof is similar to the Benjamin-Ono case. The only difficulty
lies in the limit of the nonlinear term. Recall the definition (|1.16), then

Lemma 7.9. — Up to a sub-sequence, the following convergence holds true
Gn,(un,) — G(1), P —as. in L*([-T,T); H°(SY)),
where G is defined by Proposition [1.4)

Proof. — We only give the main lines, and we refer to the proof of Lemma for the details. We
drop the tildes and write N = k. Let M > 1 and write

Gk(uk) — G(u) =
For fixed M > 1, using that G is continuous
Gar(ug) Rl Gu(u), Pp—as. in L*([-T,T);H°(S)).
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For the other terms, we use the definition of the measure v, and Proposition[I.4]to prove the convergence
(when k — 400 or M — +00) in the space X := L?(Q x [T, T]; H(S")). Then the almost sure
convergence follows after exaction of a sub-sequence. O

8. The two dimensional nonlinear Schrédinger equation on an arbitrary domain

8.1. Preliminaries: some pointwise estimates on the spectral function. — Let
2
el A p)= Y lea(@)?
P An <A

be the spectral function.
We first state a precise asymptotic of the spectral function "away" from the boundary essentially
due to Hérmander [30, Theorem 17.5.10].

Proposition 8.1. — Let d(x) = d(x,0M) be the distance of the point x € M to the boundary OM.
There exists C > 0 such that for any A > 1, any x € M satisfying d(z) > \~Y2 and any & € [0,1], we
have

0
(8.1) le(z, X+ 6AY2 N — 2—)\3/2\ < OXN/4,
™
This result can be deduced from Seeley [43, Estimate (0.1) with n = 2 and 7 = A]. Here, in
Section we give an argument based on Hérmander [30].

Now we give a general bound of the spectral function near the boundary due to Sogge [46].

Proposition 8.2. — There exists C' > 0 such that for any A > 1 and x € M
(8.2) e(z, \+1,\) < C\

In particular, the previous result implies the bound
(8.3) lnllzee < CAY? < Clm)!/*

Proposition is the case ¢ = +o0 in |45, (1.5)], which in turn is an easy consequence of [46].
8.2. Estimates on the spectral function in mean value. — The following propositions which
will be proved in Section [8.6]are the key elements in our argument. The first one is a rough bound which

states that (in a mean value meaning with respect to the index n), the eigenfunctions are uniformly
bounded on M. We state it for windows of size 1 for the spectral projector.

Proposition 8.3. — There ezists C > 0 such that for any orthonormal basis (vn)n>0 of eigenfunc-
tions of —Ay, and any >0, any x € M, we have

1 ) 1
2 A%+1’¢m| (@<C ), X211
AmE[p,p+1) AmE[p,p+1)
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The second one is more precise and states that (again in a mean value meaning), the eigenfunctions
are actually constant on M (away from the boundary and modulo errors). Remark that our assumption
that Vol(M) = 1 and the L? normalization of eigenfunctions imply that this constant has to be 1.

Proposition 8.4. — There exists C > 0 such that for any orthonormal basis (¢n)n>0 of eigenfunc-
tions of =Ny, and any p > 0,6 € [0, 1], we have
1 1
Z m\¢m|2($) = Z m+Gu($)7

Am €[ pt-opt/2) M Am €[ pt-opt/2) ="
with
(8.4) /M Gu(z)dr =0,
and
(8.5) |Gu@)] < Cp=* 4+ Cum 1y 12y,

where for x € M, d(z) is the distance of x to the boundary of M.

Remark 8.5. — The introduction of windows [u, p + op'/?) is required by the analysis near the
boundary but are unnecessary for manifolds without boundaries, in which case elementary version of
Proposition are sufficient.

8.3. Definition of the Gibbs measure. — The aim of this paragraph is to prove Theorem [I.11]
To begin with, we decompose, on the support of the measure u, the quartic term HHNu||‘i4(M) in the
Hamiltonian in order to get a suitable renormalisation in the following section.

8.3.1. Decomposition of HHNu||‘i4(M) on the support of . — Recall that ay is defined in ([1.23) and
that Iyu = anN Cnpn for u = ano cnon. Therefore we can write

\\HNU”i4(M) = Z Cny Cny CngCnyg Y101, M2, M3, M),
ni,n2,n3,n4 <N

where
Y(n1,n2,n3,na) = / Pr1PrgPngPry -
Next, we set M
A= {(nl,ng,ng,n4) eN': {ny,n3} = {ng,n4}} .
We denote by A€ the complementary of A in N*. Therefore, we can split

ITNul| T4 agy) = Yin (u) + Yo,n () + Ya,n (u),
where

Yin(u) = > Cny Cng CngCy V(1015 M2, T3, M),

(n1,n2,n3,n4)EA°
n1,n2,n3,na <N

YQ,N(U) =2 Z ’Cnl’2|Cn2|27(n17n17n2an2)7
n1,na<N
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and finally
}%,N(u) = - Z |Cn’4'7(n> n,n, n) .

n<N
As we shall see the singular part of the L? norm on the support of p is given by the contribution
of Y3 y. Indeed, let us study the behavior of Y5 n on the support of pu. Write

w o ()2 g ()2
Vo ( %wn(x))=2 3 (’i%I(JF)]\L)(li%Q(JF)L) /M on Plon]?.

n>0 ()‘% + 1) 2 ni,ne<N

We can split the last expression as I + II + I11, where

i (@)2 = 1) (Ign, (W) > — 1
I e e e BT

n1,n2<N
2
g

IT=4 Z ‘”1 A)J / | [P [

ey AR DG, +1) v
and

11 = -2 [ lemPlont.

nhn22<N )()\2 ) M ni ng

e Study of the term [I: The term [ is a regular term.
e Study of the term II: This one will require the most delicate analysis. We have

g / 2 2
II1=4 g E n m| dx.

m<N =™
Let .
_ 2
o= 3 sy = Eullunliagu)
0<m<N

(notice that according to Weyl formula, |ay| < In(N)).

We can write the segment [A\g, Ay as a disjoint union of intervals Fy = [pu, /rk—kdk,uiﬂ) 1<k< My,
with di, = 1 for k < My and dps, € [0,1]. In other words we define ui by po = o, per1 = i + ,u1/2
for k < My

We can check that
k2
VR

and this will be used in the sequel to study convergence of series.

N
By Proposition if we denote by Z G, () = Ky (x) we have
k=1

(8.6) [k ~

(8.7 > o qlenl @) = an + K@)

m<N =™
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and with this decomposition we can split

II=1I + 1,
where oo (0 )’2
9n
I =day > 5
’I’L1<N )\nl +1
and ‘
=1y L5 [ lenlGuta
E<My
We deduce
Iy = 1151 + I,
where ‘
g
4y DD S [ et
n<N E<My
and
lp=1Y 55 3 | el Gute
n<N ™ <My

By Sobolev |[¢n||Le~ < CAy, then by interpolation
_1 1
/ y lonP(@)ds < Cinf(L o onlfE) < oy .
{zeM; d(x)<uk }
Thanks to the previous inequality, we get
—3/4 —-1/2
S [ lelGuwie < ¢ 3 (i e , lonl2(z)de)
E<Mp E<My {zeM; d(x)<uk }
< ont,
where we have used .
We are now able to show that the term Il is regular because

E[[12n["] CZ /\2+1 ‘Z / fonl* G (@ dx‘ <CZ )\2+1 2y ST

where in the last line we used that by Weyl formula, we have A,, ~ \/ﬁ

On the other hand, Il is a constant (and hence can be renormalized). However, we want to keep
track of the necessary renormalization involved (and to compare them with the usual ones). Hence, we
apply again Proposition to the index n now (with the same decomposition on [A1, Ayx]). With

and ([8.4) we get
I, = day ). / Gy (z)dr +4 ) /GM (z)da

kE<Mn k<M

= 4 /M K% (z)dx
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and with ( @ we prove that this term is uniformly bounded with respect to V. Actually

Ip<c Y / G ()G ()t

k <My d(z)<min(p 1/2 ;1/2)

+C / G (2)G,, (x)dz+
k<e§<:MN Pzt
(8.8) D> (/’ o ey G (@G @t

k0<My d(z)>max(py, "1,
-1/2 -1/2

min(p, 0, 0) —3/4 —3/4
<C Z 1/2 1/2 +C Z P He +C(Z K

kA<Mpy Ky My E<t<Mpy E<Mpy
< (C.

e Study of the term I7I1: We have

2 2
M Ny AL, 1 N An, 1
= —2(04?\, +/ Z G, (x )

<My

The last term in the previous line is Io9 up to a factor, hence we can write
I1T = —203% + YN,

where Yy n = Il up to a factor.

Remark 8.6. — We could also define Il as the smooth projector Iy =
x € C§°(R) is equal to 1 on [—1,1]. Then

N(Z CnSOn) - Z X()‘n/N>Cn(Pn .

With such a definition of Il the singular term I becomes

II_Z 1+/)\2 |" | Z 1+<2 M|‘Pn($)90m(x)|2dx-

In this context, the main contribution of this term is

Zﬁﬂfmw%mmm
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x(vV—=A/N), where

where Ky (z,y) is the kernel of the operator (1 — A)~1x(v/=A/N). Therefore Ky is a regularised
version of the Green function G of 1 — A, namely Kn(-,y) = IING(-,y). In the case of a manifold
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without boundary, we can use the Helffer-Sjostrand formula (see for instance [10]) and a partition of
unity to prove that

Kn(z,2) = an + O(1),
where

X(Am/N)
Z Iz SN

Therefore measuring the singularity on the dlagonal of the truncated Green function of 1 — A is the
key point of the analysis of the singular term. The above interpretation of Ky (z,y) is in the spirit of
the analysis in Simon [44].

8.8.2. An L? estimate. — A crucial step in the proof is the following

Lemma 8.7 —

(8.9) /5 () = For (W)l 22y S M7,

for some positive constant o’.
Proof. — Thanks to the analysis in the previous section, we can write

1N (u) = far (Wl L2 (apy) S J1+J2 + J5 + Ja,

where Jy, Ja, J3 and Jy are defined as follows. The term J; is the contribution of Y7 n(u) and thus it
is defined by

. Iy () Iny (W) Ins (W) Iny (W)
(ot IO DS A7 A7 e v

V(nla n2,ns, 714)‘ 12(Q) .
(n1,m2,n3,n4)EA°
max(ni,n2,n3,n4)>M
n1,n2,n3,n4a<N

The term J is the contribution of Y3 y(u) and thus it is defined by

|gn (w)[*

WV(% n,n, n)’

J2= H (
M<n<N VT

L2(Q)

The term J3 is the contribution of I and thus it is defined by

_ (Ign; @)[* = 1) (Igny (@)* = 1)
T = H 2 (A2, +1)(A2, +1) /M

max(ni,ng)>M
ni,ne<N

Finally, the term Jy is the contribution of the renormalized part of I1 and therefore it is defined by

j-| ¥ Gxearon)

L2(Q)

Let us first estimate J;. Using Proposition [8.4] and orthogonality, we get that

J2< Z Lont,

M<n<N
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For the estimate of Jo, we will not use an orthogonality in w, we will simply rely on the triangle
inequality. The estimates for J; and Js will rely on orthogonality arguments. The estimates for Jy, Jo
and J3 will rely on the following key estimate for the behavior of v(n,ng, ng, ny)

Lemma 8.8. — There exists 6 > 0 such that

‘7(”17”27”37”4”2 -5
(8.10) <M
T ETOL+ D08, + D0, D)
nys,\ng s \ngs\ny )=

We postpone the proof of this result and finish the proof of Lemmal[8.7 Using an orthogonality
argument, we can estimate J; as follows

J12 < Z |’}’(TL1,’I%2,TL3,7’L4)’2
~ (n1+ 1) (n2+1)(ng+1)(ng + 1)

max(ni,n2,n3,n4)>M
n1,n2,n3,na <N

which can be readily estimated by an application of Lemma [8.8]
To estimate Jo, we use the bound (8.3), which implies that

1
lenllre < CAx,

and therefore

1 —1/2
2 S Z n3/2 SM :
M<n<N

Finally concerning J3, we can use another orthogonality argument in order to write
2
ni,ni, N, N
Jg < Z [y (na 12 2 2)|2
(n1 4+ 1)%2(ng + 1)

max(ni,ng)>M
n1,na<N

+ Z |'}/(n1,nl,nl,nl)'}/(nQ,nQ,TLQ,ngﬂ
(n1 +1)2(ng + 1)2

M<ni,n2<N

The first term in the right hand side is estimated similarly as J? (it is a sub-case), while the second
term is estimated as Jo. This completes the proof of Lemma [8.7] O

Proof of Lemmal[8.8 — By a symmetry argument, we can estimate the left hand-side of (8.10]) by

(8.11) > (MiNaNsNa) ™2 > [y(na,ng,na, ng) .

N1>N2>N3>Ny An;~Nj
Ni>M _7
. Jj=12.3,4
(N1,N2,N3,N4)—dyadic

Now we can perform the n; summation and estimate (8.11f) as
(8.12) > (NiNaNsNa) ™2 > omang@nallzo )

N12>N2>N3>Ny An;~Nj
Ni2M §=2,3,4
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Next, we can write

> lensmenlion = [ 1en@P( X lon@P)( X lon@P)dn

An;~N; Ang~Na Ang~N3
j=2,3

Now, from Proposition [8.2] applied to control
e(z,2M,M) = e(z,2M,2M — 1)+ --- +e(x, M + 1, M),

we get the pointwise bound
> len(@) S N?
An~N
and (integrating on the manifold)
#{n : A\, ~ N} < N2
This gives that can be estimated by

Y. (NiNaN3Ny)“>NF(N3N3)

N12%21§1X432N4
which clearly can be bounded by M~ for any 0 < § < 2. O
8.8.3. Proof of Theorem[I.11 — To prove Theorem the main point is to estimate the measure
(8.13) p(u = —fn(w) >1n(N))
and to show that
(8.14) /0 h p(u s —fn(u) >1In(\)) Wdx < C,

where C' is independent of N. Standards arguments show that (8.13) implies Theorem (see [13]
47, [48]). Now we can write

1 2
) = 5 [ (T ()? = 208)7 = o
Therefore, we have the pointwise bound
(8.15) — fn(u) S (In(N))*.

The power of In(V) of the last estimate is not of importance for the further analysis. Notice that here
we make a crucial use of the defocusing nature of the nonlinear interaction. Using we obtain
that if M is such that
In(A\) — C(In(M))* > 1,
where C' is the implicit constant appearing in , then
s —fa() > ) < plu s — () = farlu) > 1).
We therefore choose M such that In(\) ~ (In(M))4, i.e.

M e e@mODE
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The result clearly follows from the following bound
(8.16) 36,6 > ;YN > M, pu(u : —(fn(u) — far(w) > 1) < e M

Finally, (8.16)) follows from the L?-bound and classical hypercontractivity estimates (see for
instance |47, Proposition 2.4]). This in turn completes the proof of Theorem m

8.4. Definition of the nonlinearity. — The aim of this paragraph is to prove Proposition [I.10]
By the result [47, Proposition 2.4] on the Wiener chaos, we only have to prove the statement for
p=2.
Recall the definition of Fiy in (1.25)) and let ¢ > 2. To begin with, use that

o () = Fastuan) o i) = [ 1Ev(0) = Fy (8030 g dp:
XO(M) Q

Therefore, we are reduced to prove that (Fy(¥y))
Denote by

n>p 18 a Cauchy sequence in LQ(Q;H_"(M)).
v = [UN]PUN — 20N T y.

It is enough to show the result for (yu), because once we know that xy — x in L? (Q; H“’(M)),

we deduce that Fy(pn) = Oyxy — x in L? (Q; H_“(./\/l)). In the sequel, we will use the notation

[n] = A2 + 1. By the Weyl formula we have [n] ~ n when n — +o00. Then, by definition of ¥y we

can compute

In19nq9n: __
|\IJN|2\I’N = Z Zl ni = T ¥Pn1¥Pn2Pns
ni,na,n3<N [nl} 2 [nQ] 2 [TL3] 2
91 Tny9 . |9n|*g l9n|*g
= Z Zl n21”3 19071190712807134—2 Z "7";’8071‘2907”_ Z = ;n’SDn‘Q‘Pn
ni,n2,n3<N, [nl]Q[nQ]Q[n?)]Q nm<N [n] [m]2 n<N [n]2

n1F#N2,N3#EN2

= X1(N) + Xa(N) — X3(N).
Then for ¥9(N) we use the decomposition (8.7

2
BN) = 2y 3 g
n<N

2
-1
= 20y Y |9"|Hy<pn12 +2anUN +2KN Ty
n<N n
= Zgl(N) + EQQ(N) — 223(N).
Observe that Yo9(NV) is the term which is removed in the definition of x . Therefore we are reduced
to study the contribution of the other terms.

e Contribution of Xq: Forall1< M < N

(8.17) (SUN) = Sy (M) ) = S —ImInans )y g, k),
£ ) na) nal
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where the set By y is defined by

Byn = {(nl,m,n?,) € N? st. 0<ny,ne,ng <N, ny #na, ng# na,

and max(ny,ng,n3) > M}

From (8.17) we obtain
2
H<21<N) - 21<]w) ‘ (pk>HL2(Q) =
9119059139 m Ima9m
Z T e 2 y(ny, ng, ng, k)y(ma, ma, ms, k)dp.
Q [n1]2[n2] 2 [n3] 2 [m1]2 [ma] 2 [m3]2

(n1,m2,n3)EBNp, N
(m1,m2,m3)EBM,N

Since the (g, ) are independent and centred, we deduce that each term in the r.h.s. vanishes, unless
ny = mg and (ny,ng) = (m1,ms) or (n1,ng) = (ms, m1). Thus

’ (7’L , N2, N ak)P
(=1 () = 210D [0 oy <€ D0 7<nll><fnz><ibs> '

(n1,n2,n3)E€BM, N

Let 0 > 1, then we get

) 1
[21(N) = S0 (M) | oo neyy = 2 (k)7
keN

(=1 (V) = S1(M) [ [ 20

IN

[v(n1, 2, ng, k)|
C b
(n1,n2 z):eBM N (k)7 (n1)(n2)(n3)
keN

and this term can be estimated as Ji, namely for some n > 0

C

HZI(N) - El(M)HL?(Q;Hw(M)) < M

e Contribution of X3: Forall1 < M < N

B _ |90/ 9n
<Z3(N) E3(]\4-) ‘ ka’> - Z 3 ’Y(TL,’I’L,TL,]{?)-
M<n<N [n]2

By the the bound (8.3 we infer
y(n,n,n k)| < C ) (k)

and from the independence of the Gaussians we get

n,n,n, k)|? 1 k)1/2
(EaV) = 2000 [y =€ Y DBl <opr 3 <
M<n<N M<n<N
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Finally, if 0 > 3/2 we obtain

1 C
[£a) = 250 [ 2000ty = D2 G 1) = BaOD 1901200y < 37
keN

e Contribution of Xo: Forall1 < M < N

n -1 m
(S21(N) = So1 (M) | r) =2 ) (l9al" = g ——————(n,n,m,k),

& [mml

where the set Cyy n is defined by
Cj\/[,]\r:{(n,m)GN2 st. (M <n<N and m<N) or (M <m<N and nSM)}

Then by the orthogonal properties of the Gaussians we obtain

,n,m, k)|?
[EaV) - S0 | )| o <€ 3 DB

Bt (n)*(m)
max(n,m)>M

which (when multiplied by (k)~1) is estimated by Lemma [8.8|in the previous section (it is actually a
sub-case) fixing n; = ng = n,n3 = m,ng = k):

n,n,m, k)|
Z(/{:)*lwzm(‘w)—221(M)’90k>Hi2( <CZ Z W

k n,m<N
max(n m)>M

[y(n1,m2,m3,n4)> _ C
= 2 (n1)(n2)(ns)(na) Sk

n1,n2,n3,na<N
max(ni,ng,ns,ne>M

Therefore, if o > 1 we obtain
2 C’
HZ21(N) - Z21(M)HL2(Q;H (M) = M
We now study the term Yo3. We have
(8.18) EQg(N)—Egl(M)IQ(KN—KM)\I/N+2KM(\I/N—\I/M).

Let’s consider the contribution of the first term in the previous line. For k > 0

(Ky = Km)¥n | or) = Z

/ KN KM)‘)OnQDk
nSN

l
2
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By the orthogonal properties of the Gaussians and Parseval, we obtain

[{(Kn — Kp) ¥y | 80k>Hiz(Q) = ng:v [nl]‘ /M(KN - KM)%@F
< Cg;v ) /M(KN - KM)%@‘Q

< c /M<KN K)o
< C(k) /M(KN — K2

Now we estimate [, (Ky — Ka)? as in (8.8) and we get that for o > 2

c
[N = Kan)¥w | gy < 7

for some 1 > 0. The estimate of the second term in ({8.18) is similar.

As a conclusion, we are able to define a limit F'(u) so that for all p > 2

(8.19) 1E (W)l 12 -0 () < Cp-
8.5. Proof of Theorem — Once estimate (8.19) is proved, the analysis in the proof of

Theorem is the same as in the proof of Theorem [L.7] (see Section [7)).

8.6. Proof of Propositions and —

Proof of Proposition — We first treat the case of Dirichlet boundary conditions. For y € R? and
7 > 0, denote by

1 A
colo ™) = 1 | vede.
AT Jieer2 : |g|<r)
Then by [30, Theorem 17.5.10]
(8.20) le(x, X, 0) — e0(0, A?) + eo(2d(z), \?)| < CA.

(Notice that in [30] the parameter A denotes the eigenvalues while here A\ are the square root of the
cigenvalues and that in our setting v(z) = (det(g"/(x)))~/2). The function eg is radial in y and with
a change of variables we get

2 .
(8.21) eo(y, ) = Z—J(ﬂy]), with  J(t) = / e,
T {€eR?: |¢|<1}

We now claim that for all £ € R

(8.22) J(t) < CW)y32, J(1t) < Oty
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For the first inequality we write for |¢| > 1
1 1-¢3 1 ‘
J(t) = / /\/72 erde de, = i (6zt\/@ B e_”\/@)d@
-1J-y/1-83 it J_4

) w2 )
= = (eltCOS9 . e—ztcosé) cos 0d6
it 0
and the result follows from the stationary phase. The estimate on J’ is obtained similarly.
Clearly, from eg(0, A\?) = \?/(47) we get

(8.23) e (0, (A + OAY2)2) — €o(0,\%) = %A?’/? + 0N,

and by (8.21)) and (8.22)

|eo (2d(z), (A + 6AY2)?) — eg(2d(z), A?)| <
< ON26d(z)NY2(d(2)N) 32 + CON3 2 (d(z)N) 732 < CoN4,
under the condition d(z) > A~'/2. Then by and we get (8.1). O
Let us now prove Proposition [8:4]
Proof of Proposition — For any p > 0 and z € M, we write

1 2
Y el =

Am €, u+pl/2)
|‘Pm|2(x) 1 1 2
= X Tt X Gerra)enl®
Am €[, p4-6p1/2) AmElpp+out/2) ~ M

= FL“(%) + Fg#(l').
First observe that by (8.2) we have for all z € M

(8.24) e(a, p+optl? p) < Cpdl.
Then from the previous bound, we deduce that
Hg/ § 2 1
Bu@ < Ch X leaf@<op

Am €[ pt0p1/?)

which is an acceptable bound.
We now turn to the estimate of Fy ,. For z € M such d(x) > =/ we can use (8.1 to write

3
opz _
e(e,p+opV? ) = - H o O,

Fl,#(x) 271_(#2 + 1)

RS
But thanks to the Weyl formula

3 _1
p2(1+0(u1)),

5
#{n; A € [+ 0u7)} = =
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which is obtained by integrating (8.1]) and using (8.24]), we get

3
1 op ~3/4
(8.25) 2. X1 ey oW
Am €[, pt8p1/2)

which was the claim.
Now we assume that d(z) < p~'/2. Then by (8.24) we have

3
2 _ sul?2.) < C M2 — O(u~ V2.
LM(x) u2+1e(xvlu+ 2 nu) —= M2+1 (M )
This proves ({8.5). The fact (8.4]) is obtained by integration of F),. The proof of Proposition is
complete. O
Proof of Proposition[8.3 — By (8.25) with § = 1, we observe that Proposition directly implies
Proposition [8.3 0
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