RANDOM DATA CAUCHY THEORY FOR SUPERCRITICAL
WAVE EQUATIONS I: LOCAL THEORY

by

Nicolas Burq & Nikolay Tzvetkov

Abstract. — We study the local existence of strong solutions for the cubic nonlinear wave
equation with data in H°(M), s < 1/2, where M is a three dimensional compact riemannian
manifold. This problem is supercritical and can be shown to be strongly ill-posed (in the
Hadamard sense). However, after a suitable randomization, we are able to construct local
strong solution for a large set of initial data in H®(M), where s > 1/4 in the case of a
boundary less manifold and s > 8/21 in the case of a manifold with boundary.

1. Introduction

In the study of the local well-posedness of a nonlinear evolutionary PDE, one often
encounters the presence of a critical threshold for the well-posedness theory. A typical sit-
uation is to have a method showing well-posedness in Sobolev spaces H® where s is greater
than a critical index s.,. This index is often related to a scale invariance (leading to solu-
tions concentrating at a point of the space-time) of the considered equation. In some cases
(but not all), a good local well-posedness theory is valid all the way down to the scaling
regularity. On the other hand, at least in the context of nonlinear dispersive equations,
no reasonable local well-posedness theory is known for any supercritical equation, i.e. for
data having less regularity than the scaling one. In fact, recently, several methods to show
ill-posedness, or high frequency instability, for s < s, emerged (see the works by Burq,
Gérard and Tzvetkov [6, 5], Lebeau [12] and Christ Colliander and Tao [10]). The goal
of this paper is to give a class of equations for which, using probabilistic arguments, one
can still obtain a suitable well-posedness theory below the critical threshold. Our model
will be the cubic nonlinear wave equation posed on a compact manifold.
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Let (M,g) be a three dimensional compact smooth riemannian manifold (without
boundary) and let A be the Laplace-Beltrami operator associated to the smooth met-
ric g. For s € R, we denote by H*(M) the classical Sobolev space equipped with the norm
1wl s (ary = |I(1 — A)S/QUHLQ(M). Consider the following cubic wave equation

(1.1) (07 —Ayu+u* =0, (u,0u)i=0 = (f1, f2)

with real valued initial data (fy, fo) = f € H*(M) x H*=Y(M) = H*(M).

Using Strichartz estimates for the free evolution (see Section 2) one can show that for
s > 1/2 the Cauchy problem (1.1) is locally well-posed for data in H*(M). This means
that for every f € H*(M) there exists 7' > 0 and a unique solution u of (1.1), in a suitable
class, such that (u,u;) € C([0,T]; H*(M)), i.e. the solution w represents a continuous
curve in H*(M) (we call such a solution strong solution since the classical construction
of weak solutions does not yield the continuity in time). Moreover, we can show that the
time existence 1" may be chosen the same for all f belonging to a fixed bounded set B of
H*(M) and the map f +— (u,u;) is continuous (and even Lipschitz continuous) from B to
C([0, T); HE (M),

For s = 1/2 one can still construct local strong solution for f € HY2(M) but the
dependence of T on f is more complicated and the Sobolev space H!/ (M) is called
critical space for (1.1).

For s < 1/2, the argument to construct local solutions by Strichartz estimates breaks
down. Moreover one may show (see [10], [12] for the case of constant coefficient metrics
or the appendix of this paper for the case of non constant coefficient metrics ) that if
the initial data belong to H*(M), s < 1/2, the Cauchy problem (1.1) is ill-posed in a
strong sense: there exists initial data (f1, fa) € H*(M) such that any reasonable solution
of (1.1), i.e. satisfying the finite speed of propagation ceases instantaneously to be in
H* for positive times (by finite speed of propagation, we mean the fact that the value of
the solution at (zg,tp) depends only on the values of the initial data on the set of points
located at distance smaller that [to|: {z : dgy(x,x0) < |to|}). However, the functions for
which one can prove such a pathological behavior are highly non generic and a natural
question is whether despite this result one can still prove that the problem (1.1) possesses
local strong solutions for a “large class of functions” in H*(M), s < 1/2. Our purpose in
this paper is precisely to give a positive answer to this question. Our main result reads as
follows.

Theorem 1. — Assume that OM = (). Let us fix s > % and f = (f1, f2) € H*(M). Let
@ € L2 H3(M)) be the associated random function defined in Definition 1.1 below.
Then there exists o > % such that for almost all w € € there exist T, > 0 and a unique
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solution to (1.1) with initial data f* in a space continuously embedded in

X = (costtv=R sy + ZRIE) 4 oo s

More precisely, there exist C > 0, >0 (6 > 0 if s > 1/4) and for every 0 < T < 1, an
event Qr such that
(1.2) p(Qr) >1—CTH°

and such that for every w € Qp there exists a unique solution u of (1.1) with data f“ in
a space continuously embedded in C([=T,T|; H*(M)).

Moreover, if s > 1/4 and if the random variables appearing in the definition of f, hy,ly,,
are standard real Gaussian or Bernoulli variables (1.2) can be improved to

1.3 p(Qr)>1—Ce 9T’ ¢ §>0.
(1.3) (Qr)

Let us now define precisely the randomization we use and what we mean by “a large
class of initial data in H*(M)”.

Definition 1.1. — Let (e,) € C°(M), n = 1,2,... be an orthonormal basis of L*(M)
constructed from real eigenfunctions of the operator —A associated to eigenvalues \2. Let
((hn(w), ln(w))s2, be a sequence of independent, 0 mean value, real random variables on
a probability space (2, A, p) such that

(1.4) 3C50:Yn>1, /Q(]hn(w)\"‘ (@) Hdp(w) < C.

For f = (f1, f2) € H*(M) given by

::jgz‘lnen(m)a jb(m):: }E:ﬁ%ﬁn(w)a anaﬁnégﬂ&
n=1 n=1

we consider the map

(1.5) wr— f¥= Z hn(w)apen(x Zl )Bnen(x

from (Q, A) to H*(M) equipped wzth the Borel sigma algebm. Usmg (1.4) one can check
that the map w — f is measurable and f* € L*(Q;H(M)). Thus it defines a H*(M)
valued random variable, which we call the random function associated to (fi, f2).

Remark 1.2. — A simple computation (see Appendix 2) shows that if h,, [, are identi-
cally distributed and different from zero, or more generally if there exists ¢ > 0 such that
the distributions h,,, l,, satisfy

limsup p({|hn| + |ln] < ¢}) < 1

n—-+00
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then, if f does not belong to H¥"¢(M), for almost all w, f* does not belongs to H*¢(M).
Thus the randomization w — f“ does not give a regularization in the scale of the Sobolev
spaces (but we shall crucially exploit LP regularizations of this randomization).

Remark 1.3. — The result in Theorem 1 shows that in some sense the problem (1.1) is

well-posed for almost all initial data in Hi(M ), exhibiting a gain of 1/4 derivatives with
respect to the critical index 1/2.

Remark 1.4. — For any f € H*(M),1/4 < s, the map
weN— fYeH (M)

endows naturally H*(M) with a probability measure ps. It is straightforward to check
that the solutions given by Theorem 1 satisfy the finite speed of propagation. As a
consequence, Theorem 1 implies that the set of initial data exhibiting the same kind of
pathological behavior as the ones we constructed in the appendix have measure 0 for any
measure fif.

Remark 1.5. — Combining the ideas developed in this paper (and in particular (1.3))
with a global control on the flow given by invariant measures (which itself is related to
the Hamiltonian nature of our equation, see e.g. our previous work [8] or [2, 3, 16, 17])
leads to global well posedness results for a class of super critical wave equations (see our
forthcoming paper [9]). On the other hand, it would be interesting to decide whether the
local in time result of Theorem 1 may be successfully combined with other global controls
on the flow such as conservation laws.

Remark 1.6. — The method of proof consists in using the fact that though the initial
data have low regularity, their LP properties are (almost surely) much better than expected,
allowing the use of a fixed point method after having singled out the linear evolution. Let
us note that such LP regularization phenomena are well-known in the context of Fourier
series since the work of Paley-Zygmund [13]. Similar phenomena were recently studied by
Ayache and the second author in the context of sums of type (1.5) in [1].

Remark 1.7. — In the improved time existence statement of Theorem 1 one may replace
the assumption to deal with Gaussian or Bernoulli’s variables by the assumption (3.1)
below.

Remark 1.8. — For the sake of conciseness, we chose to focus on the cubic semi linear
wave equation. However, the strategy presented here applies to arbitrary non linearities
and allows to go beyond the usual critical threshold. In particular, at the energy level
(H' x L?), the local well posedness result holds for the semilinear wave equation

Ou + ulP~tu =0
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for any exponent 1 < p < 400

Remark 1.9. — Let us observe that the possibility of a similar phenomenon as described
in Theorem 1, in the context of the nonlinear Schrodinger equation (NLS), is studied in
the last section of [17]. However, the situation in the context of NLS is much more
involved and it would be interesting to decide whether the main result of this paper has
an appropriate extension in the context of NLS (or other nonlinear PDE’s).

Finally let us notice that our results extend to Dirichlet or Neumann boundary condi-
tions. In this case, the deterministic Cauchy theory is much less well known.

Definition 1.10. — Let M be a smooth manifold with boundary and compact closure,
and let (e,)2% be an L%*-normalized basis consisting in eigenfunctions of the Laplace op-
erator with Dirichlet (resp Neumann) boundary conditions, associated to eigenvalues N2 .
The space Hy) (M) (resp HX,(M)) is the space of functions f such there exists a sequence
(an)o2 such that

(1.6) f@) = anen(x)

with
Z(l + M) % o) < oo

We shall denote by H3,(M) = H$,(M) x H3 N (M) (resp Hy = H3, (M) x Hy H(M)).

Remark 1.11. — The space H},(M) coincides with the usual Sobolev space of order s
if —1/2 < s < 1/2 whereas H}; (M) coincide with the usual Sobolev space of order s if
-3/2 < s < 3/2.

Consider now the wave equation
(L.7) 0F = Ayu+u’ =0, (u,0u)|=0 = (f1, f2)

with real valued initial data (f1, f2) = f € H*(M) x H*"Y(M) = H*(M), and Dirichlet
(u |r,xom=0) or Neumann (% |r,xom= 0) boundary conditions.
From the results by Lebeau, Planchon and the first author [7] (see also section 6), one

can show that the Cauchy problem is well posed in H2D/?]’V(M ). Here we show that almost
surely, this result can be improved to s = 8/21 < 1/2).

Theorem 2. — Assume that OM # 0, and that the random variables have sizth moments
uniformly bounded

(1.8) 3050 ¥n > 1, /Q(|hn(w)\6 (@) |P)dp(w) < C.
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Let us fix s > % and f = (f1, f2) € Hp n(M). Let f* € L2(Q;H‘;)7N(M)) be defined by
the randomization (1.5). Then there exists o > % such that for almost all w € §) there

exist T,, > 0 and a unique solution to (1.7) with initial data f“ in a space continuously
embedded in

sin(t\/—Ap n)f5

V—Ap N
More precisely, there exists C > 0,5 > 0 and for every 0 <T <1, an event Qp such that
(1.9) p(Qr) >1-CTH°

and such that for every w € Qp there exists a unique solution u of (1.1) with data f“ in
a space continuously embedded in C([0,T]; H*(M)).

Moreover, if hn,l, are standard real Gaussian or Bernoulli variables one can im-
prove (1.9) to

1.10 Qr)>1-Ce 9T’ ¢5>0.
(1.10) p(Qr)

X = (cos(ty/=Bp ) fi + ) + C(=Tu, TJ; Hp, (M),

The paper is organized as follows: in section 2 we recall Strichartz estimates for wave
equations and Sogge’s estimates for LP norms of spectral projectors. In Section 3 we prove
a large deviation bound. In Section 4 we prove in some sense that “randomization beats
deterministic Strichartz estimates” in terms of LP estimates. In Section 5 we perform a
fixed point argument in a suitable space to prove Theorem 1. Finally, in Section 6 we
indicate how the previous argument have to be adapted in the case of a boundary value
problem. In all the proof, we shall focus on positive times, the case of negative times being
similar due to time reversibility.

Acknowledgments: We thank H. Queffélec for providing us the reference [13].

2. Strichartz and Sogge estimates

We shall assume in this section that the boundary of M is empty and collect the
Strichartz estimates for the free evolution and the Sogge estimates for the eigenfunctions
en(x). These sets of estimates are actually in the same family, their proofs being a com-
bination of the Fourier integral operator approximation for hyperbolic problems and the
TT* duality argument. Let us note that due to the finite speed of propagation for solutions
to the wave equation, Strichartz estimates on a compact manifold are equivalent to some
variable coefficient Strichartz estimates on R3. We refer to Kapitanskii [11, Theorem 2]
for the proof of the Strichartz estimate we state bellow and to Sogge [15, Theorem 2.1]
for the bound on e,, stated bellow.

The purpose of the next definition is to define the Strichartz spaces used for solving the
problem (1.1).
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Definition 2.1. — For 0 < s < 1, a couple of real numbers (p, q),% <p < +o00 s
s-admissible if

1,33
p q 2
ForT >0,0<s <1, we define the spaces
(2.1) Xp=C%0, T H(M)) () LP((0,7); L%(M))

(p,q) s- admissible

and its “dual” space
(22) YV’Z{2 = Ll ([07 T]a H_S(M)) +(p,q) s- admissible Lp, ((07 T)7 Lq, (M))

(p',q') being the conjugate couple of (p,q), equipped with their natural norms (notice that
to define these spaces, we keep only the extremal couples corresponding to p = 2/s and
p = 400 respectively).

We next state the Strichartz inequality for the wave equation, posed on a three dimen-
sional smooth compact (without boundary) riemannian manifold.

Proposition 2.2. — Let (p,q) be an s-admissible couple. Then there exists C' > 0 such
that for every T €]0,1], every f € H*(M) one has

(2.3) =Y =AW oo myzaany < ClFIlms i -

Let us now state a corollary of Proposition 2.2.

Corollary 2.3. — For every 0 < s < 1, every s-admissible couple (p,q), there exists
C > 0 such that for every T €]0,1], every f € H*(M),g € Y;~* one has
sin(tv/—A)

(2.4) [ cos(tv —A)(f1)llxs + ||ﬁ(f2)|\x; < C| £l (arys

(2.5) !/0 Sin((t\;%\/j) (@) (D)drx; < Cllglly---

The proof of Corollary 2.3 can essentially be found in [8, Corollary 4.3]. Notice that
here we have to modify slightly the argument to take care of the 0 eigenvalue of the Laplace
operator. We next state the Sogge estimate which will be involved in our analysis.

Proposition 2.4. — There exists C > 0 such that for everyn > 1,

1
lenllaan < C(L+ A5 .
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Let us note that the L*(M) norm can be replaced by other LP(M), 2 < p < oo norms by
modifying appropriately the power of 1+ A2 according to an interpolation with the trivial
L? bound or the L> Weyl bound. We also note that the estimate of Proposition 2.4 has
a natural extension to other dimensions, the index 4 being replaced by 2(d +1)/(d — 1).
Finally, the estimate for e, given by Proposition 2.4 also holds, with the appropriate
statement, for the spectral projection on v—A € [A\, A + 1].

3. A large deviation bound

The purpose of this section is to prove the following statement.

Lemma 3.1. — Let (I,(w))2, be a sequence of real, 0-mean, independent random vari-
ables with associated sequence of distributions ()02, . Assume that ju, satisfy the property

> 2
/ ewdun(az)‘ < e,

—00

(3.1) dJe>0:VyeR, Vn>1,

Then there exists o« > 0 such that for every A > 0, every sequence (¢)5>, € 12 of real
numbers,

0 _ ax?
(3.2) p(w : ‘chln(w)} > )\) < 2 Xnch .
n=1
As a consequence there exists C > 0 such that for every p > 2, every (cn)o>, € 12,
- - 1/2
(3.3) 1D enln(@)[| oy < CVP(D_€h) /2,
n=1 n=1

Remark 3.2. — Let us notice that (3.1) is readily satisfied if (I,,(w))22, are standard
real Gaussian or standard Bernoulli variables. Indeed in the case of Gaussian

& oo dx 2
e dun(x) = e = 1?2
| erdm@ = [ —

In the case of Bernoulli variables (or more generally any random variables having com-
pactly supported distribution) one can obtain that (3.1) is satisfied by invoking the in-
equality

% <et’/?, Vv eR.
Proof of Lemma 3.1.. — We give an argument similar to the proof of [18, Lemma 4.2].

In the case of Gaussian we can see Lemma 3.1 as a very particular case of a LP smoothing
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properties of the Hartree-Foch heat flow (see e.g. [18, Section 3] for more details on this
issue). For t > 0 to be determined later, using the independence and (3.1), we obtain

/ t3 51 Cnln(w H/ tenln w)dp
Q n>1
_ H/ tcnr dﬂn < H c(ten)? _ ct2) >on cn ]

n>1 n>1

Therefore

e(ct2)zn < > et p(w : chln(w) > \)

n>1

or equivalently,

n>1
We choose ¢ as
A
t=
25,3
Hence
D G
w : chln(w) > )\) <e 4Xncn
n>1

In the same way (replacing ¢, by —¢,), we can show that

)\2

ZCTLTL )<€ 4czncn

n>1

which completes the proof of (3.2). To deduce (3.3), we write

HZCnn ||LpQ)_ /0 |chn ’>)\)\p 1d)\
oo 1 _72 9\ P o0 1 A2 9\ P
< Cp/ ANP7he Tnend) < C’p(Cch)Q/ NP7 rem T dN < (CchnP
0 n 0 -

which completes the proof of Lemma 3.1. 0
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4. Averaging effects

In this section, we exploit the randomization to get two L* estimates for the free evo-
lution. These estimates play a central role in the proof of Theorem 1.

Proposition 4.1. — Let s > 1/4 and 0 < T < 1. Under the assumptions of Theorem 1,
for f = (f1, f2) € H*(M), we consider the free evolution with data f*, given by

w w . sin(tv—-A4A) .,
uf(t, @) = cos(tv—A)ff + E/I)fz :

Then there exists C > 0 such that for every f € H*(M),

s_1
(4.1) [(=A +1)278u% | Laga, x (0,17, x M) < CT1/4||f”HS(M) :
In particular, thanks to the Bienaymé-Tchebichev inequality, if we set

s_1
E)\,TJ = {w eN: H(—A + 1)2 Suf”L‘l([O,T]tme) > )\}

then there exists C > 0 such that for every A > 0, every f € H*(M),

P(Extp) < CTA™ (| Fll30s r) -

Proof. — By expanding the sines and cosines functions as sums of exponentials, we obtain

that we may only consider the contribution of (—A + 1)%_%&” —Af2 the other contribu-
tions being dealt with similarly (again the zero frequency should be treated separately).
Suppose that

fi(@) = anen(z) € H(M).
n
If we set &, = (A2 + 1)%_éan then
1l any = D @l (1207
n
We shall use the following result.

Lemma 4.2. — Assume that (h,), is a sequence of independent, 0-mean value, com-
plex random variables satisfying for some k € N*

3C>0,Vn>1, / | A (w) [P dp(w) < C
Q

then
V2<p<2k, 3C>0, Y(cu)nen € 2(N*,C),

4.2
(4.2) 1S enalliny < O3 len2) /2.

n
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Proof. — Using Holder inequality, it suffices to prove the estimate for p = 2k. We have

Qk’
/|§ Cnhin (W)] E /Cm Tt X CnyCnygyq X0 X Cngy,

M2k

hm (w) XX hnk (w)h’nkJrl (w) XX hn2k (w)dp(w).

Using the independence and the fact that the random variables have 0 mean, we obtain
that for the contribution of ni,--- ,n9g not to vanish, each index have to be appear at
least twice. As a consequence (using that the 2k-th moment of the random variables are
uniformly bounded)

/ S et <G 3 /Q s+~ o Vs () -+~ oy () lp()
1,0,k
§ Ck(z ‘Cn|2)k

O]
Let us come back to the proof of Proposition 4.1. Using Lemma 4.2, we obtain
-+ DI laomnan < (2 S nen @)y
- CHZ [Gnen(@)l" ‘ ;/22(0T x M)
= C(;Hmne"(ﬂﬂ L2((0,T)xM))1/2
< OTA (Y [nen @) 2agar))
which, according to Proposition 2.4 implies Proposition 4.;. ]

Remark 4.3. — For 1 < p < +oo, the norm || f||yws»ar) and [|(=A + 1)%HLP(M) are
equivalent. Indeed, for s € 2N, this is a consequence of the LP elliptic regularity theorem
and for general s it follows by interpolation and duality.

As a consequence of Lemma 3.1, under assumption (3.1), we can improve the averaging
effect estimate as follows.

Proposition 4.4. — Under the assumption of Proposition 4.1, if we suppose that in ad-
dition the randomization obeys the condition (3.1), then for p > 4,

s_1 1
(4.3) [(=A +1)278u% | Lo e 0,1] x M) < CP2 N f s (r
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As a consequence, if we set

Byg={weQ: I(-A+ 105 Sufllpagonan) = A}
then there exist C > 0 and ¢ > 0 such that for every A > 0, every f € H*(M),
(4.4) p(Exg) < Ce MM lhean

Proof. — As in the proof of Proposition 4.1, we may only consider the contribution of
s ~ s 1
(—A + )’_ge”V A fe. Writing f1 = Y, anen and if we set &, = (A2 + 1)27 8 q, then

~ 1
1l any = 3 @21+ A2)5.

Set
v‘]‘fl (t,z) = (—A + l)g_geitv _Afi".
Thus the issue is to show that
0%, (& )| e ;240,11 x M) < CVPI il s (ary -
By the Minkowski inequality, for p > 4,

0%, (8, @) Lecosza 0,11, x M) < 105 (@)l 40,10, x Mas 2P (92)) -
Thanks to Lemma 3.1,

/
16,2 ey = 32 G enla)n )ty < OVB (Y @n(z) )

Therefore, we get, thanks to Proposition 2.4,

10%, (8 @) | e @spa (o, xas)) - < C\/ﬁH (Z ‘avnen(x)‘Q) 1/2‘ LA([0,1]¢ x M)
< ([ meaer],,,) "
< (S en@r]ug,) "
= C@(ZW"' el ;(Mm)m
< ovp(Smea )"
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which completes the proof of (4.3). Let us now turn to the proof of (4.4). Thanks to
the Bienaymé-Tchebichev inequality, there exists « > 0 such that for every p > 4, every

f €M),
(4.5) p(Exg) <377 (avbllf o)

Inequality (4.4) easily holds, if A is such that

(4.6) A < 2aqe.
£ Nl (o
If (4.6) does not hold, we set
A 2
P=E || (=24
[a’f|HS(M)€

With this choice of p, we come back to (4.5) which yields (4.4). This completes the proof
of Proposition 4.4. O

5. The fixed point
If we wish to solve
(&t2 —A)u+ ud = 0, (u,0m)li=0 = (f{',f5)=1r"

by writing u = u‘}’ + v, where u‘}’ denotes the free evolution associated to f“, we obtain
that v solves

(5.1) (0 — A)v = —(uf + v)3, (v,0)]i=0 = (0,0).
Write this equation as

B Psin((t — 7)vV—A)
ot = [ R

((uf + v)®)(r, -)dr.

Define the map

tsin((t — 7)vV—A
[ W-A)

A ((uf + v)®)(r,-)dr.
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5.1. The case s = 1/4. — In this case, the numerology is particularly simple

Proposition 5.1. — Let us fit s = 1/4. Then there exists C > 0 such that for every
T € [0,1], every f € HY*(M), every A > 0 for w € EX ; the map K§ satisfies

(5.2) 157 @)l < C(W + 0l 2),
(53 IKF0) = K@)lge < Cllo = wll g (3 + 01 ye + 0l yz)

Proof. — Indeed, for w € EY. o We have

luF a0,y xary < A

and consequently, according to Corollary 2.3,
K5 @y < CIS + 0P gagorian < C(3+ 015,2)
and

17 (0) = K7 (w)ll 2

3 3 2 2 2
< CllCuz +v)" = (uf + w)llparsqpo,ryan < Cllv = wll 12 (A" +llvllye + vlly2)
O

5.2. The case s > 1/4. —

Proposition 5.2. — Let us fit s > 1/4. Then there exists 0 > 1/2, C > 0 and k > 0
such that for every T € [0,1], every f € H*(M), every A > 0, w € EX ; the map K¥
satisfies

(5.4) IK3(0)lxg < (N + Tl ).

(65) K@)~ KP@)lxg < OT o —wlxg (¥ + [olkg + i)
Proof. — Let us notice that, according to Corollary 2.3, for 1/2 < o < 1 (to be fixed
later),
1K (0)llxg < Cll(ug +0) | L o7, ()
where

S22 (1-0), p=4
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Notice that 4 > 2/0 and thus the choice p = 4 is allowed. Using the triangle inequality,
we obtain

(5.6) HKf( )HX" < C(H“f”[/l( [0,7]:L3 (M)) + HUH%([QT};LW(M)))-
Let us first study the second term in the right hand-side of (5.6). This will be done by
invoking the H?, o > 1/2 well-posedness argument. Observe that % = % — 2. Let p be
such that (p, 3¢’) is o-admissible, i.e.
1 3 3 L 1T %
3¢ 2 7 p 12 3°

Observe that since o > 1/2 we have that p > 4. Therefore thanks to the Holder inequality
(in time) for o > 1/2 there exists x > 0 such that

o < T¥|ol%s .

3
HL“([O:T];L?"J' (M)

Let us next study the first term in the right hand-side of (5.6). We first consider the case
s > 1. Using the Sobolev inequality, for w € Ef f» We can write

uF L o,17); 159 (ary) < C”“me (o S O

This ends the proof of (5.4) for s > 1 (¢ being an arbitrary number in (1/2,1)).
Let us next assume that s < 1. Then for w € EY f (and according to Sobolev embed-
ding), we have

||Uf||L4 ([0,1]);L90 (M) = C||uf”L4( [0,1]; Wi (M)) = CA
where
1 1 (s—1/4)
o 4 3
We choose

9 1
a—mm(lo 3 3(3—1))
which fixes the value of ¢ in the case s < 1. Then

1 3 3 1 1 (1/2-0) 1 _1 (s—1/4) 1
T S o A G e 2
1T, U= =g 3 3¢ < 4 3 %

As a consequence for w € E¥ f» using the Holder inequality in space, we get that for s < 1,
we can bound the contribution of the first term in the right hand-side of (5.6) as follows

Il o, psnser any < Nef sz < ClaFl o apetagm < N
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This ends the proof of (5.4). The proof of (5.5) is similar. Indeed, it suffices to write

1 () — 55 ()15 < 1o = wlgago mezow oy (19512 om0 ay

2 2
ol oy oy + 10 o s any)

and to use the previous estimates. This completes the proof of Proposition 5.2. 0
Let us now complete the proof of Theorem 1. Let us first consider the case of a random-

ization induced by a general family of random variables satisfying (1.4). Fix 0 < T < 1.
As a consequence of Propositions 5.1 and 5.2, if w € ES 1. f and if

1
(5.7)  CXN} 4+ T"(20N%)3 < 20)3, and CT"(\? + \%) < 3 #20,(k>0ifs>1/4),

then the map K]“Z is a contraction on the ball of radius 2CA\3 of X7. Notice that the
condition (5.7) above is implied by the following
TN\ = €0 <« 1.
Let us fix such € > 0. As a consequence, if we define, with § = /6,
Qr = EizET*‘s,T,f’ = U Q1 /ns
neN*
then
p(Qr) >1-CT*, p(8) =1

and we obtain the first part in Theorem 1 in the case of general variables satisfying only
(1.4).

Let us finally consider the case of random variables satisfying in addition to (1.4) the
property (3.1). In this case A = A(T") is chosen such that

T"X =e< 1
and according to Proposition 5.2, if w € EY Iz then the map K7¥ is a contraction on the
ball of radius 2C A3 of X9. Now according to (4.4), we obtain that if we set
O =B = U Qm
neN*
then
S5
p(Qr) >1—Ce " 5,Cc>0, p()=1.

This completes the proof of Theorem 1. O

Remark 5.3. — Let us observe that in Theorem 1, if s > 1/4 then o > 1/2.
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6. Manifolds with boundary

In this section we consider the case of Dirichlet or Neumann boundary conditions. For
conciseness, we shall drop the subscript D, N.

6.1. Strichartz and spectral projector estimates. — The following spectral pro-
jector estimate is proved by Smith and Sogge [14, Theorem 7.1]

Proposition 6.1. — There exists C > 0 such that for everyn > 1,
lell sy < CL+A2)5 .
This estimate implies (see [7, Theorem 2]) the following Strichartz inequality
Proposition 6.2. — There exists C' > 0 such that for any f € H%(M)

itV
e fllzscoyxm) < CHfHH%(M)-

By interpolation and duality, we deduce that the Strichartz inequalities (2.4) and (2.5)
remain true provided we replace the definition of admissible couples by

Definition 6.3. — Let 0 < s < 1. A couple (p,q) is s-admissible if

1+3 3
422 g
p q 2
and
7 7
pZ %.Zf‘sS?ﬁv
5ifs>15-

6.2. Averaging effects. —

Proposition 6.4. — Let s > % Under the assumptions of Theorem 2, for f = (f1, f2) €
HE (M), we consider the free evolution with data f*, given by

in(tv—A)fy
uf(t,z) = cos(tvV—A)fi’ + Sm(\/j)fQ .
Then there exists C > 0 such that for every f € H*(M),

s

s_1
(6.1) [(=A +1)275u% | 15 x (0,17, x M) < CT1/5||f”HS(M) :

In particular, thanks to the Bienaymé-Tchebichev inequality, if we set

s_1
E)\,TJ = {w e H(—A + 1)2 5uf||L5([O,T]t><MI) > )\}
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then there exists C' > 0 such that for every A > 0, every f € H*(M),
P(Ext.f) < CTA || F113s an)

Proof. — Using Lemma 4.2 we compute

s_1 g/ w
[(—A +1)2 5etmf1 HL5(wa[0T}t><Mx)
s_ 1
— HE Zt)\n 1+A2 2 50(n€n( ) n(w)HLS(QwX[O?T]tXMZ)

) s 1 1/2
scu(2|em<1+xi>2 Sanen(@)?) oo xan)

i s_1 1/2
<CHZ\€“‘ (1 X2)5 5 anen(@) P15 2o 19t

s_1 1/2
<o(S I+ )3 sanen«c)r?uLs/zqo,wz))
n
Finally, using Proposition 6.1, we obtain
s_1 s/
I(=A +1)275™ A ]| L5 x 017, M2

1/2
<or (S 11+ 22 aul?) " < CTON ey
n
The contribution of fy is dealt with similarly. This ends the proof of Proposition 6.4. [

6.3. The fixed point. — In this section we shall prove only the case s = 8/21 in
Theorem 2. The case s > 8/21 and the improved estimate for Gaussian are proved mutatis
mutandi following the strategy developed in Section 5. Interpolating between (6.1) and
the trivial bound

41| 20 0,79 x 2y < CTY2 1 fll200ary
gives
(6.2) 1uf | 1ar3 (0 x o)ty < CT M Fllggsizagay -

As in Section 5, we are looking for a fixed point of the map
sin( t —7)V-A)
w - —s / ((u?} + 2})3)(7', )dT

Using the Strichartz inequalities in Section 2 (Wlth the new definition of admissible couples
and consequently of X7 and Y spaces), we obtain

1551 275 < Cll(uf + )75
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But (observe that (21/4,14/3) is a 2/3-admissible couple)
191l oo 0,7y, 273 (aryy + 19N L2173 (0, 1520473 (ary) < CHQHX;B
and (observe that (21/2,14/5) is a 1/3-admissible couple and that 21/4 > 63/19)

HU3HY1/3 < CHU3HL21/19((0,T);L14/9(M)) < CHU||2263/19((07T);L14/3(M)) < CTH“”?@/S :

T
These a priori bounds combined with the estimate (6.2) (and the fact that 14/3 > 63/19)

allow to perform the fixed point in the space X?/ 3 (for sufficiently small 7" depending on
w), exactly as in the previous section. This ends the proof of Theorem 2.

A
Ill posedness on H*(M), s < 1/2.

The goal of this appendix is to prove the ill-posedness statement claimed in the intro-
duction. For that purpose, we first prove the lack of continuity at 0 of the flow map on
H*(M), s < 1/2. More precisely we have the following result.

Proposition A.1. — Let us fir s €]0,1/2[. Then there exists 6 > 0 and a sequence
(tn)o2, of positive numbers tending to zero and a sequence (u,(t))52, of C°(M) functions
such that
with
tn () ear) < Clog(m) ™~y 0
but
l|tn ()3 a1y = C'log(n)® —p—teo +00.

Proof. — The proof is strongly inspired by the considerations in [10] where the Euclidean
space is considered instead of a riemannian manifold (M, g). The only advantage of our
argument with respect to [10] is that we avoid the scaling consideration of [10] and thus
we can keep the argument local in space and can be extended to the case of compact
manifolds. A similar discussion in the context of NLS may be found in [4, Appendix].
Working in a local coordinate system near a fixed point of M, we consider an initial data
concentrating at this fixed point. Namely, we consider (1.1) subject to initial conditions

(A1) (fin(@), fon(@)) = (Ran2 *p(nz),0),  n>1,

where ¢ is a nontrivial bump function on R3 and

i = [log(n)] ",

with d; > 0 to be fixed later. The equation (1.1) being H'(M) sub critical (and defocus-
ing), we obtain that (1.1) with data given by (A.1) has a unique global smooth solution



20 NICOLAS BURQ & NIKOLAY TZVETKOV

which we denote by u,. We will consider the solution of (1.1) with data (1.1) only for
small times and thanks to the finite propagation speed of the wave equation the analysis
is local. Next, let us denote by V() the global solution of the ODE

(A.2) V'+V3i=0, V(0)=1, V'(0)=

Multiplying (A.2) by V', we deduce that V (¢) is a periodic function. We next denote by
v, the solution of

(A.3) 0o, +13 =0,  (v2(0),90,(0)) = (Kpn2 @ (na),0).
It is now clear that

v (t,z) = nnn%_sgo(nx)v(tmnn%_sap(nm)>.
We next consider the semi-classical energy

1 1
Ey(u) = n_(l_s)(HatUH%%M) +IVulZaan)® +n” - S)(HatUHHl an T IVl ?

We are going to show that for very small times u,, and v,, are close with respect to E, but
these small times are long enough to get the needed amplification of the H® norm (this
amplification is a phenomenon only related to the solution of (A.3)). Here is the precise
statement.

Lemma A.2. — There exist € > 0, do > 0 and C' > 0 such that, if we set
tn = [log(m)) 2™~
then for every n > 1, every t € [0,t,], En(un(t) —v,(t)) < Cn~¢. Moreover,
(A4) [un(t) = on ()|l s (ary < Cn™*
Proof. — Set w,, = u,, — v,. Then w, solves the equation
(02 — A)yw, = Av, — 302w, — 3v,w? — w3,  (w,(0,), 0w, (0,-)) = (0,0).

Set
F = Av, — 302w, — 3v,w? — w? .
By the energy inequality inequality for the wave equation, we get

d —(2—s s
o (Bulwa®)) < CnmCIEE )y + Cn I NE e
We have for t € [0, t,],

1A () (t, g any < Cllog(m)P2n =%, || A(va)(t, )|l 2y < Cllog(n)]*?n*~*
Therefore
d

(A5) = (Ba(wa(®)) < C(logm)Pnn== |Gt ) oy +n~ NGl a2an)
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where

2 3
= 302 nWn — 3Upw;, — W,

t
wn(t,x):/ Oswp, (s, x)ds
0
we obtain

_(3_¢
(A.6) l[wn (t, )| i )§C[log(n)]52n (3 >Oiugtuatwn(r,-)|ka(M).

Writing for ¢ € [0, ¢,],

Moreover, we have that for t € [0, t,],

(A.7) IV 0 (¢, ) o (ary < Cllog(n )| ko2 5 —s+k
and thanks to the Gagliardo-Nirenberg inequality,

(A8) ot zeqan) < Cllwn(t ) ogan lon(ts Miagar) < O3~ Balwn()).
Set
en(wn(t)) = sup Ep(w,(1)).

0<r<t
Using (A.6), (A.7) and (A.8), we get that for [ = 1,2,
(s 3_g
NG -1 any < Cllog(n)]2n2 ™ (en(wn) + [en(wn)]?) -
Therefore, coming back to (A.5), we get

%(En(wn(t))> < Cllog(n)*n + Cllog(n)]*2n3~* (en (wy) + [en(wn)]?) .

We first suppose that e, (w,(t)) < 1 which holds for small values of ¢ since w,(0) = 0.
Thanks to a Gronwall lemma argument for ¢ € [0, ¢,],

209

3_s
en(wn(t)) < Cllog(n)]??n® =2 CtIos I 2™ < Cllog(n)|%2p*~ 7 Clost0)]

(one should see d2 as 302 — 22 and s —1/2 as 1 — (3/2 — s)). Since s < 1/2, by taking
d9 > 0 small enough, we obtain that there exists € > 0 such that

E,(wn(t)) <Cn™*
and in particular one has for ¢t € [0, ,],
(A.9) 10ewn (8, )| 2 (aay + llwa(t, iy < Cn' ™75
We next estimate ||wy,(,-)| 2. We may write for t € [0, ¢,],

lwn(t, )lL2ary = H/ Oewn (s, )L2(ar) < et sup (| Opwn (7, <)l L2(ar) -
0 0<r<t
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Thanks to (A.9) and the definition of ¢,, we get
lwn(t, )| 220y < Cllog(n)]2n~G=)Inl—sn 2.

Therefore, since s < 1/2,

(A.10) lwn(t, Mz < Cn7°
An interpolation between (A.9) and (A.10) yields (A.4). This completes the proof of
Lemma A.2. O

Using Lemma A.2, we may write

lwn(trs M &s(ar) = Nvn(tn, ) as(ar) — Cn™F
On the other hand from the representation of v,, we obtain for n large enough
(A.11) [vn(tns Ml s ary = Chin(tnrinn?*)* = Cllog(n)] (D450
Indeed this estimate is the consequence of the following lemma.

Lemma A.3. — Consider a smooth non constant 21 periodic function V' and two func-
tions ¥, ¢ € Cgo(Rd) such that ¢ is not identically vanishing. Then there exists C > 0
such that for any A > 1 and any s > 0

S

9V o@D oy > 2 — €

Proof. — The multiplication by a smooth function being continuous on H?, it suffices to
prove the estimate with 1 replaced by any function x x ¢ with x € C§°. As a consequence
(and using that H* is invariant by diffeomorphisms), we can assume that on the support
of the function v, we have ¢(z) = x1. We develop

V()= vne™,  Jou| <Cn(1+ n))
nez

and replacing the function V' by V —wg (which changes the H® norm by at most a constant),
we can assume vg = 0. Choose n; # 0 such that v,, # 0 (V is non constant). Then

~ 2
@)V (A1) e gy = / S waier — 0, &) (Lt [el) e

n/\ . )\7 " |2 28d
> [ ey 2 D€ =R 1+ e e

1

L nlA Y INE 1 2s
27 P IR ICRT)

2
-2 (1+J¢l)de.

> vnt(& —nA€)

n#ni
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The first term in the right hand side is bounded from below by

1

~ 1
! / [y D1, €)1+ Jr + A > LA — C
2 Jig<a C

whereas the second term is bounded (in absolute value) by

2/|£<1‘ Z Un{b\(fl + (n1 —n)\, &)

n#Eny

2
(1+ [€] + [y A|)**dg

< O( 2 Ialltns = mA =1V pP)” < €
n#ni

which ends the proof of Lemma A.3. O

By choosing 01 small enough (depending on dy fixed in Lemma A.2), we obtain that
limy, o0 ||Vn(tn, -)|| s = oo which implies that lim,, o ||un (tn, )| s = co. This completes
the proof of Proposition A.1. O

We now can show that these solutions we just constructed can be glued together to give
the following statement.

Proposition A.4. — Let us fir s €|0,1/2[. There exists an initial data f = (f1, f2) €
H* (M) such there exists no solution of (1.1) in L®((—=T,T);H*(M)), T > 0 with initial
data [ satisfying in addition the finite speed of propagation.

Proof. — We use the notations introduced in the proof of the previous proposition and
consider solutions u,, as constructed above, but, working in local coordinates, with initial
data centered at points z,, = (21,2, = 0) with a sequence x,; converging to 0 to be
specified later. As a consequence, the support of the initial data of u,, is included in the
set
/ 3 / c
{z = (x1,2") € R° : |21 —xpq| + |2 < E}

Furthermore, the explicit form of v, (and the fact that ¢, << n~!) shows that if

C
< — —
<3, Ct,}

Ky,={z :|z1 —2zn

then
”un(tnv )||HS(Kn) — +00.
Remark also that we have

Lemma A.5. — For any 0 < s < 1/2, there ezists C > 0 such that
Vi, Vue B, ullen > Cllu ik, e
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Proof. — Indeed, the multiplication by the Heaviside function is continuous on H*(M)
(because —1/2 < s < 1/2 and

u]Kn:uxl_g

C 4 Ctn<a1—Tn1< 2 —Cty *

We now consider a sequence (ng)ren such that

= Nng, (0, M s (ary < 27k,

—ng < 2k,
Remark also that all the estimates on the functions w,, are independent of the choice of
the sequence z, 1 (because the bounds on u,, we have are independent of the choice of the

L Consider now as

concentration point), and consequently, we can assume that Tny,l = 72

initial data
f=(h= Z unk(o)an =0),
k> ko

where ko > 1 is a large constant. The support of the function f; is included in the union
of the balls of radius C27% centered at (k%, 0,0). If ko is large enough, any solution u of
the non linear wave equation with initial data f, satisfying the finite speed of propagation
will consequently coincide with the solutions w,, , k > ko we just constructed on the cone
K,, (notice that for ko > 1, the cones K, , k > ko are disjoint). As a consequence, these
solutions will satisfy (using Lemma A.5)

Hu(tnk7 )HHQ(M) = CHu(tnm ')HHS(K%) —k—+o0 T00

and consequently

limsup [|u(t, ) || (ar) = +00-
t—>0+

This ends the proof of Proposition A.4 O

B
Lack of H?® regularization under the considered randomization

The goal of this appendix is to give the proof of the following lemma.
Lemma B.1. — Let

= anen(x) € H (M)
n=1

be such that for some € > 0 one has that f does not belong to H¥T¢(M). Let (I,,(w))°

n=1
be a sequence of independent random variables such that there exists ¢ > 0 satisfying

limsup p({|ln]| < ¢}) < 1,

n—-+o00
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(notice that this assumption is fulfilled if the random variables are identically distributed
and non identically zero). If we set

Z ln anen )

=1
then we have that f“ belongs to H5T¢(M) with probability zero.
8

3

Proof. — A similar argument is given in [8]. Denote by p, the distribution of (I, (w))22.

By assumption there exists ¢, > 0 such that pu,([—c,¢]) < (1 —9). Then, we can write
(with p, = e_CQAi(HE)a%)
Pn =

a 2(s+e)
/Q Hf ||Hs+5(]\/j)dp( ) H/e 2 + a2$2d ( )

_/ e_)\i(s+6)a%x2d,u,n(x) +/ o 2(s+€)a2x2d ( )
|z|>c
< TT (sa(=c.0) + pa(l = pn(=c,0)) = TT (tn(=c;0)(1 = p) + )
n=1 n=1

fj(1—5 1—pn) +pn) ]Oj[(l—él—pn))

Since by assumption ), )\i(sﬁ)a% = 00, we obtain that > (1 — ~X e %) = 0o and
therefore
- _2)20549) 2 )2
H (1 —d(1—-e°¢ “An ) =0 = / e a0 dp(w) =
n=1 Q
This implies that || f«||? Frs+e(ar) = 00 almost surely. This completes the proof of Lemma B.1.
0
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