INVARIANT MEASURE FOR A THREE DIMENSIONAL
NONLINEAR WAVE EQUATION

by

Nicolas Burq & Nikolay Tzvetkov

Abstract. — We study the long time behavior of the subcritical (subcubic) defocussing non-
linear wave equation on the three dimensional ball, for random data of low regularity. We prove
that for a large set of radial initial data in N,<1/2H*(B(0,1)) the equation is (globally in time)
well posed and we construct an invariant measure.

Résumé. — On étudie le comportement en grand temps de ’équation des ondes non linéaire
souscritique (sous cubique) défocalisante dans la boule de dimension 3, pour des données initiales
aléatoires. On démontre que pour de nombreuses données initiales radiales dans Ny<1/2H*(B(0,1))
le probleme est globalement bien posé et on construit une mesure invariante par le flot

1. Introduction
Consider the wave equation with Dirichlet boundary condition
(L.1) (07 = Ayw + [w|*w =0, (w,0w)|=o = (f1, f2), ulr,x00=0, a>0

with radial real valued initial data (fi, f2) posed on the unit ball © of R? defined by © =
(x € R3: |z| < 1). Tt is well-known that the functions

V/2sin(mnr)

en(r) = ——————=, n=1,2,3,---,

r
where 7 = |z| form an orthonormal bases of the Hilbert space of L? radial functions on
©. Moreover e, are the radial eigenfunctions of the Laplace operator —A with Dirichlet

boundary conditions, associated to eigenvalues 22 = (7n)2. We have the following statement.
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Theorem 1. — Suppose that a < 2. Let us fix a real number o such that
a—1 1

1.2 0, <o < —-.

(1.2) max ( ) <o 5

Let ((hn(w),l(w))5e, be a sequence of independent standard real gaussians on a probability
space (2, A, p). Consider (1.1) with initial data

Zn

filrw) =3 h"(“’)en(r), falr,w) =" la(w)en(r) .
n=1

n=1
Then almost surely in w € S the problem (1.1) has a unique global solution
ue CR,H 4(0)),

rad

7.4(©) being the Sobolev space of index o of radial functions on ©. The uniqueness holds in

the following sense : for every T' > 0 there exists a Banach space X1 continuously embedded
in C([-T,T),HZ,,(©)) such that the solution is unique in Xp. Furthermore we have the

estimate ||u(t)HH;’ad(@) < C(f1, f2)log(2 + [t[)1/2.

1_
Remark 1.1. — For every ¢ > 0, the functions (f1, fo)(r,w) belong a.s. to HfadE(G) X
1
H_2"°(O) (see Lemma 3.2), but the probability of the event

rad
{o: (filr,w), folrw)) € B2y (0) x H,2(0)}

1s zero. Thus in the above statement, we obtain global solutions for data of low regqularity.
Such a reqularity seems to be out of reach of the present deterministic methods (see in the case
of a cubic non linearity on R3 the related works by Bourgain 5], Kenig, Ponce, Vega [10],
Gallagher, Planchon [8] and Bahouri, Chemin [2]).

The map w — (fi(r,w), fo(r,w)) induces a Wiener measure on any Sobolev space of ra-
dial functions of regularity < 1/2. It turns out that a measure absolutely continuous with
respect to this Wiener measure is invariant under the global flow established in Theorem 1
(see Theorem 2 below for a precise statement). This measure invariance implies recurrence
properties of the flow thanks to Poincaré’s recurrence theorem.

The proof of Theorem 1 and Theorem 2 uses the Hamiltonian structure of the wave equation
(1.1). We approximate (1.1) by Hamiltonian ODE’s and we obtain the solutions of (1.1) as
limits of the solutions of these ODE’s. We can ensure the passage to the limit thanks to a
local well-posedness result for (1.1) for data of low regularity and the Liouville theorem for
divergence free vector fields applied to the approximating ODE’s. In the local well-posedness
argument we need to establish a Strichartz inequality for the wave equation, posed on the disc
and radial initial data. We hope that our elementary proof may be of independent interest
(see [6] for Strichartz inequalities for the wave equation posed on a domain with boundary).
Our construction is inspired by the considerations in the works by Bourgain [3, 4], and the
second author [12, 13] in the context of the nonlinear Schrédinger equation (see also [11, 14]
for works on invariant measures for the nonlinear Schrédinger equation). A difficulty we had
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to overcome is that for the wave equation, in contrast with the nonlinear Schréodinger equation
the L? norm is not conserved under the flow. This implies the failure of the construction
of the statistical ensemble of [12, 13] in the context of the wave equation. Here, we define
a statistical ensemble which is invariant under the flow but for reasons quite different from
[12, 13] (in [12, 13] the L? norm conservation is important for the argument). Let us
also mention that the globalization argument presented here is simplified with respect to an
analogous consideration in [12, 13].

2. Reduction of the problem

For o € R, we define H? ,(©) as

a(© (chen, c, €C 2,22"|cn|2 < oo)

(the convergence of Y > | cpe, being apriori understood in D'(0)). We can then equip
H? ,(©) with the natural complex Hilbert space structure. In the case ¢ = 0, We denote

H® .(©) by L2, ,(©) and we have that the scalar product on L?_, is defined by (f, g) = Jo f3.
Moreover H? ,(©) and H_%(0©) are in a natural duality and we we denote by (:,-) their

pairing (in the case o = 0 we simply have the L2 .q Scalar product). For v € R, we define the
map /—A" acting as isometry from H7 ,(0) to H?(©) by

rad
(o] o0
\/ v y
—-A Cnén ) = Z)Cnen .
n=1 n=1

Clearly v—A 2 JTAM o VA and \/—AO is the identity. For + > 0 the map

V=A" is acting as “a differentiation” while for 4 < 0, it is a smoothing operator. For

f € L2 4(©), we have \/—AZ(f) = —A(f), where A is the Dirichlet self-adjoint realisation
of the Laplacian. Moreover, for f € H! ,(©), we have

1
(A1) = VA 22y = IV 22y = — / 0, £ (r) 2rdr,
0

where V = (0z,, Ozy, Ox,)-
Let us make some algebraic manipulations on (1.1) allowing to write it as a first order in ¢

equation. Since w; is one derivative less regular than w it is natural to set v = \/—A_l(wt)
or equivalently w; = vV—A(v). If we set u = w + v then we have that u solves the equation

(2.1) (10 — V fA)u — fA_l(\Re(uﬂaRe(u)) =0, uli=o=muo, ulrxge =0,

where ug = f1 + Z\/—A Therefore we have a correspondence between the solutions of
(1.1) with real valued data (fl,fz) md(@) Hfadl((a) and (2.1) with data in H? ,(0).

We are going to analyse (2.1) with data up in HZ, ;,(©). Then the real part of the solutions
of (2.1) solve (1.1) with f; = Re(up) and fo = \/—A(Im(uo)).
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Let us next formally derive a conservation law for (2.1). We will actually not use this
conservation law directly for (2.1), we will only need it for a finite dimensional approximation
of it. In order to highlight the algebraic computation, we make a formal computation in the
context of (2.1). Let us write (2.1) in the form

(2.2) iug + Vay a. (Au — |Re(u)|*Re(u)) =0.

Since Im(x/—Aflf, f) =0, taking the pairing of (2.2) with Au — |Re(u)|*Re(u) and taking
the imaginary part gives that

1 «
SIVBWIExe) + 5 Re@I s )

is conserved by the flow of (2.2).
The free evolution associated to (2.2) is given by the linear map e *V~2 on H?

rad
o € R, defined by
o (e.@)
o—itV=2A ( Z Cnen) _ Z e"itne o
n=1 n=1

Observe that e #V~=4 acts as an isometry on H? .(©). Let us also notice that thanks to the
time oscillations for every o € R if f € HZ ,(©) and rg € (0,1] then e #V=A(f )]RX{TO} is

a well-defined distribution on R. In particular e V=2 (f)|gxoe = 0 and eV ~=A(f) is the
unique solution of (i0; — v—A)u = 0 subject to the boundary condition u|grxge = 0.

(©),

3. Approximating ODE and associated gaussian measures

Let us fix from now on a real number o satisfying (1.2). Our analysis will be reduced to
the study of

(3.1) (0 — V=A)u — V=A " (Re(w)|"Re(u)) =0, uli—o = uo, ulaxse =0,

where the initial data ug belongs to H?

7.4(©). In order to prove Theorem 1, we will need to
study (3.1) with initial data given by

_ i In(w)

where g, (w) = hy(w)+il,(w) are independent normalized complex gaussian random variables.
For N > 1, we denote by Ey the N dimensional vector space on C spanned by (e,)_;.
Let us denote by Sy the projection on En defined on every HZ ,(©) by

SN<§:cnen) = icnen.

n=1 n=1
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We denote by iy the canonical isomorphism of vector spaces map from R*V to Ey defined
by
N
: N
in (((@ns ba))piy) = D (an +iba)en
n=1
The map iy equips En with a canonical Borel sigma algebra and a canonical Lebesgue
measure.
We shall approximate the solutions of (3.1) by the solutions of the ODE

(3.2) (i0 — V—A)u — Sy (\/—A_1(|Re(u)|aRe(u))> =0, uli—o = uo € Ex, ulpxge = 0.

Let us define the measure py on Ey as the image measure under the map from (2,4, p) to
Ex (equipped with the Borel sigma algebra) defined by

(3.3) w Z ) & il )en ,

where hp(w), I, (w), n =1,--- N is a sequence of independent standard real gaussians (hy, l,, €
N(0,1)). Observe that uy defines a probability measure on Ey. We next define the measure
pn as the image measure on Ey by the map (3.3) of the measure

(3.4) exp - m+m”§: )55 ) ),

It turns out that py is invariant under the flow of (3.2).

Proposition 3.1. — For every ug € En the flow of (3.2) is defined globally in time. More-
over the measure py s invariant under this flow.

Proof. — The local existence and uniqueness for the ODE (3.2) follows from the Cauchy-
Lipschitz theorem. Let us notice that the time existence given by the Cauchy-Lipschitz
theorem is very short (depending on N). We can however extend globally in time the solutions
of (3.2) thanks to the energy conservation law associated to (3.2). Indeed if we multiply (3.2)
by Au — Sy(|Re(u)|“Re(u)) (which is an element of Ey, i.e. C°°(0) and vanishing on the
boundary) and integrate over ©, we get that the solutions of (3.2) satisfy

S SIVAW e + 5 IRe@) | =0

Thus there exists a constant C' depending on sup;«,<y |(uo, €n)| and N but independent of
t such that as far as the solution exists one has sup,,«y |(u(t),e,)| < C. Therefore the
solutions of (3.2) are defined globally in time. Let us now turn to the proof of the measure
invariance. Let us decompose the solution of (3.2) as

u(t) = (an(t) +ibp(t))en, an(t),bn(t) €R.
n=1
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Then, if we set

H(al,...,aN,bl,..., —*ZZ an, +b2 —l— /‘Z nen‘aH

the problem (3.2) may be rewritten in the coordinates ay, by, as
) _10H _,0H
(35) T A

Let us first observe that thanks to the structure of (3.5) the quantity H(ai,...,an,b1,...,bN)
is conserved under the flow of (3.5). Let us also remark that

by, = — n=1,...,N.

N
o o0 _oHy
;[aan(zn o) Ty (— 8an)} =0

Therefore we may apply Liouville’s theorem for divergence free vector fields to obtain that
the measure

N
11 dandbn
n=1
is conserved by the flow of (3.5). Since H(ay,...,an,b1,...,by) is conserved under the flow

of (3.5) we obtain that the measure

exp (— H(at,...,an,bi,...,by)) H dandby,

= eXp TS / \Z nen\“”) H e ERN@R/2) gg (NG gp,

is also conserved by the flow of (3.5). We therefore have that the measure

(36) ep Oé+2 /‘Zanen’a )d KN,

where

N N
din = 20N ([ 22) [] e /D dage G0 D ap,
n=1

n=1

is conserved by the flow of (3.5). Observe that djiy is a probability measure on R?V. The

measure djiy is the distributions of the R?Y valued random variable defined by
(3.7) o () 1) - hvl) Inte)y
21 21 ZN ZN

where h,,,l,,n =1,--- N is again a system of independent standard real gaussians. Moreover,
the composition of the map (3.7) and i) induces a probability measure on Fy. Next, coming
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back to (3.6), we obtain that the image measure, induced on R?Y by the map (3.7), of the
measure

}a+2>dp(w)

is invariant under the flow of (3.5). This in turn implies that after applying iy we have a
measure on Ey which is invariant under the flow of (3.2). Coming back to (3.3), (3.4), we
obtain that this measure is precisely py. This completes the proof of Proposition 3.1. O

ex
p a+2

Let us define the measure y on H?, ,(©) (recall that o is fixed and obeys (1.2)) as the image
measure under the map from (Q, A,p) to HY, ,(©) equipped with the Borel sigma algebra,
defined by

(3.8) w Z ) il )en,

where ((hp, )22
the quantity

o°_; is a sequence of independent standard real gaussians. Let us remark that

2\ (W) + il (w)

Zn

€n

,_.

is defined as the limit in L?(£2; H?

rad

(@) of the Cauchy sequence

)
hn(w) + il (w)

Zn

€n

E

3
Il
—

and the mesurability of (3.8) follows from the fact that the minimal sigma algebra containing
the cylindrical sets of HZ ,(©) is the Borel sigma algebra.
Using [1, Theorem 4], we have that for a < 4 the quantity

—|— ll
l Z (@) T @) e

is finite almost surely. Therefore, we can define a nontrivial measure p on H? ,
image measure by the map (3.8) of the measure

1 . hn(w) a+2
P ( (a+2) | nzz:l Zn 6nHLQ+2(®)>dp(w).

Observe that if a Borel set A C HZ ,(0) is of full p measure then A is also of full 4 measure.
Therefore, we need to solve (3.1) globally in time for ug in a set of full p measure.

We next turn to the limits of the measures py. As in [12, 13|, we can show that if U is
an open set of H? ,(0), s € [0,1/2[ (and thus a Borel set of HZ ,(©)) then

(3.9) p(U) < l}glinpr(U NEN).

(©) as the
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Moreover, if F' is a closed set of H? ,(©), s € [0,1/2[ then

(3.10) p(F) > limsup py(F N EN).

—00

Let us remark that we have the following standard gaussian estimate (see e.g. [12, 13]).

Lemma 3.2. — Let ¢ be a positive constant satisfying ¢ < w/2. Denote by B(0,A)s the open
ball of center 0 and radius A in H ,(©). Then for every s € [0,1/2], there exists Cs > 0
such that for every N, A,

(3.11) pn(B(0,A)SNEN) < un(B(0,A);NEN) < Cye™N
On the other hand, for every s > % and every N, A

(3.12) on(B(0,A), N Ex) < an(B(0, )y 1 Ex) < 0(1)y— oo
As a consequence of (3.9), (3.10) and (3.11), (3.12) we obtain

1

<7

p(B(0,A)9)) < Coe™, :

(3.13)
p(B(0,A)s)) =0 s>
(©) is of full p measure but p(Hl/z(@)) =0.

rad

o= ®

In particular for every s < 1/2 the space H?

rad

Proof. — The first inequality in (3.11) is straightforward. The second is a simple consequence
of the Bienaymé-Tchebichev inequality. More precisely, using the assumption on ¢ (recall that
zp, = mn) and the Bienaymé-Tchebichev inequality yield

s znlcnl d TL
eCA (B(O A) mEN) / C”U”HsduN H/ cz2 ‘C |2 Z C

\Cn\2 17 d 1
2 %) Cn
—H/ ) | e )
n= 1 2 n=1 2-2s
where in the last inequality we used that s < 5.
To prove (3.12), we again use Bienaymé-Tchebichev inequality to write
A
_eA? 2
N (BO.4).0Ey) < [ e Mduy (u) - Il = o
EN 1+ 2 23

where in the last inequality we used that for s > 1/2,

o0

1
i

n=1 225

Finally, to prove the first part in (3.13) we choose § < 1 such that ¢/§? < m/2 and remark
that if & < 1, B(0,A)¢  B(0,Ad) and apply (3.9) and (3.11)(with ¢ replaced by ¢/§2) and
to prove the second part, we apply directly (3.9) and (3.12). O
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4. Strichartz estimates
In this section we prove that the usual 3-d Strichartz estimates are true for our boundary
value problem (and radial functions). Let us begin with a definition.
Definition 4.1. — A couple of real numbers (p,q),2 < p < 400 is admissible if% + % = %
ForT >0,0<s <1, we define the spaces

X = CU[=T,T); H}0q(©)) N LP((=T,T); L

rad

2
(©)),(p = =,q) admissible
s
and their dual spaces

Yi=LY[-T,T);H®

rad

/ 2
(©)) + LP ((~T,T); Lfad(@)) (p= 3 q) admissible
equipped with their natural norms ((p',q’) being the conjugate couple of (p,q)).

Proposition 4.2. — Let (p,q) be an admissible couple. Then there exists C > 0 such that
2
for every T €]0,1], every f € H” ,(©) one has

(4.1) le™"™ =2 (Nl o(-m11:09(0)) ) <CUAI 2

rad

Corollary 4.3. — For every 0 < s < s; < 1, every admissible couple (p,q), there exists
C > 0 such that for every T €]0,1], every f € H? ,(©), g€ Y3 5, h € YTlfsl, one has

rad

(42) e =B ()l < CllFl+(©)

t

-1 _it—m)v/=

(43) || VA S g narxg < Clalyy-

t .
(@) - sw) [ VEAT e IR b nar g < ON il

0

Proof of Corollary 4.3. — Inequality (4.2) is obtained by using (4.1) and the conservation of
the H* norm. In order to prove (4.3), we set K = e~ V=4 According to (4.2), K is bounded
from H} , to X7. Consequently K* is bounded from Y} to H, *. Using the last property
with s replaced by 1 — s (which remains in |0, 1[ if s €]0,1[) and the fact that VA"
bounded from H fa_dl to H? ,, we obtain the following sequence of continuous mappings

(45) yime 2 gse) VA ms,

rad

) 55 x5
On the other hand, it is easy to check that

KV=A K (/) / VoA e iDVEB f(1ydr
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An application of Christ-Kiselev Lemma [7] (in the more general setting of functions with
values in a Banach space) shows that the map

fH/ﬁ —H=TVA f (1) dr

is bounded from LY([-T,T]; H:'77(©)) to

rad

L>([=T,T); H;4q(©)) N LP((=T,T); Ly

rad

2
(©)), (= 3 q) admissible

and from 5
——,q) admissible
5

P (~T.7); L],y (©)). (= 1=

to
L ([T, T); H3qal©)) 1 LP((<T,T); L, (0)), (p =~ ) admissible

which (using a density argument to obtain the continuity in time) proves (4.3). Finally (4.4)
is obtained in a similar way replacing (4.5) by

-1
) VIS H(0) Y H,(0) 15 XG

rad

Y;—Sl L HST L

rad

and using that (1 — Sy) is bounded from H*' to H*® with norm smaller than CN*7*1, O

Let us come back to the proof of Proposition 4.2. We first notice that it is enough to prove
a similar result for the solutions of wave equations.

Proposition 4.4. — Let (p,q) be an admzsszble couple. Then there exists C' > 0 such that

for every T €]0, 1], every (up,u1) € Hmd(@) X Hr”ad (©) and u solution to the following wave
equation
(4.6) (02 — A)u=0,u |go= 0, u |i—0= uo, et |s—0= 1,
one has
lullorayoon < C (Il 3 o+l 3 ).
Indeed, as

u = cos(tv—A)ug + Sin(t\/%A)ul,

Propos1t10n 4. 2 follows from Proposition 4.4 and the fact that 1/v/—A is an isometry from
Hp (G)) to Hp (©).

rad rad
Proof of Proposition 4.4. — According to the finite speed of propagation for the solutions of
wave equations, Proposition 4.4 is a local result which is known near any point in the interior
of ©. Consequently it suffices to prove it near the boundary, replacing in the left hand side
L1(©) by Li({z;|z| € [1/2,1]}). Remark also that the bound given in Proposition 4.4 for
p = 400 is trivial. As a consequence, it suffices to prove the bound for p = 2 (and near the
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boundary). All other bounds following by interpolation. But the conservation of the energy
gives

1
[ ol nrtar < ol o) + Il
r=

and, the r weight being irrelevant for r € [1/2,1], (one dimensional) Sobolev embedding gives
el -n etz < C (ol o) + lullze o))

which is stronger than the bounds given in Proposition 4.4 for p = 2. O

Remark 4.5. — The proof of the Strichartz estimate is much simplified by the radial as-
sumption. However, the more general case of hyperbolic regime when one assume that the
singularities of the wave are transversal to the boundary would still be true (but with a more
technical proof involving parametrices constructed by reflections on the boundary).

5. Local well-posedness
If we set S(t) = e~#V=2 then (2.1) is reduced to the integral equation
(5.1) u(t) = S(t)uo — i/ot S(t— T)\/I_l(’RG(U(T))’aRe(U(T)))dT.
The next statement provides bounds on the right hand-side of (5.1).
Proposition 5.1. — Let us fix s such that
a—1 1

(5.2) max (0, T) <s< 3

Set F(u) = |Re(u)|*u. Then there exist C > 0, 6 > 0 such that for every T' €]0,1], every
u,v € X5, every up € HS ,(0),

(5.3) HS(t)UOHX; < Clluollay, o) »

(5.4) H /OtS(t - T)M‘lF(u(T))dTHX% < CTJul 5L

(5.5) H(1 —Sy) /Ut S(t — T)M‘lF(u(T))dT\

6 AT—0 a+1
X3 <CT°N HUHX% )

0 (e} o
i < OT (Il + 100y ) s =il

(5.6) H /OtS(t—T)\/Il(F(u(T)) —F(U(T)))df\
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and

(5.7) H /OtS(t—T)\/I‘ISN@(u(T)) - F(U(T»)dT‘

Xz
0
< T (JJulky + ol ) e = vllx;.

Proof. — Estimate (5.3) follows directly from Proposition 4.2. Let us next show (5.4). Ac-
cording to Corollary 4.3 the left hand side of (5.4) is bounded by

(5.8) Cll[Re(uw)[*Re(w)l Lo (—1.1);1 (o))

where (p = 12-,q) is an admissible couple. Let us fix (p = 2/s,q = 2/(1 — s)) an admissible
couple. We have

a+l 1 (a+l)s 1+s as 1
P 72 2 2 2
and the conditions s < % and « < 2 ensure that
p ~
>
a+1 p
On the other hand
a+1l 1 (1—25) s (a—1) as
— = = NHN—7>=-(1-=)= — —
. 7 et (1=3) 2 2
and the condition O‘T_l < s ensures that
q ~1
> .
a+1 9

As a consequence, since © is compact, applying Holder inequality to (5.8), we obtain (5.4).
To prove (5.5), we simply remark that for o > s close enough to s, the admissible couple
y 2
(p= 1—o q)

still satisfies
>, >
a+1 a+1
and the same proof (using (4.4) instead of (4.3)) gives (5.5). The proofs of (5.6) and (5.7) are
very similar to that of (5.4) and will be omitted. This completes the proof of Proposition 5.1.

O

As a consequence of Proposition 5.1, we infer the following well-posedness results for (3.1)

and (3.2).

Proposition 5.2. — Let us fiz s satisfying (5.2). There exist C > 0, ¢ €]0,1], v > 0
such that for every A > 0 if we set T = c(1 + A)™7 then for every ug € H?, ,(0) satis-
fying ||wollms,, < A there exists a unique solution u of (5.1) in X3. Moreover |ullxs <
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CHUOHHﬁad(e)- Finally if u and v are two solutions with data ug, vy Tespectively, satisfying

[uollas,, < A and [lvo|[ns,, < A then |lu —vl|lxs < Clluo — vol s, ,(@)-

rad

Thanks to (5.7) we also have a well-posedness in the context of (3.2) with bounds inde-
pendent of N.

Proposition 5.3. — Let us fix s satisfying (5.2). There exist C > 0, ¢ €]0,1], v > 0
such that for every A > 0 if we set T = ¢(1 + A)™7 then for every N € N* and every
ug € H;,;(©)NEN satisfying ||uollms,, < A there exists a unique solution u = Sy(u) of (3.2)
in Xp. Moreover ||ul|xs. < Clluo|lus (e)- Finally ifu and v are two solutions with data ug, vo

respectively, satisfying |luollms,, < A and |lvo|[ns,, < A then [lu—v|x; < Clluo —volla=, (o)-

rad a T

6. Global existence for (3.1) on a set of full p measure

Recall that o is a fixed number satisfying (1.2) and the dependence on o of several numerical
constants and sets appearing in the sequel will not always be explicitly mentioned. Let us
denote by ®n(t) : EN — En, t € R the flow of (3.2) defined in Proposition 3.1. In the
next proposition, we obtain a long time bound for the solutions of (3.2) in weak topologies.
Observe that bounds in terms of the H' norm of the data are trivial by the Hamiltonian
conservation but insufficient for our purposes.

Proposition 6.1. — For every integer i > 1, every integer N > 1, there exists a py mea-
surable set Xy C En such that pn(EN\XYy) < 27" and there ezists a constant C' such that
for every i € N*, every N € N*, every ug € X', every t € R,

. 1
[0 (8) (o)l 2.0y < C(i+ log(1 +[¢])) .
Proof. — For i, j integers > 1, we set
i AN |
By (D) ={u€ By : |lullng o) < D(i+5)2},

where the number D > 1 (independent of 4,j, N) will be fixed later. Thanks to Propo-
sition 5.3, there exist ¢ > 0, C > 0, v > 0 only depending on o such that if we set
T =¢D(i4 j)7/? then for every t € [—7, 7],

(6.) on (1) (BY (D)) € {u€ Bx : |[ullug, @) < CD(i +3)

Next, we set

N|=

.

(27 /7]
SYD)= (] en(=kr)(BY(D)),
k=—[24 /7]

where [27/7] stays for the integer part of 2/ /7. Using the invariance of the measure py by
the flow @ (Proposition 3.1), we can write

pN(EN\EY (D)) < (2027 /7] + 1)pn(EN\BY (D)) < O D (i + ) pn(EN\BY (D))
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Using Lemma 3.2 we now deduce
(6.2) pN(BEN\ER (D)) < €2 D7 (i + j)1/2eeD?(040) < 9(i%d),

provided D >> 1, independent of 4, j, N. Thanks to (6.1), we obtain that for uy € E%(D),
the solution of (3.2) with data ug satisfies

. AL i
(6.3) 1®n () (uo)ll g, 0) < CD(i+j)2, [t <2.

Indeed, for |t| < 2/, we may find an integer k € [—[27 /7], 27/7]] and 71 € [—7, 7] so that t =
kT + 71 and thus u(t) = ®n(71) (Pn(kT)(uo)). Since ug € X3/ (D) implies that @y (k7)(uo) €
By (D), we may apply (6.1) and arrive at (6.3). Next, we set

oo
v==K(D).
j=1

Thanks to (6.2), pn(En\XY%) < 27°. In addition, using (6.3), we get that there exists C' such
that for every ¢, every N, every ug € Eﬁ'v, every t € R,

19 () (w0) | 1=,y < C(i +log(L + [t])? .

Indeed for ¢t € R there exists j € N* such that 277! < 1+ |[t| < 2/ and we apply (6.3) with
this j. This completes the proof of Proposition 6.1. 0

For integers ¢ > 1 and N > 1, we define the cylindrical sets
v ={ue H,0): Sn(u) € Sk}
Next, for an integer ¢ > 1, we set

Y= {ue H,4(©) : IN; — 00, Ny € N, Juy, € ZZ]'V}C, un, — uin HZ,4(0)}.

rad

Then the set X7 is a closed set of H? ,(0). Observe that we have the inclusion

o0 o0
limsupiév = ﬂ U i?vl )

N—o0 N=1N;=N
Therefore
(6.4) p(3%) > p(limsup Sy .
N—oo
Using Fatou’s lemma, we get
(6.5) p(limsup X%) > limsup p(Xy) .
N—oo N—oo

Next, using Proposition 6.1 and (3.9) and (3.10), we obtain
(6.6)  limsup p(Sly) = limsup py(Sly) > limsup (on (Ex) —277) = p(HZ,4(0)) — 27"

N—oo N—oco N—oo
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Collecting (6.4), (6.5) and (6.6), we arrive at

p(S) > p(HFa(6)) 27
Now, we set
o=
i>1

Thus ¥ is of full p measure. It turns out that one has global existence for ug € 3.

Proposition 6.2. — Let us fizi € N*. Then for every ug € X, the local solution u of (3.1)
gwen by Proposition 5.2 is globally defined. In addition there exists C'> 0 such that for every
ug € 2,

. 1
(6.7) [u@)lre, @) < C(i +log(1+ |t]))2 .

rad

Moreover, if (ug k) ken+, Uok € E’}Vk, N}, — 0o converges to ug as k — oo in H? ,(©) then for
every t € R,
(6.8) lim |[u(t) — ®n, (t) (uo k)l 1z, @) =0-

k—o0 ra
Proof. — Let ug € X% and Ug € E%Vk, N — 00 a sequence tending to ug in Hfad(@). Let us
fix T > 0. Our aim so to extend the solution of (3.1) given by Proposition 5.2 to the interval

[-T,T]. Using Proposition 6.1, we have that there exists a constant C' such that for every
k € N* every t € R,

(6.9) 19, (1) (o) | 1170y < Ci + log(L+ |#]))7 .

a

Therefore, if we set up, (t) = ®n, (t)(uo ) and A = C(i + log(1 + T))%, we have the bound
(6.10) lun,llEe @ <A, V[ <T, VkeN.

In particular |luo|[ms , < A (apply (6.10) with ¢ = 0 and let & — 00). Let 7 > 0 be the local
existence time for (3.1), provided by Proposition 5.2 for A = A. Recall that we can assume
7 =c¢(1+ A)~7 for some ¢ > 0, v > 0 depending only on the choice of 0. We can assume
that 7' > 7. Denote by u(t) the solution of (3.1) with data ug on the time interval [—7,7].
Then vy, = u — up, solves the equation

(611) (10~ V=B)ow, = V=A " (F(u) = Sx(Fun,)))s  owli=o = uo = o,
where F'(u) = |Re(u)|*Re(u). Next, we write

F(u) = Sy, (F(un,)) = Sw, (F(u) = F(un,)) + (1= Sy, ) F(w).
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Therefore
o, (1) = S(t)(uo — uo k)

_ /0 S(t— 1WA " Sx, (Flu(r)) — Fuy, (7)))dr
_ i/ot S(t - 1)WW=A (1 - Sy, ) F(u(r))dr.

Using Proposition 5.1, we obtain that there exist C' > 0 and 6,6 > 0 (depending only on o)
such that one has the bound

11— SN)/O S(t— W= F(u(r)dr|xs < CTON"|lullxg (1 + [ul%s)-

Another use of Proposition 5.1 yields

lowcllxs < C(lluo — ol o) + 7*llowlxs (1+ fullks + un %) ) +0(Dh oo -

rad

A use of Proposition 5.2 and Proposition 5.3 yields

lonllxe

< Clluo — wollig o) + C°llow 1z (1 + Clluolfs, o) + Clluoklfie (o) +0(1k o0

rad

< Clluo — wokllme, (o) + CT(1+ M)* o, [ xz + 0(1)k— 00

Recall that 7 = ¢(1 + A)™7, where ¢ > 0 and v > 0 are depending only on o. In the last
estimate the constants C' and 6 also depend only on o. Therefore, if we assume that v > «/6
then the restriction on 7 remains to depend only on o. Similarly, if we assume that ¢ is so
small that CT%(1 4+ A)® < Cc?(1+A)7?(14+ A)® < Cc? < 1/2 then the smallness restriction
on ¢ remains to depend only on ¢. Therefore, we have that after possibly slightly modifying
the values of ¢ and 7 (keeping ¢ and « only depending on ¢ and independent of Ny) in the
definition of 7 that

(6.12) lonllxe < Clluw, (0)[[ 1z, @) + 0(1)k—o0-
and passing to the limit in (6.12), we obtain
1. [e%s} .o = 0,
(ol e o.71: 7, ,(0))
where 7 = ¢(1 + A)™7 and the constants ¢ and v depend only on o. Thus, via a use of the
triangle inequality,

(6.13) [u(®)l 1z, ) < limsup [[un, () z7, ,0) <A [t <7

k——+o00 rad
In particular, we deduce
lu(T)|ze, @) < A

a
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Now, the constant 7 is fixed and we can repeat the argument for obtaining (6.13) on (7,27),
(27,37), ...([Z]7, ([£] + 1)7) (and similarly for negative times), giving (6.7) and (6.8). This

T T

completes the proof of Proposition 6.2. O

Therefore we solved globally in time, with a suitable uniqueness, the problem (3.1) on a set
of full p measure. This completes the proof of Theorem 1.

7. Invariance of the measure p
Set
SHM) = {u€ Hy0) : 37, € R, || < M,
IN; — o0, N, € N*, Jup, € Zévk, Py, (Ti)un, — win H,4(0)}.

The set ¥7(M) is a closed set of HZ, ,(©). Observe that £/(0) is the set X’ used in the proof
of Theorem 1. Next, we set

The set X¢ is p measurable and
(7.1) P(E') = p(27(0) > p(H;0a(©)) — 27"
Proposition 6.2 naturally extends to the set X°.

Proposition 7.1. — Let us fit M,i € N*. Then for every ug € X*(M), the local solution u
of (3.1) given by Proposition 5.2 is globally defined. In addition there exists C' > 0 such that
for every up € X' (M),

(7.2) ()|l e (@) < C(i + log(1 + M + |t]))7 .

Moreover, if (uo k) ken, Yok € Ef}vk, Ny, — 00, |1| < M are such that ®n, () (uo k) converges
to ug as k — oo in H ,(©) then

(73) Jim [u(t) — B, (¢ + 7)o 1)1, ) = 0-

Next, we set
o
>=[Jx.
i=1

Then, using (7.1) we obtain that the set X is of full p measure. Thanks to Proposition 7.1, we
can establish a well-defined dynamics of (3.1) for data in . Let us denote by ® the flow map
of (3.1) for data in 3. We have the following corollary of Proposition 7.1 and Proposition 5.2.

Proposition 7.2. — For every t € R, ®(t)(X) = 3. In addition ®(t) is continuous with
respect to the induced by H?, ,(©) to X topology (in particular p measurable).

We now state the measure invariance result.
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Theorem 2. — For every A C 3, a p measurable set, for everyt € R, p(A) = p(P(t)(A)).

Proof. — We first perform several reductions allowing to consider only sets A of a special type
and only short times ¢. Thanks to the invariance of 3 under ®(¢) and the time reversibility
of ®(t), we obtain that it suffices to prove that for every p measurable set A C X, every
t > 0 one has p(A) < p(®(t)(A)). Next, we observe that every p measurable set A may
be approximated from the interior by closed sets of H7 ,(©), i.e. there exists a sequence of
closed sets F,, C A such that p(A) = lim, p(F,,). Indeed, this approximation property is
equivalent to a similar approximation property from the exterior by open sets which may be
achieved by considering € open neighborhoods of the set and passing to the limit ¢ — 0 via
the Lebesgue dominated convergence theorem. Therefore, we deduce that it suffices to prove
that for every closed set F' C X of H? ,(©) one has p(F') < p(®(t)(F)), t > 0. Indeed, if we

have the last inequality then for an arbitrary measurable set A C ¥, we may write
p(A) = lim p(Fy) < limsup p(2(t)(F)) < p(2(¢)(A)),
n—0o0 n—00

where F,, C A is the corresponding approximating sequence of closed sets. Let F' be a closed
set of H? ,(©). Let us consider the set K, C A defined as
K,={ueF : |ulgs

5.a(0) Sk,
where 0 < s < 1/2. Then K, is a compact set of HZ ,(©) and thanks to Lemma 3.2 one
has p(F') = lim,, p(K,,). Therefore, in order to prove Theorem 2, it suffices to prove that for
every set K C X which is a compact of H? ,(©) one has p(K) < p(®(t)(K)), t > 0.

Let us now fix a compact K C X of H? ,(©) and ¢ > 0. Let us observe that there exists

R > 0 such that
{B(7)(K), 0 <7 <t} C{u€ Hy(®) : ||ullps o) < R} = Bg.

rad

We next state a proposition which allows to compare ® and ® for data in compacts contained
in Bg.

Lemma 7.3. — There exist two constants ¢ > 0 and v > 0 (depending only on o) such that
the following holds true. For every compact K C Bpg, every ¢ > 0 there exists Ng > 1 such
that for every N > Ny, every ug € K, every 7 € [0,¢(1 4+ R)™7],

[@(7)(uo) — (I)N(T)(SN(UO))HH;TMZ(Q) <e.

Proof. — The argument is very similar to Proposition 6.2, the only additional point is the
uniformness with respect to the compact K, we will use below. Let K C Bpr be a compact set
For uy € K, we denote by u the solution of (3.1) with data up and by uy the solution of (3.2)
with data Sy(up), defined on [0, 7], where thanks to Proposition 5.2 and Proposition 5.3,
T =co(1+ R)™7 with ¢g > 0, 79 > 0 depending only on o. Next, we set vy = u —uy. Then
v solves

(7.4) (10, — V—Dyox = V—A (F(u) - SN(F(uN))), un(0) = (1 — S )uo,
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where F'(u) = |Re(u)|*Re(u). By writing
F(u) — Sn(F(un)) = Sy (F(u) — F(un)) + (1 — Sn)F(u),

and using Propositions 5.1 and 5.2, we obtain that there exist C' > 0 and 6 > 0 depending
only on ¢ such that

lonllxe < CII(L = Sn)uollme, @) + Cr’llonllxe (1+ ull%s + lunl%e) + 0(1) N to0,

where o(1)v_ +00 18 a quantity which tends to zero as N — 400, uniformly with respect to
ug € K. Using Propositions 5.2 and Proposition 5.3, we get

lonllxe < Cll(L = Sn)uollaz, o) + C7°lowllxe (1 + [luoll e (@) + (1) N—too-
Coming back to the definition of 7 we can choose ¢y small enough and g large enough, but
keeping their dependence only on o, to infer that
lonllxe < (1 = Sn)uollaz o) -
The space X7 is continuously embedded in C([0,7]; HZ ,(©)) and thus there exists C' de-
pending only on ¢ such that
lon (Ol o o) < Cll(1 = Sy)uollmeg, 0, t€I[0,7].
Since K is a compact of HZ ,(©), we have
Ve>0, dNg=>1:VN =N, Vug € K, [[(1-Sn)uollne o) <e-
This completes the proof of Lemma 7.3. O

It suffices to prove that
(7.5) p(®(T)(K)) = p(K), 7€[0,c(1+R)77],

where ¢ and v are fixed by Lemma 7.3. Indeed, it suffices to cover [0,¢] by intervals of size
c¢(14+ R)™" and apply (7.5) at each step. Such an iteration is possible since at each step the
image remains a compact of H? ,(©) included in the ball Bg. Let us now prove (7.5). Let
B. be the open ball in HY ,(©) centered at the origin and of radius €. By the continuity
property of ®(¢), we have that ®(7)(K) is a closed set of H? ,(©) contained in ¥. Therefore,
by (3.10), we can write

p(()(K) + Bac) = limsup p ((#(7)(K) + Bac) N B )

where B, is the closed ball in HZ ,(©), centered at the origin and of radius 2e. Using
Lemma 7.3, we obtain that for every € > 0, if we take IV large enough, we have

(N (T)(SN(K)) + B:) N Ey C (®(7)(K) + Ba:) N Ey
and therefore

limsuppN((Q)(T)(K) + Bs:) N EN) > limsuppN<(<I>N(T)(SN(K)) + B:) N EN).

N—oo N—oco
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Next, using the uniform continuity property of the flow ®x (see Proposition 5.3), we obtain
that there exists ¢ €]0, 1, independent of € such that for N large enough, we have

N (7)((K + Bec) N En) C (On(7)(Sn(K)) + B:) N E,

where B, is the open ball in H? ,(©) centered at the origin and of radius ce. Therefore

limsuppN<(<I>N(7')(SN(K)) + B:) N EN) > limsup py (CI)N(T)((K + Be) N EN)),

N—oo N—oo

Further, using Proposition 3.1, we obtain

PN (<I>N(T) ((K 4 Be) N EN)) = pN ((K + Bee) N EN)
and thus
lim sup py (CDN(T)((K + Bee) N EN)) > l}ﬂio%f PN ((K + Bee) N EN).

N—oo

Finally, using (3.9), we can write

lim inf py <(K + Be:) N EN) > p(K 4 Bee) > p(K).

N—oo

Therefore, we have the inequality p(CI)(T) (K) +3725> > p(K). By letting e — 0, the dominated
convergence gives p(®(7)(K)) > p(K). This completes the proof of Theorem 2. O
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