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R@N\@Y‘CJQN\@\% (avec index bien str!)

Avertissement au lecteur : Sans avilir les mots, il se peut que quelques contrepéteries aient
échappées a la vigilance de l'auteur. Si vous aimez fouiller dans les coins, a vous de les
retrouver !

nfin quitte au but aprés trois belles années de these! Ces quelques
lignes seront, j’en suis sfir, les plus lues de ce manuscrit. Non pas
qu’elles soient plus compréhensibles que le reste (quoique), mais
car le sujet traité intéresse beaucoup plus de gens.

Evidemment, les plus profonds remerciements vont & [20]. Véritable architecte de mon
parcours mathématique depuis la premiére année de 1’école ou la rigueur et la limpi-
dité de ses cours m’ont (comme beaucoup) poussé vers les probabilités. Extrémement
généreux sur les idées, le temps, et les voyages (pardon, les conférences), il m’a donné
les meilleures conditions imaginables pour la réalisation d’une these. J’espere encore
beaucoup apprendre aupres le lui.

Merci également a mon confrére taste-andouille [3]. II m’a initié aux mathéma-
tiques israéliennes décontractées, au questionnement hyperbolique et aux délices culi-
naires libanais (surtout [3, Epouse]). Ses conjectures aiguisées basées sur une intuition
géométrique profonde mettront encore beaucoup de probabilistes a I’épreuve. N271 NTIN

C’est un grand honneur pour moi d’avoir [1] et [8] comme rapporteurs. Le premier
m’a fait découvrir que le groupe symétrique a des applications inattendues dans ’art
du carillonnement tandis que [8] a été le directeur de mon premier stage de recherche
en 2006 (et oui déja!). Un grand merci a [5, 8, 12, 18, 20, 23, 28, 35] d’avoir accepté de
faire partie de mon jury matheux.

Bien entendu ce manuscrit doit beaucoup a mes coauteurs (ou futurs coauteurs)
[3, 19, 20, 22, 23, 24] qui m’ont aidé a faire des papiers bien condensés. Grace a eux, j’ai
été bonifié par cette theése. Je tiens a remercier profondément [23] pour les nombreuses
heures consacrées durant ’année 2008-2009 (souvent pour répondre a diverses questions
idiotes). Merci aussi a [24] qui m’a appris 6 combien la technique du second moment
est efficace et a [19] avec qui j’ai expérimenté la recherche entre amis.

Dés 2008 jai été accueilli dans ce nid douillet qu’est le DMA. Je me souviens
encore quand [13] (que j’avais alors prise pour [2]) m’a tout de suite repéré au pied de
Pescalier et m’a amené a mon premier bureau rempli de parfum féminin, merci [25]! Je
fus alors I'un des espions [15, 16, 27, 35] de I’équipe proba incrusté dans le couloir des
algébristes. La survie fut facile et les autochtones tres accueillants, mais je fus rapatrié
au bout d’un an dans le sacro-saint passage vert pour partager le bureau V2 avec [30]
dont 'organisation n’a d’équivalent que la perfection de ses documents TEX. A cette
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époque, le V6 [6, 26, 32, 33], porte entre-ouverte par une baskette !, régnait en despote
éclairé sur le passage et ses affluents : le V7 [10, 21], le V8 [34], la salle Verdier et bien stir
la machine a café. Les habitants ont changé [4, 7, 11, 17, 29, 31] mais pas I’ambiance!
Merci aussi aux trois fées [2, 13, 34] dont la bonne humeur emplit les locaux et a qui
les mathématiques frangaises doivent beaucoup ;)

Enfin, péle-méle et avec possible répétition, un immense merci aux amis d’enfance,
de promo, de travail, de passage, de musique, aux collegues, a mes profs et ancien profs,
aux éleves sur qui j'aiguise ma pédagogie, a toutes ces bouilles incroyables qui me font
sourire avec une dédicace spéciale a

mets ton nom ici

Merci enfin a toute ma famille [9] et & [14], soutien inconditionnel et source de
bonheur sans fin (ni cesse) !

1. pour ne pas abolir les mythes, je ne révelerai pas pas le nom de son propriétaire
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Kegome Modkrack

ans ce travail, nous nous sommes intéressés a I’étude asymptotique d’objets
combinatoires aléatoires. Deux themes ont particulierement retenu notre
attention : les cartes planaires aléatoires et les modéles combinatoires liés a
la théorie des fragmentations.

La théorie mathématique des cartes planaires aléatoires est née a ’aube de notre
millénaire avec les travaux pionniers de Benjamini & Schramm, Angel & Schramm
et Chassaing & Schaeffer. Elle a ensuite beaucoup progressé, mais a ’heure ou ces
lignes sont écrites, de nombreux problemes fondamentaux restent ouverts. Résumons
en quelques mots clés nos principales contributions dans le domaine : I'introduction et
I’étude du cactus brownien (avec J.F. Le Gall et G. Miermont), I’étude de la quadran-
gulation infinie uniforme vue de Uinfini (avec L. Ménard et G. Miermont), ainsi que
des travaux plus théoriques sur les graphes aléatoires stationnaires d’une part et les
graphes empilables dans R? d’autre part (avec I. Benjamini).

La théorie des fragmentations est beaucoup plus ancienne et remonte a des travaux
de Kolmogorov (1941) et de Filippov (1961). Elle est maintenant bien développée (voir
par exemple l'excellent livre de J. Bertoin), et nous ne nous sommes pas focalisés sur
cette théorie mais plutdt sur ses applications a des modéles combinatoires. Elle s’avere
en effet tres utile pour étudier différents modeles de triangulations récursives du disque
(travail effectué avec J.F. Le Gall) et les recherches partielles dans les quadtrees (travail
effectué avec A. Joseph).

Bonne lecture!

he subject of this thesis is the asymptotic study of large random combinatorial

objects. This is obviously very broad, and we focused particularly on two
themes : random planar maps and their limits, and combinatorial models
that are in a way linked to fragmentation theory.

The mathematical theory of random planar maps is quite young and was triggered
by works of Benjamini & Schramm, Angel & Schramm and Chassaing & Schaeffer. This
fascinating field is still growing and fundamental problems remain unsolved. We present
some new results in both the scaling limit and local limit theories by introducing and
studying the Brownian Cactus (with J.F. Le Gall and G. Miermont), giving a new view
point, a view from infinity, at the Uniform Infinite Planar Quadrangulation (UIPQ)
and bringing more theoretical contributions on stationary random graphs and sphere
packable graphs (with I. Benjamini).

Fragmentation theory is much older and can be tracked back to Kolmogorov and
Filippov. Our goal was not to give a new abstract contribution to this well-developed
theory (see the beautiful book of J. Bertoin) but rather to apply it to random combi-
natorial objects. Indeed, fragmentation theory turned out to be useful in the study of
the so-called random recursive triangulations of the disk (joint work with J.F. Le Gall)
and partial match queries in random quadtrees (joint work with A. Joseph).

Enjoy!
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Tndredockion

16 figures, 20 photos

et quelques blagues.

Cette partie introductive est divisée en deux chapitres, es-
sentiellement disjoints, qui présentent les résultats princi-
paux de cette these. Les contributions originales de ce tra-
vail correspondent aux travaux [16, 17, 46, 47, 48, 49, 50] et
peuvent étre trouvées aux chapitres 3-9, ou dans les Sections
1.2.4, 1.3.4, 1.3.5, 1.3.6, 2.2, et 2.3 de l'introduction. Elles
sont signalées par des théorémes ou propositions encadrés
par deux lignes horizontales.
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Carkes planaires aléakoires

« Evitez les cartes car ce jeu peut nuire. »

1.1 Cartes planaires

1.1.1 Définition

Un graphe G est un couple formé de deux ensembles, un ensemble de sommets V' et
un ensemble d’arétes E. Chaque aréte a deux extrémités dans V' éventuellement iden-
tiques. Ainsi les graphes considérés peuvent avoir des arétes multiples ou des boucles.
Un graphe sans aréte multiple ou boucle est dit simple. Sans plus attendre, donnons
la définition d’une carte planaire. Il existe de nombreuses définitions équivalentes mais
présentons la plus « géométrique » :

Définition 1. Une carte planaire est un plongement propre d’un graphe (planaire) fini
et connexe dans la sphére So, considéré a homéomorphisme préservant l’orientation
PTES.

L’adjectif planaire référe a la sphére So munie de son orientation. Il existe aussi une
notion de carte de genre g € {0,1,2,...} qui sont des plongements propres de graphes
dans le tore a g trous, vus & homéomorphisme préservant l'orientation pres. Cependant,
dans ce travail, nous nous concentrerons sur le cas planaire g = 0.

Si m est une carte planaire, nous noterons respectivement V(m), E(m)
et F(m) lensemble de ses sommets, arétes et faces (voir [113] pour une
définition rigoureuse). La célebre formule d’Euler donne une relation treés
simple entre les cardinaux de ces ensembles dans le cas planaire :

#V(m)+#F(m) —#E(m) = 2. (1.1)

Le degré deg(v) d’un sommet v € V(m) est le nombre de demi-arétes adjacentes a celui-
ci et le degré deg(f) d'une face f € F(m) est le nombre d’arétes la bordant, avec la
convention qu’'une aréte compleétement incluse dans une face compte double. On notera
également dg;(u,v) la distance de graphe entre deux sommets u,v € V(m), c’est-a-dire
le nombre minimal d’arétes d’un chemin reliant les deux points en question.

A la vue de la Définition 1, il n’est pas évident, a priori, qu’il n’existe qu'un nombre
fini de cartes planaires avec n arétes. Pour s’en convaincre, il faut se persuader qu’une

9



“theseavec” — 2011/5/24 — 15:45 — page 10 — #10

Introduction 10

carte planaire peut-étre caractérisée par sa structure de graphe, et par une orientation
cohérente des arétes autour de chaque sommet : c’est la définition par systéme de
rotations (voir par exemple [93]). Une carte planaire contient donc plus d’informations
que la structure de graphe planaire sous-jacente, et il est aisé de construire plusieurs
cartes planaires différentes ayant la méme structure de graphe.

Symétries. 1l peut paraitre saugrenu de considérer les cartes planaires au lieu des
graphes planaires. Les cartes sont en effet des objets beaucoup plus rigides que les
graphes, mais c’est justement cette rigidité qui va énormément faciliter I’énumération
des cartes planaires 1. Citons Gilles Schaeffer, [127, Introduction]

« Paradoxalement en effet, les cartes, a priori plus complexes que les
graphes, sont plus simples a bien des égards lorsqu’on s’intéresse a la
planarité. Ce paradozre n’en est d’ailleurs pas vraiment un, puisque les
cartes planaires contiennent la description de leur planarité, par oppo-
sitton aux graphes planaires, pour lesquels le plongement se contente
d’exister. »

Nous considérerons dans la suite uniquement des cartes enracinées, c’est-a-dire munies
d’une aréte orientée distinguée, appelée la « racine » de la carte. Une carte enracinée
n’a alors aucune symétrie non triviale, voir [113, Proposition 1.1].

Une triangulation (resp. quadrangulation) est une carte planaire dont toutes les
faces sont de degré trois (resp. quatre). L’ensemble des cartes planaires a n arétes est
naturellement en bijection avec ’ensemble des quadrangulations a n faces : dans chaque
face d’une carte générale, placez un point que vous reliez aux sommets adjacents de la
carte. La carte ainsi construite est une quadrangulation, et ses faces correspondent aux
arétes de la carte originale.

F1GURE 1.1 — Une carte générale et la quadrangulation associée.

1. L’énumération des graphes planaires, sujet tres difficile, passe d’ailleurs par ’énumération des
cartes planaires [73]. Le transfert graphe-carte utilise le théoréme de Whitney qui stipule qu'un graphe
planaire 3-connexe n’a au plus que deux cartes associées (se déduisant 1'une de 'autre par réflexion
dans S, autour de 1'équateur).
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1.1.2 A Census of Censuses of planar maps

Nous présentons dans cette section une esquisse de quelques méthodes « histo-
riques » d’énumération des cartes planaires. Elles illustrent les nombreuses connections
qu’elles entretiennent avec d’autres domaines des mathématiques et de la physique
théorique. Nous n’avons pas la prétention de donner des preuves.

Combinatoire énumérative

Le premier a avoir véritablement initié I’étude des cartes planaires est

William Thomas Tutte. Il décide dans les années 60 de lancer un vaste
projet pour les dénombrer [139, 140, 141, 142]. Son but (non atteint) était
de montrer le théoreme des quatre couleurs en prouvant qu’il y a autant
de cartes planaires 4-coloriables que de cartes planaires quelconques, voir
[143]. Donnons une vue aérienne de la méthode. En vertu de la bijection présentée dans
la section précédente (et qui s’étend aisément au cas enraciné), ’énumérateur voulant
dénombrer les cartes planaires a n arétes enracinées n’a besoin de compter que les
quadrangulations enracinées a n faces. Pour cela, on utilise une décomposition récursive
due a Tutte : I'effacement de la face a la droite de I’aréte racine permet de passer de n
a n — 1 faces. Le probleme est que lors de cette opération, la face « extérieure » de la
carte obtenue n’est plus forcément un carré et la carte peut méme étre scindée en deux
parties.
La solution consiste a considérer une classe plus générale de quadrangulations : les
quadrangulations a bord ou toutes les faces sont des carrés, hormis la face a gauche
de Daréte racine qui peut étre de degré arbitraire (mais pair). Ainsi, si F(x,y) est la
fonction génératrice des quadrangulations a bord avec poids x par face et y par aréte
du bord,

F(z,y) = Z pHHaces y#aretes du bord’
quadrangulations
a bord

cette décomposition récursive se traduit en une équation quadratique en F. Tutte déve-
loppa une méthode, dite méthode quadratique, pour résoudre ces équations et engendra
un nouveau champ de recherche en combinatoire énumérative, voir par exemple [31]. Il
arriva ainsi & montrer que le nombre de quadrangulations enracinées a n faces est

2 1 2n
= 3" . 1.2
n n-+ 2 n+1<n> (1.2)

Combinatoire Bijective

Des la découverte de la formule (1.2), les combinatoriciens ont cherché une interpré-
tation de apparition du n-iéme nombre de Catalan, Cat(n) = n%rl(%?), dans I’énumé-

ration des cartes planaires. En effet, 'omnipotent Cat(n) compte beaucoup de familles
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d’objets combinatoires, voir [136] pour 66 interprétations différentes des nombres de
Catalan. La réponse de Cori et Vauquelin [45] vint beaucoup plus tard. Ils montrérent
que les cartes planaires peuvent étre encodées par des objets beaucoup plus simples :
des arbres étiquetés.

— Mais c’est Gilles Schaeffer [127] qui popularise et rend ces bijections
fonctionnelles (en particulier il montre que les étiquettes des arbres ont une
signification métrique dans la carte associée). Nous ne décrivons pas ici le
principe de ces bijections, qui sera détaillé en Section 1.2.1.

Modele de matrice

Aussi surprenant que cela puisse paraitre, les cartes planaires peuvent
aussi étre énumérées a ’aide d’intégrales matricielles. Cette idée remonte &
't Hooft [138], puis a été développée dans [38] ot ’on peut trouver I’étrange
formule

lim % log </ dM exp <N (; Tr(M2) + zTr(M‘*)))) - ¥

N—oo .
cartes planaires
4-valentes

z#sommets

#symétries’

ou dM représente la mesure de Lebesgue sur les matrices hermitiennes de taille N x N.
Rappelons qu'une carte planaire est 4-valente si tous ses sommets sont de degrés 4,
ou de maniere équivalente si elle représente le dual d’une quadrangulation. Le mystere
s’éclaircit quelque peu si ’on arrive a se convaincre en utilisant la formule de Wick que
les termes non nuls dans le développement de E [Tr(M*)"] peuvent étre représentés
sous forme d’un diagramme, dit de Feynman, & n sommets. Voir [147] pour plus de
détails.

FIGURE 1.2 — Un diagramme de Feynman : une carte 4-valente de genre 1 avec 2 som-
mets. Les i® pour a € {1,2,3,4} et b € {1,2} représentent des indices de variables
gaussiennes composant la matrice H. Les indices doivent étre couplés pour que 'espé-
rance du terme considéré ne soit pas nulle.
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Le nombre de termes dans E [Tr(M*)"] représentés par un diagramme fixé (c’est-
a~dire le nombre de degrés de liberté dans le choix des indices ig, a € {1,2,3,4},b €
{1,2} vérifiant un couplage donné, comme dans la Fig.1.2) est N2729 ol g est le
genre du diagramme (c’est une application de (1.1)). Attention, n représente le nombre
de sommets du diagramme alors que N est la taille de matrice M. Les diagrammes
dominants dans la limite N — oo sont donc les diagrammes planaires, et la formule
précédente perd de son étrangeté.

Les physiciens ont alors développé des techniques trés robustes de calcul d’intégrales
matricielles permettant le comptage de nombreux modeles de cartes, voir [56].

1.1.3 Géométrie aléatoire

En plus de leur intérét purement combinatoire et esthétique, les cartes planaires ont
été considérées par certains physiciens comme modele de géométrie aléatoire [9]. Leur
motivation était d’étendre a la dimension deux les intégrales de chemins de Feynman, et
ce, afin de développer la gravité quantique bidimensionelle 2. Sans vouloir (et pouvoir)
entrer dans les considérations physiques de cette motivation, nous nous contenterons
du point de vue probabiliste.

Limite d'échelle

Le but est de construire ’analogue du mouvement brownien en dimension deux.
Prenons exemple sur le cas unidimensionel : la loi du mouvement brownien sur [0, 1]
est une mesure de probabilité sur les fonctions continues [0,1] — R. Une maniére de
construire cette distribution passe par la discrétisation. On considere tout d’abord la
loi uniforme sur les chemins discrets de pas £1 et de longueur n. Apres une remise a
I’échelle convenable, on peut montrer que les mesures de probabilité obtenues sur les
courbes [0,1] — R convergent faiblement vers la loi du mouvement brownien sur [0, 1]
quand n — oo (c’est le théoreme de Donsker).

Le réle du chemin discret uniforme de taille n dans le cas bidimensionel est joué par une
quandrangulation uniforme a n faces. Ainsi, la carte aléatoire finie est une discrétisation
d’une surface topologique aléatoire de dimension deux, tout comme le chemin discret
est une discrétisation du mouvement brownien.

La construction de cette surface aléatoire, la carte brownienne [98, 110], n’est pas encore
totalement achevée, voir Section 1.2.3. Elle est supputée étre universelle, au sens ou
de nombreux modeles de grandes cartes planaires (triangulations, quadrangulations,
pentagulations...) sont censés converger en distribution au sens de Gromov-Hausdorff
(voir Section 1.2.3) vers cet objet.

2. impressionnant n’est ce pas?
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Limite locale

Sans passer par le truchement d’une remise a ’échelle pour définir des objets conti-
nus, il est possible de donner un sens [11, 89] & la limite quand n — oo des triangulations
ou quadrangulations uniformes de taille n. Cette convergence, dite locale, définit des ob-
jets limites qui ne sont plus des surfaces topologiques aléatoires mais des cartes infinies
enracinées, voir Section 1.3, Chapitre 6 et [49].

1.1.4 Science Fiction

La gravité quantique est une théorie physique qui suggere un lien tres profond entre
géométrie aléatoire et géométrie déterministe. Des prédictions physiques [86] relient
en effet les dimensions fractales de certains objets aléatoires (amas de percolation, de
modele d’Ising et autres systémes de mécanique statistique) sur un réseau aléatoire et
sur un réseau fixe. La formule magique est la suivante,

A(l = A)

A—Ay = 12 (KPZ)
ou 2 — 2A est la dimension de 'objet fractal en géométrie aléatoire et 2 — 24 est la
dimension correpondante en géométrie déterministe (réseau régulier). Le parametre k
est quant a lui spécifique du modele de mécanique statistique considéré. De récents
progres sur ce front ont été obtenus en considérant une géométrie aléatoire définie a
partir de cascades multiplicatives [22], ou & partir du champ libre gaussien [59]. Il est
également conjecturé que les cartes planaires aléatoires sont un modele de géométrie
aléatoire a laquelle la formule (KPZ) devrait s’appliquer [15, 131]. Une conjecture ma-
thématiquement précise utilisant les empilements de cercles (voir Section 1.3.3) peut
étre trouvée dans [15, Section 3.2]. A I'heure actuelle, tout ce champ reste grandement
ouvert.

Apres ce tour d’horizon des mille et une recettes pour énumérer les cartes
planaires, et des fabuleux mais encore ténébreux liens qu’elles sont censées
entretenir avec la gravité quantique, entrons dans le vif du sujet. Le reste
de ce chapitre sur les cartes planaires est divisé en deux parties, la premiere
concerne les limites d’échelle, la seconde traite des limites locales.

1.2 Limite d’échelle

Afin de simplifier I’exposition, nous nous restreindrons au cas des quadrangulations.
Dans tout ce qui suit, @), est une quadrangulation enracinée choisie uniformément parmi
les quadrangulations enracinées a n faces.

1.2.1 Description de la bijection Cori-Vauquelin-Schaeffer

L’outil principal pour I’étude des limites d’échelles de cartes planaires aléatoires
est la bijection de Cori-Vauquelin-Schaeffer (CVS). La forme la plus simple de cette
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bijection établit une correspondance entre, d’un cété, les quadrangulations enracinées
et pointées, c’est-a-dire munies d’'un sommet distingué p, et d’autre part, les arbres
plans étiquetés. Nous utiliserons le formalisme des arbres plans introduit dans [97]. Un
étiquetage d’un arbre 7 est une fonction ¢ : 7 — Z qui vérifie les propriétés suivantes :
— Détiquette de la racine est nulle, /(&) = 0,
— si u et v sont deux sommets voisins alors [£(u) — £(v)| < 1.
Remarquons qu’une fois 'arbre 7 fixé, se donner un étiquetage de 7 revient a se donner
des étiquettes appartenant & {+1,0, —1} portées par les arétes de 7 qui représentent
la variation des étiquettes des sommets le long de chaque aréte. Il y a donc 3™ Cat(n)
arbres étiquetés différents avec n arétes.

Théoréme ([43, Theorem 4]). Il y a une bijection entre les quadrangulations enracinées
et pointées a n faces, et les couples formés d’un arbre étiqueté d n arétes et d’'un
signe + ou—. Si q est une quadrangulation enracinée et pointée associée d un couple
((1y (by)uer), £), alors U'ensemble des sommets de la quadrangulation q est formé par
l’ensemble des sommets de l’arbre T et un sommet supplémentaire p qui est le sommet
distingué de la carte. De plus, pour tout sommetu € T (avec l'identification des sommets
de l'arbre avec ceuz de la carte différents de p) on a

l(u) —minl+1 = dg(u,p), (1.3)
ot dg.(.,.) est la distance de graphe sur la quadrangulation q.

Remarque : La formule d’Euler (1.1) implique que toute quadrangulation
a n faces a exactement n 42 sommets. Ainsi le nombre de quadrangulations
enracinées et pointées a n faces est exactement n + 2 fois le nombre de qua-
drangulations enracinées a n faces. Puisqu’il y a 3" Cat(n) arbres étiquetés
an arétes, le théoreme précédent permet de (re-)déduire la formule de Tutte
(1.2) sur le nombre de quadrangulations enracinées a n faces

o = 2 g 1 <2n>
n+2 n+l\n

Nous décrivons le fonctionnement de la bijection uniquement dans le sens partant
des arbres étiquetés vers les quadrangulations, sens le plus utile pour nos applications.
Nous renvoyons a [43, 127] pour les preuves. Soit (7, (¢, )uer) un arbre étiqueté. Rap-
pelons que 7 est un arbre planaire, c’est-a-dire qu’il est muni d’une racine et d’une
orientation. On considére un plongement de 7 dans le plan (avec des arétes rectilignes
pour simplifier) qui respecte l'orientation de 7. Un coin de ce plongement est un secteur
angulaire formé par deux arétes adjacentes. On peut alors vérifier que ce plongement
a 2n coins si 7 a n arétes. On définit le contour du plongement de 7 dans le sens des
aiguilles d’une montre : on imagine que notre plongement est un mur et on le parcourt
en plaquant sa main droite sur le mur et en avancant. Ce contour munit I’ensemble des
coins d’une structure cyclique. La régle pour construire la quadrangulation associée a
(7, (y)uer) est la suivante :

Chaque coin associé a un sommet d’étiquette ¢ est relié au premier coin
dans la suite du contour d’étiquette 7 — 1.
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Attention toutefois, cette regle ne peut pas étre appliquée aux coins associés aux som-
mets d’étiquette minimale. Tous ces coins sont alors reliés & un sommet supplémentaire,
placé en dehors du plongement de 7 que ’on note p. Il est possible de dessiner toutes
ces arétes sans croisement, et apres effacement du plongement de 7, le résultat est un
plongement d’une quadrangulation g a n faces. Le sommet distingué de ¢ est p et 'aréte
racine est ’aréte émergeant du coin racine de 7, son orientation étant prescrite par le
signe + ou — donné en plus de 'arbre étiqueté.

FIGURE 1.3 — Un arbre étiqueté et la quadrangulation associée. Notez que les étiquettes
décalées par — min £+ 1 correspondent bien aux distances dans la carte depuis le sommet
distingué.

Bijection non pointée

Il existe une autre version de la bijection Cori-Vauquelin-Schaeffer qui établit une
correspondance entre les quadrangulations enracinées a n faces (non pointées), et les
arbres étiquetés a n arétes vérifiant la propriété supplémentaire que les étiquettes
doivent rester positives. Pour déduire cette bijection de la précédente, on se restreint au
cas ol le point distingué de la quadrangulation coincide avec I'origine de ’aréte racine.
D’apres la formule (1.3) les étiquettes sont automatiquement positives et il n’y a plus
besoin d’un signe pour spécifier l'orientation de l’aréte racine, voir [127] pour plus de
détails.

L’avantage de cette bijection est que les étiquettes de ’arbre correspondent main-
tenant a la distance dans la carte (moins un) depuis 'origine de 1’aréte racine, et non
depuis un sommet distingué. L’inconvénient est que les arbres mis en jeu ne sont plus
uniformes sur les arbres plans, mais pondérés par leur structure [42, 101].
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Extensions

Bouttier, Di Francesco et Guitter ont étendu dans
[32] la bijection précédente a toutes les cartes pla-
naires sans restriction sur les degrés des faces. Les
arbres étiquetés mis en jeu ont dans ce cas quatre
types de sommets jouant des roles différents, mais
le principe de la bijection est grosso-modo le méme. Il est a noter toutefois que le cas
des cartes biparties (ou toutes les faces sont de degré pair) est plus maniable que le cas
général, voir [109].

Ces bijections ont également été généralisées par Chapuy, Marcus et Schaeffer au
cas des quadrangulations biparties de genre supérieur [41]. Les objets étiquetés ne sont
plus des arbres mais des cartes a une face en genre g appelés g-arbres.

Plus récemment, Grégory Miermont a introduit dans [117] une bijection « multi-
pointée » entre, d’une part, les quadrangulations avec p points distingués et n faces, et
d’autre part, des cartes a p faces et n arétes.

Ces bijections peuvent également étre étendues a certaines quadrangulations infi-
nies du plan. Chassaing et Durhuus ont introduit dans [42] une généralisation de la
bijection non pointée pour construire I'UIPQ. La base du travail [49] consiste en une
généralisation de la bijection pointée dans le cas de I'UTPQ. Voir 1.3.6.

1.2.2 Rayon et profil

L’étude des limites d’échelle des cartes planaires a été lancée par I'article
fondateur de Philippe Chassaing et Gilles Schaeffer : Random Planar Lat-
tices and Integrated SuperBrownian Ezcursion [43]. Rappelons que @, est
une quadrangulation enracinée uniforme a n faces. Notons vy le sommet ori-
gine de 'aréte racine de Q). Le rayon R,, de Q),, est par définition R,, = max, dgr" (vo, v).

Théoréme ([43, Corollary 3]). On a la convergence en distribution

1/4
n VAR % (S) A, (1.4)

ot A =max Z —min Z, et Z est la téte du serpent brownien de Le Gall dirigé par une
excursion brownienne normalisée.

Chassaing & Schaeffer prouvent également que le profil vu de vy, c’est-a-dire la
mesure aléatoire sur R4 qui rend compte des distances a vy des sommets de la carte,
converge, aprés renormalisation, vers la mesure aléatoire d’occupation de la téte du
serpent (ISE), translatée afin que son minimum soit 0.
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Introduisons succinctement ces objets qui nous seront utiles ultérieurement. Dans
la suite (e)ogt<1 désigne une excursion brownienne normalisée. Pour s,t € [0,1] on
note

de(s,t) = e(s)+e(t)—2 min e.
[sAt,sVi]

Le quotient de [0,1] par la pseudo-distance de est noté (Ze,de), C’est
le R-arbre codé par e, voir [97]. L’arbre aléatoire 7o n’est autre que le
« Continuum Random Tree » (CRT) introduit et étudié par David Aldous
dans les années 90 dans [2, 3, 4]. Conditionnellement a e, on considére un
mouvement brownien indexé par I'arbre 7e, c¢’est-a-dire un processus gaussien centré
(Z4)aet, dont la covariance est prescrite par

E [(Za - Zb)Q} = de(a7 b)')

pour tous a,b € Ts. Ce processus (en fait sa version indexée par [0, 1]) est le serpent
brownien dirigé par l’excursion e. Nous renvoyons le lecteur intéressé vers [96] pour
plus de détails.

Tentons d’expliquer intuitivement le théoréme ci-dessus. Choisissons Q,, une quadran-
gulation enracinée et pointée® uniforme a n faces, et notons (7}, ({7)yer,) son arbre
étiqueté associé par la bijection CVS. Alors I’arbre T;, est uniforme parmi les arbres
planaires a n arétes. Son étiquetage est également uniforme, c’est-a-dire que condition-
nellement a T),, les variations des étiquettes au travers de chaque aréte sont indépen-
dantes et uniformes sur {—1,0, +1}. Le rayon de la carte Q,, vu de p,, peut s’exprimer
grace a (1.3) comme
R;, = max dQ "(pn,v) = max " —min " + 1.
vEQn

Aldous a montré [4] que les arbres T), remormalisés par y/n, c’est-a-dire en imaginant
que chaque aréte a longueur n=1/2, convergent en distribution au sens de Gromov-
Hausdorff (voir Section 1.2.3) vers un multiple de I'arbre continu 7s, voir aussi [97].

Puisque les étiquettes discretes £" varient comme des marches aléatoires le long
de chaque branche de T),, et comme la hauteur de 7, est de l'ordre de /n, il est
naturel de penser que le processus (n_l/ 4€Z)ueTn converge vers un multiple du mou-
vement brownien (Z,)qe7,, indexé par Parbre 7o. C'est effectivement le cas [43], ainsi
n~Y4(max ™ —min ") — kA avec A = max Z —min Z quand n — oo, pour une bonne
constante s > 0. On en déduit également n~ /4R, — KA.
Notons toutefois que cette derniére convergence a lieu pour un rayon R), vu du point
pn € Qp qui n’est pas le méme que le rayon R, défini depuis l'origine vy de l'aréte
racine de Q,, mais le résultat est le méme. En un sens, le sommet distingué de Q,, ou
le sommet origine de ’aréte racine de Q,, sont deux sommets typiques et le profil de la
carte vu de ces sommets a la méme distribution asymptotique.

3. notez que dans le théoréme on considére une quadrangulation @, non pointée qui peut étre
déduite de Q,, apres oubli du sommet distingué
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1.2.3  Gromov-Hausdorff

Ces résultats sur le profil et le rayon des grandes quadrangulations aléatoires sug-
gerent Iexistence d’une limite continue. Dans [110], Marckert et Mokkadem construisent
a partir du couple (e, Z) une carte continue qu’ils nomment « the Brownian Map » et
montrent la convergence des quadrangulations (), vers cet objet. Hélas, la topologie
considérée, définie en termes de fonctions de contours, n’est pas pratique du point de
vue métrique.

Il existe cependant une notion de convergence, la conver-
gence au sens de Gromov-Hausdorff, tres utilisée par les géo-
metres et qui capture beaucoup de propriétés métriques. Com-
mencons par rappeler la définition de la distance de Hausdorff.
Si A, B sont deux sous ensembles d'un espace métrique (F,d)
alors la distance de Hausdorff entre A et B est

dfi(A,B) = inf{e >0, AC B et B C A%},

oun X¢={yeFE, d(y,X) < e} est le e-voisinage de I’ensemble X. Si maintenant (F,J)
et (F',0") sont deux espaces métriques compacts abstraits, la distance de Gromov-
Hausdorff entre eux est

dan ((F,8), (F,8) = inf {dff (6(F), v (F")) }

ou l'infimum est pris sur les tous les espaces métriques (F,d) et les plongements iso-
métriques ¢ : F' — F et 1 : F/ — E. Cette distance est effectivement une métrique sur
lespace K des classes d’isométrie d’espaces métriques compacts [40, Chapitre 7]. En
outre (K, dgp) est un espace polonais. La convergence au sens de Gromov-Hausdorff a
depuis été beaucoup utilisée en probabilités, notamment pour les convergences d’arbres
aléatoires voir [1, 60, 64].

Si Q. est une quadrangulation enracinée uniforme & n faces, ’ensemble de ses
sommets V(Q,) muni de la distance dgr”(., .) est un espace métrique compact. Apres

renormalisation par n='/4, le but est d’obtenir la convergence suivante

BUT:  (V(Qu).n'*ag) - (m.D), (1.5)

n—oo
en distribution au sens de la distance de Gromov-Hausdorff.

Cette approche a pour la premiere fois été proposée par Oded Schramm
dans le cas des triangulations [129]. Les résultats les plus significatifs dans
la direction de (1.5) ont été obtenus par Le Gall.
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Théoréme ([98, 102]). De toute suite d’entiers tendant vers +00, on peut extraire une
suite (ng)k>1 le long de laquelle la convergence (1.5) a lieu. L’espace métrique compact
aléatoire (M, D) peut alors dépendre de la sous-suite considérée, mais

— (M, D) est presque sirement de dimension de Hausdorff 4,

— (M, D) est presque stirement homéomorphe a la sphére Sa.

En d’autres termes, la convergence (1.5) n’est pas encore établie, mais un résultat de
compacité [98] montre qu’il existe des limites (M, D) le long de certaines sous-suites.
De plus ces espaces aléatoires vérifient des propriétés communes, comme celles exposées
dans le théoréme précédent, voir également [48, 99, 117]. Pour prouver la convergence
(1.5), il suffirait d’établir des caractéristiques suffisantes sur les limites (M, D) pour
identifier leur loi.

11! Derniéres nouvelles!!!

Apres la rédaction de cette (introduction de) these, Jean-Francois Le Gall et
Grégory Miermont ont indépendemment prouvé la convergence (1.5), voir
[100, 118]. Les preuves sont différentes mais utilisent toutes deux des
propriétés tres fines des géodésiques dans la carte brownienne [99]. La
convergence vers la carte brownienne est également valide dans une bien plus
grande généralité que le cas des quadrangulations (voir [100]) et inclut par
exemple celui des triangulations (validation de la conjecture de Schramm).

Extensions

Les convergences du rayon et du profil établies dans [43] ont depuis été généralisées
a de nombreux modeles de cartes planaires comprenant par exemple les triangula-
tions [109, 119]. Les preuves reposent sur des principes d’invariance pour des arbres de
Galton-Watson multi-types étiquetés et sur l'utilisation des bijections étendues de [32].

Les résultats de Le Gall [98], et ceux de Le Gall et Paulin [102], ont également été
récemment généralisés dans le cas des quadrangulations biparties en genre supérieur
par Jérémie Bettinelli [27, 26].

1.2.4 Le cactus brownien (Chap. 3 ou [48])

Les résultats présentés dans cette section et détaillés dans le Chapitre 3
sont tirés de [48] et ont été obtenus en collaboration avec Jean-Frangois
Le Gall et Grégory Miermont.

Présentation

« Le monde entier est un cactus » [62]

L’idée géométrique du cactus consiste & représenter une carte planaire pointée, en for-
cant les sommets a étre a une hauteur qui correspond a leur distance au sommet pointé
(voir Fig. 1.4).
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F1GURE 1.4 — Une carte planaire pointée en p et sa représentation en « cactus »

On voit clairement une structure d’arbre émerger de cette représentation : imaginez
que ’on contracte tous les cycles horizontaux de la figure centrale. Plus formellement, si
G = (G, p) est un graphe pointé (non nécessairement planaire), on définit une pseudo-
distance sur V(G) par la formule

dG.c(a,b) = dS(p,a) +d5(p,b) —%ggbdgp(pm), (1.6)

ou le maximum est pris sur tous les chemins v reliant a a b dans G, et dgr (p,~y) représente
la distance minimale entre un point du chemin et le point p. Le quotient de I’ensemble
V(G) par cette pseudo-distance est un espace métrique qui a une structure d’arbre
discret. Il est appelé cactus de G et est noté Cac(G). Notez que Cac(G) ne caractérise
pas G et dépend fortement du point de base p.

Le cactus brownien

Si Q,, est une quadrangulation enracinée et pointée uniforme a n faces, on notera
Cac(Qy) le cactus du graphe de Q,, pointé en le sommet distingué de la carte. Nous
avons établi le résultat suivant.

Théoréme 2 ([48]).
On a la convergence en distribution au sens de Gromov-Hausdorff

1/4
n~V4. Cac(Qy) 9, <8> KAC, (1.7)

n—00 9

ot KAC est un R-arbre aléatoire appelé cactus brownien.

Remarque : Malheureusement la convergence des cactus renormalisés as-
sociés a des grandes quadrangulations aléatoires ne permet pas d’en déduire
la convergence (1.5). Cependant, notre résultat est valable dans une bien
plus grande généralité [109, 114, 119] que le cadre des quadrangulations
présenté ici, voir [48] ou Chapitre 3.
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La preuve repose, bien entendu, sur des propriétés de la bijection CVS et de ses
extensions. Notons (7, (¢1)uer,) arbre associé a Q,, par la bijection CVS. Si a,b €
Q. \{pn}, il est possible de « lire » approximativement la distance de cactus dggc(a, b)
directement sur l'arbre étiqueté (T}, (!)yer, ), Sans avoir a reconstruire la carte Q,, :

d&(a,b) = (G + 6 —2min ")) < 2,
ou [[a,b] est, avec 'identification des sommets de Q,\{pn} avec ceux de T), la géo-
désique discrete entre a et b dans T,,. Cette propriété passe a la limite, et donne une
construction de l'arbre aléatoire KAC. On rappelle que (7Ze, (Z4)ae7,) est le CRT muni
de son étiquetage brownien défini en Section 1.2.2. Si a,b € 7T, on note également [[a, b]]

la géodésique dans 7T entre a et b. La formule suivante définit une pseudo-distance sur
Te

dgac(a,b) = Z,+ Zy—2 min_ Z,, (1.8)
c€la,b]
pour tout a,b € 7s. Le cactus brownien KAC est le quotient de 7¢ pour la pseudo-
distance dgac, il est muni de la distance quotient toujours notée dxac.

Dimension de Hausdorff

Munis de la description du cactus brownien comme quotient du CRT par une rela-
tion d’équivalence basée sur son étiquetage brownien, il nous est maintenant possible
de faire des calculs reliés a sa dimension de Hausdorff. Le cactus KAC possede une
mesure aléatoire notée p, qui provient de la projection de la mesure Leb|0, 1] sur 'arbre
brownien 7g, puis sur KAC. Si Bgac(z, ) est la boule dans le cactus brownien autour
de x et de rayon 0 > 0 pour la distance dgac on a les estimées suivantes :

Proposition 3 ([48]).
(i) On a
_25/4T(1/4)

/ u(de) p(Brac(z, )| = /2 g3 4 o5,
KAC

E
NG

quand 6 — 0.
(ii) Pour tout e > 0,

. p(Bkac(w,d)
11I§1_S)(1)1p(54€) =0, p(dz) p.p., p.s.

En particulier, la seconde assertion de la proposition implique a 1’aide de résultats
standards que la dimension de Hausdorff de (KAC,dgac) est presque siirement plus

grande que 4. On peut également montrer la borne supérieure associée 4, voir Chapitre
3 ou [48].

4. cette borne supérieure provient essentiellement du caractére 1/4 — ¢ Holdérien de la téte du
serpent brownien Z, pour tout € > 0
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FI1GURE 1.5 — Une grande quadrangulation aléatoire. Image réalisée par Jean-Francois
Marckert.

Cela ne manque pas de piquant! Un phénomeéne inhabituel apparait dans le cactus
brownien : si 'on fixe 6 > 0, 'espérance du volume d’une boule typique de rayon &
est de l'ordre de 2, alors que dans le cas de la carte brownienne cette quantité est
de l'ordre de §* [98]. Ainsi, I'identification des points opérée dans le cactus fait grossir
I’espérance du volume d’une boule typique de rayon J ; normal me-direz-vous...

En revanche, pour presque tout point x tiré selon p(dz), le volume de Bgac(x,d) est
asymptotiquement au plus de Iordre de 6*~¢ quand § — 0, c’est le méme ordre de
grandeur que dans le cas de la carte brownienne [98].

Ceci s’explique intuitivement : la carte brownienne est hérissée de pics® et un point
typique se trouve au sommet de I'un d’eux (voir Fig. 1.5). De plus, 'opération de passage
au cactus identifie de moins en moins de points & mesure que 1’on zoome autour du
sommet de ce pic. Ainsi les volumes des boules microscopiques au voisinage de points
typiques sont approximativement les mémes dans le cactus et dans la carte brownienne.

5. ale ale ale, ouille!
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Cycle séparateur

Une autre propriété géométrique de la carte brownienne s’inspirant de la repré-
sentation en cactus est l’existence de cycles séparateurs. Présentons le probleme sans
formalisme mais a ’aide d’un dessin. Imaginez une tres grande quadrangulation enra-
cinée avec trois points distingués uniformes. Alors, asymptotiquement, il n’existe es-
sentiellement qu'un chemin de longueur minimale (dans la limite d’échelle) qui sépare
les deuxieme et troisiéme points tout en passant par le premier. Ceci n’est pas du tout
évident et découle des résultats de Le Gall sur les géodésiques dans la carte brownienne
[99]. Voir Fig. 1.6.

(&

N

FIGURE 1.6 — Une grande quadrangulation avec trois points distingués. Le premier est
utilisé pour la représentation « en cactus » de la carte. Sur la deuxiéme et troisiéme
figure on voit le cycle minimal séparant et le découpage de la carte le long de ce cycle.

On peut caractériser ce cycle séparant et calculer la loi du couple des masses®

(M, M) des deux composantes découpées par ce cycle.

Théoréme 4 ([48)).
Le couple (My, Ms) suit une loi Gamma de paramétres (%, %), c’est-a-dire
I'(1/2)

B, M) = e [ delet =) pe 1~ ),

. 27+ .. 2
pour toute fonction borélienne positive f sur R%

Remarque : Dans le cas des quadrangulations, ce résultat a été obtenu
auparavant par J. Bouttier et E. Guitter [34], avec des méthodes différentes.

6. c’est-a-dire la fraction asymptotique des sommets
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1.3 Limite locale

Dans la partie précédente, nous avons étudié les limites d’échelle de quadrangula-
tions aléatoires. Cette partie se focalise sur les limites dites locales. Avec ce type de
convergence, on ne renormalise plus les cartes considérées et les objets limites sont des
cartes infinies. Ici aussi, nous nous en tiendrons aux quadrangulations pour faciliter
I’exposition.

1.3.1 Convergence

Notons Qf I'ensemble des quadrangulations finies enracinées. Soit ¢ € Q. La boule
de rayon r dans g, notée Ball(q,r), est la carte enracinée formée par ’ensemble des
faces de ¢ qui comportent un sommet a distance au plus r de 'origine de ’aréte ra-
cine de ¢. Notez que Ball(g,r) n’est pas une quadrangulation en général : certaines
faces correspondent a des « trous », c’est-a-dire a un ensemble connexe de faces de

q\ Ball(q,r).

Définition 5. La distance locale entre deuz quadrangulations q,q' € Qf est

dioc(q:¢") = (1+sup{r >0:Ball(q,r) = Ball(¢,r)} )_1.

Il est facile de vérifier que djoc est bien une distance sur Qf, mais (Qy,djoc) n’est
pas complet. Son complété est noté Q, et les éléments de Q\Q; sont appelés cartes
infinies. Une carte infinie ¢ peut étre décrite par la suite de ses boules g; = Ball(g, 1)
qui possedent la propriété de cohérence Ball(g;, j) = ¢; pour j < i.

On rappelle que @, est une quadrangulation enracinée uniforme a n faces.
Théoréme ([89]). On a la convergence en distribution au sens de doc

(4)
—_—

n—oo

@n Qoo

ot Qo est une quadrangulation enracinée infinie aléatoire appelée la qua-
drangulation infinie uniforme du plan (UIPQ?).

a. pour Uniform Infinite Planar Quadrangulation

Un travail pionnier avait été réalisé auparavant par Omer Angel et Oded
Schramm [11]. IIs ont défini un objet analogue dans le cas des triangulations :
I'UIPT 7. Leur preuve reposait sur des formules énumératives exactes obte-
nues par Tutte dans le cas des triangulations. Bien qu’une approche similaire
soit possible dans le cas des quadrangulations, Maxim Krikun a utilisé des arguments
quelque peu différents pour définir 'UIPQ. Il est conjecturé que les propriétés a grande
échelle de 'UIPT ou de 'UIPQ sont les mémes.

7. pour Uniform Infinite Planar Triangulation
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1.3.2 Petit Historique

L’UIPT et 'UIPQ ont été les objets de nombreuses recherches. Tentons de faire
I’état de I’art sur le sujet.

L’étude des limites locales de graphes planaires a été initiée par
larticle fondateur d’Itai Benjamini et Oded Schramm [21] que
nous détaillerons en Section 1.3.3 . La convergence locale des tri-
angulations uniformes du plan était une question laissée ouverte
dans cet article... I. Benjamini

en taste-andouille
Elle ne le resta pas longtemps : dans [11] Angel & Schramm définissent 'UIPT
comme la limite locale de grandes triangulations uniformes. Ils établissent également
les propriétés élémentaires de cet objet, en particulier ils montrent que ’'UIPT n’a qu’un
seul bout et posseéde une propriété de Markov spatiale®.

Dans [10], Omer Angel s’inspire du peeling? introduit par le physicien Watabiki
[146] pour explorer de fagon markovienne 'UIPT. Il montre par exemple que le vo-
lume de la boule de rayon r > 0 autour de la racine dans I'UIPT croit comme 7%,
a corrections logarithmiques pres. L’exposant 4 qui intervient ici est tres intimement
lié & I'exposant 1/4 intervenant dans le théoréme de Chassaing et Schaeffer 10, Cette
technique a également été utilisée par le méme auteur pour prouver que le paramétre

critique de la percolation par site sur 'UIPT est p. = 1/2.

FIGURE 1.7 — Illustration de la technique de peeling. Images tirées de [146].

Poursuivant la voie ouverte dans [11], Maxim Krikun définit dans [89] 'UIPQ comme
la limite locale des grandes quadrangulations uniformes. Son approche, bien que simi-
laire a celle de [11], differe sur quelques points. Par exemple, la définition de I'UIPQ
passe par 1’étude de son « squelette » (il étudia auparavant le squelette de I'UIPT dans

8. grosso-modo, étant donné un voisinage de ’origine dans 'UIPT, conditionnellement a la taille
des frontieres de ce voisinage, le reste de la triangulation est indépendant
9. épluchage
10. La bijection CVS et la technique du peeling sont, a I’heure actuelle, les deux seuls moyens pour

prouver que les distances dans une quadrangulation de taille n sont de ’ordre de nt/4.
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[91]). Krikun est également 'auteur de l'article [90] dans lequel il établit une propriété
des distances dans I'UIPQ « vue de I'infini » et propose quelques conjectures qui moti-
veront notre approche [49].

Parallélement, Chassaing et Durhuus [42] ont introduit une quadran-
gulation infinie aléatoire a priori différente de I'UIPQ. Pour ce faire, ils
prouvent d’abord que la distribution sur les arbres étiquetés positifs a n
arétes, associée a la probabilité uniforme sur Q,, par la bijection CVS non
pointée vue en Section 1.2.1 admet une limite locale (en un sens similaire a
dioc) quand n — oo. Ils définissent ainsi un arbre aléatoire infini avec étiquettes posi-
tives et étendent la bijection CVS a cet objet pour créer une quadrangulation infinie.
Ils établissent que l’espérance du volume de la boule de rayon r autour de la racine
dans cette quadrangulation est de I'ordre de r* quand r est grand.

Plus tard, Laurent Ménard [111] montre que l'objet définit par Chassaing et Du-
rhuus est effectivement le méme que 'UIPQ introduite par Krikun. Enfin, récemment,
Le Gall et Ménard ont précisé les résultats sur le volume des boules (convergence en
loi apres renormalisation) en étudiant des limites d’échelle de 'UIPQ wvia approche de
Chassaing et Durhuus.

Une irréductible question...

Beaucoup d’informations géométriques sont disponibles sur I'UIPQ ou son alter-ego
IPUIPT. Néanmoins une question essentielle reste encore et toujours ouverte :

Question 1. La marche aléatoire simple sur I’UIPQ (ou UIPT) est-elle p.s. transiente
ou récurrente ?

Il a été conjecturé dans [11] que P'UIPT est presque stirement récurrente. Cette
conjecture est fortement supportée par le résultat [21], le trés récent travail [72] et le
fait que 'UIPQ est presque stirement Liouville [17] (ou Section 1.3.5 et Chapitre 5).
Néanmoins, toutes ces techniques buttent sur un écueil pour prouver la récurrence :
les degrés des sommets ne sont pas uniformément bornés dans 'UIPT/Q.

1.3.3 L’approche de Benjamini et Schramm

Nous décrivons ici informellement le résultat principal de [21] avec quelques modi-
fications pour alléger notre présentation. Commencons par une notion centrale :

Définition 6. Soit M une carte planaire enracinée presque sturement finie. Condi-
tionnellement a M, soit E une aréte orientée choisie uniformément parmi les arétes
orientées de M. Si la carte M obtenue en ré-enracinant M en E a la méme distribution
que M, on dit que M est uniformément enracinée.

Par exemple, une quadrangulation enracinée a n faces uniforme est uniformément
enracinée. Le théoréme suivant est une légére adaptation du théoréme principal de [21].
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Théoréme. Soit (M,),>0 une suite de cartes planaires aléatoires uniformément enra-
cinées. On suppose que

(i) il existe un entier d > 0, tel que pour tout n > 0, le degré mazimal d’un sommet
de M, est borné par d,

(7i) les cartes M, n’ont pas de boucles ni d’arétes multiples,
(111) la suite (My)n>0 converge en loi pour dioc vers une carte aléatoire enracinée infinie
M.

Alors M, est presque stirement récurrente pour la marche aléatoire simple.

La raison principale pour laquelle ce théoréme ne peut pas s’appliquer (ou s’adapter)
al'UIPQ/T, est absence de la condition (i) dans le cas des quadrangulations/triangulations
uniformes. La preuve de ce théoréme est tres originale et mérite quelques explications.

A son cceur réside la théorie des empilements de cercles.

Empilement de cercles

Un empilement de cercles P est une collection de cercles du plan C dont les disques
sont d’intérieurs disjoints. On associe a P un graphe, appelé graphe de tangence, dont
les sommets sont les centres des cercles de P et les arétes correspondent a des cercles
tangents, voir Fig. 1.8.

— e

Y

FI1GURE 1.8 — Un graphe planaire et sa représentation en tant que graphe de tangence
d’un empilement de cercles.

Le graphe obtenu est clairement planaire et n’a pas de boucles ni d’arétes multiples
(le graphe est dit simple). La réciproque est beaucoup plus surprenante et a été prouvée
par Koebe puis redécouverte par Thurston comme un corollaire des travaux d’Andreev.

Théoréme (Koebe-Andreev-Thurston). Tout graphe planaire fini simple peut étre re-
présenté comme graphe de tangence d’un empilement de cercles!!.

On en déduit par exemple que tout graphe planaire simple peut étre dessiné dans
le plan avec des arétes droites (théoréme de Fary). Nous renvoyons le lecteur intéressé

11. Side plus le graphe est une triangulation, alors I’empilement de cercles est unique a transformation
de Mobius pres!
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par ce magnifique sujet a l’excellent article de survol [126] ou au livre [137]. Le théo-
reme précédent peut étre généralisé a des graphes planaires infinis ou une dichotomie
apparait. Le support d’'un empilement P est I'union des disques associés aux cercles de
P et des interstices entre ces disques.

Théoréme ([77]). Soit T une triangulation infinie du plan. Alors, de deuz choses
lune :

1. soit il existe un empilement de cercles P de support D dont le graphe de tangence
est T,

2. soit il existe un empilement de cercles P de support C dont le graphe de tangence
estT.

Dans le premier cas, on dit que la triangulation T est hyperbolique, et parabo-
lique dans le second. A beaucoup d’égards, ce théoréme peut étre considéré comme
un analogue du théoréme d’uniformisation pour les surfaces de Riemann. Par exemple,
sous ’hypotheése d’une borne uniforme sur les degrés des sommets du graphe, parabo-
licité est équivalente & récurrence pour la marche aléatoire simple 2. Ce lien profond
[77] entre empilements de cercles et récurrence/transience de la marche aléatoire est la
charniere de [21] : il « suffit » de montrer que des limites au sens de djo. de cartes pla-
naires uniformément enracinées sont paraboliques. Ceci est loin d’étre trivial et repose
essentiellement sur la notion d’enracinement uniforme [21, Lemma 2.3].

1.3.4 Dimension supérieure (Chap. 4 ou [16])

Les résultats présentés dans cette section et détaillés dans le Chapitre /
sont tirés de [16] et ont été obtenus en collaboration avec Itai Benjamini.

Les graphes planaires sont exceptionnels'® et la théorie analogue en dimension
plus grande que trois est un sujet de recherche actuellement grandement ouvert. Par
exemple, un des problemes majeur consiste a prouver que le nombre de tétraedran-
gulations 3D (un simplexe de dimension trois homéomorphe & la sphére S3 de R*,
dont tous les facettes sont des triangles et les simplexes de dimension trois des tétra-
édres) a n arétes croit au plus exponentiellement avec n, voir [14]. Cependant nous
avons réussi a généraliser le résultat de [21] aux dimensions supérieures. Le théoreme
de Koebe—Andreev—Thurston n’étant disponible que dans le cas planaire, nous avons
dii nous restreindre a des graphes dont on sait qu’il existe une représentation comme
graphe de tangence d’un empilement de spheres en dimension d.

En outre, la connexion qui existe en dimension deux entre empilements de cercles
et marches aléatoires se fait au travers de la théorie du potentiel £ sur le graphe. La
généralisation de cette théorie en dimension supérieure, la théorie du potentiel ¢4, n’a
pas d’interprétation probabiliste aussi claire. Notre résultat principal n’est donc pas

12. C’est ici que 'hypotheése de degrés bornés devient essentielle : il existe des triangulations para-
boliques mais transientes pour la marche aléatoire simple [77, Theorem 8.2].

13. Voir par exemple larticle “Why are planar graphs so exceptional ?” sur mathoverflow :
http ://mathoverflow.net/questions/7114/why-are-planar-graphs-so-exceptional



“theseavec” — 2011/5/24 — 15:45 — page 30 — #30

Introduction 30

facile a exprimer sans introduire de notations et nous préféererons plutét donner un de
ses corollaires géométriques :

Corollaire 7 ([16]).
Soit G le graphe de tangence d’un empilement de sphéres M-uniforme dans R®. On
suppose que G est infini, on a alors Ualternative suivante :

- soit G a une constante de Cheeger positive i.e.

0A
inf {H, ACdG, |A|<oo}>0
Aca | |4
— soit, pour tout € > 0, il existe des sous-graphes Wde G de taille arbitrairement
grande tels que
d—1
oW | < |[W| @ T=,

La condition M-uniforme est une condition locale de I’empilement de spheéres, qui
stipule que deux spheres tangentes ont un rapport de rayons plus petit que M > 0.

1.3.5 Invariance de long de la marche aléatoire (Chap.5 ou [17])

Les résultats présentés dans cette section et détaillés dans le Chapitre 5
sont tirés de [17] et ont été obtenus en collaboration avec Itai Benjamini.

Dans cette partie, la planarité ne joue plus aucun réle. Les objets que nous considé-
rerons seront des graphes enracinés (avec une aréte orientée distinguée). En particulier,
on étend (aisément) les Définitions 5 et 6 au cas des graphes enracinés. On conservera
la notation dj,. pour la métrique de la convergence locale de graphes enracinés.

Graphes Stationnaires

Soit G un graphe aléatoire enraciné. Conditionnellement a G, on considere une

—

marche aléatoire simple démarrant de I'extrémité de 'aréte racine, et on note (E;);>1

les arétes orientées traversées par la marche aléatoire 4.

Définition 8. Un graphe aléatoire enraciné G est dit stationnaire si pour tout i > 1,
le graphe G re-enraciné en E; a la méme loi que le graphe G.

En particulier, tout graphe transitif enraciné en n’importe quelle aréte orientée est
stationnaire. Un exemple un peu moins trivial est donné par les graphes aléatoires
uniformément enracinés. Il est également facile de voir que si (G,) est une suite de
graphes aléatoires enracinés et stationnaires, convergeant vers G pour dj.c, alors G
est également stationnaire. En particulier, le graphe enraciné obtenu en oubliant la
structure planaire de ’'UIPQ ou de ’UIPT est stationnaire. C’est une propriété clé de
PUIPT/Q qui a déja été utilisée a maintes reprises [11, 49, 90].

14. on imagine que la marche aléatoire traverse les arétes du graphe, car on rappelle que les graphes
peuvent avoir des arétes multiples et des boucles
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Théoréme 9 ([17]).
Soit G un graphe aléatoire stationnaire de croissance sous-exponentielle, c’est-a-dire,

n 'E[log (#Ball(G,n))] —— 0,

n—oo

ot # Ball(G,r) est le nombre de sommets a distance plus petite que r de l'origine de
la racine dans G. Alors G est presque stirement Liouville

On rappelle qu'un graphe est dit Liouville s’il n’admet pas de fonction harmonique
bornée non-constante. La preuve repose sur l'utilisation de la notion d’entropie de
la marche aléatoire [13, 83]. Le théoréme précédent est trés robuste et permet, par
exemple, de prouver le corollaire suivant.

Corollaire 10 ([17]).
L’UIPQ est presque strement Liouville.

Remarque : On peut se demander si ’ajout de la planarité du graphe dans
les hypothéses du Théoreme 9 permet de prouver la récurrence du graphe
aléatoire stationnaire? Il n’en est rien et nous construisons dans [17] un
exemple de graphe stationnaire, planaire, de croissance sous-exponentielle
mais transient '°. Ce graphe n’est bien entendu pas de degré borné [21].

Graphes réversibles

Un graphe aléatoire enraciné G est dit réversible si il est stationnaire et si le graphe
O obtenu a partir de G en retournant ’aréte racine a la méme loi que G. Il existe des
graphes stationnaires mais non réversibles, le plus connu est probablement le graphe
du grand-pére, voir Fig. 1.9

FI1GURE 1.9 — Le graphe du grand-peére est obtenu
de la facon suivante. On démarre avec un arbre
ternaire complet (lignes pleines) puis l'on choisit
une branche infinie donnant une direction « co »
au graphe; on ajoute ensuite toutes les arétes
entre petits-fils et grand-péres a larbre (lignes
pointillées). Pour I'enraciner de fagon aléatoire, on
commence par choisir un point (le graphe est tran-
sitif) puis une aréte orientée uniforme parmi les 8
arétes pointant depuis ce sommet. Avec probabi-
lité 3/4 l'aréte orientée s’éloigne de 'oo, donc le
graphe n’est pas réversible.

Le graphe du grand-pere est a croissance exponentielle. Nous avons montré que cela
est nécessaire pour avoir un graphe non-réversible :

15. Merci & Omer Angel pour la discussion qui a conduit & ce contre-exemple !
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Théoréme 11 ([17]).
Soit G un graphe aléatoire enraciné stationnaire de degré presque strement borné et
de croissance sous-exponentielle (au sens du théoréme précédent) alors G est également
réversible.

La notion de graphe stationnaire (et réversible) est reliée a beaucoup de concepts,
comme la théorie ergodique [54], le « Mass—Transport—Principle » [7, 18] ou les rela-
tions d’équivalences mesurées discrétes [122]. Par exemple, pour prouver le théoréme
précédent nous avons emprunté et ré-interprété une notion trés connue dans la théorie
des relations d’équivalence mesurées : le cocycle de Radon-Nikodym.

1.3.6 L'UIPQ vue de I'infini (Chap. 6 ou [49])

Les résultats présentés dans cette section et détaillés dans le Chapitre 6 sont
tirés de [49] et ont été obtenus en collaboration avec Laurent Ménard et
Grégory Miermont.

A lire avant utilisation : Le travail [49] est encore en cours. Sa forme n'est donc
pas définitive. Nous avons tout de méme décidé de I'intégrer dans ce manuscrit
comme preuve que les différentes théories présentées dans cette introduction
(limite d'échelle, limite locale, graphe stationnaire) peuvent étre mélées dans
I'étude d'un seul et méme objet : I'UIPQ.

Motivés par les conjectures de Krikun [90], nous avons étendu la bijection CVS
pointée présentée en Section 1.2.1 au cas de 'UIPQ. Par rapport au travail effectué
par Chassaing et Durhuus [42], nous avons choisi de travailler avec des étiquettes non
conditionnées a rester positives. Décrivons la construction.

On note T, 'arbre de Galton-Watson critique de loi de reproduction
géométrique, conditionné a survivre. Cet objet a pour la premiere fois été
introduit par Harry Kesten dans [85]. Brievement, T, est un arbre infini
plan, obtenu a partir d’une colonne vertébrale a laquelle on accroche de part
et d’autre des arbres de Galton-Watson indépendants de loi de reproduction
géométrique de parametre 1/2.

(GW\\ (Gw\ (GW\\ (Gw\ ‘GW " GW "
I I | I o ;
\ ;o\ ;o\ 7\ ;. : .

racine ... L . H T TET .

/ A\ Ny Ny
I GW )!GVV )!GVV )!GVV
\ \ \ \
N VRN VRN /N

' GW L GW

7

F1GURE 1.10 — Une représentation de 'arbre T.

Conditionnellement a T, on considére un étiquetage aléatoire

(T — 7,
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obtenu en spécifiant 1’étiquette de la racine £(&) = 0, et tel que les différences d’éti-
quettes au travers chaque aréte de T, sont indépendantes et de loi uniforme sur
{=1,0,+1}. On étend ensuite la construction de la Section 1.2.1 & 'arbre étiqueté
(T, ) de maniere évidente : chaque coin d’étiquette ¢ est relié au premier coin d’éti-
quette ¢ — 1 rencontré dans la suite du contour de T, dans le sens des aiguilles d’une
montre. La carte planaire aléatoire (), obtenue par cette procédure est une quadrangu-
lation. Elle est enracinée en ’aréte émanant du coin racine de ’arbre T, son orientation
étant donnée par une variable aléatoire de Bernoulli indépendante de (T, £).

FIGURE 1.11 — Extension de la construction de CVS : on relie (arétes pleines) chaque
coin & son successeur dans le contour de I’arbre infini (en pointillé).

Théoréme 12 ([49]).
La quadrangulation Qo construite ci-dessus a la méme loi que "UIPQ. De plus les
étiquettes (£(u))yer,, peuvent p.s. étre retrouvées, a constante additive prés, a partir de
la quadrangulation par la formule'®

()~ fv) = lim (A2 (z,u) - d9=(z,v)), (1.9)

Z—00
ol z — oo signifie que la distance entre z et la racine de Qs tend vers +oo.

Remarque : Ce théoreme donne donc une troisieme construction de la
quadrangulation infinie uniforme apres la construction originale de Krikun
[89] et celle de Chassaing & Durhuus [42, 111].

16. en identifiant les sommets de la quadrangulation avec ceux de T.
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Géodésiques dans I'UIPQ

Le fait que le membre de droite de (1.9) admette presque siirement une limite a été
démontré par Krikun [90]. Notre preuve est disjointe et repose sur un phénomeéne de
coalescence des géodésiques, réminiscent du travail de Le Gall sur les géodésiques dans
la carte brownienne [99].

Théoréme 13 ([49]).
Presque stirement, pour tout sommetu € Qu , il existe une suite de sommets (P, Py, . ..)
telle que toute géodésique infinie partant de u passe par P{', Py, .. ..

U
P3

FIGURE 1.12 — L’ensemble des géodésiques émanant d’un point dans I’'UIPQ ressemble
a un chapelet de saucisses.

Symétrie

La formule (1.9) montre que 'étiquetage ¢, a priori hérité de la construction a
partir de (T, {), peut étre retrouvé, modulo une constante additive, a partir de la
seule quadrangulation ()., sans la donnée de son aréte racine. Cet étiquetage de Quo,
vu a constante additive pres, est suffisant pour reconstruire I’arbre T, : ¢’est une simple
extension de la construction inverse de Schaeffer, voir par exemple [43]. Ainsi, l’arbre
T est une fonction mesurable de (), qui ne dépend pas de I'aréte racine de Q. Voici
un corollaire issu de ces remarques et de la stationnarité de I’'UIPQ :

Corollaire 14 ([49]).
Soit (Xn)n>0 la suite de sommets visités par la marche aléatoire simple sur Qs démar-
rée en lextrémité de l’aréte racine. Alors le processus (£(Xy))n>0 est p.s. récurrent.

Relation avec la carte brownienne

L’utilisation d’étiquettes non-conditionnées permet de faire des calculs tres facile-
ment sur 'arbre (T, ¢). Si 7 est un arbre planaire et h € {0,1,...}, notons [7]; le sous
arbre de 7 formé par les h premieéres générations. Si T, est un arbre plan uniforme a n
arétes et h,, est une suite d’entiers telle que h,, = o(y/n), il est possible, & 1’aide de cal-
culs explicites élémentaires, de montrer que la distance en variation totale entre [Too|p,,
et [T ]n, tend vers 0 quand n — oo. Voici un corollaire en termes de quadrangulations.
Rappelons que Ball(g,r) représente la boule de rayon r autour de la racine dans une
quadrangulation enracinée ¢, et @), est une quadrangulation enracinée uniforme a n
faces.
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Corollaire 15 ([49]).
Soit (1)ns0 une suite d’entiers telle que r, = o(n'/*). Alors la distance en variation
totale entre Ball(Qoo, 1) et Ball(Qp, ) tend vers 0 quand n — oo.

Ce « principe de comparaison » entre les grandes quadrangulations uniformes et
I'UIPQ permet de transformer des informations acquises sur les limites d’échelle de
quadrangulations uniformes en propriétés asymptotiques sur I'UIPQ. Par exemple, le
théoréme d’homéomorphisme de Le Gall & Paulin [102] nous a permis de résoudre une
conjecture de Krikun [89] sur les cycles séparants dans 'UIPQ, voir Chapitre 6 et [49].
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2.1 Théorie des fragmentations

2.1.1 Présentation

La théorie des fragmentations, comme son nom l'indique, est une modélisation ma-
thématique du comportement d’une particule qui se morcelle. Nous 'utiliserons ici
pour comprendre certains modeles combinatoires ol une fragmentation (plus ou moins
évidente) intervient. Nous nous contenterons en particulier de la théorie des « frag-
mentations de masses, binaires, et de mesure de dislocation finie ». Nous conseillons la
lecture de l'excellent ouvrage [24] & tous ceux qui veulent en savoir plus.

On note S I’ensemble des suites décroissantes de réels positifs dont la somme est
plus petite que 1,

Sl = {S:(Si)Z;l2812822...20228i<1}.

Dans toute la suite, v est une mesure de probabilité sur S* et a € R,.. On construit un
processus markovien F & valeurs dans St de la maniére suivante. On démarre avec une
particule de masse 1 que I’on représente comme (1,0,0,...). Aprés un temps exponentiel
de parametre 1 = 1, on scinde la particule initiale en un nuage de particules de
masse $1,S2,... avec probabilité v(ds). Chaque particule vit alors indépendamment
des autres et subit le méme sort que la particule initiale a un changement de temps
prés : une particule de masse m vit un temps exponentiel de parametre m® avant de se
fragmenter en particules de masses m- sy, m- so, ... avec probabilité v(ds). Le processus
de fragmentation F'(t) au temps ¢ est le ré-arrangement décroissant des masses des
particules présentes au temps t. Il est appelé processus de fragmentation autosimilaire
de parameétre a et de mesure de dislocation v.

Si la mesure de dislocation vérifie v({s : }_s; = 1}) = 1, alors la masse totale des
particules est conservée, dans ce cas v est dit conservative. Elle est dissipative dans le
cas contraire.

36
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2.1.2 Martingale Malthusienne

Dans le cas conservatif, la masse totale des particules est conservée. 11
est également possible, dans le cas dissipatif, d’avoir une quantité stochasti-
quement conservée : c¢’est la somme des masses des particules & une certaine
puissance 3* appelé exposant malthusien' de la fragmentation.

Dans la suite nous nous intéresserons uniquement au cas ou

— « = 0, les particules les plus grosses se fragmentent le plus vite,

- v({s:0< s <1})=1,iln’y a pas de fragmentation triviale,

— v({s:s2>0}) >0,il y a création d’au moins deux particules avec probabilité

positive ...

— v({s:s3=0}) =1, ... mais au plus deux,

— il existe un a > 0 tel que [dy(s) s5¢ < oo.
Avec ces hypotheses sur v, il est facile de voir qu'il existe un unique §* € (0, 1] appelé
exposant malthusien de v tel que

Sldu(s) (s”f*—i— 32*) = 1,

ot I'on pose par convention 0° = 0. Il est aisé de vérifier que si I'on note F(t) =
(s1(t), sa(t),...), alors le processus
o
My, = Y sit)f (2.1)

=1

est une martingale positive, qui converge presque siirement vers sa valeur terminale
notée M. Cette quantité est d'un grand intérét comme le montre le théoreme suivant.

Théoréme ([25]). Notons F(t) = (s1(t), s2(t),...), on a pour tout 3 > 0

o0

B—5* L2

t o si(t)? —— Ky(o.f) M, (2.2)
=1

ot K,(a, ) est une constante dépendant de o, et v, et My est la J. Bertoin (gauche)
valeur terminale de la martingale introduite précédemment. A. Gnedin (droite)

En particulier, si 'on applique le théoreme précédent avec 5 = 0, on voit que le
nombre de particules dans la fragmentation F' a 'instant ¢ est approximativement 07/,
et qu'une fois renormalisé par ce facteur, il converge au sens LL? vers un multiple de
My,. C’est ce corollaire que nous avons utilisé dans les deux modeles décrits dans les
sections suivantes.

1. Malthus a dit : “The power of population is indefinitely greater than the power in the earth to
produce subsistence for man".
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2.2 Triangulations récursives (Chap.7 ou [47])

Les résultats présentés dans cette section et détaillés dans le Chapitre 7
sont tirés de [47] et ont été obtenus en collaboration avec Jean-Frangois
Le Gall

V17T-3
—

Poursuivant ’approche d’Aldous [5, 6], nous avons étudié des triangulations infinies
du disque D qui apparaissent comme limite de différents modeles de triangulations du
n-gone discret. Au lieu d’étudier des triangulations uniformes [5, 6] qui sont & la limite
tres intimement au CRT, nous nous sommes concentré sur des modeéles de triangulations
dites récursives qui exhibent un tout autre comportement. Décrivons un de ces modeles
pour présenter nos résultats.

On considere une suite Uy, Vq,Us, Vs, ... de variables aléatoires indépendantes et
identiquement distribuées sur le cercle S;. On construit ensuite par récurrence une
suite de fermés L1, Lo, ... du disque fermé D. On définit pour commencer L; = [U1 V1]
la corde (euclidienne) d’extrémités U; et Vi. Pour n > 2 on distingue deux cas. Soit la
corde [U,V,] n’intersecte pas L,_1 et dans ce cas on pose L, = L,_1 U [U,V,], sinon
on pose L, = L,_1. On vérifie aisément que L,, est une union disjointe de cordes.

Dans cette partie, 8 =

FIGURE 2.1 — Une illustration du processus (Ly)n>1. On a dessiné les cordes en géomé-
trie hyperbolique pour des raisons esthétiques.

On définit alors

[ee)
Lo = | Ln
n=1

Théoréme 16 ([47]).
L’ensemble fermé aléatoire Lo, est presque surement une triangulation du disque DD de

dimension de Hausdorff
V17 -3
=14 —.

dim(Ly) )

Par triangulation du disque nous entendons que les composantes connexes de D\ Lo
sont toutes des triangles euclidiens.
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FIGURE 2.2 — Le fermé aléatoire L, avec cordes euclidiennes.

Le théoréme précédent a principalement deux parties essentiellement disjointes. La
premiere consiste a établir que la dimension de Hausdorff de Ly, est p.s. 1 + g*. Cela
passe par I’étude d’un processus annexe et requiert la théorie des fragmentations. La
deuxieme partie, c’est-a-dire le fait que L, soit une triangulation du disque, nécessite
I'introduction et ’étude d’un analogue d’une marche branchante sur ’arbre binaire
complet.

2.2.1 Processus de hauteur

Notons N (L) le nombre de cordes dans L,,. Pour z,y € Sy, on définit la hauteur
entre = et y dans L, notée Hy,(x,y), comme le nombre de cordes de L,, qu’intersecte
la corde [zy].

Théoréme 17 ([47]).
(i) On a

n Y2N(L,) 22 /7.
n—oo

(ii) Il existe un processus aléatoire (Moo(x),x € S1) Holder d’exposant * — e pour tout
e > 0, tel que pour tout x € Sy,

081, 2) —Cs (),

n—oo

P
ot ®), signifie convergence en probabilité.

Quelques mots sur la preuve. Ce résultat utilise treés fortement la convergence (2.2).
I1 est en effet assez facile de relier le processus N(L,) & un processus de fragmentation
conservatif : il suffit de considérer le cercle S; comme une particule de masse 1 qui
est fragmentée par les cordes de L,,. Les particules crées par L, sont représentées par
les composantes connexes de D\L, et leurs masses sont données par la mesure de
Lebesgue normalisée de leurs frontieres en commun avec S;. Pour qu’une particule se
fragmente, disons a la n-ieme étape, il faut que les deux points U, et V,, appartiennent
a sa frontiere, ce qui arrive avec probabilité la masse de la particule au carré. Une
version en temps continu du processus précédent donne exactement un processus de
fragmentation conservatif de parameétre d’autosimilarité 2, d’ou 'exposant 1/2 dans la
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premiére convergence 2.

En ce qui concerne la deuxiéme convergence, on montre tout d’abord qu’une version
en temps continu de Hy,(1,U), ot U est uniforme sur [0, 1] et indépendant de (L, ), >0,
compte exactement le nombre particules dans un certain processus de fragmentation. Ce
processus est formé par les composantes connexes de E\Ln qui intersectent le segment
[LU]. Les masses de ses particules sont également données par la mesure de Lebesgue
normalisée de leurs frontieres avec S;. Ce processus de fragmentation est dissipatif car
toutes les composantes connexes de D\ L,, n’intersectent par forcément [1U]. Sa mesure
de dislocation vp est donnée par

1 1
/ vp(dsy,dse) F(s1,s2) = 2/ duu?F(u,0) + 4 duu(l —u)F(u,1 — u).
[0,1]2 0 1/2

pour tout fonction borélienne F. On calcul aisément son exposant malthusien §* =
-3

E

5, et son parametre d’autosimilarité est 2 comme dans le cas précédent. On ap-
plique alors (2.2) pour obtenir la convergence en probabilité de n=?"/2H,,(1,U) quand
n — o00. La version a x fixé a la place de U découle d'un argument d’absolue continuité
assez délicat. Enfin, le caractere Holdérien du processus .#, provient d’estimées fines
sur les moments E[.#Z(z)P] obtenues a l'aide d’équations intégrales vérifiées par les
moments de .#(.). Le calcul de la dimension de Hausdorff de Lo, est tres relié au

caractere 0* — e Holder de 4.

2.2.2 Triangulation

Un fragment de L,, est par définition une composante connexe de D\L,,. Ces frag-
ments ont une structure généalogique aisément descriptible. Le premier fragment est D
que l'on note @. Puis la premiére corde [U;V;] découpe D en deux fragments, qui sont
vus comme les descendants de @. On les ordonne aléatoirement : avec probabilité 1/2
le premier enfant de &, noté 1, est le plus grand fragment, et le second enfant, noté 0,
est 'autre fragment. Avec probabilité 1/2 c’est le contraire. On itére cette procédure et
tous les fragments apparaissant dans le processus (L )n>1 sont étiquetés par un élément
de l'arbre binaire complet

Ty = [ J{0.1}" ou{0,1}° = 2.
n>0

Si § est un fragment, on appelle bout de § toute composante connexe de § N S;. Pour
des raisons qui vont devenir claires, D est vu comme un fragment avec 0 bout. Ainsi,
on peut associer a chaque élément v € Ty un nombre ¢y(u) € {0,1,2,3, ...}, qui
correspond au nombre de bouts du fragment associé. On peut vérifier (Lemme 5.5
de [47]) que l'étiquetage ainsi obtenu sur Ty peut étre décrit par le mécanisme de
branchement suivant. Pour tout v € Ty d’étiquette m > 0, on choisit uniformément
mi1 € {0,1,...,m} et 'on étiquette ses deux enfants avec les valeurs 1+m; et 1+m—m;.

2. la convergence presque sire est alors obtenue en utilisant les résultats de Brennan et Durrett sur
les processus de fragmentations conservatifs [36, 37]
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FIGURE 2.3 — Les 7 premiéres cordes du processus (Ly)n>1 et 1'étiquetage de Parbre
binaire complet associé.

L’étiquetage de To que 1’on obtient avec le mécanisme de branchement décrit ci-
dessus, mais en commencant avec une valeur a > 0 a Porigine &, est noté (¢4 (u))yer,-
Pour u = (uy,us,...) € ToU{0,1}Y, on note [u]x, = (u1,us,...,us) pour tout k > 0.
Le fait que Lo est une triangulation du disque est intimement lié a la proposition
suivante :

Proposition 18 ([47]).
Presque stirement, il n’existe pas de lignée infinie dans Tq telle que toutes les étiquettes
pour £y soit plus grande que 4,

P(Ju € {0,1}" : ty([u]r) = 4,Vk =>0) = 0.

Nous avons méme récemment, et en collaboration avec Yuval Peres, obtenu une
version quantitative de la proposition précédente réminiscente des célebres estimées de
Kolmogorov sur les processus de Galton-Watson critiques de variance finie. Ces résultats
sont détaillés dans le Chapitre 8.

Théoréme 19 ([50]).
Soit Gp, = {u € {0,1}" : 4([u]y) > 4,Vk € {0,1,...,n}} Uensemble des chemins dans
To liant lorigine a la niéme génération le long desquels les étiquettes pour €4 restent
plus grandes que 4. Alors on a

E#GC,] —— o

n—oo 2 -1’

(2.3)

De plus, il existe des constantes 0 < ¢1 < cg < o< telles que pour n > 1

C1 C2

< P(Gn#9) < - (2.4)
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Le fait que Lo, est une triangulation n’est pas anecdotique et est primordial pour
montrer la convergence d’autres modeles discrets vers l'objet Lo, voir [47]
2.3 Quadtrees (Chap.9 ou [46])
Les résultats présentés dans cette section et détaillés dans le Chapitre 9
sont tirés de [46] et ont été obtenus en collaboration avec Adrien Joseph.
V17T -3
Ici aussi, 8 = ———.
2
Le modele du quadtree a été introduit en informatique par Finkel
et Bentley [66] comme un algorithme de stockage et de recherche de
données. L’étude de ce modele (en particulier la présence du méme
exposant @) nous a été suggérée par Philippe Flajolet a la confé-
rence ALEA 2009. Merci encore !

Décrivons le modele en dimension 2. Soit P;, Ps, ... une suite de variables indépen-
dantes uniformément distribuées sur le carré [0,1]2. Les points tombent les uns apres
les autres, et, a chaque fois qu’un point tombe, il divise le rectangle qui le contient
en quatre sous-rectangles par rapport a ’abscisse et 'ordonnée de ce point. On note
Quad(Pr,. .., P,) l'ensemble des 3n + 1 rectangles formés par les n premiers points.
Voir Fig.2.4.

NS e
3 RS s RN
1 i I
7 =
o * ina j N i
4 L
[
1T Bl R
[
FIGURE 2.4 — Deux quadtrees. L’un avec 7 points I’autre avec 100.

En particulier nous nous sommes intéressés au « Partial Match Query » : Fixons
x € [0, 1], et notons Ny, (x) le nombre de rectangles de Quad(Pi, ..., P,) qui intersectent
la ligne verticale [(x,0), (x,1)]. Notre principal résultat est le suivant.

Théoréme 20 ([46]).
Pour tout x € [0,1], on a la convergence suivante
_g* */2
RN ()] —— Ko(e( - )"
17-3 ress+2)r(p*+2
SR R S S TN
208(5+ + 1) (5 + 1)
—
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La convergence du théoréme précédent est d’abord établie lorsque = est remplacé
par une variable aléatoire U uniforme sur [0, 1] et indépendante des (F;);>1. Ce cas avait
été traité précédemment [67] par des méthodes analytiques. Nous avons proposé une
nouvelle approche avec la théorie des fragmentations, en remarquant que [’espérance
de N,(U) (dans une version en temps continu) est égale & 1’espérance du nombre de
particules dans un processus de fragmentation de parametre d’autosimilarité 1 et de
mesure de dislocation vg donnée par

1 1
[ vasidsy)F(sis0) =4 [ do [ dyo Flay,a(1 - y).
St 0 1/2

pour toute fonction borélienne F. En particulier I’exposant malthusien de cette frag-
mentation est §*. La preuve du Théoréme 20 repose sur la convergence sus-dite, un
argument de couplage et une méthode de point fixe pour des équations intégrales. Des
progres sont en cours (communication personnelle de Nicolas Broutin, Ralph Neininger
et Henning Sulzbach) pour la convergence en loi de (N, ())ze[0,1) en tant que processus.
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Tre. Browmian Cackig

LES RESULTATS DE CE CHAPITRE ONT ETE OBTENUS EN COLLABORATION AVEC
JEAN-FRANCOIS LE GALL ET GREGORY MIERMONT ONT ETE SOUMIS POUR PUBLI-
CATION.

The cactus of a pointed graph is a discrete tree associated with this graph. Similarly,
with every pointed geodesic metric space E, one can associate an R-tree called the
continuous cactus of E. We prove under general assumptions that the cactus of
random planar maps distributed according to Boltzmann weights and conditioned
to have a fixed large number of vertices converges in distribution to a limiting space
called the Brownian cactus, in the Gromov-Hausdorff sense. Moreover, the Brownian
cactus can be interpreted as the continuous cactus of the so-called Brownian map.

3.1 Introduction

In this work, we associate with every pointed graph a discrete tree called the cactus
of the graph. Assuming that the pointed graph is chosen at random in a certain class of
planar maps with a given number of vertices, and letting this number tend to infinity,
we show that, modulo a suitable rescaling, the associated cactus converges to a universal
object, which we call the Brownian cactus.

In order to motivate our results, let us recall some basic facts about planar maps. A
planar map is a proper embedding of a finite connected graph in the two-dimensional
sphere, viewed up to orientation-preserving homeomorphisms of the sphere. The faces
of the map are the connected components of the complement of edges, and the degree
of a face counts the number of edges that are incident to it, with the convention that
if both sides of an edge are incident to the same face, this edge is counted twice in
the degree of the face. Special cases of planar maps are triangulations, where each
face has degree 3, quadrangulations, where each face has degree 4 and more generally
p-angulations where each face has degree p. Since the pioneering work of Tutte [142],
planar maps have been thoroughly studied in combinatorics, and they also arise in
other areas of mathematics : See in particular the book of Lando and Zvonkin [93] for
algebraic and geometric motivations. Large random planar graphs are of interest in
theoretical physics, where they serve as models of random geometry [9].

A lot of recent work has been devoted to the study of scaling limits of large ran-
dom planar maps viewed as compact metric spaces. The vertex set of the planar map is

47
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equipped with the graph distance, and one is interested in the convergence of the (suita-
bly rescaled) resulting metric space when the number of vertices tends to infinity, in the
sense of the Gromov-Hausdorff distance. In the particular case of triangulations, this
problem was stated by Schramm [129]. It is conjectured that, under mild conditions on
the underlying distribution of the random planar map, this convergence holds and the
limit is the so-called Brownian map. Despite some recent progress [110, 109, 98, 33, 99],
this conjecture is still open, even in the simple case of uniformly distributed quadran-
gulations. The main obstacle is the absence of a characterization of the Brownian map
as a random metric space. A compactness argument can be used to get the existence
of sequential limits of rescaled random planar maps [98], but the fact that there is no
available characterization of the limiting object prevents one from getting the desired
convergence.

In the present work, we treat a similar problem, but we replace the metric space
associated with a planar map by a simpler metric space called the cactus of the map.
Thanks to this replacement, we are able to prove, in a very general setting, the existence
of a scaling limit, which we call the Brownian cactus. Although this result remains far
from the above-mentioned conjecture, it gives another strong indication of the universa-
lity of scaling limits of random planar maps, in the spirit of the papers [43, 109, 114, 119]
which were concerned with the profile of distances from a particular point.

Let us briefly explain the definition of the discrete cactus (see subsection 3.2.1 for
more details). We start from a graph G with a distinguished vertex p. Then, if a and
b are two vertices of G, and if ag = a,a1,...,a, = b is a path from a to b in the graph
G, we consider the quantity

der(p, a) + dgr(p, b) — 20%1}%) dgr(p, a;)

where dg, stands for the graph distance in G. The cactus distance dg'ac(a, b) is then
the minimum of the preceding quantities over all choices of a path from a to b. The
cactus distance is in fact only a pseudo-distance : We have dg'ac(a, b) = 0 if and only
if dgr(p, a) = dgr(p, b) and if there is a path from a to b that stays at distance at least
dgr(p, @) from the point p. The cactus Cac(G) associated with G is the quotient space
of the vertex set of G for the equivalence relation =< defined by putting a =< b if and
only if dS,.(a,b) = 0. The set Cac(G) is equipped by the distance induced by dS,..
It is easy to verify that Cac(G) is a discrete tree (Proposition 3.2). Although much
information is lost when going from G to its cactus, Cac(G) still has a rich structure,
as we will see in the case of planar maps.

A continuous analogue of the cactus can be defined for a (compact) geodesic metric
space E having a distinguished point p. As in the discrete setting, the cactus distance
between two points x and y is the infimum over all continuous paths ~ from z to y of
the difference between the sum of the distances of z and y to the distinguished point
p and twice the minimal distance of a point of v to p. Again this is only a pseudo-
distance, and the continuous cactus Kac(E) is defined as the corresponding quotient
space of E. One can then check that the mapping E — Kac(E) is continuous, and
even Lipschitz, with respect to the Gromov-Hausdorff distance between pointed metric
spaces (Proposition 3.7). It follows that if a sequence of (rescaled) pointed graphs G,
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converges towards a pointed space E in the Gromov-Hausdorff sense, the (rescaled)
cactuses Cac(Gy,) also converge to Kac(E). In particular, this implies that Kac(E) is
an R-tree (we refer to [63] for the definition and basic properties of R-trees).

The preceding observations yield a first approach to the convergence of rescaled
cactuses associated with random planar maps. Let p > 2 be an integer, and for every
n > 2, let my, be a random planar map that is uniformly distributed over the set of
all rooted 2p-angulations with n faces (recall that a planar map is rooted if there is a
distinguished edge, which is oriented and whose origin is called the root vertex). We
view the vertex set V(m,,) of m, as a metric space for the graph distance dg, with a
distinguished point which is the root vertex of the map. According to [98], from any
given strictly increasing sequence of integers, we can extract a subsequence along which
the rescaled pointed metric spaces (V(my),n~"/4dy,) converge in distribution in the
Gromov-Hausdorff sense. As already explained above, the limiting distribution is not
uniquely determined, and may depend on the chosen subsequence. Still we call Brownian
map any possible limit that may arise in this convergence. Although the distribution
of the Brownian map has not been characterized, it turns out that the distribution of
its continuous cactus is uniquely determined. Thanks to this observation, one easily
gets that the suitably rescaled discrete cactus of m, converges in distribution to a
random metric space (in fact a random R-tree) which we call the Brownian cactus :
See Corollary 3.15 below.

Let us give a brief description of the Brownian cactus. The random R-tree known
as the CRT, which has been introduced and studied by Aldous [2, 4] is denoted by
(Ze,de). The notation 7, refers to the fact that the CRT is conveniently viewed as the
R-tree coded by a normalized Brownian excursion e = (e;)o<i<1 (see Section 3.3 for
more details). Let (Z,)qe7, be Brownian labels on the CRT. Informally, we may say
that, conditionally on 7T, (Z,)ae7. is a centered Gaussian process which vanishes at
the root of the CRT and satisfies E[(Z, — Z3)?] = de(a, b) for every a,b € To. Let a,
be the (almost surely unique) vertex of 7¢ with minimal label. For every a,b € 7g, let
[[a, b]] stand for the geodesic segment between a and b in the tree 7e, and set

dkac(a,b) = Zy + Zp — 2 min_Z,.
c€fa,b]

Then dgac is a pseudo-distance on Ze. The Brownian cactus KAC is the quotient space
of the CRT for this pseudo-distance. As explained above, it can also be viewed as the
continuous cactus associated with the Brownian map (here and later, we abusively
speak about “the” Brownian map although its distribution may not be unique).

The main result of the present work (Theorem 3.20) states that the Brownian cac-
tus is also the limit in distribution of the discrete cactuses associated with very general
random planar maps. To explain this more precisely, we need to discuss Boltzmann
distributions on planar maps. For technical reasons, we consider rooted and pointed
planar maps, meaning that in addition to the root edge there is a distinguished vertex.
Let q = (q1,¢2,-..) be a sequence of non-negative weights satisfying general assump-
tions (we require that q has finite support, that ¢ > 0 for some k& > 3, and that q
is critical in the sense of [109, 114] — the latter property can always be achieved by
multiplying q by a suitable positive constant). For every rooted and pointed planar
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map m, set

Wa(m) =TI daesp)
fEF(m)

where F'(m) stands for the set of all faces of m and deg(f) is the degree of the face f.
For every n, choose a random rooted and pointed planar map M,, with n vertices, in
such a way that P(M,, = m) is proportional to Wg(m) (to be precise, we need to restrict
our attention to those integers n such that there exists at least one planar map m with
n vertices such that Wq(m) > 0). View M,, as a graph pointed at the distinguished
vertex of M,. Then Theorem 3.20 gives the existence of a positive constant Bq such

that
(d)

Bqn*1/4 - Cac(M,y) o KAC

in the Gromov-Hausdorff sense. Here the notation A - E means that distances in the
metric space E are multiplied by the factor A. This result applies in particular to
uniformly distributed p-angulations with a fixed number of faces (by Euler’s formula
the number of vertices is then also fixed), and thus for instance to triangulations. In
contrast with the first approach described above, we do not need to restrict ourselves
to the bipartite case where p is even.

As in much of the previous work on asymptotics for large random planar maps, the
proof of Theorem 3.20 relies on the existence [32] of “nice” bijections between planar
maps and certain multitype labeled trees. It was observed in [109] (for the bipartite
case) and in [114] that the tree associated with a random planar map following a Boltz-
mann distribution is a (multitype) Galton-Watson tree, whose offspring distributions
are determined explicitly in terms of the Boltzmann weights, and which is equipped
with labels that are uniformly distributed over admissible choices. This labeled tree can
be conveniently coded by the two random functions called the contour process and the
label process (see the end of subsection 3.4.3). In the bipartite case, where g = 0 if k
is odd, one can prove [109] that the contour process and the label process associated
with the random planar map M, converge as n — oo, modulo a suitable rescaling,
towards the pair consisting of a normalized Brownian excursion and the (tip of the)
Brownian snake driven by this excursion. This convergence is a key tool for studying
the convergence of rescaled (bipartite) random planar maps towards the Brownian map
[98]. In our general non-bipartite setting, it is not known whether the preceding conver-
gence still holds, but Miermont [114] observed that it does hold if the tree is replaced
by a “shuffled” version. Fortunately for our purposes, although the convergence of the
coding functions of the shuffled tree would not be effective to study the asymptotics of
rescaled planar maps, it gives enough information to deal with the associated cactuses.
This is one of the key points of the proof of Theorem 3.20 in Section 3.4.

The last two sections of the present work are devoted to some properties of the
Brownian cactus. We first show that the Hausdorff dimension of the Brownian cactus
is equal to 4 almost surely, and is therefore the same as that of the Brownian map
computed in [98]. As a tool for the calculation of the Hausdorff dimension, we derive
precise information on the volume of balls centered at a typical point of the Brownian
cactus (Proposition 3.24). Finally, we apply ideas of the theory of the Brownian cactus
to a problem about the geometry of the Brownian map. Precisely, given three “typical”
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points in the Brownian map, we study the existence and uniqueness of a cycle with mi-
nimal length that separates the first point from the second one and visits the third one.
This is indeed a continuous version of a problem discussed by Bouttier and Guitter [34]
in the discrete setting of large quadrangulations. In particular, we recover the explicit
distribution of the volume of the connected components bounded by the minimizing
cycle, which had been derived in [34] via completely different methods. The results of
this section strongly rely on the study of geodesics in the Brownian map developed in
[99].

The subsequent paper [94] derives further results about the Brownian cactus and in
particular studies the asymptotic behavior of the number of “branches” of the cactus
above level h that hit level h + ¢, when ¢ goes to 0. In terms of the Brownian map,
if B(p, h) denotes the open ball of radius h centered at the root p and N}, . denotes
the number of connected components of the complement of B(p,h) that intersect the
complement of B(p, h + €), the main result of [94] states that 3N . converges as ¢
goes to 0 to a nondegenerate random variable. This convergence is closely related to
an upcrossing approximation for the local time of super-Brownian motion, which is of
independent interest.

The paper is organized as follows. In Section 3.2, we give the definitions and main
properties of discrete and continuous cactuses, and establish connections between the
discrete and the continuous case. In Section 3.3, after recalling the construction and
main properties of the Brownian map, we introduce the Brownian cactus and show that
it coincides with the continuous cactus of the Brownian map. Section 3.20 contains
the statement and the proof of our main result Theorem 3.20. As a preparation for
the proof, we recall in subsection 3.4.1 the construction and main properties of the
bijections between planar maps and multitype labeled trees. Section 3.5 is devoted to
the Hausdorff dimension of the Brownian cactus, and Section 5.15 deals with minimizing
cycles in the Brownian map. An appendix gathers some facts about planar maps with
Boltzmann distributions, that are needed in Section 3.4.

Acknowledgement. We thank Itai Benjamini for the name cactus as well as for sug-
gesting the study of this mathematical object.

3.2 Discrete and continuous cactuses

3.2.1 The discrete cactus

Throughout this section, we consider a graph G = (V, £), meaning that V is a finite
set called the vertex set and £ is a subset of the set of all (unordered) pairs {v,v'} of
distinct elements of V.

If v,0" € V, a path from v to v' in G is a finite sequence v = (v, ..., v,) in V, such
that vg = v, v, = v and {v;_1,v;} €€, for every 1 < i < n. The integer n > 0 is called
the length of . We assume that G is connected, so that a path from v to v’ exists for
every choice of v and v'. The graph distance dgGr (v,v") is the minimal length of a path
from v to v/ in G. A path with minimal length is called a geodesic from v to v" in G.

In order to define the cactus distance we consider also a distinguished point p in V.
The triplet G = (V, &, p) is then called a pointed graph. With this pointed graph we
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associate the cactus (pseudo-)distance defined by setting for every v,v" € V|

G no._ 4G G / in G
dCaC(U’U ) T dgr(pav) + dgr(pav ) - 27{22}1{), %1612 dgr(pv a)v

where the maximum is over all paths v from v to v’ in G.

Proposition 3.1. The mapping (v,v') — d&,.(v,v') is a pseudo-distance on V taking
integer values. Moreover, for every v,v' € V,

dg(v, V') > dgac(v, v'). (3.1)

and
dgrac(pvv) = dg‘(pvv) (32)

Démonstration. Tt is obvious that d§, (v,v) = 0 and d§,.(v,v') = d§,.(v,v). Let us
verify the triangle inequality. Let v,v’,v” € V and choose two paths v : v — v’ and
2 : v" — 0" such that minge,, dgr(p, a) is maximal among all paths v : v — v/ in G and
a similar property holds for 75. The concatenation of y; and ~9 gives a path v3 : v — v
and we easily get

AGac(v,0") < dgi(p,v) + dgi(p,v") = 2mindgi(p, @) < dGoe (v, V') + dGoc (v, V).

In order to get the bound (3.1), let v,v" € V, and choose a geodesic path v from v to
v'. Let w be a point on the path v whose distance to p is minimal. Then,

dgr (v,0) = dgp (v, w) + dg (w, ') > dgi(p, v) + dgi(p,v') — 2dgi (p, w)
= dg(p,v) + dg(p,v') — 2mindg (p, a)
> (v, V).

Property (3.2) is immediate from the definition. O

G G
As usual, we introduce the equivalence relation < defined on V' by setting v < v’ if
G
and only d§,_(v,v") = 0. Note that v X v’ if and only if dgr(p, v) = dgr(p, v") and there
exists a path from v to v’ that stays at distance at least dgr(p7 v) from p.

G
The corresponding quotient space is denoted by Cac(G) = V / <. The pseudo-
distance dS,. induces a distance on Cac(G), and we keep the notation d&,. for this
distance.

Proposition 3.2. Consider the graph G° whose vertez set is V° = Cac(G) and whose
edges are all pairs {a,b} such that dS, (a,b) = 1. Then this graph is a tree, and the
graph distance dgGrO on V° coincides with the cactus distance dg'ac on Cac(G).

Démonstration. Let us first verify that the graph G° is a tree. If u € V we use the
notation u for the equivalence class of u in the quotient Cac(G). We argue by contra-
diction and assume that there exists a (non-trivial) cycle in Cac(G). We can then find
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an integer n > 3 and vertices xg, x1,Z2,...,T, € V such that

To = Tn,
A8 (zi,2i01) = 1, for every 0 < i <n — 1,
To,Z1,-...,Tn_1 are distinct.
Without loss of generality, we may assume that dgr(p, xy) = max{dg(p,xi),o <
i < n}. By (3.2), we have ]dg(p, xo) — dgr(p,xl)| < d§  (xg,z1) = 1. If dg(p, xo) =
dgr (p,z1) then it follows from the definition of dS,. that dS, (zo,z1) is even and thus
different from 1. So we must have

dS.(p, z1) = dS(p, z0) — 1.

Combining this equality with the property dgac(xg, x1) = 1, we obtain that there exists
a path from zg to 1 that stays at distance at least dgr(p, x1) from p.

Using the same arguments and the equality d(c}ac(xo, Zn—1) = 1, we obtain similarly
that dgGr(p,xn,l) = dgr(p,:vo) —-1= dgr(p, x1) and that there exists a path from z,_1
to xo that stays at distance at least dgGr(p, x1) from p.

Considering the concatenation of the two paths we have constructed, we get that
dg'ac(xl,xn_l) is equal to 0 or equivalently Ty = Z,_1. This gives the desired contra-
diction, and we have proved that G° is a tree.

We still have to verify the equality of the distances dgo and d§,. on Cac(G). The
bound d§,. < dgro is immediate from the triangle inequality for dS,. and the existence
of a geodesic between any pair of vertices of G°. Conversely, let a,b € Cac(G). We can

find a path (yo,y1,...,¥ys) in G such that g, = a, ¥,, = b and

AGic(a,0) = g (p.yo) + g (p. yn) — 2 min dg(p.y;).

YA

Put m = minpgj<n dgr(p, yi), p = dgr(p, yo) and q = dg(p, Yn) to simplify notation.
Then set, for every 0 < i < p—m,

k; = min{j € {0,1,...,n}: dgr(p,yj) =p—i}
and, for every 0 < i < q¢ —m,
¢; =max{j € {0,1,...,n}: dg(p,yj) =q—1i}.

Then Yy, Y, » - - Ykym = Yty Ylgm_1r- Y0y Ygy 18 & path from a to b in G°. It
follows that
dg’; (a,b) <p+q—2m= dg’ac(a, b),

which completes the proof. ]

Remark 3.3. The notion of the cactus associated with a pointed graph strongly de-
pends on the choice of the distinguished point p.
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In the next sections, we will be interested in rooted planar maps, which will even
be pointed in Section 3.4. With such a planar map, we can associate a pointed graph
in the preceding sense : just say that V is the vertex set of the map, £ is the set of
all pairs {v,v'} of distinct points of V' such that there exists (at least) one edge of the
map between v and v/, and the vertex p is either the root vertex, for a map that is
only rooted, or the distinguished point for a map that is rooted and pointed. Note that
the graph distance corresponding to this pointed graph (obviously) coincides with the
usual graph distance on the vertex set of the map. Later, when we speak about the
cactus of a planar map, we will always refer to the cactus of the associated pointed
graph. In agreement with the notation of this section, we will use bold letters m, M to
denote the pointed graphs associated with the planar maps m, M.

3
2 1 ’
4
4

FIGURE 3.1 — A planar map and on the right side the same planar map represented
so that the height of every vertex coincides with its distance from the distinguished
vertex p. We see a tree structure emerging from this picture, which corresponds to the
associated cactus.

3.2.2 The continuous cactus

Let us recall some basic notions from metric geometry. If (E,d) is a metric space
and v : [0,7] — E is a continuous curve in F, the length of v is defined by :

k—1

L(v) = Oztof}}gtk:T ig() d(y(ti),Y(tir1)),

where the supremum is over all choices of the subdivision 0 = tg < t1 < --- <t =T
of [0,T]. Obviously L(y) = d(v(0),v(T)).

We say that (E, d) is a geodesic space if for every a,b € E there exists a continuous
curve 7 : [0,d(a,b)] — E such that v(0) = a, y(d(a,b)) = b and d(v(s),v(t)) =t — s
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for every 0 < s <t < d(a,b). Such a curve ~ is then called a geodesic from a to b in E.
Obviously, L(vy) = d(a,b). A pointed geodesic metric space is a geodesic space with a
distinguished point p.

Let E = (F,d, p) be a pointed geodesic compact metric space. We define the (conti-
nuous) cactus associated with (E,d,p) in a way very similar to what we did in the
discrete setting. We first define for every a,b € F,

dRac(a.b) = d(p,a) + d(p,b) =2 sup ( min d(p,¥(t))),

y:a—b (UNAS

where the supremum is over all continuous curves 7 : [0,1] — FE such that v(0) = a
and (1) = b.
The next proposition is then analogous to Proposition 3.1.

Proposition 3.4. The mapping (a,b) — d&,.(a,b) is a pseudo-distance on E. Fur-
thermore, for every a,b € E,

d¥ac(a,b) < d(a,b)

and
dgac(pv CL) = d(p, a)'

The proof is exactly similar to that of Proposition 3.1, and we leave the details to
the reader. Note that in the proof of the bound d&,_(a, b) < d(a, b) we use the existence
of a geodesic from a to b.

If a,b € E, we put a it dE. (a,b) = 0. We define the cactus of (E,d, p) as the

E
quotient space Kac(E) := F/ =<, which is equipped with the quotient distance dIE<aC.
Then Kac(E) is a compact metric space, which is pointed at the equivalence class of p.

Remark 3.5. It is natural to ask whether the supremum in the definition of d&,(a, b)
is achieved, or equivalently whether there is a continuous path v from a to b such that

B i _ .
dKac(a,b) = d(p, a) +d(p,b) — min d(p,~(t))-

<"

We will return to this question later.

3.2.3 Continuity properties of the cactus

Let us start by recalling the definition of the Gromov-Hausdorff distance between
two pointed compact metric spaces (see [75] and [40, Section 7.4] for more details).

Recall that if A and B are two compact subsets of a metric space (E, d), the Haus-
dorff distance between A and B is

df(A,B) ;= inf{e >0: A C B® and B C A%},

where X¢ :={z € E : d(z,X) < €} denotes the e-neighborhood of a subset X of E.
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Definition 3.6. If E = (E,d,p) and E' = (E,d’,p') are two pointed compact metric
spaces, the Gromov-Hausdorff distance between E and E' is

dn(E, E') = inf { diz(¢(E), ¢'(E")) V 6(¢(p), ¢'(¢)) },

where the infimum is taken over all choices of the metric space (F,0) and the isometric
embeddings ¢ : E — F and ¢' : E' — F of E and E' into F.

The Gromov-Hausdorff distance is indeed a metric on the space of isometry classes
of pointed compact metric spaces. An alternative definition of this distance uses corres-
pondences. A correspondence between two pointed metric spaces (E, d, p) and (E', d’, p')
is a subset R of E x E’ containing (p, p’), such that, for every x; € E, there exists at
least one point x5 € E’ such that (z1,22) € R and conversely, for every y, € E,
there exists at least one point y; € F such that (y1,y2) € R. The distortion of the
correspondence R is defined by

dis(R) := sup {|d(z1,11) — d' (22, y2)| : (z1,72), (y1,92) € R}.

The Gromov-Hausdorff distance can be expressed in terms of correspondences by the
formula

deu(E,E') = %inf{dis(R)}, (3.3)

where the infimum is over all correspondences R between E and E'. See [40, Theorem
7.3.25] for a proof in the non-pointed case, which is easily adapted.

Proposition 3.7. Let E and E' be two pointed geodesic compact metric spaces. Then,
dGH(Kac(E),Kac(E’)) <6 dGH(E, E,).

Démonstration. It is enough to verify that, for any correspondence R between E and
E’ with distortion D, we can find a correspondence # between Kac(E) and Kac(E')
whose distortion is bounded above by 6D. We define Z as the set of all pairs (a,a’)
such that there exists (at least) one representative x of a in E and one representative
2’ of a’ in E’, such that (z,2") € R.

Let (z,2') € R and (y,y’) € R. We need to verify that

’ d%ac(x7 y) - dglac(x/ﬂ yl)’ < 6D.

Fix € > 0. We can find a continuous curve v : [0,1] — E such that v(0) =z, (1) =y
and

_ ; < JE )
d(p, l’) + d(p,y) 20%121 d(Pa'Y(t)) X dKac(xvy) +e

By continuity, we may find a subdivision 0 =ty < t; < --- < t, = 1 of [0,1] such that
d(y(ti),y(ti+1)) < D for every 0 < i < p— 1. For every 0 < i < p, put z; = y(¢;), and
choose z, € E' such that (z;,2}) € R. We may and will take 2, = 2’ and y{, = y'. Now
note that, for 0 <i<p—1,

d'(xf, 2 q) < d(wi, xip1) + D < 2D.



“theseavec” — 2011/5/24 — 15:45 — page 57 — #57 QF

Cartes planaires aléatoires 57

Since E’ is a geodesic space, we can find a curve 7' : [0,1] — E’ such that ~/(¢;) = 2,
for every 0 < i < p, and any point 7/(¢), 0 < ¢ < 1 lies within distance at most D from
one of the points 7/(¢;). It follows that

. / / / > . e !(y. _ > 3 . — .
q2in, d(p', 7 () > min d'(p, 7' () — D > min d(p,7(ti)) — 2D

\

Hence,

AR’y < Aoy + d(p,y) — 2 min d'(p', /(1)

( aI) + Cl(p, y) - 2OI£t1£1 d(P,V(t)) +6D
Kac(®,y) +6D +&

The desired result follows since € was arbitrary and we can interchange the roles of E
and E'. O

3.2.4 Convergence of discrete cactuses

Let G = (V,&,p) be a pointed graph (and write G = (V,€) for the non-pointed
graph as previously). We can identify G with the pointed (finite) metric space (V, dgGr, p).
For any real » > 0, we then denote the “rescaled graph” (V,r dgGr, p) by r- G.

Similarly, we defined Cac(G) as a pointed finite metric space. The space r - Cac(G)
is then obtained by multiplying the distance on Cac(G) by the factor r.

Proposition 3.8. Let (Gy)n>0 be a sequence of pointed graphs, and let (ry)n>0 be a
sequence of positive real numbers converging to 0. Suppose that ry, - Gy, converges to a
pointed compact metric space E, in the sense of the Gromov-Hausdorff distance. Then,
- Cac(Gy,) also converges to Kac(E), in the sense of the Gromov-Hausdorff distance.

Remark 3.9. The cactus Kac(E) is well defined because E must be a geodesic space.
The latter property can be derived from [40, Theorem 7.5.1], using the fact that the
graphs r, - G, can be approximated by geodesic spaces as explained in the forthcoming
proof.

Démonstration. This is essentially a consequence of Proposition 3.7. We start with some
simple observations. Let G = (V, &, p) be a pointed graph. By considering the union
of a collection (I{y}){uv}ee Of unit segments indexed by £ (such that this union is a
metric graph in the sense of [40, Section 3.2.2]), we can construct a pointed geodesic
compact metric space (A(G),dx(g),p), such that the graph G (viewed as a pointed
metric space) is embedded isometrically in A(G), and the Gromov-Hausdorff distance
between G and A(G) is bounded above by 1.

A moment’s thought shows that Cac(G) is also embedded isometrically in Kac(A(G)),
and the Gromov-Hausdorff distance between Cac(G) and Kac(A(G)) is still bounded
above by 1.

We apply these observations to the graphs G,,. By scaling, we get that the Gromov-
Hausdorff distance between the metric spaces 1, - G, and 7, - A(G,,) is bounded above
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by 7y, so that the sequence r, - A(Gy,) also converges to E in the sense of the Gromov-
Hausdorff distance. From Proposition 3.7, we now get that Kac(r,,-A(Gy,)) converges to
Kac(E). On the other hand, the Gromov-Hausdorff distance beween Kac(ry, - A(Gy,)) =
- Kac(A(Gy,)) and 7, - Cac(Gy,) is bounded above by 7, so that the convergence of
the proposition follows. O

Corollary 3.10. Let E be a pointed geodesic compact metric space. Then Kac(E) is a
compact R-tree.

Démonstration. As a simple consequence of Proposition 7.5.5 in [40], we can find a
sequence (ry)n>0 of positive real numbers converging to 0 and a sequence (Gy,)n>0 of
pointed graphs, such that the rescaled graphs r, - G, converge to E in the Gromov-
Hausdorff sense. By Proposition 3.8, r, - Cac(G,,) converges to Kac(E) in the Gromov-
Hausdorff sense. Using the notation of the preceding proof, it also holds that r, -
A(Cac(Gy,)) converges to Kac(E). Proposition 3.2 then implies that r, - A(Cac(Gy,))
is a (compact) R-tree. The desired result follows since the set of all compact R-trees is
known to be closed for the Gromov-Hausdorff topology (see e.g. [64, Lemma 2.1]). O

3.2.5 Another approach to the continuous cactus

In this section, we present an alternative definition of the continuous cactus, which
gives a different perspective on the previous results, and in particular on Corollary 3.10.
Let E = (E,d, p) be a pointed geodesic compact metric space, and for r > 0, let

B(r)={z € E:d(p,x)<r}, B(r)={z € E:d(p,z) <r},

be respectively the open and the closed ball of radius 7 centered at p. We let Kac'(E)
be the set of all subsets of E that are (non-empty) connected components of the closed
set B(r)¢, for some r > 0 (here, A° denotes the complement of the set A). Note that
all elements of Kac'(E) are themselves closed subsets of E.

For every C € Kac'(E), we let

h(C) =d(p,C) = inf{d(p,x) : z € C}.

Since FE is path-connected, h(C) is also the unique real r > 0 such that C'is a connected
component of B(r)¢.
Note that Kac'(E) is partially ordered by the relation

C=<(C < C'ccC

and has a unique minimal element E. Every totally ordered subset of Kac'(E) has a
supremum, given by the intersection of all its elements. To see this, observe that if
(Ci)ier is a totally ordered subset of Kac'(E) then we can choose a sequence (i )n>1
taking values in I such that the sequence (h(Cj,))n>1 is non-decreasing and converges
t0 Tmax 1= sup{h(C;) : i € I'}. Then the intersection

M G
n=1
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is non-empty, closed and connected as the intersection of a decreasing sequence of
non-empty closed connected sets in a compact space, and it easily follows that this
intersection is a connected component of B(7yax)¢ and coincides with the intersection
of all Cy, i € I. At this point, it is crucial that elements of Kac'(E) are closed, and this
is one of the reasons why one considers complements of open balls in the definition of
Kac'(E).

In particular, for every C,C’ € Kac/(E) , the infimum C A C’ makes sense as the
supremum of all C” € Kac'(E) such that C” < C and C” < C’, and h(C A C") is the
maximal value of r such that C and C’ are contained in the same connected component
of B(r)°.

Moreover, if C € Kac'(E), the set {C’ € Kac'(E) : ¢’ < C} is isomorphic as an
ordered set to the segment [0, h(C)], because for every t € [0, h(C)] there is a unique
C' € Kad'(E) with h(C’) =t and C C C".

Finally, h : Kac'(E) — R is an increasing function, inducing a bijection from every
segment of the partially ordered set Kac'(E) to a real segment. It follows from general
results (see Proposition 3.10 in [65]) that the set Kac'(E) equipped with the distance

A,/ (C,C") = h(C) + h(C") — 2h(C A C")
is an R-tree rooted at E = B(0)°. Note that di, ,(E, C) = h(C) for every C € Kac'(E).

Proposition 3.11. The spaces Kac'(E) and Kac(E) are isometric pointed metric
spaces.

Démonstration. We consider the mapping from E to Kac'(E), which maps z to the
connected component C, of B(d(p,x))¢ containing x. This mapping is clearly onto :
if C € Kac'(E), we have C = C, for any x € C such that d(p,z) = d(p,C). Let us
show that this mapping is an isometry from the pseudo-metric space (F,dE, ) onto
(Kac'(E),dE, ).

Let z,y € E be given, and v : [0,1] — E be a path from z to y. Let to be
such that d(p,v(to)) < d(p,7(t)) for every t € [0,1]. Then the path v lies in a single
path-connected component of B(d(p,v(to)))¢, entailing that x and y are in the same
connected component of this set. Consequently, h(C, A Cy) = d(p,7(to)), and since
obviously h(C,) = d(z, p),

ARae (Ca, Cy) < d(p, ) + d(p,y) — 2t€i%fu d(p, (1)) -

Taking the infimum over all v gives
d]%ac’(cx’ Cy) < d%ae(fm y) . (34)

Let us verify that the reverse inequality also holds. If h(C; ACy) > 0 and € € (0, h(Cy A
Cy)), the infimum C,; AC,, is contained in some connected component of B(h(Cy ACy) —
€)¢. Since the latter set is open, and F is a geodesic space, hence locally path-connected,
we deduce that this connected component is in fact path-connected, and since it contains
z and y, we can find a path v from x to y that remains in B(h(Cy A Cyy) — €)¢. This
entails that

d%ac(xa y) < dEac’(Cmv Cy) +e,
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and letting ¢ — 0 yields the bound dg, (Cy, Cy) > di.c(z,y). The latter bound
remains true when h(C, A C,) = 0, since in that case C; ACyy = F and dg, ., (Cy, Cy) =
h(C%) + h(Cy) = d(p,x) + d(p, y)-

From the preceding observations, we directly obtain that  — C'; induces a quotient
mapping from Kac(E) onto Kac'(E), which is an isometry and maps (the class of) p to
E. [

N[

v

FI1GURE 3.2 — An example of a geodesic compact metric space E, such that the comple-
ment of the open ball of radius 1 centered at the distinguished point p is connected but
not path-connected. Here E is a compact subset of R3 and is equipped with the intrinsic
distance associated with the L*-metric §((x1,x2,23), (y1,Yy2,¥3)) = sup{|z; — yi|,i =
1,2, 3}. For this distance, the sphere of radius 1 centered at p, which coincides with the
complement of the open ball of radius 1, consists of the union of the bold lines at the
top of the figure.

Remark 3.12. The discrete cactus of a graph can be defined in an analogous way
as above, using the notion of graph connectedness instead of connectedness in metric
spaces.

Let us return to Remark 3.5 about the existence, for given x,y € F, of a minimizing
path v :[0,1] — F going from x to y, such that

dRac(,y) = d(p,x) + d(p,y) — 2 min d(p,¥(1)).

With the notation of the previous proof, it may happen that the closed set C; A Cy is
connected without being path-connected : Fig.2 suggests an example of this phenome-
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non. In that event, if x and y cannot be connected by a continuous path that stays in
Cy N Cy, there exists no minimizing path.

3.3 The Brownian cactus

In this section, we define the Brownian cactus and we show that it is the continuous
cactus associated with the (random) compact metric space called the Brownian map.
The Brownian map has been studied in [98] as the limit in distribution, along suitable
sequences, of rescaled 2p-angulations chosen uniformly at random. We first recall some
basic facts about the Brownian map.

We let e = (e;)o<t<1 be a Brownian excursion with duration 1. For our purposes it
is crucial to view e as the coding function for the random continuous tree known as the
CRT. Precisely, we define a pseudo-distance de on [0, 1] by setting for every s,t € [0, 1],

de(s,t) =es+e —2 min e
(’) s SAtLr<sVt "

and we put s ~g ¢t iff de(s,t) = 0. The CRT is defined as the quotient metric space
7o :=[0,1] / ~e, and is equipped with the induced metric de. Then (7, de) is a random
(compact) R-tree. We write pe : [0,1] — 7 for the canonical projection, and we
define the mass measure (or volume measure) Vol on the CRT as the image of Lebesgue
measure on [0, 1] under pe. For every a,b € T, we let [[a, b]] be the range of the geodesic
path from a to b in 7, : This is the line segment between a and b in the tree 7. We
will need the following simple fact, which is easily checked from the definition of de.
Let a,b € 7e, and let s,t € [0,1] be such that pe(s) = a and pe(t) = b. Assume for
definiteness that s < ¢. Then [[a, b]] exactly consists of the points ¢ that can be written
as ¢ = pe(r), with r € [s, t] satisfying

e = max( min e,, min eu>.
u€[s,r] u€[r,t]

Conditionally given e, we introduce the centered Gaussian process (Z;)o<t<1 with
continuous sample paths such that

e ) = BB
It is easy to verify that a.s. for every s,t € [0,1] the condition s ~e ¢ implies that
Zs = Z;. Therefore we may and will view Z as indexed by the CRT 7e. In fact, it
is natural to interpret Z as Brownian motion indexed by the CRT. We will write
indifferently Z, = Z; when a € 7o and t € [0, 1] are such that a = pe(t).
We set
Z := min Z;.
te(0,1]
One can then prove [110, 103] that a.s. there exists a unique s, € [0,1] such that
Zs, = Z. We put

asx = Pe(Sk).
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We now define an equivalence relation on the CRT. For every a,b € 7o, we put
a ~ b if and only if there exist s,t € [0,1] such that pe(s) = a, pe(t) = b, and

T2 s =Ty, for every r € [s, t].

Here and later we make the convention that when s > ¢, the notation r € [s,t] means
r € [s, 1] U[0,t].

It is not obvious that ~ is an equivalence relation. This follows from Lemma 3.2 in
[102], which shows that with probability one, for every distinct a,b € 7e, the property
a ~ b may only hold if @ and b are leaves of 7, and then pZ!(a) and p;!(b) are both
singletons.

The Brownian map is now defined as the quotient space

Moo :=Te /=

which is equipped with the quotient topology. We write I : 7o — m for the canonical
projection, and we put p. = II(a.). We also let A be the image of Vol under II, and we
interpret A as the volume measure on mq,. For every x € my,, we set Z, = Z,, where
a € T is such that II(a) = x (this definition does not depend on the choice of a).

A key result of [98] states the Brownian map, equipped with a suitable metric D,
appears as the limit in distribution of rescaled random 2p-angulations. More precisely,
let p > 2 be an integer, and for every n > 1, let m,, be uniformly distributed over the
class of all rooted 2p-angulations with n faces. Write V' (m,,) for the vertex set of my,
which is equipped with the graph distance dg;", and let p,, denote the root vertex of
my,. Then, from any strictly increasing sequence of positive integers we can extract a
suitable subsequence (ny)x>1 such that the following convergence holds in distribution
in the Gromov-Hausdorff sense,

9 1/4 _ Mn (d)
(V(mnk), (m) (nk) 1/4 dgr k’pnk) kjog (mOO,D,p*) (35)

where D is a metric on the space mqo that satisfies the following properties :

1. For every a € 7,
D(ps,11(a)) = Z, — Z.

2. For every a,b € 7¢ and every s,t € [0, 1] such that pe(s) = a and pe(t) = b,

D(Il(a), (b)) < Zs + Z; — 2 In[in] Zy .
re|s,t

3. For every a,b € Tg,

D(H<a)v H(b)) = Lo+ Zp —2 Hﬁn%)ﬂ Ze .
ce|a,

Notice that in Property 2 we make the same convention as above for the notation
r € [s,t] when s > t. The preceding statements can be found in Section 3 of [98] (see in
particular [98, Theorem 3.4]), with the exception of Property 3. We refer to Corollary
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3.2 in [99] for the latter property. By the argument in Remark 3.9, the metric space
(mso, D) is a geodesic space a.s.

The limiting metric D in (3.5) may depend on the integer p and on the choice of
the subsequence (ng). However, we will see that the cactus of the Brownian map is well
defined independently of p and of the chosen subsequence, and in fact coincides with
the Brownian cactus that we now introduce.

Definition 3.13. The Brownian cactus KAC is the random metric space defined as
the quotient space of Te for the equivalence relation

a=b iff Z,=Z,= min Z,
c€fa,b]

and equipped with the distance induced by
dgac(a,b) = Zy + Zp — 2 Hﬁi%ﬂ Ze , for every a,b € Te.
ce|a,

We view KAC as a pointed metric space whose root is the equivalence class of ay.

It is an easy matter to verify that dgxac is a pseudo-distance on 7Ze, and that =< is
the associated equivalence relation.
We write mo, for the pointed metric space (muo, D, ps) appearing in (3.5).

Proposition 3.14. Almost surely, Kac(my) is isometric to KAC.

Démonstration. We first need to identify the pseudo-distance die (see subsection

3.2.2). Let x,y € moo and choose a,b € T¢ such that z = pe(a) and y = pe(d). If
v : [0,1] — my is a continuous path such that v(0) = x and (1) = y, Proposition
3.1 in [99] ensures that

min Z

ooin, V) S min Ze.

c€la,b]
Using Property 1 above, it follows that
in D(px,v(t)) < min (Z. — Z).

in, (P, 7(1)) Cgﬁ;gﬂ( c—Z)
Since this holds for any continuous curve v from « to y in me., we get from the definition
of di> that

diss (v, y) 2 (Za — Z2) + (2o — Z) — 2 ?ﬁi%(Zﬂ — Z) = dxac(a,b).
c€la,

The corresponding upper bound is immediately obtained by letting v be the image
under IT of the (rescaled) geodesic path from a to b in the tree Zg. Note that the resulting

path from x to y in my is continuous because the projection II is so. Summarizing, we
have obtained that, for every a,b € 7,

digee (I(a), II(b)) = dkac(a, b). (3.6)

) 10 15%)

In particular, the property a =< b holds if and only if II(a) < II(b). Hence, the composi-
tion of the canonical projections from 7e onto me, and from me, onto Kac(my) induces
a one to-one mapping from KAC = 7,/ < onto Kac(my,). By (3.6) this mapping is an
isometry, which completes the proof. ]
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Recall the notation m,, for a random planar map uniformly distributed over the set
of all rooted 2p-angulations with n faces, and p,, for the root vertex of m,,. As explained
at the end of subsection 3.2.1, we can associate a pointed graph with m,,, such that the
distinguished point of this graph is p,. We write m,, for this pointed graph.

Corollary 3.15. We have

9 V4 14 (d)
(4p(p_1>) - Cac(my) > KAC

in the Gromov-Hausdorff sense.

In contrast with (3.5), the convergence of the corollary does not require the extrac-
tion of a subsequence.

Démonstration. It is sufficient to prove that, from any strictly increasing sequence of
positive integers we can extract a subsequence (ny) such that the desired convergence
holds along this subsequence. To this end, we extract the subsequence (ny) so that (3.5)
holds. By Proposition 3.8, we have then

9 1/4 _ (d)
(1) w7 Coctomn) 72 Kaclmr),
By Proposition 3.14, the limiting distribution is that of KAC, independently of the
subsequence that we have chosen. This completes the proof. O

In the next section, we will see that the convergence of the corollary holds for much
more general random planar maps.

3.4 Convergence of cactuses associated with random planar maps

3.4.1 Planar maps and bijections with trees

We denote the set of all rooted and pointed planar maps by M, ,. As in [114], it is
convenient for technical reasons to make the convention that M,.,, contains the “vertex
map”, denoted by 1, which has no edge and only one vertex “bounding” a face of degree
0. With the exception of {, a planar map in M,., has at least one edge. An element of
M., ,, other than f consists of a planar map m together with an oriented edge e (the
root edge) and a distinguished vertex p. We write e_ and ey for the origin and the
target of the root edge e. Note that we may have e_ = e if e is a loop.

As previously, we denote the graph distance on the vertex set V(m) of m by dgy. We
say that the rooted and pointed planar map (m, e, p) is positive, respectively negative,
respectively null if dgy(p,eq) = dgi(p,e~) + 1, resp. dgi(p,e+) = dgp(p,e-) — 1, resp.
dg,(p, e+) = dgy(p, e—). We make the convention that the vertex map { is positive. We
write /\/l;," s Tesp. M, resp. Mgp for the set of all positive, resp. negative, resp. null,
rooted and pointed planar maps. Reversing the orientation of the root edge yields an
obvious bijection between the sets Mff » and M. and for this reason we will mainly
discuss M,f, and /\/19713 in what follows.
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We will make use of the Bouttier-Di Francesco-Guitter bijection [32] between M} U
Mﬁ,p and a certain set of multitype labeled trees called mobiles. In order to describe
this bijection, we use the standard formalism for plane trees, as found in Section 1.1 of
[97] for instance. In this formalism, vertices are elements of the set

U= Jn"
n=0

of all finite sequences of positive integers, including the empty sequence @ that serves
as the root vertex of the tree. A plane tree 7 is a finite subset of I/ that satisfies the
following three conditions :

1. ger.

2. For every u = (i1,...,i;) € 7\ {@}, the sequence (i1,...,i,—1) (the “parent” of
u) also belongs to .

3. For every u = (i1,...,1;) € T, there exists an integer k,(7) > 0 (the “number
of children” of u) such that the vertex (i1,...,7,Jj) belongs to 7 if and only if
1< j < ku(T).

The generation of u = (i1, ...,ix) is denoted by |u| = k. The notions of an ancestor
and a descendant in the tree 7 are defined in an obvious way.

We will be interested in four-type plane trees, meaning that each vertex is assigned

a type which can be 1,2, 3 or 4.

We next introduce mobiles following the presentation in [114], with a few minor

modifications. We consider a four-type plane tree 7 satisfying the following properties :

(i) The root vertex @ is of type 1 or of type 2.
(ii) The children of any vertex of type 1 are of type 3.

(iii) Each individual of type 2 and which is not the root vertex of the tree has exactly
one child of type 4 and no other child. If the root vertex is of type 2, it has exactly
two children, both of type 4.

(iv) The children of individuals of type 3 or 4 can only be of type 1 or 2.

Let 7(1,2) be the set of all vertices of 7 at even generation (these are exactly the vertices
of type 1 or 2). An admissible labeling of 7 is a collection of integer labels (£y)uer, ,,
assigned to the vertices of type 1 or 2, such that the following properties hold :

a. fg:O

b. Let u be a vertex of type 3 or 4, let u(y),...,u) be the children of u (in lexico-
graphical order) and let u(g) be the parent of u. Then, for every i =0,1,...,k,

bugiray 2 bugy =1
with the convention w4 1) = w(). Moreover, for every : = 0,1,...,k such that
u(i+1) is of type 2, we have
bugiray 2 bugy-
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By definition, a mobile is a pair (7, (gu)uem,z)) consisting of a four-type plane tree
satisfying the preceding conditions (i)—(iv), and an admissible labeling of 7. We let T
be the set of all mobiles such that the root vertex of 7 is of type 1. We also let Ty be
the set of all mobiles such that the root vertex is of type 2.

Remark 3.16. Our definition of admissible labelings is slightly different from the ones
that are used in [114] or [119]. To recover the definitions of [114] or [119], just subtract
1 from the label of each vertex of type 2. Because of this difference, our construction of
the bijections between maps and trees will look slightly different from the ones in [114]
or [119].

The Bouttier-Di Francesco-Guitter construction provides bijections between the set
T, and the set M., on one hand, between the set Ty and the set Mg’p on the other
hand. Let us describe this construction in the first case.

We start from a mobile (7, (fu)uer, ,) € T+. In the case when 7 = {@}, we decide
by convention that the associated planar map is the vertex map t. Otherwise, let p > 1
be the number of edges of 7 (p = #7 — 1). The contour sequence of 7 is the sequence
Vg, V1, . .., V2p of vertices of 7 defined inductively as follows. First vg = @. Then, for
every i € {0,1,...,2p— 1}, v;4; is either the first child of v; that has not yet appeared
among vg,v1,--.,V, or if there is no such child, the parent of v;. It is easy to see
that this definition makes sense and v9, = &. Moreover all vertices of 7 appear in the
sequence vg, V1, - - - , U2p, and more precisely the number of occurences of a vertex u of 7
is equal to the multiplicity of u in 7. In fact, each index ¢ such that v; = u corresponds
to one corner of the vertex u in the tree 7 : We will abusively call it the corner v;. We
also introduce the modified contour sequence of 7 as the sequence ug, u1, ..., u, defined
by

U; = V24 , Vi:O,l,...,p.

By construction, the vertices appearing in the modified contour sequence are exactly
the vertices of 7(; 7). We extend the modified contour sequence periodically by setting
Upy; = u; for i = 1,...,p. Note that the properties of labels entail £ > /{,, — 1 for
1=0,1,...,2p—1.

To construct the edges of the rooted and pointed planar map (m, e, p) associated
with the mobile (7, (€y)uer, ,,) € T+ we proceed as follows. We first embed the tree 7
in the plane in a way consistent with the planar order. We then add an extra vertex of
type 1, which we call p. Then, for every i =0,1,...,p—1:

(i) If

Ui41

{,, = min ¢
Y ogk<p *

we draw an edge between the corner u; and p.
(ii) If

ly, > min £,

IFXP
we draw an edge between the corner u; and the corner uj, where j = min{k €
{i+1,...,i+p—1}:4,, =1L, —1}. Because of property b. of the labeling, the
vertex u; must be of type 1.
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FIGURE 3.3 — A mobile (7, (bu)uer, ,,) in T+ and its image m under the BDG bijection.
Vertices of type 1 are represented by big circles, vertices of type 2 by lozanges, vertices
of type 3 by small circles and vertices of type 4 by small black disks. The edges of the
tree T are represented by thin lines, and the edges of the planar map m by thick curves.
In order to get the planar map m one needs to erase the vertices of type 2 and, for each
of these vertices, to merge its two incident edges into a single one. The root edge is at
the bottom left.

The construction can be made in such a way that edges do not intersect, and do not
intersect the edges of the tree 7. Furthermore each face of the resulting planar map
contains exactly one vertex of type 3 or 4, and both the parent and the children of this
vertex are incident to this face. See Fig.2 for an example.

The resulting planar map is bipartite with vertices either of type 1 or of type 2.
Furthermore, the fact that in the tree 7 each vertex of type 2 has exactly one child, and
the labeling rules imply that each vertex of type 2 is incident to exactly two edges of the
map, which connect it to two vertices of type 1, which may be the same (these vertices
of type 1 will be said to be associated with the vertex of type 2 we are considering).
Each of these edges corresponds in the preceding construction to one of the two corners
of the vertex of type 2 that we consider. To complete the construction, we just erase all
vertices of type 2 and for each of these we merge its two incident edges into a single edge
connecting the two associated vertices of type 1. In this way we get a (non-bipartite in
general) planar map m. Finally we decide that the root edge e of the map is the first



“theseavec” — 2011/5/24 — 15:45 — page 68 — #68

Cartes planaires aléatoires 68

edge drawn in the construction, oriented in such a way that ey = &, and we let the
distinguished vertex of the map be the vertex p. Note that vertices of the map m that
are different from the distinguished vertex p are exactly the vertices of type 1 in the
tree 7. In other words, the vertex set V(m) is identified with the set 71y U {p}, where
7(1) denotes the set of all vertices of 7 of type 1.

The mapping (7, (Cu)uer, ,) — (M, e, p) that we have just described is indeed a
bijection from T, onto /\/l;f‘ »- We can construct a similar bijection from T4 onto M,
by the same construction, with the minor modification that we orient the root edge in
such a way that e. = @.

Furthermore we can also adapt the preceding construction in order to get a bijection
from Ty onto Mg’p. The construction of edges of the map proceeds in the same way,
but the root edge is now obtained as the edge resulting of the merging of the two
edges incident to @ (recall that for a tree in Ty the root @ is a vertex of type 2 that
has exactly two children, hence also two corners). The orientation of the root edge is
chosen according to some convention : For instance, one may decide that the “half-edge”
coming from the first corner of @ corresponds to the origin of the root edge.

In all three cases, distances in the planar map m satisfy the following key property :
For every vertex u € 7(1), we have

dgy (p,u) = £y — minf + 1 (3.7)

where min £ denotes the minimal label on the tree 7. In the left-hand side u is viewed
as a vertex of the map m, in agreement with the preceding construction.

The three bijections we have described are called the BDG bijections. In the remai-
ning part of this section, we fix a mobile (7, (£u)uer, ,,) belonging to T (or to To) and
its image (m, e, p) under the relevant BDG bijection.

Remark 3.17. We could have defined the BDG bijections without distinguishing bet-
ween types 3 and 4. However, this distinction will be important in the next section
when we consider random planar maps and the associated (random) trees. We will see
that these random trees are Galton-Watson trees with a different offspring distribution
for vertices of type 3 than for vertices of type 4.

If u,v € 7(1,2), we denote by [[u,v] the set of all vertices of type 1 or 2 that lie on
the geodesic path from u to v in the tree 7.

Proposition 3.18. For every u,v € V(m)\{p} = 7(1), and every path v = (v(0),v(1),
.,7(k)) in m such that v(0) = u and v(k) = v, we have

ooin, dge(p; (1)) < wrerﬁglv]] lp —minf + 1.

Démonstration. We may assume that the path v does not visit p, since otherwise the
result is trivial. Using (3.7), the statement reduces to

min 4.y < min £,.
0<i<k () \we[[u,v]] v

So we fix w € [[u,v] and we verify that £, < £, for some i € {0,1,...,k}. We may
assume that w # u and w # v. The removal of the vertex w (and of the edges incident to
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w) disconnects the tree T in several connected components. Write C' for the connected
component containing v, and note that this component does not contain u. Then let
j = 1 be the first integer such that v(j) belongs to C. Thus v(j — 1) ¢ C, v(j) € C
and the vertices v(j — 1) and (j) are linked by an edge of the map m. From (3.7), we
have [£,(jy — £y (j—1)| < 1. Now we use the fact that the edge between (j — 1) and ~(j)
is produced by the BDG bijection. Suppose first that v(j — 1) and ~y(j) have a different
label. In that case, noting that the modified contour sequence must visit w between
any visit of y(j — 1) and any visit of v(j), we easily get that min{l,;),€,—1)} < fw
(otherwise our construction could not produce an edge from v(j —1) to y(j)). A similar
argument applies to the case when v(j — 1) and 7(j) have the same label. In that
case, the edge between y(j — 1) and ~y(j) must come from the merging of two edges
originating from a vertex of 7 of type 2. This vertex of type 2 has to belong to the set
[v( = 1),7(4)] (which contains w), because otherwise the two associated vertices of
type 1 could not be v(j — 1) and ~(j). It again follows from our construction that we
must have min{/;), £y(j—1)} < £w. This completes the proof. O

In the next corollary, we write m for the graph associated with the map m (in the
sense of subsection 3.2.1), which is pointed at the distinguished vertex p. The notation
deh,. then refers to the cactus distance for this pointed graph.

Corollary 3.19. Suppose that the degree of all faces of m is bounded above by D > 1.
Then, for every u,v € V(m)\{p}, we have

]dglac(u,v)—(fu+£v—2 min ew)‘ <2D +2.

weu,v]

Démonstration. From the definition of the cactus distance d¢,. and the preceding pro-
position, we immediately get the lower bound

A (u,0) > dg(p,u) + dgi(p,v) = 2( min £, —min+1)

weE[u,v]

=Vly+ L, —2 min £,
we[u,v]

by (3.7). In order to get a corresponding upper bound, let n(0) = u,n(1),...,n(k) = v
be the vertices of type 1 or 2 belonging to the geodesic path from u to v in the tree 7,
enumerated in their order of appearance on this path. Put 7(i) = n(¢) if n(7) is of type
1, and if n(7) is of type 2, let 7(7) be one of the two (possibly equal) vertices of type
1 that are associated with 7(7) in the BDG bijection. Then the properties of the BDG
bijection ensure that, for every i = 0,1,...,k — 1, the two vertices 7(i) and n(i + 1) lie
on the boundary of the same face of m (the point is that, in the BDG construction,
edges of the map m are drawn in such a way that they do not cross edges of the tree 7).
From our assumption we have thus dg; (7(4),7(i + 1)) < D for every i = 0,1,...,k — 1.
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Hence, we can find a path -+ in m starting from » and ending at v, such that

mjindgi(pm(j)) > Omlnk dg,(p,7(i)) — D

= 01212 Uiy —minl+1—D

> Orglil lyy —minl — D .

It follows that
d@hc(u,v) < dgi(p,u) +dgi(p,v) — 2( Ir[l[mﬂﬁ —min/l — D)
welu,v

=l,+40,—2 min {,+2D+2.

we[u,v]

This completes the proof. O

3.4.2 Random planar maps

Following [109] and [114], we now discuss Boltzmann distributions on the space
M, ,. We consider a sequence q = (q1, g2, - . .) of non-negative real numbers. We assume
that the sequence q has finite support (gx = 0 for all sufficiently large k), and is such
that gi > 0 for some k > 3. We will then split our study according to the following two
possibilities :

(A1) There exists an odd integer k such that g; > 0.
(A2) The sequence q is supported on even integers.

If m € M, ,, we define
= I e

feF(m)
where F'(m) stands for the set of all faces of m and deg(f) is the degree of the face f.
In the case when m =, we make the convention that gy = 1 and thus Wy (1) = 1.

By multiplying the sequence q by a suitable positive constant, we may assume that
this sequence is regular critical in the sense of [114, Definition 1] under assumption (A1)
or of [109, Definition 1] under assumption (A2). We refer the reader to the Appendix
below for details. In particular, the measure Wq is then finite, and we can define a
probability measure Py on M., by setting

Py=2"Wq,

where Zq = Woq(M,.p).
For every integer n such that Wq(#V (m) = n) > 0, we consider a random planar
map M, distributed according to the conditional measure

Pq(- n{#V(m) = n})
Pq(#V(m) = n)
Throughout the remaining part of Section 3.4, we restrict our attention to values of

n such that Wq(#V(m) = n) > 0, so that M, is well defined. We write p,, for the
distinguished vertex of M,,.




“theseavec” — 2011/5/24 — 15:45 — page 71 — #T71

Cartes planaires aléatoires 71

We now state the main result of this section. In this result, M, stands for the graph
(pointed at p,) associated with M, as explained at the end of subsection 3.2.1.

Theorem 3.20. There ewists a positive constant Bq such that

(d)

Bqn~'/*- Cac(M,) —= KAC

in the Gromov-Hausdorff sense.

The proof of Theorem 3.20 relies on the asymptotic study of the random trees
associated with planar maps distributed under Boltzmann distributions via the BDG
bijection. The distribution of these random trees was identified in [109] (in the bipartite
case) and in [114]. We set

Zg =WqM) =21, Z8=Wq(M?,).

Note that, under Assumption (A2), Wy is supported on bipartite maps and thus Zg =0.
We also set

PF = Py(- | M), Py = Pyl(- | My,), PO = Py(-| M2,).

Note that the definition of Pg only makes sense under Assumption (Al).

The next proposition gives the distribution of the tree associated with a random
planar map distributed according to PJ . Before stating this proposition, let us recall
that the notion of a four-type Galton-Watson tree is defined analogously to the case
of a single type. The distribution of such a random tree is determined by the type of
the ancestor, and four offspring distributions v;, ¢ = 1,2, 3,4, which are probability
distributions on Zi ; for every i = 1,2, 3,4, v; corresponds to the law of the number of
children (having each of the four possible types) of an individual of type i ; furthermore,
given the numbers of children of each type of an individual, these children are ordered
in the tree with the same probability for each possible ordering. See [114, Section 2.2.1]
for more details, noting that we consider only the case of “uniform ordering” in the
terminology of [114].

Proposition 3.21. Suppose that M is a random planar map distributed according
to P, and let (0,(Lu)uco, ) be the four-type labeled tree associated with M™ wvia
the BDG bijection between T and M. Then the distribution of (0, (Lu)ueo, o) s

characterized by the following properties :

(i) The random tree 6 is a four-type Galton-Watson tree, such that the root & has
type 1 and the offspring distributions vy, . ..,v4 are determined as follows :

e vy is supported on {0} x{ 0} x Z; x {0}, and for every k > 0,

1 1\
Vl(o,o,k,o) - E(l - E) .

e 15(0,0,0,1) =1.
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e v3 and vy are supported on Zy x Zy x {0} x{ 0}, and for every integers

kK >0,
i (2k+K + 1\ [(k+ K
vl ,0,0) = cq <Z:>’“<28>’”2( - )( : )“’
) 2k + K\ (k+ K
u4(k:,k:',0,0)ZCQ(Z;“)k(Zg)k/Q( k )( i >Q1+2k+k’

where cq and ca are the appropriate normalizing constants.
ii) Conditionally given 0, (Ly)uco is uniformly distributed over all admissible
€

labelings.

(1,2)

Remark 3.22. The definition of v4 does not make sense under Assumption (A2) (be-
cause Zg = 0 in that case, v4(k,k’,0,0) can be nonzero only if ¥/ = 0, but then
q1+2k+k = 0). This is however irrelevant since under Assumption (A2) the property
Z4 = 0 entails that v3 is supported on Z x {0} x{0} x{0}, and thus the Galton-Watson
tree will have no vertices of type 2 or 4.

We refer to [114, Proposition 3| for the proof of Proposition 3.21 under Assumption
(A1) and to [109, Proposition 7] for the case of Assumption (A2). In fact, [114] assumes
that gr > 0 for some odd integer k > 3, but the results in that paper do cover the
situation considered in the present work.

In the next two subsections, we prove Theorem 3.20 under Assumption (Al). The
case when Assumption (A2) holds is much easier and will be treated briefly in subsection
3.4.5.

3.4.3 The shuffling operation

As already mentioned, we suppose in this section that Assumption (A1) holds. We
consider the random four-type labeled tree (0, (Ly)veq,, ,)) associated with the planar
map M via the BDG bijection, as in Proposition 3.21.

Our goal is to investigate the asymptotic behavior, when n tends to oo, of the labeled
tree (0, (Lv)veq, ,,) conditioned to have n — 1 vertices of type 1 (this corresponds
to conditioning M on the event {#V (M) = n}). As already observed in [114],
a difficulty arises from the fact that the label displacements along the tree are not
centered, and so the results of [115] cannot be applied immediately. To overcome this
difficulty, we will use an idea of [114], which consists in introducing a “shuffled” version
of the tree 6. In order to explain this, we need to introduce some notation.

Let 7 be a plane tree and u = (i1, ...,7,) € 7. The tree 7 shifted at u is defined by

Tyt := {1): (jl,...,jg) : (il,...,ip,jl,...,jg) ET}.
Let k = ky(7) be the number of children of u in 7, and, for every 1 <i < k, write U
for the i-th child of w. The tree 7 reversed at vertex w is the new tree 7* characterized
by the properties :
e Vertices of 7* which are not descendants of u are the same as vertices of 7 which
are not descendants of w.
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o ue " and ky(7%) = ky(7) = k.
e Forevery 1 <i <k, Ty 7 =Ty, T

Our (random) shuffling operation will consist in reversing the tree 7 at every ver-
tex of 7 at an odd generation, with probability 1/2 for every such vertex. We now
give a more formal description, which will be needed in our applications. We keep on
considering a (deterministic) plane tree 7. Let U° stand for the set of all v € U such
that |u| is odd. We consider a collection (g,)yecye of independent Bernoulli variables
with parameter 1/2. We then define a (random) mapping o : 7 — U by setting, if
u = (il,ig, . ,ip),

U(U) = (jlaj?v cee 7jp)

where, for every 1 < £ < p,

e if /is odd, j, = iy,

e if / is even,

= iy if €giy,ipo) =0,
k(il,m’ieil)(’r) + 1-— ig lf E(ilw-qi[fﬂ =1.

Then 7 = {o(u) : v € 7} is a (random) plane tree, called the tree derived from 7 by
the shuffling operation. If 7 is a four-type tree, we also view 7 as a four-type tree by
assigning to the vertex o(u) of 7 the type of the vertex u in 7.

For our purposes it is very important to note that the bijection ¢ : 7 — 7 preserves
the genealogical structure, in the sense that u is an ancestor of v in 7 if and only if
o(u) is an ancestor of o(v) in 7. Consequently, if u and v are any two vertices of 7(; 9,
[o(u),o(v)] is the image under o of the set [[u,v].

We can apply this shuffling operation to the random tree 6 (of course we assume
that the collection (gy)ueye is independent of (6, (Lv)veq,, ,)))- We write f for the four-
type tree derived from 6 by the shuffling operation and we use the same notation o as
above for the “shuffling bijection” from 6 onto 6. We assign labels to the vertices of

0(1,2) by putting for every u € 0y o),

[,g(u) =Ly

Note that the random tree 6 has the same distribution as 6, and is therefore a four-
type Galton-Watson tree as described in Proposition 3.21. On the other hand, the
labeled trees (0, (Ly)veq,, ,)) and (6, <E”)v€§(1,2>) have a different distribution because
the admissibility property of labels is not preserved under the shuffling operation. We
can still describe the distribution of the labels in the shuffled tree in a simple way. To
this end, write tp(u) for the type of a vertex u. Then conditionally on 6, for every vertex
u of @ such that |ul is odd, if U(1y, - - - Uk are the children of u in lexicographical order,
and if u(g) is the parent of u, the vector of label increments

(Eum ~ Lugyr -+ Lugy — £“<0>)
is with probability 1/2 uniformly distributed over the set

A= {(i1,...,i) € 7k ljy1 2 15 — l{tp(U(j+1)):1} , for all 0 < j < k},
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and with probability 1/2 uniformly distributed over the set

A = {(i, ... k) €ZF iy > i1 — Lip(ug,)=1y > for all 0 < j < k}.

u(j)
In the definition of both A and A’ we make the convention that iy = ix1; = 0 and
U(k+1) = U(0)- Furthermore the vectors of label increments are independent (still condi-
tionally on 0~) when w varies over vertices of § at odd generations.

The preceding description of the distribution of labels in the shuffled tree is easy
to establish. Note that the set A corresponds to the admissibility property of labels,
whereas A’ corresponds to a “reversed” version of this property.

For every u € 9~(1,2), set
1

Lo = Lu = 31 {wp(w=2)-
If we replace £, by Z',;, then the vectors of label increments in 8 become centered. This
follows from elementary arguments : See [114, Lemma 2] for a detailed proof. As in
[114] or in [119], the fact that the label increments are centered allows us to use the
asymptotic results of [115], noting that these results will apply to L, as well as to E&
since the additional term %1{tp(u):2} obviously plays no role in the scaling limit. Before

we state the relevant result, we need to introduce some notation.

For n > 2, let (8", (L") )) be distributed as the labeled tree (6, (["v)veé(l 2))

ved”
7,2
conditioned on the event {#60;) = n — 1} (recall that we restrict our attention to

values of n such that the latter event has positive probability). Let p, = #o" — 1
and let ug = &, uf,...,u, = & be the modified contour sequence of 6,. The contour
process C" = (C7")o<i<p, is defined by

Ci' = |uif
and the label process V" = (V/")o<i<p, by
Vit = Eﬁy :
We extend the definition of both processes C™ and V™ to the real interval [0, p,] by

linear interpolation.
Recall the notation (e, Z) from Section 3.3.

Proposition 3.23. There exist two positive constants Aq and Bq such that

C™(pns) V"™ (pps) (d)
(Aq nl/2 +Baq nl/4 )ogsgl S

(es, Zs)ogs<t (3.8)

in the sense of weak convergence of the distributions on the space C([0, 1], R?).

This follows from the more general results proved in [115] for spatial mutitype
Galton-Watson trees. One should note that the results of [115] are given for variants of
the contour process and the label process (in particular the contour process is replaced
by the so-called height process of the tree). However simple arguments show that the
convergence in the proposition can be deduced from the ones in [115] : See in particular
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Section 1.6 of [97] for a detailed explanation of why convergence results for the height
process imply similar results for the contour process. Proposition 3.23 is also equivalent
to Theorem 3.1 in [119], where the contour and label processes are defined in a slightly
different way.

3.4.4 Proof of Theorem 3.20 under Assumption (A1)

We keep assuming that Assumption (A1) holds. Let M, be distributed according
to the probability measure Py (- | #V(m) = n), or equivalently as M* conditionally
on the event {#V (M) =n}. As above, p, stands for the distinguished point of M,
and we will write M} for the pointed graph associated with M, . Let (0™, (L?)ycon )

(1,2)

be the random labeled tree associated with M, via the BDG bijection between T
and M. Notice that (", (L}})veon )) has the same distribution as (0, (Lu)veq, ,,)

(1,2
conditional on {#6) =n — 1}.
We write (9, (ljﬁ)veé(n )) for the tree derived from (6", (ﬁﬁ)veea 2)) by the shuf-
1,2 ,

fling operation, and o, for the shuffling bijection from 6" onto ". The notation

6", (Zﬂ)veé? )) is consistent with the end of the preceding subsection, since condi-
1,2

tioning the tree on having n — 1 vertices of type 1 clearly commutes with the shuffling
operation.

As previously, uj = @, uf, ..., u, denotes the modified contour sequence of 6™. For
every j € {0,1,...,pn}, we put v} = Ugl(ug‘). Recall that by construction the type of
u? (in 6™) coincides with the type of vf (in 7).

Using the Skorokhod representation theorem, we may assume that the convergence
(3.8) holds almost surely. We will then prove that the convergence

Bqn~'/*- Cac(M;) — KAC (3.9)

also holds almost surely, in the Gromov-Hausdorff sense.
We first define a correspondence RY between 7, and V (M, ) by declaring that
(ax, pn) belongs to RY, and, for every s € [0,1] :

o if vy, 4 isof type 1, (pe(s), vﬁ)ns]) belongs to RY ;
o if v’[;ns] is of type 2, then if w is any of the two (possibly equal) vertices of type
1 associated with vy, g, (pe(s), w) belongs to RY.

We then write R, for the induced correspondence between the quotient spaces KAC =
7Te / = and Cac(M;). A pair (z,a) € KAC x Cac(M;") belongs to R, if and only if
there exists a representative a of x in 7e and a representative u of o in V(M,}) such
that (a,u) € R.

Thanks to (3.3), the convergence (3.9) will be proved if we can verify that the
distortion of R,, when KAC is equipped with the distance dxac and Cac(M;) is
equipped with By n=1/4 dgﬁ, tends to 0 as n — oo, almost surely. To this end, it is
enough to verify that

iy ~n
lim sup |dkac(as,pe(s)) — Bq n~1/4 dl(\]/;’g (Pns Vpp,s))| =0, aus. (3.10)

n—00 0Ls<1
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and
. B 1/4 M _
Jim 87521[81] ‘ dxac(pe(s), pe(t)) — Bqn™ /" deye (U, 45 pnt])’ 0, as.  (3.11)
In both (3.10) and (3.11), o7’ Uhps] =
2, ﬁ’[;ns] stands for one of the vertices of type 1 associated with vﬁ)ns] (obviously the
validity of (3.10) and (3.11) does not depend on the choice of this vertex).
The proof of (3.10) is easy. Note that

U[T;?ns} if ”1[;9”5] is of type 1, whereas, if v’[;ns} is of type

dxac(ax, pe(8)) = Zpo(s) = Za. = Zs — Z

and, by (3.7),
+ ~n + " o
dg;’é (Pn, v[pns]) = dé‘f" (Pns U[pns]) =LY, —minf"+1

so that N
M; N )
| s (pnsTF ) — (L3 —min £7)] < 1.

Since L"J[n T min L™ = E” T min £" =
Pns [pns

from the (almost sure) convergence (3.8).
It remains to establish (3.11). It suffices to prove that almost surely, for every choice
of the sequences (s,) and (t,) in [0,1], we have

dM

JL%O‘dKAC(Pe(Sn),Pe(tn))—Bq” 1/ Cac Olpnsul> Uipnta))| = 0-

We will prove that the preceding convergence holds for all choices of the sequences (sy,)
and (), on the set of full probability measure where the convergence (3.8) holds. From
now on we argue on the latter set.

By a compactness argument, we may assume that the sequences (s,) and (ty)
converge to s and ¢ respectively as n — oo. The proof then reduces to checking that

M}~ —~ .
Jim_ Ban ™" A (0, 6,1 Dpe,)) = dkac(pe(s), pe(t) = Zs + 2, — 2 e
From Corollary 3.19 (and the fact that the sequence q is finitely supported), this will
follow if we can verify that

lim Byn —1A (pn + LR, -2 min L) =Zs+Z;—2 min Z,.
n—00 ( Ylpnsn)] Ulpntn] welop, o ] w) ° c€lpe(s)pe(®]

Observe that
|LR, — L | <1

’U[ann] U[Pnsn]

and L7 =L . From the convergence (3.8), we have

Ylpnsn] “Ipnsnl

lim Bqn /*L2, = lim Bqn V4Ll = lim Bon VR =2,

n—oo [pnsnl n—oo [pnsn] n—oo
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and similarly if the sequence (s,,) is replaced by (t,). Finally, we need to verify that

lim (Bgn~ /4 min Lr) = min Ze. (3.12)
n—00 ( 4 we[[/i)\f;nsnh%\[r;ntn]]] w) CE[[pe(s),pe(t)ﬂ ¢
In proving (3.12), we may replace @ﬁ)n o] and ﬁﬁ)n ] by UE;M sn]’ and vﬁ)n ] respectively.
The point is that if u is a vertex of 6™ of type 2 and v is an associated vertex of type 1,
our definitions imply that min,c[,,.j £y = £y. Without loss of generality we can also
assume that s < t.

Since [[uﬁ,n sn]’ uﬁ)ntn]]] is the image under o, of [[vg)n sn] Upn tn]]]’ (3.12) will hold if
we can prove that
lim (Bq n~1/4 min EZ)) = min Ze. (3.13)
e we[[uﬁ’nsn]’ua’ntn]]] CE[[Pe(S)J)e(t)]]

Let us first prove the upper bound

lim sup (Bq n~t4 min 1] Zg) < min _Z.. (3.14)

n—oo we[[uﬁ’nSn]’u’[’;ntn] CE[[pe(S)Vpe(t)H

Let us pick ¢ € [[pe(s), pe(t)]. We may assume that ¢ # pe(s) and ¢ # pe(t) (otherwise
the desired lower bound immediately follows from the convergence (3.8)). Then, we can
find r € (s,t) such that ¢ = pe(r) and either

e, >e,, foreveryué€[s,r)

or
e, > e, foreveryuc€ (rtl.

Consider only the first case, since the second one can be treated in a similar manner.
The convergence of the rescaled contour processes then guarantees that we can find a
sequence (k) of positive integers such that ky/p, — 7 as n — oo, and

Cp >Cy , forevery k € {[pnsn], [Pnsn] +1,...,ky — 1}

for all sufficiently large n. The latter property, and the construction of the contour
sequence of the tree §", ensure that uj € [[u’[lpn Sn],u’[;n tn]]]’ for all sufficiently large n.
However, by the convergence of the rescaled label processes, we have

lim Bqn V4Ll =27, = Z..

n—oo

Consequently,
lim sup (Bq n1/4 min Z”) < Ze

w
n n
n—oo we[[u PnSn]’u[Pntn]H

and since this holds for every choice of ¢ the upper bound (3.14) follows.
Let us turn to the lower bound

lim inf (Bq n~ /4 min Lr) > min Ze. (3.15)
n— oo weul 1 c€[lpe(s),pe(t)]

[Pnsn] 7uﬁ7ntn]



“theseavec” — 2011/5/24 — 15:45 — page 78 — #78

Cartes planaires aléatoires 78

For every n, let wy, € [[uf, . 1, up, , 1] be such that

min Loy =Ly, -
n n

we [[U[Pn sn] ’U[Pntn]ﬂ
n

We can write w,, = uy

where j, € {[pnsn], [Pnsn] + 1, ..., [Pntn]} is such that
Ct = i ct, 3.16
" [pnsg}lg}Qn J (3.16)
or

C' = min C7". 3.17
In In<J<[Pntn] J ( )

We need to verify that

min ..

c€[pe(s),pe(t)]

~1/4 pn

lim inf Bq n wy, =

n—oo
We argue by contradiction and suppose that there exist € > 0 and a subsequence (ny)
such that, for every k,

~1/4 Fn .
Bgn Lk < min Z.—¢

AT e pa(s)pe®]
By extracting another subsequence if necessary, we may assume furthermore that
Jng/Dny, — T € [s,t] as kK — oo, and that (3.16) holds with n = ny for every k
(the case when (3.17) holds instead of (3.16) is treated in a similar manner). Then,
from the convergence of rescaled contour processes, we have

€r = sggr €r,

which implies that pe(r) € [[pe(s), pe(t)]]. Furthermore, from the convergence of rescaled
label processes,

Doty = Zr = lim Bqny /L0 <

min Z.— €.
k—o0

e celpe(s)pe (0]
This contradiction completes the proof of (3.15) and of the convergence (3.9).

In order to complete the proof of Theorem 3.20 under Assumption (A1), it suffices
to verify that the convergence (3.9) also holds (in distribution) if M.} is replaced by a
random planar map M, distributed according to Py (- | #V(m) = n), or by a random
planar map M, distributed according to P3(- | #V (m) = n). The first case is trivial
since M, can be obtained from M, simply by reversing the orientation of the root
edge. The case of M? is treated by a similar method as the one we used for M,". We
first need an analogue of Proposition 3.21, which is provided by the last statement
of Proposition 3 in [114]. In this analogue, the random labeled tree associated with a
planar map distributed according to Pg is described as the concatenation (at the root
vertex) of two independent labeled Galton-Watson trees whose root is of type 2, with
the same offspring distributions as in Proposition 3.21. The results of [115] can be used
to verify that Proposition 3.23 still holds with the same constants Aq and Bq, and the
remaining part of the argument goes through without change. This completes the proof
of Theorem 3.20 under Assumption (Al).



“theseavec” — 2011/5/24 — 15:45 — page 79 — #79

Cartes planaires aléatoires 79

3.4.5 The bipartite case

In this section, we briefly discuss the proof of Theorem 3.20 under Assumption (A2).
In that case, since Wq(/\/lg’p) = 0, it is obviously enough to prove the convergence of
Theorem 3.20 with M,, replaced by M,". The proof becomes much simpler because
we do not need the shuffling operation. As previously, we introduce the labeled tree

(o™, (Eﬂ)veg?l 2)) associated with M, via the BDG bijection, but we now define uf} =

gn = @ as the modified contour sequence of 6, (instead of 9~n) We then
define the contour process Cj* = |u}'| and the label process V;* = L., for 0 < i < py,.
Proposition 3.7 then holds in exactly the same form, as a consequencze of the results of
[109]. The reason why we do not need the shuffling operation is the fact that the label
increments of (6", (Eg)ve%m) are centered in the bipartite case.

n
DUy, ..., U

Once the convergence (3.8) is known to hold, it suffices to repeat all steps of the
proof in subsection 3.4.4, replacing 6" by 6" and v}* by u} wherever this is needed. We
leave the details to the reader.

3.5 The dimension of the Brownian cactus

In this section, we compute the Hausdorff dimension of the Brownian cactus KAC.
We write p : 7o — KAC = 7, /= for the canonical projection. The uniform measure
pon KAC is the image of the mass measure Vol on the CRT (see Section 3.3) under p.
For every x in KAC and every § > 0, we denote the closed ball of center x and radius ¢
in KAC by Bgac(z,6). The following theorem gives information about the p-measure
of these balls around a typical point of KAC.

Proposition 3.24. (i) We have

25/41(1/4)

3 3
NG 8”4+ 0(87),

E [/N(dm)u(BKAC(fEaCS)) =
as 0 — 0.
(ii) For every e > 0,

Remark 3.25. Let U be uniformly distributed over [0, 1], so that pe(U) is distributed
according to Vol and X = p o pe(U) is distributed according to u. Assertion (i) of
the theorem says that the mean volume of the ball Bxac(X, d) is of order 63, whereas
assertion (ii) shows that almost surely the volume of this ball will be bounded above by
§47¢ when § is small. This difference between the mean and the almost sure behavior is
specific to the Brownian cactus. In the case of the Brownian map, results from Section 6
of [99] show that % is the correct order both for the mean and the almost sure behavior
of the volume of a typical ball of radius 9.

In relation with this, we see that in contrast with the CRT or the Brownian map, the
Brownian cactus is not invariant under re-rooting according to the “uniform” measure
. This means that KAC re-rooted at X does not have the same distribution as KAC.
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Indeed, since dE,.(p,z) = d(p, ) for every pointed geodesic space E = (E,d, p), the
previous considerations, and Proposition 3.14, entail that u(Bgkac(p,d)) is of order §4
both in the mean and in the a.s. sense.

Démonstration. (i) Fix 6 > 0. Let U and U’ be two independent random variables that
are uniformly distributed over [0, 1] and independent of (e, 7). By the very definition
of u, we have

E /,u(da:),u(BKAc(x,é))} =P [dxac(pe(U),pe(U’)) < 4]

The value of dxac(pe(U), pe(U’)) is determined by the labels Z, for a € [[pe(U), pe(U’)].
Write (gu,pr(t),0 < t < de(U,U’)) for the geodesic path from pe(U) to pe(U’) in the
tree T (so that [[pe(U), pe(U’)] is the range of gy 7). Then, conditionally on the triplet
(e,U,U’) the process

(ZQU,U’“) - ZPE(U))0<t<de(U,U/)’

is a standard linear Brownian motion. Hence if (Bt)¢>0 is a linear Brownian motion
independent of (e, U,U’), we have

P [dgac(pe(U),pe(U")) < 8] = P [BL -2 Jmin Bs <0

\S\

where L = de(U,U’). Pitman’s theorem [123, Theorem VI.3.5] implies that, for every
fixed I > 0, Bj—2ming¢s<; Bs has the same distribution as Bl(?’), where (Bt(g))t;o denotes
a three-dimensional Bessel process started from 0. From the invariance under uniform
re-rooting of the distribution of the CRT (see for example [103]), the variable de(U, U")
has the same distribution as de(0,U) = ey, which has density 41 e~ 22, Consequently,
we can explicitly compute

P [dkac(U,U") < 8] = 4/ dl le= 2P [B(?’ka},

= 4/ di le=?" [ 4z 2mD)” 32702 0 <y

_ \/7/ dll 1/2 —21 / du U2 —Uu /QZ’
- 4[/ du u2/ dl 172 exp (—212—(u2/2l))-
T Jo 0

The desired result follows since

o oo
lim [ dl 172 exp (202 — (u?/20)) :/ diI~ P exp (—217) = 27241 (1/4).
0

u—0 Jo
(ii) Let us fix r €]0, 1[. For every u € [0, e,], set

Ge(r,u) = max{s € [0,7] : es = €, — u},

De(r,u) = min{s € [r,1] : e; = e, — u}.
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Then pe(Ge(r,u)) = pe(De(r,u)) is a point of [[pe(0), pe(r)]], and more precisely the
path © — pe(Ge(r,u)), 0 < u < e, is the geodesic from pe(r) to pe(0) in the tree Ze.
As a consequence, conditionally on e, the process

M) .= Z, —min{Z, : v € [pe(Ge(r, 1)), pe(r)]]} , 0<u<e,
has the same distribution as

— i <u<
OgguBU’ O0<u<e
where B is as above. By classical results (see e.g. Theorem 6.2 in [79]), we have, for
every ¢ €]0,1/2],
lim w2 M) =00, as. (3.18)

u—0
On the other hand, if t € [0,1]\]Ge(r,u), De(r, u)[, we have minga,<s<ivr €5 < € — 1,
which implies that the segment [[pe(t), pe(r)]] contains [[pe(Ge(r,u)), pe(r)], and there-
fore

dicac(pe(t), pe(r)) = M.
Using (3.18), it follows that, for every fixed e €]0, 1/2[, we have a.s. for all u > 0 small
enough

Bicao(pe(r), u/**%) € (KAC\p o pe ([0, Ge(r, w)] U [De(r,u), 1]) ),
and in particular

1(Brac(pe(r), u'/**9)) < De(r,u) — Ge(r,u).
However, the same standard results about Brownian motion that we already used to
derive (3.18) imply that
lim w2 (De(r,u) — Ge(r,u)) =0, a.s.

u—0

We conclude that, for every e €]0,1/2],

lim u” p(Brac(pe(r), u'?t9)) =0, as.

and property (ii) follows, in fact in a slightly stronger form than stated in the theorem.
O

Corollary 3.26. Almost surely, the Hausdorff dimension of KAC is 4.

Démonstration. Classical density theorems for Hausdorff measures show that the exis-
tence of a non-trivial measure p satisfying the property stated in part (ii) of Proposition
3.24 implies the lower bound dim(KAC) > 4. To get the corresponding upper bound,
we first note that the mapping [0,1] 3 t — Z; is a.s. Holder continuous with exponent
1/4 — ¢, for any € €]0,1/4[. Observing that [[pe(t), pe(t')] C pe([t At',t V t']), for every
t,t' € [0,1], it readily follows that the composition p o pe defined on [0,1] and with
values in KAC, is a.s. Holder continuous with exponent 1/4 — ¢, for any e €]0,1/4].
Hence, the Hausdorff dimension of KAC, which is the range of p o pe, must be bounded
above by 4. O
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3.6 Separating cycles

In this section, we study the existence and properties of a cycle with minimal length
separating two points of the Brownian map, under the condition that this cycle contains
a third point. This is really a problem about the Brownian map, but the cactus distance
plays an important role in the statement. Our results in this section are related to the
work of Bouttier and Guitter [34] for large random quadrangulations of the plane.

We consider the Brownian map as the random pointed compact metric space (Mmoo, D, px)
that appears in the convergence (3.5) for a suitable choice of the sequence (ny). Recall
that the metric D may depend on the choice of the sequence, but the subsequent results
will hold for any of the possible limiting metrics. We set p = Il o pe, which corresponds
to the canonical projection from [0, 1] onto my. If U is uniformly distributed over [0, 1],
the point p(U) is distributed according to the volume measure A on mq.

A loop in m is a continuous path « : [0,7] — mu, where T' > 0, such that
~v(0) = (7). If z and y are two distinct points of m.,, we say that the loop v separates
the points x and y if x and y lie in distinct connected components of meo\{7(¢) : 0 < t <
T'}. It is known [102] that (meo, D) is homeomorphic to the 2-sphere, so that separating
loops do exist. We denote by S(zx,y, ps«) the set of all loops v such that v(0) = p. and
~ separates x and y. Recall from subsection 3.2.2 the definition of the length of a curve
in a metric space.

Theorem 3.27. Let Uy and Uy be independent and uniformly distributed over [0,1].
Then almost surely there exists a unique loop v, € S(p(Ur),p(U2), ps) with minimal
length, up to reparametrization and time-reversal. This loop is obtained as the conca-
tenation of the two distinct geodesic paths from IL(3) to p., where (3 is the a.s. unique
point of [[pe(U1), pe(U2)]] such that

a€[lpe(U1),pe(U2)]

In particular, the length of V. is

L(v) = 2D(p«, 11(B)) = D(p«, p(U1)) + D(p«, p(U2)) — 2 dxac(pe(U1), pe(U2))-

The complement in m of the range of v« has exactly two components C1 and Cy, such
that p(Uyr) € C1 and p(Ua) € Ca, and the pair (A(C1), A\(C2)) is distributed according
to the beta distribution with parameters (1, %) :

EUOC)ACa)] = ity [ artet =)™ st 1-0),

. . 2
for any non-negative Borel function f on R%.

Démonstration. We first explain how the loop 7, is constructed. As in the previous
section, write (gu,,v,(7))ogr<de(U:,02) for the geodesic path from pe(Ui) to pe(Uz) in
the tree 7o, whose range is the segment [[pe(U1),pe(U2)]]. We already noticed that,
conditionally on the triplet (e, Uy, Us) the process

(ZQU”@ - Z”e(Ul))osrgde(Ul,UQ)’
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is a standard linear Brownian motion. Hence this process a.s. attains its minimal value
at a unique time ry €]0,de(Uy, Uz)], and we put § = gy, v,(ro). Since there are only
countably many values of r €]0, de(U1, Usz)[ such that gy, ,(r) has multiplicity 3 in 7Ze,
it is also clear that 8 has multiplicity 2 in 7g, a.s. Write C{ and C3 for the two connected
components of Z¢\{(}, ordered in such a way that pe(U;) € C7 and pe(Uz2) € C5, and
set C1 = C;U{B}, Co = C5U{S}. Then II(C;) and II(Cs) are closed subsets of mq, whose
union is M. Furthermore, the discussion at the beginning of Section 3 of [99] shows
that the boundary of II(C;), or equivalently the boundary of II(Cs), coincides with the
set II(C1) NII(Ca) of all points © € my that can be written as z = II(a;) = II(ag) for
some a; € C; and ay € Cq. In particular, the interiors of II(C;) and of II(Cy) are disjoint.
Notice that p(U;) belongs to the interior of II(C;), and p(Uz2) belongs to the interior
of TI(Cg), almost surely : To see this, observe that for almost every (in the sense of the
volume measure Vol) point a of 7, the equivalence class of a for ~ is a singleton, and
thus II-!(p(U7)) and [T~} (p(Us)) must be singletons almost surely.

Since 8 has multiplicity 2 in 7, Theorem 7.6 in [99] implies that there are exactly
two distinct geodesic paths from p, to II(3), and that these paths are simple geodesics
in the sense of [99, Section 4]. We denote these geodesic paths by ¢ and ¢9. From the
definition of simple geodesics, one easily gets that ¢1(s) = ¢2(s) for every 0 < s < s,
where

Sp 1= max (g&r} Za, (Illég; Za) - Z.
Note that {¢1(s) : 0 < s < so} is contained in the interior of II(C;), where ¢ € {1,2}
is determined by the condition a, € C;. Furthermore, the definition of simple geodesics
shows that

II(C1) NII(C2) = {#1(s) : s0 < 5 < D(ps, I(B))} U{ a(s) : 50 < s < D(px, T1(5)) }-

We define v, by setting

{9 if 0 < t < D(p., 1L(8)).
‘ 0:(2D(p., TH(B) — 1) if D(p,TI(8)) < ¢ < 2D(ps, TI(B)).

Then ~, is a loop starting and ending at p,. Furthermore -, separates p(U;) and p(Us),
since any continuous path in me starting from p(U;) will have to hit the boundary of
II(C1) before reaching p(Us). Finally the length of v, is

L(’Y*) = ZD(/)*’H(/ﬁ)) = Q(Zﬁ *Z)

= D(p«,p(U1)) + D(px, p(U2)) — 2 dxac(pe(U1), pe(U2)).

We next verify that 7, is the unique loop in S(p(Uy), p(Us), p«) with minimal length.
Let y be a path in S(p(U1), p(Ua2), p«) indexed by the interval [0,7]. The image under
IT of the path gy, v, is a continuous path from p(Ui) to p(Usz), which must intersect
the range of . Hence the range of v contains at least one point y such that y = I1(a)
for some a € [[pe(U1),pe(U2)]. Since v(0) = v(T') = p«, we have

L(v) 2 2D(ps,y) = 2(Za — Z)
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using property 1 of the distance D in Section 3.3. Since Z, > Z3, we thus obtain that
L(7v) 2 L)

Let 7 € [0,T] be such that y = (7). The preceding considerations show that the
equality L(7y) = L(74) can hold only if a = 8 and if furthermore the paths (y(7—t),0 <
t <7)and (y(1+1),0 <t <T—7) have length D(p.,II(3)), so that these paths must
coincide (up to reparametrization) with geodesics from II(3) to p.. We conclude that
any minimizing path v coincides with ~,, up to reparametrization and time-reversal.

In order to complete the proof of the theorem, we first need to identify the connected
components of the complement of the range of v, in my,. Consider the case when a.
belongs to Cq, and set

R :={¢1(s) : 0 < s < so} CII(Cy).

Write Int(II(C;)) for the interior of II(C;), for @ = 1,2. Then the connected components
of the complement of the range of 7, in mq, are

Ci = Int(H(Cl))\R , Co = Int(H(Cg)).

This easily follows from the preceding considerations : Note for instance that Int(II(Cz))
is the image under II of a connected subset of Co, and is therefore connected. From this
identification, we get

/\(Cl) = VOl(Cl) N A(CQ) = VOI(CQ) =1- VO](Cl), (3.19)

using the fact that the range of v, has zero A-measure (this can be seen from the
uniform estimates on the measure of balls found in Section 6 of [99]). Clearly the same
identities (3.19) remain valid in the case when a, belongs to Ca.

To complete the proof, we need to compute the distribution of Vol(Cy). To this end
it will be convenient to use the invariance of the law of 7¢ under uniform re-rooting (see
e.g. [103]). Let U be a random variable uniformly distributed over [0, 1], and let a be
the (almost surely unique) vertex of [[pe(0), pe(U)]] such that Z, = mingep, (0) po(v)] Za-
Then, if C° is the connected component of 7¢\{a} containing pe(U), the invariance of
the CRT under uniform re-rooting implies that

vol(1) ¥ vol(c).
Now notice that conditionally on the pair (e, U), the random variable H = de(pe(0), cv)
is distributed according to the arc-sine law on [0, ey], with density

1
n\/s(ey —s)

Moreover,
VOI(CO) = De(U, ey — H) — Ge(U, ey — H)

where we use the same notation as in the preceding section, for r €]0, 1] and u € [0, e,],

Ge(r,u) = max{s <r:e; =€, —u},
De(r,u) = min{s > r:es; = e, — u}. (3.20)
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From the previous remarks, we have, for any non-negative measurable function g on

[0? 1]’

E [g(Vol(C1))] = E [g(Vol(C?)) h) — Ge(s,h))

V is [ 7r\/hes——h (s
(3.21)

In order to compute the right-hand side, it is convenient to argue first under the It
measure n(de) of positive excursions of linear Brownian motion (see e.g. Chapter XII of
[123], where the notation n (de) is used). Let o(e) denote the duration of excursion e,
and define Dc(r,u) and Ge(r,u), for r €]0,0(e)[ and 0 < u < e(r), in a way analogous
0 (3.20). Also write
() = h h?

dn Nores exXp o
for the density of the hitting time of h > 0 by a standard linear Brownian motion.
Then, an application of Bismut’s decomposition of the [td6 measure, in the form stated
in [95, Lemma 1], gives for every non-negative measurable function f on R?,

a(e) e(s) dh
[ e [ s [ s 1 (010), D5, ) = el )

= d/i/dt t/dt’ w () ft+ 1t
/ U W\/ﬁ QQh() q2( h)( )f( + )
o dn’
= / / dt qop (t / dt’ Gons (t t—i—t ,t)
m™Jo

:;/0 dt/o dt’f(t—l—t”t)/o ﬁ%h(t))( ; j}iQQh( )) (3.22)

We easily compute

j% qon(t) = 2734 (2m) 7121 (3/4) ¢34,

Hence, using also the identity T'(1/4)T'(3/4) = 7v/2, we see that the right-hand side of
(3.22) is equal to
278/ 3/4
dﬁ dt t) o/,
e [ e e o)

We can condition the resultlng formula on {0 = 1}, using the fact that the density of
o(e) under n(de) is equal to 4 (27¢3)71/2, and we conclude that

V ds/ m/h o J(Dels ) - Ge(s’h))]

_n/ /S)W\/hi (5,h) = Ge(s, h) | o =1)

- r(1/4)2 /0 at (t(1 = 1) g0

We now see that the last assertion of the theorem follows from (3.21). O
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3.7 Appendix

This section is devoted to the proof of the fact, mentioned in Section 3.20, that if
q = (q1,92,...) is a sequence with finite support, such that gx > 0 for some k£ > 3,
then there exists a constant a > 0 such that aq = (agi,aqe,...) is regular critical in
the sense of [109, 114]. We briefly discuss case (A2), which is easier. Following [109],

we define
2k +1
fq(x) = Z ak q2k+2 5 z=0.
k>0 k

By [109, Proposition 1], the Boltzmann measure Wy defined in Section 3.20 is a finite
measure if and only if the equation

@) =1— i z> 1. (3.23)
has a solution. Since ¢, > 0 for some k > 3, the function fq is a strictly convex
polynomial, so there can be either one or two solutions to this equation. In the first
situation, the graphs of fq and « +— 1—1/x are tangent at the unique solution, in which
case g is said to be critical in the sense of [109, Definition 1] (it will even be regular
critical in our case since fq(z) is finite for every = > 0). It is then trivial that there
exists a unique a = a. > 0 such that the graphs of f,q and x — 1 — 1/x intersect at a
tangency point, and then a.q is regular critical.

Let us turn to case (A1), which is more delicate. For every x,y > 0, we set

R 2k + K + 1\ (k+ K
falwy) = ) »Tkyk( Ea1 )( k >Q2+2k+k/

k& >0

2k + K\ (k+ K
folwy) = > l"kyk( k )( k >Q1+2k+k’a

k&' >0

defining two convex polynomials in the variables x and y. Proposition 1 of [114] asserts
that the Boltzmann measure Wy is finite (then q is said to be admissible) if and only
if the equations

(o) =1 L
{ falwy)=1-2 o>l (3.24)
fé(l‘?y):yv y>0

have a solution (z,y), such that the spectral radius of the matrix

0 0 z—1

is at most 1. Moreover, a solution (x,y) with these properties is then unique.

If the spectral radius of M (z,y) (for this unique solution (x,y)) equals 1, then we
say that q is critical. It is here even regular critical in the terminology of [114], since
the functions fq, f are everywhere finite in our case. Note that the matrix M (x,y) has



“theseavec” — 2011/5/24 — 15:45 — page 87 — #87

Cartes planaires aléatoires 87

nonnegative coefficients, and the Perron-Frobenius theorem ensures that the spectral
radius of M (z,y) is also the largest real eigenvalue of M (z,y). Thus, assuming that
q is admissible, and letting (x,y) be the unique solution of (3.24) such that M(x,y)
has spectral radius bounded by 1, we see that q is regular critical if and only if 1 is
an eigenvalue of M (x,y), which holds if and only if the determinant of Id —M(x,y)
vanishes.

For every z,y > 0, set

G(z,y) = fqlx,y) —1+1/x and H(x,y) = fq(x,y) —y.

Then G and H are convex functions on (0,00)2. A pair (x,%) € (0,00)? satisfies (3.24)
if and only if G(z,y) = H(z,y) = 0 (notice that the condition G(z,y) = 0 forces
x > 1). The set {G = 0}, resp. {H = 0} is the boundary of the closed convex set
Cg = {G < 0}, resp. of Oy = {H < 0}, in (0,00)2.

Lemma 3.28. (i) The set Cg is contained in (1,00) x (0, A), for some A > 0.

(ii) The set Cp 1is bounded.

(iii) If (x,y) € Cq then (z,y") € Cq for every y' € (0,y). If (z,y) € Cy then (2',y) €
Cu for every a' € (0,x). There exists € > 0 such that Cg does not intersect [1,00) X
(0,¢).

(iv) For every a > 0, let G4, resp. H,, be the function analogous to G, resp. to H,
when q is replaced by aq. Then Cpg, C (0,1] x (0,00) for every large enough a > 0.
Consequently Cy, N Cq, = @ for every large enough a > 0.

Démonstration. (i) This is obvious since fq(z,y) > Cyt for every x,y > 0, for some
constant C' > 0 and some integer ¢ > 3.

(ii) Suppose first that there exists an odd integer ¢ > 3 such that gy > 0. Then, the
definition of f§ shows that there is a positive constant ¢ such that

fo(zy) = c(@=D72 471,

and it readily follows that C'y is bounded. Consider then the case when there is an
even integer £ > 4 such that g, > 0. Then there is a positive constant ¢ such that

fo(@y) = c@ 22y 4471,

and again this implies that C is bounded.

(iii) The first property is clear since y — G(x,y) is non-decreasing, for every y > 0.
Similarly, the second property in (iii) follows from the fact that = — H(z,y) is non-
decreasing, for every x > 0. The last property is also clear since we can find £ > 0 such
that f3(z,y) > € for every x > 1 and y > 0 (we use the fact that q is not supported
on even integers).

(iv) Suppose first that there there exists an odd integer ¢ > 3 such that ¢y > 0. Using the
same bound as in the proof of (ii), and noting that fo, = a fg, we see that H,(z,y) <0
can only hold if

D2 gl v

ca
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It is elementary to check that this implies z < 1 as soon as a is large enough. The
case when there is an even integer £ > 4 such that g, > 0 is treated similarly using
the bound stated in the proof of (ii). Finally the last assertion in (iv) follows by using
(i). O

Recall that f§ and fg are polynomials. It follows that the set {G = 0} is either
empty or a smooth curve depending on whether the set {G < 0} is empty or not (a
priori it could happen that {G = 0} = {G < 0} is a singleton, but assertion (iii) in the
previous lemma shows that this case does not occur). Similar properties hold for the
set {H = 0}. A simple calculation also shows that

det(Id —M (z,7)) = 2* det(VG(z,y), VH(z,y)). (3.25)

Consequently, if we assume that (x,y) satisfies (3.24), the condition det(Id —M (z,y)) =
0 will hold if and only if the curves Cg and Cp are tangent at (x,y).

7700 EO T P

Yo froorreenns e

y
8

1 Lq Lq

c

FIGURE 3.4 — Illustration of the sets Cg, and Cp, for 0 < a < a. and for a = a,

Proposition 3.29. Under Assumption (A1), there exists a unique positive real a. such
that a.q s reqular critical.

Démonstration. For every a > 0, write M, (z,y) for the analogue of the matrix M (z,y)
when q is replaced by aq. Simple counting arguments (using for instance the BDG
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bijections and the fact that the sequence q has finite support, so that the degrees of
faces in maps m such that Wq(m) > 0 are bounded) show that the Boltzmann measure
Wagq is finite for a > 0 small enough. Consequently we can fix ap > 0 small enough so
that aoq is admissible. By previous observations, there exists a pair (zq,, Ya,) belonging
to the intersection of the curves {G,, = 0} and {H,, = 0} and such that the spectral
radius of the matrix Mg, (24, Ya,) is bounded above by 1. If the curves {G,, = 0} and
{H,, = 0} are tangent at (x4, Ya, ), then (3.25) shows that this spectral radius is equal
to 1, and thus agq is regular critical.

Suppose that the curves {G,, = 0} and {H,, = 0} are not tangent at (Z4,, Ya,)-
Then, convexity arguments, using properties (i)—(iii) in Lemma 3.28, show that the
intersection of {G,, = 0} and {H,, = 0} consists of exactly two points (4, ya,) and
(%4> Yao)- By (3.25) and the fact that the spectral radius of M, (2Zag,Yao) is bounded
above by 1, we have

det(VGao (‘Tjao? yao)7 VHGO (xa07 yao)) > 07

and simple geometric considerations show that (x4, ¥a,) must be the “first” intersection
point of {G4, = 0} and {H,, = 0}, in the sense that x4, < 7, and ya, < Yy, -

Note that both sets G, and H, are decreasing functions of a, and vary continuously
with a (as long as they are non-empty). Geometric arguments, together with property
(iv) of Lemma 3.28, show that there exists a critical value a. > agp such that for
ap < a < a, the curves {G, = 0} and {H, = 0} intersect at exactly two points,
denoted by (z4,y,) and (z/,y.), such that z, < 2}, and y, < v/, and furthermore
the curves {G,, = 0} and {H,, = 0} are tangent at a point denoted by (zq,,Ya.)-
Moreover the mapping a — (x4, ¥yq) is continuous on [ag, a.]. It follows that the spectral
radius of M, (x4, y,) remains bounded above by 1 for a € [ag, a.) : If this were not the
case, this spectral radius would take the value 1 at some a; € (ag,a.) but then by
(3.25) the curves {G,, = 0} and {H,, = 0} would be tangent at (xq,,¥as,), which is a
contradiction. Finally by letting a T a. we get that the spectral radius of M, (2., Ya.)
is bounded above by 1, hence equal to 1 by (3.25) and the fact that {G,, = 0} and
{H,, = 0} are tangent at (x,,,Ya.). We conclude that a.q is regular critical.

The uniqueness of a. is clear since we can start the previous argument from an
arbitrarily small value of ay and since the curves {G, = 0} and {H, = 0} will not
intersect when a > a.. ]
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On limiks, of" Graphy (phere “acked in Zuclidean (pace
and hpplicakiong

LES RESULTATS DE CE CHAPITRE ONT ETE OBTENUS EN COLLABORATION AVEC
ITAT BENJAMINI ET ONT ETE ACCEPTES POUR PUBLICATION DANS European Journal
of Combinatorics.

The core of this note is the observation that links between circle packings of graphs
and potential theory developed in [21] and [77] can be extended to higher dimen-
sions. In particular, it is shown that every limit of finite graphs sphere packed in R?
with a uniformly-chosen root is d-parabolic. We then derive few geometric corolla-
ries. E.g. every infinite graph packed in R¢ has either strictly positive isoperimetric
Cheeger constant or admits arbitrarily large finite sets W with boundary size which
satisfies |OW| < |W|d%1+°(1). Some open problems and conjectures are gathered at
the end.

4.1 Introduction

The theory of random planar graphs, also known as two-dimensional quantum gra-
vity in the physics literature, has been rapidly developing for the last ten years, see
[15] for a survey. The analogous theory in higher dimension is notoriously hard and not
much established so far, this is due in particular to the fact that enumeration techniques
and bijective representations are missing, see for instance [14].

However there are a couple of two dimensional results that are not depending on enu-
meration. E.g.in [21], circle packing theory is used to show that limits (see Definition
4.2.3) of finite random planar graphs of bounded degree with a uniformly-chosen root
are almost surely recurrent. The goal of this note is to extend this result into higher
dimensions and to draw some consequences and conjectures.

We recall that recurrence means that the simple random walk on the graph returns to
the origin almost surely, or in a potential theory terminology that the graph is para-
bolic. A graph is parabolic if and only if it supports no flow with one source of flux
1, no sinks, and with gradient in IL?. Replacing 2 by d > 3 yields to the concept of
d-parabolicity, see [133] and Section 4.2.2.

The analogous of circle packing theory in dimension d is easy to describe. A graph
is sphere packable in R? if and only if it is the tangency graph of a collection of d-
dimensional balls with disjoint interiors : the balls of the packing correspond to the

91
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vertices of the graph and the edges to tangent balls, see Section 4.2.1. The theory of
circle packings of planar graphs is well developed and its relation to conformal geometry
is well established, see the beautiful survey [126]. The higher dimensional version is not
as neat. First, although all finite planar graphs (without loops nor multiple edges) can
be realized as the tangency graph of a circle packing in R? (see below), yet there are
no natural families of graph packed in R¢ for d > 3. Second, circle packings relates to
L2 potential theory while in higher dimension the link is to d-potential theory, which
is less natural and where the probabilistic interpretation is lacking. Still useful things
can be proved and conjectured. Indeed the main observation of this note is that links
between circle packings of graphs and potential theory over the graph (see [77]) can be
extended to higher dimensions, leading in particular to a generalization of [21, Theo-
rem 1.1] and suggests many problems for further research. For a precise formulation
of our main theorem (Theorem 4.9) we must introduce several technical notions and
definitions in the coming sections.

We hope that this minor contribution will open the doors for three and higher di-
mensional theory of sphere packing and quantum gravity. The proofs essentially follow
that of [21] and [77] with the proper modifications followed by a report on some new
geometric applications. For example we prove under a local bounded geometry assump-
tion defined in the next section that a sequence of k-regular graphs with growing girth
can not be all packed in a fixed dimension and that every infinite graph packed in R?
either has strictly positive isoperimetric Cheeger constant or admits arbitrarily large
finite sets W with boundary size which satisfies [0W| < |W|d%d1+0(1).

Note that very recently the isoperimetric criterion of Proposition 4.14 was used in
[88] to prove that acute triangulations of the space R? do not exist for d > 5.

4.2 Notations and terminology

In the following, unless indicated, all graphs are locally finite and connected.

4.2.1 Packings

Definition 4.1. A d-dimensional sphere packing or shortly d-sphere packing is a col-
lection P = (By,v € V) of d-dimensional balls of centers C, and radii v, > 0 with
disjoint interiors in RY. We associated to P an unoriented graph G = (V,E) called
tangency graph, where we put an edge between two vertices u and v if and only if the
balls B, and B, are tangent.

An accumulation point of a sphere packing P is an accumulation point of the centers
of the balls of P. Note that the name “sphere packing” is unfortunate since it deals
with balls. However this terminology is common and we will use it. The 2-dimensional
case is well-understood, thanks to the following Theorem.

Theorem 4.2 (Circle Packing Theorem). A finite graph G is the tangency graph of a
2-sphere packing if and only if G is planar and contains no multiple edges nor loops.
Moreover if G is a triangulation then this packing is unique up to Mébius transforma-
tions.
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This beautiful result has a long history, we refer to [137] and [126] for further
information. When d = 3, very little is known. Although some necessary conditions
for a finite graph to be the tangency graph of a 3-sphere packing are provided in
[92] (for a related higher dimensional result see [8]), the characterization of 3-sphere
packable graphs is still open (see last section). For packing of infinite graphs see [22].
To bypass the lack of a result similar to the last theorem in dimension 3 or higher, we
will restrict ourselves to packable graphs, that are graphs which admit a sphere packing
representation. One useful lemma in circle packing theory is the so-called “Ring lemma”
that enables us to control the size of tangent circles under a bounded-degree assumption.

Lemma 4.3 (Ring Lemma, [125]). There is a constant r > 0 depending only onn € Z,
such that if n circles surround the unit disk then each circle has radius at least r.

Here also, since we have no analogous of the Ring Lemma in high dimensions, we
will required an additional property on the packings.

Definition 4.4. Let M > 0. A d-sphere packing P = (By,v € V') is M-uniform if, for
any tangent balls B, and B, of radii r,, and r, we have

Tw <

Ty
A graph G is M-uniform in dimension d, if it is a tangency graph of a M -uniform
sphere packing in R,

Remark 4.5. Note that an M -uniform graph in dimension d has a mazimal degree
bounded by a constant depending only on M and d.

Remark 4.6. By the Ring Lemma, every planar graph of bounded degree without loops
nor multiple edges is M -uniform in dimension 2, where M only depends of the maximal
degree of the graph. The same holds in dimension 3 provided that the complex generated
by the centers of the spheres is a tetrahedrangulation (that is all simplexes of dimension
3 are tetrahedrons), see [144].

4.2.2 d-parabolicity

The classical theory of electrical networks and 2-potential theory is long studied
and well understood, in particular due to the connection with simple random walk
(see for example [57] for a nice introduction). On the other hand, non-linear potential
theory is much more complicated and still developing, for background see [133]. A key
concept for d-potential theory is the notion of extremal length and its relations with
parabolicity (extremal length is common in complex analysis and was imported in the
discrete setting by Duffin [58]). We present here the basic definitions that we use in the
sequel.

Let G = (V, E) be a locally finite connected graph. For v € V' we let I'(v) be the set of
all semi-infinite self-avoiding paths in G starting from v. If m : V' — R, is assigning
length to vertices, the length of a path v in G :

Length,, (v) := Zm(v).

vey
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If m € LY(V), we denote by ||m||q the usual L norm (33, m(v)?)'/¢. The graph G is
d-parabolic if the d-vertex extremal length of T'(v),

Length,,, (7)4
d-VEL(I')(v) :== sup inf L”Z(’Y)
meLd 1€l [[mlg

is infinite. It is easily seen that this definition does not depend upon the choice of v € V.
This natural extension of VEL parabolicity from [77] can be found earlier in [22].

Remark 4.7. In the context of bounded degree graphs, 2-parabolicity is equivalent to
recurrence of the simple random walk on the graph, see [77] and the references the-
rein. In general, 2-VEL is closely related to discrete conformal structures such as circle
packings and square tilings, see [20, 39, 128].

4.2.3 Limit of graphs

A rooted graph (G = (V, E), 0 € V) is isomorphic to (G' = (V', E’), o' € V) if there
is a graph-isomophism of G onto G’ which takes o to o/. We can define (as introduced
in [21]) a distance A on the space of isomorphism classes of locally finite rooted graphs
by setting

-1
A((G,0),(G',0)) = (1 + sup {k : Ballg(o, k) isomorphic to Ballg (¢, k)}) ,

where Ballg (o, k) is the closed combinatorial ball of radius k around o in G for the graph
distance. In this work, limits of graph should be understood as referring to A. It is easy
to see that the space of isomorphism classes of rooted graphs with maximal degree less
than M is compact with respect to A. In particular every sequence of random rooted
graphs of degree bounded by M admits weak limits.

Definition 4.8. A random rooted graph (G, o) is unbiased if (G,o0) is almost surely
finite and conditionally on G, the root o is uniform over all vertices of G.

We are now ready to state our main result. The case d = 2 is [21, Theorem 1].

Theorem 4.9. Let M > 0 and d € {2,3,...}. Let (Gy, 0n)n>0 be a sequence of unbiased
random rooted graphs such that, almost surely, for all n > 0, Gy is M-uniform in
dimension d. If (G, oy,) converges in distribution towards (G, o) then G is almost surely
d-parabolic.

Applications of Theorem 4.9 will be discussed in Section 4.

4.3 Proof of Theorem 4.9
We follow the structure of the proof of [21, Theorem 1] :

1. We first construct a limiting random packing whose tangency graph contains the
limit of the finite graphs.

2. The main step consists in showing that this packing has at most one accumulation
point (for the centers) in R? | almost surely.
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3. Finally we conclude by quoting a theorem relating packing in R? and d-parabolicity.

Let (Gn,0n)n>0 be a sequence of unbiased, M-uniform in dimension d, random rooted
graphs converging to a random rooted graph (G, 0). Given Gy, let P,, be a deterministic
M-uniform packing of Gy, in R?. We can assume that o, is independent of P,.

Suppose that C € R? is a finite set of points (in the application below, C will
be the set of centers of balls in P,). When w € C, we define its isolation radius as
pw = inf{jv —w| : v € C\ {w}}. Given 6 € (0,1), s > 0 and w € C, following [21]
we say that w is (6, s)-supported if in the ball of radius 6! p,, centered at w, there are
more than s points of C outside of every ball of radius dp,, ; that is, if

inf ‘C’ N Ballga(w, § ' py) \ Ballga(p, 5pw)‘ >s.
pER4

F1G. 1 : Tllustration of the definition of (d, s)-supported. Here, the point w is
(0.5,10)-supported

Lemma 4.10 ([21]). Let d > 2. For every ¢ € (0,1) there is a constant c(d,d) such
that for every finite set C C R? and every s > 2 the set of (9, s)-supported points in C
has cardinality at most ¢(6,d)|C|/s.

Lemma 2.3 in [21] deals with the case d = 2, but the proof when d > 2 is the same
and is therefore omitted.

Now, thanks to this lemma and to the fact that the point o, has been chosen
independently of the packing P,, for any § > 0 and any n > 0, the probability that the
center of the ball B, is (J, s)-supported in the centers of P, goes to 0 as s — 0o. Let
Pn be the image of P, under a linear mapping so that the ball B, is the unit ball in
R<. Since the definition of (4, s)-supported is invariant under dilations and translations,
we have

P(0 is (6, s)-supported in the centers of P,) — 0. (4.1)

§—0Q
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Let P, be the union of the spheres of the packing P, and C,, be the union of the
centers of the spheres of P,. By definition, P,, and C,, are random closed subsets of R<.
The topology of Hausdorff convergence on every compact of R? is a compact topology
for closed subsets of R, Hence, we can assume that along a subsequence we have the
following convergence in distribution

((Gn,0n), P,, Cn) — ((G,0),P,C), (4.2)

n—oo

related to A for the first component and to the Hausdorff convergence on every compact
of R? for the second and third ones. Without loss of generality we can suppose that
there is no need to pass to a subsequence and by Skorhokhod representation theorem
that the convergence (4.2) is almost sure.

Proposition 4.11. The random closed set P is almost surely the closure of a sphere
packing in R whose centers have at most one accumulation point in R%. Furthermore,
the tangency graph associated to P almost surely contains (G,0) as a subgraph.

Démonstration. We begin with the second claim of the proposition. By definition of
P, we know P contains the unit sphere of R% that corresponds to o € G. Since the
packings P, are M-uniform, any vertex neighbor of o, in G,, corresponds to ball in the
packing whose radius is in [M !, M] and tangent to the unit ball of R?. This property
passes to the limit and by (4.2) we deduce that any neighbor of o in G corresponds to
a sphere of P of radius in [M~', M] and tangent to the unit sphere of R%. A similar
argument shows that P almost surely contains tangent spheres whose tangency graph
contains G. Note that in the set P new connections can occur (non tangent spheres in
P, can become tangent at the limit).

The first part of the proposition reduces to showing that C almost surely has at most
one accumulation point in R?. We argue by contradiction and we suppose that with
probability bigger than e, there exist two accumulation points A; and Ag in C such
that |A; — As| > ¢ and |A;],|A2| < e!. This implies, by (4.2), that for any s > 0
with a probability asymptotically bigger than ¢ the point 0 is (£/2, s)-supported in C,.
Which contradicts (4.1). O

Since every subgraph of a d-parabolic graph is itself d-parabolic (obvious from the
definition), the following extension of [77, Theorem 3.1 (1)] together with the last
proposition enables us to finish to proof of the Theorem 4.9.

Theorem 4.12 ([22, Theorem 7]). Let G be a graph of bounded degree. If G is packable
in R and if the packing has finitely many accumulation points in R%, then G is d-
parabolic.

Remark 4.13. In order to be totally accurate, the d-parabolicity notion defined in [22]
corresponds to the definitions of Section 4.2.2 when the function m is defined on the
edges of the graph. But these two notions easily coincide in the bounded degree case.
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4.4 Geometric applications

4.4.1 Isoperimetric inequalities and alternative

If W is a subset of a graph G, we recall that OW is the set of vertices not in W
but neighbor with some vertex in W. We begin with an isoperimetric consequence of
d-parabolicity which is an extension of [77, Theorem 9.1(1)]. The proof is similar.

Proposition 4.14. Let G = (V, E) be a locally finite, infinite, connected graph. Let
o€V, and g: Ry — R be some nondecreasing function.

(1) Suppose that G is d-parabolic. If for every finite set W containing o € W, we have
OW| = g(IW]) then

(e.¢]
d

Y g(n)” T = oo (4.3)
n=1
(2) If g satisfies (4.3) and if |OWy| < g(|Wk|), for (Wk)k>o0 defined recursively by
Wy = {o} and Wi1 = Wi UOWy, for k >0,

then G is d-parabolic.

Démonstration. We know by assumption that d-VEL(I'(0)) = co. This implies that we
can find functions m; : V' — Ry such that [|m,||q = 27 and inf, cp(,) Length,, (v) > 1.
Hence m := }"7°;m; defines a function on V' such that

|m|la <1and inf Length,,(v) = co.
€T (o)

Without loss of generality we will suppose that m(v) > 0 for all vertices v € V. The
function m € LY(V) defines a function V' x V — R, by setting

dy(v,0") == inf{Length,,(v),v : v — v'}.

The idea is to explore the graph G in a continuous manner according to d,, and to use
the isoperimetric inequality provided by g. For each v € V let

I, .= [dp(0,v) — m(v),dm (0, v)].

For h € Ry, we define s,(h) = %r;go,h}). Intuitively, water flows in the graph
G starting from o, m(v) is the time that water needs to wet v before flowing to its
neighbors. A vertex v € V begin to get wet at h = min [, and is completely wet
at h = max I,,. The function s,(h) represents the percentage of water in v. We set
s(h) = > ,cy sv(h). Since d,,(0,00) = oo, for every h € R, there are only finitely
many v € V such that s,(h) # 0 and then s(h) is piecewise linear. We denote W}, :=
{veV, h>maxI,} the set of vertices that are totaly wet at time h and G}, := {v €

V', dm(o,v) —m(v) < h < dp(o,v)} the set of vertices that are getting wet at time h.

Clearly G, = OW),. Let
f) =min (3(5).3)-
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If |Gh| = s(h)/2 then
Gn| = f(s(h), (4.4)
otherwise |Gp| < s(h)/2, then the number of completely wet vertices is at least s(h)/2

(because s,(h) < 1) and consequently |G| = g(s(h)/2). Thus (4.4) always holds.
At points where h +— s(h) is differentiable we have

RS SEIOEDY

veGy, veGH

1
m(v)’

Writing 1 = m(v)@1/dm(v)~(@=1/d and using Holder inequality with p = d we get

d—1

41 1/d
()< (zm6) (zrer)
vEGH ved, M) vEGH

and thus using (4.4) :

da d

ds Gyla—1 f(s(h))a—T
(Zoea, @) ) T (Sieq, mv)*)

therefore ds — = dh T

f(s(h)) =T (ZveGh m(v)d—l)ﬂ

Integrating for 0 < a < h < b < oo and using Holder with p = d we get

/s(b)ds >/b dh - (b—a)d/(d_l) |
@ T (g, m )T (2 (Saeg, mio)t) an)

Remark that [;° <ZU€Gh m(v)dil) dh = 3 ,ey m(v)? < oo, and that s(b) — oo when

d
b — oo. We conclude that the integral of f(.)” @1 diverges and the same conclusion
d
holds for g(.)”@-1. Since g¢(.) is non-decreasing, a comparison series-integral ends the
proof of the first part of the proposition.

For the second part, set ny = |W| and define for N € N* a function m : V' — R4 on
G by

vy = | () T for v € oW and k< N
0 otherwise.

Then we have inf{Length,,(7) : v € T(0)} = Y1, g(nk)fﬁ and

/\

N N
|OW| 1
It < - St < X glne) T
k=0 k=0
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1

By definition of the extremal length, it suffices to show that Y p—,g(ng) @1 = oo.
Note that ng11 < ng + g(ng), thus by monotonicity of g, we obtain

1 1 nk+1—1 1 nk+1—1 1 Nk4+1— 1
> — > —
glng) T Tkt T M n;k g(n) 7 n; 9(n) g(n) nz,; d/ (@1
oo 1 [e.e]
Which implies Y g(ng)” 71 > Y g(n)~Y @Y = 0, O
k=0 0

Let us recall the definition of the Cheeger constant of a infinite graph G :

oW |

Cheeger(G) := inf{
< Wl

W CG,|W|< oo}
The following corollary generalizes a theorem regarding planar graphs indicated by

Gromov and proved by several authors. See Bowditch [35] for a very short proof and
references for previous proofs.

Corollary 4.15. Let G be an infinite locally finite connected graph which admits a
M -uniform packing in R?. Then we have the following alternative :

— either G has a positive Cheeger constant,

— or for any € > 0, there are arbitrarily large subsets W of G such that

oW < (Wt

Démonstration. Let G be a infinite connected graph which is the tangency graph of a
M-uniform packing in R? (in particular G' has bounded degree). If Cheeger(C) = 0,
then we can find a sequence of subsets A; C G such that

|0A;|

Remark that the Als are not necessarily connected subgraphs. For each i > 0, we
pick a vertex o; uniformly at random among the vertices of A; and denote C(o;, A;)
the connected component of A; connecting o;. By a compactness argument (see the
discussion before Definition 4.8) we deduce that along a subsequence we have the weak
convergence for A
(C(A;,0i),0;) .(i)> (A,0),
71— 00

where (A4, 0) is a random rooted graph. We assume that there is no need to pass to a
subsequence. Therefore the sequence of rooted random graphs (C(A;, 0;), 0;)i>1 satisfies
all the hypotheses of Theorem 4.9, in particular (A, o) is almost surely d-parabolic. By
Proposition 4.14, for any 9, > 0, there exists a.s. a random subset W C A containing
o and satisfying

oW | < o|W| T
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d—1

In particular [W| > 6~/("7+%). We claim that there exists an isomorphic copy of W

and its boundary already contained in G. Indeed for any k£ > 0, the bounded degree
assumption combined with the fact that ‘ﬁfil" — 0 imply that

P (o; is at a graph distance less than k from 04;) —— 0.
1—00
Hence, almost surely for any &£ > 0, the ball of radius k£ around o in A is a subgraph of
some A;’s and thus of GG. This finishes the proof of the corollary. O

4.4.2 Non existence of M-uniform packing

As a consequence of the last corollary, the graph Z4+! cannot be M-uniform packed
in R? for some M > 0. This is a weaker result compared to [22] where it is shown
that Z%*! cannot be sphere packed in R? using non-existence of bounded non constant
d-harmonic functions on Z¢.

The parabolic index of a graph G (see [135]) is the infimum of all d > 0 such that G
is d-parabolic (with the convention that inf @ = co). For example, Maeda [108] proved
that the parabolic index of Z% is d. It is easy to see that the parabolic index of a regular
tree is infinite, leading to the following consequence.

Corollary 4.16. Let G, be a deterministic sequence of finite graphs. If there exists
f(n) — oo and k € {2,3,...} such that
n—oo

#{v € Gy, Ballg, (v, f(n)) = k-regular tree up to level f(n)} )
1,

then for all M >0, G,, eventually cannot be M-uniform packed in RY.

Démonstration. Note that any unbiased weak limit of G, is the k-regular tree and
apply Theorem 4.9. 0

That is, if for a sequence of k-regular graphs, k& > 2, the girth grows to infinity then
only finitely many of the graphs can be M-uniform packed in any fixed dimension. The
same holds if the limit is some other nonamenable graph.

4.5 Open problems

Several necessary conditions are provided in this paper for a graph to be (M-
uniform) packed in R?. The first two questions are related to existence of packable
graphs in R?.

Question 2. 1. Find necessary and sufficient conditions for a graph to be (M-
uniform) packable in R,
2. Ezhibit a natural family of graphs which are (M-uniform) packable in R?.

3. Show that the number of tetrahedrangulations in R3 with n vertices grows to in-
finity.
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Question 3. [t is of interest to understand what is the analogue of packing of a graph
and the results above in the context of Riemannian manifolds. Is packable in the discrete
context of graphs analogous to conformally flat ?

Question 4. Show that the Cayley graph of Heisenberg group H3(Z) generated by

11
A= 0 1
00

= o O

1
and B=1 0
0

o = O
_ = O

is not packable in R though is known to be 4-parabolic, see e.g. [153].

The two following questions deal with the geometry of the accumulation points (of
centers) of packing in RY.

Question 5. Does there exist a graph G packable in R? in two manners Py and Py
such that the set of accumulation points in RTU {co} for P; is a point but not for Py ?

Question 6 ([22]). Show that any packing of Z* in R3 has at most one accumulation
point in R U {co}.

Question 7 (Parabolicity for edges). What is left of Theorem 4.9 in the context of edge
parabolicity (where the function m of Section 4.2.2 is defined on the edges of the graph)
without the bounded degree assumption ? For instance, is it the case that every limit of
unbiased random planar graphs is 2-edge-parabolic (which means SRW is recurrent) ?

Question 8 (Diffusivity). Let G be a d-parabolic graph. Consider (Si)i>o a simple
random walk on G. Do we have

lim inf M < 0

n—oo \/ﬁ

Question 9 (Mixing time). Let G be a finite graph packable in R with bounded degree.
Show that mizing time is bigger than Cgdiameter(G)?. In particular the planar d = 2
case s still open.

Acknowledgments : Part of this work was done during visit of the second author to
Weizmann Institute. The second author thanks his hosts for this visit. We are indebted
to Steffen Rohde and to James T. Gill for pointing out several inaccuracies in a first
version of this work. Thanks for the referee for a very useful report.
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Sakionary “pndom Graphs

LES RESULTATS DE CE CHAPITRE ONT KETE OBTENUS EN COLLABORATION AVEC
ITAI BENJAMINI ET ONT ETE SOUMIS POUR PUBLICATION.

A stationary random graph is a random rooted graph whose distribution is invariant
under re-rooting along the simple random walk. We adapt the entropy technique de-
veloped for Cayley graphs and show in particular that stationary random graphs of
subexponential growth are almost surely Liouville, that is, admit no non constant
bounded harmonic function. Applications include the uniform infinite planar qua-
drangulation and long-range percolation clusters.

5.1 Introduction

A stationary random graph (G, p) is a random rooted graph whose distribution
is invariant under re-rooting along a simple random walk started at the root p (see
Section 5.1.1 for a precise definition). The entropy technique and characterization of
the Liouville property for groups, homogeneous graphs or random walk in random
environment [80, 81, 83, 84] are adapted to this context. In particular we have

Theorem 5.1. Let (G, p) be a stationary random graph of subexponential growth in
the sense that

nBlog (#Ba(pm)] —, 0. (5.1)
where #Bg(p,n) is the number of vertices within distance n from the root p, then
(G, p) is almost surely Liouville.

Recall that a function from the vertices of a graph to R is harmonic if and only if
the value of the function at a vertex is the average of the value over its neighbors, for
all vertices of the graph. We call graphs admitting no non constant bounded harmonic
functions Liouwille. In the case of graphs of bounded degree, Corollary 5.13 characterizes
stationary non-Liouville random graphs as those on which the simple random walk is
ballistic.

The motivation of this work lies in the study of the Uniform Infinite Planar Qua-
drangulation (abbreviated by UIPQ) introduced in [89] (following the pionneer work
of [11]). The UIPQ is a random infinite planar graph whose faces are all squares

103
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which is stationary. This object is very natural and of special interest for unders-
tanding two dimensional quantum gravity and has triggered a lot of work, see e.g.
[10, 11, 42, 49, 101, 111]. One of the fundamental questions regarding the UIPQ, is to
prove recurrence or transience of simple random walk on this graph. Unfortunately, the
degrees in the UIPQ are not bounded thus the techniques of [21] fail to apply. Never-
theless it has been conjectured in [11] that the UIPQ is a.s. recurrent. As an application
of Theorem 5.1, we deduce a step in this direction,

Corollary 5.2. The Uniform Infinite Planar Quadrangulation is almost surely Liou-
ville.

See also the very recent work of Steffen Rohde and James T. Gill [71] proving that
the conformal type of the Riemann surface associated to the UIPQ is parabolic. Ano-
ther application concerns a question of Berger [23] proving that certain long range
percolation clusters are Liouville (see Section 5.2).

The notion of stationary random graph generalizes the concept of Cayley and tran-
sitive graph where the homogeneity of the graph is replaced by an invariant distribution
along the simple random walk. This notion is very closely related to the ergodic theory
notions of unimodular random graphs of [7] and measured equivalence relations see
e.g.[82]. Roughly speaking, unimodular random graphs correspond, after biasing by
the degree of the root, to stationary and reversible random graphs (see Definition 5.3).
Using ideas from measured equivalence relations theory we are able to prove (Theorem
5.18) that if a stationary random graph of bounded degree (G, p) is non reversible then
the simple random walk on G is ballistic, thus improving Theorem A of [122] and ex-
tending [134] in the case of transitive graphs.

In a forthcoming work, the authors also use the notion of stationary and unimodular
random graph in order to show that the simple random walk on Z¢ indexed by Tk, the
critical geometric Galton-Watson tree conditioned to survive [85], is recurrent if and
only if d < 4.

The paper is organized as follows. The remaining of this section is devoted to a
formal definition of stationary and reversible random graphs. Section 2 recalls the
links between these concepts, unimodular random graphs and measured equivalence
relations. The entropy technique is developed in Section 3. In Section 4 we explore
under which conditions a stationary random graph is not reversible. The last section
is devoted to applications and open problems. It also contains (Proposition 5.22) a
construction of a stationary and reversible random graph of subexponential growth
which is planar and transient.

Acknowledgments : We are grateful to Pierre Pansu, Frederic Paulin and Damien
Gaboriau for many stimulating lessons on measured equivalence relations. We thank
Russell Lyons for comments and enlightening discussions and Jean-Francgois Le Gall for
a careful reading of a first version of this paper. We are also indebted to Omer Angel
for a discussion that led to Proposition 5.22.
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5.1.1 Definitions

A graph G = (V(G),E(G)) is a pair of sets, V(G) representing the set of vertices
and E(G) the set of (unoriented) edges. In the following, all the graphs considered are
countable, connected and locally finite. We also restrict ourself to simple graphs, that
is, without loop nor multiple edge. Two vertices xz,y € V(G) linked by an edge are
called neighbors in G and we write © ~ y. The degree deg(x) of z is the number of
neighbors of x in G. For any pair =,y € G, the graph distance dg(x, y) is the minimal
length of a path joining z and y in G. For every r € Z, the ball of radius r around x
in G is the subgraph of G spanned by the vertices at distance less than or equal to r
from z in G, it is denoted by Bg(z, ).

A rooted graph is a pair (G, p) where p € V(G) is called the root vertex. An isomor-
phism between two rooted graphs is a graph isomorphism that maps the roots of the
graphs. Let Go be the set of isomorphism classes of locally finite rooted graphs (G, p),
endowed with the distance djo. defined by

dioc ((G17p1)7 (G2’p2)> = inf{ 17 20 and (BG1(p17r)ap1) = (BGQ(/O%T)HO?)} )

r+1

where ~ stands for the rooted graph equivalence. With this topology, G is a Polish
space (see [21]). Similarly, we define Goe (resp.G) be the set of isomorphism classes
of bi-rooted graphs (G,z,y) that are graphs with two distinguished ordered points
(resp. graphs (G, (zn)n>0) with an semi-infinite path), where the isomorphisms consi-
dered have to map the two distinguished points (resp.the path). These two sets are
equipped with variants of the distance dj,. and are Polish with the induced topologies.
Formally elements of Ge, Gee and G are equivalence classes of graphs, but we will not
distinguish between graphs and their equivalence classes and we use the same termi-
nology and notation. One way to bypass this identification is to choose once for all a
canonical representant in each class, see [7, Section 2].

Let (G, p) be a rooted graph. For x € V(G) we denote the law of the simple random
walk (Xy)n>0 on G starting from x by ng and its expectation by Eg It is easy to
check that when (G, p) is an equivalence class of rooted graphs the distribution of
(G, (Xn)n>0) € G when (X,,) starts from p is well-defined. We speak of “the simple
random walk of law Pg conditionally on (G, p)”. It is easy to check that all the quantities
we will use in the paper do not depend of a choice of a representative of (G, p).

A random rooted graph (G, p) is a random variable taking values in G,. In this work
we will use P and E for the probability and expectation referring to the underlying
random graph. If conditionally on (G, p), (Xy)n>0 is the simple random walk started
at p, we denote the distribution of (G, (Xy)n>0) € G by P, and the corresponding
expectation by E. The following concept is quite standard.

Definition 5.3. Let (G,p) be a random rooted graph. Conditionally on (G,p), let
(Xn)n>0 be the simple random walk on G starting from p. The graph (G, p) is called
stationary if

(G,p) = (G,X,,) in distribution, for alln > 1, (5.2)
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or equivalently for n = 1. In words a stationary random graph is a random rooted
graph whose distribution is invariant under re-rooting along a simple random walk on
G. Furthermore, (G, p) is called reversible if

(G, X0, X1) = (G,X1,X0) in distribution. (5.3)

Clearly any reversible random graph is stationary.

Example 5.1. Any Cayley graph rooted at any vertex is stationary and reversible. Any
transitive graph G (i.e. whose isomorphism group is transitive on V(QG)) is stationary.
For examples of transitive graphs which are not reversible, see [18, Examples 3.1 and
3.2]. E.g.the “grandfather” graph (see Fig. below) is a transitive (hence stationary)
graph which is not reversible.

FiGc. : The “grandfather” graph is obtained from the 3-reqular tree by choosing a point
at infinity that orientates the graph and adding all the edges from grand sons to
grand-fathers.

Example 5.2. [21, Section 3.2] Let G be a finite connected graph. Pick a vertex p €
V(G) with a probability proportional to its degree (normalized by > uev(G) deg(u)). Then
(G, p) is a reversible random graph.

Example 5.3 (Augmented Galton-Watson tree). Consider two independent Galton-
Watson trees with offspring distribution (pg)r>o. Link the root vertices of the two trees
by an edge and root the obtained graph at the root of the first tree. The resulting random
rooted graph is stationary and reversible, see [82, 106, 107].

5.2 Connections with other notions

As we will see, the concept of stationary random graph can be linked to various
notions. In the context of bounded degree, stationary random graphs generalize uni-
modular random graphs [7]. Stationary random graphs are closely related to graphed
equivalence relations with an harmonic measure, see [122]. We however think that the
probabilistic Definition 5.3 is more natural for our applications.
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5.2.1 Ergodic theory

We formulate the notion of stationary random graphs in terms of ergodic theory.
We can define the shift operator 6 on G by 0((G, (24)n>0)) = (G, (Zn1+1)n>0), and the
projection 7 : G — Ga by 7((G, (n)n>0)) = (G, z0).

Recall from the last section that if P is the law of (G, p) we write P for the distri-
bution of (G, (Xy)n>0) where (X,,),>0 is the simple random walk on G starting at p.
The following proposition is a straightforward translation of the notion of a stationary
random graph into that of a f-invariant probability measure on g.

Proposition 5.4. Let P a probability measure on Go and P the associated probability
measure on G. Then P is stationary if and only if P is invariant under 6.

As usual, we will say that P (and by extension P or directly (G, p)) is ergodic if P
is ergodic for 0. Proposition 5.4 enables us to use all the powerful machinery of ergodic
theory in the context of stationary random graphs. For instance, the classical theorems
on the range and speed of a random walk on a group are valid :

Theorem 5.5. Let (G, p) be a stationary and ergodic random graph. Conditionally
on (G,p) denote (Xy)n>0 the simple random walk on G starting from p. Set R, =
#{Xo,..., X} and D,, = dg(Xo,Xn) for the range and distance from the root of the
random walk at time n. There exists a constant s > 0 such that we have the following
almost sure and L' convergences for P,

a.s. L1

— P (ﬂ{Xi # P}> ; (5-4)
i>1

a.s. L1

—_—

n—oo

s. (5.5)

& s|®

Remark 5.6. In particular a stationary and ergodic random graph is transient if and
only if the range of the simple random walk on it grows linearly.

Démonstration. The two statements are straightforward adaptations of [54]. See also
[7, Proposition 4.8]. O

5.2.2 Unimodular random graphs

The Mass-Transport Principle has been introduced by Haggstrom in [76] to study
percolation and was further developed in [18]. A random rooted graph (G, p) obeys the
Mass-Transport principle (abbreviated by MTP) if for every Borel positive function
F : Gee — R, we have

E| ) F(Gpuz)| = E : (5.6)

zeV(Q)

Z F(G,z,p)

zeV(Q)

The name comes from the interpretation of F