INTRODUCTION TO SEMICLASSICAL ANALYSIS

STEPHANE NONNENMACHER

Requirements: elementary functional analysis (Hilbert spaces), Fourier transform, theory of distributions.
Linear PDEs and semigroup theory. Spectral theory on Hilbert spaces (at least for bounded operators).

Following Ch.Gérard’s course on Spectral Theory would help.

Bibliography on semiclassical analysis:

e M.Zworski, Semiclassical Analysis, AMS, 2012

e A Martinez, An Introduction to Semiclassical and Microlocal Analysis, Springer, 2002

e M. Dimassi and J. Sjostrand, Spectral Asymptotics in the Semi-Classical Limit, Cambridge U
Press, 1999

Older books on microlocal analysis (that is, without the & parameter)

e A. Grigis and J. Sjostrand, Microlocal Analysis for Differential Operators, An Introduction. Cam-
bridge University Press, 1994

e .. Hérmander, The Analysis of Linear Partial Dierential Operators, Volumes I-IV, Springer, 1983-
85 (a.k.a. “the Bible”).

1. INTRODUCTION TO THE COURSE

1.1. What is this all about? Objective: analyse qualitatively and quantitatively certain types of linear
differential operators appearing in mathematical physics.

1.1.1. Originally: understand the solutions to Schrédinger equation in quantum mechanics. Originally, the
semiclassical analysis was applied to the equations of quantum mechanics. The dynamics of a massive,
nonrelativistic quantum particle is governed by the time-dependent Schrodinger eq. on Hilbert space
u(t) € L2(RY),

(1.1) ihopu(z,t) = <—2m + V(az)) u(z,t).

Here V(x) is the potential energy of the quantum particle. In these lectures we will generally assume
that the function V' (z) is smooth, and make some extra assumptions about its behaviour at infinity. The
differential operator Py = —h;—mA + V() is called the quantum Hamiltonian of the system. In physics, the
parameter h ~ 10734J.s has the dimension of an action, m is the mass of the particle (ex: Mejectron =
1073'kg). As is often done in theoretical physics, will now get rid of these dimensioned parameters.

We will reduce the dimension of the Schrodinger equation by setting the mass m 4t 1 We will also fix

a reference energy scale Ej typical of the values of V' we are interested in, and set it to unity, so there
remains only a single dimension (length=time), and we are lead to study the operator

(1.2) Py =———+V(z)
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FIGURE 1.1. 2 eigenfunctions of the Laplacian inside a stadium-shaped domain (with
Dirichlet boundary conditioins). The grey intensity is proportional to |u;(z)|?.

around the energy ~ 1 (adimensional). We notice that now [h] = length = time, the unique remaining
dimension. We can then consider the typical length scale Ly set by V(x), and remove the last dimension
by setting Lo = 1. All quantities are now dimensionless, and h takes a certain numerical value. Is it
small? Large? Medium? Notice that the original dimensional parameter i had the dimension of an action
[h] = [ET]; given the 3 dimensional quantities Fy, m, Lo, we see that the only action we can construct is

So = Eé/Zml/QLo. We should thus compare i = 10734J.s to the value of the action Sp.

The assumptions we will make on V() will induce that the operator Py is self-adjoint on L?(R?), with a
dense domain D(P;) C L?; its spectrum will therefore be real. One major goal of quantum mechanics is
to analyze quantitatively the spectra of such operators. In the cases we will study, spectra will often have
a discrete component made of isolated eigenvalues of finite multiplicities

(13) PﬁUﬁ,i = Eﬁ,ium, 1= 0, 1, 2, oo
In this situation we will be interested in the following spectral data:

(1) the distribution of the eigenvalues {£; 1}, in some fixed interval (indep. of h)
(2) the spatial (and more generally, phase space, or microlocal) localization properties of the eigen-
functions w; p.

1.1.2. Semiclassical limit = fast oscillatory functions. As often the case in analysis, one can make effective
computations only in presence of a small (or large) parameter, meaning in some asymptotic limit. The
semiclassical limit consists in analyzing the operator P in the regime A < 1. This corresponds to
wavefunctions u(z, t) which oscillate fast in position, compared with the macroscopice scales (Az ~
1).

A local model to keep in mind is that of the pure Laplacian, which describes the free motion of a quantum
particle (V = 0). Then, the equation —h2Au = 1 can be solved locally by linear combinations of plane
waves with same wavelength 27h < 1:

u(z) = / (&) e/ e,
gd-1
These waves oscillate on scales ~ & much smaller than the global scales of the problem (Lo ~ 1). Here
u(€) is, up to normalization, the (semiclassical) Fourier transform of u(x).

Such oscillatory functions can be very complicated at the microscopic scale (cf. pictures of eigenmodes of
billiards). In general there are no explicit, or even approximate expressions for the eigenmodes.

Furthermore, because £ is in front of the most singular term (in the PDE sense: the highest derivative
term), the limit A — 0 of the Schrodinger equation is singular.

What do we gain from studying this semiclassical regime?
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Claim. in the semiclassical regime h < 1, we will be able to connect the Schrodinger equation (a linear
PDE) with the classical mechanics of point particles (a Hamiltonian Ordinary Differential Equation),
and thereby gain nontrivial informations on the eigenmodes wu; ;(z).

1.1.3. Applications of the semiclassical formalism to the wave equation. Semiclassical analysis is closely
connected with the microlocal analysis of linear PDEs, which was introduced in the 1960s. The typical
example of equation dealt with is the scalar wave equation on R%. The original equation reads

(07 — 2A) u(z,t) =0,

where ¢ > 0 is the speed of sound, which we assume homogeneous (position-independent) and isotropic.
We may then reduce the dimension of this PDE by setting ¢ = 1, thereby obtaining a dimensionless wave
equation (02 — A)u = 0.

What is the connection between the wave equation (with no small parameter involved) and
the semiclassical Schrodinger equation?

Firstly, the wave equation is a second order differential equation w.r.t. the time. Since —A is a positive
operator, we may factorize the wave equation into

(Zat Y —A)(z@t + Vv —A)'LL = 0,
that is the product of two first order equations which have the form of the Schrédinger equation
(1.4) i0pv = £Pv, with P =+v—-A.

Each of these equations (they are mapped to one another by a time reversal) is called the half-wave
equation. Solving the half-wave equation obviously provides a solution of the wave equation.

Microlocal analysis starts when considering the high frequency components of the solution v(z,t). To do
so, we may split the Fourier space R? 3 n according to the value of ||, using a dyadic decomposition (such
a decomposition is called a Paley-Littlewood decomposition). Namely, let us consider a smooth partition

of unity on Ry
I=xo0+ Z Xns
n>1

with supp x, C (2"71,2""1) for all n > 1, supp xo C [0,2). Using this partition of unity, we split the
initial data v(z,0) = f(x) for the equation (1.4) in Fourier space. Namely, using the operator P we define

The operators x,(P) are Fourier multipliers. Indeed, if we denote by
Fin) = 2m) " [ fa)e e

the Fourier transform of f, each f,(z) can be obtained by

fulz) = (2m)0? / FL@) xalln]) €7 dn.

We then have for initial data f = ) -, fn, with each component f,, being composed of Fourier modes
at scales |n| ~ 2". By the linearity of the equation, we may solve the equation for each component

independently. If we take f,, as initial data, the solution v, (z,t) will also be composed of such Fourier

modes for any ¢t € R. We may rescale this Fourier scale by inserting an artificial parameter A = h, def 27

and write the half-wave equation as

(hD; — Pp) vy = 0, with P, = hP = h/—A.
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By doing so, we end up with a semiclassical Schrodinger equation (that is, with a small effective parameter
h), with the solution v, (z,t) having the property that, at each time ¢, its semiclassical Fourier transform

[Frvnl (€:1) « (2mh)~/? /Un(ﬂc7 t) e ma/h gy

is supported in the region {[¢| € (1/2,2)}. Equivalently if we consider I, = 1(;/59)(P;) the spectral
projector of P associated with the interval (1/2,2), we have at each time (II; — 1)v,(t) = 0.

After this rescaling, the set of equations {(hn, Dy — Pp,) vn = 0, v5(0) = fn}, cn is viewed as a subset of the
family of semiclassical equations {(hD; — Py) vy =0, v(0) = f, ﬁ}he[m), with the functions f5, assumed to
be spectrally concentrated (w.r.t. Pj) in some fixed interval I C Ri. The high-frequency limit || — oo
has been transformed into a semiclassical regime i — 0. The setup is now similar to the preceding one,
except that the Schrodinger operator P = —hQTA + V(x) has been replaced by the half-wave generator

P = V—h2A.

In the case of the wave equation, the corresponding classical dynamics is the geodesic flow (or ray dynam-
ics). This procedure can be adapted to the case of waves travelling on a smooth Riemannian manifold,
with or without (smooth) boundaries.

1.2. Quantum Mechanics in a nutshell.

1.2.1. Wavefunctions and probability distributions. Quantum Mechanics was developed, as a (pretty strong)
modification of classical mechanics, more precisely Hamilton’s formulation of conservative (dissi-
pationless) classical mechanics, which we will review in section 2 below.

In classical mechanics, the state of a particle at time ¢ is uniquely and precisely described by the data of
its position x(t) and its velocity 4(t), or equivalently its momentum (“impulsion”) £(¢). Mathematically,
a difference between the two points of view is that #(t) € TRY is a tangent vector, while £(¢) € T*R? is a
cotangent vector. This difference is not really relevant when working on R, and when the Hamiltonian
is of the form p(x,£) = [£]?/2 + V(x). The phase space of classical mechanics is the cotangent space
T*R? ~ Rf x R,

In quantum mechanics, the state of a particle (say, an electron) is described by a wavefunction u(z,t),
which is a time-dependent, complex-valued function u(t) € L?(R?) with unit norm. The wavefunction u(t)
represents the particle as a wave, which is hence intrinsically delocalized. Alternatively, it describes a point
particle, whose position (or momentum) cannot be known deterministically, but only probabilistically.
That is, if one performs a position measurement on the particle at time ¢, one cannot in advance predict
the outcome of the measurement, but only provide a probability distribution of the outcome,
given by the function |u(¢,z)|? (remind that we require ||u(t)||;2 = 1). The function u(z,t) is called the
(position) probability amplitude.

The wavefunction u(z,t) simultaneouly describes the momentum of the particle, which is associated with
the Fourier variable, at the scale A~!. Namely, the De Broglie correspondence states that a flux of particles
of momentum & € R? is described by the plane wave

&g
ugy () = Ceh, zeR

that is, the momentum § corresponds to a wavevector 19 = &y/h. Any wavefunction u(x,t) can be
decomposed in such Fourier modes, using the semiclassical Fourier transform:

(1.5) u(x,t)zwlw / G E Oy de, Al t) = [Fau(t)] (€) = — o / 6/ My, 1) d

(27h)
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Here £ — (&, t) represents the momentum amplitude of the state u(t). If one proceeds with a momentum
measurement (what people actually do in particle accelerators), the outcome is a random variable, following
the momentum probability density |0 (€,t)|?.

As a result, the same function u(z,t) allows to represent both the position and momentum probability
distributions. Clearly, changing the phase of u(z,t) won’t change |u(z,t)|?, but it will generally impact
the momentum density |@(¢,t)|%.

1.2.2. Observables in classical and quantum mechanics. If the wavefunction u(x) is nice enough, say in the

Schwartz space u € .#(R?), then the distributions of the position or momentum variables can be described

through their moments. Namely, for any multi-index' o € N?, the moment? of this variable, E,z®, is finite.

This moment can be interpreted as a “diagonal matrix element” of a corresponding multiplication operator
Op(z?) : u(z) — z%u(z).

For o # 0 this operator is unbounded on L?, but it has a dense domain on which it is selfadjoint. Any
function u € . belongs to this domain, and we have

Eua® / dz Ju(z) P2 = (u, Op(z®)u) 12(a0).

Similarly, the moments of the momentum variables can be viewed as matrix elements of corresponding
momentum operators. Indeed, for any multi-index 3 € N¢, the average of the variable £, for a particle in
the state u(z) € .7, is defined as

E,&" = / de [(€)PE™ = (0, £70) 12 qe).

Now, we would like to express this matrix element in terms of the original wavefunction u(z). A straight-
forward computation shows that the multiplication operator by £¢ is transformed, through the A-Fourier

transform, into the differential operator (%8)0‘ def (RD)®: for any u € .7 (RY),
1 ean B \¢
Frt (eea(e))] (o) = [(a) u} (@)

Since u is obviously in the domain of the operator Opy(£“) def

Euga = <’U,7 Oph(ga)u>L2(d1’)7

(hD,)*, we may write

where the scalar product is in L?(x).
Here we have let correspond:

- to the position variable x; the operator of multiplication by z;, which we denote Op(z;) = Opp(z;) (this
operator is independent of ).
)

- to the momentum variable §; the differential operator hD,,; = i% = Opy,(&;) (this “momentum opera-
J

tor” explicitly depends on h).

Position and momentum form a first set of variables describing the state of particle. Such variables, which
can be experimentally measured, are called observables in quantum mechanics.

More generally, one calls classical observable a smooth, real valued function on phase space a € C* (Riflg, R),

while a quantum observable is a selfadjoint operator A : L?(R%) — L?(R%) (often unbounded, in which
case we'll assume its domain D(A) to be dense in L?). A classical observable can be used to test the

1

a = (a1,a2,...,aq4) with a; € N, and we note z® = z{'x5? - 257

[ex| .
8“:ﬁ,wnh la] = a1+ + aq.
w1y zq

2In physics such expectation values (“averages”) are usually denoted with brackets, E,z% = (z*). We will try not to use
this notation, to avoid any confusion with scalar products.

Similarly, we will note the multi-derivative
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position of a classical particle, or of a distribution p(z, &) of particles in phase space through classical
averages [ p(z,€)a(z,&)dz d§. Similarly, quantum observables can be seen as “test operators”, helping to
grab the structure of the wavefunction u through quantum averages (u, Au).

Remark 1.1. What is the interpretation of such a quantum average? As a selfadjoint operator, the operator
A can be experimentally measured. For a general state u, the output of the measurement cannot be
predicted with certainty, but is described by a random variable, which will take different values if we
repeat the measurement many times (re-constructing the same wavefunction u before each measurement).
Assuming u is nice enough, that random variable can be described in terms of its moments, which are
given by the matrix elements (u, A"u), n > 1.

In the case when A has pure point spectrum (a;, ¢;), the quantum averages simply depend on the overlaps
between v and the eigenmodes ¢;:
(u, A"u) Za u, ¢i)|?

The measurement of the observable A will give the Value a; with probability |(u, ¢;)|*.

1.2.3. Quantization: from classical to quantum observables. Quantum mechanics establishes a correspon-
dence between classical and quantum observables, through a quantization procedure

(1.6) a € C®(R*) — A = Op,(a)

mapping a classical observable (a function on phase space) into a quantum observable (an operator on
L?). This quantization procedure lies at the heart of semiclassical analysis. Our lectures will be devoted
to a precise study of such a quantization procedure, and of its various consequences.

We won’t give yet the precise definition of this quantization, but only a few relevant properties:

(1) the position monomials % are quantized into the corresponding multiplication operators

(2) the momentum monomials £* are quantized into the above differential operators (hD,)“

(3) quantization is a linear operation: Opy(aa+/3b) = a Op;(a)+8 Opy(b) (here we don’t pay attention
to questions of domains).

(4) quantization should map real valued functions into (essentially) selfadjoint operators.

The last property is specific to quantum mechanics applications, and will lead to the so-called Weyl
quantization. In the study of linear PDEs is is often customary to introduce different (yet related) forms
of quantization, which do not necessarily satisfy requirement (4).

By taking linear combination of monomials we get polynomials, which are in some sense “dense” in the set
of smooth functions. Hence, it is reasonable to expect the following extension of the above properties:

(1’) a smooth function (which does not grow too fast at infinity) a(x) is quantized into the multiplication
by a(z).

(2’) a smooth function b() is quantized into the Fourier multiplier b (hD,,), a first example of pseudo-
differential operator.

We will need to be more precise on the growth conditions we have to impose on the function a,b. We will
be lead to introduce various spaces of appropriate functions (which are called symbols in this context).
Such functions will be smooth, with controlled growth or decay at infinity, and they may depend explicitly
on the parameter A, still in a controlled way.

Problem 1.2. How to quantize a function (say, a polynomial) depending on both z and £? From the
above properties we naturally end up with ordering questions. Indeed, the operators Opp(z;) and
Opp(&;) do not commute, but satisfy the commutation relations

[Opp(;), Opp(&k)] = ihdjk (where 0, is the Kronecker symbol).
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What should then be the quantization of the observable z;£;? We easily check that neither A; def

Opp(z;) Opp(&;) nor A &t Opy(&5) Opy(z5) are symmetric operators, so they don’t satisfy the requirement
4. A mixture of the two operators, namely %, will “do the job”.

Such ordering problems, coming from the noncommutation of operators, are also at the heart of the

Proposition 1.3. [Heisenberg uncertainty principle/

For any state u € #(R), with ||u||;2 = 1, the variances of the position and momentum variables satisfy
the constraint:

(Eu(a?) - E(2)2) (Eu(€2) — Eu()?) = h2/4.
This expresses the fact that the uncertainty in position and the uncertainty in momentum (or h-Fourier
variable) cannot be simultaneously arbitrarily small.

Exercise 1.4. Prove the uncertainty principle (in 1 dimension). For this aim, consider the state vy =
zu + iAhDyu for A € R, and use the fact that |[vy|| > 0 for any A € R,

1.2.4. Microlocalization of semiclassical states: using observables as “quantum test functions”. One role of
quantized operators Opj(a) will be to detect the concentration of a state u(x) (or rather, of a family of
h-dependent states (up)pe(o,1]) in some phase space region €2 C RY x Rg.

For a spatial region €, (assumed to be a domain of R%), one measures the weight of uy in €, by taking
the matrix element (up, 1o, up) € [0,1]. One can also measure the weight of uy, in a Fourier region ¢ by
taking the matrix element (uy, lo, (ADz)us) € [0,1]. Notice that this weight corresponds to wavevectors
n = h™'¢ of moduli ~ A~!: we are measuring the weight of large wavevectors, corresponding to oscillations
of up(x) at the scale ~ h.

The idea of microlocal analysis is to measure both types of concentration (space vs. Fourier) simultane-
ously. For instance, the weight of uj, in the product region €, x )¢ could be defined by (up, 1o, (hDy) 1, up).
However, this expression is not so nice: the operator 1o, (hD;)1g, is not selfadjoint, hence not an observ-
able. We could make it selfadjoint by taking instead %(]IQE(th)]lQI + 1, 1o, (hDy)), yet properties of
this operator will suffer from the discontinuity of the characteristic functions lg,, lo,, namely the fact
that the Fourier transform of a discontinuous function exhibits strong fluctuations (Stokes oscillations).

To avoid these problems, it is more reasonable to smoothen the characteristic functions into functions
Xz € CZ(RE,[0,1]), x¢ € Cgo(Rg, [0, 1]) satisfying, for some small € > 0,

(1.7) Xz = 1 on Qg, Xz is supported in the € — neighbourhood of €,

(and similarly for x¢ w.r.t. €¢). This way, the operators Opp(xz) = Xz and Op,(xe) = xe(hDy) are
better behaved upon composition, and we could take for the weight in €, x ¢ the matrix element
(un, Opp(xz) Ops(Xe)un), or its symmetrized version. Another, somewhat more natural possibility would
be to take for the weight (up, Opp,(x2X¢)un), where the operator Opy(xzx¢) will be selfadjoint if we choose
an appropriate (e.g. Weyl) quantization procedure.

This definition of the weight can be extended straightforwardly to any domain Q C R? x R?, by smoothing
the function lg(z,£) into some smooth cutoff xq(z,§), and taking (up, Ops(xQ)un)-

This type of weight is called microlocal. Here the prefix “micro” does not refer to “microscopic”’, but rather
to “phase space”, or “simultaneously local in position and Fourier”. There is some freedom in the definition
of the weight, since the cutoff xq, satisfying the analogue of 1.7, is not uniquely defined. Also, the
operators Opy,(xz) Opp(xe), its symmetric version, and Opy(xzXx¢) are not equal, so do they measure the
same localization phenomenon? These operators belong to the class of h-pseudodifferential operators; we
will see in section 3 that the difference between these operators is of order O(#h), hence becomes negligible
in the semiclassical limit.
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FIGURE 1.2. Microlocalization inside a domain {2 = €2, x 2¢ and its e-neighbourhood €2,
using smooth cutoff functions.

Another way to interpret a quantized cutoff such as Opy(xq) is as an approximate phase space projector.
Namely, for an arbitrary function uy, we may view v, = Opy(xq)un as the “projection” of uy, in the phase
space region . The term “projection” has to be understood with some care. The operator Op;(xq) is
not a projector, since Op;(xa)? # Opy(xa). This operator is not even positive. And the cutoff yq leaks
away from  (by a margin < €), so vy could also have some components outside 2.

Yet, this method of “approximate projection” (a more proper term would be “microlocalization”) will prove
useful to analyze semiclassical families of states (up)p. It will lead to the notions of semiclassical wavefront
set WEy(up) and of semiclassical measures jisc associated with a sequence of functions (up)se(o,1), which
are two ways to measure the microlocalization of u;. Roughly speaking, WF},(uy,) records the phase space
points where u is not microlocally residual® (O(h™)), while the semiclassical measure 15, keeps track of the
points where u is not microlocally o(1). One of the outputs of semiclassical analysis is to give informations
on the wavefront sets and semiclassical measures associated with sequences of eigenstates u; of some
operator Pj.

1.3. Time evolution in quantum mechanics. One is naturally interested in the time evolution of the
wavefunction, to understand how the particle evolves. In quantum mechanics this evolution is governed
by a Schrodinger equation of the type (1.1), where V() is the potential energy of the particle at point x.
More generally, it will be given by a Schrédinger equation of the form

(1.8) iowu(t) = Pryu(t), teR, u(0)=up,
for some self-adjoint operator P (usually a differential operator) called the quantum Hamiltonian.

In the next subsection we recall that the Schrodinger equation is globally well-posed for any intial data
ug € L?, and admits a unique solution u(#) expressed by the action of the Schrédinger (semi)group

(1.9) u(t) = Up(t)ug, teR.

which is formally represented by
Ur(t) = exp (—itPy/h) .

The group operators U(t) : L? — L? are all unitary, which allows the normalization ||u(t)||z2 = 1 at
all times. The operator Uy(t) is usually called the propagator associated with the Hamiltonian Py (it
propagates the quantum state ug to future times).

3A quantity is Q(h) = O(h™) if, for any N > 1, there exists Cy > 0 such that |Q()| < Cxh" for all h € (0, ho].
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1.3.1. Reminder on semigroups. An strongly continuous group on L? is composed of a function S : R —
L(L?, L?) taking values in bounded operators, such that

(1) S(0) = Id

(2) For any t,t' e R, S(t+t') = S(t) o S(¥)

(3) The function S(t) is strongly continuous: for any u € L2, limy ¢ ||S(t)u — ul| = 0.
If the operators S(t) are all unitary, one speaks of a unitary group.

One can define the infinitesimal generator of a group S(t). It is a linear operator A on L?, which may be

unbounded. Its domain D(A) is defined as the space of vectors u € L? such that u_ft(t)u admits a limit

when ¢ — 0; the limit is then defined to be Au. This shows that ¢ — wu(t) is differentiable at ¢t = 0, with
dS(t)u
dt

|t:0 = —iAu.

By using the 2d property, we see that the function u(t) = S(t)ug satisfies, for any ¢ € R, the evolution
equation

1.10 '
(1.10) i

The function u(t) = S(t)ug is solution of this evolution equation in two possible senses:

o if ug € D(A), then u(t) € D(A) for all t € R, the function ¢ — u(t) is C*(R, L?), and u(t) satisfies
(1.10) in a strong sense.
o if ug & L2\ D(P;), then u(t) is a solution of the equation (1.8) in a weak sense: for any test function

Y € CL(Ry), the state uy, o Jg dt¥(t)u(t) is in the domain of Py, and it satisfies Pyuy = —ity.

For a unitary group, the generator (A, D(A)) is automatically selfadjoint.

1.3.2. Understanding time evolution: semiclassical propagation of singularities. A major goal of quantum
mechanics is to understand, as quantitatively as possible, the evolved state u(t), depending on the Hamil-
tonian Pj and the initial state ug. In the present semiclassical perspective, this evolution will be linked
with another type of evolution, namely a Hamiltonian flow on the phase space RZ x Rg generated by some
Hamilton function p(z,€), called the principal symbol of the (family of) operator(s) P;. We have already
explained some notion of microlocalization of a state (uz). The type of question one would like to address:

Assuming that the initial data (uy) is microlocalized in some set Q € R??, can we say
something about the microlocalization of its evolution up(t) = Ux(t)up?

The formalism we develop below, in particular Egorov’s theorem, allows to answer to this question. The
locus of microlocalization (i.e. the wavefront set) of wy(t) is transported according the Hamiltonian flow
<I>1'§7 : R?2? — R?? generated by the function p(z,¢). For example, in the case of the Schrodinger operator
Py = —h?A /24 V (x), the principal symbol (which is, actually, its full symbol) is p(z, &) = @ +V(z), the
sum of the kinetic energy and the potential energy. The Hamiltonian flow just follows Newton’s equations

in the case of a conservative dynamics. Proving this type of transport (through Egorov’s theorem) is one
of the goals of the present course.



10 STEPHANE NONNENMACHER
2. HAMILTON’S FORMULATION OF CLASSICAL MECHANICS

2.1. From Newton to Hamilton. A classical particle on R? is described by a trajectory z(t) € R%. At

each time ¢ is occupies a single point () € R?, and has a velocity @(t) = dfg) € R The motion is
determined by Newton’s law (1st principle of mechanics):
(2.1) mi(t) = F(a(t)),

where F' : z + F(z) € R? is the force field at position z (here we assume this force field to be time
independent). Since this equation is of second order in time, ODE theory shows that, provided F(z) is
smooth near x(0), the intial data (z(0),#(0)) suffice to specify, at least locally in time, the trajectory

(@(t)ser-

Remark 2.1. The trajectory may explode at finite time, e.g. one may have x(t) 2T, o even if F is
smooth everywhere. This cannot be the case under appropriate conditions on the force field F' (e.g. if
F(z) does not grow too fast at infinity).

In the following we will always assume that the trajectories remain finite for any real time, so that (x(t));
is well-defined for all ¢ € R. One then says that the flow is complete.

The force field F(x) is said to be conservative if it derives from a potential energy (which we will call
“potential” for short) V : 2 — V(z) € R:*

(2.2) F(z) =-VV(x).
In this case, the the total mechanical energy
m|z|?

E(x,&) = Epin +V = 9

+ V(z)

is preserved during the evolution: %E(w(t), z(t)) = 0.

It is useful to slightly change variables, by defining the momentum of the particle, which in this Euclidean
setting reads”

§(t) = ma(t).
The dynamical variables specifying the motion of the particle are now (z(t),£(t)) € R? x R% The me-
chanical energy can now be cast into Hamilton’s function

2

(2.3 H.&)= 0 v,
a function over the phase space R?? = RZ x Rg. We will sometimes denote by p = (z, ) a phase space
point.

After this change of variables, Newton’s law (2d order eq. on d variables) can be cast into Hamilton’s
equations over the phase space (1st order egs. on 2d variables):
{a‘s(t) = UL (x(1), (1)

(2.4) — p(t) = Xulp)

) =G @(n),£()
The RHS defines the Hamiltonian vector field p € R* s Xy (p) € T, pRQd = R?¢, which generates the
Hamiltonian flow associated with the hamilton function H:

By : p(0) = (2(0), £(0)) € B 15 By (p(0)) = p(t) = (a(t), (1)) € B>

4the negative sign implies that the particle “rolls down” the energy landscape: it is attracted by low values of the potential.

5Beware that we will use PDE’s notation (z, &) for the position-momentum. In classical mechanics and quantum mechanics,
one rather uses the notations (z,p), or also (g, p), like in symplectic geometry. Similarly, the notation p = (z, ) for a phase
space point seems typical of PDEs, symplectic geometers prefer = (g, p)!
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Being a flow means that (provided everything is well-defined),
e (p) = 4(2°(p)),
both for positive or negative times.

Remark 2.2. This Hamiltonian formalism is not restricted to functions of the form (2.3), but can be
generalized to arbitrary (smooth enough) functions H(z,§) on phase space. Most of what we will say in
this subsection applies in this higher generality, and defines a Hamiltonian flow on R2?.

Here again, the flow may not be defined for all time.

Remark 2.3. We will assume that H € C*(R??), and that the flow ®%; is complete.

In this context, the conservation of energy now reads as follows:

Proposition 2.4. The Hamiltonian flow ®%; leaves invariant the value of the Hamiltonian.

Ve R, Vp e R,  H(®Y(p)) = H(p)

Proof. Explicit computation using Hamilton’s equations (2.4)

dH OH . OH ;

As a consequence, the phase space R?? is naturally foliated into energy layers

g Y H N E) = {p e R, H(p) = B},

and each layer Y is invariant through the flow ®%;. Hence, one can study the property of the flow &%,
on each energy layer independently of the other ones.

Definition 2.5. A fixed point for the flow ®; is a point p. € R2? for which X (p.) = 0. Such a point is
called critical. The corresponding energy H (p.) is called a critical energy.

The implicit function theorem shows that, if the energy E is noncritical, then ¥r C R?? is a smooth
embedded hypersurface.

2.2. Symplectic structure. This formulation of conservative mechanics is equivalent with Newton’s
formulation. What we gain is a explicit new invariant structure, namely the symplectic structure on
T*R? = Rg x RZ, which is explicitly given by the nondegenerate 2-form on R2?:

d
(2.5) w=Y_d&Adaj.
j=1
This notation means that for any two vectors V = (“;z), W = (I‘/,VVE) € TpRQd ~ R2d,
def 0 I
w(V,W) = Z%ij — Vo, We, = (JV,W),  where J = ( 1o > :
J

This 2-form is obviously nondegenerate and closed. The Hamiltonian vector field can be defined using the
symplectic form, by the following equation:

2.6 ix,w=—dH < VYV e T,R* w(Xy,V)=—dH(V
H p

6Most physics or mechanics books choose instead w = Z?Zl dzj NdE;, this sign change is just a matter of convention. We
will use the present convention to conform with PDE convention.
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Definition 2.6. The symplectic form generates the Poisson bracket on R2? which is the following
bilinear operator on smooth observables. For any pair of functions f,g € C'(R??), the bracket is the
function on R?? defined by:

win OO0 050y
Zafjaxg 8$j85j_ng_ Xof = w(Xy, Xn)

{f.9}
If f = H is the Hamiltonian, we have
{H, 9} = Xng = —dH(X,),

defines the infinitesimal change of the observable g evolved along the Hamiltonian flow ®,:
d t
(2.7) {H,g} = ;9°Pn =

Proposition 2.7. The Hamiltonian flow <I> preserves the symplectic form. In other words, the pull-back
of w through the flow is equal to w:
(@3{)* w=w

Proof. One can write down the explicit infinitesimal transformation of w under the vector field Xp, in a
slightly sloppy way:
W =Y d&; Adaj + dé; A di;
= —d(0s,H) Ndz; + d&; Ad (0, H)
=3 (03 Hdy + 02, ¢ HASy) A day+ dé; A (02, Hdwy + 62, dgi.)

The cross-terms déj A dz; cancel each other. We may now invoke the fact that (62 , H) and (852 ¢ H) are

TjTp
symmetric matrices, while dxy A dx; and d§; A d§;, are antisymmetric, to kill the remaining terms, and get

w=0.
A faster (and more geometric proof) uses the Cartan formula:
w=Lxyw=d(x,w)+ tx,dw.

The closedness of w kills the second term. On the other hand, tx,w = —dH, so we get zero. O
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3. (SEMICLASSICAL) QUANTIZATIONS ON R2?

We now present and investigate the quantization procedure mentioned in the introduction, which maps a
function a(z, &) (classical observable) to a linear operator Op;(a) acting on L?(R%) (or a smaller functional
spaces dense in L?, like the Schwartz space .#(R%)). We will actually present a family of quantization
procedures (indexed by a parameter ¢ € [0, 1]), compare them, and show that the differences between
these different quantizations become small in the semiclassical limit. One particular choice (¢ = 1/2, or
Weyl quantization) will have one distinctive advantage, namely map a real-valued function to a symmetric
operator.

Notation: Following the use in quantum mechanics, in our notes the scalar product on L?(R%) will always
be antilinear in the first argument, and linear in the second one:

Va, 5 € C, (o, Bv)y = afB{u,v).

As a prerequisite, a quantization procedure should satisfy the following constraints (at this stage we do
not care about the regularity or growth of the function):

(1) a function a(z) is quantized into the multiplication operator by a(z).

(2) a polynomial p(&) is quantized into the differential operator p(hD,), where recall the notation
D, = %ax. (notice that D, enjoys the property to be symmetric: (u, Dy;v) = (Dg;u,v)). More
generally, a smooth function a(§) is mapped to a Fourier multiplier a(hD,).

(3) quantization is a linear operator.

What is the use of such a quantization? What form of operators are produced this way?

(1) The quantum Hamiltonian (the generator of the Schrédinger flow) Py, = —EZTA + V(z) is obtained

a quantization of a classical Hamiltonian p(z,§) = @ + V().

(2) the class of operators we obtain contains differential operators, but also a larger class of (semi-
classical) pseudodifferential operators, or h-pseudodifferential operators (A-WDO for short).
Eventhough the Hamiltonian is usually a differential operator, the following derived operators are
genuine pseudodifferential ops: its resolvent (P, — z)fl, or its noninteger powers (P, — z)°, more
generally functions f(Py) which are useful when analyzing its spectrum.

(3) the class of pseudodifferential operators also contains phase space cutoff operators Opy(x), x €
C’g"(RQd), which are useful to analyze the microlocalization properties of wavefunctions, that
is, their localization properties both in position and momentum (Fourier) space.

(4) Although the quantization can be defined for any value of & > 0 (e.g. A = 1), the theory becomes
quantitatively useful in the semiclassical limit 0 < A < 1, and this is the asymptotic regime
we'll be considering. The reason is, the objects (wavefunctions / Schwartz kernels of operators)
develop fast oscillatory phases in this limit, which allows to use nonstationary vs. stationary
phase estimates of relevant integrals, leading to expansions for these objects in terms of asymptotic
series in powers of A. These semiclassical expansions are at the heart of pseudodifferential calculus,
and globally of semiclassical analysis; the properties of operators Opy(a) can be directly read in
terms of their symbols a € C>°(R??)

Remark. Following the terminology of quantum mechanics, we have called the phase space function a(z, &)
a classical observable, and its quantization Opy(a) a quantum observable. In the context of linear PDEs,
the phase space function a(z, §) is called the symbol of the (family of) operator(s) Opy(a). The symbol map
is the inverse of the quantization map’. This symbol map depends on the specific quantization procedure.
We will sometimes speak of right, left, Weyl symbol, in reference to these different quantizations.

"We will see that the quantization is indeed an invertible procedure, at least formally.
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3.1. Quantizations of symbols in the Schwartz space .7 (R??).

3.1.1. Symbols depending on x or &. In order to give a unifying framework for the quantizations of function
f(z) and g(&), we will write these operators in a similar form. For a while we will let our operators act
on wavefunctions u € .7 (R%) only. Let us start with the multiplication operator by f(x):

Opy(£)ul (&) = f(@)ul)
= 5 e U _d
= [ ¢ 1) ) (O
(3.1) = // ¢S f(@)uly) (;lfr%/d~

In the last line the integral is not absolutely convergent, but uses the representation of the delta distribution
as an oscillatory integral:

_ &2 d§
50("[")_/]1@6 (2rh)d

This expression is a formal way to express the fact that the Fourier transform of the distribution Jg is a
constant function: Fpdp(§) =

1
(2rhyr2"

Exercise 3.1. Prove this integral representation by multiplying the integrand by the factor 6*652, and
letting € \, 0. Later we will alternatively “tame” such oscillatory integrals through formal integration by
parts.

The quantization of the momentum function g = g(§) can be represented similarly:

[Opy(9)u] () = [F, H(9Fnu)] (x)
o de
(27h)d4/2

=[] < aoum G

Note that this double integral is absolutely convergent as long as g(£) decays fast enough when [£| — oo,
e.g. if g € Z(R?).

3.1.2. General symbols a(x,€): Right and Left quantizations. The composition of these two operators
yields the expression:

(3.2) [Op4(f) Opy(g)u] () = / / ¢S F@)g(€)uy) (Czlfr%}d

Viewing this expression as a possible quantization of the function f(x)g(£), leads to the following definition
for the quantization of a general observable a(z, ). We will start by considering very nice symbols, namely
assume that a € .7 (R?%).

Definition 3.2. (Standard = Kohn-Nirenberg = Right quantization) For any symbol a(xz,&) € 7 (R??),
its standard (semiclassical) quantization is defined by

[Opfi(a)u] () = / ¢ alx, €) (Fiu) (5)(27%(1/2 - / / ¢ a(z, ©)uly) (;li Z?)Jd

The integral is absolutely convergent if the wavefunction u € .#(R%). This operator Opg(a) will also be
denoted by a(x, hD).
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This definition generalizes the product (3.2): for the product observable a(z,&) = f(z)g(§), the right
quantization corresponds to

Opf(f(x)g(€)) = Op,(f(x)) Ops(g(E))-

This ordering corresponds to applying the derivative operators (Fourier multipliers) on the right and the
multiplication operators on the left. This is the reason why this quantization is called the right quantization.

Alternatively, ordering Op;(f) and Opy(g) in the opposite way to (3.2), we would obtain

Omn(s) Om(l ) = [ [ T a0t G * [Opk 67 (@) u(o)

Viewing this as the quantization of a(z,§) = f(x)g(§), leads to an alternative quantization, called the left
quantization, where multiplication precedes differentiation:

Definition 3.3. (Left quantization) The left (semiclassical) quantization of a symbol a(z, &) € 7 (R?9) is

defined b
’ ') L def if'(z{y) df dy
[ 1574 (a)u] (x) = //6 a(y, §)uly) @2rh)d

Note that the integral is now absolutely convergent, provided u € L>®(R%), or even if u(y) grows polyno-
mially when |y| — oo.

The right and left quantizations are related to one another by duality.

Lemma 3.4. For any symbol a € .7 (R?*%), and any wavefunctions u,v € .7 (R%), we have the symmetry
relation

(u, Opy(a)v) = (Opz (@)u, v).
As a consequence, the formal adjoint of OpE(a) (viewed as acting on L*(R%)) is Opk(a).

We will see below that Oth(a) is bounded on L?, so the formal adjoint is the true adjoint.

Proof. Easy exercise by integration by parts.

d¢ dy
(u, Oph // dz u(x a(m,g)v(y) )
s Ey—x) _ d¢ dx
= ]ttt a0 G
Oph( Ju, ).
Here we applied the Fubini theorem, using the fact that the integral converges absolutely. O

Claim 3.5. For a generic, real-valued function a(z,£), the operators OpZ(a) and Opk(a) act differently
on .7 (R%).

This is the case in particular for symbols of the form a(z,&) = f(x)g(&), because the operators Opy(f(z))
and Opy(g(€)) generally do not commute with each other. This is easy to verify when we take for g(§) a
polynomial of degree > 1 (such a polynomial is not in the Schwartz space, but its action on .7 (R%) still
makes sense).

Example 3.6. For instance, if g(§) = &1, we get the commutator

h
[hDy,, f(x)] = gﬁmlf(ac), a multiplication operator.
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For g(§) = &1&o, it gives

hDy hD,, f(x) = hD,, <f(ar:)hDgC2 4 h

Zaﬂmf(w))
= [1Dey, f()] WDy + [(@)hDyhDa, + (0D 01, ()] + i, D

= [WDe, WDy, f(2)) = 500, F@)Da, + 200, F(2)N D, — 1202, (),

now a first order differential operator, which can be written as the right quantization of the symbol
h h
;axlf(l‘)éé + ;8332]0(17)51 hQaglng( )

These examples are differential operators. If g(§) is a polynomial of degree n, then [g(hD,), f(x)] will be
a polynomial operator of degree n — 1, with the highest degree terms depending on the first derivatives of

I
Remark 3.7. Any Fourier multiplier Opy(g) can be expressed as a convolution:
[g(hD)u] (x) = F, (g Fnu) = (Fy 'g) * u.
Hence, the two operators Opj(f) Op,(g9) = OpE(fg) and Opy(g) Op,(f) = OpE(fg) can be expressed by:

[F@)g(hDayu] (2) = £(z) ((F L) / fa — yuly)dy,
g(hDy) f(x)ulz) = (Flg) * (fu)(x) = / (F'g) (& — ) (w)uly)dy.

The Right and Left quantizations have interesting support properties, in situations where a(z,§) is com-
pactly supported in the x variable.

(1) Assume a(x,§) is supported inside z € K € R? Then for any u € .7, Op;’f(a)u is supported in
K

(2) Assume a(z,€) is supported inside 2 € K € R? and u(z) is supported inside R?\ K. Then
Opk(a)u = 0.

3.1.3. t- and Weyl quantizations. Quantum mechanics requires that a real valued observable a(z, §) should
be quantized into a selfadjoint (or at least, symmetric) operator. This reality property is not satisfied by
the Right and Left quantizations. For this reason, quantum mechanics will rather use a more symmetric
quantization, called the Weyl quantization.

To introduce the Weyl quantization, we notice that the only difference between the Left and Right quan-
tizations is that in the Schwartz kernel of the operators, the symbol a is evaluated at the initial (y), resp.
final (z) position. To symmetrize the problem, one may evaluate the symbol at some conver combination
of the two, namely at a point tz + (1 — t)y for some fixed ¢ € (0,1). This convention leads to a continuous
family of quantizations Op, = Op, indexed by some parameter ¢ € [0, 1]:

3.3 O] () [ 655 a 10+ (1= 0.9 u(0) o

In particular we have the identifications Opf(a) = Op;(a) and OpE(a) = Opy(a).

Remark 3.8. For a € .#(R??), the Schwartz kernel of A = Op,(a) is the function

ka(z,y) = /e’w a(te + (1 —1t)y,§) <2i§i)d,

that is a sort of partial Fourier transform of a. This function is in . (R x Rg).
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Lemma 3.4 easily generalizes to the

Lemma 3.9. For any symbol a € .7 (R??) and any t € [0, 1], we have the formal adjoint relation
(3.4) Op;(a)” = Op;_4(a).

Proof. Same integration by parts for Lemma 3.4. O

def

The Weyl quantization consists in taking the midpoint t = 1/2, that is Op}’ (a) = Opy /2(a), so that the

same quantization appears in the two sides of (3.4).

Definition 3.10. (Weyl quantization) Take a symbol a(z, &) € .#(R??). Then its Weyl quantization is
defined by

(3.5) [Op} (a)u] (z) & // g <$ ;r y,£> u(y) (Zfrig)/d'

This expression does not seem very natural at first glance, but it leads to several nice properties. From
Lemma 3.9 we straightforwardly derive the following crucial property of the Weyl quantization.

Proposition 3.11. For any real-valued symbol a(x, &) € 7 (R?*?), the operator Op}{v(a) s symmetric.

We will see below that for such symbols the operator Op}’ (a) is bounded on L?(R?), so that it is actually
selfadjoint on L?(R%).

3.2. An alternative route to the Weyl quantization: using Weyl-Heisenberg operators. We
will recover the Weyl quantization from a different strategy, namely by using the phase space translation
operators, also called Weyl-Heisenberg operators. These operators form a family of unitary operators
on L%(R%), indexed by phase space translation vectors Vy = (zg,&) € R??. They depend on Planck’s
parameter £, but this dependence will be omitted in the formulas: we will call T} = Ty, the operator
performing the translation by the vector Vy = (z¢, &p)-

20,£0)

These operators form a unitary representation of the Heisenberg group. We will not dwell too much into
these algebraic considerations, but have a more pedestrian approach.

3.2.1. The (Weyl-Heisenberg) phase space translation operators. To define these operators, we start by
purely spatial translations, namely the subclass of operators T(;, o). Translating a state u € L? by the
space vector xq is the obvious operation:

(3.6) [Two,0u] (2) 3 u(z — xg).

Similarly, since momentum and position are exchanged by Fj, we define as follows the pure momentum
translations:

Fin (Tio.g0y1) (€) = Fru(§ — &)
£g-x
(37) — T(07€0)U(CC) = eZOTu(gg) .
Hence, T{g ¢,) is simply the multiplication operator by the linear phase function corresponding to a plane

wave of wavevector &y/h, or momentum &y. Notice that this operator explicitly depends on A.

On the phase space R? x RY, translating by the phase space vector Vg = (g, &) is simply the combination
of the translation by xy and by &y, these translations forming the Galilean group. It thus sounds reasonable
to take for T(;, ¢,) the product of the two preceding operators. However, the operators T(,, o) and T{q )
do not commute, so one should (again) decide of a “best” ordering to define T{, ¢,)-
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Let us look at the commutation properties:

i§0'(z*10)

[Tioo.0T0.60)u] (z) =€ 7 u(z —x), while

[Tt0.60) Tao0)] u(z) = €
hence

-0 T

(3.8) T0,60)T(wo,0) = €7 Tiwo,0)T(0,60)

Definition 3.12. We will show below that it is “natural” to define the joint translation T\, ¢,) by selecting
the “median point” between the two phases, namely take:

def 150 zg €0-70

(3.9) Toto) = € 2 Tap0)T0g) =€ 7 T(0,60)T(wo0)-

This definition will be justified by the following expressions of the translation operators.

Lemma 3.13. The multiplication operator T g ¢,) can be obtained by solving the Schrodinger equation with
Hamiltonian Opy(—&p - ), at time t = 1. Formally, we may write

T0,¢9) = €XP <; Opp,(&o - ﬂf)) = exp <—; Opp(—&o - x)) :

Sumilarly, the space translation operator T(,, oy can be obtained as the time-1 propagator generated by the
quantum Hamiltonian Opy(xo - &) = xo - hD:

T{zo,0) = €XP <_; Opy,(zo - f)) =exp(—z0-0z).

Proof. These facts are easily proved, since we are dealing with multiplication operators in position or
Fourier space. O

Remark 3.14. The classical Hamiltonian p(z,£) = —&y-x generates the flow (z(¢),£(t)) = (2(0), £(0)+t&o),
which at time 1 realizes a translation by (0,&p). In turn, the flow generated by p(z,&) = xo - £ gives
(x(t),&(t)) = (x(0) + txo,£(0)), which at time 1 gives the translation by (zo,0).

Now, since the classical translation (xg,&p) is obtained by the time-1 flow generated by the Hamiltonian
p(x, &) = x9-&—&o-x, it sounds natural to define the corresponding quantum translation as the propagator
generated by the quantum Hamiltonian P, = Op;(z¢ - & — & - 2):

def { i
Tiapgo) = €XP <_h Opy(zo-&—&o- ﬂf)) = exp <—h(9ﬁo “hDy —&o - ﬂf)) :
Lemma 3.15. This definition of T(y, ¢,) evactly coincides with the “half phase” Ansatz (3.9).

Proof. Check, by an explicit computation, that the Schrédinger equation
ih@tu(t ZL’) = (SL’O : th - 50 ' :L‘)U(t,!l)), U(O) = Uo,

. 28020 [ L€ (z—tag/2) .
is solved by u(t,z) = ™ "2 ek ug(x — tay) = e R uog(z — tzg). In particular, we see that

u(l) = T o,0) U0 O

Proposition 3.16. (Algebra relations) The family of Weyl-Heisenberg operators satisfies the following
composition rules:

;801 —2081

(3.10) Tao.g0) T(ar.&1) = € o Tagtar gotér)-
It will be useful to express the extra phase in terms of the symplectic form:

& -x1—x0 - & =w(Vo, V1), where Vi = (x;4,&;) is the phase space translation vector.
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So the above composition rule reads

w(Vp,V1)
(3.11) TVOTVl = 6 2h TVO+V1‘
Proof. A simple computation, using the formulas (3.8). O

Remark 3.17. The commutation rule (3.8) can be viewed as the “exponentiated version” of the commutation
formula

(3.12) [Op(xi), Opy(&;)] = ihdi;.

Both types are called the Heisenberg commutation relations. They show that the operators 7}
unitary projective representation of the Galilean group.

20,60) form a

Claim 3.18. The operators {e“/ hT(:co,go)} represent the Heisenberg group, a noncommutative extension of
the Galilean group, which includes an extra dimension to take into account the phase:

1(§O'$1—$0'§1)>~

(3.13) (w0, &0, 50) - (x1,&1,81) = <900 + 1,80 + &1, 50 + 51+ 5

or in a more compact form:

1
(Vo, s0) - (Vi,s1) = (Vo +Vi,s0+ 51+ QW(VO,VD) .

3.2.2. Microscopic translations = quantized “phase space Fourier modes”. If we rescale the translation
vectors Vj by h, we get the operator

Ty = Tihao,heo) = €XP (=i Opp(z0 - & —&o - @) = exp (i(§o - v — 20 - hDy)) .

The right hand side suggests to consider the linear exponential function (phase space Fourier mode)

(3.14) evo(z,6) € exp (i(&o -z —20-€)), Vo= (20,60) € R™.

Since this function can be written as the product e(g¢)(%)e(g,0)(§), one easily obtains its Right (resp.
Left) quantizations:

Opr'(evy) = Tho.60)Thwo0)s  1eSP- ODK (€v5) = Thay.0)Th(0.60)-

Lemma 3.19. The Weyl quantization of ey, (x, &) is given by the translation operator Try,. More generally,
for any t € [0,1] one has

(3.15) Opy(ey;) = et/ Do

Proof. We compute the Weyl quantization of ey, using the formula (3.3):

5 (93 y) tx—i— 1—t —x0- dg dy
Op,(eve Ju / / ¢ilo(to+(1=t)y)=20€) 1,1y oy
_ itéo ie(z—ano) e h(Ll t)¢0) d€ dy
e //e e h u(y) (2rh)
— pitéo /e §&lehro) [Fru] (€ —h(1 — )fo)( g)d/z
o (€' +h(1—t)&) (z—hag) d¢’
_ _itéx ) /
=¢eltor [ o h [Fru] (€ )W
)

= ¢~ th(1-t)0-20 0Ty (z — hag).

Since the symbol a € .#(R??) can be Fourier decomposed into the (nonsemiclassical) Fourier modes
evy (7, ), we can define its Weyl quantization by linearity in terms of the translation operators. O



20 STEPHANE NONNENMACHER

Let us denote as follows the Fourier decomposition of a € . (R?%):

316) ¥p= (@6, alp) = [ exp(itco-a w0 &) alan. ) Gt = [ exp iV p)) Vo) o

Remark 3.20. Compared with the standard definition of the Fourier transform, there is a sign change:
—x¢ is the Fourier parameter conjugate to &, while &y is the Fourier parameter conjugate to .

With this convention, we gather the following property

Proposition 3.21. The Weyl quantization of a € .7 (R??) can be expressed in terms of the (microscopic)
translation operators as follows:

dxodé av
W . 0480 A 0
(3.17) Opy, (a) = / Thtao g0) (20, %0) 557 = /RM Ty (Vo) g a-

This formula looks a bit less “arbitrary” than the original formula (3.5), since it originates from the group
of phase space translation operators.

Remark 3.22. This more algebraic definition provides the Weyl quantization specific intertwining prop-
erties with respect to the Heisenberg group, but also with respect to the metaplectic group, obtained by
exponentiating the operators of the form in Opy(Q(z,£)), with Q(z, &) a real-valued quadratic form.

3.2.3. Relations between various quantizations. Starting from the expression

def X dVo
A 0plY(a) = [ OBl () (Vi) 5 0
(2m)
and using (3.15), for ¢ € [0, 1] we may compute the symbol a; such that the operator A = Op,(a;). Namely,
we want the establish the connection between the t-symbol of an operator A and its Weyl (¢t = 1/2)-symbol.
Take a € . (R??). Using the expression (3.15) we obtain

dVy
(2m)®

(3.18) A = Opy(ar) = / OpY (exy e~ 1/2-D8w0 g, (1)

Since the Fourier decomposition is unique, this expression shows that the Fourier transforms of a and a;
are related as follows:

a(Vo) = et(t=1/2)&0 w0 (Vo) .
More generally, the symbols a; and a, satisfy

(3.19) (Vo) = eMemheomo g (1)

This expression shows that if a; € %, then so does a;. We also notice that, even if a;/5 is defined
independently of A, the symbols as will explicitly depend on . We now express this relation directly
between as and ay.

Proposition 3.23. Assume A = Op,(at) fort € [0,1], witha, ), € S(R2?). We get the following expression
between the symbols a; and as:

(3.20) at(x’é-) — eih(sft)az-ag as(x@) — eih(tfs)Dz-Dg as($;§)~

th(t—s) Dy

Here the operator e ‘De are be defined as a Fourier multiplier on R??,
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Proof. In the integral equation (3.16) for a;(x, &), we express the extra factor e/{5=1&%0 through a deriv-
ative of the integrand:

. N dzxod
at(z,§) d:ef/ezgo.xmo'g)at(%,fo) (g;jr)io

L o dxod§
_ ih(s—t)¢o-zo ,i(So-x—x0-E) A &L£0es0
(321) /6 € as(fl'o,g()) (27T)d

in(s—1)0z- i(€o-x—x0-E) A dxod
:/ M0 0% (60 e=208) G (29, &) (22)30

_ eih(s—t)aw@g Gs(l‘f) )

O

These exponentiated quadratic differentials will pop up regularly in the next sections. The computations
below should appear as a preparation for the computations on the composition of ¥DOs.

3.3. Asymptotic expansions of symbols. In this section we study the behaviour of expressions like
(3.20,3.21) in the semiclassical limit, and obtain asymptotic expansions in powers of A.

What meaning should one give to an expression like (3.20), apart from its Fourier transform version? To
avoid too cumbersome notations, we will take t = 1, s = 0. A naive expansion gives:

ihD, - D,
(3.22) ay(z,€) = (yj!")ao(y, M) ly=zn=¢,
j=0

which looks nice in the semiclassical regime, since terms are formally O(h¥). The trouble is that this
series is generally divergent for all values of f, since we have no a priori control on the growth of higher
derivatives. For instance, the higher derivatives could grow much faster than j!°. Still, this formal series
contains nontrivial information, as an asymptotic expansion.

3.3.1. Definition of asymptotic expansions.

Definition 3.24. (Asymptotic expansion) Let (a(h))hao,l] be a family of elements in some Banach space
B, and let (a;)jen be elements of the same Banach space. We say that the family (a(h)) satisfies the
asymptotic expansion

(3.23) a(h) ~ Z Wa; ash\0,
Jj=0

if for any N > 0, there exists C'y > 0 such that we have

— Y Way| <CyhN, Vhe(0,1].
/ B

A similar definition holds for a(h),a; elements of a Fréchet space F generated by a countable family of
seminorms (|/e||,). Then for any N > 0 and for any «, there exists C, y > 0 such that the corresponding

inequality holds for the a-seminorm. We will write
N—
h) = Z Wa;+O(N)p, respectively af Waj+ O£

, =

>—‘

when we wish to emphasize the topology in which the expansion holds.

8To get such a control on high derivatives one needs some analyticity condition on a, or at least Gevrey type regularity.
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The proposition below shows that one can always construct a family a(h)pe(o,1) from the knowledge of the
elements (a;);en.

Proposition 3.25. (Borel’s summation Lemma) Given any sequence (a; € F) there exists a function

a(h) : (0,1] — F satisfying the asymptotic expansion (3.23).
The function a(h) is not unique, however two such functions a(h), a(h) satisfy a(h) = a(h) + O(h*>) £

jEN?

Proof. Let us first treat the case of a Banach space B, with norm || e |. Choose a cutoff function x €
C10,00) with x(t) = 1 on [0,1] and x(t) = 0 for t > 2. We will select below a sequence A\; — oo, and

consider the function
def ;
h) = E h]X(Ajh) a;
J=0

Since A; — oo, for any h € (0, 1] the above series contains finitely many nonzero terms, so that a(h) is
well-defined. We want some control on the decay of the terms. The idea is to let A; grow sufficiently fast,
such that the terms i/ x(A;h) ||a;|| decay uniformly when 2 — 0. We just notice that

. , Ajh
W) gl = WX T ]
12
S

If we assume iteratively
Aj > max (277 [la;|, Ajo1 + 1),
we obtain the uniform bound
Wx(\h) llaj|| < W71/27, 95 > 0.

For each given n > 0 we want to control
(3.24) Zhﬂaj < Zhﬁ (A\jB) = Li<n) [laj]l

On the one hand, for > \;! we may always find a constant C), such that

n
=Y Wa;|| < CR™ he A1
j=0
On the other hand, for A < A,! the sequence in the RHS of (3.25) will start at the order j = n + 1, and
is equal to
o . i . .
Yo WXOGR) llagll < B ansall + > W20 <A (langall + 1)
j=n+1 j=n+2
Putting together these two estimate, we find Ha(h) =2 io hjajH < C,h™tt he (0,1].
Let us now treat the case of a Fréchet space F, the topology of which is defined by the countable set of

seminorms (||e||,),cy- To select the \; we proceed by a diagonal argument. Namely, we choose \; such
as to ensure that the property

R x(\h) lajll,, < B/~1/29 holds for all seminorms with a < j.

This can be achieved by taking

Aj > max <2j+1 max llajll, , Aj—1 + 1)
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Now, given a seminorm « and an index n, let us first assume that the order n > «. Then, in the case
h < A, we have

(3.25) a(h) =Y Wag| <> W (x(\jh) = 1j<n) llag]l,,
j=0 . =0
(3.26) < > Wx(h) llagll,
j=n+1
(3.27) < A" (|lantall +1) -

As before, the case of i > A1 is easy, one just needs to take a large enough constant Co 5, > ([lan+1ll, + 1)

Let us finally treat the orders n < «. For this we decompose

—Zn:hjaj:a Zhja]+ Z hja]
j=0

j=n+1
Using the bound for the case n = «, this leads to

n (0% «
' ; f
=Y Wa;| < Cauh™ 4+ > Wil < max | Coar Y agll, | B © Camh™ .

s j=n+1 j=n+1

Attention O

3.3.2. A first example of asymptotic expansion for a symbol. Let us now come back to the expression (3.20)
giving the t-symbol of an operator, in terms of its s-symbol, and let us focus on the case s =0,t = 1. We
want to show that this expression satisfies an asymptotic expansion similar to (3.22) in the topology of
the Fréchet space . (R2?), in the limit &\ 0.

For this aim, we use a Taylor expansion with integral remainder valid for any smooth function

fel=((-1,1)):

N—-1 () N 1
(3.28) vhe(-11),  f(h)=Y h"fjﬂ(o) + (Nh_ 1)!/0 (1= N1 £ () du.
=0

The Fourier transform of the function a; = e/Pv'Pnqq is given by

a1(zo, &) = 0™ ag (0, &), (w0,&0) € R*.

If we apply the above Taylor expansion to the exponential i > e~#%0%04(x0, &), viewing (zg,&p) as
parameters, we obtain

(3.29) .
e~ o zo 1 _ (ih)N ! _ANN—-1,_ N —iuh&o-zo A
ao(zo, &) = ZJ, ih&o - o)’ ao(x0, &)+ N 1) (I—w)™ " (=& -wo)" e ao (o, o) du
§=0 +J0

Since ag € . (R??), the integrand on the RHS,

def — —iuh&o-xo ~
I(xo, &0 u,h) = (1 —w)N 7L (=& - o)™ e 020G (2, &).
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remains in a bounded set of . (R??), uniformly in A € (0,1] and u € [0, 1] (this means that any seminorm
Il (u, )| is bounded uniformly in u, k). Taking the inverse FT of (3.29), we get the expression

N-1 AN 1
ihDy- L. j ih - iuhD,-
(3.30) ehDy-Dngy — E 0 i (ihDy - Dy)’ ag + (]Ef—)l)'/o (1 —w)N=Y(Dy - D)V e™Pv-Dng dy
J:
~1 SN sl
1 h
(3.31) =Y = (ihDy - DyY ag + (Z ) , / F 1 (u,h)du
=0 J: — 1) 0

Since the Fourier transform is continuous .# — .7, the function F~'I(u,h) is also bounded in .7 (R?%),
uniformly in f,u. So, when integrating over u € [0, 1] we obtain a function bounded in . (R??), uniformly
in h: this shows that the last term in (3.30) is of order O(RY) o

We have therefore proved that for any N > 1,
ay(h) = "PvPugy = Z hj (iDy - Dy) ag + O(hN) »

showing that once we have fixed the symbol ag € Y , the corresponding symbol a; satisfies the asymptotic
expansion

N-1
~> hﬂ (iDy - Dp) ag  in .7 (R*?).
7=0

The proof works exactly the same for an arbltrary pair (t, s), and leads to the following rigorous version
of the formal series (3.22):

Proposition 3.26. Consider any pair of indices (t,s) € [0,1]2. Choose a function as € .#(R?*?). Then
the corresponding symbol ai(h) such that Op'(a;) = Opj(as) depends explicitly on h, and satisfies the
asymptotic expansion:

(3.32) ay(h) = eM=)PeDe g N g U= 9) (D D) as in L (R*),  when h\,0.

j7>0
Remark 3.27. The above proof of the asymptotic expansion combines several ingredients: an exponentiated
differential operator, the Fourier transform, and the Taylor expansion with integral remainder.

3.3.3. Another route towards asymptotic expansions: (quadratic) stationary phase expansions. We now
give an alternative representation of a; as a function of as, which will provide an example of stationary
phase expansion. Starting from (3.21), by expressing as(Vp) in terms of as(y,n), we get the following
integral over R*:

_ dxo déo dy dn
ih(s—t)€0-wo (S0 (z—y)—w0(—n)) 0 %50
(333) l’ ga // as(ya ) (27()2‘1 .

The vector Vo = (x0,&p) appears in a quadratic expression in the phase. We may integrate this phase over

Vb, using the following

Lemma 3.28. Let ) be a nonsingular, symmetric n X n real valued matrixz. Then, the function r —
e%@’Q@, which can be viewed as a distribution in S'(R™) admits the following Fourier transform:
eimsgn(Q)/4
| det Q|/2
Here sgn(Q) denotes the signature of Q, that is the difference between the numbers of positive and negative
etgenvalues of this matrix.

(3.34) 7 (eémw) (€) = e 5EQTE)
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Proof. We first recall the case of the Fourier transform of a real Gaussian: for G a definite positive n x n
matrix, we have

1 —1
/eé(x,Gz) i dx _ e~ 286G '
(2m)n/2 (det G)1/2
If we deform G so that it acquires an imaginary part, still keeping a positive definite real part, we get
the same expression, where the square root of det G is obtained by analytic continuation from its original

positive value. When G = —iQ + €l and € ™\, 0, the expansion of this determinant over the eigenvalues of
Q gives (dgt(e - Z'Q))l/2 =L (e— i)\j)1/2. If A; > 0 this converges to e=/4|\;|}/2, while for \; < 0 this
goes to e+”/4])\j|1/2. Putting back the phases in the numerator, we get (3.34). n

Let us now apply this Lemma to compute the integral in (3.33). The quadratic form in (xg, &) is given by

the matrix Q = h(s —t) ( 0 1

70 ), which has signature 0, determinant | det Q| = |A(s — t)|??, and inverse

Q= (h(s—1t)" < ? é ) The integral over dVp/(27)? thus produces the integral
1 dydn ;=9 -w—=) 1 dydn ;_nv
R / Gama® T ) = / ey € ol ),

where in the last equality we just shifted the integration variables. Since ag € ., this integral converges
absolutely. In the particular case t = 1, s = 0, this gives

dyd 0y
(3.36) aw&n) = [ e H oo+ .6 ).

When £ N\, 0, the phase in the integral oscillates faster and faster. To estimate the integral, one should
identify the stationary points of the oscillatory phase, and expand the integral around these points. Indeed,
in the limit A Y\, 0, the integral is dominated by the contributions of these stationary points. We thus
obtaining the stationary phase expansion of this integral. In the present case the phase is quadratic
in its variables (y,n), and the unique stationary point is the origin (0, 0).

Of course, the expansion we obtain by this method coincides with the asymptotic expansion shown in the
previous subsection. Actually, the proof of the quadratic stationary phase expansion we give below exactly
parallels the proof of the last subsection.

3.4. Stationary and nonstationary phase expansions. This gives us the opportunity to introduce a
crucial analytical tool of semiclassical analysis, namely nonstationary and stationary phase estimates.

Generally speaking, the goal is to estimate integrals of the type
;o)
(3.37) I(h) = / a(z) e’ n dz  in the limit A\, 0,

where a € C°(Q) for some bounded domain © C R™, and the phase function ¢ € C*°(R"™,R) (or C*°(2, R),
since the values of ¢ outside 2 are irrelevant). This integral is strongly oscillatory when A — 0, so we
expect it to be small in this limit. The question is:

What is the asymptotic behaviour of I(h) when A\, 07

The answer to this question will depend on the critical (or stationary) points of ¢, that is the points
z. € 2 such that Vp(z.) = 0. We will not give the most general result, but focus on situations where the
stationary points of ¢ are isolated and nondegenerate.

We will start from a situation directly generalizing integrals of the type (3.35), namely when the phase
function is a nondegenerate quadratic form.
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3.4.1. Quadratic stationary phase expansion. We consider the case where the phase function ¢(z) is a
nondegenerate quadratic form ¢(z) = (x, Qz), so it has a single stationary point at the origin.

Theorem 3.29. (Quadratic stationary phase) Take Q a real symmetric nondegenerate n X n matriz on
R™, and a € C°(Q2,C), for Q@ € R™ a bounded domain. Then the integral

i{z,Qz)

(3.38) I(h) :/a(:v)e 2 dx
admits the following asymptotic expansion.

For any N >0, there ezists Cn (depending on the dimension n and on the form @), such that

(3.39)  |I(h) —

omh)V/?2 gimsenQ/a N1 pj D.Q7'D 7
) 1/2 41 <M§z>> argmn| < Cy BNF72 Z 19%all L
|det Q| =0 7 la|<2N+n+1

Remark 3.30. The L' norm on R"™ can be controlled by a certain seminorm in .7:
(3.40) lall 2+ ey < Crsup ()" a(@)] = Cull{x)" al

Proof. Again, we will make a little detour through the Fourier side. The integral I(h) can be seen as the

iz, Q)
bracket between the distribution e™ 2n € ./ and the function a € .. Through Parseval’s formula, this

bracket is equal to the bracket between their Fourier transforms. Using Lemma 3.28, this leads to
imsgn(Q)/4 i _
2 [t R @ e

Ihy=m2s —

(%) | det Q|1/2
Now that A is in the numerator of the exponential, it makes sense to expand the latter in powers of A.
Instead of the exact Taylor formula like (3.29), it will be sufficient for us to bound the remainder in the

Taylor formula as:

N—-1

@y | _ ™
1S N

=0

<.

so as to get

det Q|1/2
/4‘ hn/i I h) —

e—iw sgn(Q)

N
((6,Q7')" |17 (@) (©)] de.
The right hand side can be estimated from above by
i Y [1e Fa©l de < oy ST (ol
la|=2N la|<2N+n+1

where we used the standard estimate

(3.41) 1Frallpr <Cn Y 110%ll.

la]<n-+1

Each term of order &/ reads:
[teeey Aw@d- [ 7 ((0.0D) ) ©de
= (20)"2 ((D, Q' D)) a(0).
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Remark 3.31. The terms of the expansion can be computed in a “direct” manner. We Taylor expand a(x)
around x = 0, to get the formal sum

a(a) ~ 3 LT
aeN™

which is an asymptotic expansion in the limit || — 0. One then explicitly computes each integral of the

i,
form [z%e 57 der. Odd monomials (la] odd) lead to zero due to the parity of the quadratic form, while
even monomials lead to the appearance of the matrix Q ', through a change of variables. The explicit
result for the derivatives of order k = 2j is the j-term in (3.39).

In subsection 3.4.3 we will generalize this stationary phase expansion to the case of more general phase
functions .

Before doing that, we may apply Thm 3.29 to the integral (3.36) expressing aj(x,&;h) in terms of ag.
This integral is indeed an oscillatory phase integral of the form (3.38) on R" := Rgdn, with symmetric
matrix Q(y,n) = ﬁ < (I) é > and symbol a(y, &) = ap(x +y,&+n). The theorem provides a pointwise
asymptotic expansion for aj(x,&; k), that is, with no informations on the behaviour when changing (z, ).
The derivatives of a(y, &) at the origin are indeed equal to derivatives of ag at the point (z, &), so we indeed
recover the terms of the expansion (3.32).

Remark 3.32. The expansion of Thm 3.29 indicates that the integral I(h) is dominated by the germ of a
at the stationary point o = 0: the behaviour of the function a away from this point is, in some sense,
negligible. As we will see in the next subsection, this is a general feature: the nonstationary points of the
phase lead to negligible contributions of oscillatory integrals.

3.4.2. Nonstationary phase estimates. Let us now switch to a general phase function ¢(z) in the definition
(3.37) of I(h), and first consider the situation where this phase function admits no stationary point on 2
(which contains the support of the symbol a). By the compactness of 2, this means that |V¢| is bounded
above by a positive number on §2.

Theorem 3.33. (Nonstationary phase) Assume that the phase function ¢ has no stationary point on Q.
Then, for any N > 0, there exists Cn ,.q > 0 such that

[I(h)| < Onpah®, Vhe (0,1], or equivalently — I(h) = O(h™).
A more precise estimate is the following: for any N > 0,
N
N ‘8]“‘
(3.42) \I(h)| < Cnh Z TN
Ll

where the prefactor Cx depends on the dimension n, the volume |Q| and on upper bounds on the derivatives’

A RN

Proof. We apply integration by parts using the differential operator

ko' . ol
= *.M, which satisfies Le’ﬂh) =e
/
¢! ()]

I(h):/a[Lkeiﬂ dm:/[tL’fa} ¢if da.

9To alleviate notations we write ¢’ = d.¢, ¢ = 92 etc.

We can then write
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by integrating by parts k times. The transposed operator reads

¢ he, () h @' () h ¢'(x)
L= ——V CTT———— o5 — — T 5 -
[ \90’(1’)!2} i ¢! (@)]?

-V,

¢ (@) v
where the commutator is a function

v >0 (i)

7j=1

Since ¢’ = V¢ never vanishes, we get the pointwise estimate

/! 1
'La] (z)] < cn('*ﬁ GOl |aa(x)\)
(el @< O e @I Gy
Applying this transposed operator again, we find

tr2 o ([l @P | |e®(a)] " ()] L 2
HL a] (93)’ <Ch (( o/ ()[4 + |80/($)|3> la(x)] + o/ (z)] |Oa(z)| + o' (z) 2 }8 a@)‘) :

The higher derivatives ¢”(z), ¢®(z) are uniformly bounded on €, we may absorb them in the constant
prefactor, keeping only the dependence in ¢’ explicit. We thus get the pointwise estimate

da(x
[124] )] 5 Cunp?- J520

An straightforward induction argument shows that for any N > 0,

349 |ﬁﬂ<»<amwﬂ23m?wt

As a result, integrating over z € Q2 we get the result (3.42). O

This estimate will be very helpful in the following. For instance, when deriving stationary phase estimates,
it allows to take advantage of situations when ¢’(x) vanishes at some critical point, but a(x) also vanishes
up to some order at the same point. It will also allow to get fast decay for states of the form Opy(a)u,
away from the support of u.

This nonstationary phase estimate confirms our previous Remark 3.32. When considering a general phase
function ¢, it will be convenient to (smoothly) truncate the integral I(%) in small neighbourhoods of
stationary points, the remaining parts lying in nonstationary regions, and therefore being of order O (/).

3.4.3. Nonguadratic stationary phase estimates. We now go back the computation of I(%) in (3.37) with
a nonquadratic phase function ¢.

Definition 3.34. We assume that all the stationary points of ¢ are nondegenerate: at each stationary
point x., that is such that ¢'(z.) = 0, the Hessian matrix " (z.) = (0;0;¢(z.)) is nonsigular. This implies
that x. is isolated from other stationary points, hence that stationary points form a discrete set. On each
precompact set € there are at most finitely many stationary points.

Using a smooth finite partition and the nonstationary estimates of the previous section, we may treat
separately the neighbourhoods of each stationary point separately.
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Theorem 3.35. (Nonguadratic stationary phase) We want to estimate the integral (3.37). We assume ¢
admits a single stationary point xg € suppa, and that this stationary point is nondegenerate (o (xo) is
nonsingular).

Then there exists a sequence of differential operators (Agg(x, hD)),cn of orders < 2k, such that for any
N >0,

N-1
(3.44) I(h) — e/ 52k [ Aoy (2, hD)a(x)] ey, | < CNENTY2 > [[0% 10
k=0 |o|<2N+n+1

The constant Cn depends on supp a and ¢, but not on h nor the seminorms of a.

The most straightforward way to prove this Theorem is through the Morse Lemma, which allows to
transform the phase function ¢ into a quadratic phase through a well-chosen change of coordinates. This
transformation will then allow us to use Thm 3.29.

Proposition 3.36. (Morse Lemma) Assume p(x) has a nondegenerate critical point at xog € R™. Then
there exists a change of coordinates k : neigh(0) — neigh(xg) defined in some neighbourhood of 0, with
k(0) = zo, Ok(0) = Id, such that

p(z) =paor (), € neigh(0),
where @2 (y) = ©(z0) + 5y, ¢" (x0)y) in the corresponding neighbourhood of y = 0.

In other words, the diffeomorphism x “straightens out” the coordinates, such as to absorb the nonquadratic
part of v at x = xg.

Proof. Let us assume that the stationary point o = 0, so that the diffeomorphism « fixes the origin. The
Taylor expansion of ¢ at z = 0 can be written locally as

1
#(z) = 9(0) + 5 (z,¢"(0)7) + O(a?),
Due to the nondegeneracy of ¢”(0), we may write the RHS as

ol2) = (0) + 3 {2, Q@)

where Q(z) is a symmetric nondegenerate matrix, smoothly dependent on x, such that Q(0) = ¢”(0). The
trick now is to construct a diffeomorphism x with the announced properties, such that

(,Q(z)z) = (v~} (2), Q(0)x™" (2)).

We try to solve this equation by the Ansatz x~!(z) = A(z)x, with A(z) an invertible matrix, smoothly
dependent on z, with A(0) = Id. Hence, we need to solve (in A(z)) the problem

(3.45) "A(2)Q(0)A(z) = Q(a).

This problem is solved by inverting the function F : A — *AQ(0)A defined on the space of n x n matrices,
with images in the space of n X n symmetric matrices. To find a (right) inverse to this function near
A = Id, we linearize the equation at A = Id. Namely, we notice that for an infinitesimal perturbation J A,

F(I+6A) = Q(0) 4 6Q + O(6A%), 5Q ="'5AQ(0) + Q(0)J A.

The differential map DF : §A — 6Q) is surjective, and admits as inverse A = %Q(O)_léQ. The implicit
function theorem implies the existence of a map G : Q@ — A with G(Q(0) + Q) = I + %Q(O)_léQ +
O(6Q?), such that F oG = Id. As a result, the problem (3.45) can be solved by a matrix A(z) = G(Q(z))
depending smoothly on x. O
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Let us now come back to the proof of the Thm 3.35. We may choose a cutoff y € C2°(R?, [0, 1]) supported
inside the neighbourhood neigh(xg), image of the coordinate change x in the Morse Lemma 3.36, while
Xx(z) = 1 in a smaller neighbourhood of xy. This way, we may decompose I (%) into

»( - o(x)

1) = Io(h) + i (h),  Io(h) = / @)a(@) e de, () = / (1= y(2))a(z) 2 da.

The integral I1(h) is easy to treat: the phase ¢ is nonstationary on the support of (1 — x)a, so from Thm
(3.33) we find I1(h) = O(h*>).

Applying the Morse Lemma allows, we may write Ip(h) as an integral with a quadratic stationary phase:

;e(x) p2(y)
Iy(h) = /Xa(:):) e dr = /e’wzhy (xa) o k(y) |det dr(y)| dy.
We may then apply the quadratic stationary phase expansion of Theorem 3.29, with the variables @ :=
2(p2 — p(x0)) and a — xa o k(y) |det dr(y)|. This proves the expansion of Theorem 3.35, using the fact
that all derivatives of xa(x) at the point x( are equal to the same derivatives of a(x). O

Remark 3.37. Our proof of the stationary phase estimate (3.44) does not explicitly compute the differential
operators Agx(x, D). One can actually compute these operators by a more “formal” approach, bypassing
the use of the Morse Lemma. The idea is to Taylor expand the phase function around xg:

p(x) = pa(x) + g(x),  g(z) = O ((z —20)°),
then naively expand the exponential

. k
9@ g (z) = 3 (Zg(i;)!/ h) o),
k>0
and finally, for each k > 0, Taylor expand the product (g(z))*a(z) at # = zo. One thereby obtains a
sum of polynomials in (x — ), which can be explicitly integrated over the quadratic phase e2/n Some
power counting shows that the “dangerous” factor A% do not ruin the asymptotic expansion. Indeed,
the k-term polynomial behaves like A7*O ((az — xg)3k) when x — xo. If k is even, integrating over the
quadratic phase yields a result of order h—*pr"/2p3k/2 = pn/2+k/2 1f | is odd, the lowest order term will
come from integrating h=*O ((z — 20)***1), and is therefore of order h=*p"/2pBk+1)/2 = pn/2+(k+1)/2,

The polynomials Ayj;(x, D) will hence depend on the germs at x of the functions W@(x) with the
condition k < j (k even), respectively k+ 1 < j (k odd).
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4. COMPOSING h-PSEUDODIFFERENTIAL OPERATORS

Once we have decided how to quantize classical observables, we want to understand how these operators
are composed with each other. Namely, for a given choice of parameter ¢ € [0, 1] and any two symbols a, b
on R2? what can we say about the operator Op},(a) o Opf(b)? Can we bring it into the form Opf(c) for
some symbol ¢(zx,§)?

4.0.1. Composing semiclassical differential operators. We have already come across this question, when
composing operators Opy(f(x)) and Opy(g(€)): depending on the choice of ordering, we obtained either

Op;(f()g(€)), or Opy (f(2)g(€))-
In the case of differential operators
Ap= )" ao(z)(hD)* = Opf(a),  a(z,&) = ) aa(z)*,
|| <m |a|<m
say with coefficients a, € .7 (R%), the composition of the two operators still gives a differential operator:

ApoBy= Y Y aa(z)(hD)*bs(z)(hD)’

|| <m |B|<n
= Z ao(2)bg(2) (hD)* P +3 " ag(x) [(hD)*, bg(x)] (hD)’.
7/8

The first sum on the RHS is exactly Oph (ab). In the second sum, each commutator can be written as:

DY bsau = Y caw el [0 5] (D)
a1 —q
laM|>0

_ Z Ca(l),a@)hla(l)l Oth ((Dambﬂ) () ga(2)) ",

o ta®—q
laM|>0

where the c,a) 42 are combinatorial coefficients. The above sum is therefore a differential operator,
quantization of a polynomial symbol of order O(h).

Summing over all the terms «, 5, we find that Ay o By, is a differential operator of degree m. Its symbol
depends explicitly on h, and is composed of

(1) the function a(zx,§)b(x,§), independent of h, called the principal symbol of Ay o By,
(2) aremainder, which is a differential operator of degree < m — 1, whose coefficients depend explicitly
on h, and are of order O(h).

4.1. Computating the symbol of Ao B for Schwartz symbols. In the case of symbols a, b € .7 (R??),
the Remark 3.8 showed that the Schwartz kernels of the operators A = Op},(a), B = Op,(b) both belong
to .7 (R% x R%); as a result, the kernel k(z,y; 1) = kaop(z,y; h) of the composed operator A o B belongs
to Z(R? x RY) as well, as the convolution of two Schwartz kernels.

Using the partial inverse Fourier transform y — & we may write this kernel as

. —i&y/h —1 d§ def i€ (z—v)/h ) d§
k(x,y,h):/e EO (Frhek) (@ O i :/e“ ey (@,6:0) 5 g
where we introduced the function

crlw, & 1) < 2em) e (FL k) (2,€) € 7 (R,




32 STEPHANE NONNENMACHER

In other words, A o B = OpZ(ci(h)). From Proposition 3.23, we may as well express A o B as the
t-quantization of a Schwartz symbol ¢ = ¢;(x,&; k).

Definition 4.1. For any choice of ¢ € [0, 1], to any linear operator C with Schwartz kernel k¢ € . (R?xR9)
corresponds a unique function ¢; € . (R??) such that C' = Op(c;). The function ¢, is called the (full)
t-symbol of the operator C, and we note ¢ = o} (C). The map C — ¢ = 0}(C) depends on both / and
the choice of quantization (t). In the case of the Weyl quantization (t = 1/2), we write ¢1 /5 = 0;" (C).

Our main questions in this section is:

For C' = Op}(a) o Opt(b), how does the symbol c¢;(h) depend on h? Can we compute it
more easily from a, b?

To answer these questions, we will first give an exact expression for ¢, using the expression of Op%(a)
and Op%(b) in terms of translation operators. In a second step, we will show that the expression for
ci(z,&; h) admits an asymptotic series in powers of . Our main asymptotic tool will be the stationary
phase expansions of the previous section.

4.1.1. Ezact expression of the composed symbols. Let us take a,b € f(RQd). For the moment we will treat
an arbitrary t-quantization. Using the expression

dV;
A= Opl(a /Oph ev,) a )(2 l))d

we get
Ao B = Opl(a) Opl(b) = / OP%(evo)d(%)(;i:;)d / OP%@VH’;(Vl)é:;cr

A direct computation, using (3.15), generalizes the composition rule for translation operators (3.10):

ih((1—t)éo w1 —t€1-T0)

Op%(eVo) Op%(eVl) =e€ Op%(eVo-i-Vl)'

From there we get

dVpdVi . 5
Aeb= // gt T a(V)b(VA) OPh(evorva)

dviedv_ o x 0) 4
// 247; - ((I=t%-21=t8r-w0) (V7,12 4+ V_)b(V, /2 — V. ~) Opj(ev, ),

where we used the change of variables
(Vo Va) = (Vi = Vo + VA, V- = 5 (Vo — WA)).
In these coordinates the phase reads
er=0-1)(+/2+8&) (24 /2 -2 ) —t(§4 /286 ) - (24 /2+ )
S (1= (G as /A= a2 46 @ /2= m ) — (€4 ap /At w2 2y /2—E 1)
(1= 20) (€ wy 2- 2% w )+ (b ) /2
We can hence identity the Fourier transform of the ¢-symbol of C = A o B:

(4.1) ét(VJr;h):/(ZZ) e VeV (v, 12 4 V)bV, j2 — V).

Let us distinguish two cases:
(1) in the case of the Weyl quantization (t = 1/2), the phasereads § (é— - x4 — &4 - a-) = sw(V_,Vy) =

§W(Vo, Vi).
(2) in the case of the right quantization (¢t = 1), the phase reads — ({4/2 — &£_)- (x4 /2 + z_) = —x9-&1.
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4.1.2. Computing the composed symbol in the case of the Weyl quantization. We will restrict ourselves to
the Weyl quantization, and omit to indicate the subscripts ;5. The expression (4.1) simplifies to

X AV v v - 2 dV_  ihyvp, 15 2
42) Vi) = [ GBIV 24 VOV 2 = Vo) = [ g e ag i),

Can we get 2 decent expression of ¢ as a function of a,b? As we had already done in Proposition 3.23,
w(Vo,W1)

is a Fourier multiplier on the space Rég ¢ the product a(Vp)b(V1) is the Fourier

transform of a(pg)b(p1), so e > (Vo.V) a(Vo)b(V1) is the Fourier transform of
~ def ik
&(po, p1) = €2 ProPer)a(po)b(pr).

The inverse symbol ¢(p; i) hence reads

the phase e 3

; dV-
. — ZW(V‘H/}) - 7—’—
C(pv h) /6 C(V+> (27T)d
(4.3) = [[ DA 2 4 Vb1 2 - v)%
™

he - dVydV;
(44) // VO+V1,P 62 (VQ,Vl) (V )b(vvl) ( 0)2d1

= ¢(po, p1) lpo=p1=p
ih
(4.5) = 2P0 Do) a(po)b(p1) pp=p=p -
This last line directly connects the symbol ¢(h) with a, b.

Theorem 4.2. (composition of WDOs). Assume a,b € .#(R??). Then the operator Op)Y (a) o Opl (b) =
OpY (c(h)), where for any h € (0,1] the symbol c(h) € .7 (R??) is given by the expression

(4.6) c(p; h) = €'2ProLe1)a(po)b(p1) Tpgmp—p
(4.7) = 3P0 P =Der Do) (g )b( 1) [ po=p1=p
(4.8) — a(p) 5+(DD) ().

We write ¢ = a# b, where the #j is called the Moyal product of the symbols a and b. This product can
be defined on the Fourier side, namely by (/.2).

The arrows in the last line indicates that the derivative operator B acts on a(p) situated on its left, while

the operator B acts on b(p) on its right. One has to be a bit careful with these notations, and come back
to the more precise (4.6) in case of doubt.

Exercise 4.3. Show that in the case of the right quantization, the composition formula for Opg(a)oOpg(b)
reads

ci(pih) = €mD§0'D”1G1(PO)bl (P1) 1po=p1=p
— a(p) ¢ De D= ().

4.1.3. The composed Weyl symbol as an “oscillatory convolution integral”. Like in §3.3.3, the formal ex-
pression (4.6) can be expressed as an oscillatory convolution integral, and leads to an asymptotic expansion
in powers of A.

By expanding in (4.4) the Fourier transforms a, b, we obtain the oscillatory integral:

//// dVOdVldPOdpl iw(Vo+Vi,p) mw(Vo,Vi) zw(po,V0)+zw(p1,V1) ( )b(

271' 4d pl)
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Notice that the Fourier variables V = (5‘;) € R* only appear in the phase, hence the integral over V does
not converge absolutely. The phase is of the form

o = Vo, Vi) = Vo, (o = o) = Vi, T — pu)

_ %w, V) — (V. 7),

with the 4d x 4d symmetric matrix and 4d-vector

-3(5 7). = ()

The integral over V thus gives the Fourier transform of this quadratic phase, which was computed in Lemma

3.28. The matrix Q has signature 0, determinant | det Q| = (5/2)¢ and inverse Q~! = 2 < 0 =J ), SO

J 0
// dv dBven-v.2) _ x (e%W’QW) (Z),
__ 1 _z,07'7)
T Jdet g2 TP\ T2V

2\ 2
= (2) e (<30 - ) (-0 )
Hence we get the “direct integral” over R4¢

£0,P1°

dpodpr _ -
sl e

dpjdp) o~ 2w
= [ LS ) ot o+ 1)

after the change of variables p} = p; —

we get

Proposition 4.4. The Moyal product of two symbols a,b € S(R??) can be expressed as the following
“oscillatory convolution” integral:

dpo d i
(4.9) (atnb) / / POSPL —Zaronrn) g+ po)b(p+ p1).

4.2. Asymptotic expansion of the composed Weyl symbol. Expanding the operator e'2 15w (Dpg:Dpy )

to finite order and using the Taylor expansion with integral remainder, we find similarly as in (3.30):

attbl(p) = a(p) e3P D) p(p)

(4.10)
= 3 a0 (0.3 o+ G [ it -t (i, B) i<

From this exact expression, we will extract bounds on the integral term in the RHS, and show that it is
indeed a “remainder” smaller than the previous terms. On the Fourier side, the integral over u € [0, 1] is a
linear combination of (w(Vo, V1))V e iugw(Vo V) g a(Vo)b(V1), which are contained in a bounded set in .7 (R%)
uniformly in u, h; after integrating over u we are still in a bounded set in ., uniformly in A € (0, 1].
To obtain the integral in (4.10) we take the inverse Fourier transform Vy, Vi — po, p1, which still gives

a function contained in a bounded set in .7 (R*9). Its restriction on the diagonal {pg = p;} is still in a
bounded set in .7 (R2%).
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More explicitly, one can control the seminorms of a#;b in terms of those of a, b as follows:

Proposition 4.5. For a,b € .7 (R??), the seminorms of c(k) = a#pb are controlled as follows™

(4.11)

N—
Va,y e N Vp e R*, 070" (a#sb) (p)] <
7=0

+ CN,%ahN H <p>|fy| <D>N+|a\+2d+1a‘

i oo e ]

(D)

I
The norms in the last term could be symmetrized between a and b. They can be replaced by norms of the
type 32 151<N+|al+2d+1 [p) 0%l .1

For N = 0 this bound reads

Yo,y € N* |70 (a#tnb) (p)| < Cry

<,0>M <D>|a|+2d+1a‘

(D)

As a consequence, the symbol c(h) belongs to a bounded set in . (R?*?), when h € (0,1].

Ll

Proof. We only need to show that the integral term in (4.10), which we call BN Ry (x, &; h), satisfies the
bound on the second line of (4.11). For this we work on the Fourier side. Let us first take v = o = 0:

(w(Vo, i) 500 W a(Vo)b(13) | < Cv) la(Vo)] (Vi)™ [b(va)|
—C(< YWa(V) H Nbvl)‘

To pointwise estimate the N-th order component of (a#pb) (p) we remember that a function in . (R") is
pointwise bounded as follows:

n+1

oeR IS < Cullflrn = C/If
caufr ], o]

<G, ||(D n+1fHL1(R”) :

In the case of the remainder term in c¢(p;h), the Fourier transform is realized in dimension 4d, so after
factorizing in two integrals in dimension 2d, we get

Vp e R¥, [Ru(pih)] < C [(@(Vo, Vi)Y €500 Wa(v)b(va)|

Ll(RzLd)
< OV ¥ a(Vo) | o aaey | (V0 V0OR) | | -
< <D>N+2d+1a’ ’<D>N+2d+1b
- L1(R2d) LY(R2d)

Now, differentiating Ry (p;h) « times amounts to multiply the Fourier transform by (i(J(V + V1)))?,
which can be bounded by an extra factor Cy(Vo)l®/(V1)l2l and finally extra factors (D)l inside each L'
factor in (4.11).

Finally, multiplying Ry (p;h) by p? amounts to hit the phase ew(VotVi.p)

Fourier integral (4.4). Integrating by parts || times, the derivative will hit
(w(Vo, Vi)™ e300V a(v)b(vh),

by the derivative D}’VO in the

10Here we use the “Japanese brackets” notation: (p) = (1 + |p|?)'/2, which grows like |p| when p — oo, but is regular and
nonvanishing with p — 0. This notation also applies to the differential operator D, obtaining a Fourier multiplier.
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which will result in either decreasing the order of the polynomial (w(Vjp, Vl))N, or bringing down factors
RV from the exponential, or differentiating a(Vp). The final integrand is therefore bounded above by

Voy¥ )Nl (D) la(ve) | a(va)l
which leads to (4.11) by inverse Fourier transform. O
Remark 4.6. As usual, the L' norms as in (4.11) can be bounded by seminorms of .%: || f||11(gn) <
()™ L f]] oo (mr)-
As a consequence, we obtain the following asymptotic expansion for the Moyal product.

Theorem 4.7. The Moyal product of two symbols a,b € .7 (R?) satisfies the following asymptotic expan-
ston: We

(4.12)

a#tpb =

<
Il
o

i 2
= alp)blp) + 3 (Dea Dab— Dya- Deb) — a(p) (D¢ - i~ Do BE) o) + O(1°) 5

Remark 4.8. This expansion exhibits the following features:

(1) The first term (R° term) is equal the classical pointwise product of the two symbols. For this reason,
the Moyal product can be considered as a noncommutative deformation of the (commutative)
product of classical observables.

(2) The second term (') is proportional to the Poisson bracket of the classical observables, which
is antisymmetric w.r.t. exchanging a and b.

(3) This antisymmetry will be the case for all odd-order terms h2**!, while the even-order terms (like
the h? term above) will be symmetric.

From point 1 we draw the following

Definition 4.9. If we consider initial symbols a, b independent of &, the function c¢(h) = o} (Op%v (a) Opy (b))
explicitly depends on h, but its main term (order %) does not. We call this first term in the expansion
(4.12) the principal symbol of the operator Op}" (a) Op}Y (b), denoted o (Opgv(a) Opgv(b)).

The above property 1. can thus be expressed as
o (Opy (a) Opy!' (b)) = ab.
Claim 4.10. All quantizations Op}, lead to the same principal symbol:
Opj(a) Opj(b) = Opj,(ab) + O(h).

The points 2 will have important consequences concerning the dynamics generated by the Schrédinger
equation, as we analyze in the next subsection.

The expansion (4.12) of the product of two pseudodifferential operators embodies the symbol calculus, or
(semiclassical) pseudodifferential calculus, which is at the heart of semiclassical /microlocal analysis. This
calculus allows to connect properties of the operators, with properties of their symbols. For the moment
our symbols are all in .#(R??), but in the next section we will extend this calculus to more general symbol
classes. Before that, we present two interesting applications of this calculus:
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e the quantum-classical correspondence, expressed through the evolution of observables (Egorov
theorem)
e the first notions of (semiclassical) microlocalization: essential supports and wavefront sets.

4.3. Commutator vs. Poisson bracket: the quantum-classical correspondence. So far we have
described the quantum dynamics in terms of the evolution of wavefunctions wu(t) through the Schrodinger
equation

ihoyu(x,t) = [Pyu) (z,t), u(0,2) = ug(z).
If we want to test the wavefunction wu(t,x) through the observable Ay, it makes sense to analyze the
time evolution of the quantum average (u(t), Ayu(t)). Calling Uy(t) = e /" the propagator of the
Schrodinger equation, this average can be expressed in two ways:

(u(t), Apu(t)) = (Un(t)uo, ApUn(t)uo)
(4.13) = (o, Un(&)* ApUn(t)uo) % (uo, An(t)uo).

In the last expression, we have used the evolution of the observable Ay, which is dual to that of wavefunc-
tions. This evolution is called the Heisenberg evolution in quantum mechanics. Mathematically, it is just
the adjoint action of the Schrodinger group on the observable Aj. Notice that Ap(t) remains selfadjoint,
and keeps the same eigenvalues throughout the evolution. A simple computation shows (without paying
attention to questions of domains) that the infinitesimal evolution of an observable is given by:

(1.14) D A(0) = GPo/R)ARD) + An(0) (~iPu/B) = TP, A,

dt
where we used the standard notation for the commutator between the two operators.

From the points 2 and 3 in Remark 4.8, we draw the following expansion of the commutator:

Corollary 4.11. (Commutator of WDOs). For a,b € ., the commutator of the corresponding Weyl
quantizations satisfy

[Op3 (@), Opi!' (b)] = Op;” (a#tnb — b#na)
h
(4.15) = = 0p;" ({a,b}) + Opy (O(h%)).
This identity is at the heart of the semiclassical correspondence.

Exercise 4.12. For a general parameter ¢ € [0, 1], the quantization Op% satisfies the less precise expansion
property

[Oph(a), Oph(5)] = O, ({a,b}) + OplY (O()

A specificity of the Weyl quantization resides in the absence of a term O(h?) in the expansion of the
commutator.

The fact that the commutator of two operators is approximately represented by the quantiza-
tion of the Poisson bracket is an important property of quantization.

Why is this connection so important?

Because, in a Hamiltonian system generated by a Hamiltonian'! p(z, &), we had found in (2.7) that the
infinitesimal evolution of an observable a is given by a Poisson bracket:

{p,a(t)} = %a(t), where a(t) = (a0 @) .

LAt this stage, let us assume that the Hamiltonian p € & (R??).
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On the other hand, we have seen above that the infinitesimal quantum evolution of an observable A =
OpY (a), through the dynamics generated by the quantum Hamiltonian P = Op}” (p), is described the a
commutator

i d

— [P, A(t)] = —A(t).

LR, A@W)] = ZA()
Hence, the correspondence (4.15) connects the quantum and classical evolutions of observables, up to a
small semiclassical remainder:
i i
h h
The following Egorov Theorem formulates this quantum-classical correspondence between the
evolution of classical and quantum observables in an integrated form. We will first express it with
a remainder expressed in the L? — L? norm, hence we first need to estimate this norm in terms of the
symbol, anticipating on the more general Calderon-Vaillancourt Theorem:

(4.16) [P, A] = — [Op}” (p), Op} (a)] = Op; ({p, a}) + O(?).

Proposition 4.13. Let a € .7 (R??). Then there exists C(a) > 0 such that, for any h € (0,1] and any
t€[0,1],

vue S(RY),  [|Oph(a)ullrz < Callulla-

As a result, the operator Opt(a) can be extended to a bounded operator on L?(RY). The constant C(a) can
be estimated as follows: there exists Cq > 0 depending on the dimension, such that we can take

C’(a) = Cd Z H@O‘aHLl .

o] <2d+1

Proof. The Fourier transform a € .. From the expression (3.17) of Op}’ (a) and the unitarity of the
translation operators Ty, on L?, we get:

) av —din~ o
10 (@)l < [ 1oVl 555 = o) alls < Ca 3 ol

o] <2d+1

From the relation (3.19) between the symbols of different quantizations, we find that the above bound
works as well for all t-quantizations. O

Equipped with this L? — L? estimate, we can prove a (relatively basic) form of the quantum-classical
correspondence.

Theorem 4.14. (Egorov theorem - main order - Schwartz symbols). Take p,a € . (R?*?) for the classical
Hamiltonian and observable, and their quantizations Py = Op}’ (p), Ap = Opy(a) for the corresponding
quantum operators. Let a(t) (resp. Ap(t)) be the classical (resp. quantum) evolution of the observable.
Then for each fized time t € R,

(4.17) Ap(t) = OpY (a(t)) + O(h*) 2, 2.

For given T > 0, the remainder is bounded uniformly for t € [-T,T].

Proof. The proof will result from the integration of the infinitesimal correspondence (4.16). To alleviate
notations, we will call

Ag(t) = OB} (a(1)), and Ag(t) = 2 Ao(t) = Opl ({pa(t)}).
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Our goal will be to compare Ay (t) with Ag(f). We notice that A,(0) = Ap(0). It is then tempting to

compte the time derivative of Ay (t) — Ao(t):

d i W

L (401) — A0(t) = [P 4, (0)]  Ovl ({p.a(t))
?

= = Un(t)" [P, 4] Un(t) = Op}!’ ({p.a} (),

but we cannot a priori compare both terms. We must use more cleverly the unitarity of Uy(t): we will
apply Duhamel’s trick, which consists in interpolating between Ag(t) and Ap(t) through the following
family of operators:

(4.18) A(t;s) ¥ UL (s)* Ao (t — 8)Un(s), t,s R
We notice that A(t;0) = Ag(t), while A(t;t) = Ap(t). For given t € [T, T, the derivative of A(t;s) w.r.t.
s gives:
d e ,
Lo A53) = Uno)* (3 1P At = )] = Aot =) ) Ui
©F 120,(s)* Ro(t — s)Un(s).

What we gain with this trick is the full control on the operator Ag(t —s) and its time derivative appearing
on the right hand side. Indeed, the function a(t) = a o ® belongs to a bounded set in .7 (R24) for
t € [-2T,2T]. As a result, we may apply the estimate (4.16) to Ag(t — s):
v
h

where the remainder term r3(t — s;h) is bounded in ., uniformly in t,s € [-T,T] and h € (0,1]. By
integrating over s € [0, ¢], we thus find:

[P, Ag(t — )] — Ag(t — s) = K2Ry (t — s; h), Rot — sl = Op)Y (r2(t — s; b)),

At:) — A(£:0) = Ap(t) — Ao(t) = 1 /Ot Un(s)* Rat — s: h)Un(s) ds.

Since ro(t — s; A) remains in a bounded set in ., applying Proposition 4.13 we obtain for some constant
Ca,T > 0:

1AR(t) = Aol g2y p2 < Carltlh®, VI <T, he(0,1].

O

Remark 4.15. The remainder O(A?) is due to our use of the Weyl quantization. A similar Egorov estimate
exists for any t-quantization, yet in general the error will be O(h).

4.4. A second application of the symbol calculus: essential support and wavefront set. Let us
describe a second important application of the asymptotic expansion (4.12) for the Moyal product. We
will describe the phase space regions were a semiclassical family of operators (Ay) he(0,1], Tesp. a family of
wavefunctions (u(7))se(0,1), are essentially concentrated in the limit & — 0.

4.4.1. Essential supports of symbols / Wavefront sets of operators. One simple application of the expansion
(4.12) concerns the case of symbols a,b € .#(R??) with disjoint supports'?.

Proposition 4.16. Assume a,b € .7 (R??) have disjoint supports. Then the symbol a#pb = O(h®)» (one
sometimes says that the symbol is residual ).

12Most of what follows will later be generalized to symbols not belonging to .7.
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In the case a,b are compactly supported but suppa Nsuppb # 0, we no longer have a#;b = O(h*°) o,
yet the symbol a#b will be very small away from suppa N suppb. On the other hand, for each given
h € (0,1], the support of a#sb will in general be the full space R2?. This leads us to replace the notion of
support by that of essential support.

Definition 4.17. Assume that a family of symbols (a(h) € y(de))he(o 1

and assume there exists a compact set K € R?? such that, for any y € Cye (R24) with suppx N K = 0,
one has xa(h) € h*.7.

is uniformly bounded in .,

We then say that the symbol a(h) has a compact essential support, and its essential support ess-supp a(h)
is given by the smallest such set K.

Roughly speaking, the essential support describes the points near which a(p; k) is NOT O(A*™)ge. Al-
though the definition of ess-supp a(h) is not easy to apprehend, for an h-independent symbol we recover
the usual definition:

Example 4.18. If a € C2° (R2%) is independent of %, one has ess-supp a = supp a.

In case our A-dependent symbol is obtained through the Moyal product of two symbols, the following
result can be seen as a generalization of Proposition 4.16:

Proposition 4.19. Assume two familes of symbols a(h),b(h) are uniformly bounded in . (R??), and both
have compact essential supports. Then a#rb also has compact essential support, and

ess-supp(a#pb) C ess-supp(a) N ess-supp(b).

For instance, if we take a,b € C°(R??) independent of &, the above Proposition describes the essential
support of the symbol a#b.

The notion of essential support parallels that of wavefront set, which concerns the corresponding operators.

Definition 4.20. The semiclassical wavefront set of a family of operators (A, = Op%v(a(h)))he(m] is
equal to the essential support of the family of symbols (a(h))se(0,1):

WEF(Opy(a)) e ess-supp a(h).

This notion means that the action of the operator A = (Ap)pe(0,1] is negligible outside this compact part
of phase space.

Proposition 4.19 can be rephrased as:
WFh(A o B) C WFh(A) N WFh(B),

provided the objects in the RHS are well-defined. This property of pseudodifferential operators is some-
times called quasi-locality, by analogy with the locality of differential operators (if two differential oper-
ators p(z, D) and ¢(x, D) are such that the polynomials p(z,&) and ¢(z, &) have disjoint supports, then
P(z,D)oQ(xz,D) =0).

4.4.2. Wavefront set of a semiclassical family of states. Above we have defined the wavefront set of a
family of operators, corresponding to the phase space region where the symbol a(h) of the operator is not
negligible. We now define a notion of wavefront set (or of microlocalization) associated with a family of
wavefunctions (u(h))pe(o,1)- This notion will describe the regions of phase space where the wavefunctions
u(h) are microlocalized.

In general our functions u(h) will be allowed to oscillate more and more as h \, 0, so we certainly cannot
require them to be in a bounded set of .7 (R?) (see e.g the Example 4.23 below). For a moment we will
assume that our states are L2-normalized: ||u(h)| ;2 = 1, uniformly in h € (0, 1].
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Definition 4.21. (Wavefront set of u) Let (u(h)),e o) be a family of normalized L? functions. The

semiclassical wavefront set of this family, WFp(u), is a subset of R??, which we define by its complement.
Namely, a point py = (20, &) belongs to C WFj(u) iff there exists a symbol a € .7 (R??) with a(pg) # 0,
such that'® ||Op;(a)u(h)|| 2 = O(h>).

From the continuity of the symbol a involved in the definition, we see that the property pg € WF},(u) is
an open property. As a consequence, WF},(u) is necessarily a closed subset of R??.

The definition could let believe that the symbol a has to be selected with a lot of care. We actually have
a large freedom to choose this symbol, as shown in the following

Proposition 4.22. Assume py € WFy(u). Then for any b = b(h) € S(R?*?) with ess-supp b a sufficiently
small neighbourhood of pg, we have

10py,(b)u(h)l|L> = O(h).

Proof. By assumption, there exists a € . (R??) such that a(pg) # 0 and || Opp(a)ul|;2 = O(h*). There
exists a small neighbourhood U,, such that |a(p)| > ¢ > 0 for all p € U,,. Let us construct a symbol
c(h) € . such that the Moyal product

(4.19) c(h)#ha =1+ O(hoo)coo(UpO)
Such a symbol ¢(h) is then called a microlocal inverse of a.

The construction of ¢(h) proceeds order by order. We write formally the Ansatz ¢ ~ > A/ c¢; and using the
expansion of the Moyal product, we may solve, order by order in powers of %, the equation (4.19).

order h° : co(p)alp) =1 == colp) = a(p)

order h' : c1(p)a(p) — % {co,a} (p) =0=c1(p) =0
order 1%+ ex(p)alp) — 4 {era} (p) — ceolp) (De - D2 — D - Be) alp) =0

Ao (Pe -5, B) ] ()

= c2(p) = 3

and so on. At any order j the term c;(p) is obtained by dividing by a(p) an explicit expression involving
the functions a, co, c1,---cj—1. We thus obtain a sequence of functions (c¢;);>0 defined on U,,, which we
may extend outside the neighbourhood, to obtain functions ¢; € .#. Using Borel’s Lemma, there existswe
construct a function c(h) € . such that c(h) ~ >, h/c;, and hence satisfies (4.19).

Take a symbol b(h) € .7 (R??) satisfying b(h) ~ Y Ab;, where all b; € C2°(U,,), and consider the double
product b(h)#nc(h)#na. The property (4.19) shows that

b(h)#nc(h)#na = b(h)#pl + O(R™)

in C*(U,,); but since b(h) is essentially supported inside U, the above equality also holds in .#(R??).
Quantizing these symbols and using Prop. 4.13, we find

1 Opy(b)ul| L2 = || Opy(b) Opy(c) Opp(a)ull 2 + O(R) = O(B>).

13As we will see later, the condition can be strengthened to Op,(a)u(h) = O(h®) .
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Let us now give some (characteristic) examples. Most of the time, the states u(h) we will consider will
belong to ., but with unbounded seminorms when h \, 0. Our first example is provided by truncated
plane waves.

Example 4.23. Fix & € R? and a function xy € C2°(R?) such that X[l z2(rey = 1, and consider the family
of states

(4.20) e (T3 h) = x(z)etco/h,

Its wavefront set WFy(eg,) = {(z,&), ¥ € supp x}. In particular, for any function u € C2°(R?) indepen-
dent of A, the wavefront set WFp(u) = supp x x {0}.

Another standard example is given by Gaussian wavepackets (also called coherent states). These represent
the strongest form of microlocalization.

Example 4.24. Fix py = (z0,&) € R??, a > 0, and consider the family

|z — 20)?

epo,ala;h) = (wh)~¥* exp (‘ Qha?

+7;fo-x>.

Its semiclassical wavefront set WEy(e,,) = {po}. For this reason, those coherent states are sometimes
considered as “quantum phase space points”.

The wavefront sets of states (u(h)) and operators A = Opy(a) combine in a natural way:
Proposition 4.25. Consider a family (u(h)), and a symbol a = a(h) uniformly bounded in .7 (R??). Then
(1) WF,(Opp,(a)u) C WF(u).

(ii) If a has a compact essential support, then WF;(Opy,(a)u) C ess-supp a N WFy(u).

Proof. For the first statement, let us assume that pg ¢ WFj(u). We want to prove that pg € WE,(Opy,(a)u).

Let us consider a function ¢ € C%(R??) with a small support Up, near pg. The expansion of the

Moyal product shows that the symbol b(h) def c#nra has essential support inside U,,. From Proposi-

tion 4.22, provided we choose U,, small enough, we’ll have || Opy(b(h))ul|2 = O(h>). This just proves
that || Opy,(c) (Opy(a)u) |2 = O(h>), hence po & WEn(Opy,(a)u).

Let us now assume that ess-suppa is compact. For any py & ess-supp a, we may consider a symbol b
supported in a small neighbourhood of pg, such that b(pg) # 0 and ess-supp b N ess-suppa = (). From
Propositions 4.16 and 4.13 we obtain || Op;(b) Ops(a)ul/z2 = O(R*), hence py & WF};(Opy(a)u), which
proves that pg € WF(Opy(a)u). O

Example 4.26. (Microlocal partition of unity) Let us consider a smooth resolution of identity 1 =" xn,
where each x,, € C2°(R??). We then obtain a decomposition of a state u € L?(R?) into

u="> Ops(xn)u.

According to the above Proposition, each term Opj(xy)u is microlocalized in supp x, € R??, that is
WER(Opy(xn)u) SUpp xn-
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5. EXTENDING THE QUANTIZATION TO NONDECAYING SYMBOLS

So far we have defined the quantization of symbols of the form f(z), g(¢), with f,g € .Z(R%), or a €
Z(R?®). As we have just seen, such fast decaying functions are useful to analyze the microlocalization
of quantum states (we will often use cutoff functions y € C°(R??)). However, we also want to be able
to quantize unbounded symbols, like the standard Hamiltonian p(z, &) = |£\ + V(z), which is unbounded
in £, but can also be unbounded in x, depending on the potential V. We will indeed show that our
quantization procedures can be naturally extended to certain classes of symbols with appropriate growth
properties at infinity.

5.1. The class of uniformly bounded symbols S(R??). One useful class of symbols is the class S(R??)
of smooth functions, with all derivatives uniformly bounded over R??. In general we will consider h-
dependent symbols a = (a(h)) he(0,1] A1 important property of this class is that all bounds on derivatives
are uniform w.r.t. i € (0,1]:

S(R2d) & {a = a(h) € C®°(R™),  sup
peRZd

020falpih)| < Cup, VR E (O, 11} .

For a moment, we will not investigate the limit A — 0, but freeze the value of h > 0.

For a symbol a € S(R??), and for a wavefunction u € . (]Rd) the integral
dy d§

I)(@) = Opyfa)uta) = [ [ T atte+ (1 =009 uiw) 5o,

is absolutely convergent in the y variable, but not in the £ variable. Still the presence of an oscillatory
phase will help us to give a meaning to such an oscillatory integral. The strategy will be to apply
sufficiently many integrations by parts in the variable y, in order to recover an absolutely convergent
integral in both variables y, £. To proceed, for each £ we insert the differential operator

1+ 4h¢ -0, &) & (2=y)
Le¢ def -1-275?;, which satisfies  Lge’ T
1+ (¢

Since we assume that u € .#(R%), the integrand decays fast when |y| — oo. We are then allowed to
integrate by parts w.r.t. the variables y = (y1,...,yq), which amouts to applying the transposed of this
1—ing-d
1+\s|2y

to the rest of the integrand:

// Lee'™ S @t + (1= 1)y, &) u(y) (Zi;fd

= // eiwh_y) tLE [CL (tSL‘ + (1 — t).’ é‘) u(.)] (y) (gi’;gfd

The action of *L¢ on au differentiates the symbol a and the state u, but the resulting product is still fast

o)
1+[E?-

brackets” notation'* (¢) = def (1+[¢] ) , and say that our integration by parts has produced an extra
decaying factor O({¢)71).

operator L¢ =

decaying in y. In the & variable we have gained a factor Here it is handy to use the “Japanese

Definition 5.1. (Kernels defined by oscillatory integrals) Applying this integration by parts d 4+ 1 times,
we obtain an integrand of order O((y)~°°(¢)~%1), which makes the integral absolutely convergent in all
directions. This converging integral can be taken as the definition for the oscillatory integral I(u), and
therefore as the definition for the action of the operator Opf(a) on u € S(R?).

1The Japanese bracket behaves like |€] when |¢| — oo, but it avoids the problem of singularity and the vanishing of |¢|
at £ =0.
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Let us for a while set & = 1 to alleviate our notations. The above manipulation are natural if we consider
the large class of operators with Schwartz kernels K (x,%) given by tempered distributions on R? x R¢. To
simplify the notations, we will restrict ourselves to the Weyl quantization. When the symbol a € . (R?),
the Schwartz kernel

(5.1) Ko(w,y) = /6i§'(””y)a <x;y€> (QCff)d

is a well-defined Schwartz function, and can be easily expressed in terms of the partial Fourier transform
of the symbol a w.r.t. its second variable:

— Tty
Ko(z,y) = (2m) %2 [fwa]< : z> ey

Proposition 5.2. The above formula can be extended to symbols a € y,(R%,ig); and defines a kernel
K, € y’(Rffy). The latter defines a continuous operator Opy (a) : .7 (R%) — .#'(RY).

Proof. For a function a € .7 (R??), the formula (5.1) for the kernel K,(z,y) implies that for any u,v €
7 (RY), we have:

(1, OpyY (a)v) g1 (ray s (rdy = (Kas w(2)0(y)) sr(r20) 5 (r2a)
= (2m) V([ Feoza] (s, 2) s uls + 2/2)0(s — 2/2)) pr(mzay o (m2a).

Since the function (s,2) + u(s + z/2)v(s — z/2) defines an element of .#(R2?), the latter bracket still
makes sense when a € .#/(R??), it defines a distribution K, € .7 (R?Cdy) The identification on the first
line defines a continuous operator Op} (a) : . (R?) — .#/(R%). This interpretation of the integral (5.1)
as a distribution allows to use standard regularization tools in the theory of distribution. Namely, the
distribution K, can be obtained as the limit of a family K, (z,y) € 7 (R? x R?) obtained by inserting

the factors e~ <(¥*+1€) in the integrand, and taking € — 0. O

This breadth of Proposition 5.2 has a disadvantage that two operators A, B : . — . cannot in general
be composed with one another. The important fact about taking a symbol a € S(1) lies in the fact that
the resulting operator Opgv(a) maps the space .7 (R%) to itself.

Theorem 5.3. For any a € S(R?*?) and any h € (0,1], the operator Opy(a) act continuously ./ (R%) —
S (RY).

Remark 5.4. We do not try to control the behaviour of the seminorms when 2z — 0. However, by inspecting
the occurrences of the factors h, one finds that if the derivatives 9% involved in the seminorms of .# (R?)
are replaced by (h0)?%, then the implied constants are uniform when i N\ 0.

Proof. To alleviate notations we will take i = 1. We need to control the seminorms of the function defined
by the integral I(u), in terms of the seminorms of u. Again, we will restrict ourselves to the case of Weyl
quantization. The action of the differential operator (tLg)” on the product au provides an expression of
the type

1 n
B (au + %€ - Oy(au) + - - - * (£ - 0y)" (au)) .
(here  just indicates a numerical factor). Since a € S(R??), the integrand will be bounded above by
&W (maX|a|§n H (y}kﬁo‘uH); hence, if we take k = n = d+ 1, the convergence of [[ dydé(y)~4-1(¢)=4-1
shows that that

1)(@)| < Ca max || ()" 0%

la|<d+1 L
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Here the constant C, depends on a certain number of S-seminorms of a. Below this constant will vary
from line to line. Differentiating 5 times I(u) w.r.t. = produces extra factors in the integrand:

o2 (5" 1Y gu) = 3 e (ig)” o2 ea( L),
a<p

so that the integrand now may grow like (€)I%l . As a result, we need to integrate by parts |8 4+ d + 1
times with the operator L¢, to let the integrand decay like (€)74=1. In view of the above computation,
this will give

‘ﬁﬁl(u)(:ﬁ)‘ <Gy H () o

‘Loo'

Finally, to show that d°I(u)(z) decays fast when |z| — oo, we need to apply integration by parts in the
variable £, using a differential operator “dual” to L¢, namely

def 1+ ih(z —y) - O
L, = 5
L+ |z —y|

I

. . - (z—y) €(z—y) . . .
which also satisfies L e’ * T o= R, We apply an integration by parts w.r.t. £ after applying

the |B| + d + 1 integrations by parts over y, so that we already have enough decay as |{| — oco. We
will apply m integrations by parts with L,; the operator (tLI)m acts on a sum of terms of the form

(5%)2’:;@ ol ““a(e,&)u, with k < n, a < . The derivatives d¢ will either hit the rational prefactor (5'%#

(which will improve its decay at infinity), or the symbol 0*a(e, &) (which leads to a bounded factor). The
worst term thus correspond to hitting the symbol a,

. kea
(L) C 0 e uly)| <

Ca max |07 u(y)].

(&) (€)2m=k=lol(a — y)m |yi<k
Taking the worst case k = n, this gives an upper bound mmaxw‘gn |07u(y)|. To let appear

the seminorms of u, we insert a factor (y)!, take n = |3| + d + 1 as above, and get:

Ca I ax Tu Ca max ‘o
T =i s TN < G S g i |07

9 1(w)(@)] < -

We can now consider the integral over the RHS. The integral over ¢ converges. If [+m > d+1 the integral
over y converges as well. Lemma 5.5 shows that if we take | = d + 1 (as above), the integral over y is
bounded by C(z)~™. We have thus proved that:

C
%I (u)(z ‘ g max H k@”uH ,
‘ = Ty it 1) Lo
where C, depends on a certain number of seminorms of a € S(R??). O

Lemma 5.5. For any m > 0, the integral Iy, (x) def Jpalz —y) ™™ ()~ Ddy is bounded by

Igm(z) < Camplz)™™, vz € RY.

Proof. Denote B, = B(zx,|z|/2). Then
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Lam(@) = /Rd\B (x —y) ™)~V ay + / (& — )™ ()~ @Dy

x

< [ 2 Vs [ gy olj2)

< Cax) ™™ + Cip (@)~ (|| /2) (D
< Cam(z)™"
U

Example 5.6. If we take a(z,£) = 1, we obtain a representation of the identity, by recovering the fact

that the delta function can be written as §(z —y) = [ ¢’
Fd =

27Th) ———- Equivalently we recover the fact that

(27rfi)"l/2 ’

Example 5.7. Any function f € Cg°(R%), leading to the multiplication operator Opy(f), is also in the
class S(R?). Any g € C° (Rg), leading to the Fourier multiplier Op;(g) = g(hD), is also in the class
S(R2d).

5.2. Symbols with polynomial growth: order functions. Beyond the class S(R??), we want to
extend the quantization map to symbols a(z,{) which may grow as |z|,|¢| — oco. We have seen that
formal integration by parts allow to gain factors ({)™™ or (z —y)~™ in the integrals. For this reason, we
will need to assume that the symbols a(z,£), and their derivatives, grow at most polynomially.

A convenient way to describe such a polynomial growth in phase space is through the notion of order
function. This notion will allow some flexibility.

Definition 5.8. A function m : R?*? — R% is called an order function if there exists Cp > 0, N € R such
that

Vo,p €R™, m(p) < Colp—p)N m(p)).

Example 5.9. Typical order functions will be m(p) = (¢)V for some N € R, when we only want to allow
a growth/decay in momentum: this includes symbols of the type |¢]? + V(x) with a bounded potential.
More generally we can use m(p) = (£)V(x)N2, or m(p) = (p)V if we want to allow growth/decay both in
& and x.

To an order function we associate a symbol class.

Definition 5.10. Let m(p) be an order function. Then we define the symbol class S(R?? m) = S(m) as
follows:

S(m) & {a = a(h) € C®(R*), Ya € N*, 3C, > 0, Vp € R*, Vh € (0,1] [0S ca(p;h)| < Cam(p)} .
The space of operators {Opy(a), a € S(m)} make up the class ¥(m) of pseudodifferential operators. We
have not specified which quantization we are using, but the Corollary 5.16 below will show that this choice
is irrelevant.

Under this notation, the space S(R??) will be denoted S(1) from now on. The following seminorms
generate the topology of S(m):

|0%alp; )]
|la]|,, = max sup sup ————

, n € N.
lal<npea) o m(p)
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The polynomial growth of @ € S(m) implies that S(m) C S'(R??): these symbols are tempered distri-
butions. As a result, they define operators Opy(a) : S — &’ . However, the controlled smoothness of
a € S(m) allows to show, like in the case of S(1), that Opy,(a) preserves the Schwartz space.

Theorem 5.11. Let m(p) be an order function on R?**. Then for any a € S(m) and any h € (0,1], the
operator Opy(a) acts continuously ¥ — .. Like in Remark 5.4, the estimates are uniform if one uses the
h-seminorms on & .

Proof. Again we take i = 1 in our computations. There is an N > 0 such that our order function
m(p) < C(p)N. On the other hand, (p) < () + (¢) < 2(zx)(¢), hence (p)V < Cn{(z)N{(€)N. Compared
with the proof of Thm 5.3, we need to perform extra integration by parts to cancel the growth of the
symbol a(%5Y, ) in the integral I(u). Indeed, applying (d+ 1+ N) times the operator ‘L¢, we get an extra
factor (£)~N=(d+1) 5o that the integral over ¢ is absolutely convergent. If we want to consider d°1(u), we
need to apply the same operator |3| more times to cancel the extra growth in .

To control the decay of 3°I(u)(z) in |z| — oo, we need to integrate n times with the operator L,, thereby
producing a factor (z —y)~". Inserting a factor (y)*, the function d°I(u)(x) is bounded above by

o4 N (VN
/dy<§>ca< e max [|(y)*0%ul| =,

N+ (g — )" (y)* |a|<N+[B+d+1

where C, will (as usual) depend on a certain number of seminorms of a € S(m). Since the numerator
(z+ )V < On ()N + (y)V), we see by using Lemma 5.5 that taking k = N +d + 1 and any n > N,
produces an upper bound

8 < N—n k aa .
°1()(w)| < O a) (@ )0l

0

Example 5.12. Any monimial a(z,£) = €%, a € N, belongs to the class S((¢€)*l). The corresponding
operator is the differential operator Opy(£) = (hD,)®. Through the integral defining the Schwartz kernel,
we recover the representation of derivatives of the § distribution through its Fourier transform:

Kaw = [P (1) o ).

Once we know that if a € S(m), the operator Opj,(a) preserves . (R%) it makes sense to compose these
operators with each other. Like we did with symbols a € .%(R??) in section 4, we are interested in the
algebra property of these symbol classes. Let us start by the simple product of two symbols.

Lemma 5.13. For any two order functions mi,mg, and symbols a; € S(m;), the symbol a1 X ay €
S(myimz). In particular, the symbol class S(1) is stable by simple product.

Proof. Obvious application of the Leibnitz rule. O
Considering all symbol classes S(m) together allows to relate them with the Schwartz space. Indeed, the
latter is dense in the classes S(m), in a slightly weak sense:

Lemma 5.14. For any € > 0, the space ./ (R??) is dense in S(m) for the topology of S({p)*m).

Proof. This slight weakening is necessary: we know that S is not dense in the space S(1), since the constant

function a = 1 cannot be approached by Schwartz functions in the continuous norm: ||1 — al[p~ > 1 for
any a € .. On the other hand, the sequence a,(p) = exp (—|p|2/n) € .7 satisfies, for any a € N?¢,

(o) =0 (1 = an) L= "= 0. O
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This density of . inside S(m) suggests that the algebra governing the composition of operators should

look the same as in Thm 4.2. We thus need to extend the action of the operator €13 (Dpg:Dpy )

in S(m).

on symbols

5.3. Action of exponentiated quadratic differentials on S(m). For symbols a € S(m), we want to
manipulate operators Opy(a), for instance compose two operators, or compare operators corresponding
to different quantizations. As we’ve seen above (see Prop.3.23 and eq.(4.6)), these procedures can be
represented by acting on symbols with operators of the type ¢i3(D:Q7D) for some symmetric nondegenerate
matrix @ (of dimension 2d or 4d). The action of this operator on ., (and hence also on .’ by duality),
had been first defined as a Fourier multiplier. We also expressd this operator on the “direct side” by a

convolution operator as in Proposition 4.4.

Before going back to symbols a defined on R? we will consider m(z) an order function on R? (the
definition is the same as in Def. ), and study the action of such exponential quadratic derivatives on
symbols a € S(m). (Later we will take x — (z,£) or x — (z0, &0, z1,£1))-

Proposition 5.15. Let m(x) be an order function on R™. Take a € S(m,RY}), and Q a n x n symmetric
nondegenerate matrixz. Then the distribution ei3(D:Q7'D) g glso belongs to S(m). More precisely, the

i2(D,Q'D)

operator e'2 acts continuously S(m) — S(m). Moreover, if a is independent of h, the symbol

¢i3(D:Q D)y dmits the asymptotic expansion
b (D,Q-1D) 1 h 1 J .

(5.2) e'2\ a~ Zf i—(D,Q D) | a, in S(m).

— jl\ 2

j=0
Proof. Since the symbol classes S(m) do not have nice properties w.r.t. the Fourier transform, we will
study the operator ei3(DQ7'D) through its convolution representation (generalizing the expression (3.35)):
‘ det Q‘l/ZeiﬂsgnQ/4

(2mh)n/2

eingQ*lD)a(;ﬁ) = CQ/ exp (—z’ <y’2§y>> a(x +y)dy, with the prefactor Cg =
Rn

Fixing the point x, we will analyze the oscillatory integral

I(x,h) = / it a(z +y) dy.

Since a is not decaying, we split the integral between a compactly supported part, containing the stationary
point ¥ = 0, and a noncompact part where the phase oscillates, and where we will be able to gain decay
using integrations by parts. Let x € C°(R"), x(y) =1 for |y| < 1, x(y) = 0 for |y| > 2. We write

I(z,h) = I (x,h) + Is(x, k), with
- (y,Qy) - (y,Qy)
I (2, 1) = / R ale £y dy, (e, h) = / R (1 x(y) ale +y) dy.

The (quadratic) stationary phase estimate applies to 1 (%), and we get an expansion

J
Ii(x,h) ~ Ccsl Z ly <iZ<Dya Q_lDy>) a(® + y)y=o-

>0

(notice that the terms of the expansion do not depend on Y, since xy = 1 near y = 0). As a function of z,
each term in the expansion is bounded above by C rn/ 2m(z). If we truncate the expansion at the order N,
the remainder is bounded by 2N + n + 1 derivatives of a(z + y) in the region {|y| < 2}, so the remainder
is bounded above by CxhAN*"/2m(z). Hence |I1(z, h)| < CH*?m(z). If we differentiate I w.r.t. z, we
get the same expressions, with a(x) replaced by 0%a(z). As a result, we also get

(5.3) |8°1 (z, h)| < Col™*m(x).



INTRODUCTION TO SEMICLASSICAL ANALYSIS 49

We now want to give a sense to the oscillatory integral Is(x, i), and show that it is very small. Since the
integrand (1 — x(y)) a(x + y) may diverge when |y| — oo, we will proceed by formal integration by parts
in the variables y, using the operator

(Qy, hDy)
CQyPR

which is well-defined on the support of (1 — x). An important remark is the fact that the denominator
satisfies c|y| < |Qy| < C|y|, which will allow us to “gain” factors (y)~! at each integration by parts. The
k-th i.b.p. of Iy(x, k) thus gives

;. Qu)
Bieh) = [ e (L) (1= (@) ae + 9} () dy
The function (“L*) [(1 — x(e)) a(z + )] can be estimated by using the nonstationary phase estimate (3.43):
97101 = x(v) alz + )] e

(54)  (‘D)"[(1-xW) al +)] < C hkz e < Cipmo+9).
7=0

L =—

Since m(z +y) < C{y)Nm(x) for some N, we see that for k > N +n + 1 the integral becomes absolutely
convergent, defining I»(x) rigorously; it also satisfies |I5(z, h)| < ChFm(x). Differentiating I>(x) w.r.t. =
amounts to replacing a with 0%a, which has the same growth properties, so we also get [0%[z(x, h)| <

Chrm(z).

To summarize, we found [0%Is(x, k)| = O(h*°)m(x), which is smaller than any term in the expansion.
Together with (5.3), this shows that I(e i) = i3 (PR D) ¢ 1"/28(m), and satisfies the expansion
(5.2). O

5.4. Composition of operators with symbols in S(m). As a first application of Proposition 5.15, we
obtain the fact that the symbol class is independent of the chosen quantization.

Corollary 5.16. Take t,s € [0,1], and assume as € S(m) for some order function m. Then the symbol
ar such that Opk(ar) = Op;(as) also belongs to S(m).

Proof. The explicit formula (3.20) is exactly of the type eig<D’Q71D>as. O

A more interesting corollary concerns the composition of operators. For two symbols a; € S(m;), the
symbol aj(p1)as(p2) may be seen as an element of S(mj ®msz, R*). We may then use the expression (4.6)
and Prop. 5.15 to define the Moyal product between these two symbols, and obtain the following

Theorem 5.17. Take two order functions myi,mo and a; € S(m;), i = 1,2. Then the symbol ai#nas €
S(mimg). If the a; are independent ofh € (0,1], then the symbol a1 #nas satisfies the asymptotic expansion

a1#Fpaz = Z Zh]/2 ( (D B) a2 + O s(mms)

7=0

The analysis of the integral Iz(x, /) in the proof of Proposition 5.15 allows to generalize and strengthen
the quasi-locality property of Prop. 4.19.

Lemma 5.18. Consider a € C°(R??) independent of h, and b € S(m). Then the symbol a#pb € . (R??)
with seminorms uniform w.r.t. h € (0,1]. More precisely, for any o € N*¢ and any point p & suppa one

has the estimate
) - h oo
0% (a#tb) (p) = O <<dist(,0, suppa)> ) |
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Remark 5.19. Being in .#(R??) with uniform seminorms w.r.t. A is equivalent with being in S((p)~>°) o

N0 S({p)~M).
Proof. We use the integral expression

(5.5) a#nb(p // 4o dpl <—ijw(po, p1)> a(p+ po)b(p + p1)-

The integrand is supported in the domain {(po, p1) € (suppa — p) x (suppb—p)}. If p & suppa this
domain does not contain the stationary point (0, 0) but is situated at a distance |(po, p1)| > dist (p, supp a)
from the stationary point'®. As a result, we can perform k integrations by parts in the above integral,

k
: h
leading to factors (‘ (p07p1)|> .

k
If both a,b € C2°, the integral is bounded above by C'h~2¢ (I(poLlpl)\) llal|cox ||b]| ox - Besides, it is compactly

supported in pg, p1, and we get the bound

- bllcw
5.6 a#nd) (p)| < C K24 lallcx| , supp a U supp b.
>0 (b)) (dist(p, supp a) + dist(p, supp b))" s

In the case b € S(m), the integrand is bounded above by
h k N 1
Ch™*'m(p+ p1) () < O (p) P < =2y )
(po, p1)]

[(pos p1)I* |(po: p1)[F—N

The integrand is compactly supported in pg. For £ > N +2d+ 1 the integral over p; converges absolutely,
and is bounded above by

b <C hk—Qd m(p) )
|(a#rb) ()| < dist(p, supp a)k—N—2d
The same estimate holds if we differentiate w.r.t. p, which produces the announced estimate. O

In general the symbol ¢ = a#5b is not compactly supported, but its essential support is contained in
supp a. This generalizes the result of Prop. 4.19.

Remark 5.20. A slight modification of the proof of the Lemma shows that if a = a(h) € S({p)~>°) has its
o0

essential support contained in some bounded open set © (such that a(p) = O <<Whpﬁ)) ) for p outside
), then the same result applies to the symbol a#,b with b € S(m).

Let us now consider the Moyal product a#,b between two symbols a,b € CZ° (R24), such that the supports
of these two symbols are of diameters O(1), and distant from each other. To fix ideas, assume these
supports have diameters < 2, and are centered on points zp,2; € R?? with |29 — 21| > 10. We already
know from Prop. 4.16 that a#,b = O(h*°)s. For future use, let us obtain a more precise estimate.

Lemma 5.21. Two points 2, z1 € R?*? at distance |zg — 21| > 10. Consider ag,a; € C(R??), such that
supp a; C {p e R%, lp— zi| < 2}. Then the Moyal product ag#ra1 satisfies the estimates

1
Va e N*\VE>0,  [0% (ao#nar) (p)] < Coph*

<|Z1 — Z0| + ‘,0 Z1+Z0 ‘Q)kﬂ

15Here we are in performing an integration by parts in R*?, so the denominator |y|* in 3.43 should be replace by |(po, p1)¥,
where |(po, p1)| is the distance from the origin of the point (po, p1).
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Proof. We analyze the integral (5.5). The integrand is supported on points (pg, p1) € {|z0 — po| < 2, |21 — p1] < 2}.

Hence, using the estimate on the operator (tL)k as in (5.4), one can easily show (through some elementary
plane geometry) that

1 1 k—2d 1
2 2 k/Q S Ch 2 z1+20 2 k/Q'
(’ZO_P‘ +\21—P’) <|21—Z0! +‘P—T‘)

As before, the same type of estimate holds for derivatives w.r.t. p. O

lao#nar(p)| < CRF—2

5.5. Action of pseudodifferential operators on L?. So far we have considered the action of operators
Opj,(a) on u € .7 (R%). However, in quantum mechanics the natural functional space is the Hilbert space
L%*(R%), or its Sobolev descendents H*®(R?).

5.5.1. Symbols in the Schwartz space. Let us start with nice symbols a € .7 (R??). We have seen in
Proposition 4.13 that Opj,(a) acts on L? as a bounded operator, with an operator norm uniformly bounded
w.r.t. i € (0,1]. An alternative proof of the boundedness of Opy(a) uses the fact that the Schwartz kernel
Ku(z,y) € S(R? x RY), and the use of Schur’s inequality (see the Lemma below). We will see below that
we can get a sharper estimate on this bound in terms of the symbol a.

Lemma 5.22. (Schur’s inequality) Assume that the Schwartz kernel K (x,y) of an operator A : % — '
is a continuous function on R4 x RY, and satisfies

sup/dy\K(x,y)\ < (Ch, sup/dx\K(x,yH < Ch.
T Y

Then A can be extended to a bounded operator L*(R?) — L2(R%), and its norm ||A|| ;2,2 < /C1Cs3.

Proof. We compute, for v € . :
Au()f? = ] [ K ay
< / K ()] u(y)|? dy / K ()| dy

<o / K (2, )] [u(y) | dy

2

Integrating over x, we find

| Aul2, < Cy / / K (2, )| July)? dy da

<o / dy u(y)P / K (2,y)| da
< C1Caull7 -
]

5.5.2. Symbols in the class S(1). Let us now attack a less elementary task, which is to show that for
any symbol a in the class S(1), the operators Opj,(a) are bounded on L?, and their norms are uniformly
bounded w.r.t. h. We already know that this is the case for bounded symbols of the form f(x) or g(¢&),
since the corresponding operators act by multiplication on L2, resp. on Lg. The proof for a general
symbols a € S(1) is more involved.

The idea is to split the symbol a into countably many symbols a,,, each of them being supported in an
O(1) neighbourhood of the lattice point m € Z2? (as explained at the end of subsection 4.4.2).
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Lemma 5.23. (Partition of unity on R?). There exists a cutoff function x € C°(R??) sucht that

> x(p-n)=1.

nez2d

Proof. Consider a cutoff function ¥ € C2°(R?), supported in {|p| < Ry}, strictly positive in {|p| < Rq/2}.
If Ry > V/d , the function

S(p)=>_ x(p—mn)

nez2d

Q.
-

is everywhere positive. It is also periodic. Hence, if we take x(p) = ggz ;, it defines a smooth partition of

unity as stated. ]

We then set an(p) e a(p)x(p — n), which is compactly supported in the ball B(n,R;). The S(1)
seminorms of a,, are controlled by those of x and a. By linearity, we can formally write

Opy(a) = Y Opylan).

nez2d

Can we give a meaning to the sum on the RHS? In particular, how does it acts on L2(Rd). Prop. 4.13
implies that all operators Op;(an) are bounded on L? uniformly w.r.t. & and n. But all terms may have
comparable norms, so we cannot apply the triangle inequality to the sum.

Yet, Lemma 5.21 shows that if n,n’ are distant from one another, the two operators Opy(ay), Opy(an/)

are “quasi-orthogonal” to each other. Translating this Lemma in the present notations, it implies that, for
o0

In —n/| > 1, the norm ||Opp,(an) Opp(an’)||f2_, 2 is of order O ((ﬁ) ) (see eq. (5.11) for a more

precise statement). Grossly speaking, this means that the image of Opy(ay/) is essentially in the kernel of

Op;(an), and vice-versa.

Remark 5.24. A simplified model for this quasi-orthogonality would be a (strictly) orthogonal decom-
position L? = @@,, Hn, such that ker H;; C ker (Opy(an)) and Ran (Opp(an)) C Hn. In that case,
Pythagoras’s thm would give, for any v = @,, vn, vn € Hn:

10m@)ol = 3 [ Opaan)inll < 3 1 Opa(an) Plenl? < (511 O (an)1?) o1

To take into account the fact that the operators Opy(an) are only quasi-orthogonal, we will use the
Cotlar-Stein Theorem, an abstract operator theoretic result.

Theorem 5.25. (Cotlar-Stein Theorem) Let (Aj)j>1 be a family of bounded operators on some Hilbert
space H, and assume that the following bounds hold:

(5.7) squ HA;fAkHl/z <C and su_pz HAjAZHI/Q <C.
Tk Tk

Then the series Z]- Aj converges, in the strong operator topology'®, to an operator A, which satisfies
1Al <C.

Notice that the sum ) y Aj certainly does not converge in the operator norm topology, since the norms
||Ax|| are not supposed to decay when k — oo (they are only uniformly bounded).

167 family of bounded operators (B,), converges to a bounded operator B in the strong operator topology if, for any
v € H, limy 00 Brv = Bo.
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Proof. We truncate the sum to A = A Z 1 A4;, so that the sum is well-defined. A is a bounded
operator, so A*A is a positive selfadjoint operator which satisfies

(A A)™] = [ A*A|™ = || A*™ .

We want to estimate the norm of (A*A)m in a clever way. From the decomposition of A, we write

Z AS AR AT - A, Z Ay

J1.J2-J2m Ji,J2:J2m

The trick is to find two bounds for the norm of A;,..;,.:
Ao | < 1145, A | 1147, 450 HAM A
1 A1ean | < (145, | [ Az A5 - 145

Taking the geometric mean of these two bounds (and noticing that all [|A;]| < C from our assumptions),
we get

.72m

* * * 1/2
ol < CJ1A5, A |72 Ay 5, |17 (A5, A2 ]| 45 A

]Qm 1

Through the triangular inequality, this gives:

J 1/2
Jasay < ST (145 Al A A 2 g, A0 2|45, A

Joam—1

J1,J2:J2m
If we first sum over j; using the assumption, we produce a factor C. Then we sum over jo, etc. In the
end we sum over ja,, which produces a factor J. This gives finally ||(4*A4)™|| < C C?*™~1J, and therefore
|A|| < C JY/?™. Since this estimate holds for any m > 1, we get

1AV < ¢,

a bound which is independent of the truncation order J. Let us now prove the strong convergence when
J — 0o. Take ¥ € H, and consider ¢ = AZO@ZJ. Then we may write formally

D Ajo = AjALY,
i>1 i>1

and this series converges abolutely, since

Sl A5 0] < D714 A 1]
J J
<X AR I A AR I
< ZHA AL A AL

< OQWH-

Hence the limit Ag = limj_,o, A converges for any ¢ € span {A;(H), k> 1}. On the other hand,
we have proved that |A()|| < C uniformly for all J. We thus deduce that ||Ag| < C||¢| for any
@ € span{Aj;(H), k > 1}. It is then possible to extend A to any ¢ in the closure of this subspace, keeping
the same bound [|Ap| < Cll¢||. What is the orthogonal complement of that closure? It is the subspace
() ker Ay. For states in this subspace, we naturally take Ap = 0. Finally we have defined Ay for all
states ¢ € H, and showed that it satisfies the announced bound. g

With this Cotlar-Stein theorem, we are now equipped to prove the L? continuity of pseudodifferential
operators with symbols in S(1), namely the following
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Theorem 5.26. (Calderon-Vaillancourt Theorem) Let a = a(h) € S(1,R??). Then the operator Op) (a)
can be extended as a bounded operator on L*(R?), with a bound uniform w.r.t. h € (0,1].

More precisely, there exists a constant Cgq > 0 such that
(5.8) |0pt (a)]] 2, ;2 < Ca Z 2] 0%a| oo 20
|| <642

The same estimate holds if we replace the Weyl quantization by any t-quantization.

Proof. As suggested above, we split the operator Op,(a) = >, Opp(an). If we call A, = Opp(an) the
Cotlar-Stein theorem requires to compute the norms of the operators Opy,(arn)* Opy(an/) = Opy, (GnFran’)
and Opy,(an) Opg(an)* = Opy, (Gn/ Fnan).

1) For |n — n/| < 10R4 we apply the bounds of Lemma 4.5 for the seminorms of @, #pa, . For p close to
n we have

0% @n#tnan) ()] < Cya ...

where we used the fact that the symbols a,, are compactly supported near n. For p away from the support
of a, or a,s, the Lemma 5.18 implies that

<D>|a\+2d+1anH H<D>|a|+2d+1an
LOO

0% (an#tnan) (p)] < CRF2— lonlgrr Ha.n/”CkHa' =
(dist(p, supp an) + dist(p, supp a))

We may apply Prop. 4.13 by taking all || < 2d + 1, and k = 2d + 1 to have integrability in p € R??. We
hence get the estimate

(5.9) 145 Al 2y 12 < Callanl|gaare law llgaare < Callallgaase

2) When |n — n’/| > 10R,, we use the Lemma 5.21 to show that the product symbol satisfies

o (= - lanllcrsial [|an || grvial
(5.10) 0% (@ntnan) (p)] < Cynt 20— JEmiCHel TnTCrte
(In n'|* + [p - )

(where the constants implicitly depend on the cutoff x). Again, Prop. 4.13 used for all |a| < 2d + 1 and
some k > 2d + 1 leads to

* k— 2d||aank+2d+1 Han’||ck+2d+1 k— 2dHaH0k+2d+1
(5.11) HAnAn/HL?_)Lg < Cih = n)k < Crh ﬁ, k>2d+ 1.

The same bound holds for the norms || A, A%L||. By taking k& > 4d + 1, we see that the expressions
Yo 1An Ay M2, Y ow || Aps A% ||'/? converge, and are bounded uniformly w.r.t. A and n’:

sup Y [|An A2 < Cayllallgoarz, sup > [ Ap AplI'? < Cay llal| goaa -
n n' n Y

We may thus apply the Cotlar-Stein Theorem. It shows that Op;(a) is well-defined as a bounded operator
on L2, with a norm

(5.12) 10D} (@)l 122 < Callallgear = Ca > [0%allz=,  uniformly for h € (0,1].
|| <6d+-2

We notice that the RHS does not depend on A, in particular the above estimate holds in the case A = 1.
To improve this bound into the one stated in the Theorem when /& < 1, we use a simple scaling argument.
Namely, the unitary rescaling operator

(5.13) Upu(z) & md/4u(n ),
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intertwines the quantization for “A = A"’ and “hA = 1":
w w
Ux Opy, (a)u = Opy’ (an)Unu,

where ay, is the rescaled symbol ap(p) = a(h'/?p). Indeed:

dydé  ig 2, R 2+
/4 [OphW(a)u] (hl/Qx) — hd/4/ (27yrh§deﬁ£ (h1/2 Ya (2?J75> u(y)

(2m)d 2

= [Op‘l/v(ah)Uhu] (x).

This shows that the operators Op;" (a), Op}" (ay,) are unitarily conjugate, thus they have the same L? — L?

norm. Now, we can apply the estimate (5.12) to Op!¥ (as), and notice that [|0%ap| ;e = Al°V? (0% ;o
O

Remark 5.27. We will show below that the bound (5.8) can be slightly improved, namely the constant in
front of the term ||al/z~ can be taken to be unity.

The Calderén-Vaillancourt theorem is very important. It allows to transform remainder terms expressed
in the topology of S(1), into remainder terms in the topology of operators on L?, which is more natural
when we study spectral questions or time evolution on L?. A first example is a direct corollary of the
composition theorem 5.17:

Corollary 5.28. (Pseudodifferential calculus on L?) Take two symbols a,b € S(1,R??). The first statement
from Thm 5.17 indicates that a#tb € S(1). The asymptotic expansion of the same theorem translates into
an expansion in L?:

N-1

on (@ 0t 1) = 3= 2 0l (a (w(5.B)) ) + 001212

j=0
where the implied constant depends on a certain number of derivatives of a,b.

The two first terms:
ih
Opy’ (@) Opy (b) = Opyy” (ab) — - Opyy” ({a,b}) + O(h*) 252,

are a manifestation of the quantum-classical correspondence, now in the L? framework.

For instance, for two symbols a,b € S(1) with disjoint supports, the above expansion shows that

Opy (a) Opy’ (b) = O(h™) 12 p2.

The symmetry of the Weyl quantization, stated in Prop. 3.11 for symbols a € ., can be generalized to
all a € S(1).

Theorem 5.29. For any real-valued symbol a € S(1), the operator OpY (a) : L? — L? is selfadjoint.
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5.6. Going in the reverse direction: from L? properties of the operator to those of its symbol.
The Calderon-Vaillancourt theorem has a sort of “inverse”, namely we can deduce properties of the symbol
a € 7'(R??) from the properties of the action of operator Op;(a) on L?. We first state a result concerning
the case h = 1.

Proposition 5.30. Let a € .7/ (R*}). We assume that the right quantization operators Op¥(9%a) are
bounded L?* — L? for all derivatives of order |a| < 2d + 1. Then a € L>®(R?*?), and we have the estimate

lall e < Cq Z HOP{%(BQG)HLQ—)LQ'
lo|<2d+1

Using the hY/?-rescaling which connects Opy,(a) with Op;(ay), we obtain a more precise result in case of
the h-quantization:

(5.14) lall e < Cq > A2 {|Opf(0%a)| 2,y
|a|<2d+1

Corollary 5.31. Then there exists an integer Mg > 0 such that the following holds. For a givent € [0, 1],
we assume that operators Op'(0%a) are bounded L? — L? for all derivatives of order |a| < My. Then
a € L®(R?Y), and we have the estimate

lall~« < Ca Y ||OP}(0%a)|| 2, 2 »
|| <My

as well as the corresponding h-estimate.

From this estimate we deduce Beals’s Theorem, which allows to characterize symbols in S(1) from the
properties of their quantization. This characterization uses the commutators of A = Op}(a) with the
quantizations of linear symbols £(z,&) = &y - x — xo - §. The adjoint action of Opy(¢) on some operator A
is defined by the commutator

adop, () A = [Opx(€), 4]

Theorem 5.32. (Beals’s Theorem) Let a € .#'(R?), possibly depending on h € (0,1], and for some
t €10,1] take A = Opl(a). Then the two followings statements are equivalent:

1)a € S(1).

2) for every N > 0 and every sequence (1, ..., Lxn of linear symbols, the operator adop, (¢y) © - - -0adop, () A
is bounded on L?, with norm

(5.15) [adop, (ex) 0 0 adop, @) Al 5, 12 = On(h™).

Proof. We simply notice that adgp, ¢,) A involves derivatives of a(p). The commutation with linear symbols
is covariant with quantization, in the sense that the first-order expansion of the Moyal product is exact:

[Opy(£), Opy(a)] = —ih Opy, ({4, a})

so the assumption implies that [|Opy, (0a)|| = O(1). Proceding by iterations, we find that that [|Op, (0%a)| =
O4(1) for all o € N2, Injecting these estimates in (5.14) we get, for any 8 € N4,

|0 <ca 32wl |opy@tea)] = 04(1),

la|<2d+1

which shows that a € S(1). O

L2—12
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5.7. Compact, Hilbert-Schmidt, Trace class pseudodifferential operators. We now study in more
detail the pseudodifferential Op;(a) on L2(R?), with a view on their spectral properties.

One of our objectives is to find critera for our operators to have discrete spectra. For this we will use a
caracterization of compact operators, since one way to prove discreteness of the spectrum of a symmetric
operator A is to show that its resolvent (A — i)~! is compact. In a second step, we will be interested
in counting the eigenvalues of A, and for this we will use the functional calculus of pseudodifferential
operators.

We recall a few definitions relative to bounded operators A : L? — L? .
Definition 5.33. An operator A : L? — L? is said to be compact if it maps any bounded subset of L?
into a precompact set of L?. Equivalently, for any sequence (wj)j bounded in L?, one can extract from

the sequence (Av;) a subsequence converging in L2

Proposition 5.34. The spectrum of a compact operator A is made of eigenvalues p; # 0 with finite
multiplicities, which only possible accumulation point being the origin.

If A is compact, then A*A and AA* are compact and selfadjoint, their nonzero eigenvalues can be called

(5]2) - (in decreasing order). The (s;);, are called the singular values of A.
> >

Definition 5.35. A compact operator A is said to be Hilbert-Schmidt if 2]21 5]2 < 0o. This condition

defines the Hilbert-Schmidt norm || A% & > i1 53 of the operator A.

As we will see below, the space of H-S operators (also called the 2d Schatten class) admits a natural
Hilbert structure.

Definition 5.36. A compact operator A is said to be trace class if ) ;85 < o00. This condition defines a

Banach norm || A||,, aof >_; sj on the space of trace class operators. This norm can be defined through a

variational principle:

(5.16) |Aller = sup Red (ej, Af;),

(6])7(fj) J
where the supremum is taken over all pairs of orthonormal bases.
The space of trace class operators (also called the 1st Schatten class) admits a linear functional, called the

trace. It can be defined, for any orthonormal basis (€;);,, by trA dof >_j>1(€j, Ae;). This linear functional

is continuous w.r.t. the trace norm: [trA| < ||A||¢

Proposition 5.37. i) A trace class = A Hilbert-Schmidt.

ii) For any A trace class (resp. HS) and B bounded, then AB and BA is trace class (resp. HS). '". The
ideal of compact operators is closed for the operator norm: if (Ay)n are compact and || Ay, — A|| — 0, then
A is compact.

iii) If A, B are HS, then AB is trace-class, and ||BA||¢ < ||Bl|lus||Al|lms. The HS scalar product is defined
by (A, B)gs = trAB*.

iv) The trace enjoys the cyclic property tr(AB) = tr(BA) (ifA is trace-class and B bounded, or if A, B
are HS).

On L?(RY), an operator A is Hilbert-Schmidt iff its Schwartz kernel K4 € L2(R? x R?), and one has
(5.17) 1Al s = 1K z2-

17More formally, trace-class (resp. HS) operators forms a ideal of the space of bounded operators
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Corollary 5.38. Take a € .'(R??). Then the operator Op) (a) (which, a priori, acts .¥ — ') can be
extended to a Hilbert Schmidt operator L? — L? iff its symbol a € L?(R??). One then has the identity

dr d§ |
Hoph HHS /‘ 2 )d (27_rh)d‘|a”%2(]R2d)

Proof. Let us start with symbols a € .#(R??). Start from the characterization (5.17), and recall the
relationship between kernel and symbol:

B T+y s(w{w d¢ - 1 _ Tty B
K(z,y) —/ ( ,5> @rh)d — (2nh)i2 (fmfl_)za) <2 Z= y)

x+y

Using the fact that the change of variables (z,y) — (
identity, we get

2 1
/\K(%y)ﬁdxdy— /‘ e @ x+,ﬂf—)) dﬂ?+dﬂf—=W/|a(ﬂf+,€)\2d$+d§‘

, T — ) has Jacobian unity, and the Parseval

g

This identity can now be extended by density: K € L?(R? x R?) iff a € L?(R??). We notice that symbols
a € L?(R??) are not necessarily in S(1); nevertheless, we will mostly use the above characterization in
cases where a € S(1) N L2. since HS C compact, this corollary gives us a simple criterion to show the
compactness of a PDO.

Corollary 5.39. Assume the order function m(p) belongs to L?>(R%?). Then for any symbol a € S(m),
the operator Op)Y (a) is HS, hence compact. Besides, the HS norm of Opy (a) is bounded by O(h~?).

If the Schwartz kernel K € .%(R? x R?), it is known that the operator Ay : L? — L? is trace class, and
its trace is given by

(5.18) trAx = /K(:L‘,m) dzx.

(this formula is the continuous analogue of the discrete sum trM = ). M;; for matrices). The relation
between the symbol and the kernel of Op(a) allows to prove the following Proposition.

Proposition 5.40. Assume a € ./ (R??). Then for any t € [0,1] and any h € (0,1] the operator Op}(a)
18 trace class, and its trace is given by

(27rlh)d /a(az,ﬁ) dx d¢.

Proof. The relation between symbol and kernel is given in (3.3): K (z,y) = (27)"%? [Fe_.a] (tx + (1 — t)y, z =z — y) .
Inserting this expression in the integral (5.18), we get

tr Op},(a) = Wlw/z / [Feszal (x,0) dx dé = (an)d /a(:ﬂ,f) dx d€.

tr Op%(a) =

Here is a more general criterion for a PDO to be compact on L?(R9).

lp| =00

Theorem 5.41. If an order function m satisfies m(p) ~— 0, then for any a € S(m) and any h € (0,1],
t € 10,1], the operator Opk(a) is a compact operator on LQ(Rd).
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Proof. We use the decomposition of a(p) used in the proof of the Calderon-Vaillancourt Theorem, namely
we split it into compactly supported symbols a =} 724 an. We know that each Op,(ay) (we skip the

superscript t) is H-S hence compact, therefore Ay, def ZanM Ay, is compact for any M > 0. The ideal
of compact operators is closed w.r.t. the operator norm, so we only need to show that

5.19 A—Apllre_g2 M) 0.
( ) H L°—L

To prove this limit we use the Cotlar-Stein Lemma, applied to the operator
By=A-Ay= ) An
In|>M
Indeed, for a € S(m) the estimates (5.9,5.10) are easily modified into
A% Anll 22 < Cagm(n)m(n')  |n—n'| <10Rq,

m(n)m(n’)

k—2d
AR Al g2 < Caxh® ™ =0 =2,

|n —n/| > 10Ry, k > 2d + 1.

Hence, for any n € Z?¢ we may write

S A A < Caa Y e m(n),

n n I<:/2
|n'|>M |n/|>M

where we used the defining property of an order function, and took k large enough to have the sum
converge. As a result we get

sup > (|45 A |2 < Oy sup m(n) FEZ50,
|n|>M‘ ">M |n|>M

The same convergence holds for the sums ), , ||An/A;;||1/ 2 Applying the Cotlar-Stein Theorem proves
the limit (5.19), hence the theorem. O

5.7.1. Criteria for trace class operators. Let us now investigate criterions for a PDO to be trace-class. Let
us first consider the case of an operator A with Schwartz kernel K (z,y) € C°(R? x R9). If we consider a
cutoff function 1 € C°(R%) such that ¢ ()1 (y) = 1 on the support of K, we have

. . déd .
K (o) = 6(e)uly)K (o) = [ K(& n>ez<€“+y'ﬁ>w<x>¢<y>(§;, with the notation K = F K.
T
For each &, 7, the kernel e (€#+¥ M) (2)1)(y) represents the rank-1 operator u — ¢ (1_,;, u), where ¢ () =
¢ 1p(z). The formula (5.16) shows that this operator has trace norm |[1/[|2,, and a trace tr (¢ (1)—y, ®)) =
[ &M (z)2dx, so we get

(5.20) 4l < Wl [ [RCen| oot = VN g,
(5.21) trA = //R’(f,n) ei(€+”)'x1/1(a:)2dgj§)cfln = /K(:c,x dx

A more general kernel K may be split using a partition of unity of R%, 1 = Y nezd X(® —n), where
x € C*®(R%,0,1]) is supported in the box [—1, 1]¢:

def
(5:22) K(wy)= Y Knw(®y)  Kowley) = Ky - n)xy - n).
n,n' €74
We may apply to each truncated kernel Ky, .,/ the estimate (5.20), using the Z%-translates of a fixed function
¥ equal to unity in [~1,1]¢ (note that all the translates share the same L? norm). If the || Ky, n/|/z1 decay
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sufficiently fast so that )
with norm

' HmHLl < 00, then by triangle inequality we deduce that A is trace class,

— . I3
[l < Co 3 WRrllr < 00, with - Cy =57,

n,n’

By the standard Fourier transform estimate we have
||Kn,n/||L1 < Cq Z HaaKn,n/HLl-
la|<2d+1

Taking into accound the partition of unity (5.22) and the fact that the derivatives of ¢ are bounded, we
find that

1Al <C Y D N0 Knwloe <O Y 102, Kt 4z ay)-

|| <2d+1 m,m/ |a| <2d+1

If the RHS is finite, the function = +— K(x, ) is then automatically continuous, bounded and integrable,
and we have by linearity

trA = /K(:L‘,x)dx.
We have showed the following

Proposition 5.42. Assume that Schwartz kernel K (z,%) of an operator A : L*(R%) — L2(RY) satisfies
Z ”a:?,yKHLl(dmdy) < o0.
la|<2d+1

Then this operator is trace class on LQ(Rd), and its trace-norm is bounded by
(5.23) 1Aller <Ca > 102, KLt (o dy) -
|| <2d+1

Furthermore, the restriction of the kernel on the diagonal is integrable, and
tr(A) = /K(w,x) dx.

Let us now search a criterion for a PDO Op;(a) to be trace-class. For simplicity we start using the right
quantization Op¥(a), which we may write as

Oplt(a)u(z) = /eig'xa(w,f) Fru(§) (Q:fd/g'

Hence, Opf(a) is the composition of the (unitary) Fourier transform, with the operator of kernel K (z, £) =
e’ a(z,€) (viewing € as the initial variable). These two operators share the same singular values, hence
Opf(a) is trace class iff Af is so.

It is not possible to directly use the estimate (5.23) for the kernel K(z,£), since we get a (bad) factor
¢ each time we differentiate it w.r.t. x, and vice-versa. As we did before, we split this kernel using the
smooth partition of unity >, x(e —n), to get elements

Kn.n’(x7 g) = X(:E - 'I’L)X(g - n/)ei&xa(x, g)

We then decompose the phase £ -z = ({ —n')-(zx —n)+&-n+n' -z —mn-n', so that the derivatives of
the first term remainds uniformly bounded in supp Ky, 7. The terms £ - n + n' - x produce a shift in the
Fourier transform:

Ko (2%,6) = e ™™ s (2" =/, € =), where (2,8 € x(a—n)x(6—n')dE ™) =g (g, )
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We thus get a trace class operator provided
D MKl = llammll < oo
n'n’ n'n’
The advantage of this phase decomposition is that the derivatives of a,, 5 are bounded uniformly in terms

of those of the derivatives of a(z, £) near (n,n’), because the factors (¢ —n'), (z —n) in the phase remain
bounded. Hence, the above RHS is bounded above by

CY Y %l <C" Y 0%l
n,n' |a|<2d+1 || <2d+1
We have thus proved that

10" (@)l < Ca > 10%all 11 (rea)-
o] <2d+1

We may now restore the factors h, using the unitary rescaling (5.13): Opf(a) = U;, Opf¥(as,)U; imply that
the two conjugate operators have same trace norm and trace. Analyzing the L' norms of 0%ay, we obtain
the following criteria for trace-class property:
Theorem 5.43. Assume that the symbol a € S(1) satisfies 3, <oq11 10%al[pr < C uniformly for h €
(0,1]. Then the operator Opf(a) is trace class, with the bound
10pF(@)ller < Cah™ Y B2 ([0%]| 1 (gou).
| <2d+1

Its trace is explicitly given by

tr Oplt(a) = (27r1h)d/a($,§;h) dx d¢.
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6. QUANTITATIVE STUDY OF SEMICLASSICAL PDOs

We now want to use the 7-PDO toolbox to get informations on the spectral properties of Opy(a) in terms
of the properties of its symbol a(x, ). We'll see that in some cases we can have access to a rather precise
description of that spectrum.

6.1. Invertibility of elliptic PDOs and Garding inequalities.

6.1.1. Ellipticity and invertibility. The first question is that of the invertibility of the operator Opy(a),
when the symbol a is invertible (that is, nonvanishing) on R2?,

Definition 6.1. A symbol a € S(1) is said to be (semiclassically) elliptic (in S(1)) if |a(p;h)| > v > 0
for all p € R?? and h € (0, 1].

In that case, the pseudodifferential calculus of Cor. 5.28 will allow us to construct a parametriz for Opgv(a)
(that is, a quasi-inverse), which is then easily transformed into a true inverse.

Theorem 6.2. Assume that a € S(1) is h-independent and elliptic. Then for h > 0 small enough, Opy(a)
is invertible, and its inverse is a PDO with symbol b = b(h) € S(1) admitting an asymptotic expansion

. 1
b~ Z R'bj,  with principal symbol by = =
J

Proof. The construction is similar with the one in the proof of Proposition 4.22.We start by the trial
function (Ansatz) by = 1/a. From the ellipticity of a, one easily checks that this symbol is in S(1). Then,
the symbol calculus shows that

a#rbo=1+r1, 7€ hS(l)
From the Calderon-Vaillancourt theorem, for /& small enough we’ll have ||Opy(r1) || 2_, 2 < 1/2, so we can
invert 1+ Op;(r1) by Neumann series'®, to get

Opy,(a) Opy(bo) (1 + Opy(r1)) ™ = 1.

This produces a right inverse Bf for Opy,(a), with operator norm HBRH 2 < C. On may similarly

—L?
construct a left inverse of the form BY = (I + Opy(r2)) " Opy(bo). The existence of these two inverses
shows that Opy(a) is invertible, and that BY = B Op,,(a)Bf = BE B

To prove that B = Op;(b) with b € S(1), one may use Beals’s Theorem 5.32, and the following algebraic
trick. For any linear symbols £1,..., ¢y, the commutator

(6.1) adoph(ﬁ) B=-B (adoph(gl) Oph(a)) B = O(h)L2—>L2-
Applying the Leibniz rule to this expression, one shows by iteration that

N
H adopﬁ(gj) B = O(hN)LzﬁLz
7j=1

Beals’s Lemma then states that b € S(1).

To get more information on the symbol b, we notice that r; € hS(1), so we may partially cancel it by
taking by = —ry/a, so that a#b; = —r; + O(hQ)S(l). Continuing this way, we construct be, b3, ...by with
bj € WS(1), such that a#(bp + - +by) =1 + O(hNH)S(l). An equivalent way to obtain the expansion
of b is to write:

b~ bo#tn (1 — 71+ ri#nrs — ri#Fnri#bars + )

18The Neumann series is the expression (I +R)™' = > nso(—=1)"R", with norm ||(I+R)™'|| < (1 —[|R|)™", valid as
soon as |R|| < 1.
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g

This inversion property can be generalized to to elliptic symbols in classes S(m) for an arbitrary order
function m(p).

Definition 6.3. A symbol a € S(m) is said to be elliptic (in that class) if there exists v > 0 such that
la(p)| > ym(p) for all p € R?? and h € (0, 1].

Theorem 6.4. If a € S(m) is elliptic, then for h < ho small enough, there exists b € S(m™1) such that
a##rb = b#ra = 1.

Proof. From the symbol by = a~! € S(m™1), we have a# by = 1+71(h), with the symbol calculus showing
that r;(h) € hS(1). We can then use the preceding theorem in order (when h < hg) to invert Opy(1+71)
into a PDO with symbol ~ 1 —71 +71#,r1 — - - -, and finally apply the Moyal product with a=! € S(m~1)
to get the exact inverse b € S(m™1). O

6.2. Domains of operators in ¥;(m): semiclassical Sobolev spaces. Now that we know that sym-
bols a € S(1) lead to bounded operators on L? — L2, what can be said of operators issued from symbols
a € S(m) for a general order function m? We will mostly consider the case when m > 1 and m(p) — oo
when |p| — oo, at least along certain directions in phase space.

Example 6.5. The semiclassical Laplacian P = —h2A is the quantization of p(x, &) = [£|?. This symbol
belongs to the class m(p) = (£)2, which diverges in the limit || — co. It is well-known that the Laplacian
is unbounded on L2, and admits as natural domain the Sobolev space H?(R2?) = {u €L? Auc LQ}.
This Sobolev space can be constructed as the image of L? by the resolvent (1 — A)~!, but also as the
image of L? by the resolvent (1 — h2A)~!:

H*(RY) = (1 — h2A)LL2(RY).
For a given i > 0, we can equip this Sobolev space by the norm resulting from this construction, that is
take, for any u = (1 — h2A)"tv € H?,
def
lull 2 = [Jollzz = (1 = A*A)ul 2.

Of course, this norm is equivalent with the one constructed with 2z = 1. Still, to emphasize the h-
dependence of the norm, we denote the space H? equipped with this norm by H %

In the above construction, the crucial object was the operator 1 — A2A = Op,(1 + |¢[?). The symbol
(1 4 [£]?) belongs to the class S(m) for m(x,£) = (£)?, and also satisfies also (1 + [£]?) > m(p), so
according to Definition 6.3, that symbol is elliptic in S(m).

More generally, for an order function m, we may use an elliptic symbol in S(m) to define a norm on .,
and then a functional space by completion.

Definition 6.6. Let m be an order function, and g,, be an elliptic symbol in S(m). We then define the
following norm on .7 (R%):

def
Vue SRY,  ullgym) = 11 Opa(gm)ull 2.

The completion of .%(R?) w.r.t. this norm is denoted by Hp(m), it is called a generalized (semiclassical)
Sobolev space.

Lemma 6.7. If we choose another elliptic symbol g’ in S(m), then for h < hy small enough the corre-
sponding norm is equivalent with the one above, with implied constants uniform w.r.t. h € (0, ko).
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Proof. Let us call HuH}Ih(m) & | Opy(¢")ul| 2. From the ellipticity of g € S(m), for h small enough Op;(g)

is invertible and Opy,(g)~! € ¥p(m™1), so that Opy(¢') Ops(g)~t € Wy(1). Hence

[ull s,y = 1| OPA(9") OPr(9) ™" Opr(g)ull 2
< [10p4(9") OP4(9) "l 22 21l Oy (g)ull 2,

SO HuH}Ih(m) < Cllull gy (my> with C > 0 uniform w.r.t. h. Since g and ¢’ play symmetric roles, we obtain
the uniform norm equivalence for A < hyg. O

Similarly, we may compare two generalized Sobolev spaces if the corresponding order functions are ordered:

Proposition 6.8. Assume two order functions satisfy m < m/. Then the inclusion S(m') C S(m) implies
Hy(m') C Hy(m). More quantitatively, there exists C > 0 such that, for any u € Hyp(m') and any h < hy,

lwll 7 (m) < Cllwll a5y gme)-

This bound generalizes the well-known estimates between Sobolev spaces of varying orders.

Proposition 6.9. For any order function m, any symbol a € S(m) and h < hy, the operator Opy(a) :
S — . can be extended to a bounded operator Hy(m) — L2.

Proof. Let g € S(m) be an elliptic symbol, so u € Hp(m) <= Opy(g)u € L% For h < hg we have
Op,(9)~! € Uyp(m™1) and Op,(a) Op,y(g9)~t € Wy(1). For any u € Hy(m), the action of Op,(a) on u
reads:

Opy,(a)u = Opy(a) Op,(g)~" Ops(g)u.
In particular,

10p4(a)ullz2 < || Opy(a) Opy(9) ™ lz2— 22 [10PA(9)ull 12 = || Opi(a) OPy(9) ™ 2 el gy, ) -
O

Assume m > 1 so that Hp(m) C L? (see Prop.6.8). If a € S(m) is real valued, we already know that

A Op/Y(a) : # — . is symmetric w.r.t. the L? scalar product. In the case m = 1, A : L? — L? is
bounded and selfadjoint. If m > 1, we have just seen that we can take Hj(m) as the domain of A. Is A
essentially selfadjoint on this domain? We recall that one criterion for A : D(A) — L? to be selfadjoint is
that Ran(A4 + i) = Ran(A — i) = L2. So we deduce the following

Proposition 6.10. Assume m > 1. Assume a € S(m) is real-valued, and is such that a + i (which
automatically belongs to S(m)) is elliptic in S(m). Then for h small enough, the operator Op) (a) :
Hy(m) C L? — L? is selfadjoint.

Proof. From the reality of a, we already know that Op}gv(a) is symmetric. The ellipticity assumption
implies that, for & small enough, Op} (a) + i : Hy(m) — L? are bijections, which is a necessary and
sufficient criterion for self-adjointness. O

Another direct application of the calculus on S(m) is a characterization of unbounded operators with
discrete spectra.

Theorem 6.11. Consider an order function m(p) A If a € S(m) is elliptic, then for h > 0
small enough, the operator Opy,(a) is unbounded on L? with domain Hp(m), and it has a purely discrete
spectrum.
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Proof. The ellipticity of a implies that Opy,(a)~' € W(m™'). From Theorem 5.41, the operator Opp,(a)~! :
L? — L? is compact, hence its spectrum consists in eigenvalues of finite multiplicities {u; € C, |u;] < C}
accumulating at zero. The spectrum of Opy(a) is composed of the eigenvalues { uj_l} such that p1; — oo
as j — o0. ]

|z|—o00
%

Example 6.12. (Schrodinger operator with confining potential) If a potential function satisfies V' (z)

+00 with polynomial growth (more precisely, V belongs to some class S(m) on R? with m(z) — oo and

is elliptic), then the function m(p) o (€)% + m(z) is an order function which satisfies m(p) — oo. For

C > 0 large enough the symbol a(z,¢) = [£]? + V(z) + C is obviously elliptic in S(m). As a result, for &
small enough the Schrodinger operator Op,(a) = —h*A + V has discrete (and unbounded) spectrum.

6.3. Resolvent operator and Garding inequality.

6.3.1. Weak Gédrding inequality. A major application of this invertibility will concern the study and ma-
nipulation of the resolvent of an operator Op(a) € ¥j;(m), namely the family of bounded operators

Ri(2) = (Opy(a) = 2) 7",
for z in the resolvent set of Opy,(a), namely the subset of C where Op,(a) — z : D(Opy(a)) — L? is
invertible.

This family of operators is used to analyze the spectrum of Opy(a), and to construct a functional calculus
(at least when Opy(a) is selfadjoint).

Corollary 6.13. Take an order function m > 1, a € S(m), and z € C is such that the symbol (a — z) is
elliptic in S(m). Then for h > 0 small enough, z belongs to the resolvent set of Opy(a), and (Opy(a) — 2) ™

admits a symbol
r(zh) = (a—2)" + O(h?) € S(m™1).

Proof. The Moyal product
(6.2) (a—2)#n(a—2)"" =140+r(2;h)
with ro € A2S(1). O

A first use of the resolvent concerns the quasi-positivity of an operator Weyl-quantizing a positive symbol.

Proposition 6.14. (Weak Gérding inequality) Assume that the symbol a € S(1) satisfies a > 0. Then for
any € > 0, there exists he > 0 such that, for any 0 < h < he, the self-adjoint operator Op%v(a) satisfies

Op}” (a) > —el.

Proof. For any fixed z < ¢, (a — 2) is elliptic in S(1), so according to the above Corollary we may invert
(Opp,(a) — z) for A > 0 small enough. We want to show that this “small enough /” can be chosen uniformly
for all z < —e. For this we need to show that the seminorms for the second-order symbol r2(z; h) appearing
in (6.2) are bounded uniformly w.r.t. z < —e. These seminorms involve a certain number of derivatives
(w.r.t. p) of (a—z) and (a — z)~*. The derivatives of (a(p) — z) are obviously independent of z; on the
other hand, the derivatives of (a(p) — z)~" are schematically of the form:

|ex] k

(6.3 - =@y Y I (-0,

* * * k
so the RHS is bounded above by ((lla—g)|2 + |5(aa_|\f)3a| 4o (lf);)kll’ uniformly for all z < —e. As a

result, ||Op}) (ra(z; )|l 2 < COR? for all 2 < —e and all A € (0,1]. Hence, there exists he > 0 such

—L?
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that I 4 Op)Y (r2(2; h)) is invertible, of uniformly bounded inverse for all z < —¢ and h € (0,%). As a
consequence, for any % € (0, h) and all z < —¢, the operators Op;" (a) — z admit inverses of the form

-1 _ -1
(6.4) (Oph (a) —2) = O0py ((a—2)"") o (I +Opy (ra2(z: 1))

showing that the half-line (—oo, —¢] is in the resolvent set of Op} (a). O

6.3.2. Exotic symbol classes. In Prop. 6.14 the symbol r(e;h) € S(1) depended explicitly on h, even if a
did not. By working harder, we may allow this symbol to become singular when & N\, 0, yet in a controlled
manner: we are thus lead to consider classes of semiclassically singular symbols, also called classes of
ezxotic symbols. This singularity will already be present in the principal symbol (@ — z)~!, if the parameter
z is allowed to approach the origin when A 0.

Let us introduce these classes of exotic symbols.

Definition 6.15. Take § € (0,1/2) and an order function m(p). We define the following exotic symbol
class:

Ss(m) = {a(h) € C>®(R*), Ya € N*@ 30, Vi € (0,1] sup |0%a(p)| < Cam(p) h“l‘s}.
p

This class obviously extends the class S(m), it contains symbols a(p; h) explicitly depending on A, in a
way which may be more and more singular as i — 0. For instance, this class contains functions of the
type a(p; i) = x (£ =" ), with x € C2°(R??) independent of h: such symbols are microlocalized in a precise
microscopic neighbourhood of pg when A ™\, 0.

Proposition 6.16. In the case m = 1, the symbol calculus of Thm 5.17 and the Calderdn-Vaillancourt
Thm 5.26 naturally extend to the class S5(1), with the effective expansion parameter being h'=20 instead
of h.

Proof. If a € S5(1), it is obvious that the rescaled function a(p) e a(h’p) belongs to S(1). A simple
computation shows that the A’-rescaling of the Moyal product a;#pas is exactly equal to Q1FFp1-2602.
Hence, applying Thm 5.17 to the latter product, we obtain an expansion for ai#pao, with expansion
parameter /il =2,

Concerning the L2-boundedness, a slight modification of the scaling operator of eq.(5.13) shows that
Uy,s OpY (a) = Opg[f_g,; (a)Uys, so we may apply the Calderon-Vaillancourt Thm 5.26 to the operator
Ophmf_gé(d), and translate it back to Opj’ (a) by unitarity. O

A more “pedestrian” way to understand the appearance of this modified parameter s!=2
each term in the expansion of ai#pas is of order A?37ad’b < Ch? RI0p—I0 = ORi(1-20)

is the following;:

We notice that the value § = 1/2 is critical: for general symbols a; € S;/5(1), eventhough the symbol
a1#nas is well defined, it cannot be expanded in an asymptotic expansion of a small parameter. There
is nevertheless a way to consider symbols whose derivatives grow almost as fast as A~7/2, but for which
we can maintain some form of asymptotic calculus. It consists of introducing a second small parameter
(called h), independent of A, and to rescale symbols by (h/h)'/2.

Definition 6.17. [Critical symbol class| Consider the usual small parameter i € (0, 1], and an independent
small parameter i € (0, 1], which we see as the inverse of a large constant. We may consider a symbol
class depending on these two parameters:

. . - -\ —lal/2
S1ya() & {am, B) € C=(RY), Ya € N, [|9%a]| o < Co (1/R) }
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One may straightforwardly adapt Prop. 6.16 to this critical class:

Proposition 6.18. The symbol calculus of Thm 5.17 and the Calderdn-Vaillancourt Thm 5.26 naturally
extend to the class S/5(1), with the effective expansion parameter being h. On the other hand, if a; €

5 3 Nj/2
S1/2(1) and az € S(1), then ai#pas € Sy /2(1) satisfies an expansion in the parameter (hh)] )

def

Proof. The first statement is obtained through the rescaling a(p) = a((h/h)"/?p) € S(1). It satisfies

a17tnay = a1 paz,  and Uy s Opy) (a) = Opﬁm/(a)U(h/ﬁ)l/%

from where the proof proceeds as in Prop.6.16. The second and third statements can be obtained by
applying the asymptotic expansion for the Moyal product a#,b, and estimating the size of each term.
Alternatively, for the second statement we may rescale as above, and use the expansion of the Moyal
product aj#;az in powers of . O

Claim 6.19. The semiclassical calculus of Thm 5.17 can also be extended to the classes Ss(m) for any
order function m, with the effective expansion parameter i'=2,

6.3.3. Sharp Gdrding inequality. The first application of these exotic symbol calculi will be to improve the
Gérding inequality:

Theorem 6.20. (Sharp Garding inequality) Assume that a € S(1) satisfies a > 0. Then there exists
Co > 0 and hg > 0 such that, for any h < hg, the self-adjoint operator Ong(a) satisfies, for h small

enough:
Opy’ (a) > —Coh.

Proof. To obtain this inequality we will construct an inverse of Op}¥ (a — z) with z < —Ch with C' > 0
a large enough constant; equivalently, we will take z < —h/h , where A > 0 will be a small parameter,
independent of A. This second notation is a hint that we will be using the critical exotic class of Def. 6.17.

As in the proof of the weak Garding inequality, we need to study the trial function (a — z)_1 and its
derivatives. Since a > 0, the first bound is H (a—z)"" HL < |2|71. To estimate the derivatives we use the

expansion (6.3). The simple bounds

(6.5) (a—2)" ‘6561(35)‘ < Cplz|
leads to
(6.6) ° (a—z)_1’ < Cy(a—z)" Y27l

However, we can take advantage of the positivity of a to improve this bound on the derivatives. Indeed,
let us write the Taylor expansion up to second order:

1
ala+9) = ae) + (. 0a@)) + [ (1= 0(@Pa(e +t)y.0).
and take y = —Ada(x) for some A > 0. The positivity a(z + y) > 0 leads to
)\2
Mda(a)? < alx) + 5 |9allo~ a(z)?.

Selecting A = [|9%a|| %, we obtain

0a(z)] < (2/6%a]| . alz))*.

This leads to
12|12 |0a(x)| < Clz|Y?a(z)? < Cla — =), and then (a — 2)7" |da(z)| < C|z|7Y/2,
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which improves (6.5) for [3] = 1. For the terms with |3| > 2 we keep the bounds (6.5). Injecting these two
estimates in the expansion (6.3) we see that the “worst term” is the term with all |57| = 1, which gives
the bound

0" (a—2)7"| < Cala—2)"" o712

which is sharper than (6.6). From this estimate, we check that if the spectral parameter z < —% the func-

tion |z| (a — z) ! belongs to the exotic symbol class 5‘1/2(1) of Def. 6.17. Equipped with the corresponding
calculus, we get
(a—2) 1

(a—2)#n(a—2)"" = B #nlzl (a — 2) =14 04 ro(z; 1, h), wnhmeTamﬁgny:ﬁSU?

As a result, applying the C-V theorem to the symbol ro(h, ﬁ), we see that as long as h < ho and % < h,
the operator I + Op}{v(rg(z;h, h)) is invertible with a uniformly bounded inverse. Like in the proof of
Prop. 6.14, this leads to the proof that Opgv (a — z) is invertible. One can also check that the bound on

Opy(r2(z; h) is uniform w.r.t. z € (—oo, —h/h], which shows that SpecOp}’ (a) C (—ﬁ/ﬁ, oo). Calling
Co= 1/730, we have thus shown that Op%v (a) > —Cyh for h < hy. O

Remark 6.21. The Weyl quantization maps a real symbol into a selfadjoint operator, but not a positive
symbol to a positive operator. However, the above result shows that in the semiclassical limit, Op%v(a)
is “almost positive”. There exists and alternative quantization, called the anti-Wick quantization, which
automatically satisfies a strict positivity property: the quantization of a positive symbol is automatically
a positive operator.

Corollary 6.22. (Improved norm bound) For a € S(1) real-valued, there exists Coq > 0 and ho > 0 such
that, for any h < hg, the operator Op};v(a) satisfies

inf a(p) — Cuh < OpY (a) < supa(p) + Cyh.
P p

In particular,
10Dl (a)|| < llall joe + Cah.

Notice that this estimate is sharper than then bound we had obtained in the Calderon-Vaillancourt Thm
5.26.

Proof. The symbol a_(p) def a(p) —infa > 0, so the sharp Garding inequality implies that Op}’ (a_)
—Ch, proving the lower bound on Op;" (a). In turn, the symbol a, (p) = supa —a(p) > 0, so Op}’ (a)
—Ch, proving the upper bound.

v v

6.4. Functional calculus on PDOs. In the previous section we have made use of the resolvent of a
selfadjoint operator, namely the operator valued function z — (z — Opgv (a)), for z outside the spectrum of
Op%v (a). The holomorphy of this operator-valued function will allow us to manipulate it quite conveniently.
In particular, through the resolvent one is able to adapt standard tools of complex analysis to the framework
of operators. One such tool is the Cauchy formula, which allows to recover functions of the operator, from
its resolvent.

We will especially consider selfadjoint operators A = Op%v(a), with a € S(m) a real valued symbol, not
necessarily bounded. In this framework, the functions of A can be defined using the spectral theorem, as
explained in the Appendix (see Corollaries A.2 and A.5). For a continuous, bounded function f : R — R,
the operator f(A) is then a bounded selfadjoint operator on L?(R?), with norm || f(A)||2z2 < ||f]lze-
More precisely,

[f(A)lL2r2 = sup  |f(E)].
teSpec A
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We want to investigate the operator f(A) when A = Op}’(a) and f : R — R is a smooth, compactly
supported function. We will show that f(A) is a PDO in the class ¥j(1), and compute the asymptotic
expansion of its symbol in terms of the symbol a and the function f.

6.4.1. A Cauchy formula for f(A). For this aim we will use a Cauchy formula (sometimes called the
Helffer-Sjostrand formula) to define the operator f(A). This formula uses an auxiliary function f, which
is an almost analytic extension of the function f.

Definition 6.23. Consider f € C°(R;C). An almost analytic extension of f is a function f € C°(C,C)
which coincides with f on R, and is “almost analytic” on R, in the sense that'®

YN >0, vz € C, 5’f(z)‘ < Oy [Im 2|V

A short way to write this almost analyticity is df(z) = O (|Im z|*°). We will actually need this property
only up to some fixed order N.

There are several ways to define such analytic extensions. One way uses the Fourier transform f =Ff
and two cutoff functions 1, x € C°(R) with ¢ = 1 near supp f, x = 1 near 0: the extension is then
defined as

3

P .\ def i€ (z+i A
Fla+ i) D xwito) [0 xwe) i) 55
(2m)/
Exercise 6.24. Check that this expression is an analytic extension of f (to infinite order).

Since we only need a finite order analytic extension, we may use a simpler definition, and take:

; <y>
(z) )’
where 7 € CZ°((—2,2)), 7(s) =1 on [—1,1].
Exercise 6.25. Check that the above function f is almost analytic of f of order N.

flz+iy) = ij)

We now use this almost analytic extension to state our Cauchy formula:

Proposition 6.26. Let f € C°(R;C) and f € C°(C) an almost analytic extension® of f. Then for any
teR,

1 .

(6.7) =3 [[o7e) (-0t a2
7r

(Notice that the integrand is smooth when y — 0).

As a result, for any selfadjoint operator A, the function f(A) can be written as
1 == _
(6.8) f(A) = —W/ f(2) (z — A) 1 d%=.

Proof. To prove the scalar formula we integrate by parts to get % If f(2)0(z — t)_l d?z, and we use the
distributional formula®! 5% = 70(2) to conclude. To prove the operator expression, we may write A using
the projection valued decomposition

A= / AdPy,

19%e remind the notation of holomorphic and anti-holomorphic derivatives. For z = = + iy, 9, = %(am —i8y), 0. =
1 (0x +10y).

20 Actually it is sufficient to require that 8f(z + iy) = O(|y|).

21Here §(z) is the delta distribution at 0 € C.



70 STEPHANE NONNENMACHER
where P is the spectral projector of A on the interval (—oo, A], so that for z € R we have (z — A)™' =

[(z=A)"" dPy. We can then define

1 == 1 _
—/ f (2) (z — A) 1 d?z = —/ df(2) /(z —\) "t dPyd?z,
™ T
noticing that the integrand of the LHS is well-defined in the limit y — 0 thanks to the estimate

1
| Im z|

o0 o <

and the fact that f is almost analytic. We may apply Fubini’s theorem and for all A € R apply the
expression (6.7) to recover [ f(\)dPy = f(A). O

When A = Op} (a), this expression for f(A) will allow us to use our semiclassical analysis of the resolvent
(z — A)~! to gather informations on the operator f(A).

6.4.2. Refined estimates for the resolvent. Let us consider a real-valued symbol a € S(m), with the as-
sumption m > 1, and assume that (a + 7) is elliptic in S(m), that is, |a(p) + i| > ym(p) for some v > 0
and all p € R?@. In that case, the function (a +i)~' € S(m~!). According to Thm 6.2 and the following
Claim, for any given value of z away from the range of a, in particular for Im z > 0 fixed, the symbol b(z)
of the resolvent (z — Op}{‘/(a))_1 belongs to the class S(m~!), and its principal symbol is the function
(z — a)_l. Yet, we will need to integrate the resolvent over z € supp f which contains the real axis, so we
need to understand how the estimates on b(z) depend on z, in particular when Im z — 0.

Lemma 6.27. Under the above conditions, the symbol b(p; z, k) of the resolvent B(z) = (z — Op}gv(a,))71
satisfies the following bounds, uniformly for h € (0,1], z € {|Rez| < R, Im z > 0} and p € R??:

ﬁl 9 2d+1
(6.10) |0%b(p; z; h)| < Cq,q max <1, ) |Imz|—1—|a\ )

|Im z|

Proof. We first treat the case of the order function m = 1. We use the inverse-CV result of Eq.(5.14)

applied to the symbols b(z) of B(z) = (2 — Op}{v(a))_l , slightly refining the proof of Beals’s Theorem.
An easy computation, obtained by generalizing the trick (6.1), shows that

hN
(6.11) Hadopﬁ(ﬁzv) o---adop,(n) B<2)HL2—>L2 =0 <‘ImZN+1> )

which implies Opy, (Oﬁb(p; z; h)) =0 (%) Applying the inverse C-V theorem (5.14) we find that

| Im z|

for any o € N2¢,
109b(2) || oo < Ca Z RIPI2| T 2|~ 1181 lel,
|B|<2d+1
Depending on the ratio %, this sum is dominated either by the term || = 0, or by the terms |§| = 2d+1,
which gives the required result.
Now, let us assume that a € S(m) with m(p) — oo and (a + 4) is elliptic in S(m). As above we call

B(z) = (z— A)™", A= 0p}"(a). We expand the commutator between /% = Op}” (¢) and B(z) in Beals’s
Theorem as:

[0, B(2)] = =B(2) [(*, A] B(2)
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where the operator P(z) = (i — A) B(z) = (i — A) (z — A) ! satisfies ||P(z)|| = O m On the other
hand, [¢*, A] B(i) € h¥y(1), so that H[Z“’ A] B(i)|| = O(h). Using also the a priori bound ||B(z)| =
o( ) we obtain [|[(*, B(2)]|| =

this case as well, which leads to the result. ]

. Proceeding by iterations we prove the estimate (6.11) for

1 _h
[ Tm z| |Imz|2

We notice that if | Im z| is too small, b(p; z; h) does not belong to a “good” symbol class. However, in the
Cauchy integral we are interested in, this symbol is multiplied by df(z), which “tames” its singularity.

Corollary 6.28. Form > 1, a € S(m) with (a +1i) elliptic, and f € C(R,C), the operator f(Op} (a))
is a PDO with symbol ¢ € S(m~>°).

Proof. If we apply the Cauchy formula (6.8) at the level of symbols, we get the explicit formula:
(6.12) c(p;h) = —/ df (2)b(p; z; h) d?

The estimates on df(z) and (6.10) show that f(z) 95b (p; z;h) = O(| Im 2]°°), uniformly w.r.t. p € R4,
so that the symbol c(h) € S(1). Another way to express this is to notice that the symbols f(2)b(z;h)
belong to S(1), uniformly w.r.t. z € supp f.

For any k: 0 we may apply the above result to the function fi(t) = (i —t)* f(t), so that f(A4) =
(1—A)” fk( ). Since f;(A) belongs to U;(1), and (a—1) is elliptic in S(m), f(A) belongs to Uy(m ). O

6.4.3. Computation of the symbol of f(A). We now want to compute more explicitly the symbol ¢(p; i) of
f(A). For this aim, we will split the integral (6.12) between two regions. Fix some parameter § € (0,1/2).
The region “close to the real axis” is defined by {z €C, Imz| < h‘s}. Using the estimates (6.10) on the

resolvent symbol and the almost analyticity of f , one sees that the contribution of this region to the
integral (6.12) is O(h)g(1)-

We are then lead to estimate the integral over the region “distant” from the real axis”,

R f {z e C, Imz| > hé} N {|2] < Ro},

where Ry will be taken large enough such that the disk {|z| < Ry} contains the support of f. We call this
truncated integral

CR el —/ af b(p; z; h) d?
and we have just shown that
(6.13) c=cr+ O(h™)s)-
In the region R, using the expression (6.3) for the derivatives of (z — a) ™', we get the simple bounds

o -1 -1 —1—|qf
(6.14) 0 (== alp))™ < Coarnlp)™ T 2|71,

valid uniformly for p € R?? and z € R. Hence, for z in the region R, the function (z — a)f1 belongs to
the symbol class h~9Ss5(m™"), where we use the exotic symbol class defined in Def. 6.15.

Lemma 6.29. For h small enough and uniformly in z € R, the symbols (z — a)f1 and b(z; k) both belong
to the class h=°Ss(m™1).



72 STEPHANE NONNENMACHER

Proof. The first part is contained in the estimate (6.14). The estimates (6.10) on derivatives of b(z) show
that b(z) € h™9Ss(1). We can easily adapt the proof of Corollary 6.4 to the setting of the exotic classe
Ss(m), namely by considering the expansion

(z—a)#n(z—a)  =1+7r(h2).

The symbol calculus in S(m) x Ss(m~") shows that 7o € h2739S5(1). The Calderén-Vaillancourt theorem
for the class Ss(1) implies that for / small enough Op!¥ (1 + r5) is invertible, of inverse in Ss(1), so if we
multiply that symbol on the left by bo(z) = (z — a)~" we get the symbol b(z) € h=°Ss5(m~1). O

This proof also provides a way to compute the expansion for b(z). From the identity

OpyY (= — a) OplY (bo(2)) (I + Op} (ra(2))) ™' =1,

we get

(6.15) b(=) = bo(=)# (1 — ra(2) + ra(z)#ra(z) — ).

We want to keep track of the z-dependence in the expansion for the remainder ro(%, z). This expansion
takes the following schematic form:

T’Q(Z)N—Z Zh/Q ( %B) (z —a)

j>2 j

k
NZhJ (z—a) 1JDJCLZ z—a) " Z H(Djia)
j=2 St =g i=1
where we factorized by (z —a) ™’
z, of degrees < j — 1:

so as to exhibit in the numerator polynomials g;j_1(z, p) in the variable
2) ~ Z Wi(z—a) '™ gj-1(2).

Jj=2

The Moyal product by#re then expands into

Z WDz —a) 1Dy = Z WD (z —a)"1D" Z W(z—a)" 7 g 1(2)
=2

>0 £>0

=D 10T Q) Y (e - a) T Qi)

>0 j>2
4 s .
Z Ktz — a) (ZHJH)Q% (2),
(50,722

with degQy—1 < ¢ —1, degQ;¢(2) < j+ ¢ —1, so that deg Q;lg)(z) < 20+ 5 — 2. If we group the terms of
same order k = £ + j, the denominators have orders 2 + 20 4 j = 2 + 2k — j < 2k, so we may write

bo#ra ~ Z B (2 %sz 4(2), deg QSC)—ZL < 2k — 4.
k>2

In the region R, this term is of order A2~ = 2(1-29),

The next order bo#roFro has the form

Z Z h£+k+j(z_a)7172(k+£)7ij7j7[(2)7

>0 k>2,5>2
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with deg Q. jo(2) < 2(k+¢)+j—5. So at a given order m = ¢ + k + j, the maximal power of the
denominator is 1 +2(k+/¢)+j=1+2m —j5 <2m — 1, with m > 4:
bo#(r)#? ~ th %“Q% -(2), deg Qgil? <2k -—T.
k>4
This term is of order h*~70 = pA1-20)+0
ro, we find similarly

bo#ry® ~ S (2 —a) P2QN) 0(2),  deg @), < 2k - 10.
k>6

. Continuing the derivation by taking the Moyal product with

By induction, one can show that the higher powers satisfy the expansion

bo#try " ~ Z B (2 e 1Q2k 3n—1(2), dengk 3no1 < 2k—3n—1.
k>2n

We see that for a given power k, there will be finitely many terms n > 1 involved (the ones such that
2n < k), which can be grouped into a single asymptotic series for b(z):

(6.16) b(z) ~ (z—a) "+ Bz —a) *Qop_u(z),  degQap—s < 2k — 4.
k>2
This expression will be of order A, uniformly for z € R.

The derivatives 9“b(z) can be analyzed similarly, they satisfy asymptotic expansions obtained by differ-
entiating the above one. For z € R one can check that the derivative 9*b(z) is dominated by the term
%bo(z) = O(R~°0+aD)). This leads to the following

Lemma 6.30. For h small enough and z € R, the symbol b(z) € h=°Ss(m™") admits the expansion (6.16),
uniformly w.r.t. z € R.

By injecting the expansion for b(z) in the Cauchy formula (6.12), we obtain the following expansion of cg:

CRN—/ 8f z—a +th 2ka( ) dZZ.

k>2

Since df(z) = O(h™) when |Im z| < h®, we may extend the integral to z € C, up to a term O(h%)s(1)-
From (6.13), this full integral is also the expansion of the full symbol ¢:

CN—;/Caf(Z) (z—a)” —f—th a)"*Qu(2) | d?=.

k>2

Fixing p € R?¢, each term of the expansion can be computed by using the Cauchy formula. The first term
provides the principal symbol:

_71T/ 0f(2) (z — a(p) ™" d*z = f(a(p)).

by applying (6.7) with ¢ = a( ). The term of order ¥, k > 2, can also be computed after some integration
by parts in the variables z,

- [[0Fe) Que (o - P (%_1 5[] 27 Qute) (<0 [ =) s
_ %_1 / o [F2)@ul2)] B[z — )] a2

:mﬁ% l[f()Qk( )] Ti=a(p) -
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In the second line we integrated by parts d and 5 separately, and used that Qg (z) is holomorphic, while
in the last we used the fact that 82 f(2) [,—= 8} f(t). We finally obtain the following

Theorem 6.31. The symbol c(h) of the operator f (Op}{v(a)) admits an expansion in S(1),
cr~ thck(p), co = f(a), c1 =0.
k>0
FEach ci(p) € S(1), and is supported in the set

suppJTa)=:{pGJRmﬂtﬂp)Gsuppf}-
6.5. Application of the functional calculus: Semiclassical Weyl’s Law.
6.5.1. Trace-class property of the operatorf(A). We will now work under the following alternative assump-
tions on the order function m and the real-valued symbol a € S(m):

(1) m — oo as |p| = oo, and (a + 1) is elliptic in S(m);
(2) m = 1 and there exists an interval I € R a compact set Q € R?? and C > 0 such that,

Vi e (0,1, VpeR*\Q,  dist(a(p;h),I) > C.
In this case we will assume that f € C2°(I).

In these two situations, the functions cg(p) appearing in the Thm 6.31 are all supported in a common
compact set. Actually, the full symbol ¢(h) has a compact essential support:

Proposition 6.32. If either of the above assumptions on m,a is satisfied, the symbol ¢ of f(Opy (a))
belongs to S((p)~>°). Besides, c(h) is essentially supported in supp f(a), with estimates

(64 . _ h * :
0%(p;h) =0 <<dist 0 suppf(a))> ) ,  for any p such that dist (p,supp f(a)) > C.

Proof. Our general assumption is that there exists some bounded neighbourhood €2 of supp f(a) and a
constant C' > 0, such that dist(a(p),supp f) > C for all p ¢ Q. Up to a trivial change of sign, we may
assume that

a(p) > maxsupp f + C, Vp & Q.

By smoothly modifying a(p) inside €2, we may construct an auziliary symbol a € S(m), such that

a(p) = a(p), pEQ,
a(p) > maxsupp f + C/2, pe R,

We then use the following resolvent identity, valid for any z ¢ R:
-1

1 1 -1 - -
(6.17) (= 0py' (@)~ = (2= O0p’ (@) + (2= Opy (a)  Opy (a—a) (=~ Opy (a))
We can now inject this decomposition into the Cauchy formula (6.8). Let us consider the first term on the

RHS. Due to the range of a, we see that (z — Opgv (d)) is invertible if Re z < max supp f+C'/4, in particular
we may assume that this is the case for z € supp f , with uniform estimates. Besides, (z — Op‘,{v(d))_1 is

a bounded operator, depending holomorphically on z in supp f, so that
d(z— Op}{v(&))_l =0, Vzesuppf.

By integration by parts in the Cauchy formula, this shows that f (Ong (&)) = 0. We are now interested in

integrating the second term over z in (6.17). Using the notation b(z), b(z) for the symbols of the resolvents,
the symbol ¢ of the second term is given by

c=—— [ 3 )b (0 — @) (e =
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Since (a — a) is compactly supported, we know from the Quasilocality Lemma 5.18 that the symbol

b (z) def (a — @) #4b(2) is in . (R?%) uniformly for z € supp f, and admits estimates O ((Whpﬂ)y}o)y

for p outside Q. The Moyal product with the symbol 8 f(z)b(z), which is uniformly in S(1), gives a symbol
in .7 (R?%) with the same estimates. Finally, integrating z over supp f gives the Proposition. O

Using Prop. 5.40 we obtain the following trace-class property of the operator f(A):

Corollary 6.33. Assume that either of the two assumptions on m,a are satisfied. Then, for any function
f € CX(R) (resp. for any f € C°(I)) and for h small enough, the operator f (Opj}Y (a)) is trace class on

L?(R?). Besides, one has

(6.18) trf (Op} (a)) = mlh)d / c(p)dp ~ (27rlh)d > n / cr(p)dp-
k>0

In particular, the principal order term is W [ f(a(p)) dp.

This corollary shows that for A > 0 small enough, the spectrum of the selfadjoint operator Opgv (a) inside
supp f is purely discrete, composed of eigenstates/values (¢;(h), Aj(Rh)) In our semiclassical setting,
we may try to estimate the density of these eigenvalues.

jeJ-

6.5.2. Semiclassical Weyl’s Law. We now assume that the symbol a admits an expansion
a~ Z Wa; a; € S(m) independent of h.
Jj=0
We are then able to prove the following bounds on the counting function.
Theorem 6.34. (Semiclassical Weyl’s law) Fiz some compact interval [Ey, E1] € I, and call N ([Eo, E1] ; h)

the number of eigenvalues of Opgv(a) in [Eo, E1], counted with multiplicities. Then we have the following
estimates as h — 0:

(27T1h)d (V_ ([Eo, E1]) +0(1)) < N ([Eo, E1];h) < (27r1h)d

where we define the phase space volumes

Vi ([Eo, E1]) = li\n(l)\/'ol {ag' ([Eo Fe. BErte])}.

(V4 ([Eo, E1]) +0(1))

Proof. For any € > 0, one can construct two smooth functions fi € C2°(R), such that
Vgyremi—q < - < gy e < f+ < Ngy—e, Byt
The standard functional calculus of selfadjoint operators shows the following inequalities:
trf-(A) SN ([Eo, E1]; h) < trfi(A).
We can apply the trace estimate (6.18) on both bounds, leading to

/f— (ag(p)) dp — Oy_(h) < (2xh)*N ([Eo, B1]: h) < /f+ (ao(p)) dp + Oy, ().

Volag ' ([Eo + ¢, E1 — €]) — Of_(h) < (27h)N ([Eo, Er]; h) < Volag! ([Eo — €, By + €]) + Oy, (h).

We can take a sequence € = €5 \, 0 slowly enough so that the remainders O, (h) still decay, and get the
result. 0
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Corollary 6.35. If Ey and E; are regular energies (meaning that daog(p) does not vanish on the energy
shells ag ' (E;)), then we have the asymptotics

(6.19) N ([Fo, B1] : ) = (27;)[1 (Volay ! ([Eo, E1]) +0(1)),  h™\0.

Notice that from Sard’s theorem, almost all values E € R are regular values of ag.

Remark 6.36. This semiclassical Weyl’s law is often interpreted in physics as the fact that each eigen-
state “occupies” a volume (27h)? in phase space. More generally, that a region U € R?? can “host”
about (27h)~?VolU orthogonal quantum states, or corresponds to a subspace of L?(R?) of dimension

~ (2rh) =4 Vol U.

This counting is related with the idea of the uncertainty principle: the latter tells that a maximally localized
quantum state occupies a “box” of volume ~ Ch?. If we pave U with disjoint boxes of volumes ~ Ch?,
we can accomodate about C~'A~% Vol U maximally localized states (which can be hoped to generate a
subspace of the same dimension).

Several improvements of Weyl’s law are possible. We may want to let the interval [Ey, E1] depend explicitly
on h, for instance have it shrink at a certain speed when i \, 0. The adaptation of the above method
would consist in using Ai-dependent cutoff functions fi(h), making sure that they belong to a good class
Ss(R) for some § € (0,1/2); one then will need to extend the functional calculus presented above, to such
h-dependent functions f € Ss(R). This method allows to take € = h° in the above proof, which, for regular
energies E;, allows to get a remainder O(h°) instead of o(1) in (6.19). If Ey is regular, this also shows that
for any Cy > 0 large enough,
N ([EO,EO + Coh5] ;h) - (27r1h)d (volagl ([EO,EO + Coiﬂ) + O(h5)) ,

where the implied constant on the RHS does not depend on the choice of the parameter Cj. In particular,
if Cy > 0 is chosen large enough, then the above RHS is =< k4.

Exercise 6.37. Take some § € (0,1/2). Show that the semiclassical functional calculus we have con-
structed above extends to compactly-supported functions f € Ss(R), and leads to a full symbol ¢ € Ss(R??)
for the operator f(A).

Remark 6.38. Stronger improvements of the remainder estimate in (6.19) are possible, for instance replac-
ing o(1) by O(h), but this requires to make stronger assumptions on the symbol ag , in particular dynamical
assumptions on the Hamiltonian flow <I>f10. The proofs involve different semiclassical techniques, typically
one needs to use the propagator e~ % Opy (a)/ " which is not a PDO but a different type of semiclassical
beast (a semiclassical Fourier Integral Operator).

To connect this result with the usual Weyl’s law for the Laplacian on a smooth compact Riemannian
manifold, we would need to extend the semiclassical calculus to this manifold setting. This is feasible, but
we will not do it in these notes (see e.g. Zworski’s book).

Remark 6.39. In dimension d = 1 there are methods to get approximate values for the individual eigenval-
ues of OpY (a), in the limit A — 0. On the other hand, in higher dimension we have no such approximate
expression for the eigenvalues. The above expression for the counting function is therefore very valu-
able. It gives global quantitative information on the spectrum, without any knowledge about individual
eigenvalues.
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7. MICROLOCAL PROPERTIES OF THE EIGENSTATES OF A PDO

We switch name for our real-valued symbol, and call it p ~ > >0 n p;j € S(m). We suppose that p satisfies

either of the two assumption of section 6.5.1, ensuring that the spectrum of P, = Op‘,{v(p) is discrete in
some interval I € R, for A > 0 small enough.

Let us choose an energy Ey € I, such that Vol [py Y[Ey — €, By + e])] > 0 for any € > 0. According to
Weyl’s law (6.19), each such interval [Ey — €, Ey + €] contains many eigenvalues of Py in the semiclassical
limit. We are thus allowed to consider a sequence of eigenstates (¢p, Ap), so that

(7.1) (Pp,— An) pn =0, A, — Eg when A — 0.

For a general symbol Py,we have no explicit, or even approximate expression for ;. What can we learn
about these eigenstates ¢y from semiclassical methods? (we will always normalize our eigenstates as

lenllzz = 1)

Remark 7.1. From the assumptions on p, we have |po(p) — Ep| < m(p) for p outside a bounded region €.

7.1. Wavefront set properties.

Theorem 7.2. The wavefront set of the family (pn);_,, is contained in pal(Eo).

Proof. The eigenstates satisfy (P, — A\p)en = 0. Let a € S(1) be supported away from pal(Eo). There
exists some € > 0 such that suppa is also disjoint from pg Y([Eo — €, Eg +¢€]). We want to show that
|0p;Y (a)n|| = O(R*°). For this, we will construct a bounded operator B;, = Op; (b) such that

(7.2) Bi(Pr— M) = A+ O(R™) 2, 12.
Once this is done, we will have
0= Bu(Pr — An)en
= Appn + O(R*) 2,
which will prove that supp a is not in WFy(¢p).

How to construct the operator Br? We will enlarge a bit the scope, and construct a family Bj(\) of
operators, indexed by & and also by A € [Ey — €, Ey + €]. We want them to solve

(7.3) Br(N)(Pr — X) = Ap+ O(h™) 12,12,

with implied constants uniform w.r.t. A\ € [Eg — €, Eg + €]. It is impossible to take B(\) = Ap(P, —\) 71,
since (P — A) is not invertible for many such A’s (for instance for A = A;). However, the obstruction from
being invertible comes from the phase space region surrounding py*([Eo — €, Eg + €]), which is away from
WEF},(Ap) = suppa. At the principal symbol level, the equation by(\)(pg — A\) = a can be solved by

of - la , € suppa,
bo(p; \) & { épo(p) )""alp), p € supp
; p & supp a.

which makes perfectly sense since (pg — A) does not vanish on supp a. Using the ellipticity assumptions of
p (see Remark 7.1), the symbol by(A) belongs to S(m~1!), with uniform estimates w.r.t. A\. We will solve
(7.3) by constructing the symbol b(\) of B;(\) starting from the Ansatz b(\; k) ~ > A7b;()), and solving,
order by order, the symbol equation b(\; h)#,(p — A) = a.

At order h° we have already found the unique solution by(\).
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At order A! the equation reads

1
0= % {bo, po} + bop1 + b1 (po — A)

— 0 = (0= 2" (B + 5 (o).} ).

The expression on the RHS is well-defined, since bg()) is supported in supp a, away from p, LN, br(N) s
in the class S(m™1).

At any order A/, j > 2, the equation for b;(\) will be of the form

bj (po — A) + F(bo, b1, -+ ,bj—1:p0,p1, - -, pj) =0,
where the function F' € S(1) is supported in suppa. It is solved by b1 = (py —A) ' F € S(m™!). By
Borel summation, we obtain a symbol b(A;h) € S(m™!), satisfying b((A)#s(p — A) = a + O(h®)gq).
Its quantization Bp(\) = Op}’ (b) therefore satisfies (7.3). Since all estimates are uniform w.r.t. A\ €
[Eo — €, Ep + €], we may particularize its values and take By = Bp(Ap), which solves (7.2). O

Proposition 7.3. The wavefront set WFE(¢n) is not empty.

Proof. We show it by reasoning ab absurdo. If each point p € p, L(Ey) were outside WF},(y), there would
exist functions x, € C2° with x,(p) = 1, and such that

(7.4) Opy’ (xp)en = O(h™).

Notice that for each p, x,(p’) > 1/2 in some ball B(p,r,). By compactness of p;*(Ep), one can extract a
finite set of poins S C py*(Ep) such that x &f >_pes Xp = 1/2 in some neighbourhood of po " (Fo). By a
slight modification of the x,, we may assume that xy = 1 near pal(Eo). As a result, a = 1 — x satisfies the

properties in the proof of the above theorem, so that Op}¥ (x)¢n = Opl (1 — a)pp = pn + O(h®). This
obviously contradicts (7.4). O

7.2. Semiclassical measures. There is a more precise way to describe the microlocalization properties
of the sequence of normalized states (¢p);_,o, by constructing semiclassical measures (sometimes called
semiclassical defect measures) associated with that sequence.

Definition 7.4. Let (up)n—0 be a sequence of normalized states. A semiclassical measure associated with
this sequence is a nonnegative Radon measure p on R? such that, after extracting a subsequence (hj — 0),
we have, for any observable a € C°(R??),

lim (up, Opy! (a)un;) = [ al(p) dp(p).

j—o0 J
If this limit holds without extracting a subsequence, we say that u is the semiclassical measure associated
with the sequence (up).

The semiclassical measure indicates the region of phase space where the states (uy) are microlocally
significant (in the sense that they carry a positive L? weight in this region) in the semiclassical limit. It
gives a more quantitative information than the wavefront set of the sequence.

Proposition 7.5. Any semiclassical measure p associated with (uy) is necessarily supported in WF(up,).

Proof. 1If p ¢ WFy(uy), then there is x, € C°(R?2,[0,1]) with x,(p) = 1, and such that Op}’ (x,)un =
O(h*). This implies that for any subsequence (h;), limj_mO(uhj,Opg(Xp)uhj) = 0. Hence, for any
semiclassical measure p associated with the sequence, [ x,du = 0, which shows that p & supp u. ([l

Do semiclassical measures always exist?
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Theorem 7.6. Any sequence (up)n—o of normalized states admits at least one semiclassical measure .

Proof. Let us first fix an observable a € C2°(R?? R). By the improved Calderon-Vaillancourt Thm (Cor.
6.22), we have

| {un, Op} (@)un)| < [|Op} (a) || < llal|ze + Oa(h).
As a consequence, we may extract a subsequence (h; — 0) s.t. limjﬁoo<uﬁj,0p%/(a)uhj> = o, with the
limit || < ||a||pee-
To obtain a limit for any observable, we need to use the fact that the functional space C2°(IR??) is separable.
Hence there is a sequence (ay)g>1 of functions in C°(R2?), which is dense in that space.

Let us consider the observable a;. From the above, we can extract a subsequence (hjl — 0) such that

lim <uﬁ1,0pg[1_/(a1)uh1> = a1, with |a1] < |lai]|pe-
J—00 J J J

Let us now consider the observable az. We may extract from (hjl) a subsequence (h? — 0) such that

lim (w2, Op (ag)upz) = ag,  with |ag| < [lag|| Lo

Jj—0o0 J J J

By induction, when considering the observable ai, we may extract from the sequence (h;‘f_l — 0) a
subsequence (h;C — 0) such that

lim (wy, Opp (ar)upe) = g, with |ag| < [lag| Lo
J]—00 J J J

Notice that the subsequence (ﬁ;“) also “works” for the observables a1, asz, - --ai—1. We cannot take for h;
the “k — oo limit” of the subsequences (hf), because we may have limy_,o, 2} = 0, in which case this
limiting sequence would be trivial. Instead, we proceed by a diagonal extraction argument. Namely, we

take R & h; One easily checks (from this diagonal extraction) that for any k& > 1, this sequence satisfies
lim (uhj,Opg][_/(ak)uhj> = .
Jj—o0o
The mapping ® : ap — «y is obviously linear, and it is bounded as: |[®(ag)| < |lak||ze=. This mapping
is defined on a dense subset of C2°(R?), so it can be extended continuously to the full space C°(R2?).
Now, if ap, — a in C2°, we have in particular ||ag, — a||f= — 0. Hence, for any € > 0, if n > n(e) such
that [|a — ag, ||~ < €, we have

lim sup |(up;, Opg(a)uh]) — <uﬁj,0pg(akn)uhj> <|la—ak,||lLe <€

Jj—o0

— lim sup (uhj,Op%J[_/(a)uhj> — @(a)’ < 2e.
Jj—00

We conclude that limj_)oo<uhj,0pgj[_/(a)uhj> = ®(a).

By the Riesz representation theorem, this bounded linear mapping defines a unique Radon measure on
R?¢ which we denote by u:

Vae CF(RM),  Ba) = / a(p) diu(p).

Since the scalar products (us, Op) (a)us) are real, so are the limits ®(a), so the measure y is real valued.
If @ > 0, the sharp Garding inequality (Thm 6.20) implies that

®(a) = lim (uy,, Op}Y (a)up,) > liminf(—C,h;) > 0,
j—o0 J J J
which shows that the measure p is nonnegative. 0

The bound ‘ J ad,u’ < |la|| g~ immediately translates into the following property:
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Proposition 7.7. Any semiclassical measure p associated with a family of normalized states (up)p—o
satisfies p(R??) < 1.

Remark 7.8. For a general sequence (uy,), the associated semiclassical measures can be strict subprobability
measures, or even be trivial. For instance, if f € L? is normalized and 0 # vy € R%, the sequence
(up = f(® — A~ 1)) has a zero semiclassical measure, because the full mass of uy escapes to |z| — oo.

Similarly, if 0 # & € R?, the sequence (up(z) = €€/ f()) has zero semiclassical measure, because the
mass of uy escapes to [£| — oc.

7.3. Semiclassical measures of eigenstates of P;. Let us now specialize to the sequence of eigenstates
(¢n, An) we had considered before. How do their semiclassical mesures look like? By combining Thm 7.2
and Prop. 7.5 we obtain the following

Corollary 7.9. Assume (pp, A\n) are eigenstates of Py so that A\, — Fo as h — 0. Then any associated
semiclassical measure is a probability measure supported in py 1(Eo).

Proof. The Thm and Prop. directly imply that suppu C p, 1(Eo). There remains to prove that any
measure pis a probability measure. From Prop. 7.7 p is a subprobability measure, namely p(R?4) < 1.
Let us show the converse inequality. Using the proof of Thm 7.2 we find that for any x € C2°(R?4, [0, 1])
such that y = 1 in some neighbourhood U of py ' (Ep), we have Opl (x)pn = wn + O(h™). As a result,

p(suppx) > [ xdp = lim (up,, Opy (x)un;) = 1.
Jj—00 J
0

These properties of the semiclassical measures can actually be generalized to quasimodes of Py, that is
approximate eigenstates.

Proposition 7.10. Assume that a sequence of normalized states (up)n—o satisfies the quasimode property
(P, — Eo)upllr2 = o(1) as h — 0.

Then any semiclassical measure associated with (uy) is a probability measure supported on pgl(Eo),

Proof. Let us go back to the proof of Thm 7.2. For a € S(1) supported away from p;'(Ep), we construct
a bounded operator By, satisfying (7.2), where A, has been replaced by Ey. We then have

By(Py — Eo)up = Apup + O(R™)
= |(un, Apun)| < [|Byllo(1) + O(h™)
= lim (uy, Apup) = 0,
h—0

so we find p(a) = 0.

For x € O equal to unity near py'(Ep), we find for the same reason Op}/ (1 — x)up = o(1), hence
1.

Op}Y (x)un = up + o(1), and hence for any semiclassical measure associated with (up), p(x) = O

Our last result is a refinement of this Proposition. For the first time it involves the Hamiltonian dynamics
generated by pg.

Theorem 7.11. Assume that a sequence of normalized states (up)n—o Ssatisfies the sharper quasimode
property

[(Ph = An)unllz = o(h)  as h =0,
with A\, — Ey. Then any semiclassical measure associated with (up) is a probability measure supported on
vy " (Eo), which is invariant w.r.t. the flow of .
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The invariance property of the measure is equivalent with the fact that for any a € C°(R??),

(7.5) vVt € R, p(ao @, ) = p(a).

Proof. We will use the relation between commutator and Poisson bracket, mentioned in section 4.3, which
can be easily extended to symbols p € S(m): for any a € C2(R??) and A, = Op}) (a), we have
i

[P A1) = OBl ({0, a}) + O(h) o .
Injecting the commutator in the scalar product, we get (using the self-adjointness of P, and Aj:
(upy [Prn — Any Ap) un) = ((Pr — An) un, Apupn) — (Apup, (Pr — Ap) up) = o(h).
Using the above identity, this gives

(un, Oy ({p, a}) un) = o(1),

which implies that any semiclassical measure p satisfies p ({po,a}) = 0. This infinitesimal equation is

actually equivalent with the invariance (7.5): since we may replace a by a o <I>§,O in the above identity, we

get:

t d t d t
Vte[0,T], 0=upu ({po,a o <I>p0}) = ,u(aa od, )= %,u(a o, )
=u(ao @ZO) —p(ao @go) =0.

g

APPENDIX A. APPENDIX: REMINDER ON OPERATOR AND SPECTRAL THEORY (ON HILBERT SPACE)

Below we describe a few properties of spectral theory on H a separable Hilbert space (we’ll be mostly
interested in the case H = L?(R%)).

A.1l. Reminder: spectral theory of bounded operators. Let A : H — H be a bounded operator. Its
resolvent set
p(A) ={z € C : (A - z)is invertible on H, with bounded inverse} .

Its spectrum Spec(A) = C\ p(A). The spectrum can be composed of isolated eigenvalues of finite multi-
plicities (discrete spectrum) and essential spectrum (all the rest).

A bounded operator A admits an adjoint A*, which is also bounded. A is selfadjoint iff A = A*.

Theorem A.1. (Spectral theorem) For A a bounded selfadjoint operator, there exists a probability space
(X, M, 1), a unitary operator U : H — L*(X, 1) and a function f € L=(X, pn) such that

(A.1) A =U"M;U, where My is the multiplication by f.

Note that the pure point spectrum corresponds to the countable set {f(x;), z; an atom of p}.

Corollary A.2. (Functional calculus of bounded selfadjoint operators) Take 8 : R — R a continuous
function. Then, for A a bounded selfadjoint operator on H, if we represent A as in (A.1), then the
function O o f € L*(u). We may then define the operator (A) as follows:

0(A) = U* Mpo,U.

One can easily check that this definition is compatible with more obvious one, in the case where 6 is a
polynomial.

We remind that an operator A : H — H is compact iff it maps the unit ball {||u|| < 1} into a precompact
set of H (that is, a set with compact closure). Compact operators are rather similar with operators of
finite rank. In particular, their nonzero spectrum is exclusively made of eigenvalues of finite multiplicities,
which may accumulate only at zero.
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A.2. Reminder: unbounded selfadjoint operators. An unbounded operator P is defined by its do-
main D(P) C H, which is assumed to be dense in H. This operator is closable if there exists a closed
operator P which contains P (meaning that D(P) C D(P) and they coincide on D(P)).

The adjoint P* (and its domain D(P*) is defined by duality: v € D(P*) if
|{(v, Pu)| < C(v)]|ul], for all u € D(P).

Then, one may define P*v by duality and density of D(P): due to the above inequality, there exists a
unique state P*v € H such that (v, Pu) = (P*v,u) for all u € D(P). This operator is always closed.

If P* is densely defined, then P is closable, and its closure can be obtained as P = (P*)*.

P is symmetric if P C P*: for all u,v € D(P), (v, Pu) = (Pv,u).

P is essentially selfadjoint if P = P*.

P is selfadjoint if P = P*.

Theorem A.3. (Spectral theorem for unbounded selfadjoint operators) Let (A,Dom(A)) be an unbounded

selfadjoint operator on H, with dense domain. There exists a measure space (X, M, ), a unitary operator
U:H — L*(X,pn) and a real valued measurable function f such that

- ¢ € Dom(A) iff Uy € Dom(My), meaning that MyUtp € L*(X, )
- if this is the case, then Ay = U*M;U.

(A.2) A =U*M;U.
The domain Dom(A) corresponds through U to the domain of the multiplication operator My on L*(X, ).

The easiest example is that where A is already a multiplication operator. For instance, the operator of
multiplication by 21, acting on L?(R?), admits as domain the subspace {u € L?(RY), z1u € L*(R?)}. We
can take X = R?

Example A.4. Consider the Schrédinger operator of a free particle on RY, P, = —h2A. This operator
is unbounded, its domain is the Sobolev space H2(R?). Through the (unitary) Fourier transform Fj it is
mapped into the multiplication operator by |£|? acting on the space L?(R?, d¢). So we may write

—h?A = Fj Mgj2 Fi.
Corollary A.5. (Functional calculus of unbounded selfadjoint operators) Take 6 : R — C a continuous

bounded function®’. Then, for A an unbounded selfadjoint operator on H, if we represent A as in (A.2),
then the function 0 o f € L*(u). We may then define the operator 0(A) as:

6(A) = U" MyosU.
This operator can be extended to H, where it is bounded, with [|0(A)|3—3 < [|0]|cor) = super [0(2)]-

Theorem A.6. (Stone’s theorem) Suppose (A, Dom(A) C H) is a selfadjoint (possibly unbounded) oper-
ator. Then the function t — U(t) = e ™4 forms a strongly continuous unitary group on H.:
U)U(s)=U(t+s),  UQR)"=U(-1),

t—0

Ve, U -] =% o.
Furthermore, for any vy € Dom(A), the family of states ¥ (t) = U(t)1o solves the Schrodinger equation

iopp(t) = Ap(t),  ¥(0) = 2o,

2213 Reed-Simon this calculus is extended to bounded Borel functions, which are functions (i.e. everywhere defined on R
) 0(t) such that for any open interval I the set §~*(I) is a Borel set.
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