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Abstract

We prove a joint partial equidistribution result for common perpendiculars with
given density on equidistributing equidistant hypersurfaces, towards a measure sup-
ported on truncated stable leaves. We recover a result of Marklof on the joint partial
equidistribution of Farey fractions at a given density, and give several analogous arith-
metic applications, including in Bruhat-Tits trees. '

1 Introduction

In this paper, we study geometric equidistribution results on negatively curved manifolds
with applications to arithmetic problems. Let N be a complete connected Riemannian
manifold with pinched negative sectional curvature at most —1. Let mpy be its Bowen-
Margulis measure, which, when finite and renormalized and when the sectional curvature
has bounded derivative, is the probability measure of maximal entropy for the geodesic
flow on T'N. For instance when N has finite volume, it is well-known that the conditional
measure of mpy on the image g!W of a closed strong unstable leaf W by the geodesic flow
g! at time ¢ equidistributes towards mpy as t — +o0o. See, for instance, the works of Dani,
Eskin-McMullen [N, Thm. 7.1], Margulis, Kleinbock-Margulis | , Prop. 2.2.1], Ratner,
Sarnak [Sar, Thm. 1], as well as | , Thm. 1] and | , Thm. 10.2| for generalisations.
Given an increasing family (.%;)cr of finite subsets .%#; of points on g!W for all t € R, a
natural question is to study the limiting distribution properties of .%; as t — 4o0. If Z;
is denser and denser in gtW, it is expected that .#; will also equidistribute to mpy. If
F is too sparse in g!W, it is expected for the limiting distribution to be purely punctual.
A threshold seems to occur when .%; has a constant density in g!W, possibly yielding
equidistribution of partial nature.

In this paper, we take .%; to be the image by g' of the subset of W of initial tangent
vectors of the common perpendiculars to another cusp neighbourhood, having a length
bound chosen in order to have a constant density at each time t. We prove that .%;
then equidistributes towards the conditional measure of mpgy on a truncated weak stable
leaf. This type of partial equidistribution result seems to be quite original in hyperbolic
dynamical systems. We, for instance, recover the case n = 2 of a theorem by Marklof | ,
Thm. 6], as well as [Lut, Thm. 6.1]. We actually prove a joint partial equidistribution result,

'Keywords: equidistribution, negative curvature, geodesic flow, truncated stable leaves, common per-
pendiculars, Farey fractions, Heisenberg group, quaternionic Heisenberg group, Bruhat-Tits trees. AMS
codes: 37D40, 53C22, 11N45, 20G20, 28A33, 51M10, 57K32, 20E08
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for more general families, give a version of our results for tree quotients, and give several
arithmetic applications.

More precisely, let M be a complete simply connected Riemannian manifold with
pinched negative sectional curvature at most —1, and let I' be a nonelementary discrete
subgroup of Isom(}M), with critical exponent dp (see for instance [BH]). Let D be a
nonempty proper closed convex subset of M and let H be a horoball of M such that the
families 27 = (YD) er and 27 = (vH),er are locally finite (modulo stabilizers) in M.

Let us introduce the measures that come into play in this paper, refering to Section 2
and | | for more explanations. We denote by |||l the total mass of a measure p.

Let (Mx)xeﬁ be a Patterson density for I' and let mpy be the associated Bowen-

Margulis measure on F\TIJT/[/ . When M is a symmetric space and I' has finite covolume,
then (up a to scalar multiple) p, is the unique probability measure on Oy M invariant
under the stabiliser of z in the isometry group of M and mpy is the Liouville measure,
which is finite and mixing. Let W be the strong stable leaf in T'M whose image in M is
OH, and let M9+ o be the conditional measure of mpy on the truncated weak stable leaf

ry s>t, 8°W. The measure uogt to is finite and nonzero for instance when H is centered at
a bounded parabolic fixed point of I'. Let J _ be the outer skinning measure of 27, see

for instance | |, as well as OS], | When M is geometrically finite with constant
curvature, and When D is a ball, horoball or complete totally geodesic submanifold. When
D is a horoball, ¢ 5 18 the conditional measure of mpgy on the strong unstable leaf in

F\TlM having a lift to T M whose image in M is OD.
For every v € I" such that d(D,vH) > 0, let vy € T'M be the outgoing normal vector
of D pointing towards the point at infinity of vH.

Theorem 1.1. Assume that mpy is finite and mizing for the geodesic flow on F\Tlﬁ,
and that O';_ and M((;Cr 1, OT€ finite and nonzero. Then for every tg € R, for the weak-star

convergence of measures on (F\T1M)2, we have

lim ||mBM|| e ori Z AFU.Y ® Agtl—‘v,y j7 ® ,Uszr 4o

t—+00
YELp\I'/Ty
0<d(D,yH)<t—to

See Theorem 3.3 for a more general version, as well as a version for quotients of trees by
discrete groups of automorphisms. See Section 3 for a proof, after some preliminary work in
Section 2, in particular on the truncated weak stable leaves and their measures. The proof
starts by using the joint equidistribution result of common perpendiculars from | ],
but the statement of Theorem 1.1 is only seemingly similar to Eq. (12) in loc. cit. and
new ideas and techniques are required. One of these ideas is a new subdivision scheme
along the geodesic flow that allows a good control of the exponential growth. One of the
techniques is an important regularity study of the splitting of the weak stable leaves and
of the dynamics on the unstable horospheres.

As a consequence of our main result Theorem 1.1, we recover the case n = 2 of a
theorem by Marklof | , Thm. 6] on the joint partial equidistribution of Farey points
chosen with constant average density on an equidistributing horocycle on the modular
curve PSLy(Z)\H2, see Corollary 4.1. In the present case (contrarily to other distribution
results in number theory), the restriction to a fixed denominator of the Farey fractions
in | | is only marginally stronger, by the growth properties of the horospheres. The
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relationship between Farey fractions and hyperbolic geometry (and in particular with the
divergent geodesics) is not new, probably going back to Ford. See for instance the works
of Athreya-Cheung [AC], Sarnak, Series, Sullivan, and the references of | , |. We
also recover [Lut, Thm. 6.1|, originally proved for hyperbolic surfaces.

In Section 4, we give several generalisations of Marklof’s result, including the 3-di-
mensional real hyperbolic version below. See Corollary 4.2 for a more general statement,
and Subsections 4.3 and 4.4 for distribution results of Farey points with constant average
density on closed horospheres in complex and quaternionic hyperbolic orbifolds. It might
be that it is possible to obtain these applications using purely homogeneous dynamics
techniques, along the lines of the cross-section method of Marklof | | and Athreya-
Cheung [AC]. But no such results appear in the literature yet. We believe that covering
all our examples might require a lot of work, even starting from the 3-dimensional real
hyperbolic case with a large class number of the imaginary quadratic field, as the cross-
sections, as well as other fundamental domain issues, are highly more complicated for
general arithmetic lattices in rank one real Lie groups than for SLs(Z). Furthermore,
the case of groups over local fields with positive characteristic is likely to require major
innovations by homogeneous dynamics methods.

Let K be an imaginary quadratic number field, with ring of integers 0k and discrimi-
nant different from —4 and —3 in order to simplify the statement in this introduction. Let
G = PSLy(C), let T" be the Bianchi group PSLa(0k), let

H:{n_(r):[(l) ﬂ:ré@} and VteR, @t:[

e t’2 0
0 6t/2:|

6—i 0/2 0
0 et 0/2
(H NT)\H with their probability Haar measures dz and dpugnry . For every t € R, we

Let M = { [ ] 10 € R}. We endow the compact abelian groups C/0x and

consider the set .%; of complex Farey fractions of height at most e'/2, defined by
Fi={% mod O : p.g€ Ok, pOx+q0k =0k, 0<lg <},
q

Corollary 1.2. Let f : (C/0k) x (I'N\G/M) — R be a continuous function with compact
support. Then for every tg € R, we have

. 1
1m -
t—+oo Card gzt—to

> F(rTn_(r)®'M)

r€Fi—_t,

+oo
= 2¢2t0 / / / f(z, Tty 1@ M) da dpanrya(Y) e 25ds.
s=tg Jye (HNI')\H JzeC/0Ok

We now give a joint partial equidistribution result of arithmetic points with given
density on an expanding horosphere in an arithmetic quotient of a nonarchimedean simple
Lie group (see Corollary 4.7 for a more general version). Let R = F,[Y] be the ring of
polynomials over a finite field F, with one indeterminate Y, and let K= F,((Y~1)) be the
valued field of formal Laurent series in Y ! over F, with |[Y ! = %. Let G = PGLy(K),
let I' = PGLy(R), let

1 r

_ . 1 0
H—{n_(r)—[o 1].7‘61(} and VneZ & _[0 Y"}'
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0 u] cu € K, |u|l = 1}. We endow I'y\ H with the
induced measure dup,\  of a Haar measure of H, normalised to be a probability measure.
For every n € Z, we consider the set .%,, of nonarchimedean Farey fractions of height at
most q", defined by

Let Ty = Ng(H) N T andM:{[

%:rH\{n_(g);P,QeR, PR+ QR=R, ogdegan}.

Corollary 1.3. Let f: (I'y\H) x (I'\G/M) — R be a continuous function with compact
support. Then for every ng € Z, we have

1

. 2n
ngrfoo Card F,_n, Z flr, Tr &7M)
T€J7L77LO
+oo
=(1=q )¢ > / fa, Tty ¥ M) dup g () dpr o () 2™
m=ng xnyFH\H

Acknowledgements: The authors thank for its support the French-Finnish CNRS IEA PaCap.

2 Background and definitions

Let X be either a complete simply connected Riemannian manifold with pinched negative
sectional curvature at most —1 or a proper geodesically complete R-tree. Let I' be a
nonelementary discrete group of isometries of X. We refer to [Rob] or | , Chap. 2 and
3|, with potential 0 throughout this paper, for background information on the data (X, T").
In particular, see Section 3.3 of loc. cit. for the definitions of the boundary at infinity 0., X
of X and the critical exponent dr > 0 of T'.

We refer to | , §2.2] for the following definitions. We denote by & X the Bartels-
Liick space of generalised geodesics in X (that is, of continuous maps R — X that are
isometric on a closed interval of R with nonempty interior and locally constant outside it),
endowed with the distance d defined by

+oo
VOO eFX, d1) = / d(et), ¢1)) e=2" dt | (1)
—0o0
It contains the closed subspace ¥ X of (true) geodesic lines and the closed subspaces ¥4 ¢ X
of (positive/negative) geodesic rays, that is, of generalised geodesics that are isometric on
exactly £[0,4oo[ (that we identify with their restriction to £[0,+oc0[). We denote by
¢ — {4 the two endpoint maps from GX to X UdsX. Let (g')ier be the (continuous-
time) geodesic flow on f?X, which preserves 9X. Let 92X = 94X U J;cp g'9y o be the
closed subspace of generalised geodesics that are isometric at least on an interval +[a, +00[
for some a € R, so that ¥ X N¥, X = ¥ X. The Bartels-Liick space is important in order
to allow the positive geodesic rays pushed by the geodesic flow at large positive times to
converge to geodesic lines.
We denote by mgy the Bowen-Margulis measure of I on X and by mpy the Bowen-
Margulis measure on I'\¢ X associated with any choice of Patterson-Sullivan density
(tz)zex, see for instance [Rob] or | , §4.2] with potential 0.
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Given a proper closed convex subset D of X, we refer to | , §2.4| for the definition of
their inner /outer normal bundles 91 D, which are contained in %y ¢X. We refer to | ,

§7.1] again with potential 0 (see also | | in the manifold case) for the definition of the

outer/inner skinning measures 5113 on 0L D. Given a measurable map f, we denote by f.

the pushforward map of measures. Recall that, for every v € I', we have
~+ ~+
Y+(0p) = 94D - (2)

Given w in 41 X or ¢4_X respectively, we refer to | , §2.3] for the definitions of its
strong stable leaf W (w) or strong unstable leaf W~ (w), of its (weak) stable leaf WO (w)
or (weak) unstable leaf W~ (w), and of its stable horoball HB, (w) or unstable horoball

HB_(w). The antipodal (or time reversal) map v : X — X defined by £ — {t — £(—t)}
is an involution satisfying ((4+X) = 4- X and

Vwed X, WHw)=W (tw).

Let w € 4, X. We refer to | , §2.4| for the definition of the canonical homeo-
morphism N5 : WT(w) — 01 HB (w) that associates to a geodesic line £ € W+ (w) the
unique (negative) geodesic ray p € 9 HB, (w) such that /_ = p_. We also denote by
abuse N (¢) = ]-0,0- The homeomorphism N, relates the inner skinning measure
5;{B+(w) of HB, (w) to the conditional fiyy+ (. on the strong stable leaf W (w) of w of the

Bowen-Margulis measure mpy as follows (see | , end of page 162|): for £ € W (w),
we have

dpy+(w)(0) = d (N ™G5, () (O) = A5, () (U1 —c00]) - (3)
Recall that we have a homeomorphism
Ry : WH(w) x R = W (w), (£, 5)+— g*f.
For every isometry v of X, for all ¢,s € R and £ € W (w), we have

Yhw(£, ) = hayw(vl,s) and  g' o hy(l, s) = hgt, (g0, s) .

The homeomorphism h,, writes the conditional measure pyyo+(,) on the stable leaf
WOt (w) of w of the Bowen-Margulis measure mpy as a twisted product measure of the
measure fiyy+(,) on W (w) and the Lebesgue measure on R, see | , Eq. (7.12)] with
potential 0: for all s € R and £ € W (w), we have

dpiyyo+ () (8°€) = €T dptyy+ () (€) ds . (4)

Note that for every v € I'; we have

Vi ot (w) = Ko+ (yuw) - (5)

Since the Lebesgue measure is atomless, for every Borel subset QO of W™ (w), the boundary
of hy (2" x [a, b]) has measure 0 for jiyyo+ () if and only if the boundary of 2 has measure

0 for py+(w)-
For all w € 4, X and s € R, let
g’ oL HB, (w) — 0> HB. (g°w)
5



be the homeomorphism that associates to p € 91 HB, (w) the unique p’ € 81 HB, (g*w)
such that p_ = p’_, or equivalently such that we have p(t) = p/(t — s) for every ¢t € R such
that ¢ < min{0,s}. Note that g®W ™ (w) = W7 (g*w) and that the following diagram is
commutative

N
WH(w) —%  0LHBi(w)
e L (6)

N
WH(g*w) = 0LHB,(g'w).

Let us now introduce the truncated (weak) stable leaves in 4 X. The projections on
the second factor of the limiting measures of our upstairs empirical joint distributions will
have as support the union of a locally finite family of truncated stable leaves. For every
o € RU{—o0}, the o-stable leaf of w € 41 X is

Wet(w) = g'W*(w),

t>o
so that WYT_(w) equals WOt (w).
Lemma 2.1. Let w € 91X and s € R.

(1) The homeomorphism Ngtw : WH(g*w) — 0L HB(g*w) is uniformly bicontinuous,
uniformly in s.

(2) The homeomorphism hy, : W (w) x R — WO (w) is uniformly bicontinuous.

(3) The homeomorphism g°| : OLHB, (w) — 0L HB.(g*w) is uniformly bicontinuous,
uniformly on s varying in a compact subset of R.

Proof. (1) For all £,/ € W*(gw), by Equation (1), we have
0

a%@wwgmwz/

—0o0

+o0o
d(e(t), 0'(t)) e*t dt + / d(€(0),2(0)) e 2t dt
0
<d(e,0) + %d(ﬂ(o),@’(o)) .

Since the footpoint map © : 49X — X defined by £ — £(0) is 3-Holder-continuous
(see | , Prop. 3.2|), this proves that Ngﬁw is uniformly continuous (actually %—Hé’)lder—
continuous), uniformly in s.

Conversely, note that by convexity, for all £,¢' € W (gw), since £, = ', we have
d(e(t), 2 (t)) < d(¢(0),£'(0)) for every t > 0. Hence

d, 0y = / ' d(e(t),0'(t)) e*t dt + / o dle(t), ' (t)) e 2t dt
0

—00

0 +o00
< [t em) et [ o). o) e = a0, N5(0).
Therefore (Ngtw)_l is 1-Lipschitz, hence uniformly continuous, uniformly in s.

(2) Again since the footpoint map is %-Hélder—continuous, there exists a constant ¢ > 0

such that for every e € ]0,1], for all 5,5 € R and £,¢ € Wt (w), if d(g*l,g*¢') < €, then
d(l(s),t'(s)) < cez. We may assume that s < s'.

6



_ !
v () =

Since ¢4 = ¢/,, by the convexity of the horoballs and by the fact that closest point maps
on nonempty closed convex subsets do not increase the distances, with p the closest point
to ¢'(s") on £([s,+o0[), we have p € ([, +00[) and

s — /| = d(€(s), £(s")) < d(£(s),p) < d(E(s),€(s)) < ce? .

Let us fix T > 0 and let us assume that s € [-7,7]. By | , Eq. (2.8)], we have
d(g®~50',¢') < |s — §'|. By the change of variable t — ¢ + s in Equation (1), we have

d(t,g* =0y < 2ld(g®0,g”' 0 .

Therefore,
A6, ) < d(l,g"50) + d(g" 0, 0) < e e+ cez .

Conversely, for all € € ]0,1], T > 0, s,s' € [-T,T] and £,¢' € W (w), assume that
max{|s — §'|, d({,¢')} < e. Then by similar arguments, we have

dg*t,g" V) < d(g*t,g°l') + d(g°l',g°g" ~*t') < T(d(6, 1) +|s' — s]) <2 €.

This proves Assertion (2) of Lemma 2.1.

(3) Let T > 0 and s € [-T,T]. By Assertion (1), by the commutativity of the di-
agram (6) and by the invertibility of g, we only have to prove that g° : ¥X — 4X is

uniformly continuous, uniformly in s € [-T,T]. As already seen, for all ¢,/ € ¥X, we
have d(g*/,g* ¢') < 2T d(¢, '), hence the result follows. O

We refer to | , §7.2| for the following definitions. Let = = (D;);c;- be a locally
finite (in the sense that we will explain below) I'-equivariant family of nonempty proper
closed convex subsets of X and let 21 = (H;) jer+ be alocally finite I'-equivariant family
of (closed) horoballs in X. Let ~ be the equivalence relation on I'™ defined by j ~ j’ if
and only if Hy = H; and there exists v € I' such that j' = vj. Let ~_ be the similarly
defined equivalence relation on I~. By locally finite, we mean that for every compact
subset K of X, the quotients sets {i € I~ : KND; #0}/~_and {j € IT : KNH; # 0}/,
are finite.

For all j € I'" and s € R, let H; s be the horoball contained in H; consisting of points
at a distance at least s from the complement of Hj if s > 0, and otherwise, let Hj s be the
closed (—s)-neighbourhood of Hj, which is the horoball containing H; consisting of the
points that are at distance at most —s from H;.

For every j € I, let w; be any geodesic ray starting from the boundary of the horoball
H; and converging to the point at infinity of H;, so that HB(w;) = H;. We denote

Wi =WH(wy), W =W (w)), W = Wit (uy),
NS =N = pwew,), by =he, and it = ppory,).
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Using the homeomorphism h; from Wj+ x R to W]Q+ defined by (¢,s) — g°¢ and the

homeomorphism Nj+ : VV;r — 0L H; defined by ¢ )=o), for all s € R and £ € Wj+, we
thus have by Equations (4) and (3)

At (g%0) = ¢ dGy (4] o)) ds - (7)

For all j € I™ and sy € R, since H; is the sg-neighbourhood of Hj g, if sop > 0 and
since Hj g, is the (—sg)-neighbourhood of Hj if s <0, by | , Eq. (7.7)] (see also | ,
Prop. 4 (iii)] in the manifold case), for every ¢ € Wj+, we have

Aoy (0] c00) = €0 day, (87000 - (8)

7,50

For every ty € R fixed, we also define

i€l eI*-/N+

Since the I'- equlvarlant family (H});er+ is locally finite and since to > —oo, the two
measures o, - and [ ,u%L 4, Are locally finite. This is the reason why it is important to

restrict the (weak) stable leaves W to their upper parts W, Jr] These two measures are
also I'-equivariant by Equations (2) and (5) (and by the I'-equivariance of the families
27%). Hence (see for instance | , §2.8] for the definition of the induced measure when

I' may have torsion), they induce locally finite measures 0;_ and u[(;;, 1, O I\ GX.

3 Joint partial equidistribution of common perpendiculars to
shrinking horoballs at a given density

In this section, we prove, as an application of | , Thm. 11.3], a joint partial equidistri-
bution theorem for pairs consisting of a common perpendicular between a locally convex
subset and a quotient horoball on the one hand and its image by the geodesic flow at a large
time on the other hand. This gives a generalised geometric version in negative curvature
(including variable one and in any dimension) of the case n = 2 of | , Thm. 6] and
[Lut, Thm. 6.1] for hyperbolic surfaces.

With the notation of Section 2 (at its beginning and after the proof of Lemma 2.1),
under the finiteness and mixing assumption on the Bowen-Margulis measure and the finite-
ness and nonvanishing assumption on the skinning measures, the image gtFOiDi by the
geodesic flow at time ¢ > 0 of the image in I'\¥ X of the outer normal bundle of D; (en-
dowed with its skinning measure) equidistributes as ¢ — +oo towards the Bowen-Margulis
measure in I\¥X. For a proof, we refer to | , Thm. 1] in the manifold case and to
[ , Thm. 10.2 with potential 0] in general. We will take on g'I'9} D; sufficiently many
images by g’ and I' of common perpendiculars from D; to H; in order to have a constant
density with respect to the skinning measure on I'\Y X of the ¢t-neighborhood of I'D;.

Foralli € I~ and j € I'" such that the point at infinity of H; is not contained in s D;
(or equivalently such that JuoD; N 0o H; = 0), let pi,; be the unique geodesic ray in 8}FDZ~
such that p; j(4+00) is the point at infinity of H;, and let \; ; = d(D;, H;).



Theorem 3.1. Let X be either a proper geodesically complete R-tree or a complete simply
connected Riemannian manifold with pinched negative sectional curvature at most —1.
Let T' be a nonelementary discrete group of isometries of X. Let 2~ = (D;);ci- be a
locally finite T'-equivariant family of nonempty proper closed convex subsets of X and let
9t = (Hj)jer+ be a locally finite T'-equivariant family of horoballs in X. Assume that
the Bowen-Margulis measure mpy on T\ X is finite and mizing for the geodesic flow on

\YX. Then, for every ty € R, for the weak-star convergence of measures on 9, X x gX,
we have

lim ||m e ort E A, QA
Pirarn H BMH Pi,vj g'p
i€l Ju_, jEIT fu, vED
0o D;; ﬂaoon:@, Ai, v <t—to

ot o 0F
e S (10)

Proof. Let us first give some notation that will be useful in this proof. For all s € R and
(i,7) in I~ x I such that the closures D; and m of D; and Hj, in X U0xX have empty
intersection, let \; j s = d(D;, Hjs) > 0 be the length of the common perpendicular from
D; to Hjg, and let Q; s € GX be its parametrisation: it is the unique element of 2
such that

o a;;(t)=0a;; (0)€D;ift <0,
o a;;(t)=q;; (Nijs) € Hjsift >N j s and
° ai_’j,s’[O,Ai,jys] = «,j s is the shortest geodesic arc starting from a point of D; and

ending at a point of Hj .

We have Aiyj =0 lfﬁl N FJ 75 0 and )\i,j = )‘i,j,O >0 lfﬁl N FJ = (Z), so that )\i,j,s = )\Z-J—i—s
when both terms A;; and A; ;s are defined and positive. Note that A; ;s = Ay-1; ;¢ for
to=ghiisa; . € G X, which is

Z7.]7S Z?J7s

every v € I', by equivariance. When A; ;s > 0, let o
isometric exactly on [— A; js,0].

The term on the left in Equation (10) is independent of the choice of the representatives
of i and j. Let us fix (i,7) € I~ x I'" and let us prove that for the weak-star convergence
of measures on ¥, ¢X X G X, we have

: —opt _ o~ 0+

tl}+moo [mBMm| e " Z Dpiy @ Dgip 1, =5h, ® 1 o - (11)
yel ’
OooD; N BOOH’”':(Z), A, i <t—to

The result follows by a (locally finite) summation using the Equations (9).

For all 7 € ]0,1] and sy > tp, Theorem 11.3 of | | (in the case with potential
0) applied to the locally finite I'-equivariant families (Dq;)acr and (Hgjs,)ger (see also

| , Eq. (12)] in the manifold case) gives, for the weak-star convergence of measures on
GX xGX,
1— 6751*7'
. _51" t — ~4 ~_
tilgloo il e Z A"‘z’_,vj, 50 @ Aajfli,j, 50 or TD; © OH, . -

Y€, Di N Hyj 50 =0
t7T<)\i, ~i, 50 <t
(12)
Let us consider two compact subsets 2~ of &{Di and QT of WjJr with positive measure

for 55 and ,u;r respectively, whose boundaries have zero measure for 55 and ,u;r respec-
K2 K

tively. For all sg > tg and 7 > 0, the product B = Q™ x h;j(QT x [so, so + 7]) is contained

ol . 0+
in 0y D; x Wi -



Step 1. Let us first relate the two right hand sides of Equations (11) and (12) evaluated
on the Borel set B.

By respectively Equation (7), Equation (8), an easy integral computation and the
commutativity of the diagram (6), we have

(@, ® 1) (B) = dat, (p) dui* (g°0)

/(p,f,s)EQ X QF % [s0,50+7]

/ A5}, (p) e " doy (410 )) ds
(p,€,5)EQ= xQ+F x[50,50+7] ' !

so+T1
= [ o ([T e sz, (@0
p,)EN™ X

S0

1 _ 6—61"7' . . .

- (p,0)EQ—x QT o0 47p.(p) dUvaso((g ))-00,0))
1 _ 6_6FT —t L ,

B dap,(p)day,  (p)- (13)

2,50

/(pvp’)eﬂ xg® 0| N (Qt) or

Step 2. Let us now relate the two index sets of the left hand sides of Equations (11) and
(12), except for the ranges of A; ; and A; ;, s,, that will be taken care of in Step 3.
For every v € I', if D; N Hy;s, = 0 (so that Qi i s and Oé;r—u’j, 5 Are defined), then
0o D;i N 0o Hyj = (so that p;; and py-1;; are defined) and ;. ;(0) = pi,;(0).
Conversely, since the set Q7 is compact and by the local finiteness of the family
(Hj)jer, , hence of (Hjs,)jer, , there exists a finite subset F' of I' (depending on ¢, j, 27, to),
such that for all v € T' — F and sg > to, if 0scD; N dscHyj = ( (so that p;.; is defined)

and if p; ;(0) € 7(Q7), then D; N H;s, =0 (so that @ s, 18 defined).

Step 3. Let us finally relate the two pairs of Dirac masses in the left hand sides of
Equations (11) and (12), as well as the ranges of A; ; and A; j, -

If v € I' — F furthermore satisfies A\; 4; > T for some T" > 0 (which excludes only
finitely many more v € T'), then the generalised geodesics p;~; and X i s coincide on
| — 00, T + s¢], hence on | — 0o, T + tg]. Therefore, they are at distance at most € for any
given € > 0 if T" is large enough (uniformly in sy and «) by Equation (1).

Since X has extendible geodesics, for every v € T' such that 95D; N O Hyj = 0 (or
equivalently Ou D-1;N00c Hj = (), let p,-1; ; € 9 X be any geodesic line such that we have
ﬁrli7j\[07+oo[: p771i’j\[07+oo[. For t large enough, the generalised geodesics gtﬁrujj and
gtpv_u’j, which coincide on [—t, +oco[, are arbitrarily close (uniformly in 7) by Equation
(1). Hence we may replace g'p.—1, ; by g'p,-1; ; in the formula (11) that we want to prove.

Note that gtﬁru’j belongs to WJQ+, and that g)‘iwﬁfw belongs to Wj+. Since

gtﬁ'yfli,j = gt_Ai”yj (g/\i”yj ﬁ')ﬁli,j) )
it follows from Lemma 2.1 (2) that g'p,-1; ; is close to the subset hj(QF X [so, s0 + 7]) if
and only if t — \; ,; is close to [sg, so + 7] and g)\i”‘/jﬁ,},—li’j is close to Q7. In particular, if
gtﬁf%j is close to hj(QF x [sg, 80+ 7]) and ¢ is large enough, then )\; ,; is large enough,
and \; s, is close to [t — 7,t] (uniformly in 7).

Finally, the negative geodesic ray g* N ]+ (ghin p-145), which is close to the subset

g\ N ]+ (Q7) by Lemma 2.1 (1) and (3), coincides with the generalized geodesic a;llm.vso on
10



the whole interval | —\; ; s,, +00[ . Since A; s, is large (uniformly in ) when ¢ is large, and
again by Equation (1), this implies that the generalised geodesic lines g\ N f(g)‘mj Py=1i ;)

+

and o ;. . are close (uniformly in 7).
v ligs0

To conclude the proof of the convergence in Theorem 3.1, we evaluate the two sides of
Formula (12) on the relatively compact Borel subset Q= x g N j’L(QJ’) of X x9 X, whose
boundary has measure zero for the limit measure. By Formula (13), this implies Formula
(11) evaluated on the relatively compact Borel subset B = Q7 x h;(Q" x [so,s0 + 7)),
whose boundary has measure zero for the limit measure. The result follows. ([

Let us now give a version of Theorem 3.1 in the discrete tree case. Refering to | )
§2.6] for background, let X be a locally finite simplicial tree without terminal vertices,
with geometric realisation X = |X|; (with edge lengths equal to 1) and with boundary at
infinity 0,0X = 05 X. We denote by VX the set of vertices of X, identified with its image
in X. Let I' be a nonelementary discrete subgroup of the inversion-free automorphism
group Aut(X) of X, and let or > 0 be its critical exponent. We refer also to | , §2.6]
for the definition of the space of generalised discrete geodesic lines

GX ={leGX :40) e VX, l+ € VXU X}

of X, and the definition of the discrete-time geodesic flow (g"),ez on X, given by setting
gl :m — {(m+n) for all £ € ¥X and m,n € Z.

By taking the intersections with GX of the previously defined objects for X, we define
(see op. cit.)

e the closed subspaces ¥X, ¢4, X and ¥4 (X of E?X,

e the stable horoball HB. (w), the strong stable leaf W (w), the stable leaf WO+ (w)
and the truncated stable leaf

Wolw) = |J &'W'(w

neZ,n>ng

of w € 4. X, where ng € Z, and

e the outer/inner unit normal bundles 1D of a nonempty proper simplicial subtree
D of X.

We define similarly (see op. cit.) the outer/inner skinning measure Eﬁg on 91D and the
Bowen-Margulis measures mpy on 49X and mpy on I'\¥X associated with any choice of
Patterson-Sullivan density (1z)zevx.

Given w € ¢,X, its stable horoball HB, (w) is a subtree of X and we again denote
by Nj : WT(w) — 0L HB, (w) the canonical homeomorphism defined in Section 2. We
now have a homeomorphism hy, : W (w) x Z — W (w) defined by (£,m) +— g™{. The
conditional measure fiyyo+ () of the Bowen-Margulis measure mpy (for the discrete-time

geodesic flow on ¥X) on the stable leaf WO (w) of w is now defined, for m € Z and
e WH(w), by
dpyyo+ () (87€) = € g+ () (£) dm (14)

where dm is the counting measure on Z.

7

Let 2= = (D] );er- and 27 = (H;“)jeﬁ be locally finite I'-equivariant families of
nonempty proper simplicial subtrees of X, with ]HI;r a horoball for every j € IT. We

11



consider the geometric realisations D; = |D;|; of D; and H; = |Hj|; of H;. For every
ng € Z, we define the horoball H, ,, such that H; is the ng-neighbourhood of Hj ,, if
ng > 0 and Hjp, is the (—ng)-neighbourhood of Hj if ng < 0. For every ng € Z, as in

the end of Section 2, we define the measures o7,_ and %% on ¢X, and their induced
’ 9 2% no ’
measures o> and ,ugjt ng 01 M x.

For all m € Z and (i,j) € I~ x I'", the elements p; ; and af

i jm respectively defined
just before and just after the statement of Theorem 3.1, actually belong to gX.

Note that for many interesting lattices in Aut(X) (and this will turn out to be the case
for the application in Subsection 4.5), the time-one geodesic flow is not mixing (it is not
even ergodic), though the time-two geodesic flow is mixing on a halfsubspace, see | ,
end of §4.4] for explanations. This explains the usefulness of Assertion (2) in the next
statement.

Fix a basepoint z* € VX. Let VewenX be the subset of VX of vertices of X at even

distance from z°®. Let
Goven X = {0 € IX : £(0) € VeyenX} and ZovenX = Goyen X N¥X.

Theorem 3.2. Let X be a locally finite simplicial tree without terminal vertices. Let " be
a nonelementary discrete subgroup of Aut(X). Let 2~ = (D} );e;- and 2 = (Hj)jeﬁ be
locally finite I'-equivariant families of nonempty proper simplicial subtrees of X, with Hj
a horoball for every j € I'".

(1) Assume that the Bowen-Margulis measure mpy on I'\9X endowed with the discrete-
time geodesic flow is finite and mizing. Then, for every nyg € Z, for the weak-star conver-

gence of measures on 9, oX x 9X, we have

: o 3 Lot g 0t
ngrfoo [mewm|| e Ap ;i ® Agnpwfli’j =05 Oy, -
7;6[7/"/77]‘614"»/"/4,7 ’YGF
OooD; N BOOH’W':@, )\1’, i <n—ng

(2) Assume that T' preserves VeyenX. Assume that the restriction to T'\GeyenX of the
Bowen-Margulis measure mpy s finite and mizing for the time-two map of the discrete-
time geodesic flow. Assume that the endpoints of every common perpendicular between
disjoint elements of 2~ and 2 belong to VevenX. Then, for every ng € Z, for the weak-
star convergence of measures on 9, oX x GX, we have

Pi,yj ® AgQHP,yfli’j

. mpMm _
o il g > A
n—+00 2
ieI—/N_,jeI+/N+, ~el
OooD; ﬂamHW:@, )‘iHYj <2n—2ng
_ = ~0+
- O-@_ ‘(gevenX ® H9+72n0 |§§evenX ’

Proof. (1) Let us fix i € I~ and j € I'". It follows from (the case with zero potential

of) | , Thm. 11.9] in the same way as Thm. 11.3 of op. cit. follows from Thm. 11.1
ibid. that for every integer mg > ng, we have
s —orn e ~—
nBI-‘yr-loo HmBMH € Z Aai_ﬁj ® Aaﬂy—fli,j,mo N O-Di ® O-Hj»mo
yel’
Dy NH o =05 X, vjmg =1
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for the weak-star convergence of measures on the locally compact space GX x 4X. The
proof of Theorem 3.2 (1) is then similar to that of Theorem 3.1 using this equation instead
of Equation (12).

(2) Let us fix i € I~ and j € I'". Tt follows from (the case with zero potential of) now
| , Thm. 11.11] (and more precisely of Equation (11.28) in its proof with ¢ = 2n) in
the same way as Thm. 11.3 of op. cit. follows from Thm. 11.1 ibid. that for every integer
mo > ng, we have

_ lmemll o5 Z ~t __
].lm — € rn A — &® A + = 0 ~ X o >
n—-4o00 2 e Qi g a'y_li,j,2m0 D; |gevenX Hjano ‘gevenX
ol
-AHT. . —
D; me,gmo—(Z)
/\iywvyng:Qn

for the weak-star convergence of measures on the locally compact space geven X x geven X.
The proof of Theorem 3.2 (2) is then similar to that of Theorem 3.1 using this equation
instead of Equation (12). O

In order to conclude Section 3, let us give equidistribution statements in the quotient
by I" of the two previous results. In order to simplify them, we assume that D is a proper
nonempty closed convex subset of X and that H is a (closed) horoball of X such that
the T'-equivariant families 2~ = (yD)yer and 21 = (vH),er are locally finite. In the
simplicial tree case as above, we assume that D and H are the geometric realisations of
simplicial subtrees D and H of X.

We denote by I'p and I'y the stabilisers of D and H in T respectively. For every v € T’
such that the point at infinity of vH does not belong to 0., D, we define the multiplicity
of the common perpendicular from D to vH by

1
B Card(Tp N (\Lpy~1))

My

and we denote by p, the unique geodesic ray in 8}FD converging to the point at infinity of
~vH. Note that for all @ € I'p and g € 'y, we have

My = Maryg  and Py = payg -
Theorem 3.3. (1) For every ty € R, if (X,T") satisfies the assumptions of Theorem 3.1
for 2% as above, if furthermore the measures ag_ and ,ﬂt 1o OT I\ GX are finite and
nonzero, then for the weak-star convergence of measures on (I'\¥y 0 X) x (T\9X), we

have

. i Z g 0+
t—lg-noo HmBMH e My Arp,y & Agtl"p’y =0, ® M@+7t0 . (15)
YElp\I'/T'H
0<d(D,yH)<t—tq

(2) For every ng € Z, if (X,T) satisfies the assumptions of Theorem 3.2 (1) for 9% as

~ + 0+ 7 :
above, if furthermore the measures o,,_ and B py O I\ 9X are finite and nonzero, then

for the weak-star convergence of measures on (T\%y 0X) x (T\9X), we have
i [lmg]| e > my Arp, @ Agnry, =ob_@pudf .
YELD\I'/ Tl
Ooo D NY0sc H=0, d(D,yH)<n—ng
13



(3) For every ng € Z, if (X,T) satisfies the assumptions of Theorem 3.2 (2) for 2% as
above, if furthermore the measures o) and ,ugjt np O r\ GX are finite and nonzero, then

for the weak-star convergence of measures on (I\%y 0X) x (D\ 9X), we have

o Amemll 25
ngl—}-loo 2 et Z My AFP“/ ® Ag%FPW
Y€l p\I'/T'y
Ooo D Ny0oc H=0, d(D,yH)<2n—2ng

_ 0+

=99~ | T\ Doven X ® g+ 2ng | T\ Zoven X ° (16)
Proof. The first assertion follows from Theorem 3.1 in the same way as Corollary 12.3 in
the manifold case and Theorem 12.8 in the tree case of | | follows from Theorem 11.1
of | |. The second and third assertions follow respectively from Theorem 3.2 (1) and
(2) in the same way as Theorems 12.9 and 12.12 of | | follow from Theorems 11.9 and
11.11 of [BPP]. O

Remark. Assume first in this remark that X is a (negatively curved) symmetric space,
that I' is an arithmetic lattice and that D has smooth boundary. Note that the Bowen-
Margulis measure is then the Liouville measure, and in particular is a smooth measure.

For all £ € N and f € €4T\T'X), we denote by ||f||¢ the ¢-th Sobolev norm of f. We
identify ¥, o X and GX with T'X by uniquely extending geodesic rays and segments to

geodesic lines. Then one could prove, as in | , Thm. 15 (2)] (see also | , Thm. 12.7
(2)]), by replacing the above Equation (12) by the difference of the evaluations at 7' = ¢
and T = ¢t — 7 of Equation (28) of | |, that there exists 7 > 0 such that we have an

error term of the form Oy, (e™*"*||W~|¢||¥*||;) when evaluating (before taking the limit on
the left hand side) the two sides of Equation (15) on a pair of functions ¥+ € €4(I'\T'X).

Assume now, with the notation of Section 4.5, that X is the geometric realisation of
the Bruhat-Tits tree X, of a (PGLg, K,,) and I' = PGL2(R,) is the Nagao lattice. One
could prove a similar error term in Equation (16) replacing a Sobolev regularity by a locally
constant regularity, as in Remark (ii) in | , page 282| using | , Proposition 15.7 (2)]
in order to check the main assumption of that remark.

4 Applications to equidistribution of Farey fractions

In this section, we give five examples of applications of the results of Section 3, by taking
arithmetic families of points (of Farey fractions type) with a given average density in
an expanding closed horophere, and we study their equidistribution properties. As their
proofs, though having similar schemes, make reference to many different papers, and require
numerous different computations and checkings, it has not been possible, if only for the
sake of the readability of this paper, to regroup them into one statement. More corollaries
of Theorem 3.3 (1) may be obtained by varying a nonuniform arithmetic lattice T' in the
isometry group of a negatively curved symmetric space X. In Sections 4.1 and 4.2, we

b} the image in PSLy(C) = SLy(C)/{xid} of <CCL Z) € SLy(C).

denote by {Z d

4.1 Standard Farey fractions and Marklof’s theorem

Let us now check that as a corollary of Theorem 3.3 (1), we obtain a new and geometric
proof of the case n = 2 of | , Thm. 6]. We give extra details in the proof of Corollary
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4.1, as it will serve as a model for the four next examples.
Let G = PSLa(R) and let I' be the modular group PSLa(Z). For all ,t € R, let

1 r e 2
n_(r):{o 1] and q)t:[ 0 et/z}'

Let
H={n_(r):reR},

and let
F'y=HnNT={n_(r):reZ}.

We see I'y\ H as contained in I'\G, and we endow I'gy\ H with its H-invariant probability
measure pp,\g. We endow R/Z with its probability Haar measure dz, so that the map
r +— n_(r) induces a measure preserving homeomorphism R/Z — I'y\H.

For every t € R, we consider the subset .%#; of R/Z consisting of the (standard) Farey
fractions of height at most e/, defined by

ﬁt:{g mod1: p,q€Z, (p,q) =1, 0<q§et/2}.
Note that both in the definition of ®! and .%;, Marklof replaces t by 2¢, but our convention
is more natural considering the left part of Equation (20) below.

Let © : I'\G — I'\G be the Cartan involutive homeomorphism I'g + T' fg~!, so that
for every continuous function with compact support f : R/Z x I'\G — R and for every
s € R, we have

/f dz @ d (0. (%) prj\m) = / [z, 0(y®™?)) da dpr 1 (y) -
(2:y)€(R/Z) X (Tr \H)

Corollary 4.1 (Marklof | , Thm. 6]). For every ty € R, for the weak-star conver-
gence of measures on R/Z x T\G, we have

1 +oo
lim ——— Z Ar ® Arg_(ryat = eto/ dr®d (@* (‘I)_S)*MFH\H) e ds.

t—+oo  Card yt—to 7 s=to
TSI t—tg
(17)

Proof. We consider in this proof X = H2, where Hf is the upper halfspace model of the
real hyperbolic space of dimension n (with constant sectional curvature —1). We again
denote by ¢ : TlHﬁ — Tlﬂﬁ the antipodal map v — —wv. We normalise, as we may,
the Patterson density (uz)zex of the (nonuniform arithmetic) lattice I' of the orientation
preserving isometry group G of X to consist of probability measures. The critical exponent
of I' is

Sr=1. (18)

We start the proof by recalling precisely a bijection between G and the unit tangent
bundle of H]%. We denote by - the action of G by homographies on H%{ U GOOH%, as well at
its derived action on T HZ. We fix v® = (i, —i) € T H3, which is the unit tangent vector
at the base point ¢ of H]% pointing vertically down (its length is not adequate in the picture
below, but this makes the picture easier to understand).

15



p _
g — Ne’e)
q =7

We denote by ¢ : G — TIH% the orbital map at v®, defined by g — ¢ - v®, which

is a G-equivariant (for the left actions) homeomorphism, and by ¢ : I\G — I‘\TllHll%g its
0 —

1 0
The involution S satisfies the following remarkable properties, in the connected centerfree
semisimple real Lie group G, that it anti-commutes with the standard Cartan sugbroup
®® = {®' : t € R} of G and that the conjugation by S is the standard Cartan involution

g gl of G :

quotient homeomorphism. We define S = , which is an order 2 element of T'.

Vge@G, '¢t=8¢gSt and VseR, S®S'1=0"%. (19)

Hence, with © defined just before the statement of Corollary 4.1, for all z € T'\G and
s € R, we have
O(zd%) = O(x)P° .

The element S represents a generator of the order 2 standard Weyl group Ng(®®)/Zg(®®).
The following properties say that the action of the geodesic flow gt on TIH%K corresponds
to the multiplication on the right by ®' in G, and that the antipodal map on TlH%{
corresponds to the multiplication on the right by S in G :

VieR, Vged, g'o(g)=3(g®") and «3(9) = &(g9) - (20)

By the above two centered formulas and since S € T', the homeomorphism ¢ relates the
antipodal map ¢ on I'\T'H2 to the Cartan involution © on I'\G by

Lop=¢o0O.

Let %, = {z € H% : Im z > 1}, which is a (closed) horoball centered at oo in HZ.
The subgroup I'g is equal to the stabiliser I'yz_ of S, in I'. We define

P =9" = (v Hoo)yer (21)

which are locally finite I'-equivariant families of horoballs. The map from I' — I')z_ to R

defined by v = [Z g =y 00 = g (where we assume, as we may, that ¢ > 0) induces a

bijection from I'yy \(I'—T_ ) /T, to the additive group Q/Z such that d( %, v- %) =
21n g (see the above picture). In particular, for all ¢,¢y € R, we have

t—tg

d( oo,y - Ho) <t —1ty if andonly if ¢<e 2 . (22)
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Identifying geodesic rays in 41 o X and geodesic lines in ¢ X with their unit tangent vector
at time 0, we have
04 e =W~ (v*) = §(H)

so that, by the left equivariance of @, the orbits of the right action of H on G correspond
to the strong unstable leaves for the geodesic flow on Tlﬁﬁ. Similarly, using Equation
(20), we have

Ny =WH (=)= W~ (v*)=@HS) and WO (—v®) = GHIRS) .
More precisely, using the right part of Equation (19) and Equation (20), we have
Vs,reR, g (r)@7°5) =on(r)S®%) =g”1o(n_(r)) . (23)

The endpoint map {/; : 6&%@0 — R defined by p — ps is a I'g-equivariant homeomor-
phism, such that g~ (¢)~!(r)) = n_(r) for all r € R. We denote by ¢ : Ty \dL % — R/Z
the quotient homeomorphism, and we identify I" H\@}r,%”oo with its image in F\Tlﬂ-ﬂ%&. For

every v = PTlep_r H, with € 01 2 the geodesic ray entering perpendicularly
v q s Py g g

in v - 9, we have

(Z_1<p’y) =n_ (7 : OO) and Qb*(AFp.Y) = A'y-oo mod 1 = A% mod 1 - (24)
Furthermore, by | , Thm. 9.11] or | , Prop. 20 (2)] with n = 2, the skinning
measure 5§foo is equal to twice the Riemannian volume of 8#%00, so that

Yoot ) =2dr and (¢ Y)u(0h) = 2prp (25)
By for instance | , Thm. 9.10] or | , Prop. 20 (1)] with n = 2, we have
472

|mpm|| = 47 vol(T\HZ) = = -

Mertens’s formula [HVW, Thm. 330] (see also | , §3] for a geometric proof) implies that,
as t — +o0o,
3 ottt 3 4y
Card F_4, ~ ﬁe z = ﬁe N

Since no element of I' pointwise fixes a nontrivial geodesic segment of H]%, for every v € I’
such that d(7%, v - H#%) > 0, we have

my=1.

For every to € R, let us consider the truncation ®=% = {®! : ¢ > tq} of the Cartan
subgroup ®®. For all t € R and v € I' — 'y, by the two left parts of Equations (20) and
(24), we have

(90_1)*(Athp»Y) = Aan(v-oo){ﬂ . (26)

1

By Equation (23), the homeomorphism ¢~ maps the truncated stable leaf

TWt(—v®*) = | J Tg*d! oo = | TeWH(—0*) = | Tg"uW ™ (v°)
s>t s>to s>to
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to the truncated orbit TH(®Z%)~1S in T'\G of the lower triangular subgroup of G. Fur-
thermore, by the left part of Equation (19) and since S € I' for the first equality, by
Equation (23) for the third equality, by Equations (7) and (18) for the fourth equality,
and since (.0, = ag_ and by the right part of Equation (25) for the last equality, for all
s,7 € R with s > tg, we have

d((p™(pgh ) (OTn-(r)2™%)) = d((¢7)s(pgf ) Tn-(r)@7°8)
= 4, (T3 (r)348)) = dul (Tgb F(n_(r))) = e~*doy, (TuB(n_(1))) ds
=e () s do, (Tn_(r))ds =2 dur,\g(T'n-(r))e " ds.

Therefore, by the left part of Equation (25), for all x € R/Z, y € Ty\H and s > tg, we
have

d(( x o (o @l ) (@, 0y @7°) = 4 de dpup,\u(y) e " ds . (27)

By the linearity of the pushforward of measures and by Equations (22), (24) on the left,
and (26), as t — +00, we have

(6 x 7). (Impul] 70t 3 my Arp, ® Agry, )

v € Lo \T/Tos)
0<d(Hr -0 ) < Lt

472
= 73 € Z Ar & AFn_(r)fbt
r€Fi—t,
1
~det - A, ® A . (28)
o r I'n_(r)®
Card Jt—to T’Eytfto

Since the product map 9 x ¢! is an homeomorphism from (TW~(v*®)) x (FWt%+(—v°)) to
(R/Z) x (TH(®=%)~1)  its pushforward map on measures is continuous for the weak-star
convergence. Hence Corollary 4.1 follows from Equations (27) and (28) by Theorem 3.3
(1) applied to the families 2% defined in Equation (21). O

Remarks. (1) Using the final Remark of Section 3 and an approximation by linear
combinations of functions with separate variables, one could prove that there exist 7/ > 0
and ¢ € N such that for every ¥ € €/(R/Z x T'\G), we have an error term of the form
Oy, (e~"t||¥||;) when evaluating (before taking the limit on the left hand side) the two
sides of Equation (17) on the function ¥. See also | | when n = 2 and [Li] when n > 3
for an effective version of Marklof’s result.

(2) A version of Corollary 4.1 with congruences is possible. Let N € N — {0}, and let
I'o[N] be the Hecke congruence subgroup of level N of T', preimage of the upper triangular
subgroup by the morphism of reduction modulo N of the coefficients. Up to replacing .%;
by {% € % :q=0 mod N}, to replacing I by I'g[N] and to replacing ©, by an averaging
operator over cosets of I'g[N] in I" (coming from the fact that the lattice I'y[N] is no longer
invariant under the Cartan involution g — g™!), one could obtain as in | , Thm. 2
(B)] a joint partial equidistribution of Farey fractions with a congruence assumption on
their denominator and with an error term. See also [IHee].
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4.2 Equidistribution of complex Farey fractions at a given density

Let K be an imaginary quadratic number field, with discriminant Dy, ring of integers
Ok, finite group of unit integers & (which is equal to {£1} unless Dg = —4,—3), and
Dedekind’s zeta function (k.

Let G = PSLy(C) and let T’ be the Bianchi group PSLa(Ck). For all r € C and ¢ € R,
we consider the elements of G defined by

1 “2 0
n_(r) = [0 ﬂ and ' = [60 et/2:| .

Let H = {n_(r) : r € C}. We denote by

M={ [e_;m 628/2} ;0 R}

the compact factor of the centraliser of the standard Cartan subgroup ®% = {®* : ¢t ¢ R}
of GG, which normalises H. Note that both I' and M are invariant under the standard
Cartan involution g — ‘g~ '. Let

a b a 0 1 a'b %
FHng(H)me(HM)ﬂFf{ [0 a_l] - [0 a_l] [0 , } La€ 0%, beﬁK},
which is a semi-direct product (M NT)x (H NT'). The discrete group I'y admits a properly
discontinuously action x on the left on H so that H NI acts firstly by translations and
M NT secondly by conjugation: for all a € O}, b € Ok and r € C, we have

R A e R R B P

We see, as we may, I'y\ H contained in I'\G/M (as the image (TN H)\H/(M NT) of H
in the set of double cosets). We endow I'y\ H with the induced measure jip,\ g of a Haar
measure on H by the branched cover H — '\ H, normalised to be a probability measure,
that we also see as a probability measure on I'\G /M (with support I'y\ H). We denote by
O’ the semidirect product 0 x Ok, which acts on the left, with kernel of order 2, on C by
((a,b),7) + a®r + ab. Note that for every ¢ € R, by Equation (29) and since ®! centralises
M, the double class I'n_(r)®*M is well defined for every equivalence class r € 0% \C. We
endow the quotient space 0% \C with the induced measure dz of the Lebesgue measure on
C by the branched cover C — ¢ \C, normalised to be a probability measure.

For every t € R, we consider the subset .#; of 0, \C consisting of the complex Farey
fractions of height at most e'/2, defined by

ﬂt:ﬁ}(\{gpaqeﬁf(a pﬁK+qﬁK:ﬁK7 0<|Q|§et/2}

Note that the above set of fractions % is indeed invariant under 0.
Let ©® : T\G/M — T'\G/M be the Cartan involutive homeomorphism defined by
IgM — T tg~'M.
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Corollary 4.2. For every tg € R, for the weak-star convergence of probability measures
on (01, \C) x (I\G/M), we have
1

A Card g, 2o O @ Amme

r€Fi—t,

+oo
=2 %o / (dz) @ (4 (®7°)u pir\11) e 2 ds.

=t

This statement implies Corollary 1.2 in the introduction when Dy # —4, —3, since then

O \C=0g\C=C/0k andT'y = HNT'. As aremark similar to the remark at the end of

Section 4.1, one could obtain an error term under an additional regularity assumption, and

a joint partial equidistribution result of complex Farey fractions with their denominator
congruent to 0 modulo any fixed element N in Ok — {0}.

Proof. We mostly indicate the differences with the proof of Corollary 4.1. We now consider
X = H3 with coordinates (z,u) € Cx ]0,4o00[. The critical exponent of the (nonuniform
arithmetic) lattice I" of the orientation preserving isometry group G of X is now

or=2.

We denote by - the action of G' by homographies on 9,,H = C U {oo}, by isometries
on H% through the Poincaré extension, and by the derived action on TlH%. We now fix
the unit tangent vector v* = ((0,1),(0,—1)) € TTH3. The stabiliser of v* in G is equal
to M and is hence centralised by ®X. The orbital map @ : g +— g - v® now defines an

homeomorphism ¢ : T\G/M — T\T'H3. The order 2 element S = [(1)

to I'. It normalises M and ®%, and the formulae (19) and (20) are still satisfied.
Let now 5 = {(z,u) € H3 : u > 1}. With ®=% = {®’ : ¢ > ¢4}, we again have

_01] still belongs

Ol M =W~ (v°) = G(H) and WOH(—v®) = | | g°0' Hoo = G(H(D7)7'S) . (30)
s>to
The subgroup I'y is again equal to the stabiliser I’y of the horoball 7%, in I'. We again
consider the locally finite ['-equivariant families of horoballs

9t =9 = (7 - H)~er -

The map v = [Z j = Y00 = % now induces, for every t € R, a bijection from

{I € T \(T = Lo ) [T+ d( Ao,y - i) < t} to Fy. With py the element of 9} 7,
whose point at infinity is v - oo, the endpoint map ¥ : 8L%ﬂoo — C now induces an
homeomorphism 1 : Iy \8} 5 — O} \C, such that

@D*(AF,DW) = Aﬁ}(’yoo :
Let us compute the total mass of the induced Lebesgue measure dLebﬁ}(\C on O \C,
yielding dz after renormalisation to a probability measure. Since the branched cover

Or\C — 07,\C is 2 < <|_sheeted outside the singular part and since O is generated as
a Z-lattice of C by 1 and (Di +iv/|Dkl)/2, we have

VDRl

Okl

[dLebgr \c || = |dLebg,\c || =

!ﬁ}?l
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Again by | , Thm. 9.11] or | , Prop. 20 (2)| with now n = 3, we have

4 DK _ 4 DK
Yalot) = ddLebg e = 2K gp g (o oty = 2P
7] o]

Again by | , Thm. 9.10] or | , Prop. 20 (1)] with now n = 3 and with Humbert’s
volume formula (see for instance | , §8.8 and §9.6]), we have

4
[Imeaal| = 4 Vol(S?) Vol(P\HE) = — | Dic[”/? Cxe(2) -

Mertens’s formula for the quadratic imaginary fields (see also | , Theo. 3.1]) gives,
using the action of k € Ok on (p,q) € Ok x Ok by horizontal shears k - (p,q) = (p + kq),
as t — +o0,

2
Cardﬁt_to ~ WCard(ﬁK\{z I p,qE ﬁK, pﬁK +qﬁK = ﬁK7 0< ‘q| < e(t—to)/Z})
K

2
Okl

Card(ﬁK\{(pa Q) € Og X Ok pﬁK —|—qﬁK — ﬁK’ 0< ’q’2 < et—to})

2m _
€2t 2to

TR e (2) VDK

Since O has finite index in 0%, there are only finitely many elliptic elements in ' up
to conjugation by I' N H whose fixed point set contains oo as a point at infinity. There
are only finitely many I'yz_-orbits of images of 7%, by I' meeting 7#%,. Hence there exists
a finite subset F' of the set of double cosets I’y \I'/T_ such that for every element
[v] € T \I'/Te, — F, we have

d(Ho,y - o) >0 and my,=1.
We have similarly to Equation (26), for all y € I' =Ty and t € R,

((p_l)* (Athp—y) = Ar,_ (y-00)Pt M

and, for all y € 'y \H and s € R with s > ¢,

(™)t ) (O D7) = log. |l durpm(y) e > ds
4 /|Dkl|

K

The end of the proof of Corollary 4.2 proceeds now as the one of Corollary 4.1. O

4.3 Equidistribution of Heisenberg Farey fractions at a given density

Let K, D, Ok, O}, (k be as in the beginning of Section 4.2. Let tr and n be the (absolute)
trace and norm of K. We denote by (a, a, ¢) the ideal of Ok generated by a,a,c € O.
Let ¢ be the nondegenerate Hermitian form —zg%s — 20%g + |21/? of signature (1,2) on
C3 with coordinates (20, 21, 22). Let G = PSU, = SU, /(Us3id) be the projective special
unitary group of ¢, where SU, = {g € GL3(C) : go g = ¢q, det g = 1} and Us is the group
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of cube roots of unity. Let I" be the image of SU, N SL3(Ok) in G, which is a (nonuniform)
arithmetic lattice in G, called the (projective special) Picard modular group of K.

a ¥ b a ¥ b
Denoting by |« A (| theimagein Gof |a A B | € SU,, let
c 6 d c 6 d
1 w wy
H = {n_(wg,w) =10 1 w|:wweC, 2Rewy= ]w|2},
0 0 1
et 00 ¢ 0 0
@R_{cpt_ 0 1 0 :teR} and M:{ 0 72 o|:cec, \c\:1}.
0 0 ¢ 0 0 ¢

Note that H, ®® and M are Lie subgroups of G, that M is the compact factor of the
centraliser in G of the standard Cartan subgroup ®® of G, and that the subgroup M ®R
normalises the Heisenberg group H. The groups I' and M are invariant under the standard

Cartan involution
1

g g,
where *g is the image in G of the transpose-conjugate matrix of any matrix in SU, repre-
senting g.

U UV Uy
Let Ty = N(H)NT = (MH)NT = { 0 @2 @lv
0 0 U
which admits a properly discontinuously action * on the left on H by

uwe 0y, v,v € Ok }
tr(vg) = n(v) ’

U uv uvy 1 w wo 1 w(w+v) wy+wvy+wv
0 @w? @wlv|*x|0 1 w|=10 1 w(w+v) |, (31)
0 0 w 0 0 1 0 0 1

where HNT acts firstly by left translations and M NI secondly by conjugations on H. The
inclusion map H — G induces an identification between the quotient I'i7\ H and the image
of H in I'\G/M. We endow I'y\H with the induced measure jip,\ g of a Haar measure
on H, by the branched cover H — T'y\ H, normalised to be a probability measure, that
we also see as a probability measure on I'\G/M (with support I'y\H).

For every t € R, we consider the subset .%#; of I'yy\ H consisting of the Heisenberg Farey
fractions of height at most e!, defined by

a g) . a,a,cE Ok, (a,a,c} = 0k,
: tr(ac) =n(a),

ﬁt:FH\{n_( O<n(c)§e2t}.

)
cC C

Note that the above set of elements n_ (%, %) is indeed invariant under 'z, by Equation

(31). Let © : I'\G/M — I'\G/M be the Cartan involutive homeomorphism defined by
IgM T *g~'M.
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Corollary 4.3. For every tg € R, for the weak-star convergence of probability measures
on (Pg\H) x (I'\G/M), we have

1
li - E A, ® A
t—ie0  Card Fi—t, g r @ Arrety
Fi—tg
=4 4to oo (__) (Pfs —4s d
=4e (Brp\H) ® ( «(@77)s MFH\H) e S.
s=to

As a remark similar to the remark at the end of Section 4.1, one could obtain an error
term under an additional regularity assumption, and a joint partial equidistribution result
of Heisenberg Farey points n_ (%, 2) modulo Iy with their denominators ¢ congruent to 0
modulo any fixed element N in O — {0}.

Proof. We mostly indicate the differences with the proof of Corollary 4.1. We refer to [Gol]
as well as | , 8§6.1], | , §3| for background on complex hyperbolic geometry. We
follow the conventions of this last reference concerning the normalisation of the sectional
curvature and the choice of the Hermitian form with signature (1, 2).

We now consider X = H% the Siegel domain model of the complex hyperbolic plane,
that is, the complex manifold

{(wo,w) € C*: 2Re wy — |w|* > 0},

endowed with the Riemannian metric

1
(2Re wo — |w|?)? ((

ds?HI(QC = dwy — dww)(dwy — wdw) + (2Re wy — |w|?) dwdw ). (32)
This metric is normalised so that its sectional curvatures are in [—4,—1]. The boundary
at infinity of ]HI(QC is

docHZ = {(wo, w) € C* : 2Re wy — |w|> =0} U {oc}.

Using homogeneous coordinates, we identify HZ U O5H2 with its image in P?(C) by the
map (wg,w) +— [wo : w : 1] and oo + [1: 0: 0]. We denote by - the projective action of G
on ]H[(% U BOOH%, as well as its derived action on TIH%. The holomorphic isometry group
of HZ is G (acting projectively on P?(C)).

The critical exponent of the (nonuniform arithmetic) lattice I' of G is now (see for
instance [C1, §6])

or=4.

We now fix v* = ((1,0),(—2,0)) € T'HZ, which is indeed a unit tangent vector with
footpoint z* = (1,0) by Equation (32). The stabiliser of v* in G is equal to M and is
hence centralised by ®®. The orbital map @ : g — ¢ -v* now defines a homeomorphism
¢ : T\G/M — T'\T'H2.

For every ¢t € R, the element ® acts on HZ by the map (wp,w) — (e *wq, etw).
The geodesic line ¢ in HZ such that £(0) = z* and ¢(0) = v® is t — (e 2*,0). Hence
ghv® = 0'(t) = (—2e72,0) = dpe ®!(v*) = ® - v°*. Therefore by equivariance, we have

VEtER, VgeG, g&lg)=a(gd).
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0 0 —1

The order 2 element S= | 0 1 0| €I acts by the map (wp,w) (wio, — ) on
-1 0 0

H% It thus fixes the point z* = (1,0) and acts by —id on TI.H(%. In particular it maps
v*® to —v®. By equivariance, we thus have

VgeG, vo(g)=o(99) .
The element S centralises M and normalises ®® ; more precisely,
VteR, S®S'=0".

Since S is the projective image of the matrix of the Hermitian form ¢ = —20%3 — 2270 +|21/?,
we have *¢g S g = .5 for every g € G, hence

Vge@, *¢gl=8¢s'.

For all z € T'\G and s € R, we again have O(x®°) = O(x)® * and top = p 0 6.
The (closed) horoball in HZ centered at co whose boundary 9., contains z° is

Hoo = {(wo, w) € HE : 2Re wp — |w|? > 2} .

The Heisenberg group H acts simply transitively on 0%, and on 01 %%, which contains
+v°®. Thus again with ®=% = {®! : ¢ > ¢o}, Equation (30) is still satisfied. By for instance
[ , page 90|, the stabiliser 'z in T of the horoball %, as well as the one of 91 5%,
is equal to I'gy. The I'-equivariant families of horoballs

9~ =97 = (v H)yer

are again locally finite, since oo is a bounded parabolic fixed point of T'.
For every v € T" having a representative (whose choice does not change the following
a
claims) in SU, with first column | o | € #51(0K), we have v ¢ I')p_ if and only if ¢ # 0
c
(see for instance | , Egs. (42)]) and then

(i) since oo = [1:0: 0], the point at infinity 7 - 0o is equal to (2, %);

c’)c

(ii) since H acts simply transitively on 9,,HZ — {00}, there exists a unique r, € H such

that 7y - 0 = 7 - 00, and we have r, = n,(%, %),

(iii) by | , Lem. 6.3], we have d(#%,v - #4) = In|c| = 3 In(n(c)).
Therefore by | , Prop. 6.5 (2)| with .# = O, the map v — r, induces, for all ¢, ¢y € R,
a bijection from {[7] € Ty \(T' — Lyz,) /T, : d(Hoo,y - Ho) <t —1to} to Fi_y,.

Again using the simple transitivity of the action of H on 0L.#%,, we have a I'y-
equivariant homeomorphism 1’/; : 01 A — H which associates to v € 91 7, the unique
element 1 (v) € H such that ¥(v) - (v°) = v.

For every v € I' = Iy, with p, the element of a_lt,_%oo whose point at infinity is v - 0o,
the map 1; induces an homeomorphism v : T’ H\(‘)L%”OO — I'g\H such that

Vi(Arp,) = Aryr, -
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In the remainder of the proof of Corollary 4.3, we use the same normalisation of the
. . lifz =y
Patterson-Sullivan measures (,ux)er% asin | , §4]. We denote by 6, , = { 0 otherwise

the Kronecker symbol.

(1+26p . _3) |Dxk|
Lemma 4.4. We have |lo] .| = Zf/fﬁj K
Proof. By | , Lem. 12 (iv)] with n = 2, we have [[o7 .|| = 8 Vol(I'y, \.#%), where
Vol is the Riemannian volume. Denoting as in | , 83|, for every s € R,

5 = {(wp, w) GH% : 2Re wo — |w]2 > s},

we have J, = 5 and the horoballs .7Z; all have the same stabiliser Iy, = I')_ for s € R.
By the comment following | , Eq. (11)], we have Vol(Ty \ %) = 1 Vol(Iyy \4).
The result then follows from | , Lem. 16| which says that

(1+20py,-3) | D]

0
810%|

VO](ijl \%) =

Since we normalised pr,\p to be a probability measure, it follows from Lemma 4.4
that for x € T\ H,

(1420py,—3) | Dkl

Y — (o) (o ) —
7!}*(0'@—) = (p )*(O'@—) = 1107 KT p\H -
By | , Lem. 12 (iii)] with n = 2 and by the volume formula of Holzapfel-Stover
(see | , Lem. 17] for the appropriate normalisation of the volume form), we have

o _ 7(1420p,,-3) [Dk”* Ck (3)

By | , Eq. (21)] and the comment following it, the index of H N T in I'y is equal

<aa «, C> = ﬁK }
tr(ad) =nla),c 20 J ©H
defined by (a, a,c) — n_(%, %) is |0 |-to-1 onto its image. Hence, using the (lifted linear)
action of n_(wp,w) € HNT on (a,a,c) € O X O x O defined by

to [EST et The map from {(a, a,¢) € Og X Og X O -

n_(wp,w) - (a,a,¢) = (a+wWa+wyc,a+we,c),

by | , Theo. 4], for every ty € R, we have, as t — 400,
1+26p, _
Card F_y, = — D=3
0%

<CL, a, C> = ﬁK
Card((HﬂF)\{(a,a,C) €0 X Og x Ok :  tr(atc) =n(a) })
0 < n(c) < e?t72t
~ 3(1 +25DK,—3) 4(3) 641574150 )
27 |O%I* VIDk| (i (3)
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Since H N IT" has finite index in I'y = Iy, and acts freely on 0%, there are only
finitely many elliptic elements in I' up to conjugation by I' N H whose fixed point set
contains oo = [1 : 0 : 0] as a point at infinity. There are only finitely many I';z_-orbits of
images of 2, by I' meeting .. Hence there again exists a finite subset F' of the set of
double cosets I \I'/T_ such that for every [y] € Iz \I'/I. — F, we have

d(Ho,y - H) >0 and my=1.
We have similarly, for all y € I' = I'j_ and t € R,
(0" Du(Argip,) = Arpatar
and by Lemma 4.4, for all y € I'y\H and s € R with s > tp,

(™ s(ugfi ) (O 27%)) = llog | dury\m(y) e ds

(1 25DK —3) |EK’ —4
= : d Sds .
%] MFH\H(y) € §

The end of the proof of Corollary 4.3 proceeds now as the one of Corollary 4.1. O

4.4 Equidistribution of quaternionic Heisenberg Farey fractions at a
given density

In this section, we denote by H Hamilton’s quaternion algebra over R, with x — T its
conjugation, n : x — T its reduced norm, tr : x — x + T its reduced trace. Let A
be a definite (A ®g R = H) quaternion algebra over QQ, with discriminant D,y. Let &
be a maximal order in A, with & its finite group of invertible elements. We denote by
o{a,a,c) the left ideal of & generated by a,«,c € €. See [Vig| for definitions.

Let ¢ be the nondegenerate quaternionic Hermitian form of Witt signature (1,2) on
the right vector space H? over H with coordinates (zq, 21, 22) defined by

q=—tr(Zpz) +n(z) .

With Uy = {g € GL3(H) : go g = ¢}, let G = PU, = U, /{£id} be the projective unitary
group of ¢. Let I' be the image of U;NGL3(&) in G, which is a (nonuniform) arithmetic
lattice in G.

a v b a v b
Denoting by o A | theimagein Gof |aa A B | €Uy, let
c 6 d c 6 d
1 w wy
H:{n,(wo,w): 0 1 w|:wy,weH, tr(wo):n(w)},
0 0 1
et 0 0
of={o'=| 0 1 0|:tcR} and
0 0 ¢
v 0 0
M:{m(u,U): 0 U 0 :u,UeH,n(u):n(U)zl}.
0 0 wu
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Since R is central in H, the subgroup M is the compact factor of the centraliser in G of the
standard Cartan subgroup ®® of G, and the subgroup M ®® normalises the quaternionic
Heisenberg group H, since

m(u, U)n_(wo,w) m(u,U) "t = n_(vwou,Uwa) .

Since & is invariant under conjugation in H, the groups I' and M are invariant under the

standard Cartan involution
1

g— g,
where *g is the image in G of the transpose-conjugate matrix of any matrix in U, repre-
senting g.

U UV U
Let Ty = Ng(H)NT = (MH)NT = { 0 U Uw
0 O
which admits a properly discontinuously action * on the left on H by (noting the lack of
commutativity)

u, U € 0, v,ug € O }
tr(vg) = n(v) ’

u uT uv 1 w wy 1 u(@+v)U u(vy+wo+ow)u
0 U Uv|x|0 1 w|=1]0 1 U(w+v)u : (33)
0 O U 0 0 1 0 0 1

The inclusion map H — G again induces an identification between the quotient I'g\ H
and the image of H in I'\G/M. We again endow I'y\ H with the induced measure pr,\ g
of a Haar measure on H, normalised to be a probability measure, that we also see as a
probability measure on I'\G/M (with support I'y\H).

For every t € R, we consider the subset .%#; of I'y\H consisting of the quaternonic
Heisenberg Farey fractions of height at most €', defined by

a,a,c €0, gla,a,c) =0,

Fi=Tu\{n-factactys BN

0 <n(c) < th} .

Note that the above set of elements n_(ac™ !, ac 1) is indeed invariant under 'y, by
Equation (33). Let © : I'\G/M — T'\G/M be the Cartan involutive homeomorphism

defined by TgM +— T *g~1 M.

Corollary 4.5. For every tg € R, for the weak-star convergence of probability measures
on (Tg\H) x (T\G/M), we have
1

lim ———— Ar®A
t—;—i-oo Cardft_to " Frotm

r€Fi_1,

=10¢'0% +c>o( ) @ (64 (27°) )e 1%d

= - Hrg\H * * MDg\H ) € S.
=to

As a remark similar to the remark at the end of Section 4.1, one could obtain an
error term under an additional smoothness assumption, and a joint partial equidistribu-
tion result of quaternionic Heisenberg Farey points n_ (a c Y ac™t) modulo I'y with their
denominators ¢ congruent to 0 modulo any fixed element N in & — {0}.

Proof. We mostly indicate the differences with the proof of Corollary 4.3. We refer to
[Mos, ) | as well as | , §3| for background on quaternionic hyperbolic geometry.
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We follow the conventions of this last reference concerning the normalisation of the sectional
curvature and the choice of the quaternionic Hermitian form with Witt signature (1,2).

We now consider X = HI%I the Siegel domain model of the quaternionic hyperbolic
plane, that is, the quaternionic manifold

{(wo,w) € H? : tr(wo) — n(w) > 0},

endowed with the Riemannian metric

2 = (or wo — n(w))? (n(dwo — dww) + (tr(wo) — n(w)) n(dw)) . (34)
This metric is again normalised so that its sectional curvatures are in [—4,—1]. The
boundary at infinity of HZ is

Do HY = {(wo,w) € H? : tr(wp) — n(w) = 0} U {oc}.

Using right-homogeneous coordinates, we identify H]%I U 8ooH]12-]1 with its image in the right
projective plane P2(H) over H by the map (wo,w) + [wp : w : 1] and oo + [1: 0: 0]. We
denote by - the left projective action of G' on Hf_ﬂ U 8OOH12HI, as well as its derived action on
TIHZ,
The critical exponent of the (nonuniform arithmetic) lattice I' of G is now (see for
instance |C1, Theo. 4.4 (i)])
or =10.

We again fix v* = ((1,0), (—2,0)) € T*H%, which is indeed a unit tangent vector with
footpoint z* = (1,0) by Equation (34). The stabiliser of v*® in G is again equal to M and
is hence centralised by ®®. The G-equivariant orbital map @ : g — ¢ - v® now defines an
homeomorphism ¢ : '\G/M — I'\T'HZ.

For every t € R, the element ®' acts on HZ by the map (wo, w) — (e~?!wp, e~*w). The
geodesic line ¢ in H such that £(0) = 2® and ¢/(0) = v® is ¢t — (e~2%,0). Hence, as in the
complex case (see the proof of Corollary 4.3), we have

VIER, VgeG, g&lg)=a(gd).

0 0 -1
The order 2 element S = 0 1 0| still belongs to I', it centralises M and nor-
-1 0 0
malises ®F, and it acts by the map (wp,w) = (wy', —wwy') on HE. Since S is the
projective image of the matrix of the quaternionic Hermitian form ¢ = — tr(zj 22) + n(21),
we have

Vge@G, *¢gl=8g51.
As in the complex case, for all g € G, t € R and x € I'\G/M, we have

L3(9) = ¢(gS), SP'ST'=0"" Lop=poO and O(zd') =0O(x)d".
The (closed) horoball in HZ centered at oo whose boundary 0. contains x°® is

Ho = {(wo, w) € HE : tr(wg) — n(w) > 2} .
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The quaternionic Heisenberg group H again acts simply transitively on 9.4, and on
01 7, which contains +v°*. Thus again with ®=% = {® : ¢ > ¢y}, Equation (30) is still
satisfied. By for instance the end of §3 in | |, the stabiliser I';z_ in I' of the horoball
H, as well as the one of OL.%, is equal to I'yy. The I'-equivariant families of horoballs

9T =9 = (’Y't%poo)wel“

are again locally finite, since oo is again a bounded parabolic fixed point of I'.

a
For every v € I" having a representative in U, with first column | a | € #51(0), we
c
have v ¢ I'y_ if and only if ¢ # 0 (see for instance [Kil[, | , Egs. (3-3)]) and then
(i) since oo = [1:0: 0], the point at infinity ~ - 0o is equal to (ac™t, ac™t);

(ii) since H acts simply transitively on d.,HZ — {c0}, there exists a unique r, € H such
that 7, -0 = v - o0, and we have r, =n_(ac™,ac™l);

(iil) with % = {(wo,w) € HE : tr(wo) —n(w) = s} for s > 0, by | , Lem. 6-5] where
we take s = 2 so that % = 5, we have d( Ao,y - Ho) = %ln(n(c)).

Therefore by | , Prop. 42 (ii)| with m = €@, the map v — 7, induces, for all ¢,¢y € R,
a bijection from {[7] € Ty \(T' — Lyz,) /T, : d( oo,y - Ho) <t —1to} to Fi_y,.
As in the complex case, we have homeomorphisms v : T’ H\@i,%”oo — 'y \ H such that
w*(Ava) - AFHT'—Y .

In the remainder of the proof of Corollary 4.5, we use the same normalisation of the

Patterson-Sullivan measures (”x)zeH%n as in | , §7].
. -
emma 4.6. We have |0 .| = W
Proof. By | , Lem. 7-2 (iv)] with n = 2, we have |lo7 .|| = 80 Vol(Ty, \# ), where
Vol is the Riemannian volume. By | , Lem. 7-1] and the arguments in its proofs, and

by Equation (8.4) of loc. cit. for the last equality, we have

Vol (D, \ ) = 10 Vol(Te, \Dta) = 0 o0 Vol(Tg\074)) = 5 Vol(Tg \ )

10 T 1025
1on
25 160 |0*]2
The result follows. O

Since we normalised i,z to be a probability measure, it follows from Lemma 4.6
that for x € 'y\H,

_ D?
Yulod ) = (¢ Dalod )= ngyg UT g \H -

Let my = 24 if D4 is even, and m4 = 1 otherwise. By respectively Lemma 7-2 (iii)

with n = 2 and Theorem 1-4 in | |, we have, with p ranging over primes,
lmemll = 75 Vol(M) = s5=5 3= l_DI -1 +1L(E°-1).
plDa
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By the definition of I'gy, the index of H NI in 'y is now equal to @. The map from

) ola,a,c) =0
{(a,a,c) EOXOXO0 : tr(@c) = n(a), ¢ £ 0
is |0*|-to-1 onto its image. Hence, using the (lifted linear) action of n_(wp,w) € HNT
on (a,a,c) € 0 x 0 x O defined by

1

} to H given by (a,a,¢) = n_(ac ! ac™)

n_(wo,w) - (a,0,¢) =(a+Wa+wyc,a+we,c),
by | , Theo. 1-1], for every to € R, we have, as t — +o0,

9 ola,a,c) = O
Card Fi_sy = —— Card((HﬂF)\{(a,a,c) cOxOx0: tr(ac)=n(a) })
’ﬁ | 0< n(C) S 62t72t0
24'36'5'7D§1 10t—10tg
8 ma |07 T, p, (0 — D)(P? + 1) (p* - 1)

As in the complex case, there exists a finite subset F' of Iz \I'/I';z_ such that for
every [y] € Ty \I'/T, — F, we have

d(%OO7'Y ) %oo) >0, my = L, (9071)*(Athp7) - AFTW‘PtM
and by Lemma 4.6, for all y € I'y\H and s € R with s > tp,

d((@fl)*(/ﬁ%tio))(@(y %)) = ||Ué+|| dpir 1 (y) o105 gg
D dpr(y) e 0% ds .
64 |02 H\

The end of the proof of Corollary 4.5 proceeds now as the one of Corollary 4.3. O

4.5 Equidistribution of nonarchimedian Farey fractions at a given den-
sity

In this section, we give an arithmetic application of Theorem 3.3 (3), proving a joint
partial equidistribution result of nonarchimedean arithmetic points with given density on
an expanding horosphere in the quotient of a regular tree by a nonuniform arithmetic
lattice.

We refer to |Gos, | for the notions and complements below, as well as to | ,
§14.2] whose notation we will follow. Let K be a (global) function field of genus g over a
finite field F, of order a positive prime power g, let v be a (normalised discrete) valuation
of K, let K, be the associated completion of K, let &, = {x € K, : v(z) > 0} be its

valuation ring, let 7, € K with v(m,) = 1 be a uniformiser of v, let ¢, be the order of the
residual field 0, /7,0, let |- |, = ¢ () be the absolute value associated with v, and let
R, be the affine function ring associated with v. The simplest example, used in Corollary
1.3, is given by K = Fy(Y") the field of rational fractions over F, with one indeterminate
Y, g=0,v=10: g — deg Q — deg P for every P,Q € F,[Y] the valuation at infinity,
K, =F, (Y1), 6, = F,[[Y 1]] the local ring of formal power series in Y%, 7, = Y1,
@ = ¢, and R, = FII[Y]
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Let G be the locally compact group PGLa(K,) = GL2(K,)/(K,0 id). We denote by

[CCL Z] the Image in G of (Z Z € GL2(Ky). Let I' = PGL2(R,) be the Nagao lattice in

G (see for instance |\Wei]). We consider the subgroups of G defined by

H:{n_(r):[(l) ﬂ:reKv}, @Z:{cbnz[; Wgn]:nez},

v

3 2] cu € Ky, |uly = 1}. Note that M centralises the standard Cartan

subgroup ®Z, that the diagonal subgroup M ®% normalises H, and that both I and M are

invariant under the standard Cartan involution g — fg~1.

Let

andM—{[

0 d

which admits a properly discontinuously action x on the left on H by

b B =TT

The inclusion map H — G again induces an identification between the quotient '\ H
and the image of H in '\G/M. We again endow I'y\ H with the induced measure pip\ g
of a Haar measure on H, normalised to be a probability measure, that we also see as a
probability measure on I'\G/M (with support '\ H).

For every n € Z, we consider the subset %, of I'y\ H consisting of the Farey fractions
of height at most q)) with respect to v, defined by

a,ce R,, aR,+ cR, = R, }

T = TH\{“—(%) : c#0, v(c)>-n

Let © : T\G/M — I'\G/M be the Cartan involutive homeomorphism defined by I'gM
I'tg=tM.

Corollary 4.7. For every ng € Z, for the weak-star convergence of probability measures

on (Tg\H) x (T\G/M), we have

1
m — A ®AF d2n )\
n—+oo Card ﬂn_no Teynino T T
+oo
=(1-¢2) @™ > (urpm) @ (0« (@72 w prpar) a5 2™
m=ng

Corollary 1.3 follows by considering the particular valued function field (Fy(Y), voo)
indicated above. As a remark similar to the remark at the end of Section 4.1, one could
obtain an error term under an additional locally constant regularity assumption, and a
joint partial equidistribution result of nonarchimedian Farey points n_(%) modulo 'y

with their denominators ¢ congruent to 0 modulo any fixed element N in R, — {0}.

Proof. We mostly indicate the differences with the proof of Corollary 4.3. We refer to
[Tit, Ser| for background on Bruhat-Tits trees, as well as to | , §15.1 and §15.2] whose
notation we will follow.
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We now consider X = X, the Bruhat-Tits tree of (PGLg, K,), which is a regular
tree of degree ¢, + 1 endowed with a vertex transitive action of G. Note that I' acts
without inversion on X, by [Ser, I1.1.3]. The set of vertices of X,, is the set of homothety
classes [A] under K0 of O,-lattices A in the plane K, x K,, and g[A] = [gA] for every
g € G. We identify the boundary at infinity 0,,X, of (the geometric realisation of) X,
and the projective line P;(K,) = K, U {oco} by the unique homeomorphism such that the
(continuous) extension to 0 X, of the isometric action of G on X, is the projective action
of G on Pi(K,), that is, the action of G by homographies on K, U {oo}. We denote by
- the action of G by homographies on K, U {cc}, as well as the action of G' on the space
X, of (discrete) geodesic lines in X,,.

The critical exponent of the (nonuniform arithmetic) lattice I' of G is now (see for
instance | , Eq. (15.8)])

opr =1Ing, . (35)

The standard basepoint z® of X, is the homothety class [, x &,] of the standard
O,-lattice O, x 0, in K, x K,. We consider the geodesic line v* € ¥X, with v*(0) = z°,
v*(—o0) = o € Pi(K,) and v*(+o00) = 0 € Py(K,). The stabiliser of v* in G is again
equal to M. The G-equivariant orbital map ¢ : g — ¢ - v® now defines an homeomorphism
v :I\G/M — I'¥9X,.

Since v*(n) = [0, x 7, "0, for every n € Z (see for instance | , top of page 310])
and by equivariance, we have (see also | , Eq. (15.4)])

VneZ, VgeG, g"d(g) =ap(gdm).

0 -1
1 0
precisely S ®"S~! = ®~" for every n € Z. By equivariance, the antipodal map ¢ satisfies
Ltp(g) = ©(gS) for every g € G. Since the computation is independent of the ground field,
we have tg~1 = S ¢S~ for every g € G. Hence 1o p = ¢ 0O and O(z®") = O(x)® " for
all z e '\G/M and n € Z.

The group H fixes the point at infinity oo, preserves the horoball 7%, in X, centered
at oo whose boundary contains z°®, and acts simply transitively on 0,X, — {oc0} = K,
hence on 9L.7%,,. Note that 8}r<%”oo contains the geodesic ray v* (g o[ and that oL A
contains (1v*)]—s,0)- [n particular, we have 0L A = 10,400 : £ €W (v°)}.

The order 2 element S = [ ] still belongs to I', it normalises M and ®%, more

Note that defining VeyenXy, Grven Xy and GovenX, for the above basepoint x® as just
before the statement of Theorem 3.2, we have 8;%”00 C f?even Xy, since any two points of
the horosphere 0.7%, are at even distance one from the other. Furthermore, I' preserves
VevenXy. Indeed, note that in a simplicial tree, if two of the distances between three points
are even, so is the third one. The result then follows from [Ser, I1.1.2, Cor.|, which proves
that the distance d(z®,vyx®) is even for every v € GLa(R,), since v(dety) = 0.

Each geodesic ray w € 9! can be extended to a unique element @ € ¥X, such
that wW(400) is the point at infinity of J#,. This element belongs to ZevenXy, is equal to

(N." o)~1(w) with the notation NT of Section 2, and we define éf%\%o = {0 :w e LA}

Lv®

With @270 = {®" : n > ng}, we have

Wt (v®) = U g" Bl/f?é,o = U g'Huv® = g(H(®=")7'S) .

n>ng n>ng
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The subgroup I'y is again equal to the stabiliser I'yz_ of the horoball J# in I', and
oo is again a bounded parabolic fixed point of I'.  We again consider the locally finite
I'-equivariant families of horoballs

T =9 = (v H)yer .

Note that the support of the skinning measure ag_ is contained in I'\ geven Xy, hence
+ _ +
2= | T\ Foven X0~ 9~

By [Pau, Prop. 6.1] when K =F,(Y) and v = v, and by | , Lem. 15.1] in general,

for every v = [Z 2] € I' with ¢ # 0, we have

d(Hoo,y - Hoo) = —2v(c) = 2 Ing, |cly -

In particular, the distances d( 5,7 - #5) for v € T are even and the endpoints of the
common perpendiculars between elements of 2~ and 2% belong to VeyenX,. The map

v = [Ccl Z] = n_ (%) now induces, for every n € Z, a bijection from

{0 € D \(T = Do, ) Do+ d(SHss, y - Ho) < 21}

to #,. Denoting by p the element of BL%”OO whose point at infinity is - 0o = ¢, the

map ¥ : Ot #o — H defined by w — n_(w(400)) now induces an homeomorphism
(N FH\&L%%O — 'y \H, such that

¢*(AFHP'\/) = AFan("roo) .

In the remainder of the proof of Corollary 4.7, we use the same normalisation of the

Patterson-Sullivan measures (uz)zevx, as in | , §15.3]. Since we normalised pip,\ g to
be a probability measure, it follows from | , Prop. 15.3 (2)| that, for x € T\ H,
+ N ¢!
¢*(U@—):(<P )*(U@—): -1 KT \H - (36)

With (x the Dedekind zeta function of K (see for instance [Gos, §7.8] or [Ros, §5]), by
| , Prop. 15.3 (1)], we have

gy +1

v

By | , Eq. (14.3)], the subgroup H NT' = n_(R,) has index |R}| = ¢—1in I'y.
The map from {(a:,y) ER,XRy:zRy+yR, = Ry, y # O} to H given by (z,y) — n_(%)
is | R |-to-1 onto its image. Hence, using the action by shears of R, on R, x R, defined
by z- (z,y) = (x + zy,y), by | , Coro. 16.2] with G = GLa(R,) and (zo,y0) = (1,0) so
that my 29, = ¢ — 1 by | , Eq. (16.1)] with the notation of loc. cit., for every ng € Z,
as n — +oo, we have

[meMm| = 2(¢x (1)

1
Cbrdggh_no::4—4——Cani<Rv\{(x,y)E.Rv><fa:

Ve TRy +yR, = R, })

0<|yly < gm0

2g—2 3
q qy 2n—2no

R CEN R ENIEITC
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For all n € Z and [y] € Tz _\I' /T outside a finite subset, we have

d(He,y - Ho) >0, m,=1 and (@_1)*(Ar‘g2"p»y) = Ar, g2 -

By Equations (14), (35) and (36), with dm the counting measure on Z, for every ng € Z,
for y € Ty\H and m > ng, we have

A (1% a1 12 G 2)) OWE™) = o | s (y) €82 i

¢!

= =1 drnn®) g, " dm .

The end of the proof of Corollary 4.7 proceeds now as the one of Corollary 4.1, replacing
Theorem 3.3 (1) by Theorem 3.3 (3). O
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