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ON THE WATER-WAVE EQUATIONS WITH
SURFACE TENSION

T. ALAZARD, N. BURQ, and C. ZUILY

Abstract

The purpose of this article is to clarify the Cauchy theory of the water-wave equations
as well in terms of regularity indexes for the initial conditions as for the smoothness
of the bottom of the domain. (Namely, no regularity assumption is assumed on the
bottom.) Our main result is that, following an approach developed earlier, after
suitable paralinearizations, the system can be arranged into an explicit symmetric
system of Schrodinger type. We then show that the smoothing effect for the (one-
dimensional) surface-tension water waves is in fact a rather direct consequence of
this reduction, and following this approach, we are able to obtain a sharp result in
terms of regularity of the indexes of the initial data and weights in the estimates.
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1. Introduction
We consider a solution of the incompressible Euler equations for a potential flow in a
domain with free boundary of the form

{(t,x,y) € [0, T xR xR : (x,y) € 2},
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2 ALAZARD, BURQ, and ZUILY

Figure 1. The domain

where €2; is the domain located between a free surface
¥ = {(x,y) eR'xR:y= n(t,x)}

and a given bottom denoted by I' = 9€2, \ X,. The only assumption we shall make
on the domain is that the top boundary, ¥,, and the bottom boundary, I", are separated
by a “strip” of fixed length.

More precisely, we assume that the initial domain satisfies (for ¢ = 0) the follow-
ing assumption.

ASSUMPTION H,
The domain 2, is the intersection of the half space, denoted by 2, ,, located below
the free surface ¥,

Q1 ={x.y) eR xR : y <n(t,x)}

and an open set Q, C R such that Q, contains a fixed strip around X,, which
means that there exists h > 0 such that

[, y) eR* xR : n(t,x) —h <y <n(t,x)} C Q.

We shall also assume that the domain Q, (and hence the domain 2, = Q,, N Q) is
connected.

We emphasize that no regularity assumption is made on the domain (apart from the
regularity of the top boundary %,). Notice that our setting contains both cases of
infinite depth and bounded depth bottoms (and all cases in between).

A key feature of the water-wave equations is that there are two boundary conditions
on the free surface 3, = {y = n(z, x)}. Namely, we consider a potential flow so that the
velocity field is the gradient of a potential ¢ = ¢(¢, x, y) which is a harmonic function.
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ON THE WATER-WAVE EQUATIONS WITH SURFACE TENSION 3

The water-wave equations are then given by the Neumann boundary condition on the
bottom I' and the classical kinematic and dynamic boundary conditions on the free
surface ¥,. The system reads

Ap+0j¢ =0 in Q,,

o =0,0—Vn-Vo¢ on %,

I B (1.1)
a¢=—gn+rHm) — 3 Vol — 5(3y¢) on %,

9,0 =0 onT,

where V. = (0y,)1<i<a, A = Zd 82, n is the normal to the boundary ', g > 0

i=1 "x;°
denotes the acceleration of gravity, k > 0 is the coefficient of surface tension, and
H (n) is the mean curvature of the free surface,

Hmyzm%;Tf%aﬁ)

We are concerned with the problem with surface tension, and then we set « = 1. Since
we make no regularity assumption on the bottom, giving sense to the system (1.1)
requires some care (see Section 2).

Following Zakharov we shall reduce (1.1) to a system on the free surface X, =
{y =n(, x)}. If ¥ = (¢, x) € Ris defined by

Y, x) = ¢(t, x, n(t, x)),

then ¢(t, x, y) is the unique variational solution of

Ap =0 inQ,, é(r, x, n(t, x)) = ¥, x),

and the Dirichlet-Neumann operator is defined by

(G, x) = V1 + VN2 3,9 y=pi )
= (,9)(1, x, n(t, x)) = Vn(t, x) - (V)(1, x, n(t, x)).

(We refer to Section 2 for a precise construction.) Now (17, ¥) solves

&n — Gy =0,

1 1(Vn-Vy +G : (1.2)
3t¢+gn—H(n)+§|V1/f|2—§( VY Go)

1+ [Vn?
The study of the Cauchy problem was initiated by Kano and Nishida [19] and
Yosihara [37], [38]. In the framework of Sobolev spaces and without smallness




XXX

-

dmj9330

April 13,2011 21:59
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assumptions on the data, the well-posedness of the Cauchy problem was first proved by
Beyer and Giinther [7] in the case with surface tension and by Wu [36], [35] without
surface tension. Several extensions of their results have been obtained by different
proofs by Ambrose and Masmoudi [6], Schneider and Wayne [28], Schweizer [29],
Iguchi [17], Shatah and Zeng[30], Ming and Zhang [26], Coutand and Shkoller [13],
Rousset and Tzvetkov [27], and also Christianson, Hur, and Staffilani [12].

Using the paralinearization approach developed by Alazard and Métivier [1] we
first prove the well-posedness of the Cauchy problem (in any dimension) for rougher
data, without any assumption on the bottom. Previous results required the bottom to
be the graph of a smooth function (at least W'*°°; see [17], [26]). Second, under the
same conditions, we prove the smoothing effect when d = 1 with the natural weights
in the estimate.

Our first result (Cauchy theory) is the following theorem.

THEOREM 1.1

Letd > 1,5 > 2+d/2, and (ny, ¥o) € HT'2(RY) x H3RY) be such that the
assumption H,_ is satisfied. Then there exists T > 0 such that the Cauchy problem
for (1.2) with initial data (ny, Vo) has a unique solution

(n,¥) € C°([0, T]; H*'*(RY) x H*(RY))

such that the assumption H, is satisfied for t € [0, T].
Concerning the dependence of the solutions on the data, we have the following result.

THEOREM 1.2

Consider (n, ¥) € C°([0, T]; H5*'/2(RY) x H*(RY)) as a solution of (1.2), and con-
sider a sequence (11,0, Wn.0)nen- converging in H5T1/2(RY) x H3(R?) to (n, ¥) |i—o.
Then, for n sufficiently large, the solutions (n,,V,) € C°([0, T]; H*'/2(R?) x
H5(RY)) with data (0,0, Wn.0) are defined on the time interval [0, T and satisfy

nETN (s ¥) — 0, Yoo, 7154125y = 0. (L.3)

Remark 1.3

Notice that our threshold of regularities appears to be the natural one (as long as
dispersive effects are not taken into account). Indeed, ¥ € H*(R?) is equivalentto ¢ €
H5F12(,,); hence the velocity u = V¢ belongs to H*~'/?(%2;,) and therefore u €
Lip(€2,)assoonass—1/2—1 > (d + 1)/2, that is, s > 2 4 d /2. Consequently, our
assumption is the minimal one (in terms of L? based Sobolev spaces) which ensures the
Lipschitz regularity of the initial velocity field. (The Lipschitz regularity assumption
is well known to be required for the local well-posedness of differential equations.)
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As a consequence, solving this quasilinear system without using further dispersion
properties requires working at least at this level of regularity. However, working with
such rough data gives rise to many technical difficulties, which would be avoided (to
a large extent) by choosing s > 3 4+ d/2. On the other hand, the dispersive properties
enjoyed by the solutions of the water-wave system (as the Strichartz estimates proved
in [2]) should precisely enable us to go below this threshold. This will be the purpose
of our forthcoming work [3].

Remark 1.4

Notice also that the natural assumption on the water-wave system would be to assume
that (7, V) € H"/2(R?) x H*"'(R?). The method we developed in this article
works for the case when assuming only that (, V@) € H5/? x H*~!. However,
treating this case requires more elaborate calculations. For simplicity, we are assuming
more, that is, (n, ¢) € H5T'/? x H®.

Our second result is the following 1/4-smoothing effect for two-dimensional water
waves.

THEOREM 1.5
Assume thatd = 1, let s > 5/2, and let T > 0. Consider a solution (n, V) of (1.2)
on the time interval [0, T'] such that 2, satisfies the assumption H,. If

(1, ¥) € C([0, TT; H'2(R) x H(R)),
then for any § > 0

()72, ) € L*(0, T; H*PH(R) x HMA(R)).

Notice that in [12], Christianson, Hur, and Staffilani initiated the study of the dispersive
properties of the solutions of the water-wave system and proved Strichartz type esti-
mates, for smooth enough initial data (in the semi-classical regime and consequently
with loss of derivatives).

Many variations are possible concerning the fluid domain. Our method would
apply to the case where the free surface is not a graph over the hyperplane RY x {0},
but rather a graph over a fixed hypersurface. Notice also that our proof might apply to
the radial case in dimension 3. However, the nonradial case would certainly require
some nontrapping assumption on the initial geometry.

Remark 1.6
Notice that our method would apply to the case where the bottom is time-dependent,
under an additional Lipschitz regularity assumption on the bottom. In this case, the
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system reads
Ap+0j¢ =0 in Q,,
9m = 0yp —Vn-Vo on %,

1 1
09 = —gn+KH) — 5 IV4F = 30,97 on X, (14)

d
0, p(m) = d_n; -n(m) form € Iy,

where here ‘fi—':’ is the time derivative of the point m on the boundary T’,.

As will appear clearly in the proof of Theorems 1.1 and 1.5, the only difference
between (1.1) and (1.4) is that the boundary condition at the bottom has an influence
which is negligible (in the high-frequency regime) as soon as the Dirichlet-Neumann
operator is well defined (which is the case by a variational approach as soon as the

bottom is Lipschitz).

To prove Theorem 1.5, we start in Section 2 by defining and proving regularity
properties of the Dirichlet-Neumann operator. Then in Section 3 we perform several
reductions to a paradifferential system on the boundary by means of the analysis in
[1]. The key technical lemma in this paper is a reduction of the system (1.2) to a simple
hyperbolic form. To perform this reduction, we prove in Section 4 the existence of
a paradifferential symmetrizer. We deduce Theorem 1.1 from this symmetrization in
Section 5. Theorem 1.5 is then proved in Section 7 by means of Doi’s approach (see
[14], [15]). Note that our strategy is based on a direct analysis in Eulerian coordinates.
In this direction it is influenced by the important paper by Lannes [21]. It can be
remarked that in [21], the Nash-Moser scheme is applied due to a loss of regularity
in the estimates obtained while symmetrizing the system. It happens very often that
in such situations, this scheme can be avoided by applying several derivatives to the
equation (see for example [7], [17], [27]). Here, the loss of derivatives encountered in
Lannes’s work is avoided by the systematic use of the paradifferential calculus which
enables a very precise analysis of the Dirichlet-Neumann operator and consequently
gives a better symmetrization method.

As was shown by Zakharov (see [39] and references therein), the system (1.2) is
a Hamiltonian one of the form

an oI oy 8K
ar Sy’ ar 8y’

1 g |V|?
J€=—/G() . dx+—/ 2dx+/c/—dx.
2 ey 2 )7 14+ 14|Vl
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ON THE WATER-WAVE EQUATIONS WITH SURFACE TENSION 7

Denoting by #, the Hamiltonian associated to the linearized system at the origin (in
the case of an infinite bottom), we have

1 ~
o = 5/ (161 TP + (g + 1EPAP] de.

where f denotes the Fourier transform, f(é Y= /[ e~ f(x)dx. An important ob-
servation is that the canonical transformation (1, ¥) +— a with

’ o~
- S )

diagonalizes the Hamiltonian Hj and reduces the analysis of the linearized system to
one complex equation (see [39]). We shall show that there exists a similar diagonal-
ization for the nonlinear equation, by using paradifferential calculus instead of Fourier
transform. As already mentioned, this is the main technical result in this article. In
fact, we strongly believe that all dispersive estimates on the water-wave system with
surface tension could be obtained by using our reduction.

2. The Dirichlet-Neumann operator

2.1. Definition of the operator

The purpose of this section is to define the Dirichlet-Neumann operator and prove some
basic regularity properties. Let us recall that we assume that €2, is the intersection of
the half space located below the free surface

Qi ={(x,»)eR' xR : y <n(t,x)}

and an open set 2, C R*! and that 2, contains a fixed strip around X, which means
that there exists 4 > 0 such that

{G.y) e R xR : n(t,x)—h <y <n(t,x)} C Q.

We shall also assume that the domain €2, (and hence the domain €2,) is connected. In

the remainder of this section, we will drop the time dependence of the domain, and

it will appear clearly from the proofs that all estimates are uniform as long as (¢, x)

remains bounded in the set of functions such that ||5(z, -)|| gs@re¢) remains bounded.
Below we use the following notations:

V=@0)izizar  Vey=(V.8). A=) 9.  A,=A+3.

I<i<d
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Notation 2.1
Denote by O the space of functions u € C*(£2) such that V, ,u € L*(2). We then
define Oy as the subspace of functions u € D such that u is equal to 0 near the top
boundary X.

PROPOSITION 2.2
There exist a positive weight g € L

00
loc

(S2) equal to 1 near the top boundary of €2, and
a positive constant C such that for all u € Dy,

/g(x,y)lu(x,y)lzdxdy =< C/ Ve yulx, )I*dx dy. 2.1)
Q Q

Let us set
(91={(x,y)eRde:n(x)—h<y<n(x)}, 02
(92:{(x,y)eQ:y<n(x)—h}. '

To prove Proposition 2.2, the starting point is the following Poincaré inequality
on (.

LEMMA 2.3
For all u € Dy we have

lul*dx dy < h2/ |V, ul*dx dy.
O, Q

Proof
For (x, y) € O; we can write u(x, y) = — fj(")(ayu)(x, 7)dz, so using the Cauchy-
Schwarz inequality we obtain

7n(x)
e P <h [ i@ dz,
n(x)—h
Integrating on (9; we obtain the desired conclusion. |

LEMMA 2.4
Let mg € Q and § > 0 be such that

B(m,28) = {m € R xR : |m —mo| <28} C Q.

Then for any m| € B(my, 8) and any u € D,

/ lul* dx dy < 2/ lul* dx dy + 232/ |V, ul*dxdy. (2.3)
B(mg,d) B(m,,5)

B(mo,28)
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ON THE WATER-WAVE EQUATIONS WITH SURFACE TENSION 9

Proof
Denote by v = my — m, and write

1
u(m + v) = u(m) +/ vV, u(m+tv)de.
0

As a consequence, we get

1
lu(m + v)|* < 2Ju(m)|* + 2|v|2/ Ve yu(m + tv)|*dt,
0
and integrating this last inequality on B(m, §) C B(m, 28) C €2, we obtain (2.3). O

COROLLARY 2.5
For any compact K C O,, there exists a constant C(K) > 0 such that, for allu € Dy,
we have

/ lul>dxdy < C(K)/ |V, ul*dx dy.
K Q

Proof

Consider now an arbitrary point m, € ),. Since Q2 is open and connected, there
exists a continuous map y : [0, 1] — € such that y(0) = m( and y(1) € 0O,.
By compactness, there exists § > 0 such that for any ¢ € [0, 1] B(y(¢), 2§) C Q.
Taking smaller § if necessary, we can also assume that B(y (1), 8) C O, so that by
Lemma 2.3

/ lul>dx dy < c/ |V ul*dx dy.
B(y(1).6) Q

We now can find a sequence 7o = 0, #1, ..., ty = | such that the points m, = y(¢,)
satisfy m,, 1, € B(m,, §). Applying Lemma 2.4 successively, we obtain

/ lul*dxdy < C// |V, ul*dx dy.
B(m,$) Q

Then Corollary 2.5 follows by compactness. O

Proof of Proposition 2.2
Writing @, = U,o;l K, and taking a partition of unity (,) such that 0 < y, < 1 and
supp x» C K,, we can define the continuous function

e X y)
e =D G ke

n=1
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which is clearly positive. Then by Corollary 2.5,

oo

1
2(x, 2dxdy < —/ 2dxd
/(;zg(x )’)|u| X y—;(1+C(Kn))n2 K” |M| X y (24)

< 2/ |quvu|2 dxdy.
o, ’
Finally, let us set
gx,y)=1 for(x,y) €01,  glx,y)=gx,y) for(x,y) € O,.
Then Proposition 2.2 follows from Lemma 2.3 and (2.4). a

We now introduce the space in which we shall solve the variational formulation of our
Dirichlet problem.

Definition 2.6
Denote by H'°(2) the space of functions u on 2 such that there exists a sequence
(u,) € Dy such that,

Veyly = Veyu in LA(Q, dx dy), u, - u in LZ(Q, g(x, y)dx dy).
We endow the space H'* with the norm
lull = ||vx,yu||L2(Q)~

The key point is that the space H'°(Q) is a Hilbert space. Indeed, passing to the limit
in (2.1), we obtain first that by definition, the norm on H'%(Q) is equivalent to

” Vx,yu ||L2(Q,dx dy) + ”u ”L2(Q,g(x,y)dx dy)-

As a consequence, if (u,) is a Cauchy sequence in H'*(R2), we obtain easily from
the completeness of L? spaces that there exist u € L*(2, g(x, y)dxdy) and v €
L?*(Q2, dx dy) such that

u, — u in L*(Q, g(x, y)dx dy), Viylty, = v in L*(2,dx dy).

But the convergence in L*(2, g(x, y)dx dy) implies the convergence in D’'(Q);
consequently, v = V, ,u in O'(R2), and it is easy to see that u € HY(Q).
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We are now in position to define the Dirichlet-Neumann operator. Let ¥ (x) €
H'(R?). For x € C5°(1 = 1, 1) equal to 1 near 0, we first define

y —nx)

T2y € H' R,

@@o0=x(

which is the most simple lifting of 1. Then the map
v (AW, 0) = —/ Vx,yiz -Veyvdxdy
Q

is a bounded linear form on H'°(2). It follows from the Riesz theorem that there
exists a unique ¢ € H'"°(Q) such that

Yo e H'Y(S), / Vi@ Veyvdxdy = (A, v). 2.5)
Q

Then :]5 is the variational solution to the problem
A =An,Y nDQ@,  $ls=0.  %PIr=0,

the latter condition being justified as soon as the bottom I" is regular enough.
We now set ¢ = ¢ + Y and define the Dirichlet-Neumann operator by

G(’?)W(X) =V 1+ |V77|2 and"y:r](x)’
= (0,0)(x, n(x)) = Vn(x) - (V§)(x, n(x)).

Notice that a simple calculation shows that this definition is independent of the choice
of the lifting function ¥ as long as it remains bounded in H'(2) and vanishes near
the bottom.

2.2. Boundedness on Sobolev spaces

PROPOSITION 2.7

Letd > 1,lets > 2+d/2 and let 1 < o < s. Consider n € H3"'2(R?). Then
G(n) maps H°(R?) to H°~'(R?). Moreover, there exists a function C such that, for
all y € H°(RY) and n € H*"'/2(RY),

||G(77)W||del(kd) < CUmll gs2) IV [l o -

Proof
The proof is in two steps.



XXX

-

dmj9330

April 13,2011 21:59

12 ALAZARD, BURQ, and ZUILY

First step: A localization argument. Let us define (by regularizing 1), a smooth func-
tion 7 € H*(R?) such that |77 — 0|/~ < h/100 and || — 1|l ys12 < h/100. We

now set n; = 17 — 94/20. Then n, satisfies

h < h 2.6
n(x) — 7= nx) < nlx) — 3 (2.6)

LEMMA 2.8
Consider for —3h/4 <a < b < h/5, the strip

Sep ={(x,y) e R a < y —mi(x) < b},

which is included in 2. Let k > 1 and assume that ||| yr(s,,) < +00. Then for any
a <a < b < bthere exists C > 0 such that

ol mrris, ) < Cll@llurs,,)-

Proof
Choose a function x € Cg®(a, b) equal to 1 on (@', b'). The function w = x(y —
n1(x))@(x, y) is a solution to

Ax,yw = [Ax,yv X(y - 771()5))]@

and since the assumption implies that the right hand side is bounded in H*~!, the
result follows from the (explicit) elliptic regularity of the operator A, , in R, O

LEMMA 2.9
Assume that —3h/4 < a < b < h/5. Then the strip S,;, = {(x,y) € RI™! : a <
y — n1(x) < b} is included in 2, and for any k > 1, there exists C > 0 such that

1Dl s,y = CNY N ®a)-

Proof
It follows from (2.5) and the definition of ¢ = ¢ + ¥ that

IViy®llae < IV llmge -

Noticing that S, , C O, (see (2.2)) and applying Lemma 2.3 we obtain the a priori
H' bound

11l ks, = 1llm@o,) = 1 +MIViydlle < e+ 1Y mwa.-
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Since it is always possible tochose a < a, < -~ <@ =da <b' =b, <--- <
b, < b, we deduce Lemma 2.9 from Lemma 2.8. O

We next introduce xo € C*°(R) such that 0 < xo < 1,

1
xo(z) =1 forz >0, x0(z) =0 forz < -7

Then the function

y — ni(x)

o0 y) = 00(*—

Jox. )

is a solution to

A, ® = fi= [Ax,y, Xo(y_T’“(x))}/).

In view of (2.6), notice that f is supported in a set where ¢ is H*>. According to Q5
Lemma 2.9. We find that

f e H®O)) where O; ={(x,y) e R/ xR : n(x) —h <y < n(x)}.

In addition, using that x¢(0) = 1 and that ®(x, y) is identically equal to 0 near the set
{y = n — h}, we immediately verify that ® satisfies the boundary conditions

P |y=77(x)= lﬁ(x), avq) |y:n(x)7h= 0, P |y:r](x)7h= 0.

The fact that the strip @, depends on 1 and not on 7, is not a typographical error.
Indeed, with this choice, the strip (9, is made of two parallel curves. As a result, a
very simple (affine) change of variables will flatten both the top surface {y = n(x)}
and the bottom surface {y = n(x) — h}.

Second step: Elliptic estimates. To prove elliptic estimates, we shall first flatten the
boundary. To do so we shall consider the simplest change of variables. Namely,
introduce

p(x,z) = hz 4+ n(x).

Then the map (x, z) — (x, p(x, z)) is a diffeomorphism from the strip R¢ x [—1, 0]
to the set

{6, ») €R' xR : g(x)—h <y < n(x)}.
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Let us define the function v: R? x [—1,0] — R by
v(x,z) = <I>(x, plx, z)). 2.7)

From A, ,® = f with f € H*(I1,), we deduce that v satisfies the elliptic equation

1 2 Vo \2
( az) v+ (v - —az) v=g, 2.8)
9:p0 9:p

where g(x, z) = f(x, hz + n(x)) is in C2([—1, 0]; H¥"/*(R?)). This yields

ozva—f—Av—f—,B -Vo,v—yo,v =g, (2.9
where
1+ |Vnl? 2V An
=— =——, = — 2.10
o e B A Y A (2.10)

Also v satisfies the boundary conditions
V=0 = ¥, 0;v];=—1 =0, V[=—1 = 0. (2.11)

We are now in position to apply elliptic regularity results obtained by Alvarez-
Samaniego and Lannes in [5, Section 2.2] to deduce the following result.

LEMMA 2.10

Suppose that v satisfies the elliptic equation 2.9 with the boundary condtions 2.11 with
Y e H RY and n € H'2(RY) where 1 <o < s, s> 24d/2, dist(Z, ") > 0.
Then

Vv, 0,v € LZ([—1,0]; HY'*(RY)).

It follows from Lemma 2.10 and a classical interpolation argument that (Vv, d,v) are
continuous in z € [—1, 0] with values in H°~'(R?). Now note that, by definition,

1+ |V
GOy = ———d.v = Vi - Vv

z=0

Therefore, G(n)y € H°~'(R?) and we have the desired estimate.
This completes the proof of Proposition 2.7. O

2.3. Linearization of the Dirichlet-Neumann operator

The next proposition gives an explicit expression of the shape derivative of the
Dirichlet-Neumann operator, that is, of its derivative with respect to the surface
parametrization.
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PROPOSITION 2.11

Letyy € H°(RY) and n € HS"'?(RY) with1 < o <5, s > 2+ d/2 be such that
dist(X, I') > 0. Then there exists a neighborhood U, C H SH2(RY) of n such that
the mapping

oeU,C H"*RY) — Go)y € H'(RY)
is differentiable. Moreover, for allh € H sH/2(RY), we have
1 .
Gy - h :=lim ~(GGr + eh)y — GGy | = ~G(Bh) — div(V ),

where

B V- VY + Gy
- 2
1+ |Vl

The above result goes back to Zakharov [39]. Notice that in the previous section we
reduced the analysis to studying an elliptic equation in a flat strip R? x [—1, 0]. As a
consequence, the proof of this result by Lannes [21] applies (see also [8], [18], [1]).

Let us mention a key cancellation in the previous formula, which is proved in [8,
Lemma 1] (see also [21]).

, V =Vy —BV.

LEMMA 2.12
We have G(n)B = —div V + R where R € H5"'(R?).

Remark 2.13

As we shall see (and as can be easily derived from the definition) we have 8,V €
H*'(R?) and hence G(1)®B and div V belong to H*"2(R?), The previous lemma
shows that up to a smoother remainder, these two terms are equal. In fact, the following
proof establishes that the equality G(1)8 = — div V holds in the case without bottom
boundary (I" = ¢).

Proof
Recalling that, by definition,

Gy =0y — V- Vo)|,—y

and using the chain rule to write

VY = V(=) = (Vo + 3,0 Vn)ly—y,
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we obtain
B Vn - Vy + Gy
= 2
L+ |Vn|
V- (Vo +8,6Vn) + 8,6 — Vi - Vo ’ — 00)]
1+ |Vl y=n Y y=n

Therefore the function ® defined by ®(x, y) = d,¢(x, y) satisfies
A y® =0, Dl =B.

Now introduce the variational solution ® to the system where we add the bottom
boundary condition:

A, =0 B, =B, 3,0 =0.

Then it follows from elliptic regularity (see Lemma 2.10) that ® — & belongs to
H512(Q,). (Recall that €, is an h-neighborhood of the free surface.) Directly from
the definition of the Dirichlet-Neumann operator, we have

GmB=0d—-Vy -VP|,_,. =9, —Vy-VO|,_, + R,
where
R=03,>—®)—Vn-V(®— d),_, € H'(R).

It remains to show that 9, ® — Vi - V®|,_, = —div V. To do that we first write that
dy® = 97¢ = —A¢ to obtain

0,® —Vn-VO|,_, =—-A¢p —Vn-VO|,_,.
On the other hand, directly from the definition of V', we have
divV =div(Vy — BVn) = Ay — div(®BVp).
Using that ¢ (x) = ¢(x, n(x)), we check that

AY = div Vi = div(Ve|,_, + 8,6],-, V1)
= (A¢ + Vayd) . vn)|y=n + div(8y¢|)*=nvn)
= (A¢p + Vo, ¢ - Vn)|,=, + div(BVn)
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so that

divV = Ay — div(BVn) = (Ag + Vi, - V)|,
=(Ap + V- Vn)|,—, = -G)B,

which is the desired identity. i
3. Paralinearization

3.1. Paradifferential calculus

In this paragraph we review notations and results about Bony’s paradifferential calcu-
lus. We refer to [10], [16], [22], [25], and [32] for the general theory. Here we follow
the presentation by Métivier in [22].

For p € N, according to the usual definition, we denote by W#->°(R?) the Sobolev
spaces of L function’s whose derivatives of order p are in L. For p €]0, +0o[\N,
we denote by W#>(R?) the space of bounded functions whose derivatives of order
[p] are uniformly Holder continuous with exponent p — [p]. Recall also that, for all
C* functions F, if u € W»>*(R?) for some p > 0, then F(u) € W"»*(R?).

Definition 3.1

Given p > 0 and m € R, F:)”(Rd) denotes the space of locally bounded functions
a(x, &) on R? x (R \ 0), which are C* with respect to & for £ # 0 and such that,
for all @ € N and all £ # 0, the function x > 8¢a(x, &) belongs to W”*(R?) and
there exists a constant C,, such that

1
VIEl = =

X 138 at, E)llwoe < Coll 4 1€, (3.1

We next introduce the spaces of (poly-)homogeneous symbols.

Definition 3.2

) f‘:’](Rd) denotes the subspace of I'(R“) which consists of symbols a(x, &)
which are homogeneous of degree m with respect to &.

) If

a= Z am=9 (j €N,

0<j<p

where a7 € f:)":f (R?), then we say that @™ is the principal symbol of a.
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Given a symbol a, we define the paradifferential operator 7, by
Tu(§) = 2m)™ / X — n.m)a& — n, ()G dn, (3.2)

where a(0, §) = f e *Pa(x, &) dx is the Fourier transform of a with respect to the
first variable x and ¥ are two fixed C* functions such that

Y@ =0 for [n| <1, v =1 for [n| =2,

and x (0, n) is homogeneous of degree 0 and satisfies, for 0 < &; < &, small enough,
x@,m=1 if [0 <elnl,  x@ n=0 if 0] >elnl.

We shall use quantitative results from [22] about operator norm estimates in
symbolic calculus. To do so, we introduce the following semi-norms.

Definition 3.3
Form e R, p>0,anda € F:’](Rd), we set

M™@a) = su sup || (1 + D" 0%aC. )| (3.3)
’ |Of|§d/251+p \$|21I/)2 || § ||W (R?)

Remark 3.4
If a is homogeneous of degree m in &, then

Mj(a) < K  sup  sup [[07a(-, §)llwerwa).
lal<d/2+1+p |E]=1
The main features of symbolic calculus for paradifferential operators are given
by the following theorems.

Definition 3.5
Let m € R. An operator T is said to be of order m if, for all u € R, it is bounded
from H"* to H* ™.

THEOREM 3.6
Letm € R. Ifa € Fg’(Rd), then T, is of order m. Moreover, for all i € R there exists
a constant K such that

I Tall s - = K Mg (@). (3.4

THEOREM 3.7 (Composition)
Letm € R, and let p > 0. Ifa € FZ‘(Rd), b e F/’f/(Rd), then T, T, — T,u, is of order
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m +m' — p where
#b = L 97ad’b
atth =Y T e adb.
al<p

Moreover, for all i € R there exists a constant K such that

I T Ty — Ta |l s pgimmeo < K M2 (@M (D). 3.5)

Remark 3.8
We have the following corollary for poly-homogeneous symbols: if

D SCETD S VSN SR R varet)
0<j<p 0<j<p O<k<p O<k<p

withm, m’ € Rand p > 0, then T, T, — T, is of order m + m’ — p with

1 . )
_ o, (m—j)qay,(m'—k)
c= E i‘“‘oc!aga ach .
lee|+j+k<p

Remark 3.9

Clearly, a paradifferential operator is not invertible (7,u = 0 for any function # whose
spectrum is included in the ball |§| < 1/2.) However, the previous result implies that
there are left and right parametries for elliptic symbols. Namely, assume thata € I'?
is an elliptic symbol (such that |a| > K |&|" for some K > 0), then there exists
b,b e [ such that

T,T, — 1 E and T,Ty — I are of order — p.

Consequently, if u € H® and T,u € H", thenu € H" with r = min{u + m, s + p}.

THEOREM 3.10 (Adjoint)
Letm € R, let p > 0, and let a € FZ’(Rd). Denote by (T,)* the adjoint operator of
T, and by a the complex conjugate of a. Then (T,)* — Ty« is of order m — p where

* 1 aaa—
a’ = Z i|°‘|oz!a$ Jra.

lal<p

Moreover, for all |1 there exists a constant K such that

I(T2)" = Tor s o < KM (a). (3.6)

If a = a(x) is a function of x only, the paradifferential operator 7, is called a

Q6
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paraproduct. It follows from Theorem 3.7 and Theorem 3.10 that:
(1) Ifae H*RY and b € H*(R?) witha > d/2, B > d/2, then

T,T, — T,, is of order — (min{a, 8} — d/2>. 3.7)
2)  Ifa € H*R?) with @ > d/2, then
(T,)* — T, is of order — (a - d/z). (3.8)

We also have operator norm estimates in terms of the Sobolev norms of the functions.
A first nice feature of paraproducts is that they are well defined for functions
a = a(x) which are not in L* but merely in some Sobolev spaces H" with r < d /2.

LEMMA 3.11
Letm > 0. Ifa € HY>"(R?) and u € H*(R?), then T,u € H* " (R%). Moreover,

ITaull g < K llall gazm lleell e

for some positive constant K independent of a and u.

On the other hand, a key feature of paraproducts is that one can replace nonlinear
expressions by paradifferential expressions, to the price of error terms which are
smoother than the main terms.

THEOREM 3.12
Leta, B € R be suchthata > d/2, B > d/2, then
(1) For all C* function F, ifa € H*(RY), then

F(a) — F(0) — Tpa € H* /*(R?).

(ii) Ifa € H“(Rd) and b € Hﬂ(Rd), then ab — T,b — Tpa € H‘”ﬂ_d/z(Rd).
Moreover,

lab — T,b — Tha||Hw+ﬁ—d/2(Rd) <K ”a”H“(R‘/) ”b”Hﬁ(Rd) s

for some positive constant K independent of a, b.

We also recall the usual nonlinear estimates in Sobolev spaces (see [16, Chapter 8]):
. Ifu; € H(RY), j =1,2,and s; + $, > 0, then u u, € H*(R?); and if

So<sj, j=12, and s <8 +5 —d/2, then

luruzllgo < K llusll g Nzl g2 (3.9
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where the last inequality is strict if sy or s, or —sj is equal to d /2.
. For all C* functions F vanishing at the origin, if u € H5(RY) with s > d/2,
then

IF@ s = Clullgs), (3.10)

for some non-decreasing function C depending only on F.

3.2. Symbol of the Dirichlet-Neumann operator
Given € C*(RY), consider the domain (without bottom)

Q:{(x,y)eRde:y<n(x)}.

It is well-known that the Dirichlet-Neumann operator associated to €2 is a classical
elliptic pseudo-differential operator of order 1, whose symbol has an asymptotic
expansion of the form

A0, )+ 2900, )+ 2V, E) + -

where A®) are homogeneous of degree k in &, and the principal symbol A" and the
sub-principal symbol 1) are given by (see [18])

A0 = 0+ VP g - (782

o LHIVIP | G0
AV = 50 {dlv(a(l)Vn) + lag)»(l) . Vot(l)},
with
oo L -V +ivy - &)
1+ V|
The symbols A=V, ... are defined by induction and we can prove that A®) involves

only derivatives of n of order |k| 4 2.
In our case the function 1 will not be C* but only at least C 2 so we shall set

A =20 420) (3.12)

which will be well-defined in the C? case.

The following observation contains one of the key dichotomies between two-
dimensional waves and three-dimensional waves which can be checked by a direct
computation using (3.11).
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PROPOSITION 3.13
Ifd = 1, then A simplifies to \V(x, &) = |&], \O(x, &) = 0.

Also, directly from (3.11), one can check the following formula (which holds for all
d>1

1
ImA® = —5(3é RV (3.13)
which reflects the fact that the Dirichlet-Neumann operator is a symmetric operator.

3.3. Paralinearization of the Dirichlet-Neumann operator

Here is the main result of this section. Following the analysis in [1], we shall par-
alinearize the Dirichlet-Neumann operator. The main novelties are that we consider
the case of finite depth (with a general bottom) and that we lower the regularity
assumptions.

PROPOSITION 3.14
Letd > 1, and let s > 2 + d /2. Assume that

(n, %) € HH'2RY) x H*(RY)
and that n is such that dist(X, I') > 0. Then
Gy =T.(y —Ten) —Tv-Vn+ f(n, V), (3.14)
where A is given by (3.11) and (3.12),

_ V-V + Gy

B .
1+ |Vnl?

., V:=Vy—BVy,

and f(n, ¥) € H¥T1/2(RY). Moreover, we have the estimate

ILf G, ¥l s < Ml o) IV ot s

for some non-decreasing function C depending only on dist(X, I') > 0.

Remark 3.15

(1) It is well known that 8 and V play a key role in the study of the water
waves. (These are simply the projections of the velocity field in the vertical
and horizontal directions.)

(ii))  We would like to make a comment on the unknown ¥ — Tgs7. This unknown
is related to the so-called good unknown of Alinhac, as it is explained in [1]
(see also [4], [21], [33]). It comes from the paracomposition theory of Alinhac
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which associates to a low regular diffeomorphism x an operator denoted by
X" acting on every Sobolev space. Starting with the equation A, ,¢ = 0 and
making a low regular change of variables x (which flattens the boundary) lead
to the equation 0 = x*A, y¢ = T, x*¢ (modulo a good remainder) where p
is a computable symbol. Then ¢y — Ty is the trace of x *¢ on the boundary.

3.4. Proof of Proposition 3.14
Let v be given by (2.7). According to (2.9), v solves

aajv +Av+B-Vov—yov=g,
where g € C2([—1, 0]; H*H'/2(R)) is given by (2.8) and

1+ |Vnl? v A
o= %, B = —2—’7 y = _77‘ (3.15)

Also v satisfies the boundary conditions
V=0 =V, Ve=—1 =0, 0;v];=—1 = 0.

Henceforth we make intensive use of the following notation.

Notation 3.16
CS(HXV ) denotes the space of continuous functions in z € [—1, 0] with values in
H'(RY).

It follows from Proposition 2.10 and a classical interpolation argument that
(Vv, d,v) € CUHS™).

In addition, directly from the equation (2.9) and the usual product rule in Sobolev
spaces (see (3.9)), we easily obtain

32v € CUH:™), dve CUHT).

3.4.1. The good unknown of Alinhac
Below, we use the tangential paradifferential calculus, that is, the paradifferential
quantization T, of symbols a(z; x, £) depending on the phase space variables (x, £) €
T*RY and the parameter z € [—1, 0]. In particular, denote by T,u the operator acting
on functions u = u(z; x) so that for each fixed z, (T,u)(z) = Tyu(z).

Note that a simple computation shows

14 |Vp?
Mazv_Vn.VU

Gy = 7 Y
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Our purpose is to express d,v|,—o in terms of tangential derivatives. To do this, the key
technical point is to obtain an equation for ¥ — Ty 7.
Note that

Y —Tyn=v— Tsynpl:—o-

We thus introduce

v
h

since Ty(hz) = 0, so that Y — Ty = ul,—o.

b:= and u:=v—"Tep =v— Tyn,

LEMMA 3.17
Set

e d
8=m1n{—,s—2——} > 0.
2 2
The good unknown u = v — Ty p satisfies the paradifferential equation
Taaju +Au+Tg-Vou—T,0.u=g++f, (3.16)
where o, B, y are as defined in (3.15), g € C;(H;‘“/z) is given by (2.8), and

f c C?(Hxs—l/z-i-(s)'

Proof
We shall use the notation fi ~ f, to say that f; — f> € CO(HS™'/*).
We introduce the operators

E:=ad>+A+p-Vd —yd,
P:=T,3>+A+Ts V3, —T,0..

We shall prove that Pu ~ g, where g € CX(H:™'/?). To do so, we begin with the
paralinearization formula for products. Recall that

ne HM'2RY)  and  8%v e CUHI) fork € {1,2}.
According to Theorem 3.12(ii), we have
Ev~ Pv+Tpya+ Tvsy - B— Tooy-
Since Ev = g € CY(H:t"/?) and since v = u + Ty, this yields

Pu+ PTyn + Tyt + Tvay - B — Toy ~ 8 ~ 0.
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Hence, we need only prove that
PTyn + Tyzoa + Ty, - B — Toyy ~O. (3.17)
By using the Leibniz rule we have
PTon =T, Toren + ToeAn + 2Tvp - V) + Taen
+Tg - Tvoon+Tp - Ty.o V) — T, Ty u1.
We claim that
T, Ty2en ~ 0, Tppn ~ 0, Ty - Tyvy.on ~ O, T, Ty en ~ 0.

Since a, B, and y are bounded functions, the operators T, Tg, and T, are of order
zero and hence to prove this claim it is enough to prove that

Ty26m ~ 0, Tpon ~ 0, Tyyen ~ 0, Ty en ~ 0. (3.18)

To prove these results, we shall use the rule given in Lemma 3.11 for paraproducts
whose symbols belong to a Sobolev space of order less than d/2. Set m = 1 — 6.
Then by the definition of § (and assumption on s) we have

1 1

m > 0, s—§+6=s+§—m and s—32§—m.
Therefore Lemma 3.11 implies that
||Tau||Hs—l/2+8 <K ||a||Hsf3 ||M||Hs+1/2. (3.19)

Since b = h~'9,v and since 9*v € CY(H: ) for k = 1, 2, 3, we have
32b, Ab, Vb, 3.b € CO(H™).

By applying the estimate (3.19) we end up with the desired results (3.18).
We have proved that

PT[,?] ~ 2Tv[, . VTI + Tﬂazb . Vﬂ + TbA}’)
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On the other hand, according to (3.15), we have

2
Taqu =TyAn, Tvazvﬁ = —2TveVn, Tﬁazbvn = —ﬁTagvvnvﬂ ~ —Taguoh

where the last equivalence is a consequence of Theorem 3.12(i) and (3.7).
Consequently, we end up with the key cancelation

Tyt + Tvoy - B — Towy + 27w -V + Tpop - V) + Ty An ~ 0.

This concludes the proof of (3.17) and hence of the lemma. a

3.4.2. Reduction to the boundary
Our next task is to perform a decoupling into forward and backward elliptic evolution
equations.

LEMMA 3.18
Assume that n € HV2(RY), and recall that

o1 d
8:m1n{—,s—2——} > 0.
2 2
There exist two symbols a = a(x, &), A = A(x, &) (independent of z) with
a=a"+a%el}, R)+T], R,
A=A+ A% ey, ,R)+T7,, R
such that

Taazz +A+Tg-VO, —T,0, =T,00;, — T,)(0; — Ta)u + Ry + R0, (3.20)

where Ry is of order 1/2 — § and R, is of order —1/2 — 6.

Proof
We seek a and A such that
1 &1
aVAD + =54V . 3, AD 4 aWAO® 4 gD = 5
1’ « (3.21)
a+ A= &(—i,B-E—f—y).
According to Theorem 3.7 and (3.7),
. 3 1
Ry :=T,T,T, — A isoforder?2 — 3 —6= 3 — 4,
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while the second equation gives that

1

3
R =-T,(T,+Ty)+Ts-V—-T,) isoforder1—§—5=———8.

2

We thus obtain the desired result (3.20) from (3.16).
To solve (3.21), we first solve the principal system
2 .
4 AW — _ﬂ’ a4 AD — _iB '5,
o o

by setting

1
a5, €)= 5 (=B € — A lgF — (- £7).

1
AV, E) = 5 (=B & + e — (5 -£)

Directly from the definition of o and 8 note that

2
\/4a|5|2—(/3-s>2zz|s|,

27

so that the symbols a'”, A" belong to I'} ,, ;(RY). (Actually ¥, AV belong to

f‘;_(dH)/z(Rd) provided that s — (d + 1)/2 is not an integer.)
We next solve the system

aOAD 4 M40 4 laga(l)axA(l) —0, a94A0_Y
1

It is found that

a(o) = —A(l) ! ) (iaga“) . axA(l) — Za”) 5
—dad o
1 4
) _ : 1, (1) _ 7 A
A0 = <18§a 5,40 — =4 )

so that the symbols a@, A belong to I'Y , | ,(R).
We shall need the following elliptic regularity result.

PROPOSITION 3.19
Leta € Fll(Rd) and b € Fg (RY), with the assumption that

Rea(x,§) = clg],
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Jfor some positive constant c. If w € C ZI(H;OO) solves the elliptic evolution equation
o.w+ T,w=T,w+ f,
with f € C?(H;)for some r € R, then for all ¢ > 0 we have

w(0) € H™M'7¢(RY). (3.22)

Remark 3.20
This is a local result which means that the conclusion (3.22) remains true if we only
assume that, for some § > 0,

flotzees € CO([—1, =81, H®RY),  flos=z=0 € C°([—8, 0]; H'(RY)).

In addition, the result still holds true for symbols @ € CX(I'}) and b € CX(T'g), with
the assumption that Rea > c |&|, for some positive constant c.

Proof

The following proof gives the stronger conclusion that w is continuous in z €] — 1, 0]
with values in H"T'~¢(R%). Therefore, by an elementary induction argument, we can
assume without loss of generality that b = O and w € C ? (H). In addition, one can
assume that there exists § > 0 such that w(x, z) =0 forz < —1/2.

For z € [—1, 0], introduce the symbol

e(z;x, §) := exp(za(x, §)),

so that e|,—o = 1 and d.e = ea. Since Rea > c |&|, we have the simple estimates
Izl 1EN"e(z;x,8) < Cp.
Write
o (Tew) =T, f + (Ty.. — T.T,)w,
and integrate on [—1, O] to obtain

0 0
Tw(0) = f (Tye — TLTIwOdy + | (TH)G)dy.
—1 —1

Since w(0) — Tyw(0) € HT*°(R?) it remains only to prove that the right-hand side
belongs to H'*'~¢(R?). Set

0 0
w(0) = / (Ty. — TT)wO)dy,  ws(0) = / (T, ) dy.
—1 —1
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To prove that w,(0) belongs to H'+!=¢(R¥), the key observation is that, since
Rea > c|&|, the family

{Uyl1ED " e(y;x, &) - =1 <y <0}

is bounded in F?(Rd). According to the operator norm estimate (3.4), we thus obtain
that there is a constant K such that, forall -1 <y <Oandallv € H "(RY),

[y DD (T )|

o < Kol

Consequently, there is a constant K such that, for all y € [—1, O,

K
ICTe YN g1 < N If O e -

Since |y|~"7® e L'(] — 1, 0[), this implies that w,(0) € H"t'~¢(R%).
With regards to the first term, we claim that, similarly,

T = LI < i

Indeed, since d,e = ea, this follows from (3.5) applied with (m,m’,r) = (—1 +
g, 1, 1) and the fact that Ml_l+8(|y|l_8 e(y; -, -)) isuniformly bounded for—1 < y < 0. Q8
This yields the desired result. i

We are now in position to describe the boundary value of d,u up to an error in
HS+1/2(Rd).

COROLLARY 3.21
Let A be as given by Lemma 3.18. Then, on the boundary {z = 0}, it holds that

(azu - TAM)|Z=0 € HS+1/2(Rd)‘

Proof
Introduce w := (9, — T4)u, and write

o.w — T,ow = Tow + f,

with ' € CY(H:'**%). Since Rea < —c |§], the previous proposition applied

witha = —a, b = a?, and ¢ = § > 0 implies that w|,_y € H**/?(R?). O
By definition,
1 Vn?
Gy = #azu —vp-vo| .
z=0
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As before, we find that

1+ [Vnf?

h 0,0 — V- Vu = Tayvypyn0:0 + 2Tevy - V) — Toqarivypynh

—(Tv,] . VU+ TVv . Vﬂ)—i-R,

where R € CY(HZ~3t9/2). We next replace 9,v and Vv by 9, (u + Typ) and V(u +
Ty p) on the right hand side to obtain, after a few computations,

1+ |VnP2 /
—————0,v=Vn-Vv = Tivypyn0:u—Tvy-Vu—Tv,—pvyV p—Taivvv—svp 0+ R,

with R" € CO(H?*~C+9/2)_ Furthermore, Corollary 3.21 implies that
Tasivopynd:u — Tyy - Vul.—o = LU +, (3.23)

with U = u|,.o =v — Tppl,m0 = ¥ — Ty, r € H**/2(R?) and

1+ VP2
PR A R (3.24)
h z=0

After a few computations, we check that A is as given by (3.11)—(3.12).
This concludes the analysis of the Dirichlet-Neumann operator. Indeed, we have
obtained

Gy = TU — Typ_pvy - VN — Taiyvo—svppe + f(, ¥),
with f(n, ¥) € H5*Y2(R?). This yields the first equation in (3.14) since
V = Vv —bVnl|._, Vnl.—0 = Vn
and since

Tawyn € HW2RY).

3.5. A simpler case
Let us remark that if (, ¥) € H3"/2(R?) x H5~!(RY), the expressions above can be
simplified and we have the following result that we shall use in Section 6.2.

PROPOSITION 3.22
Letd > 1,lets >2+d/2, andlet 1 <o <s— 1. Assume that

(n, ¥) € H'2R?) x H°(RY),
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and assume that 1 is such that dist(X, I') > 0. Then

Gy = Ty + F(n, ),

where F(n, ) € H°R?). (Recall that MV denotes the principal symbol of the
Dirichlet-Neumann operator.) Moreover,

IE, Y)llge < CUnllgsar2) IV ot s

for some non-decreasing function C depending only on dist(X, I") > 0.

Remark 3.23
Notice that the proof below would still work assuming only

ne H*F®RY),  veCUHD).

with the same conclusion. A more involved proof (using regularized lifting for the
function 7 following Lannes [21]) would give the result assuming only

(n.¥) € H*RY) x H*(RY).

Proof
We follow the proof of Proposition 3.14. Let v be as given by (2.7): v solves

aafv + Av+ B -Vo,v—yo,v=g,
where g € CO([—1, 0]; H*t1/2(RY)) is given by (2.8) and

(A +1Va . v _Ap
o= —", =—-2—, yi=—.
h? h h
Compared with the proof of Proposition 3.14, an important simplification is that in

this proof we need only to paralinearize with respect to v. In this direction, we claim
that

T,0°v+ Av+ Tp - Va,v — T, 0,0 € CH(HI™'/?). (3.25)
To see this we first apply Theorem 3.12(ii) to obtain
@d?v — T,07v — Typpor € CUHE V24072742 € CUHT™'?),
and similarly

B-Viv—Ty-Vov—To, B eClH,
yo.v — T,0.v — T,y € CAHT ')
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Moreover, writing 0 —2 = d/2 — (d/2 + 2 — o), using Lemma 3.11 with m =
d/2 + 2 — o, we obtain
Ty € CO(HZ™ 1272200y « CO(HZ~12)
Zv < X Z X
and
Ty - B € CS(H;’_I/Z)_
Similarly, we have
Tp.y € CAHI™'?).

Therefore, summing up directly gives the desired result (3.25).
Now, by applying Lemma 3.18, we obtain that

Taazz + Av + Tﬁ : vazv - Tyazv = Ta(az - Ta)(az - TA)U + f

with f = Ryv + R,0,v € C?(Hf‘“"s) where § = min{1/2,s —2 —d/2} > 0.
Then, as in Corollary 3.21, we deduce that

(0.0 — Tyv)l.=0 € H'(RY).

Since v(0) € H*~'(RY) we deduce that Tyov|,—g € H*"'(RY) C H°(RY) (A© is the
sub-principal symbol of A, which is of order 0) and hence

(0,0 — T40v)|.—o € H*(RY).

The rest of the proof is as in the proof of Proposition 3.14. O

3.6. Paralinearization of the full system
Consider a given solution (1, ¥) of system (1.2) on the time interval [0, T] with
0 < T < 400 such that

(. ¥) € C°([0, T]; H*T'*(R?) x H*(RY)),

for some s > 2 +d /2, withd > 1.

In the sequel we consider functions of (¢, x), considered as functions of ¢ with
values in various spaces of functions of x. In particular, denote by T,u the operator
acting on u so that for each fixed ¢, (T,u)(t) = T,u(t).

The main result of this section is a paralinearization of the water-wave system
(1.2).
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PROPOSITION 3.24
Introduce U :=  — Tyn. Then (n, U) satisfies a system of the form

on+Ty-Vn—-T.U = fi,
(3.26)
U +Ty-VU +Tin = fo,
with
fi € L®(0, T; H*''*(RY)), f> € L®(0, T; H(RY)).
Moreover,

ICfis P o, rmsrirsy < C (100 Y| oo, 7))

for some function C depending only on dist(Z, I').

At this point, we have already performed the paralinearization of the Dirichlet-
Neumann operator. We now paralinearize the nonlinear terms which appear in the
dynamic boundary condition. This step is much easier.

LEMMA 3.25
It holds that H(n) = —T;n + f, where £ = £® 4+ £D with
_ (Vn-&)
(@ — (1 + |Vn|? 1/2( 2 )’
(I +Vnl%) €] T+ ViR

' (3.27)
€0 = =2, - e,

and f € L*0, T; H*7274/%) is such that
||f||L:>c(0,T;H25—2—d/2) = C(||’7||L00(0,T;Hb+1/2)), (3.28)

Jfor some nondecreasing function C.

Proof
Theorem 3.12 applied with @« = s — 1/2 implies that

v ~ 1 VnQV
T _71,vn+F M= Al

— —_— I_ 9
NAEYE JI+ Vg2 A+ |Vn»)32

where f € L>(0, T; H>*~'~%/?) is such that

||f||L°C(0,T;H25*1*4/2) < C(”’?”LOO(o,T;HsH/Z)),



XXX

-

dmj9330

April 13,2011 21:59

34 ALAZARD, BURQ, and ZUILY

for some nondecreasing function C. Since

div(Ty V) = T_pe.e4idiv me s
we obtain the desired result with £® = M£ - &, ¢V = —idivMé, and f =
div f. O

Recall the notation

_Vn-Vy + Gy

B = , V=Vy -8BV 3.29
T+ VP v n (3.29)

LEMMA 3.26
We have that

1(Vy -V + Gy

> T+ VP =Ty - V¢ =TTy -V — Ts Gy + [/,

1

Z IVl =

3 V|
where f' € L>(0, T; H*724/2(R%)) satisfies

”f/”LOO(O,T;HZS’Z’%) = C(”(’L W)”LOC(QT;HSH/ZX[{S))a

for some nondecreasing function C.

Proof
Again, we shall use the paralinearization lemma. Note that for
1(a-b+c)
F(a,b,c) = Ha-btoy (@aeR“ beR’ ceR)
2 1+ |al?
it holds that
-b -b
o= @O (@ hio
1+ |al? 1+ lal?
_(a-b+o) _(a-b+o)
T 1+ T T4 laP

Using these identities for a = Vn, b = Vi, and ¢ = G(n)¥, the paralinearization
lemma (see Theorem 3.12(i)) implies that

1(Vp-Vy + Gy
2 1+ |Vp?

={Tvs - V4 T, V¥ + Ts Gy } +r
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with r € L>®(0, T; H*~>~4/2(R%)) satisfies the desired estimate. Since V = Vi —
BV, this yields

1(Vn- V¢ + Gpy)*

2 1+ |Vnl? ={Tv - V¥ = Tym - Vi = Tu GV} + 1

1

IVl =

3 V|
with 7’ € L>®(0, T; H*7*74/2(R%)). Since by (3.7)

d
Twsy — TsTy is of order — (S —1- 5),

this completes the proof. O

LEMMA 3.27
There exists a function C such that

T, gl < CI0 Y ooy ) -

Proof
(a) We claim that

1801l gt + 18 L gae + 1B s + 1V s < CN Y goriees) - (3.30)

The proof of this claim is straightforward (using the definition of ‘B (3.29)). It follows
from Proposition 2.7 that we have the estimate

IGE Wl o < CII, Y s pre)-

Using that H3~! is an algebra since s — 1 > d/2, we thus get the desired estimate
for *B. This in turn implies that V = Vi — BVy satisfies the desired estimate. In
addition, since d;,n = G(n)y, this gives the estimate of [|9,7] zs1. To estimate 9,y
we simply write that

oy = F(Vy, Vi, V),

for some C* function F' vanishing at the origin. Consequently, since s —3/2 > d /2,
the usual nonlinear rule in Sobolev space implies that

13,0 1l s < € (1YY, Vi, VI gesr) < C(I107 ¥l o) -

(b) We are now in position to estimate 9,8. We claim that

10:B]| pys-s < C (”(771 \//)||Hs+1/szs) . (3.31)
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In view of (3.30) and the product rule (3.9), the only nontrivial point is to estimate
9,[G(n)¥]. To do so, we use the identity for the shape derivative of the Dirichlet-
Neumann (see Section 2.3) to obtain

WGmy] =GO 0y — Bom) — div(V o).

Therefore (3.30) and the boundedness of G (1) on Sobolev spaces (see Proposition 2.7)
imply that

lo.LGmv 1]

Hs-5/2 = C(||(77, W)”HSH/ZXHS)-

This proves (3.31).

(c) Next we use Lemma 3.11 with m = 1/2 (which asserts that if a €
H/?=1/2(R?), then the paraproduct T}, is of order 1/2). Therefore, since by assumption
s—5/2>d/2—1/2foralld > 1, we conclude that

”Ta,an”Hs < ||Ta,%”Hsﬂ/z_)]_]s||77||H=‘+1/2 = C(”(’?a ¢)||Hs+1/szs).

This completes the proof. O

End of the proof of Proposition 3.24
Using the equation satisfied by ¥ and Lemmas 3.25-3.26, we obtain

W +Tin+Ty -V —TuTy - Vn — TGy = F € L¥(0, T; H*(RY)).
Since U =  — Tyn, we get
U =0y — Toim — Ty,1m.
Now we have G(n)Y¥ = 9,1 and
Ty - V¢ — TyTy -V — Ty - VU € L™(0, T; H*(RY)).
So using Lemma 3.27 we obtain the desired result. |

4. Symmetrization
Consider a solution (1, ¥) of (1.2) on the time interval [0, T] with 0 < T < +o00
such that

(n, ¥) € C([0, TT; ' 2(RY) x H'(R?)),
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for some s > 2 4 d/2, with d > 1. We proved in Proposition 3.24 that n and
U = — Ty satisfy the system

@+ Ty - V) (Z) + (% ‘OT*> (l’}) = f. 4.1)

where f € L>®(0, T; H*'/2(R?) x H*(R?)). The main result of this section is that
there exists a symmetrizer S of the form

g— T, 0
071,)°
which conjugates (79[ _OT‘A) to a skew-symmetric operator. Indeed we shall prove that
there exists S such that, modulo admissible remainders,

0-T,\ (0 -T,
S(n 0 )‘((T»* 0y>s'

In addition, we shall obtain that the new unknown

o=s(3)

0 -T
P+ Ty-VO Vo =F 4.2
t + \%4 + ((Ty)* 0 ) s ( )

satisfies a system of the form

with F € L*°(0, T; H*(RY) x H5(R?)); moreover |[(1, ¥)|| ys+1/2 s is controlled by
means of || D ys.

This symmetrization has many consequences. In particular, in the following sec-
tions, we shall deduce our two main results from this symmetrization.

4.1. Symbolic calculus with low regularity
All the symbols which we consider below are of the form

a=a™ +qm,

where

@) a™ is a real-valued elliptic symbol, is homogenous of degree m in &, and
depends only on the first-order derivatives of n;

(i) @Y is homogenous of degree m — 1 in & and depends also, but only linearly,
on the second-order derivatives of 1.

Recall that in this section n € C°([0, T]; H*"'/2(R%)) is a fixed given function.



XXX

-

dmj9330

April 13,2011 21:59

38 ALAZARD, BURQ, and ZUILY

Definition 4.1
Given m € R, X" denotes the class of symbols a of the form

a= a(m) +a(m—l)

with
a™(t, x, &) = F(Vn(t, X), 5),
"Vt x,8) = Y Gu(V(t, x), £)0in(t, x)
loe[=2
such that

(D) T, maps real-valued functions to real-valued functions;

(2)  F is a C*™ real-valued function of (¢, £) € R? x (R? \ 0), homogeneous of
order m in &, such that there exists a continuous function K = K(¢) > 0 such
that

F(.§) = K@) g,

forall (¢, £) € R? x (R?\ 0);
(3)  Ggisa C™ complex-valued function of (¢, £) € R? x (R? \ 0), homogeneous
of orderm — 1 in&.

Notice that, as we only assume that s > 2 4 d/2, some technical difficulties appear.
To overcome these problems, the observation that for all our symbols, the subprincipal
terms have only a linear dependence on the second-order derivative of n will play a
crucial role.

Our first result contains the important observation that the previous class of
symbols is stable by the standard rules of symbolic calculus. (This explains why all
the symbols which we shall introduce below are of this form.) We shall state a symbolic
calculus result modulo admissible remainders. To clarify the meaning of admissible
remainder, we introduce the following notation.

Definition 4.2
Let m € R, and consider two families of operators order m,

{A@) : 1 €0, T}, {B(t) : 1 €0, T1}.

We shall say that A ~ B if A — B is of order m — 3 /2 (see Definition 3.5) and satisfies
the following estimate: for all .« € R, there exists a continuous function C such that
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forall t € [0, T],
IA@) = B@ s e < CUINO o).

PROPOSITION 4.3
Letm,m’ € R. Then
(1) IfaeX"andb e =", then T,T, ~ uth Where ath € = s given by

, ) , 1 )
ath = a™pm) L gm=Dpm) 4 aemp'=1) 4 l_.aé_a(m) . 3xb(m ).
2) Ifa € X", then (T,)* ~ T, where b € X" is given by
— 1
b = a(m) +a(i71—1) + T(ax . 8§)a(m).
[

Proof
It follows from (3.5) applied with p = 3/2 that

” Ta(m) Tb(m/) - Ta("’)b("’/)+(l/i)aga('”)ﬂxb(m/) ” HH—s gu—m—m'+3/2 S C(” Vn || Wz/z.oo).
On the other hand, (3.5) applied with p = 1/2 implies that

Ty Ty vy — Tyompon'— || gro—s grm-n132 < CUIV| yarzee)s

| T gm0 Ty — Tyon—vypyons | g gruvm-nr32 < CIVN|| azco ).
Eventually (3.4) implies that
|| Ta(m—l) Tb(m’—l) ” H[l_)H}L—m—m/+2 S C( “ VT] || Wl.oc).

The first point in the proposition then follows from the embedding H**'/?(RY) C
W?3/2°(R). Furthermore, we easily verify that ath € """

Similarly, the second point is a straightforward consequence of Theorem 3.10 and
the fact that a"™ is, by assumption, a real-valued symbol. m]

Given that a € £, since a”~" involves two derivatives of 1, the usual boundedness
result for paradifferential operators and the embedding H*(RY) C W>*(R?) implies
that we have estimates of the form

I Tuy | iresrgn S sup  sup [E]*7 [02a(t, -, &)l < C (IIn@Olly:) . (4.3)
lee|<d /241 |E]=1

Our second observation concerning the class ™ is that one can prove a continuity
result which requires only an estimate of ||| ys-1.
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PROPOSITION 4.4
Let m € R, and let . € R. Then there exists a function C such that for all symbols
ae€Xandallt € 0,T],

I Togeyall nm < C (1N gy ) ot g -

Remark 4.5

This result is obvious for s > 3 + d/2, since the L*°-norm of a(t, -, £) is controlled
by ||n(#)]| s in this case. As alluded to above, this proposition solves the technical
difficulty which appears, since we only assume s > 2 + d /2.

Proof
By abuse of notation, we omit the dependence in time.
(a) Consider a symbol p = p(x, &) homogeneous of degree r in & such that

x = 97 p(-, &) belongs to H3RY), Va e N4,
Let g be defined by

0
360.5) = Wﬁw, £)

where x; = 1 on supp x, ¥y = 1 on supp ¥ (see (3.2)), ¥1(§) = 0 for |§] < 1/3,
x1(0,&) =0 for |0] > |£],and f(0, &) = J e ™ f(x,&)dx. Then

T,|Dy| =T, 4.4)
and

0G0, &)1 < (0)" Y 10EP©, 6).
p=a
Therefore we have

102qC. Ol S Y 10 pC. )l (4.5)

B<a

Now, it follows from the above estimate and the embedding H*"2(RY) C L*(RY)
that ¢ is L*> in x and hence ¢ € l"(’)_l C I'j. Then, according to (3.4) applied with
m =r (and not m = r — 1), we have for all 0 € R,

1T, ollaer < sup  sup 1617 198qC, O~ vl o -
le|<d /241 [§|>1/2
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Applying this inequality with v = |D,|u, 0 = p — 1 and using again the Sobolev
embedding, (4.4), and (4.5), we obtain

I Tpullfn-rr S sup  sup |3 pC, &)l llull g - (4.6)
la|<d/2+1 |&|=1

(b) Consider a symbol a € ™ of the form

a=a"+a"""=F(Vn, &)+ Y Gu(Vn, £)3n. 4.7
|a|=2

Up to subtracting the symbol of a Fourier multiplier of order m, we can assume without
loss of generality that (0, &) = 0.
It follows from the previous estimates that

I Taonutll g S sup @™, &)l lluell e
&1=1

I Tao-vull g S sup a0, &) s llull g -
=1

Now since s > 2 + d/2 it follows from the usual nonlinear estimates in Sobolev
spaces (see (3.10)) that

sup [la"™ (-, &)l =2 = sup [|F(Vn, E)llg=2 < C(Inll o)
[§1=1 |&|=1

On the other hand, by using the product rule (3.9) with (sp, sy, 5) = (s—3, s—2, s—3)
we obtain

a0 Ol < D NGV, E)3 1o

Ja|=2

S (1Ga(0, 8+ Y 1Ga(V1, &) = Gal0, )l yoz) 1057 | 155,

lee|=2

for all |£] < 1. Therefore, (3.10) implies that
la™ D¢ ) ks < CUmllgs)-

This completes the proof. O

Similarly we have the following result about elliptic regularity where one controls the
various constants by the H*~!-norm of 7 only.

PROPOSITION 4.6
Let m € R, and let © € R. Then there exists a function C such that for alla € X"
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andallt € [0, T, we have
el giesn < C (M@ o) {1 Tar ez + Naell 2}

Remark 4.7
As mentioned in Remark 3.9, the classical result is that, for all elliptic symbols
ae F:’](Rd) with p > 0, it holds that

1 £ < K {NTf Nl + 1 f 12}
where K depends only on M'(a). Hence, if we use the natural estimate
M@= "®) < C(In@llw) < C(In@ll )

for p > 0 small enough, then we obtain an estimate which is worse than the one just
stated for2 +d/2 < s <3+4+d/2.

Proof
Again, by abuse of notation, we omit the dependence in time.
Introduce b = 1/a", and consider & such that

0<eée<min{s —2—-d/2,1}.

By applying (3.5) with p = ¢ we find that 7, T, = I + r where r is of order —¢ and
satisfies

lrull e = CAVllyeo) Nl g = CUMI o) el e -
Then
u="T,T,u—ru—T,Tmn.
Denoting by R = —r — T, T m-n, we have
(I —Ru=T,T,u.
We claim that there exists a function C such that

I Tao-vutll gu-mve < CUMM o) N1l e -

To see this, notice that the previous proof applies with the decomposition 7, =
T, |D,|'"¢ where

X100, &)y (§)

0,86 = 0,8).
q(0.%) £ p©,8)
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Once this claim is granted, since 7, is of order —m, we find that R satisfies
I Rull gicse = CCUIMl o) Nl e -
Writing
(I+R+-+RHYUI —Ru=U+R+-+ RN, Tu
we get
u=U+R+ -+ RO, Tu+ R""u.

The first term on the right-hand side is estimated by means of the obvious inequality

|7+ R+ + RYT,

H Hr— Hutm

<|T+R+--+ RV

o s W Tl g

so that
|+ R+ -+ RO Tuu o < CUM o) 1 Tt g -
Choosing N so large that (N + 1)e > u + m, we obtain that
IR M gy prnsm S R ggson—s s e - == |1 R gy paese < CUI Il o)

which yields the desired estimate for the second term. O

4.2. Symmetrization
The main result of this section is that one can symmetrize the equations. Namely, we
shall prove that there exist three symbols p, g, y such that

1,1, ~T,T,, 1,1, ~T,T,, T, ~ (T,)", (4.8)

where we recall that the notation A ~ B was introduced in Definition 4.2.

We want to explain how we find p, ¢, y by a systematic method. We first observe
that if (4.8) holds true, then y is of order 3/2. To be definite, we chose g of order 0,
and then necessarily p is of order 1/2. Therefore we seek p, g, y under the form

p= p(1/2) + p(—l/Z)’ q= q(O) + q(—U, y = )/(3/2) + )/(1/2), 4.9)

where a™ is a symbol homogeneous in & of order m € R.
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Let us list some necessary constraints on these symbols. First, we seek real elliptic
symbols such that

PP = K £, 9" > K, yO? = K (g2,

for some positive constant K. Second, in order for T}, T,, T,, to map real-valued
functions to real-valued functions, we must have

p(t’x9é)=p(tsxa_%_)’ Q(lvxf):CI(f»xv—é),
V(fsxv$)=3/(fsx»—§)- (410)

According to Proposition 4.3, in order for T, to satisfy the last identity in (4.8), y(!/?
must satisfy

1
Imy"/? = —5 % - )y 2. (4.11)
Our strategy is then to seek g and y such that
1, 1,7, ~T,T,7T,. (4.12)

The idea is that if this identity is satisfied, then the first two equations in (4.8) are
compatible; this means that if any of these two equations is satisfied, then the second
one is automatically satisfied. Therefore, once g and y are so chosen that (4.12) is
satisfied, then one can define p by solving either one of the first two equations. The
latter task being immediate.

Recall that the symbol A = AV + A © (resp., £ = £® + £V is defined by (3.11)
(resp., (3.27)). In particular, by notation,

A0 = (4 V0P e — (V- 62

(Vn-§)? )
1+ |2/

(4.13)
€ = (1 + Vo2 (lg P -

Introduce the notation

08) = Z(z))»(l) 4 E(I)X(D + 3(2))»(0) + 1855(2) .9 k(l)
l. X ’

1
yity = (pOD) 421202 4 ;357/(3/2) ERCE)
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By symbolic calculus, to solve (4.12), it is enough to find ¢ and y such that

C](O)(eﬁ)») + q(—l)z(Z))L(l) + llaéq(o) . 3x(5(2)x(1))

1
= (yy)q” + (%" + ;8s<y<3/2>y<3/2>) 3.q”. 414
We set

y(3/2) — A /E(Z))L(l)’

so that the leading symbols of both sides of (4.14) are equal. Then Im y !/ has to be
fixed by means of (4.11). We set

Imy/? = —%(Bx -3y 2.

With these choices of y 3/? and Im y(1/?) (4.14) is equivalent to the following equation
(where the unknowns are ¢@, gV, and Re y(1/?),

1 1
qVen — yiy) = —9:P2D) - 9.9 — ~8:9 - 8. ((P1Y)
1 1
| (4.15)
— 7{@(2)A(1)’ g1,

where

lr —ylly i=1

1
— lTaégQ) . ax)t(l) 4+ WM 4 @0 _ 2y(1/2)y(3/2) + iag)/(3/2) . axy(3/2)' (4.16)

Since ¢~ does not appear in this equation, one can freely set ¢~ = 0. Since
2@ 1D are real-valued symbols, we see easily that (4.15) will be satisfied (with ¢g©
real) as soon as

Ret =0, g Imt = —{£@1D 4Oy, 4.17)
The first condition is satisfied if Re y(!/? solves the equation

(@ Re 1O = 23/2 Re 112,
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that is,

LD Re A® £@ Re A©
Rey (/2 = _ .
296/ O

It remains to solve the second equation in (4.17). Let us first recall that
j 1
0= =@ 0%, ImA® = =50, 9,

Imy "/ = —%(ax ~0e)y 7,
and consequently
Im7 = —3:£% - 3,1V — %x“)(aé S0P — %e@)(aS CRVR
Y82, - 8y 4 8,982 g,y
Writing
YO (@ - )y 4 8,902 . 5,y = %Bx () = %Bx 8 (6D,
we thus obtain
Imt = %agw - 9,6@ — %age@ WAL
and hence the second equation in (4.17) simplifies to
%{gm’ A0 O (@D, 4Oy = . (4.18)
The key observation is the following relation between £® and AV (see (4.13)),
0@ = (A withe = (1 + |V
Consequently (4.18) reduces to
—qPV0cc? - 04 + 3P WD) 0A Y 0,90 — 0.4 - 0, (C(AV)’) = 0.

Seeking a solution ¢ which does not depend on &, we are led to solve

9. 3,g” 1920 dc
g® 3 ¢
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We find the following explicit solution,
g0 =" =1+ |V
Then, we define p by solving the equation
1,1, ~T,T,.
By symbolic calculus, this yields
qg(Z) 4 qg(l) — y(3/2)p(1/2) 4 y(l/Z)p(l/Z) + y(3/2)p(*1/2) 4 %85)/(3/2) . 3xp(1/2).

Therefore, by identifying terms with the same homogeneity in £, we successively find
that

0) p(2) 2
q™e (£ _ ey
p(l/Z) — W — q(O) m — (1 + |vn|2) 5/4 )\4(1)

and

iy _ L

a7 {q(o)g(l) _ 1/(1/2)p(1/2) 4 iaéy(3/2) . 3xp(1/2)}. (4.19)

p

Note that the precise value of p‘~'/? is meaningless since we have freely imposed
gP =0.

Gathering the previous results and noting that /2 and p~'/? depend only
linearly on the second-order derivatives of 1, we have proved the following result.

PROPOSITION 4.8
Letg € ° p € 12,y € £32 be defined by

g =+,

p=(1+|Vn)AVAm 4 ptl/2,

@ Re)O®
y = VIORD 4 L9 RedT %(85 O VEOAD,

XU
where p'='/? is given by (4.19). Then

7,7, ~T,T,,  T,T,~T,T, T, ~(T)"

By combining this symmetrization with the paralinearization, we thus obtain the
following symmetrization of the equations.
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COROLLARY 4.9
Introduce the new unknowns

O =T,n and o, =T,U.
Then ®,, ®, € C°([0, T1; H3(RY)) and

3@ + Ty -V, — T, ®, = F,
(4.20)

0P, +Ty - VO, + T, = F>,
where Fy, F, € L>(0, T; H(R?)). Moreover,

1CEr F) Lo rsmoerrsy < CUIG0 D o gtz

for some function C depending only on dist(X, I').

To prove Corollary 4.9, we first note that it follows from Proposition 4.8 and
Proposition 3.24 that

0,0, +Ty - VO, —T,®, = Bin + fi,
0P, +Ty - VO, + 1,9, = BU + f5,
with fi, f> € L>(0, T; H*(R)),
”(fb f2)||L°°(0,T;Hs(Rd)) = C(||(VI, w)”Lm(o,T;Hs+1/2(Rd)><Hs(Rd)))a
and
Bl = [atv Tp] + [TV . Va Tp]7
B, := [0, T,1 + [Ty - V. T,].
Writing
1 Binllys < 1Billgssas s 10l gosire,
| B2U s < 1 Ball s s 1U Nl s

itremains only to estimate || By || gs+1/2_, s and || Bz || gs_, g+ To do so, the only nontrivial
point is to prove the following lemma.

LEMMA 4.10
For all i € R there exists a non-decreasing function C such that, for all t € [0, T],

I T, pioy | i1 s + 1 T gl s e < C(|(2), ¥ (2))]

Hs+l/2XHs)’
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Proof
It follows from the Sobolev embedding and (3.30) that

13l S N3l s < CI Y o )-

This implies that

13:q 1l + My @, p""?) < C(Il, Y ooy e

where the semi-norm MO1 has been defined in (3.3). On applying Theorem 3.6, this
bound implies that

1T, pars s n-1 A+ W Tog s e < C (10 Y s prs)-

It remains only to estimate ||T5, ,1/2 || gu— ge-12. Since we only assume that s >
2 + d /2, a technical difficulty appears. Indeed, since 9, has the weight of 3/2 spatial
derivatives and since the explicit definition of p‘~!/? involves 2 spatial derivatives of
1, the symbol 9, p'~1/? does not belong to L> in general. To overcome this technical
problem, write p‘~!/? under the form

PP =" PV, £)0%,

loe|=2

where the P, are smooth functions of their arguments for £ # 0, homogeneous of
degree —1/2 in &. Now write

Ty, perr = Z To, pucvn.gpoen + Z Tp,cvn.&ysoen- (4.21)

lor|=2 | =2

As above, we obtain

My (3, Po(V1, &) < C(I100, ¥l ggerinpre)-

On the other hand for || = 2 we have the estimate [|097]| .~ S |9l ys+12. On applying
Theorem 3.6, these bounds imply that the first term on the right-hand side of (4.21) is
uniformly of order —1/2.

The analysis of the second term on the right-hand side of (4.21) is based on the
operator norm estimate (4.6). By applying this estimate with »r = —1/2, we obtain

”TPa(Vn,E)a,Bgn”H“HH”"/Z f, | P, (Vn, 5)3t3§77||Hsf3~
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Now the product rule (3.9) implies that

||Pa(VT},€)8,8fn||Hsfs
SHIPA0, )] + 1 Po(V1, &) — Po(0, &)l ot } 18,0511l 1753,

and hence
I Tp,conermoen L s mnn < C(Inlla) 10l gt < C (100 Yl s prs) -

This completes the proof. O

5. A priori estimates
Consider the Cauchy problem

an—Gmy =0, , 5
1 L(Vn - VY + Gmy) :
) - H — VY| — = =0,
Wt gn—Hm) + 5 VYT — 5 e
with initial data
Nli=0 = No, Yli—o = Yo.

In this section we prove a priori estimates for solutions to the system (5.1) and
approximate systems. These estimates are crucial in the proof of the existence and
uniqueness of solutions to (5.1).

5.1. Reformulation
The first step is the following reformulation, whose proof is an immediate computation.

LEMMA 5.1
(n, ¥) solves (5.1) if and only if

(r)amm(0)« (2 70) () (0) = ()

where
=Gy —{T.(y — Ten) — Ty - Vn},

1(Vn- V¢ + Gpy)’
2 1+ |V

+TyVy =TTy -V — TGy + Ten — gn.

+ H(n) (5.2)

1
fr= =S IVeP
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(r ) (1) = 07)

we thus find that (1, ¥) solves (5.1) if and only if

Since

@, +Ty-V+2£) (Z) = [, ¥),

M, Y)li=o = Mo, Vo),

_ (1 0\(0-T, I 0 (1 0\ (S
() o) () o= (23 Ge)

5.2. Approximate equations

(5.3)

with

We shall seek solutions of the Cauchy problem (5.3) as limits of solutions of ap-
proximating systems. The definition depends on two operators. The first one is a
well-chosen mollifier. The second one is an approximate right-parametrix for the

symmetrizer § = (Té 2, ) defined in Section 4.

Mollifiers. To regularize the equations, we cannot use usual mollifiers of the form
x(eD,). Instead we use the following variant. Given ¢ € [0, 1], we define J, as the
paradifferential operator with symbol j, = j.(¢, x, &) given by

©0)

Je =1 6/2),

_ i
+ 77" = exp(—ey®?) — 50 - 0 exp(—ey
The important facts are that

1
Je € C(10, TI:T) ,RD), {0 y¥P)=0,  Imy "= —5 - 9.

& &

Of course, for any ¢ > 0, j, € C(0, T];Fg"/z(Rd)) for all m < 0. However,
the important fact is that j. is uniformly bounded in C°([0, T'];T'3,,(R?)) for all
g € [0, 1]. Therefore, we have the following uniform estimates,

”JaTy - Ty-]s”H“»H“ =< C(”VUHWWW)a
1) = Jell s sz < CAUIVAllarzce),
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for some non-decreasing function C independent of ¢ € [0, 1]. In other words, we
have

J.T, ~T,J,, (Je)* ~ e,
uniformly in €.

Parametrix for the symmetrizer. Recall that the class of symbols X" have been defined
in Definition 4.1. We seek

o = p(—1/2) + &)(—3/2) = 2—1/2
such that
1
ptp = p1P D 4 plDGE3D 612 78§p<1/2> o = 1.

To solve this equation we explicitly set

1
—1/2) —
=
(5.4)
- 1 _ _ 1 ~
P = i (50( 12 =12 4 ;356{)( 12, 3xp“/2)>.

Therefore
T,T, ~ 1,

where we recall that the notation A ~ B is as defined in Definition 4.2.
On the other hand, since ¢ = (1 + |Vn|?)~"/? does not depend on &, it follows
from (3.7) that we have

Tq Tl/q ~ 1.
Hence, with g and ¢ as defined above, we have
T, 0\ (T, 0\ (10
0 7, 0 Ty, 0r7)"

Approximate system. We then define

ge (1 0Y(0 =T\ (T,0.T, 0 I 0
T\ 1)\, 0 0 Ty JeT, ) \~Tx 1)
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(At first one may not expect to have to introduce J, and £¢. We explain the reason for
introducing these operators in Section 5.4 below.) We seek solutions (1, ¥) of (5.3)
as limits of solutions of the following Cauchy problems,

n

(at—I-TV-VJS—i—SES)(w

) = fUen, Je¥),
(5.5)

M, Y)li=0 = (Mo, Vo).

5.3. Uniform estimates
Our main task will consist in proving uniform estimates for this system. Namely, we
shall prove the following proposition.

PROPOSITION 5.2
Letd > 1, and let s > 2 4 d /2. Then there exists a nondecreasing function C such
that, for all ¢ € [0, 1], all T €]0, 1], and all solutions (n, V) of (5.5) such that

(. ¥) € C'(10, T]; H*"'2(R?) x H*RY),
the norm
M(T) = 11, Yl Lo, 7:15+12 5 115
satisfies the estimate
M(T) < C(Mo) + TC(M(T)),
with Mo := [[(n0, Yo)ll grs+12 s

Remark 5.3
Notice that the estimate holds for ¢ = 0. In particular, this proposition contains a
priori estimates for the water-wave system itself.

5.4. The key identities

To ease the reading, we explain the key identities in the proof of Proposition 5.2 here.
By the definition of £¢, using that (_7, ) (£, 7) = ({9). we have

T, 0 I 0\ o

(67) (n3)
(T, 0\ (0 =T\ (T,J.T, O 1 0
~\or1,/J\1, 0 0 TylT,)\-Ts 1)’
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T, 0\ (0 =T\ _( 0 =T,\ (T, 0
07,)\1, 0 @,y o J\orT,)

T, 0\ ( I O\,

(§2) ()
(0 =T\ (T, 0\ (T,J.T, © I 0
T 0 )\oT, 0 Ty.T,) \~Ts I

uniformly in . (Notice that the remainders associated to the notation ~ are uniformly

bounded.) We next use
T, 0 T, 0O N 10
0 T, 0 Ty, 017

to obtain that, uniformly in €, we have the key identity

T, 0 I O0\ye (O —T,JL\(T,0 I 0
07,)\~Ty I (T,)"J. 0 07T,)\-Ts 1)

In other words, the symmetrizer

(52)(2.7)

conjugates £° to a simple operator which is skew symmetric in the following sense,

0 -T,.\ _ ( 0 -T,J.
(T,)Je 0 Ty Je 0 )

This is our second key identity, which comes from the fact that

Now recall that

so that

(T, ~T,, JI~ e, T,J. ~ JT,.

In particular, it is essential to chose a good mollifier so that the last two identities hold
true.

In the proof of Proposition 5.2 below, the main argument is that the term F,
in (5.9) is uniformly bounded in L*°(0, T; H® x H?). The other arguments are only
technical arguments. However, since we only assume that s > 2 + d/2, this requires
some care and we give a complete proof.
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5.5. Proof of Proposition 5.2
We now prove Proposition 5.2.
(a) Let us set

o (T (T, O I 0\ /(n
vevtn o= ()= (02) (R0 G) oo

We claim that & satisfies an equation of the form

0 —T,J
Ty -VJ.)® C) @ =F, .
@ +Tv-VJ) +(Tst 0 ) e 5.7

where the remainder satisfies

IFell o, 7ty < CUN Y o o)) (5.8)

for some nondecreasing function C independent of €. To prove this claim, we begin
by commuting the equation (5.5) with the matrix

T, 0 I 0
07,)\-Tn I
to obtain that & satisfies (5.7) with F, = F . + F». + F5 . where (see Section 5.4)

F :<Tpf1<fgn,fgw>>
be T\ AU, Ja))

0 —(T, Ty Ty)yJ. — T, J.)
P, = r M v o, 5.
2 ((Tq T.T,J. — T, J.) 0 (59

_ T, 0 I 0 n
o= loene v () ()] (0)

The estimate of the first term follows from Proposition 3.14, Lemma 3.25, and
Lemma 3.26. (Clearly, these results apply with (17, ¥) replaced by (J.n, J.¥).) For
the second term we use that

1,7, ~T,T,, 1,7, ~T,T,, T,T, ~ I, T,Tyy ~ 1
to obtain
T,1,T,, ~T,, 1, 1,T, ~T,.

Eventually, we estimate the last term as in the proof of Corollary 4.9.
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(b) We next claim that

107, Y 0. 111113y < C(Mo) + TC(M(T)). (5.10)

We prove the desired estimate for 9,7 only. To do so, using the obvious inequality

Il ot = IO ot + /Ot 101l gros
< Mo+ T 19,1l 1<, ;151 »
we see that it is enough to prove that
1071l oo, 7: 51y < C(M(T))- (5.1D
This in turn follows directly from the equation for . Indeed, directly from (5.5), write
an=—Tv -VIn+ LT ). T,(y — Ten) + fi(Jen, ).

The last term is estimated by means of Proposition 3.14. Moving to the first two terms,
by the usual continuity estimate for paradifferential operators (3.4), we have

1Ty - VIl g < NV s 1 Jenll s
and
153 T1q I T, (f — Tam) || s
<Ny Je Tyl e {10 s + 1Bl Il g}

and hence, since H*~'(R?) C L*(RY), the estimates for B and V in (3.30) imply
that 9,7 satisfies the desired estimate (5.11). The estimate of ||/ || ;--3 is analogous.
This completes the proof of the claim.

(c) To obtain estimates in Sobolev space, we shall commute the equation with
an elliptic operator of order s and then use an L’-energy estimate. Again, one has to
carefully choose the elliptic operator. The most natural choice consists in introducing
the paradifferential operator T with the symbol

B = (yP?)*P e xo. (5.12)
The key point is that, since B and ;(” are (nonlinear) functions of /2, we have

9B - 3xy(3/2) — 857(3/2) 0,8,
%p - 9.5 = 05" - 0P
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Therefore, as above, we find that [T}, T, ] is of order s, while [Ty, J.] is of order
s — 3/2. Also the commutator [T, Ty - V J,] is clearly of order s. With regards to the
commutator [Ty, Ty ] = —T; g notice that there is no difficulty. Indeed, since B is of
the form 8 = B(Vn, &), the most direct estimate shows that the L?(Rd)-norm of 0,8
is estimated by the L;‘)(Rd)-norm of (Vn, 9,Vn) and hence by C(M(T)) in view of
(5.11) and the Sobolev embedding H5~'(R?) ¢ W"*(R“). We thus end up with the
following uniform estimates

ITs, Tl sz + W Tg, 0l sz + 1T [T, Jo )l s 12
+ITp, Ty - VI pees 12 < C(M(T)),

for some non-decreasing function C independent of ¢ € [0, 1]. Therefore, by com-
muting the equation (5.7) with Ty, we find that the function ¢ := T ® satisfies

0o -7,J
9 +Ty-VJ. rle) = F 1
with

I Fll~0.1:02x12) < C(M(T)),

for some non-decreasing function C independent of ¢ € [0, 1].
(d) Since by assumption (1, ¥) € C'([0, T]; H*"'/2(R?) x H*(RY)) we have Qi1

¢ € C'([0, T]; L*(RY) x L*(RY)),

and hence we can write

d
. ) :2R 8 ) )
dt(qo ®) e (0@, @)

where (-, -) denotes the scalar product in L>(R?) x L*(R¢). Therefore, (5.13) implies
that

d 0 —-T,J,
—_— :2R —T V & - vee F/a 9
= (@, @) e< vV (TVJE 0 ><P+ e <p>

and hence
d

E(co, @) = (R, ¢) +2Re(F/, ¢),

where R° is the matrix-valued operator

0 —T,J 0 —-T,7.\"
e [Ty -VIY +Ty-VII ve rie)
R {(Ty - VI +Ty-VJ.} +<Tst 0 )JF(TVJE 0 )
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Now recall that
(Ty)* ~ Tya (Ja)* ~ Je, Ty-]a ~ JaTy'
Moreover, we easily verify that

sup sup || R (Ol r2xr2sr2xrz < C(M(T)).
£€l0,111€[0,T]

Therefore, integrating in time we conclude that for all r € [0, T],

lp@II72, 12 = l@(O)lI72, 2 < C(M(T)) /OT(IlwllizxLz 172 2) ds
which immediately implies that
@l oo, 73025 02) < C(Mo) + TC(M(T))‘
By the definition of ¢, this yields
N TsTpnllL~©,7:22) + 1T T, Ul L~0.1:2) < C(Mo) + TC(M(T))~ (5.14)
First of all, we use Proposition 4.6 to obtain
1 o 7m0y = KT Tl rieey + 10l o e (5.15)
I 0,70 < KT Ty e ey + 19 o iy ) (5.16)

where K depends only on (9] p« 7.p5-1)-
Let us prove that the constant K satisfies an inequality of the form

K < C(My) + TC(M(T)). (5.17)
To see this, notice that one can assume without loss of generality that
K < F(”n”ioo(oj;ﬂs—l))

for some non-decreasing function F € C!(R). Set €(t) = F(||n(t)||i1r1). We then
obtain the desired bound (5.17) from (5.11) and the inequality

T

T
K < €(0)+/ €' ()ldt < F(Mo)+f 2F (Il 30 18l e Ill e dt.
0 0
Consequently, (5.14) and (5.15) imply that we have

Il <o, 7:ms012) < C(Mo) + TC(M(T)).



XXX

-

dmj9330

April 13,2011 21:59

ON THE WATER-WAVE EQUATIONS WITH SURFACE TENSION 59

It remains to prove an estimate for 1. To do this, we begin by noticing that, since
Y = U + Tyn, we have

T Ty |l Lo, 7:02)
S WTT,U | o.1:02) + 1 T Ty Tos [l oo, 715412 12y 10l Lo 0.7 112y -
Now we have by means of Lemma 3.11

I Tﬁ Tq Ty ||L°°(O,T;H5+l/2*>1‘2)

< sup sup [B(, -, §)||L;c ||61||L:>c(0,T;Loo) ||%||Lw(o,T;H<d—l>/2)
1€[0,T] |&]=1

and hence

1l < K'YIT,U s + 1912 + Il e} (5.18)

where K’ depends only on [[(17, ¥) | =, 7,151 x r-32)- By using the inequality (5.14)
for || TgU || .2, the estimate (5.10) for ||/ |-, the previous estimate for 1, and the fact
that K’ satisfies the same estimate as K does, we conclude that

1 Nl oo, 720y < C(Mo) + T C(M(T)).

We end up with M(T) < C(My) + T C(M(T)). This completes the proof of Proposi-
tion 5.2.

5.6.
Consider (1, ¥) € C°([0, T1; HSt'/2(RY) x H5(R?)) as a solution to the system Q12

{ (at + Ty -VJ. + ig)(:;) = f(Jeﬂ, Jsl//),

(1, ¥li=o = (Mo, Vo).

We now prove uniform estimates for solutions (7, ¥) to the linear system
{ @, +Ty -V + x%(f/?f) —F,
(7, ¥)li=o = (o Yo)-

To clarify notation, write (5.5) in the compact form

(5.19)

n

E(e,n,¥) (w

) = f(an’ sz)
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Then, with this notation, we shall prove estimates for the system

E(e,n, V) <::/’/) =F.

We shall also use the following notation. Given r > 0, T > 0, and two real-valued
functions u, u,, we set

[l (s, Mz)”xr(r) = |[(uy, u2)||L°C(0,T;H’+‘/2><H’)' (5.20)
We shall prove the following extension of Proposition 5.2.
PROPOSITION 5.4

Letd > 1, lets > 2+ d/2, and let 0 < o < s. Then there exists a non-decreasing
function C such that, for all ¢ € [0, 1], all T €]0, 1], and all 7, 1/7, n, ¥, F such that

E(e. . ) (Z) = fUen. JW),  E(e.n.¥) (Z) =F

and such that

(. ) € C°([0, T1; H*'2(RY) x H*RY)),
(@, 9) € C'([0, T]: H**'*(R’) x H?(RY)),
F = (F\, F,) € L™([0, T1; H*"'*(RY) x H°(R")),

we have

I Il xecry < CllGlos o)l ae1x e
+7C (I, Wlx) {1Gis W) llxeery + 1 Fllxory ), (5:21)

where C = C(||(no, ¥o)ll gerzzs) + TCU, ¥l yscry)-

Remark 5.5
By applying this proposition with (1, ) = (i}, ¥) we obtain Proposition 5.2.

Proof

Wesstill denote by p, g, v, g the symbols already introduced above. They are functions
of n only. Similarly, 8 and V are functions of (1, ). We use tildes to indicate that
the new unknowns that we shall introduce depend linearly on (i, /), with some
coefficients depending on (1, V).
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(1) Let us set
~ 5 1,7
U=y — Ty, d=\_"2).
v — T (Tq U)
As above, we begin by computing that ® satisfies

- 0 —-T,J.\ = -
Ty, -VJ)d ) = F
O +Ty -VJ) +(Tng 0 )

with F = F| + F, + F; where
T,F
T,F,)’

( 0 4nnnmg—nkoé
(T,T,T,J. — T, J.) 0 ’

- T, 0\ ([ I 0\]/(7
N L) [

Then we find that

F

13

2

I Fll 0. 7:0 17y < C (10, ¥ xsry) {1G ¥ lxery + N F llory

for some non-decreasing function C independent of €.
(i1) Next, we introduce the symbol

ﬂ = (y(3/2))20/3 e ZU.
As above, we find that
[T, T, el o2 < CUIM, ¥l xsr),
T, [Tg, Jlllwo -2 < CUIM, ¥l xs(1),

I[Tg, Ty - VIl mo—r2 < CUM, ¥)lxscr)),
75, 0l o—r2 < CUIM, Y xscry)s

for some nondecreasing function C independent of ¢ € [0, 1]. Therefore, by commut-
ing the equation (5.7) with Tg, we find that

(p = Tﬁ&)
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satisfies

0 -7,/ ~
Ty -VJ,){@ YR g = F,
(0, + Ty J)§0+<T)/Jg 0 )90

with
IF' 2, 7:22x22) < C (110, ¥ llxsry) {11G ¥ lxery + 1 F Nl xery )

for some non-decreasing function C independent of ¢ € [0, 1].
(iii) Therefore, we obtain that for all # € [0, T1, [|3(1)]|22,. 2 — @03, - is
bounded by

T
C(lle, Iﬁ)llxsm)/ (1T 2 + IF @G- p2) A’
0
which immediately implies that ||@|| ;«, 7.12x12) i bounded by

@O 2 r2 + TC(”(?% 1ﬂ)”xa(m) NPl Lo, 02502 + T I I xo(r) -

Once this is granted, we end the proof as above. O

6. Cauchy problem

In this section we conclude the proof of Theorem 1.1. We divide the proof into two

independent parts: (a) existence and (b) uniqueness. We shall prove the uniqueness

by an estimate for the difference of two solutions. With regards to the existence, as

mentioned above, we shall obtain solutions to the system (1.2) as limits of solutions

to the approximate systems (5.5) which were studied in the previous section. To do

that, we shall begin by proving that:

(1)  For any ¢ > 0, the approximate systems (5.5) are well-posed locally in time
(ODE argument).

(2)  The solutions (1., ¥.) of the approximate system (5.5) are uniformly bounded
with respect to ¢ (by means of the uniform estimates in Proposition 5.2).

The next task is to show that the functions {(n,, ¥.)} converge to a limit (1, 1) which

is a solution of the water-wave system (1.2). To do this, one cannot apply standard

compactness results since the Dirichlet-Neumann operator is not a local operator. To

overcome this difficulty we shall prove as in [21] that:

(3)  The solutions (1., ¥.) form a Cauchy sequence in an appropriate bigger space
(by an estimate of the difference of two solutions (1., V) and (9., V¥¢)).

4 (n, ¥) is a solution to (1.2).

(5) () € CU0, T]; H*F'2(R?) x H*(RY)).

Notice that, as usual, once we know the uniqueness of the limit system, one can assert

that the whole family {(7., ¥.)} converges to (1, V).
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Clearly, to achieve these various goals, the main part of the work was already
accomplished in the previous section.

6.1. Existence

LEMMA 6.1
For all (ny, o) € HT1/2(R?) x H5(R) and any & > 0, the Cauchy problem

0 + Ty - VI + £ (Z) = fWen, Jey),

(1, ¥li=o = (Mo, Vo)

has a unique maximal solution (n,, ¥,) € C°([0, T.[; H**'/?(R?) x H5(R?)).

Proof
Write (5.5) in the compact form

0 Y = F.(Y), Y|i—o = Yo. (6.1)

Since J; is a smoothing operator, (6.1) is an ODE with values in a Banach space for any
& > 0.Indeed, itis easily checked that the function % is C' from H**'/2(R?)x H*(R¥)
to itself. (The only non trivial terms come from the Dirichlet-Neumann operator, whose
regularity follows from Proposition 2.11.) The Cauchy-Lipschitz theorem then implies
the desired result. O

LEMMA 6.2
There exists Ty > 0 such that T, > T, for all ¢ €]0, 1] and such that {(ns, ¥e)}eepo.1)

is bounded in C°([0, Ty]; H**'/>(RY) x H*(R?)).

Proof
The proof is standard. For ¢ €]0, 1] and T < T, set

M (T) := ||(n,, 1ﬁe)”L<>0(0,T;Hs+l/2><HS)-

Notice that automatically (1., ¥,) € C'([0, T.[; H"'/2(R?) x H*(R?)), so that one
can apply Proposition 5.2 to obtain that there exists a continuous function C such that,
foralle €]0, 1]and all T < T,

M(T) < C(My) + TC(M(T)), (6.2)
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where we recall that My = ||(no, Yo)ll yst12yys- Let us set M = 2C (M), and choose
0 < Ty < 1 small enough such that C(My) + ToC(M;) < M,. We claim that

M.(T) < M,, YT eI := [0, min{Ty, T.}].

Indeed, since M,(0) = M, < M, assume that there exists 7 € I such that M .(T) =
M,; then

M; = M(T) < C(My) + TC(M(T)) < C(Mo) + ToC(My) < My,

hence the contradiction.
The continuation principle for ordinary differential equations then implies that
T, > T, for all ¢ €]0, 1], and we have

sup sup M (T) < M.
e€]0,1] T€[0,Ty]

This completes the proof. O
LEMMA 6.3

Let s' < s—3/2. Then there exists 0 < Ty < T such that {(ns, ¥e)}ecpo.1) is a Cauchy
sequence in C°([0, T,]; H¥+/2(R?) x H¥ (RY)).

Proof
The proof is sketched in Section 6.3 below. |

Then, as explained in the introduction to this section, the existence of a classical
solution follows from standard arguments.

6.2. Uniqueness
To complete the proof of Theorem 1.1, it remains to prove the uniqueness.

PROPOSITION 6.4

Let Ty > 0, letd > 1, and let s > 2 + %. Let (nj, ), j = 1,2, be two solutions
of system (1.2) in C°([0, Tyl; H**'/2(R?) x H(RY)) such that the assumption H, is
satisfied for all t € [0, Ty). Then

171, Y1) — (M2, Vo) ll Lo, 71 Ho—1 (R x Hs=3/2(R))
< Cllm1, Y1) — (M2, ¥2) li=o a1 ROy x Hs-32 Ry (6.3)

As we shall see, the proof of Proposition 6.4 requires a lot of care.
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Recall (see Section 5.1) that (1, ¥) solves (1.2) if and only if

@ +Ty V+2) (f;) = f(n, ¥),

with

(1T 0\(0-T, I 0 (10 Iz
L= <T% 1> <T¢ 0 ) (_T% 1>, f@, ¥) = (T% 1) <f2>, (6.4)

where
f'=Gmy —{T.( — Ten) — Ty - Vn},

1 1 (Vn- VY + Gy)?
2 — v 2 _ F{
f 2| 4 +2 1+ |Vnl? +Hm)

+TyVy =TTy -V — TGy + Ton — gn.

Introduce the notation
V-V, + Gy,
B, = U L gnj)%’ Vi=Vy; —B,;Vn;, (6.5)
L+ |V

and denote by A;, £; the symbols obtained by replacing n by n; in (3.11), (3.27),
respectively. Similarly, denote by £, the operator obtained by replacing (8, A, £)
with By, A1, £;) in (6.4). To prove the uniqueness, the main technical lemma is the
following.

LEMMA 6.5
Let O < T < Ty. The differences 1 := n, — 1, and 8y = Yy — Y, satisfy a system
of the form

@+ Ty V20 (31) = f

for some remainder term such that
Il oo, 751151 5532y < C(My, M2)N,
where
M; = ||[(nj, Yl L. 115412 < 15), N =180, SY)l Lo, 75151 x H5-32)-

Assume this technical lemma for a moment, and let us deduce the desired result:
(1, Y1) = (2, ¥2). To see this we use our previous analysis. Introducing
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U =8¢ — T, 0n = — Yo — T, (1 — 12)

on
o= "
8 <T1118U) '

we obtain that §® solves a system of the form

and

T,

1

3,80 + Ty, - V6D + ( 0 —gy,) SO =F

with
|| F ”Loo(o’T;Hs—B/Zst—}/Z) 5 C(M] 5 Mz)N

Then it follows from the estimate (5.21) applied with

3 ~
=0, T=5T5 0=, v =4y,

that N satisfies an estimate of the form (with Ny = |[(n, ¥) |i=oll ge=t x gs—32)
N <TC(M,, Mr))N + C(M;, M»)Ny.

By choosing T small enough, this implies N < 2N, which is the desired result,
but possibly for a time interval [0, T'] smaller than [0, 7j]. Now we can clearly iterate
this result (because the size of the time interval 7" here depends only on the a priori
bounds M, M;) to get Proposition 6.4.

It remains to prove Lemma 6.5. To do this, we begin with the following lemma.

LEMMA 6.6
We have

Vi = Vall s < C 80, SY) o=t prs-r2

181 — Bl gs-sr < C NN, SY) | oot s o2,

1

Z sup |z (WP ) = 2P 6)|

—0 |

Z sup |og (69 &) — 679, &)

—0 |

< Cliénllgs1,

Hs3+k —

< Clidnll s,

Hs3+k —

forall @ € N¢ and some constant C depending only on My, M, and a.
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Proof

The last two estimates are obtained from the product rule in Sobolev spaces (using
similar arguments as in the end of the proof of Lemma 4.10). With regards to the first
two estimates, notice that, by the definitions of B;, V; (see (6.5)), to prove them the
only non trivial point is to prove that

IGm)Y — GVl gssn = C 81, SV o1 o372

Indeed, setting n, = tn; + (1 — t)n, we have

1
Gy — Gy = Gy +/ dG(n)y, - éndt =: A+ B.
0
It follows from Proposition 2.7 that
Al gs-s2 < C(My) 18Y | -2

Now thanks to Proposition 2.11 we can write

1
B = —/ [G(n:)(2B,8n) + div(Vidn)] dt,
0

where B, = B(n,, ¥»), V = V(n,, ¥). Using again Proposition 2.7 we obtain
| Bl gs-s2. < C(My, M) 169|532, (6.6)

which completes the proof. O

COROLLARY 6.7
We have

1Tv,—v, - Viallgs— < C 1180, 8Y) | o1 s
1Tv,—v, - V¥l < C 180, 8V g1 =3,
1T —a 2 ll st < C NS0, SY) | st s =32

1T, —e,mll =32 < C (81, SY) I g1 pys-12,

for some constant C depending only on My and M.

Proof
According to Lemma 3.11, we have

1 Tattll e S Nlall graire Nl guse,
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so using the previous lemma we obtain the first two estimates. The last two estimates
come from the bounds for A; — A, and ¢; — £, and Proposition 4.4. (Again, it suffices
to apply the usual operator norm estimate (3.4) for s > 3 + d/2.) O

Similarly, we obtain that, for any u € H!/2,

T, —w,ull s < C 1180, YN ot cpgssrn Nuall oo

Therefore, to prove Lemma 6.5, it remains only to estimate the difference

S ) — f(na, ¥2),

where f(n, ¥) is defined in (6.4). To do this, the most delicate part is to obtain an
estimate for

Fons ) = £, ¥),
where we recall the notation
[0 ) = Gy — (T — Twm) — Ty - V). (6.7)
We claim that
£ s ) = 1Oy )l st < C(My, M) 11877, 8Y) | ot o

To prove this claim, we shall prove an estimate for the partial derivative of (5, )
with respect to 1. (Since f (1, ¥) is linear with respect to v/, the corresponding result
for the partial derivative with respect to v is easy.) Let (1, ¥) € H3"/2(R?) x H5(RY).
(Again, we forget the time dependence.) Introduce the notation

1
dy G p) i = lim = (£ (1 + e, 9) = £ 1. 9).

Then, to complete the proof of the uniqueness, it remains only to prove the following
technical lemma.

LEMMA 6.8
Let s > 2+ d/2. Then, for all (n, ¥) € H"'/2(R?) x HS(R?) and for all 7 €
HS+]/2(Rd),

Iy s ) - Al < C il g

for some constant C which depends only on the H3*'/2(R%) x H3(RY)-norm of (n, V).
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Remark 6.9

The assumption 7 € H*'/2(R?) ensures that d,, f' (n, ¥)7 is well defined. However,
of course, a key point is that we estimate the latter term in H°~! by means of only the
H*! norm of 7.

Proof
To prove this estimate we begin by computing d, f'(n, ). Given a coefficient
¢ = c¢(n, ¥) we use the notation

1
¢ = lim =(ctn + &0, ) = c(1. ).

Using this notation for A, %, V, we have

dy ', ) - = —G(n)(Bi) — div(Vi)

— AT = Twn) — TiTyn — T.Twn — Ty - Vi — Ty - Vi),
(6.8)

We split the right-hand side into four terms. (Three of which are easy to estimate,
whereas the last one requires some care.) Set

L=V-Vi—Ty-Vi,
L =-T;(y —Tyn),

I =—-T,Tyn,

Iy = —G()(Bn) — (div V)i + T, T 7.

To estimate 1,, we use that, for all functions a € H*(R?) with sy > 14 d /2, we have
lau — Toull gust < K llall go 1l g

whenever u € H*(R?) for some 0 < u < sy — 1. By applying this estimate with
So = S — 1, we obtain

Il = 1V = Tv) - Vil g S AV s IVl o < C llipll o -

With regards to the second term, we use the arguments in the proof of Proposition 4.4.
(Notice that here, our symbol i does not exactly have the form (4.7), but rather

F(Vn, Vi) + G(Vn, §)Vi + K(Vn, )V V)
and the proof of Proposition 4.4 applies.) We obtain

I L0 gt < C Rl st -
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To estimate /3, notice that (3.4) implies that
123 o S MoO) I Tl oo < C I Tl
Next, using the general estimate
I Tautll g < K Nlall garz-n ]l gosm,
we conclude that

1l ges < C|B]

H5-5/2 111l gs+1s2-

Therefore, the desired result for /5 will follow from the claim that
1B =52 < C Il o1

To see this, the only nontrivial point is to bound dG(n)¥ - 7, which was precisely
done above (see (6.6)).

It remains to estimate I,, which is the most delicate part. Indeed, one cannot
estimate the terms separately, and we have to use a cancellation which comes from
the identity G(n)8 = — div V (see Lemma 2.12).

It follows from Proposition 3.22 that

G(m(Bn) = Tw(Bi) + F(n, B, G)B = ThwB + F(n,B),
where
IE . BiDll st < C 7l gt IF (1, B)ll st < C.
Therefore

Iy = =G () (Bn) — (div V)i + T, Tp 1
= —Tw(Bn) — F(n,Bn) —ndivV + T Txn
= —T,0(Bn) — F(n, Bn) — T,divV — (7 = T;)divV + T, Ty,

and hence using divV = —G(7)®B + R with R € H*"'(R?) (see Lemma 2.12) we
obtain that

L = —T0(Bi) — F(n, Bi) + T,(GB — R) + (i — T,) div V + T, T
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Paralinearizing G(n)B and gathering terms we conclude that

L = —T,0(Bn) — F(n, Bi) + T (T.0B + F(n, B))
+ 0 —=T)divV + T, Tsn — T;R.
Then commuting 7;, and T, we conclude that
Iy =J + /),

where
Ji = =T0(Bi) — T;B — T i)
S = ThoTen + [T, Tho B + T, F(n, B)

+ (M —T,)divV — F(n,Bn) — T;R.

Now both terms J; and J; are estimated using symbolic calculus. (Namely, we estimate
J1 by means of Theorem 3.12(ii); and we estimate J, by means of (3.4), (3.5), and
Theorem 3.12(i1).) O

6.3. Sketch of the proof of Lemma 6.3
Let 0 < &; < &, and consider two solutions (7., ¥.,) € C°([0, T]; H*"'/>(RY) x
H5(R?)) of (5.5). Introduce the notation

% _ Vné‘j : vw&‘j + G(’?sj)ng
N L+ [Vn,,|?

. V=V, -8,V (69

and denote by A, £; the symbols obtained by replacing n by 7, in (3.11), (3.27),
respectively. Here, the main technical lemma is the following.

LEMMA 6.10
Let 0 < &, < &, consider s’ such that
! + d <5 <s— é,
2 2 2
and set
3

a=5s——-—5.
2

Then the differences 81 1= 1., — 1, and 8y := ., — V., satisfy a system of the form

@ +Ty, - VI, + &) (;Z) =/, (6.10)
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for some remainder term such that

I xecry < € {10, 8Y)llxery + &5}

for some constant C depending only on sup, o 1) (e, Ye)ll xsr-

To prove Lemma 6.10, we proceed as in the previous section. The only difference is
that we use the fact that

”JEz - J£1 ”H“*)H“’“ < C€g

Now, since for t = 0 we have §n = 0 = &, it follows from Lemma 6.10 and
(5.21) applied with

o=s, e=e, 0=  ¥=35y,
that N satisfies an estimate of the form
N <TC{N +¢&}.

By choosing T and &, small enough, this implies that N = O(&9). This proves
Lemma 6.3.

6.4. Continuity in time
We now prove that the solution (1, ¥) constructed in the previous sections is contin-
uous in time with values in H3*'/2 x H®. To do so, it is enough to prove that (n, U)
is continuous in time with values in H5T1/2 x H®, which in turn will be clear if we
prove that the complex-valued unknown & is continuous in time with values in H”.
Furthermore, by usual functional analysis arguments (following the scheme of proof
given for instance by Taylor in [32]; see [32, Proposition 5.1.D]), it is enough to prove
that the scalar function ¢ +— || ®(¢)]| 4 is continuous. To prove this, we shall prove that
I Jg(t)CD(t)Ili,b is (uniformly with respect to €) a Lipschitz function of ¢ € [0, T'], so
that the desired continuity will be established, provided that we prove that J.(¢)®(t)
converges to ®(¢) in H* forall ¢ € [0, T].

The fact that || J.(t)D(r) ||§1S is a Lipschitz function of ¢ € [0, T'] is a consequence
of previous estimates. Indeed, the above analysis established that || J5<I>||§1S satisfies
an estimate of the form

Hs+]/2><Hs) N

d
o 11D < C([| (., ¥)]

The only technical point which remains to check is that, for a fixed time t € [0, T],
J.()®(t) converges to ®(¢) in H3(R?). In the standard situation where the mollifiers
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J. are Fourier multipliers, this is an immediate consequence of the dominated conver-
gence theorem. Here J, is a paradifferential operator whose symbol depends on x and
this requires a verification.

LEMMA 6.11
Foranyt € [0, T)and any v € H3(R?) whose spectrum is included in |€| > 2, J.(t)v
converges to v in HS(R?) when & goes to 0.

Proof

To simplify notation, we omit the time dependence, denote by ||-|| the H®-norm, and
denote by (-, -) the scalar product in H°. By symbolic calculus it is easy to prove that,
for§ > 0,

1 = Jell g pyos = O (), (6.11)

which implies that J,v converges to v in H°~%. Consequently, using classical argu-
ments, it is enough to prove that || J.v|| converges to ||v||. Recall that, by definition,

i .
16, 8) = 10 ) = =50 - )17 (x, &) with 1Y = exp(—eyP(x, £)).
Note that e=23(9, - 9¢) 79 (x, &) is uniformly bounded in ') and hence

1T,

2/3
@000l = O(e 7).

Consequently, it is enough to prove that || Tk«nv || converges to ||v|| when & goes to 0.
To avoid confusion of notation, introduce p,(x, §) = (;”(x, &))*. We have

||T]éo>v||2 = (T),v,v) +(R,v,v) with R, = (T./:(,O))*ij,-o) ~T,.

Since £~ ;% is uniformly bounded in I';/? for any a > 0, by symbolic calculus we
have

(T 0)* = Tollgemnt S M{(GD) = 0@E™),
T o) T — Tyl S MO = 0,

and hence (R.v,v) = O(¢*?). Consequently, it is enough to prove that (7, v, v)
converges to ||v 1. To do that, we shall prove that

[vl|* > limsup(T,,v, v) > liminf(T,,v, v) > |[v|*.
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Note that there exist ¢, C > 0 such that ¢ |£]*? < y®/2(x,&) < C|£]*/?, and
introduce the Fourier multipliers

a.(§) = exp(—2¢C |§1?), be(§) = exp(—2¢c [£]*),
so that a, < p, < b,. Introduce a positive constant § > 0. Then
ge = (pe(x, ) — a.(§) +8)* € TY,,(RY).
We have
(Tp.v.r-a@)r50, V) = (T3, v, Ty, v) + (R 00, v),

where, using sharp operator norm estimates for symbolic calculus (see [24, Theo-
rems 2.16 and 2.18]), we have that

(Rs.cv,v) = O(e'").

The underlying constant depends on § and blows up even more when § goes to 0.
However, the trick is that we shall let & goes to 0 and then § goes to 0, so that this
large constant is harmless. Indeed, for fixed § > 0, we have

lim inf(Tps(x,g)_as(g)_Fav, 1)) > 0.
e—0

Since the spectrum of v lies in the exterior of the ball of center 0 and radius 2, we have
T, v = a.(D,)v and similarly 75v = v (recall that we include a cut-off ¢ in the
definition of paradifferential operators.) Now by the dominated convergence theorem,
we have

(a.(Dy)v, v) — [lv]*.
Therefore we find

lim inf (7}, 60, v) = (1= 8) Jlv]|*.
£—

Since this holds for any § > 0, we obtain liminf,_,o(7T}, £V, v) > [lv]|?. Similarly
we show that lim sup, _, (T, x.5)V, V) < llv]|*. This completes the proof. O

6.5. Continuity with respect to initial data
Notice that from the a priori bound in L>(0, T; H**'/? x H?®) and the Lipschitz
bound in L>(0, T; H5~' x H73/?), for any o < s, the flow map

(M0, Yo0) € HM'?> x H® — (n,¥) € C°([0, T, H*™'/> x H”) (6.12)
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is uniformly continuous. In this section we are going to prove Theorem 1.2 whose
statement is recalled here.

THEOREM 6.12

Consider (n, ¥) € C°([0, T1; H*"'2(R?Y) x H*(RY)) as a solution of (1.2) and con-
sider a sequence (1.0, Wn.0)nen- converging in H¥T1/2(RY) x H3(R?) to (n, ¥) |i—o.
Then, for n sufficiently large, the solutions (n,,v,) € C°([0, T]; H"'2(R?) x
H5RY) with data (0,0, Wn.0) are defined on the time interval [0, T and satisfy

WETOO 17y ¥n) — M, Yl coqo, 71542 515y = 0. (6.13)

In the context of quasilinear equations, this kind of result is rather standard (see for
example [20]), and the methods used in this context can be (using the machinery we
previously developed) adapted to the water-wave system. As a consequence, we shall
only give the main steps. Here, we follow (an adaptation of) the Bona-Smith argument
(see [9], [34]). The first part in Theorem 6.12 is a straightforward consequence of the
proof we gave of the existence of solutions. To obtain the continuity, the main point
is the following.

LEMMA 6.13
Consider a sequence (1, V)pen bounded in C°([0, T1; H5F'/2(RY) x H5(RY)) sat-
isfying
lim (|1, ¥n) li=o —(Mo, Yo) li=o [last12xms = 0.
n——+00
Then

lim sup [|(/ — J, )@y, llcoqo, 11,551y = 0,

£—0 neN

where @, is the function associated to (n,, ¥,) by (5.6) and J. , is the mollifier from Q15
Section 5.2.

Let us first show how we can prove Theorem 6.12 from Lemma 6.13. Denote by

l(n, W)”X; = [|(n, ¥l coqo.71;H+1/2(Re)x F5(R?)) -

We first deduce easily from Lemma 6.13 that

lim sup [|(1 = Je )70, ¥u)llx; = 0.
e—>0 ,eN
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Then we have (where J; is associated to (17, ¥))

s ) — (0, Yl xs
=< || Js((nnv Wn) - (77’ W))|

The second term on the right-hand side of (6.14) is bounded by

o 1T = 2@ v = 0. 9) | 6.14)

x5

1T = T, Yllxg + 1T = Te)@ns Ydllxg + (e = Ty ¥ llxs

<o(M)eso+ sup  sup | Jen — Jellgmowaey.  (6.15)
tel0,T] o=s+1/2,0=s
By symbolic calculus (notice that y is expressed in terms of V.7, that the norm on
H? of a zeroth-order paradifferential operator is bounded by the L norm of a finite
number of £ derivatives of the symbol, and that the norm of a paradifferential operator
of order —1 on H? is bounded by a finite number of norms of & derivatives of the
coefficients in H?/>~!, see Section 4.1), we can bound

Ve — Jellzme®ay < Cll(Mas ¥u) — (1, Yllxz = 0(Dems 400

assoonaso — 1/2 > d /2. (We use here (6.13).) Now we can fix ¢ > 0 small enough
so that the second term in (6.14) is arbitrarily small (uniformly with respect to n). To
bound the first term in (6.14) we use that, similar to (6.11),

Il Je ||X;‘3/2_>Xsr =< ;,

and consequently, using again (6.13) (for 0 = s — 3/2) this term gives a contribution
of 0(1), 0o (& 1s fixed.)

Let us come back to the proof of Lemma 6.13. We already proved in Section 6.4
that for any n € N,

li_ff(l) I = Je)¥n li=o lmswey = 0,
and consequently, as the family

{(nnv wn)'l:()v ne N} U {(77, W) |l‘:0}

is compact, we deduce that

lim sup |(/ — Je,)¥n li=0 lzsway = 0.

£~V neN

To conclude the proof of Lemma 6.13, it is enough to show that this estimate is
propagated by the flow. For the sake of conciseness, we shall only show how to
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prove this fact for fixed n. Now, the function (I — J,)® satisfies the equation (with
po=1/2min(l,s —2—d/2) > 0)

(& + Ty -V+iT,)I — J)® = F € C°([0, T]; H*"™R?)).
Using that F is essentially of the form (I — J,)G, we deduce that
I Fllcoqo,rpmsrayy < Ce®P™,

and the energy estimates in Section 5 allow us to conclude the proof of Lemma 6.13.

7. The smoothing effect
We consider a given solution (77, 1) of (1.2) on the time interval [0, T] with0 < T <
—+o00 such that the assumption H, is satisfied for all # € [0, T'] and such that

(1, ¥) € C°(10, TT; H"'*(R) x H*(R)),
for some s > 5/2. In this section we prove Theorem 1.5. Namely, we shall prove that
()72, ) € L2(0, T; HHAR) x HTHAR)),

forany § > 0.

7.1. Reduction to an L* estimate
Let ®;, @, be as defined in Corollary 4.9. Then the complex-valued unknown ® =
®, + i D, satisfies a scalar equation of the form

9,® 4 Tyo,® +iT,® = F, (7.1)

with F = Fy +iF, € L*(0, T; H*(RY)). Recall from Proposition 3.13 and (3.27)
that, if d = 1, then

AW =g, A0 =0, =P,
with
c=(1+ 3.0

Therefore, directly from the definition of y (see Proposition 4.8), notice thatifd = 1,
then y simplifies to

3i B
y=cwW?—Zsm‘”aa

and hence modulo an error term of order 0, 7, is given by | D, 4T D, P4
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In this section we shall prove that one can deduce Theorem 1.5 from the following
proposition.

PROPOSITION 7.1
Assume that ¢ € C°([0, T1; L*(R)) satisfies

g+ Tvip +iT, @ = f,
with f € L'(0, T; L*(R)). Then, for all § > 0,

(x)"1*79 € L*0, T; H'(R)).

We postpone the proof of Proposition 7.1 to the next section.

The fact that one can deduce Theorem 1.5 from the above proposition, though
elementary, contains the idea that one simplify hardly all the nonlinear analysis by
means of paradifferential calculus.

Proof of Theorem 1.5 given Proposition 7.1
Following the proof of Proposition 5.2 (see Section 5.5), with

B =g, (7.2)

we find that the commutators [7g, 0,1, [T, T, 1, and [Ty, Ty d,] are of order s. Conse-
quently, (7.1) implies that

(O + Tvd: +iT,)Ts® € L=(0, T; L*(R)),
and hence,
(0 + Tvd, +iT,)Tp® € L'(0, T; L*(R)).
Therefore it follows from Proposition 7.1 that
(x)"'*°Tyd € L*(0, T; H'*(R)).

Since, by definition, ® = T,,n +iT,U where T,y and T, U are real-valued functions,
this yields

()T T € L0, T3 HMR)), ()PP TRT,U € L0, T HYA(R),
and hence, since ¥ = U + Tyn,

()T T € L0, T HYR)),  (x) ™21y T,y € L2(0, T3 HY(R)).
(13)
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Since (x)~!/*7° € T')(R?) for any p > 0, Theorem 3.7 implies that the commutators
()220 T T,0, )™ Ty T,

are of order s — 1/2 and s — 1, respectively. Therefore, directly from (7.3) and the
assumption

neC'(0, T H'*(R)), ¢ € C°([0, T]; H*(R)),
we obtain that
TyT,(x)""*7n e L*(0, T; H/*(R)), TsT,(x)""/*y € L*(0, T; H/*(R)).

Now since B, p, g are elliptic symbols of order s, 1/2, 0, respectively, we conclude
that (see Remark 3.9 or Proposition 4.6)

(_x>71/27577 e LZ(O, T, HS+3/4(R)), <x>71/275w c LZ(O, T,Hb+1/4(R))

This proves Theorem 1.5. O

7.2. Proof of Proposition 7.1

To complete the proof of Theorem 1.5, it remains to prove Proposition 7.1. To do so,
following the Doi approach, we begin with the following lemma, which follows from
the observation that d:(§/|&]) = O for & € R\ {0} (and the fact that c is uniformly
bounded from below).

LEMMA 7.2
Let § > 0, and consider

E[F 1
“(X’S)ZE/O oy -

Then

aely R := (IR

p=0

and there exists K > 0 such that
[cIEP?,a)t, x, &) = K{x) " |g]',

forallt €[0,T], x € R, & € R\ {0).

We are now in position to prove Proposition 7.1.
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Proof of Proposition 7.1

We begin by remarking that we can assume without loss of generality that ¢ €
C'(I; L*(R)). (A word of caution: to do so, instead of using the usual Friedrichs
mollifiers, we need to use the operators J, introduced in Section 5.2.) This allows us
to write

d
E(Taw, @) = (Tha9, @) + {T.0:¢, @) + (T,p, 0:9)

= (Ts,a9. @)
—(TuTvorp + LiT, 9 — To f, ¢)
—(Tap, +Tvorp +iTy 0 — f),
where (-, -) denotes the L? scalar product. Introduce the commutator
C:=[iT,, T,].

Since d;,a = 0, the previous identity yields

d
E(Tawv @) = (Co,0) + (i(T) — T))T.9, ¢)
Hox(TvTap) — TuTv 0,9, @)
HTof ) +(Tap, f). (7.4)

Since a e I'Y, it follows from the usual estimates for paradifferential operators that
(Tap, )1 S Nl
and

(T, )+ T f o)l < K ol + K I1f1%

for some positive constant K. One easily obtains similar bounds for the second and
third terms on the right-hand side of (7.4). Indeed, by the definition of y we know that
Ty* — T, is of order 0. On the other hand, as already seen, it follows from Theorem 3.7
that 0, (Ty T,-) — T, Ty 0, is of order 0. Therefore, integrating (7.4) in time, we end up
with

T T
| co.prar < (o + 1o + [ ol + 171 ar).
0 0

where M depends only on the L>(0, T'; H5*'/2(R) x H*(R))-norm of (1, /).
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Hence to complete the proof it remains only to obtain a lower bound for the
left-hand side. To do so, write

) . 3
iT, =iT.|D,’* + ZT(5/|5|)3,,C |D, "%,

and recall that, by the definition of a (see Lemma 7.2), there exists a constant K such
that

{e, ) [EP™, atx, £)} = K (x)7"72 |£]'2,
for some positive constant K > 0. Since
[Tu, Teejiepa.c | Dx]'/] is of order 0,
Proposition 7.3 below then implies that
(Co. ) = all(x) ™ol — Allgli.

for some positive constants a, A. This completes the proof of Proposition 7.1 and
hence of Theorem 1.5. a

PROPOSITION 7.3
Letd > 1, and let 5 > 0. Assume that d € F}Z(Rd) is such that, for some positive
constant K, we have

d(x,£) > Kx)""72 &'/,

for all (x,&) € R x RY\ {0}. Then there exist two positive constants 0 < a < A
such that

—1/2-8 112 2
(Tau, u) = all(x)™2ull e — Allullz: .

Remark 7.4
This proposition has been used for d = 1. However, it might be useful for d > 1.

Remark 7.5

Related results were previously proved by Bony [10] (see also [31]) in the much more
general setting of sharp Garding or Fefferman-Phong inequalities. Notice however that
these results require much more regularity than Proposition 7.3 (where the symbol is
only assumed to be C'/?).
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Proof
Again, the difficulty comes from our low-regularity assumption. Indeed, with more
regularity (say, d € I'}/*(R?) with p > 2) this follows from the sharp Garding
inequality proved in [10].

Consider a partition of unity as a sum of squares such that

1=03(x)+ Y 0°Q7x) =) 67(x),
Jj=1 Jj=0
where ) € Ci°(R) and 8 € C*(R) is supported in the annulus {x € R : 1 <
x| < 3}.
Then

o0
I = {(Tyu, u) =Z@Tduu
j=0

The following result is an illustration of the pseudo-local property of paradifferential
operators (see [11, p. 435] for similar results in this direction).

LEMMA 7.6

Let 0 € CP(11/2,4) be equal to 1 on the support of 8, and set 6,(x) = 627/ |x|)
for j > 1. Also let Oy € C3°(R) be equal to 1 on the support of 6. Then for all u € R,
all j e N, and all N € N, the operator R; = 0;T;(1 — 5j) is continuous from H" to
H"™N with norm bounded by Cy27/V.

Proof
Writing (see (3.2))

0,T;(1 —0)u(x) =

/ei(x-%'—y‘n)gj(x)(l — 5;()’))

x d(E —n, MY mxE —n, nuy) dy dn d§,

@2r)y

we have

0, Ty(1 — G)u(x) = /ei(xy)‘neix'{ei(x)(l —0,(»)

x d(&, My mx &, Mu(y)dy dnde.

@2n)

We then obtain the desired result from a non-stationary phase argument. Indeed, using
that on the support of this integral we have |x — y| > ¢2/. We can integrate by parts
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using the operator
I = (x—y)- 8,7‘
e — yI?
Since x (¢, n) is homogeneous of degree 0 in (£, 17), we obtain that N such integrations

by parts gain N powers of 27/ and of ||~ =

Now, write
0;Tyu
=0,T,0,u+6,T,(1—6)u
=T,0,0, +10;, T,00; + 6,T,(1 — 6,)u
= T,T; 0; + Tu(0; — T5)0; + [0;, T410; + 6;Ts(1 — 0,)u
= Ty,40; + (TuT5, — T5.)0; + Ta®; — T5)0; + [0;, Tu10; + 0, Tu(1 — 6))u.

The last term on the right-hand side is estimated by means of Lemma 7.6. With regards
to the second term on the right-hand side, we use (3.5) to obtain

supl| 75, T — Tyallize iz S sup MY,(B)M)5(d) < 1.
JjeN ' JjeN

The third term is estimated by means of the following inequality (see [22]),
16; — T3 oo S 110 lwroy S 1.
Therefore, we conclude that
(6, Tyu, u) = (T5,,0;u, 6;u) + (U;, O;u)

for some sequence (U;) such that

oo [e.¢]

SN0 S A0 ull 2 0ulle + 277 ull 2 105ull2) S lulls -

j=0 j=0

We want to prove that

o0

> (Tga05u, 05u) = all (x) w3 — Allull}
=0

-~

To do this, it suffices to prove that

—j(1426 2 2
(T5a0y. 0;10) = a2 7010, — A|UY |
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for some U ]/.’ such that
o0
2 2
DIUNG < Allull. .
j=0

Since (6;d)'/* € F}g RY), by applying Theorem 3.7 (with m = m’ = 1/2 and
p = 1/2), we have

(T5,40;1, 0u) = || Tg,0r0;ull}> + (R;0;u, 6;u),
where R; is uniformly bounded from L? to L?. Now by assumption on d, we have
~ 1/2 ~ s
(6,(0)d(x,§)) " = K;(x)27 /12 g4
where we used 0 < 5j < 1. Therefore the symbol e; defined by
e;(x.8) = (;(0d. £) " + K271 (1 - ;) |8
satisfies the elliptic boundedness inequality
ej(x, &) = K220 g%,
As aresult
270Vl e < KT, 0;ull2 + K16ju]] 2.
The desired result then follows from the fact that (1 — 5, )0; = 0 which implies that
Taapnt; — T,,0; = 27105, 5 6, = R,

for some operator R/ uniformly bounded from L? to L?.
This completes the proof of Proposition 7.3. |
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simplify nearly all the nonlinear analysis by paradifferential calculus”? If that
does not preserve the intended meaning, could you please suggest an alternative
phrasing

Should the extra plus sign be deleted in the last line of this display?

OK to add the \times symbols to the last lines in the displays in the proof of
Lemma 7.67

Updated publication information available for references [2], [3], [12], and [27]?
We reordered some entries in the reference list per our style. These changes have
been made in the reference list and in the main text:

(71> [9] (91> (8] [19] > [20] [29] = [30]

(81> [7] [18] > [19] [20] > [18] [30] > [29]

Q21:

Q22:

We could not locate a citation for [23] in the main text. Please provide an in-text
citation for this work, or we will remove them from the reference list.

Offprints for your article will be mailed in late June. Are the affiliations and
addresses given at the end of the article still current?
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