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ESCAPE OF MASS IN HOMOGENEOUS DYNAMICS
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ABSTRACT. We show that in positive characteristic the homogeneous prob-
ability measure supported on a periodic orbit of the diagonal group in the
space of 2-lattices, when varied along rays of Hecke trees, may behave in
sharp contrast to the zero characteristic analogue: For a large set of rays, the
measures fail to converge to the uniform probability measure on the space
of 2-lattices. More precisely, we prove that when the ray is rational there is
uniform escape of mass, that there are uncountably many rays giving rise to
escape of mass, and that there are rays along which the measures accumulate
on measures which are not absolutely continuous with respect to the uniform
measure on the space of 2-lattices.

1. INTRODUCTION

This paper deals with the study of the positive characteristic analogue (which
turns out to have a surprisingly different outcome) of the discussion in [1], thus
we start this introduction by briefly recalling it.

The space X = PGL,(R)/PGL,(Z) may be identified with the space of homo-
thety classes of (Z-)lattices in the plane R?. If we denote by A the diagonal
subgroup of PGL;,(R), then the A-orbits in X constitute a very important object
of study both from the dynamical point of view and because of their tight re-
lation to geometry and number theory. Among these orbits, the periodic ones
(recall that A is isomorphic to R), may be considered as most important. Given
a periodic orbit Ax in X, we denote by u, the unique A-invariant probability
measure supported on it.

Fixing a prime p € Z and a homothety class of a lattice x € X, one looks at
the countable subset ¥, (x) of elements y € X such that there exist k € N and
Axex,Ayeywith AycAyand [Ay:Ay] = pk. Upon drawing an edge between
¥,z € 9, (x) if and only if there exist representatives Ay € y and A; € z such that
Az < Ay and [Ay: Al = p, one endows ¥, (x) with a graph structure which is
in fact a (p + 1)-regular tree known as the p-Hecke tree through x. The edge
structure (which is of arithmetic origin) allows one to talk about Hecke rays
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starting from x in ¢, (x). These are simply sequences of homothety classes of
lattices (x,) nen in ¢, (x) with no repetitions such that xo = x and such that there
is an edge between x, and x;; for all neN.

It turns out that if Ax is periodic, then Ay is periodic for any y € ¢, (x) and
thus it is natural to consider the possible weak-star limits of the periodic mea-
sures (i, , where (x,),en is a Hecke ray. Theorem 4.8 from [1] states that for
all but potentially two special rays, the sequence (uy, )ren equidistributes in
X; that is, it weak-star converges to the unique PGL,(R)-invariant probability
measure on X. For the problematic two rays (which exist only when the prime
p splits in a quadratic extension of @ which corresponds to the periodic orbit
Ax), the collection of measures (i, )nen is finite and, so, nothing interesting
dynamically is happening. In particular, what we wish to stress for our analogy
with the positive characteristic case studied here are the following facts: (i) the
sequences ({iy, ) nen cannot exhibit escape of mass (i.e., they cannot accumulate
on a measure giving the space total mass strictly less than 1); (ii) there is a nat-
ural notion of rationality of Hecke rays and since the (potentially existing) two
Hecke rays which do not give rise to equidistribution are never rational, one has
that rational rays always give rise to equidistribution.

In the current paper which deals with the positive characteristic analogue of
the above discussion, the picture is in sharp contrast. As will be demonstrated,
all rational rays exhibit a uniform amount of escape of mass (conjectured to
be full), there are uncountably many rays which exhibit escape of mass, and
further more, there are uncountably many rays for which the periodic measures
of the ray accumulate on measures which are singular to the uniform measure.

We now abandon the above notation and present the notation and concepts
necessary for stating our results. Let [, be a finite field of order a positive power
q of a prime p, and let K =F,(Y) be the field of rational functions in one vari-
able Y over F,. Let Ry, = F4[Y] be the ring of polynomials in Y over [, let
Ky = [Fq((Y_l)) be the field of formal Laurent series in Y~ over Fy and let
Xoo = PGL2(Ko)/ PGL2(Rs) be the space of homothety classes of R-lattices
in Ky x Ko (that is, of rank 2 free R,,-submodules spanning the vector plane
Koo x Ko 0ver Ky). A point x € X, is called Ao, -periodic if its orbit under the
diagonal subgroup A of PGL,(Ks) is compact. This orbit Asx then carries a
unique Ay -invariant probability measure, denoted by u,. The aim of this pa-
per is to study the asymptotic behavior of these measures p, (and in particular
to prove unexpected escape of mass phenomena) as x varies in arithmetically
defined subsets of Ay,-periodic points.

Recall that for every x( € X and every prime polynomial v in Ry, the Hecke
tree T, (xg) with root xy is the connected component of xy in the graph with
vertex set X, with an edge between the homothety classes of two R..-lattices
A and A’ when A’ € A and A/A’ is isomorphic to Ry /VRy as an Ry,-module.
The boundary at infinity Q = Qy, of T, (xp) identifies with the projective line
P1(K,) over the completion K, of K associated with v, and a point of Q is called
rational if it belongs to P! (K). (Note that the identification of Q with P(K,) is
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not canonical, but the notion of rationality is well defined.) For every ¢ € Q, let
(xf,) nen be the vertices along the geodesic ray (called a Hecke ray) in T, (xp) from
Xp to €.

In what follows, we fix an Ay-periodic point xy in X,. Note that the vertices
of the Hecke-tree T, (xp) then also have periodic A.-orbits. Our aim is to under-
stand the possible sets O¢ of weak-star accumulation points of the sequences
of measures (1, ) nen 0N Xoo associated with the vertices of the Hecke ray with
endpoint ¢, when ¢ varies in Q. For all £ € Q and ¢ > 0, we say that

* ¢ has c-escape of mass if there exists 6 € O with 0(Xo,) <1-¢;
* ¢ has uniform c-escape of mass if for every 0 € ©; we have 0(Xs) <1-c.

Here is a summary of our results.

THEOREM 1. There exists ¢ > 0 such that any rational ¢ € Q has uniform c-escape
of mass.

The following result also exhibits full espace of mass phenomena along Hecke
rays.

THEOREM 2. There exists (p,v,Xy) such that for every rational ¢ € Q, the zero
measure belongs to O.

The key approach to these results (proved in Section 4.1) is to use the geo-
desic flow on the quotient of the Bruhat-Tits tree of (PGL;,, K,) (see for instance
[27] and Section 2.3) by the lattice PGLy(Roo)-

Theorem 1 proves an escape of mass phenomenon along only countably
many Hecke rays. Using the fact that the above constant c is independent of the
rational Hecke ray, we can strengthen this in the next result (see Section 4.2).

THEOREM 3. There exists ¢ > 0 such that the set of ¢ € Q having c-escape of mass
is uncountable.

As guided by the analogy with PGL, (R)/ PGL,(Z), we could still wonder if the
part of the measure which does not go to infinity still equidistributes in X,
that is, converges to a measure proportional to the probability measure on X,
invariant under PGL,(Ky,). The next result proves that this is also not always
the case.

THEOREM 4. There exists ¢ > 0 such that for every A -periodic point x € X,
there exist ¢ € Q. and 6 € ©¢ such that ', < 6. In particular, 6 is not absolutely
continuous with respect to the homogeneous measure on Xo.

We give explicit constants ¢, ¢’ in the above statements. We will actually prove
a stronger result, Theorem 18 in Section 4.4, which mixes the behaviors in The-
orems 3 and 4. For this, the main tool (proved in Section 4.3) is an effective
equidistribution result of sectors of Hecke spheres in positive characteristic,
which we prove using the known exponential decay of matrix coefficients, see
for instance [2]. We refer for instance to the works of Dani-Margulis [9], Clozel-
Oh-Ullmo [7], Clozel-Ullmo [8], Eskin-Oh [13], Benoist-Oh [3] for equidistribu-
tion results of Hecke spheres in zero characteristic.
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As we shall see in the main body of the text, Theorems 1, 3 and 4 are valid
upon replacing K by any global function field (see also Section 5 for further
extensions). In this more general case, there are several (albeit finitely many)
ways to go to infinity in X, and we will give more precise results towards which
cusp of X, the escape of mass occurs.

Going back to the comparison between the zero and positive characteris-
tic cases, the underlying phenomenon which changes drastically is as follows.
While in zero characteristic the size of the orbit Aooxi is exponential in 7, in
positive characteristic, it is linear in n due to the presence of the Frobenius auto-
morphism (see Theorem 10). When this is combined with the fact that rational
rays diverge in a linear speed, we get the results regarding the escape of mass.

Although the rigidity displayed in zero characteristic completely breaks down,
as demonstrated by the above results, we still believe that the following conjec-
ture holds. It implies in particular that the set of rays having uniform escape of
mass (such as the rational rays) is a null set.

CONJECTURE 5. For almost any & € Q (with respect to the natural probability
measure), the averages ﬁzlryzo ¢ converge to the homogeneous probability
measure on Xeo.

Conjecture 5 reflects our belief that the behaviour along rational rays is far
from generic. In fact, after some computer experiments, we suggest the follow-
ing.

CONJECTURE 6. For any rational € Q, yi ¢ converges to the zero measure.

This work raises many other natural questions which we plan on studying in
subsequent works. A few examples are: Is the rationality of the ray characterized
by a uniform (or full) escape of mass? Can we find irrational rays exhibiting an
escape of mass in average? Do we have a criterion for the convergence (or
convergence in average) towards (a multiple of) the homogeneous measure?
What is the Hausdorff dimension of the set of ¢ for which Theorem 3 holds?

Although we are working with the dynamics of rank 1 torus, it is interesting
to compare our results with the huge corpus of works in dynamics on noncom-
pact spaces, in particular locally homogeneous ones or moduli spaces, precisely
devoted to prove that there is no escape of mass to infinity for nice sequences
of probability measures on these spaces. This is in particular the case in homo-
geneous dynamics—with real Lie groups, thereby in zero characteristic—(see
for instance [11, 4]) or in Teichmiiller dynamics (see for instance [12, 15]).

Note that an escape of mass for the diagonal group is not a feature appearing
only in positive characteristic. Over the reals, there are examples of escape of
mass for the diagonal flow: for example, in [24, p. 232] the author arithmeti-
cally constructs a sequence of closed geodesics on the modular surface which
converge to the zero measure (see also [28] for similar examples in higher di-
mensions). We stress, though, that these examples do not share the arithmetic
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relation between the measures along the sequence which is present in our re-
sults. Indeed, due to the results in [1], such an arithmetic relation cannot coexist
with an escape of mass over the reals.

As another motivation for studying the limiting behaviour of u ¢ (also orig-
inating from the analogy with [1]), let us indicate a relation with tille distribu-
tion properties of the periods of the continued fraction expansion of certain
sequences of quadratic irrationals. We refer for instance to the surveys [16, 25]
for background.

We denote by O, = F4[[Y '] the local ring of K, (consisting of power series
in Y~! over F4). Any element f € K, may be uniquely written f = [f] + {f}
with [f] in the polynomial ring Ry, = F4[Y] and {f} € Y 'Oc. The Artin map
¥ :Y 10\ {0} — Y710y is defined by f — {%} Any f € K, irrational (not in
K =F4(Y)) has a unique continued fraction expansion

f=d()+ ,

a) +
1

a3+...

ap +

with ay = [f] € Ry, and a,, = [m] a non-constant polynomial, for n > 1.
Let QI = {f € K» : [K(f) : K] = 2} be the set of quadratic irrationals over
K in K. Given an irrational f € Y 'O, we have f € QI if and only if the
continued fraction expansion of f is eventually periodic. We fix f € QI. As-
sume for simplicity that the characteristic p is different from 2, that f € Y 'O,
has purely periodic continued fraction expansion and that the Galois conju-

7 f
11 € PGL,(Ky) and

xXf= g;l PGL;(Rx) € Xo. It is then easy to prove that x¢ is Ax-periodic. Using
the main results of [6], we may construct a natural cross-section C for the ac-
tion of Ay, on (a full-measure subset of) X, and a natural map from C onto (a
full-measure subset of) Y 1O, sending the intersection with C of the Ay, -orbit
of xf in X to the orbit of f under ¥ in ¥ ! O.

Given an irreducible polynomial P € F4[Y], our results imply strong state-
ments regarding the asymptotics of the periods of the continued fraction ex-
pansions of the quadratic irrationals P” f as n — +oo (in terms of length of the
period and the degrees of the polynomials composing it), with a strikingly dif-
ferent outcome than the ones in [1]. The exact statements and the detailed
analysis of this translation are too long to be included here, and we refer to the
future note [20]. We only mention here, as indicated by the referee, that our
results imply in particular that if (a, ;);en is the continued fraction expansion
of P" f for all n €N, then sup,, ;cn-q degan,; = +oo, thus recovering a special
case of [10, Theorem 4.5].

gate [ of f over K belongs t0 K \ Ox. Let g5 =
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2. GLOBAL FUNCTION FIELDS AND BRUHAT-TITS TREES

This section introduces the notation and preliminary results used in this pa-
per. We refer the reader to the following commutative diagram for a global view
of this notation.

Goo = Q(Koo) — Gs =G x Gy - G, = Q(Ku)

¢ ¢ ¢

VT = Goo/G(On0) Xg =Ds\Gs VT, = G,/G(0,)

oy
i hecg

Foo\Goo = FS\GS/Q(OV) =X O Aoo

-
Loo\Goo/A(Ose) = Do\ G T O Z
Poo

FOO\GOO/Q(OOO) = Fc><>\V']Too

2.1. Global function fields. We refer for instance to [23, 26] for the content of
this section.

Let F,4 be a finite field with g elements, where g is a positive power of a
prime p. Let K be a global function field over F, that is, the function field of a
geometrically connected smooth projective curve C over [, or equivalently an
extension of [, of transcendence degree 1, in which [F is algebraically closed.
The set &2 of primes of K is the set of closed points of C, or equivalently the set
of discrete valuations of K, trivial on F7, with value group exactly Z. We fix an
element in &7 that we denote by oo, and we denote by & the set & — {oo}.

For every w € &, we denote by R, the affine algebra of the affine curve C—{w}
(which is a Dedekind ring), by v,, the discrete valuation of K associated with w
(with the usual convention that v,,(0) = +00), by K,, the associated completion
of K (and again by v, the extension of v, to K), by O, its local ring, by 7, a
uniformizer of O, by k, its residual field (that we identify with its canonical lift
in Oy), and by deg(w) the degree of k, over F,;. We assume, as we may using
for instance the Riemann-Roch theorem, that 7, belongs to Ry, if v € & . Note
that R € O, if v e @f (since an element in R, has no pole at the closed point
v # oo of C), and that Ryo[7,'1N Oy = Reo.

We normalize the absolute value |- |, associated to v, by | x|, = |ky | =
g~ 989 %) for every x € K,,. In particular, the product formula

vxeK, []Ixly=1

weP

holds. Note that K, is the field k,, ((7r,,)) of Laurent series f =¥ ;c7 fi ()" in the
variable 7, over k,, where f; € k,, is zero for i € Z small enough. We have

| Fla = || SUPUEZ:V i< =01,
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and O, = k,[[m,]] is the local ring of power series f =Y ;cn fi(7To)! (Where f; €
ko) in the variable 7, over k.

For every finite extension K, of K,,, we denote again by v, the unique ex-
tension of v, to a valuation on K,,, and by e(K,, K,) = [vw(I?(jj) DV, (K, )] its
ramification index (see for instance [26, IT §2]).

For instance, if C is the projective line P! and if co = [1: 0] is its usual point
at infinity, then K =F4(Y), oo = Y71, Koo =F4 (Y ™), Oco =F4l[Y 1], koo =Fy,
Ry =F4[Y] and the uniformizers 7, for v € &y may be taken to be the monic
prime polynomials in R.,, with degv the degree of the polynomial 7. This is
the example considered in the introduction.

2.2. The semi-simple group PGL;. In this section, we give the group-theoretic
notation we are going to use in this paper, except in Section 5. Let K be as in
Section 2.1. We fix v e .

We denote by G = PGL, the (adjoint semi-simple absolutely simple) projec-
tive linear algebraic group over K in dimension 2. Whenever necessary, we em-
bed PGL; in GL3 by the adjoint representation on the vector space of traceless
2-by-2 matrices.

Let A be the diagonal subgroup of G, that is, the algebraic subgroup of G
consisting in the elements represented by diagonal matrices, which is a (split)
maximal torus of G defined over K.

For every w € & and every algebraic subgroup H of G defined over K, (for in-
stance if H is defined over K), we set H, = H(K,), which is a non-Archimedean
Lie group (and in particular a locally compact group).

We define I'no = G(Rw) = PGL2(Rs), which is a nonuniform lattice in G, =
PGL>(K,,). For instance, when C = P!, the lattice T, is called Nagao’s lattice
[18] (or Weil’s modular group [31]).

We denote by X, the totally disconnected locally compact space I'oo\Goo
(contrarily to the introduction, we consider the left quotient, since it makes
the connection with Bruhat-Tits theory easier). The space X, is noncompact,
and identifies by T'oog — g ! [Roo X Roo] With the space of homothety classes [A]
under K of R-lattices A in Ko x Koo.

Let S = {oo,v} and let I's be the S-arithmetic group G(Ro (7,~11), which em-
beds diagonally in the locally compact group Gs = G, x G, as a nonuniform
lattice, and let Xs = I's\Gs. We identify G, and G,, hence any subgroup of
them, with their images in G by the maps x — (x,e) and y — (e, y). Note that
I'sN G(0y) =T since R[N Oy = Reo.

For every w € S, we denote by

. ¢ Z the image in G,, = PGL,(K,) of (‘C’ Z) € GLo(Ky),
. a 0
e v, the map from the abelian group A, = A(K,) = { [0 al a,de Kw}

a 0
0 d
compact-open kernel A(O,) = G(O,) N Ay,

to Z defined by

] — v, (d/a), which is a group epimorphism with

JOURNAL OF MODERN DYNAMICS VOLUME 11, 2017, 369-407



376 ALEXANDER KEMARSKY, FREDERIC PAULIN AND URI SHAPIRA

. . 0 . .
e ay: K, — A, the group isomorphism ¢ — 0 ¢ (whose inverse is the
positive root of the torus A over K,) so that v,(a,(t)) = v,(t), and a, =

ay(Ty) = so that v, (a,) = 1.

0 m,

2.3. Bruhat-Tits trees. Let (K,v,G, A) and the associated notation be as in Sec-
tion 2.2.

Trees. Let T be a locally finite tree. Its set of vertices V' T is endowed with the
maximal distance for which two adjacent distinct vertices are at distance 1. A
geodesic ray or line in T is an isometric map from N or Z to its set of vertices.
The set of geodesic lines of T, endowed with the compact-open topology, is
denoted by ¢'T.

An end of T is an equivalence class of geodesic rays, when two geodesic
rays are equivalent if the intersection of their images is the image of a geodesic
ray. The set of ends of T, endowed with the (compact, totally disconnected)
quotient topology of the compact-open topology, is denoted by 0T, and called
the boundary at infinity of T.

The translation length of an isometry y of T is

lr(y) = ;Ielxl/l}d(x,}fx) .

It is invariant under conjugation of y in the isometry group of T. We will say
that y is loxodromic if ¢ (y) > 0, in which case there exists a unique image of a
geodesic line in T on which y translates a distance ¢7(y), called the translation
axis of y.

The geodesic flow (with discrete times) (¢;;) mez on the tree T is the right
action (YT xZ) — 9T of Zon 4T by translations at the source, defined by

0, m)—{pml:n—l(n+m)}

foralmeZand ¢:Z— VT in¥T. Given a group I of automorphisms of T, the
geodesic flow on T induces a right action of Z on T'\¥ T, also called the geodesic
flow of I'\T, and again denoted by (¢;) mez.

The tree of PGL; over local fields. For w € S = {0, v}, let T, be the Bruhat-Tits
tree of (G, K,,), see for instance [30]. We use its description given in [27].

Recall that an O, -lattice A in the K, -vector space K, x K, is a rank 2 free O,,-
submodule of K, x K,,, generating K, x K, as a vector space. The Bruhat-Tits
tree T, is the graph whose set of vertices VT, is the set of homothety classes
(under K;;) [A] of O, -lattices A in K, x K,,, and whose non-oriented edges are
the pairs {x, x'} of vertices such that there exist representatives A of x and A’ of
x' such that A < A’ and A’/ A is isomorphic to O /7, O,. This graph is a regular
tree of degree |Py (k)| = |kl + 1.

We denote by *, the homothety class of the O,-lattice O, x O, generated
by the canonical basis of K, x K,,. The left linear action of GL,(K,) on K, x K,
induces a faithful, transitive left action of G, on VT,. The stabilizer in G, of
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*, is G(O,). We will hence identify G, /G(O,) with VT, by the map g G(O,) —
§*w-

We identify as usual the projective line P; (K,,) with K, U {oo} using the map
(x,¥) — xy~!. There exists one and only one homeomorphism between the
boundary at infinity T, of T, and P;(K,) such that the (continuous) exten-
sion to 0T, of the isometric action of G, on T, corresponds to the projective
action of G, on P;(K,). From now on, we identify T, and [P, (K,) by this ho-
meomorphism.

The group G, hence acts simply transitively on the set of ordered triples of
distinct points in dT,,. In particular, the group G, acts transitively on the space
¥T, of geodesic lines in T,. The stabilizer under this action of the geodesic
line

lo:n— [0y x 1) Oyl = agy *
is the maximal compact-open subgroup A(O,) of the diagonal group A,. We
will hence identify G,/A(O,) with 4T, by gA(O,) — g¥¢o. Furthermore, the
stabilizer in G,, of the ordered pair of endpoints (£(—oc0) = 0, £y (+00) = o0) of ¢y
in 0T, =P1(Ky) is A,. Therefore any element y, € G, which is loxodromic on
T, is diagonalisable over K. Besides, by [27, page 108], the translation length

Ay

0o A_
(1) 1, (y0) = 1Vw(A4) — vu(A2)].

Using the group morphism v, : A, — Z, the action by translations on the right
of A, on G,/A(O,) corresponds to the geodesic flow on 4T, for all a € A,
and £ €9T, = G,/ A(Oy), we have

Z a= (/)yw(a)g.

We denote by 7 : Xoo = T'oo\Goo — ['oo\¥ Too = I'oo\Goo/ A(Owo) the canonical
projection (see the diagram at the beginning of Section 2). The previous equa-
tion proves that 7/ is equivariant with respect to the morphism ve, : Ao — Z,
where Ao, acts by translation on the right on X, and Z by the (quotient) geo-
desic flow on I'oo\¥ T for all xe X, and a € A,

on T, of yo= is

2) Tl (x@) = Py ()T (1) .

The principal bundle 7, : Xg — X. Since I's is irreducible, the group I'o, =
I'sn G(0,) is dense in the stabiliser G(O,) of the base point #*, of the Bruhat-
Tits tree T,. This stabilizer G(O,) acts transitively on the set of geodesic rays
in T, starting from *,. Thus I',, preserves and acts transitively on the sphere
in T, of any given radius centered at *,. For every g’ € G,, there hence exists

Y € Too and n € N such that )f‘lg’*v =[0, x7l'0,] = a}} *,. Therefore

3) Gy= U Tway GO,).
neN
In particular, G, =T's G(O,).
Therefore, every element x of Xg may be written I's(g, g’) with g € G, and
g' € G(O,). For all g,h € G, and g', 1’ € G(O,), we have I's(g,g’) =Ts(h, 1) if
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and only if gh™ = g’(W)"! € Ts N G(Oy) = I'ep. Hence the map 7o : Xs — Xoo,
where 7, (x) = ['g if x = I's(g, g") with g’ € G(O,), is well defined and con-
tinuous. The action of G(O,) by right translations on the second factor of
Gs = G, x G, induces an action of G(O,) on Xg = I's\Gs, which is transitive
and free on the fibers of 7. Hence 7o, : Xs — X is a principal bundle un-
der the group G(O,), which gives an identification between X, = I'soc\ G, and
Xs/G(Oy) =Ts\Gs/G(O,) (see the diagram at the beginning of Section 2).

Ends of the modular graph at the place co and heights. The quotient graph
I'oo\Too will be called the modular graph at oo of K. By for instance [27], the
set of cusps I'oo\P1 (K) is finite, and ', \ T is the disjoint union of a finite con-
nected subgraph containing I'ec*o and of maximal open geodesic rays
hz(]10,+00(), for z = T'wZ € ['o\P1(K), where h, (called a cuspidal ray) is the
image by the canonical projection T, — I'eo\ T Of a geodesic ray whose point
at infinity in P; (K) € 0T is equal to z. Conversely, any geodesic ray whose
point at infinity lies in P; (K) € 0T contains a subray that maps injectively by
the canonical projection Too — I'oo\ To-

Let us denote by T'oo\ Teo = (T \ Too) LI Freudenthal’s compactification (see
[14]) of Too\ T by its finite set of ends &. This set of ends is indeed finite,
in bijection with I's,\P;(K) by the map which associates to z € I'ox\P1 (K) the
end towards which the cuspidal ray i, converges. See for instance [27] for a
geometric interpretation of &, in terms of the curve C.

Let Xog = Xoo L& and let Poo Xoo — [\ Too be the map equal to the identity
map on & and to the canonical projection

Poo: Xoo = Foo\Goo = Too\ VT oo = Too\ Goo/ G(Ooo)

on X, (see the diagram at the beginning of Section 2). Since po, is a proper
map, this defines a compactification of X, by endowing X, with the compact
metrisable topology generated by the open subsets of U and the sets pag L (U)
with U an open neighborhood of a point in &,. We will say that & is the set of
cusps of X, and we will indicate towards which cusp of X, the escape of mass
occurs.

For every x € X, define the height of x in X, by
4) htoo (X) = dr\To, (Poo(X), Too #00) -

For every cusp z € &, of X, define the height of x in X, relative to the cusp z
by ht, 2 (x) = 0 if poo(x) does not belong to %,(]10, +ool), and

hteo, 2(%) = dr 1., (P (%), h2(0)),
otherwise.
LEMMA 7. For all g’ € Gy, and x € X, we have
| htoo (%) — hteo (X8 < dr_, (%00, 8 *00) »
and |hteo, (%) — hteo, 2 (X8| < d1_ (*00, 8 *00) fOr every cusp z € &x of Xoo.
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Proof. Let g€ Gy, be such that x=Tsg. We have poo(x) =T'oo & *0o and peo(xg’) =
I g8 *0o. By the triangle inequality and since the projection map Te, —
I's\To does not increase the distances, we have

| hito () — htoo (X8| < dr AT, (Too & *00: L0 8 &' *00)
= d"l]'oo(g*oo; gg’ >koo) = d'[l'oo(*oo; g, *oo) .

The second assertion follows if pe,(x) and poo(xg’) simultaneously belong or do
not belong to (the image of) h;. If for instance po,(x) belongs to h, and ps(xg’)
does not belong to &, then

Ar \T,, (Poo(X), he(0)) < dr 7., (Poo(X), Poo(x8")

and the result holds as above. O

Example. Assume that C is the projective line over F; and that oo is its usual
point at infinity. Then the (image of the) geodesic ray in T, starting from #,
with point at infinity co € P; (K), which is

neN— [Og X T Ocol = Al %00 € Vo,

is a (weak) fundamental domain for the action of I's, on VT: it injects onto
I\ VT4 by the canonical map Too — I'oo\ Too-

Hence G = [InenT'oo @l G(Os). For every g € Go, the height of x =T g
is the unique n € N such that g € ', a’t G(O). Note that if one writes g in
the Cartan decomposition of G, as g € G(Ox) a2 G(Os) for some m € N, then
m = dt_ (*0o, § *oo) = htoo(x), with usually strict inequality.

The quotient graph of finite groups I'oo\\ Too, Wwhose underlying graph is the
geodesic ray I'o\ T, is called the modular ray. With Fy = G(ks), Fé =Fnk
a b
0 d
only one end) is given by Figure 1.

and F, = {

€l : Uoo(b) = —n}, the modular ray IT'x\\Two (Which has

FIGURE 1. The modular ray PGL; (koo [Y D\ T

The full-down property in the modular graph (see for instance [27, 17]). If p
is a geodesic ray in T, whose image is a cuspidal ray in I'ox\ T, the stabilizers
of the vertices of p different from the origin of p are strictly increasing along the
ray. Hence the image in I'o,\ T, of a geodesic ray in T, satisfies the following
full-down property: if it starts to go down along the image of a cuspidal ray &,
for some z € &, then it needs to go all the way down to /,(0).

As explained in [27, 19], this full-down property has the following conse-
quence: the image by the canonical map To, — ['oo\Tw of a geodesic ray p
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in T starting from *, either is an infinite sequence agboa; b1azb; ... of con-
catenations of paths a; (possibly reduced to points) in the finite graph I'oo\ Too —
Uzees, h2(10,+00o[) and back and forth paths b; (of even lengths at least 2) from
the origin h, (0) of the cuspidal ray &, to itself inside this ray, if p ends in an
irrational point at infinity (that is, in P} (K,) —P1(K)), or starts by such a finite
sequence and then follows some cuspidal ray to infinity, otherwise.

he(0) he(1) he(n)

FIGURE 2. Back and forth paths in cuspidal rays

2.4. Ax-periodic orbits in X,. Let (K,v,G, A) and the associated notation be
as in Section 2.2.

Let us give a description of the compact orbits for the action by translations
on the right of the subgroup As 0n Xoo = oo\ Goo-

PROPOSITION 8. For every g € G, the following assertions are equivalent, where
Xx=Tg € Xx:
(1) there exists a unique A -invariant probability measure on the orbit x Aco;
(2) the subgroup AcoN g_lfoog is a (uniform) lattice in Aco;
(3) the orbit of n’oo(x) under the geodesic flow (¢pn) nez 0N T'oo\Y T is periodic;
(4) there exists Yo € I'sx and ty € K, with v (fy) positive and minimal such
that yo g = 8§ so(tp)-

If one of these conditions is satisfied, we say that x is A -periodic, and the
unique As-invariant probability measure on x A is denoted by .

The elements yy € I's, and # € KX, are said to be associated with g. Note that
they depend on the choice of the representative g of x: if yg is associated with g,
then y~lyqy is associated with yg for every y € I'o,. Furthermore, y is primitive
(not a proper power of an element of I'y,) and loxodromic on T,. The period
of /_(x) under the geodesic flow (¢;) ez is the translation length of v on T,
which is equal to v (fp), and depends only on x.

Proof. The equivalence of (1) and (2) is well-known.

The equivalence of (2) and (3) follows from the equivariance of the canonical
projection 7 : Xoo = F'oo\Goo — ['00\¥ Too = ['eo\ Goo/ A(Os) with respect to the
morphism vy : Axo — Z (see equation (2)).

The image T'oo € = T'oo § A(Ooo) in Too\¥ T, of the geodesic line £ = gA(Oy) €
YT oo = Gool/ A(Oo) is periodic under the geodesic flow if and only if there exist
n >0 and yg € 'y, such that yol = ¢"(¢) = £ ax(n],), hence, since @, : O, —
A(O) is an isomorphism, if and only if there exist n >0, up € O, and yp € '
such that yog = g Qoo (T]) @oo (ttp). With #p = [ up so that v (fp) = n > 0, this
proves the equivalence of (3) and (4). O
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Let us now prove the additional properties of (yy, fp) and discuss its unique-
ness. Assume that » in the above proof is minimal. Then Yy is primitive and
loxodromic, with translation axis the image of ¢, translation length n, which
is the period of I', # under the geodesic flow. Assume that (yy, #)) € Too x K
satisfies y; & = g Aoo(t)) With n' = vso(#)) positive and minimal. Then n' = n
and yy¢ = ¢,(£). Hence v, 17/6 belongs to the pointwise stabilizer in I', of the
image of ¢, which is the finite group gA(Ow)g ' NTs. Therefore, there exists
U € Ao (8 'Toog N A(Ox)) © OF such that yj = yogaoo (1)) g and 1 = fou,.

2.5. Hecke trees. Let (K,v,G, A) and the associated notation be as in Section 2.2.

The set X, of homothety classes of R -lattices in K, x K, is the set of ver-
tices of a graph, whose non-oriented edges are the pairs {x, x} of vertices such
that there exist representatives A of x and A’ of x” such that A < A" and A'/A
is isomorphic to Ry /7y Ryo. The action of G, on X, extends to an (isometric)
action by graph automorphisms on this graph.

For every x € X, the connected component of the vertex x in this graph is a
(Iky| + 1)-regular tree, called the (v-)Hecke tree of x, and denoted by T, (x). We
have T,(x)g = T, (xg) for all x € X, and g € Go,. A (v-)Hecke ray from x is a
geodesic ray in the Hecke tree T, (x) starting from x.

The following description of the v-Hecke trees in X, is well known, and is
given, besides in order to fix the notation, only for the sake of completeness.

LEMMA 9. Let g € Gy and x =T, g its image in Xo. The map from G, to Xeo
defined by g§' — m(T's(g,g") induces an isometric map hecg from the vertex
set VT, = G,/G(O,) of the Bruhat-Tits tree T, onto the vertex set VT, (x) of the
Hecke tree T,(x), sending %, to x. For every yq € I'w, the map hecg conjugates
the action of yo on T, to the right action of g 'yog € Too 0n VT, (x): for every
yeVT,, we have

(5) hecg(yoy) = hecg(y) g_IYog .

For all h € G, such that T'o h = x, we have hecg = hecy, if and only if g = h;
furthermore, the following diagram commutes:

-1
vr, ¥ v,

hecy, \ / hecg
(6) VT, (x)

Note that hecgy depends on g and not only on x. We will denote again by hecg
the (continuous) extension T, — 0Ty (x) of hecg to the boundaries at infinity
of the Bruhat-Tits and Hecke trees.

Proof. Since the action by translations on the right of G(O,) on Xs preserves
the fibers of the bundle map 7o, : X5 — Xo0, the map g’ — 7, (I's(g,g") does
induce a map hecg : VT, = G,/G(Oy) = Xo.

By definition of the Hecke tree T, (x) of x = I'o @ = g ' [Reo X Roo), its vertices
are the points g7'y [Rs x /' Ro] Where y € T's, and 1 € N. By equation (3),
any element in G, may be written yal' g’ for some y € ['»,, n € N and g’ €
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G(0Oy). Hence, the elements in hecg (VT,) are the points 7. (I's(g,yay g") =
I'o a;”y‘lg where g’ € G(0O,), y € T, and n € N. Therefore hecg(VT,) =VT,(x).

If y,y' € VT, are joined by an edge in T,, then again by density of I'o, in
G(0,), there exists an element in T, mapping the edge between y and y’ into
the geodesic ray with vertices (a” *y) ,en. Up to exchanging y and y/, there exists
neN and y € T, such that yly = a’*+, and y~ 'y’ = a"*! x,. In particular,
hecg(y) =T a;, "y~ 'g is joined by an edge to hecg(y)) =Toa;," 'y~ 'g in the
Hecke tree Ty(x). Hence hecg induces a surjective graph morphism between
the trees T, and 7, (x). Since both trees are regular of degree |k,|+ 1, the map
hecg is an isomorphism of trees.

Equation (5) follows by writing y € VT, = G,/G(0,) as y = g'G(O,) for some
g' € T'g (see the line following equation (3)), and by using the following equali-
ties:

TooTs(8, 808 170 g = 1oTs(g ' g g o g =Tl ' 9 g 708
= oo (Ts(8,708)) -

Let h be another element in G, such that I's, h = x. Since G, =I's G(O,) and
by the definition of 7, we have hecg = hecy, if and only if Ty 'g=Toy 'h
a b
c d
and using y = e, we may take a, b, c,d € Ry. Since the order of vanishing at a

point of C— {oo} of the element 7, of R is nonnegative and v, (77,) = 1, we have
n

for every y € I's, thatis y ! (gh™!)y € T, for every y € I's. Writing gh™! =

0
OV 1 gives ml'c,m,"b € R
y
0 1
every ne€ Z, that is a = d. Hence hecg = hecy, if and only if gh™! is the identity
element in ', = G(Roo).

The other claims are left to the reader. O

Voo(7y) # 0 by the product formula. Taking y = [”

for every n € Z, thatis ¢ = b =0. Taking y =

gives ]! (a — d) € R, for

3. DYNAMICS OF THE MODULAR GROUP AT THE INFINITE PLACE ON THE
BRUHAT-TITS TREE AT A FINITE PLACE

Let (K,v,G, A) and the associated notation be as in Section 2.2.

In this section, we study the dynamics of I's, on the Bruhat-Tits tree T, of
(G,K,). Since R < O,, the lattice I'ox = G(Roo) is contained in the stabilizer
G(0,) in G, of the base point *, in T,. Hence ', does act on T, and for every
neN, every yo € I's, preserves the sphere

Sy(n) = St,(*y,n)

of center *, and radius n in T,. Since S, (n) is finite, every orbit in S, (n) of
the cyclic group yo? generated by y, is periodic. The following linear growth
property of these periodic orbits is a remarkable feature of the positive charac-
teristic.
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THEOREM 10. Let Yy, be an element in I'o, which is loxodromic on T,. Let K, =
K, (yo) be the splzttmg field of yo over K, with local ring O., umformzzer Ty and
residual field k Let ey = ey (yo) be the ramification index e(Kv,Kv) of Kv over
Kv Let d, = d,(yo) be the smallest positive integer such that the image of yo dv jn
G(k,,) (by reduction modulo 7,0,) is the ldem‘lly Let ry, = 1y(Yo) be the biggest
positive integer such that the image of yo® in G(O, /7, erlOV) is not the identity.
Then there exists a constant K, = K (yo) € N such that for every big enough neN,
the maximal cardinality m, = m,(y,) of an orbit of yo? in S, (n) satisfies

ey n+1<y~|
v

my<d, PﬂOg”

This result implies that the sequence (m,),en has linear growth: for every
n €N big enough, we have

d
@) M= 2 (eyn+x),
Iy

and that if y, is diagonalisable over K,, then for every k € N big enough
My, pk—x, = <dy p*.

Proof. We start the proof by the following lemma on the growth of the valuations
of the powers of the elements of O, with their constant terms removed, which
concentrates the positive characteristic feature.

LEMMA 11. Letac k,’, A€ a+m,O, and neN. Define m,(1) = min{k e N—{0} :
A¥ e a*+ 70y} and ry = vy (A —a) > 0. Then for every n>ry,

ma () = p"® .

In particular, my,(A) < % n for every n>ry and m, x(A) = pk for every k €

N —{0}.

p

Proof. Up to replacing A by %, we may assume that a = 1. To simplify the nota-
tion, let r = r). Eor every k € N—{0}, consider the expansion of k in base p given
by k = Z?:o a;p* where seN and a; € {0,...,p—1}. Let

vp(k)=inflieN:V j<i, aj =0}

be the p-adic valuation of k. Then, using the Frobenius automorphism, and
the fact that a; is invertible in the characteristic subfield [, hence in O,, if and
only if a; is nonzero, we have

S i . i vp (k)
A+m o) c[[a+n,/P 0% [] Q+m/P0)cl+n, P 0O
i=0 0<i<s, a;#0

Hence for every n € N, we have A* € 1 + 770, if and only if r p”»¥) = n. There-
fore, for every n > r, if rp’”_1 <n<rp™ (thatis, if m = [logp r]), we have the
equalities m;,(1) = min{k € N—{0} : v, (k) = m} = p™. The result follows. O
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Now, let yg € ', be loxodromic on T.,. Note that the constant d, is well
defined since R, < O, < O,. As we have seen in Section 2.3, there exist 1.
Ay 0

0 A_
and K, = KV(%). Note that A_ and A, are distinct since Yy is not the identity
element.

Let T, be the Bruhat-Tits tree of (G, K,),and ¥, = e Q((~)v) its standard base
point in VT, = G(K,)/G(O,). The value group of (the unique extension of) the
valuation v, on K¢ contains the value group Z of the valuation v, on K with
index e,. By the correspondence between the action on the right of A(K,,) on
Q(fw)/ é(@w) and the action of the geodesic flow on the geodesic lines in T,, the
sphere S, (n) of center *, and radius 7 in T, is naturally contained in the sphere
STTV(IV, e, n) of center %, and radius e, n in T, for every n € N. Therefore, up

to replacing K, by K,, we may assume that vy, is diagonalisable over K,, and we

n+1<v]

prove that the cardinality of every orbit of yoZ in S, (n) is at most d, p"%8
for every n € N, for some x, € N.

in a finite extension of K such that the element vy, is conjugated to

Note that the coefficients 1. have absolute value 1 in K,. Indeed, (/1+ 0 )

0 A_
may be chosen to be conjugated to a representative of y( in GL,(R~). Hence
A, satisfy an equation P(14) = 0 with P a monic quadratic polynomial with
coefficients in Ry, < O,. Therefore |14 |,? <max{|A4ly,1}, so that |[A.], <1, and
equality holds by replacing y, by its inverse. Hence 1. € a, + 1,0, with a, € k;;.

By the finiteness of k,, there exists a smallest d, € N— {0} such that a_ Y =
a,%. Note that d, coincides with the notation introduced in the statement of
Theorem 10. Let

®) ry = ”((%)d -1).

Since 7y is loxodromic on T, no power of v, is the identity, hence r, > 0. Note
that r, coincides with the notation introduced in the statement of Theorem 10.
Up to replacing y( by )fodV, to modify 1. by a common multiple by an element
of kX, and to proving that m,(y,) < p"°® “*1 for some x, € N and for n big
enough, we may assume that the constant terms in k, of A, are equal to 1, so
that d, = 1.

Since vy is diagonalisable over K,, there exists h € G, such that

A= 0
Yo_h|:0 /1+

Since A_ # A4, the centralizer Zg, (yo) of yo in G, is the abelian group hA,hL.
Note that & is well defined modulo multiplication on the right by an element
of A,.

Let ¢y: n— al' *, be the geodesic line in T, from 0 € 8T, to co € 0T, through
*, at time n = 0, which is pointwise fixed by A(O,). The group A, preserves
¢y(Z) and acts transitively on it. Note that the projective action of A(O,) on
P1(K,) fixes 0 and oo, and acts transitively on 7, k 0, c Pl(K,) for every ke Z.

hl.
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The geodesic line ¢ = h ¢ is pointwise fixed by 2 A(O,) h™!. Up to multiplying
h on the right by an element of A,, we may assume that the closest point to *,
on (the image of) ¢ is h*, = £(0). Let s, = s,(yo) € N be the distance between
%, and h*, in T, (see Figure 3).

FIGURE 3. A partition of the Hecke sphere S, (n)

Let pr,: VT, — ¢(Z) be the closest point map on the geodesic line ¢. For all
neN and k € N—{0}, define (see Figure 3)

Enx=1{xeSy(n) : pry(x)=£(k)}

and
Epo={x€Sy(n) : pry(x) =£(0), [y, *y]N[H%y,x]={h*}}.
For all n,k" € N with 0 < k" < sy, let E] ,, be the set of x € Sy(n) such that the
length of the common segment [*y, ki *,] N [*y, x] is equal to k. Then we have
a partition
Sy(n) = U E;l,k/u U En k-
0<k'<s, —-n<k<n
Since Y fixes *,, h(0) and h(oco), it pointwise fixes ¢(Z) U [*,, h *,]. Hence the
above partition of S, (n) is invariant under 7yy.

Note that E,, i is contained in the set of points at distance n — |k| - s, from
haﬁ*v = ¢(k) on a geodesic ray from haﬁ*v to a point in h(n;kO;‘) c PI(K,).
Hence for any two points in E,  (with n, k fixed), there exists an element in
the centralizer of yy mapping one to the other. In particular, the cardinality
¢n,x = Card(ygy) is independent of y € Ej, .

Since hak~'h~! centralizes yo and ha,**'h ™ E,, 1 € E,_jxj+1,1, we have ¢, =
Cn—ik|+1,1- For every n’ € N, we have cy,1 < ¢pr41,1, since the closest point map
Ey+1,1 — Epn 1 is onto and equivariant under v,.
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Every point of E/ ,, is at distance n+s,—2k’ from h x,. Hence ha,h™(E! ,,) c
_ VA . . .
Epi2s,—2k'+1,1- Therefore c;l = Card(y, y) is independent of y € E;l o and satis-
/
fies ¢}, 1, = Cpras,—2k'+1,1-
In particular, for every n > s,, we have

/
my(yo) =maxy, max ¢, ., Max Cy k= Cpt2s,+1,1 -
Y { 0ski<s, ™K |ki<n } v

Note that /(0) and h(co) do not belong to P; (K), since yp, being loxodromic
on T, fixes no point of P; (K). The positive subray of £y hence has no subray
whose image is entirely contained in the image of ¢. Therefore ¢¢(N) N ¢(Z) is
either empty or the set of vertices of a compact interval [£(0), ¢(ky)] for some
IC() e’.

Assume first that £¢(N) N £(Z) is empty. Then the segment [, h1 *,] N [*,,00]
has length k; € [0,s,[ NN. Define x = 2k; € N. Since the point aﬁ/*v belongs

! ! / —_ _ / :
to En,’k(,) for every n' = k|, the number m;(yo) = cn+2s,+1,1 = Cn+2k(),k5 is the

cardinality of the orbit under yg of all**«, = [0, x m,"**0,], if n is big enough.

Assume now that £y(N) N ¢(Z) = [£(0),¢(ko)]n VT, for some ky € Z (see Fig-
ure 3). Define x = |kp|+2s, € N. Since the point aﬁ’ *, belongs to E,; , for every
n' =z |kol + sy, the number m,(Yo) = Cnt25,+1,1 = Cn+ikol+2s,, k, 1S the cardinality of
the orbit under yg of all**«, = [0, x m,"**0,], if n is big enough.

For all n €N, an element of GL,(0,) fixes [O, x 7]'O,] if and only if its (2,1)-
coefficient vanishes modulo 7/, that is, if it belongs to the Hecke congruence
subgroup of GL,(0,) modulo 7n}}. Let I'n, (7)) be the kernel of the morphism
I'wo = G(Rx/m!'Rx) of reduction modulo 7,”. Thus for every k € N, if y’O“ be-
longs to T'oo(71,"*), then it fixes £((n +x). Therefore, by the proof of Lemma 11
applied with 1 = %, since the constant r) of Lemma 11 is equal to r, by equa-
tion (8) since d, =1, we have, if n is big enough,

M (o) = min{k € N—{0} : Y050 (n+x) = o(n+x)}

<min{k € N—1{0}: Y& € [0 (, ™)}

<min{keN-{0}: (i—Jr)k el+m,"0,}

=+ n+x
=min{k e N—{0}: vy(k) = logp g} = p“ng Wl
v

This concludes the proof of Theorem 10. O

4. ESCAPE OF MASS ALONG HECKE RAYS OF Ay,-PERIODIC POINTS

Let (K,v,G, A) and the associated notation be as in Section 2.2. We fix from
now on an Ay -periodic point xy in X, = I'eo\Goo, as well as a representative gy
of xp in 'y, so that xp = ', gp. In this section, we prove our main results on the
asymptotic behavior of the A-invariant probability measures p, supported on
the As-orbits in X, of the vertices x of the v-Hecke tree T, (xg) of xp, as x tends
to infinity in this tree along rays. We will recall below a proof that every vertex
of T, (xp) is indeed A..-periodic.
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We denote by P (X) the space of probability measures on the compactifica-
tion Xeg = Xoo U &xo 0f Xoo by its finite set of cusps & =T'o\P1(K) (see Section
2.3). Let { € 0T, (xp) be an end of the v-Hecke tree of xo. Let ©¢ be the sub-
set of @(@) consisting of the weak-star accumulation points of the sequence
(“xf, )nen Of Aso-invariant probability measures on the vertices (x,i)neN along the
geodesic ray in Ty (xp) from xq to ¢.

For all ¢ >0 and z € &, we say that

» ¢ has c-escape of mass if there exists 0 € ©¢ with 0(&) = c.

* ¢ has c-escape of mass towards the cusp z if there exists 0 € O with 0({z}) =
c.

* ¢ has uniform c-escape of mass if for every 6 € ©; we have 0(&) = c.

* ¢ has uniform c-escape of mass towards the cusp z if for every 0 € ©; we
have 6({z}) = c.

4.1. Uniform escape of mass along rational Hecke rays. We start this section
by defining the rational Hecke rays in the v-Hecke tree T, (xy) of xp, and we
will then prove Theorem 12, a uniform escape of mass phenomenon for the
Axo-invariant probability measures py, as x tends to infinity along these rays.

The group G(K) acts transitively on P;(K), but its subgroups I'ec = G(Roo)
and I's = G(Rx[7;, 1) do not in general. The sets & = ', \P1(K) (with order
at most the class number of R,) and I's\IP;(K) are finite and both canonical
maps o \P; (K) — I's\P; (K) — G(K)\P;(K) may be non-injective. Note that for
instance when C is the projective line over F, and oo its usual point at infinity,
then R, is principal, and 'y, does act transitively on P (K).

Since I's, preserves P;(K) and by the commutativity of the diagram (6), the
image hecg (P (K)) < 0Ty (xp) by hecg, of the set P;(K) of rational points of
0T, =P;(K,) does not depend on the choice of the representative gy of xy, nor
does the image by hecg, of the orbit of co by any subgroup of G(K) containing
', as for instance hecg, (I'soo).

A Hecke ray in T, (xp), as well as its point at infinity, is said to be rational if
its point at infinity belongs to hecg, (P1(K)), and S-rational if its point at infinity
belongs to hecg, (I'soo). In particular when I'y, acts transitively on P; (K) (that is,
when the graph I'oo\ T, has only one end, as for instance when C is the projec-
tive line over 4 and oo its usual point at infinity), these two notions coincides.
But there are examples of function fields when not all rational ends of T, (xg)
are S-rational (the two inclusions I'nsoo € I'soco < P; (K) may be strict).

If ¢ is a rational end of T (xo), the cusp of X, associated with¢ is z; = I'gyoo €
600, Where y € G(K) is such that ¢ = hecg, (yoo). Note that zz does not depend
on the choices of gy or y. If { is S-rational, we say that z; is an S-cusp of X.

THEOREM 12. There exists ¢ = c(xp) > 0 such that every rational end ¢ of the
Hecke tree of xo has uniform c-escape of mass, and if furthermore ¢ is S-rational,
then ¢ has uniform c-escape of mass towards the cusp of X associated with oco.
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Proof. We start the proof by giving some notation. Let us fix elements y € I's
and f#p € K associated with the chosen representative gy of xo (see Proposi-
tion 8 and its following comment): we have

Yo 8o = 8o Qoo (fp)
and pg = Vo (fp) > 0 is the translation distance of yy on T
Since G(K) acts transitively on 1 (K) and & = I'eo\P1 (K) is finite, there exists
a finite subset F; of G(K) such that P (K) = I'nF100, and we may assume that
500 = oo (Fy NTg)00.
Since G(K) commensurates ['s, there exists a finite subset F» of G(K) such
that for all y € F; and n €N, there exists by, , in F, such that

9) yaly ' eTsby,.
We assume that 1€ F; and by, =1ifyels.

For every b € G(K), let be I's be such that b € bG(0,), which exists by Equa-
tion (3). We assume that b=bifbe I's.

Now that this notation has been given, we consider the rational ends ¢ of the
Hecke tree T, (xp). Let y' = yé €T and y = y; € Fy be such that ¢ = hecg, (y"yo0).
We assume that y € T'g if ¢ is S-rational.

FIGURE 4. Rational Bruhat-Tits rays

For every neN, let y, = al} *,, so that for every rational end ¢ of T, (x), the
point at infinity of the image by hecg, of the geodesic ray n— y'yy, is {. Let
né € N be the distance from x,, to this ray, and let ns € N be such that

[+v, Y Yoo N [y"y v, Y "yoo = [Y'Y ¥ne, ¥ yool .

Let re = ng — né € Z. Denote by (x, = xi)neN the geodesic ray in the Hecke tree
T, (xp) from xg to ¢. Using in the following sequence of equalities

» the definition of hecg, for the third equality and
o the definition of 7, (since y al’ y‘lb;}n € I's by equation (9)) for the fifth
one,
we have, for every n € N with n = ng,

Xn-r. =hecg (y'yyn) =hecg (y'y ay ,) = 1106 Ts(80, Y'Y a}))
(10) = o5 (80, Y'Y @) Y™ by by,nY)) = Too Yy @)y by 3y by ny) ™ 80
=Too (by,nY) ' bynp) @, (rY) ' g0
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Let £ (&) be the subset of &, consisting of the elements
Zn =T'eol by,n)/)_l by,nYO

as n varies. When ¢ is S-rational, we have x,—r, =T a,” (y’y)_lgo, and &5 (¢)
is the singleton of the cusp zo, = I'000 = 'no00 associated with oo.

Let 1 1 Xoo = Foo\Goo = T00\¥ To = ['0o\Goo/ A(Ox) be the canonical pro-
jection, which is equivariant under v, : Ao — Z (see Section 2.4). It extends
to a continuous map from )/(O\o = Xoo U & to Freudenthal’s compactification
T'oo\G T oo = (Too\Y Too) L xo, by the identity on &xe.

By equation (5), since Yo 8o = 80 @0 (%) and by equation (2), for every k e N
and ye VT,, we have

7l (hecg, (Y0¥ ) = i, (hecg, (1) 80~ v0* o) = 7l (hecg, (1) oo (£5¥)
= ok (Moo (hecg, (1)) .
In particular, since the orbits of yy on VT, are finite, every x € VT, (xp) is also
Aso-periodic and the Ay -invariant probability measure p, on the compact orbit
XA is well defined. Furthermore, with the notation of Theorem 10, for every

n= né, the orbit under the geodesic flow of 7, (x,) = . (hecg, (Y YVnsr)) is
periodic, with period 1, bounded as follows:

1) An=pomin{keN—{0}: Yo* Yy Vnir, = V'Y Ynere} < Pomnlyo) .

Let d be the distance in the graph I'no\Too. Recall that poo : Xoo — oo\ T 1S
the map '8 — '8 * o (see the diagram at the beginning of Section 2). Using

e Lemma 7 with x = k¢ = dr, (*y, (Y’ ¥) "' go *,) for the first inequality,

« the definition of the height (see equation (4)) and equation (10) with the

notation 8, = (b ,n+r5y)_1by,n+r§y for the second equality,
we have, forall neN,
hteo () = hteo G (y 1y~ g0) ™)~k
(12) = d(PooToofn @y ), Too*oo) =K
—n—rg

=d(T'ofn ay *o00r Loo*o00) =K .
Recall that §, belongs to G(K), hence preserves the set of geodesic rays in T
ending in 1 (K) c 8T, and takes finitely many values as n varies. Let

k' = 'Klf = nEaNX d(rooﬁn*oo» Floo*00) T K.

Recall that any geodesic ray in T, ending in ’; (K) has a subray that isometri-
cally injects into I'e\ Too. Hence, using equation (12) and the triangle inequality,
there exist constants n} > n’ and Ké’ ,k7" >0 such that for every integer n > n’,

¢ = & =
htoo(Xn) = d(TeoBr @y *o0 TooBn*oo) =K'
(13) = dr, (@, *oo) *oo) —K

= (1410 Voo (1) | = K7 = 1l Voo ()| = K" .
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Since a,™x*, = [1™0, x O,] tends to 0 € P}(K) as m — +oo, this argument in
fact proves that hte, 2, (X5) = 1|V (714)] —Kg’ for n big enough, where z, is the
cusp defined above.

For every n €N, let u), = (w.,)« itx,, which is the equiprobability on the finite
orbit of 7/ (x,) under the geodesic flow on I'n,\% T Recall that the pushfor-
wards of measures by proper continuous maps preserve the total mass, and are
weak-star continuous. The map 7 is a fibration with compact fiber, hence a
proper map. Therefore ¢ has uniform c-escape of mass (respectively uniform
c-escape of mass towards the cusp zo, = I'co0) if and only if for every weak-
star accumulation point 6 of (u},) nen in the space of probability measures on
T o\Z T, we have 0 (Ey) = ¢ (respectively 0 ({zo}) = ).

Let 0:Too\9Too — T'eo\ VT be the origin map 'l — ['o€(0), which is a
proper map. For all N €N, let

Kn=0"'({x€Too\VT: x€ |J h2([0,+00D), d(x,Too*co) = N}),
2€650(8)

which are open subsets of I';,\¥ T, which accumulate as N — +oco exactly to
b (&) me. By the full-down property (see Section 2.3), the orbit under
the geodesic flow of 7/ (x,) passes at a distance from I'w,*o Which is bounded
by the diameter Np of the finite graph I'oo\ Too —Uzes,, hz(J0+00]). Recall that this
orbit is periodic, of period denoted by A,,. Hence, if N = Ny and if hty(x;) = N,
the origins of ¢; (7, (x,)) for 0 < i < A, needs to range twice over all points at
distance between N and hty,(x;) on a geodesic ray in I'e\ T, between I'oo* oo
and o(po(x5)). Hence, if n is big enough, by the comment following equation
(13) and by equation (11), we have

2(hte(xp) = N) 27 |Veo(y)| = 21<é” _oN
>
A Po M (Yo)
By the linear growth property of (11, (yo))nen (see equation (7) and the notation

of Theorem 10), the right hand side of Equation (14) has a limit as n — +oco at
least

(14)  (Kn) =

e Iv(Y0) Voo (714)
po ev(yo) dy(yo) p
Hence for every weak-star accumulation point 8’ of (1£),) neny, we have 6’ (650 (8)) =
c¢. This proves the result. O

Remark. The aim of this remark is to give some estimations on the constant
¢ appearing in this proof, and to give examples of full escape of mass along
rational Hecke rays.

As above, let yg € ', be a (primitive loxodromic on T,) element associated
with x¢, and let us fix ¥y € GL2(Roo) whose image in ', = PGL, (R) is yo. Note
that detyp € Ry, = kX, hence v (dety,) = 0. We may denote by 1. the eigenva-
lues of ¥y with v (14+) > 0, s0 that ve(A-) = —Uso(A4) < Vso(14+) and, by equa-
tion (1),

P0 = 2|V00(A-)] = 2| Voo (tr(Yo)) -
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With the notation of Theorem 10, let us define

Iv(Y0) Voo (1) |
Voo (tr70)| ey (Yo) dy (o)’

LOM(yo) =

so that we chose ¢ = LOM(y()/p in the above proof.

Let us consider n; = r,(yo) p* - [%] for k € N big enough (again with

the notation of Theorem 10), so that m, (yo) < ey (yo) dv(yo) pk by Theorem 10.
Using this majoration on the denominator in equation (14), the above proof
gives moreover that every weak-star accumulation point 6’ of (,u’nk) ken satisfies
0" (650(&)) = LOM(yy). In particular, the sequence (Hxnk)kel\l weak-star converges
to the 0 measure on X, if LOM(yp) = 1. Let us give an example of this when C
is the projective line and oo its usual point at infinity. Let d = d, (yo), e = e, (yo)

and r = ry(yo), so that LOM(yo) = %. Let k, be the residual field of the

splitting field K, of Yo over K, .

LEMMA 13. Assume that the discriminant A = (tryg)?—4detyq of Yo is irreducible
over Fy, and let my, = A. Then LOM(yo) = 1.

This assumption is satisfied, for instance, if —1 is not a square modulo p (as

forp=3),if p=qgandify, = (11/ 1), where Y = 7} is the indeterminate in K =

0
F4(Y), since A = Y2 +4. By the previous arguments, for every rational end ¢ € Q,
there exists an element 6’ € ©; which vanishes on X,. This proves Theorem 2
in the introduction. The above proof also gives a speed of escape of mass when
LOM(yy) = 1: for every compact subset C of X, we have o, )= O(nlk) when
ne = ry(yo) p* = [

Proof. Since A is irreducible, we have p # 2. In particular, the roots of ¥, are
Ay = %(tr%i V7v). We have K, = K,(,/7,), and ky = ky. In particular, the
ramification index of the splitting field of ¥y over K, is e = 2. Since the constant
terms in H (modulo /7y) of A, are equal, we have d = 1. Since deg(det?yy) =0,
we have

| Voo (7T4)| = deg((tr%)2 —4detyyp) = 2deg(tryp) = 2| Voo (tryo)! -

Since ¥y is not congruent to the identity modulo Vv = 1y, we have r = 1.
Hence LOM(yg) = 1. O

Let us give one more estimation on the constant LOM(yy) when p # 2 and
vy (tryg) > 0. We then have

1, — —
Ay = E(tr)/o + \/(trYO)Z —4detYyyg ).

Since detyy € ki, < O;;, we have v, (—4detyp) =0, hence e =1 (and [E tkyl=1
if —detYyy is a square and 2 otherwise). The constant terms a. = ++/—4detyg €
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k, of A+ are opposite (and nonzero), hence d = 2. By equation (8), we have

r= vv(i—: —1) = vy (tryp). Furthermore

| Voo (try) | = deg(tryg) = vy (tryg) degmy = 1| Voo (74)] -

Hence LOM(y) < %, with equality if and only if tryy is a constant multiple of

- Y 1
a power of m,, as, for instance, when 7, = Y and ¥y = (1 0). For these el-

ements where equality holds, at least half the mass escapes to infinity along
subsequences of every rational Hecke ray.

4.2. Escape of mass along uncountably many Hecke rays. In the previous sec-
tion, we proved escape of mass phenomena along countably many Hecke rays,
the rational ones. In this section, we use the uniformity of the escape of mass in
Theorem 12 in order to prove that an escape of mass (towards a prescribed cusp
of X) actually occurs along uncountably many Hecke rays. We first introduce
some notation that we will use from now on in this paper.

We denote by Q = 4T, (xp) the boundary at infinity of the Hecke tree T, (xo)
of xg. For every ¢ € Q, we denote by [x,¢[ the geodesic ray in Ty (xg) starting
from xy and converging to ¢. We denote by (xfl)neN the sequence of vertices of
[x0,¢[, in this order along this ray. In particular, xg =xpand d (xz, xi) =|k—n|.

Let x € VT, (x0). We define the sector of x by

Q,={¢eQ: xex¢l},
the cone of x by
Cx={yeVT,(x) : 3¢ €Qy, yelxél},

and, for every n € N, the sector-sphere of x of radius n by

S%=CxN S, (xy) (X0, 1) .

FIGURE 5. Sector-spheres in Hecke trees

The depth of the cone C, or of the sector Q of x is defined to be the distance
in the Hecke tree T, (xp) from x to xo. The sector-sphere S? is nonempty if and
only if n is at least this depth. For every ¢ € (), the sequences (C ¢)zen and
(ng)neN are strictly decreasing, with Qy, =Q, Cy, = VT, (x0), Npen Cx: =@ and
MNnen Q¢ = {6}

JOURNAL OF MODERN DYNAMICS VOLUME 11, 2017, 369-407



ESCAPE OF MASS IN HOMOGENEOUS DYNAMICS IN POSITIVE CHARACTERISTIC 393

Note that if two cones (or sectors) intersect nontrivially, then one of them is
contained in the other. Also, sectors are nonempty compact-open sets in Q and
in particular contain infinitely many rational ends, and even infinitely many
S-rational ends.

THEOREM 14. There exists ¢ = c(xy) > 0 such that the set of £ € Q having c-escape
of mass towards the cusp I x,00 is uncountable.

In particular, the set of ¢ € Q having c-escape of mass is uncountable. Theo-
rem 3 in the introduction follows immediately, being the case when C is the
projective line, in which case X, has only one cusp.

Proof. Let ¢ = c(xp) €]0,1] be the constant introduced in Theorem 12. Let z =
I'000 € &x. We fix a fundamental system (V) ,en of open neighborhoods of the
cusp z in Xoo = Xoo U &, so that {z} = MNnen Vi. Forall neN, let X, = {0,1}" be
the set of words of length 7 in 0 and 1. Let £ = J,,en 25, be the set of finite words
in 0 and 1.

We are going to define a map v : X — VT, (xy) with the following properties:
ForalneNand a € X,,

(1) if B is an initial subword of a, then Qy ) © Qyup),

(2) if B is an initial subword of & with  # a, then the intersection Qypo) N
Qy(p1) is empty,

(3) the depth of the sector Qy(q) is at least n,

(4) we have gy (Vi) = c— nil

Assume for the moment that such a map 1 is constructed. Let 2o, = {0, 1}V,
which is uncountable. For every w € 2, let w;, be the initial subword of length
n of w. Note that by properties (1) and (3), for every w € Z, the sequence
of sectors (Quy(w,))nen is strictly nested, and its intersection contains a single
point, denoted by ¢,,. Furthermore, for every n € N, we have w, € [xy, ¢, [. Note
that by property (2), the map w — ¢, from Z, to Q is injective. By property
(4), for every w € X, if 6, is a weak-star accumulation point of (ty(w,)) nen
in the space 2 (Xo,) of probability measures on the compact space X, then
6, ({z}) = c. Hence &, has c-escape of mass towards the cusp z. This proves
Theorem 14.

We now build s, by induction on n € N. Note that X is reduced to the
empty word @, and define (@) = xo. Note that properties (1)—(4) with n =0 are
then satisfied. Let n € N, assume that vz, is constructed, satisfying properties
(1)-(4) for every a € Z,,. For every a € X, and j € {0, 1}, let us now define w(aj).

By density, there exist distinct points ¢ and ¢; in Q) which are rational
and whose associated cusps z¢, and z;, of X, respectively are both equal to z.
By Theorem 12, {( and ¢; both have uniform c-escape of mass towards the cusp
z.

For all j € {0,1} and m = d(xp, ¥ (a)) + 1, the sector Q K is strictly contained

in Qy(q) and has depth at least n+ 1 by induction. Slnce &o # €1, there exists
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Ty (xo) m
./ ,,,,,,,,,,,,,,,,,,,,,, ./ '\ LT
X0 v(a)

FIGURE 6. Iterated construction of nested sectors

mp € N such that x%o # xf,io, so that for every m, m' = my, the sectors ngo and
ngl are disjoint.
Let j € {0, 1}. We claim that there exists nj = mq such that y ¢; (Vy41) = c—ﬁ.
Xy,

1

Otherwise, for every accumulation point 6 of (u ¢;) -,
xm

meny We have 0({z}) < c—

which contradicts the fact that ¢; has uniform c-escape of mass towards the
cusp z.
Defining y(a0) = x;;) and y(al) = x; gives the result. O

4.3. Effective equidistribution of sector-spheres. The aim of this section is to
prove an effective statement regarding the equidistribution in X, of the sector-
spheres of the vertices of the Hecke tree of xp, Theorem 15, by using the effective
decay of matrix coefficients for the action of Gs on L2(Xs). This sectorial effec-
tive equidistribution result will be the main tool used in Section 4.4 in order to
prove Theorem 4 and its improvements. We first introduce some notation.

We denote by |E| the cardinality of any finite set E and by A, the unit Dirac
mass at any point x of any measurable space. For all x€ VT, (xp) and n € N
with n = k where k = dr,x,) (xo0, x) is the depth of the sector Cy, let 17, be the
uniform probability measure on the (finite nonempty) sector-sphere S}:

1
NMnx= Tan, Z Ay,
1Sx! yesn
that we consider as a probability measure on the locally compact space X
with support S?. Since the v-Hecke tree of xj (as is the Bruhat-Tits tree T,)
is |P!(k,)|-regular, note that [S? = lky 1"k if x # xo and n = k, and that [S? =
(Ikyl + DIky "1 if x = x9 and n > 0.

For every place w € &, we define W, = G(O,), which is a maximal compact-
open subgroup of G, and Wy = Wy, x W, < G, x G, = Gs, which is a maximal
compact-open subgroup of Gs.

We denote by my, (respectively mg) the Haar measure on G, (respectively
Gs), normalized so that m.,(W,,) = 1 (respectively mg(Ws) = 1). We again de-
note by mq, (respectively mgs) the measure on X, (respectively Xs) such that the
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covering map Goo — Xoo = 'eo\Goo (respectively Gs — Xs = I's\Gg) locally pre-
serves the measures. Note that this measure on X, (respectively Xs) is nonzero
and finite, but is not necessarily a probability measure, the above normalisation
of the Haar measures will turn out to be more convenient. For every k € [1, +oc],
we define L¥(X,.) = L¥(Xoo, moo) (respectively LX(Xs) = L (X, mg)).

The group G = G (respectively G = Gs) acts (on the left) on the complex
vector space of maps ¥ from X = X, (respectively X = Xs) to C, by right transla-
tion on the source: For every g € G, if Rg : X — X is the right translation x— xg,
then gy =yoRg: x— y(xg).

A map y from X to C is locally constant if there exists a compact-open sub-
group U of W = W, (respectively W = Ws) which leaves v invariant:

Vgeu, gy=vy,

or equivalently, if ¥ is constant on each orbit of U under the right action of G on
X. Note that v is continuous, since the orbits of U are compact-open subsets.
We define

dy = dim(Vectc Wy)

as the dimension of the complex vector space generated by the images of v
under the elements of W, which is finite, and even satisfies dy < [W : U]. We
define the Ic-norm of every bounded locally constant map v : X — C by

lwlic=1/dy I¥los -

Though the lc-norm does not satisfy the triangle inequality, we have [|Ay];; =
Al 1wl for every A € C. We denote by [/c(X) the vector space of bounded locally
constant maps ¥ from X to C.

Finally, given a set A and maps f,g: A — [0,+oo[ , we will write f « g if there
exists a constant ¢’ > 0 such that f(a) < c¢'g(a) for all a€ A. If f and g depend
on a parameter p, we write f <, g if there exists a constant ¢’ > 0, possibly
depending on the parameter p, such that f(a) < ¢’g(a) for all a € A.

The following result strenghtens the well-known result of equidistribution of
full Hecke spheres (see for instance the works of Dani-Margulis [9], Clozel-Oh-
Ullmo [7], Clozel-Ullmo [8], Eskin-Oh [13], Benoist-Oh [3] in characteristic 0),
to an equidistribution result of sector-spheres, which is furthermore effective.
Taking x = x( gives as a particular case an effective equidistribution result of the
full Hecke spheres.

THEOREM 15. There exists 6 >0 such that for every x € VT, (xy), we have

Moo (Y)

oo (Xo) M, xW) | < Nyl e—6n

(15)
foralln>,1 andy e lc(X).

Proof. Let us fix x € VT,(xp) and & = &, € Qy, so that x = x‘,’i for some fixed
k = kyx € N (see Figure 5).
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Step 1: Thickening the sector-spheres. Note that the sector-spheres are mea-
sure zero subsets of X. In order to be able to apply (effective) mixing argu-
ments, we have to replace them by (regular) bump functions around them.
In this step, we will define nice compact-open neighborhoods of the sector-
spheres, whose characteristic functions will be our bump functions. By the
construction of the sector-spheres, it is more natural to lift the sector-spheres
in Xg and to work in the bundle X over X.

We will hence use a lot the W, -bundle map ., (see Section 2.3) from X =
I's\Gs to Xoo = 'eo\Goo, defined by I's(g, h) — 'oog whenever h € W,,. Recall (see
Section 2.5) that the map hecg, from the Bruhat-Tits tree T, to the Hecke tree
Ty (xp), defined on VT, = G, /W, by hW, — 7 s(go, h)) is an isomorphism of
trees, and we identify 0T, = P;(K,) and Q by (the extension to the boundary
at infinity of) this map. We endow T, (xy) with the (left) action of G, making
hecg, equivariant. Since W, = G(O,) acts transitively on Q =P;(0,), we also fix
w = wy € W, such that woo = ¢, where co=[1:0].

For all n €N, we denote by B! the stabiliser in W, of the point x9° at distance
n from xy on the geodesic ray [xp,00[ in the Hecke tree T,(xp). The group
B, = B§ acts transitively on the sector-spheres SZZO of xzo for all n € N. As we

have already seen, for all n € N, we have
x5 =hecg, (a, *,) = T (T's(g0, ay)) -
4

Note that x;, = wx3® for all n € N. In particular, x = wx}’, hence wB, w~ ! is the
stabilizer in W, of x. It acts transitively on the sector-spheres S? of x for all

n €N, with stabilizer of xfl equal to wBw™!. Therefore, for all n €N,
(16) S" = wB,w ' x%, = wByx%° = 7o (T's (g0, wBya) .

Now that we have this nice description of the sector-spheres, let us define nice
neighborhoods of them.

LEMMA 16. There existo,02 >0 and a nondecreasing family (BS,)e>o of compact-
open subgroups of Wy, which is a fundamental system of neighborhoods of the
identity element in W, and which satisfies

(17) Ve>0, o€ '<[Wyp:Bl<el,
and
(18) VaeAw, a ‘B acBL™

Proof. For every neN, let Z, be the kernel of the reduction modulo 72! map

from Wy, = G(Oy) to the finite group Q(Ooo/ngo“Ooo). Note that Z,,,1 < Z,,. Let

_IOg(E[Woo:ZO]) _ 1 P
WJ and 0y = ZZl Then B is a

compact-open subgroup of W, we have B, c Bg; if e =€’ and Neso BS, = {1}
Equation (17) follows since the index [Z, : Z;+1] is constant, hence [W,, : Z;] =
Woo : Zol[Zy : Z1]7.

us consider BS, = Z, with ne = |
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For all a,b,c,d € Ky and t € K, we have

R [ P

Hence, using the isomorphism a : K3, — A defined in Section 2.2, we have
alZpac Zy_ 1y ) for all a€ Ay, and n = |ve(a)| in N. Equation (18) (which
will only be used in Section 4.4) follows with o2 =log[Zy: Z1]. O

For every € > 0, we finally define the following compact-open subset of Xg
UE = FS(gOBgor I/UBV) )

so that, for all n € N, the image 7, (Ucal}) of its translate by a.! is a (small when
e is small) neighborhood of the sector-sphere S” in X, by equation (16).

Step 2: Using the decay of matrix coefficients. In this step, we use the following
theorem about effective decay of matrix coefficients for the action of Gs on
L2(Xs) (see for instance [2]). For every g = (800, 8v) € Gs = G, x Gy, we denote
by |gls the maximum of the norms of the adjoint representations of g, g, (for
the operator norm on the 3 x 3 matrices with entries in K, Ky).

THEOREM 17. There exists 61 > 0 such that
_ 1 _ _ o s
19 Ry)— —— \/dzdy !
(19) ms(y ¢o Rg) ms(Xs) ms(y) ms((p)| < pdg lol2llyl21glg

for all locally constant maps @, € L?(Xs) and for every g € Gs. U

Now, let us fix 1 € lc(X). We denote by ¥ = ¥ o 7, its lift to Xg, which is
constant on each right W, -orbit, hence is locally constant (since invariant under
U x W, if y is invariant under U). Note that 1 € L.2(Xs) since my is finite and ¥
is bounded. By the normalization of the Haar measures, we have

mS(f/}) = moo(W) and mg(Xs) = Moo (Xo) -
Since /dg = |/ dy and ¥z < vVms(Xs) 19 lloo, We have

Vg 112 < Il

For every € > 0, let ¢, = WRUE be the normalized characteristic function
of U, so that mg(p.) = 1. The map ¢, : Xs — C is locally constant, since it is
invariant under the right action of the compact-open subgroup B, x B, of Wgs.
We have

dyp. = dim Vectc Ws@e < [Ws: BS, x Byl = [Weo : BS1[Wy, : By ] .

Since W, is compact and acts freely on each of its orbits on Xg, there exists
€0 = €0(x) > 0 such that if € €]0,¢p], the map from B¢, x B, to Xs defined by
(g, h) — I's(gog, wh) is injective, and measure preserving with image U,. Hence,
by the normalization of the Haar measures, we have, for every € €]0, ¢g],

20)  l@ella = ms(Us) ™% = (Moo (BE,) my(By)) "2 = ((Wao : BE] [Wy : By]) 2 .
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We therefore have /dy, ll@ell2 < 1. Note that for every neN,

- - - + +
la;, s = maxi{| @, "loo, |y |y} = Max{|mE" oo, 1], } = max{| kool ™= 1Ky 1™} .

Applying equation (19) to the functions ¥, ¢ = ¢, and taking g = a;”, we
hence have, with §, = §; max{| v (71,)|log| ksl log|ky [} > 0, for every € €]0, €],
| 1 ~ Moo (V)

dmg —
msU) Juar 4T Moo (Xoo)

—52 n

21 < lylice

Let us now relate, for ¢ small enough, the above quantity m er an W dmg
to the average

> v

yest

nn,x(W) | S;r“
of ¥ on the sector-sphere S%.

Let wy,..., wy be representatives of the right cosets in B, /B/}, so that B, is a
disjoint union B, =1, w; B! and m,(B,) = [By : B"] m,(B!). By the transitivity
properties seen in Step 1, the map from B, /B! to S? defined by [h] — wh w_lx‘;:
is a bijection. For every y € S%, let iy€fl,..., ¢} be such that

_ -1, _ 0o _ n _ n
y=wwi,w X, =ww;x, =hecg (ww;, a, *v) =Too(go, WWi,a,) .

Let

Vy =T's(goB, wwinf)
so that Vy ay =T's(80Bs, ww;,ay(a,"Byay)). Note that a," B ay is contained
in W,, since By stabilizes x7° = a, xo, hence the restriction of 7, to V) a; has
image yB¢, and its fibers are orbits of a,, "B a]. For every € €]0,€¢], since the
map (g, h) — I's(gog, wh) from B x B, to X is injective, we hence have

l
Ue=][Ts(goBS wwiBH =[] V.
i=1 yest

Therefore, for every € €]0,¢p], using equation (20) and by desintegration of mg,
we have

1 1
~dm = f ~dm
ms(Ue) Usaﬁw s moo(Bgo) my(By) J/EXS:E Vydxy/lw s
1
- my(a,"B"a™ v dm
Moo o) mV(Bg)lS?'yezss ToWyal) Y Y Moo
1 1
(22) s yame.

|S%1 yesn Moo(BS,) JyBe,

Define the e-thin part X¢, of X as the set of points z € X, such that the map
from BS, to X, defined by h — zh is not injective. Since y is locally constant,
there exists €; = €1(y) > 0 such that if € € ]0,¢;], then y is B -invariant. If
yeSt—(S¥nXS) and if € €]0,€], then
(23) ;f vdme =v(y).
) JyBg,

Moo (B,

JOURNAL OF MODERN DYNAMICS VOLUME 11, 2017, 369-407



ESCAPE OF MASS IN HOMOGENEOUS DYNAMICS IN POSITIVE CHARACTERISTIC 399

A trivial majoration gives

1 1 1S A XE|
- dme|| <2 e Sl
MSQWEZ (v moo(Bgo)fBgo‘” meo) [ =211 A

SynXe,

(24)

Separating the summation over S} on one hand over S¥ n XS, and on the
other hand over S — (S n X%), for every € € ]0,minf{eg, €;}], by equations (21),
(22), (23) and (24), we hence have

Moo (Y) —8yn |S% N X!
25 ——— | e 2"y S
(25) N, x(W) oo (Xo0) lyllie Iy lloo |S§Cl|
Step 3: Estimating the thin part of sector-spheres. The aim of this step is to
prove that the part of the sector-spheres contained in the thin part of X, is
negligible, if € is well-chosen. More precisely, let us prove that there exists 64 > 0
such that for every n>>, 1, ife = 6_52”, then

IS% N XS,
N

—541’1

(26)

for every n e N with n > k.

For this, we will apply the arguments of Step 2 to a particular map @ =
W, Where . is, for every € > 0, the characteristic function of the e-thick part
Xoo — X, of X. Note that vy, is invariant under BS,, hence vy, is bounded and
locally constant, and €1 () = +oo. Denoting by v, the lift of v, to Xs, by equa-
tions (22) and (23) applied with ¥ = 1, for every € € ]0,€0], we have

_ 1 IS5 = (SEN XS
dme = (y) = =X _°x “fooll
ms(Ua) Juap 'S |83|y€283”’€y |S%1

27)

By equation (17), we have

D=

(28) lwellic =/ dy 1Welloo <V [Woo: B§ 1 <€ 2.

By the exponential decay of the volumes in the cusps of the graph of groups
I'eo\\Too, hence in X, there exists 63 > 0 such that

(29) Meo(XE,) < €53

for every € > 0.
For every n € N, define ¢ = e~%2"_Note that if n >, 1, then € < ¢, (recall that
€o depends on x). Therefore, using

e equation (29) for the second inequality;,

e equation (27) and the definition of v, for the third line,

e equation (21) with ¢ = v, for the fourth inequality,

o equation (28) for the fifth inequality,

¢ the definition of € and the constant 64 = 6, min{ds, %} > 0 for the last in-

equality,
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we have, for all n >, 1,
|S% N XS] - | [S% N XS] moo(Xf,o)| Moo (XS)

1S1] ST Moo (Xeo) | Moo (Xoo)
< ‘ |5¥ - (SQ ngo” _ Moo (Xoo _Xgo) ’ + 53
18] Moo (Xoo)
1 ~ Moo (Ye) 5
= dmg— ————|+€”
‘ ms (U Juar €™ T e (Xo)

1
< lwele e 02 4 03 <2702 | 05 <9 pm0un
This proves claim (26) of Step 3.

Step 4: Conclusion. Since ¥« < llY¥ll;c, Theorem 15 now follows from equa-
tions (25) and (26), with 6 = min{d2,d4}. O

4.4. Exotic behavior of A.,-periodic measures along Hecke rays. In this final
section, we use the tools introduced in Sections 4.1 and 4.3 to construct even
more exotic asymptotic behaviors of the A -periodic measures p, as x varies
along geodesic rays in the Hecke tree of xp.

THEOREM 18. Let (ui)ien be an enumeration of all periodic A, -invariant prob-
ability measures on Xo,. There exist c,c’ > 0 such that the set of ¢ € Q having
c-escape of mass towards the cusp of Xo, associated with co and verifying

VieN, 39,’6@5, Clui <0;
is uncountable. In particular, { € Q : |©;| = oo} is uncountable.

Note that there are indeed only countably many periodic A..-orbits, and that
this result immediately implies Theorem 4.

The proof of Theorem 18 relies on the following two lemmas. We consider
again the family (BS,)).>o of compact-open subgroups of Wy, constructed in
Lemma 16.

LEMMA 19. There exists 6' > 0 such that for every x € VT,(xo), for every Axo-

. . . . . ~&'n
periodic point yo € Xoo, and for every n > y 1, the intersection S¢ N (yoAccBS, )
is nonempty.

Proof. Let §' = g where 6 is the constant given by our effective equidistribution
result of sector-spheres, Theorem 15. For every € > 0, let ¢ = 1,4 g be the
characteristic function of the B¢ -thickening of the periodic orbit yy A, which
is bounded and locally constant. We are going to use Theorem 15 applied to
1 = . for a suitably chosen e.

There exists €2 = €2()p) > 0 such that if € € ]0,e,], then the orbit map B, —
YoBS, is injective. Hence by the normalisation of the Haar measure and by
equation (17), we have, for every € €]0,€3],

1
(Weo: BE]
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Furthermore,

(NI

IWellic = \/dy, 1Welloo < VIW:BS I <€

By Theorem 15, there exists ¥ > 0 such that if n >, 1, we have, for every € €
]0) 62],

Moo (We) _ € 1
0O—wC—KIIl//ech@ M ——— —xeze®",

MnxWe) = 2o = Moo (Xeo)

Let us now consider € = 2(k Mg (Xoo) e“s")g. By the definition of §’, we have
ce<eifn>1. Ifn> y, 1, then € belongs to ]0,e2]. The previous centered
formula then gives 1, x(ye) >0 if n>, ,, 1. Hence if n>>, , 1, the support of
the measure 7, x, which is S?, meets the support of the function ., which is

YoAcoBE, © yvoongn, as wanted. O
LEMMA 20. Let y and xy, for k € N, be Ax-periodic points in X,. Suppose that

there exist 0,6’ > 0 and an increasing sequence (ny)xen 0f positive integers such
that:

(1) For every k €N, the period, under the geodesic flow in T'oo\Y Teo, Of L (Xk)
is at most o ny.

(2) There are infinitely many k € N such that xy € onoBgf -
Then there exists a weak-star accumulation point 0 of (Ux,)ken Such that
6/
2020

My <06.

Proof. Recall that o is given by Lemma 16. Up to extracting a subsequence, we

may assume that xj € onongrnk for every ke N.

By assumption (1) and by the equivariance of the canonical bundle map 7. :
Xoo = Too\Goo = Too\Y T oo = I'oo\Goo/ A(Oo) With respect to the epimorphism
Voo : Aco — Z where Z acts by the geodesic flow (see Section 2.3 and in particular
equation (2)), we have

XA ={Xra : a€ Ax and |vo(a)| < o ny}.

For every a € Ay such that |vy(a)| < % ny, we have, by assumption (2) and by
equation (18),

6!

l c _)/AOOB(‘;:7 "

e—d’nk eazluoo(a)

-1 e—é’nk
Xpa€ yAssa By, ~acyAsBg

If ma_, is the Haar measure of Ay, normalized so that m4_(A(O)) =1, then
the pushforward of m,_ by v is the counting measure of Z and py, is the
measure on x;As induced by m,_, normalized to be a probability measure.
Hence {xia : |voo(a)| < % ny} occupies at least % of the total mass of x; A,
and accumulates on yA... Hence at least % of the total mass of any weak-star
accumulation point of (iy,) ken is accumulated on py. O
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Proof of Theorem 18. Let (u;)ien be as in this statement and let z € &, be the
cusp of X, associated with oo.

Let us denote by (1,)sen @ sequence of measures on X, which contains the
zero measure as well as all the A.-invariant probability measures of the Ao.-
periodic points of X, in such a way that each measure appears infinitely many
times. Using Lemma 19 and arguing similarly to the proof of Theorem 14, with
(Vi) nen a fundamental system of open neighborhoods of z in )/(; = Xoo U &)
we can build inductively uncountably many sequences (xi)xen in V Ty, (xp) such
that the following holds.

(1) The sequence of cones (Cy,)en is strictly nested, so that if Ngen Qx, = (£},
then (x;)ren is @ subsequence of the sequence (xfl) nen Of vertices of the
Hecke ray from x; to €.

(2) If (xp) pen # (x;C) xen are two of these sequences, then the sectors Qy, and
Qx;c are disjoint for k big enough. In particular, the map (xg)gen — ¢ =
kh_’rgo X is injective, and there are uncountably many such ¢’s.

(3) For every k € N, denoting by nj the depth of x; which we may assume to
be at least 1,
(@) if g =0 then py, (Vi) = c— ﬁ, where ¢ = c(xp) > 0 is the constant
introduced in Theorem 12,
(b) if g is the Ax-invariant probability measure on the orbit of an Ay.-
periodic point y;, then x; € y;CAoongrnk.
Since case (a) occurs infinitely many times, the set ©; contains a weak-star
accumulation point 0 of (uy,) ken such that 6({z}) = c.
Let i € N, and let y; be in the support of y;. By case (b), since there are
infinitely many k € N such that iy = y;, there are infinitely many k € N such

that xi € y; Aoongrnk. With the terminology of Section 2.4, we use Theorem 10
applied to a loxodromic element y, associated with the chosen representative
8o of the A -periodic point xp. This result gives that the period, under the
geodesic flow in ' \Y T, of 7/ (xx) (since Cy, has depth n; =1 in T,(xp)) is
at most o ny for some o > 0 (depending only on p, Yy, V). Applying Lemma 20
with y = y;, the set ©; contains a weak-star accumulation point 8; of (tx,) ken
such that % ui<0,.

!

This proves the result, with ¢’ = & 5 (which does not depend on i). O

20
5. GENERALISATION TO RANK-ONE SEMI-SIMPLE GROUPS

The aim of this final section is to explain to which rank-one groups the tools
introduced in this paper are applying besides PGL,. For the readability of this
paper, we had restricted ourselves to the case of PGL; in Section 2.2. We refer
for instance to [29, 30] for the already known content of this section.

Let K be as in Section 2.1. Let G be a connected semi-simple linear algebraic
group defined over K, with K. -rank one. We fix an embedding G — GLy for
some N € N. The example considered before Section 5 (and in particular in the
introduction) is G = PGL, (which is adjoint and absolutely simple).
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For every w € &7 and every algebraic group H defined over K, (for instance
if H is defined over K), we set H, = H(K,), which is a non-Archimedean Lie
group.

Note that when v € &, the K, -rank of G may be 1 (as in the case G = PGL,)
or not. For instance, let D be a (finite dimensional) central simple algebra over
K which is ramified at oo (that is, Do, = D®k K, is a division algebra). Then the
algebraic group G with G(L) = PGL,(D ® L) for every K-algebra L is an (adjoint
absolutely quasi-simple) connected semi-simple linear algebraic group defined
over K, with K-rank one. For all v € &f, the group G has K,-rank 1 if and only
if D ramifies at v (that is, when D, = D ®k K, is a division algebra).

The next two results will be used in Remark 23 to explain the restrictions
on the considered algebraic groups. The first one follows from a well-known
argument of weak approximation.

LEMMA 21. Let v € &y, if the Ky-rank of G is 1, then there exist tori A in G
defined over K, which splits over both Ky, and K, (hence is a maximal K -split
and K, -split torus).

Proof. By [21, Theorem 2] applied to the semisimple connected algebraic group
G defined over the infinite field K, there exists m € N—{0} such that the closure of
the image of the diagonal embedding of G(K) in G, x G, contains the subgroup
of G, x G, generated by m-th powers. Let Yy, and y, be nontrivial elements in
G(K) which split over K, and K, respectively. There hence exists an element in
G(K) arbitrarily close to both Y2 and y7", which therefore splits simultaneously
over K, and K,,. O

PROPOSITION 22. Let H be an adjoint, absolutely quasi-simple, connected, semi-
simple algebraic group over a local field F of F-rank one. Let T be a maximal
F-split torus, Z its centralizer, P a minimal parabolic subgroup of H over F,
and U its unipotent radical. If H is isomorphic over F to the algebraic group
L — PGLy(D ®F L) for every F-algebra L, where D is a central division algebra
over F, then Z(F) acts transitively on U(F)—{0} by conjugation. If H is isomorphic
over F to the algebraic group L— PU,1(D®r L) for every F-algebra L, where D
is a quaternion division algebra over F, then Z(F) acts with finitely many orbits
on U(F) —1{0} by conjugation. Otherwise, Z(F) acts with infinitely many orbits
on U(F) —{0} by conjugation.

In particular, by the classification theorem [29], if furthermore F = K, for
some v € & and H is defined and isotropic over K, then Z(F) acts transitively
on U(F) — {0} by conjugation if H is isomorphic over K to PGLy(D), where D
is a central division algebra over K, and Z(F) acts with finitely many orbits on
U(F) — {0} by conjugation if H is isomorphic over K to PU; ;(D), where D is a
quaternion division algebra over K.

Proof. Let H=H(F), T = T(F), Z= Z(F) and U = U(F). Let us denote by [a;/]
the image in PGL, of a matrix (a; ;) in GL,.
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If U is non-abelian (or equivalently if the (relative) root system of H is not
reduced), it is easy to see that the action of Z(F) on U(F) — {0} by conjugation
has infinitely many orbits. Conversely, assume that U is abelian. When F = C
(then H = PGL,(C)) or F =R (then H =PO(1, n)), the action of Z(F) on U(F)—{0}
by conjugation is transitive. Hence assume that F is non-Archimedean. By the
classification theorem [30], up to isomorphism, H is either PGL, (D) for a central
division algebra D over F, or PU; ; (D) for a quaternion division algebra D over
F and the Hermitian form h(z;,2) = 2122 + 22 2;.

In the first of the above two cases, we may take

r-|

The transitivity of the action by conjugation of Z on U — {0} follows hence from
the transitivity of the action of D* x D* on D —{0} by (a,d)-b = abd~!, which is
immediate.

1 b
01

a

0 a
0 d

0
0 d

: a,d(—:DX}, U:{

]:beD}.

:a,d(—:Fx},Zz{

In the second case, we denote by z — Zz the canonical involution in the
quaternion division algebra D over F, by N: x — xx and Tr : x — x + X its
(reduced) norm and trace, and by (1,1, j, k) a standard basis of D over F. Re-
call that F*/(F*)? is finite and nontrivial. Indeed, this group is isomorphic to
(Z122) x (fx /(fx)z) where f is the (finite) residue field of F, since if O is the
local ring and 7 is a uniformizer in F, the map (n, x) — nl’;x from Z x ﬁ; to F*
is an isomorphism.

Let Im D = {x € D: Tr(x) = 0} be the K-vector space of purely imaginary
elements of D, endowed with the action of the orthogonal group O(Njm p) of
the restriction to Im D of the norm. Since F*/(F*)? is finite and N(F*) = (F*)?,
there exists a finite subset A of F* such that every line in Im D contains a vector
whose norm lies in A. By Witt’s theorem, the group O(Nm p) hence acts with
finitely many orbits on the lines of Im D.

The group SL,(D) acts by g-M = g Mg on the 6-dimensional F-vector space

b
E= { M= (% d) :adeFbe D}, by preserving the Dieudonné determinant

L. . 01
det M = ad — N(b), which is a quadratic form Q on E. Let My = (1 0
is a Q-anisotropic element of E. The group SU; (D) is the stabilizer of M, in
SL, (D) for the above action. Let MOL be the 5-dimensional orthogonal of M, in
E for Q, which is invariant under SU; ; (D), and note that the restriction Q| ME is

non-degenerate. We consider the basis

[@=(o o} ==[7 ofu=(5 o= of-*=(c 1)

of MOL, and we sometimes write matrices by blocks in the decomposition

), which

(e1,(e2, e3,e4),€5).
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A0 0
The group T = { 0 id 0 [:A2€ FX} is a maximal F-split torus in PO(QlMé_),
0 0 Al
1 0 O
whose centralizer Z contains Z’' = { 0 A 0]: AcO(Nim D)}. The projective
0 0 1

upper triangular subgroup P of PO(Q, MOL) is a minimal F-parabolic subgroup of
PO(Q, M) whose unipotent radical is, by an easy computation,

1 xN(@i) yN(j) zN(k) Nxi+yj+zk)
0 1 0 0 x
u={lo o 1 0 y L x,y,2€ F}.
0 0 0 1 z
0 0 0 0 1

The action of Z' on U by conjugation thus identifies with the linear action of
O(Njimm p) on Im D. The natural map SU; (D) — SO(Ql Mol) induced by the ac-
tion of SU; ; (D) on MOl is an isogeny, by the semi-simplicity of SU; ; (D). Hence
the adjoint groups PUy 1 (D) and PO(Q, MOL) are isomorphic.

A0 0
For every A € F, the action by conjugation of [0 id 0 | € T on each line
0 0 Al

in U is the multiplication by A. Hence the action of T on each line in U is
transitive on its nonzero vectors. The fact that the action of Z(F) on U(F) — {0}
by conjugation has finitely many orbits hence follows from the fact that the
action of O(Njim p) on the lines of Im D has finitely many orbits. O

REMARK 23. An appropriate version of this paper (including loss of mass phe-
nomena of the homogeneous probability measures on the periodic orbits of the
points along appropriate rays of the Hecke tree of any given periodic point of
X~o) is valid when we replace G by the linear algebraic group over K defined

o either by G(L) = PGLy (D ®k L) for every K-algebra L, where D is a (finite
dimensional) central division algebra over K which ramifies at the places
oo and v, and we endow the algebraic group G with a Ry, -structure such
that G(Rw) = PGL2 (%) Where Z, is a Ryo-order in D (see [22] for any
information on orders),

e or by G(L) =PU; ;1 (D ®g L) for every K-algebra L, where D is a quaternion
algebra over K (and the underlying Hermitian form is (z;,2zp) — 212 +
Z221),

allowing, thanks to the transitivity properties described in Proposition 22, to
prove a modified version of Theorem 10, when we replace I's, by a congruence
subgroup and when we replace A by any torus over K in G which splits over
both K, and K, (which exists by Lemma 21).
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