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Rate of convergence: En[`(θ̂, θ(µ))]
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Regularity of f : RD → R
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Wasserstein distances:
• Let µ, ν be probability measures on RD.
• Let Π(µ, ν) be the set of couplings between µ and ν.

W2(µ, ν) = infπ∈Π(µ,ν)

(∫
RD×RD |x− y|2dπ(x, y)

)1/2

Key observation:
If µ, ν have densities f, g on a manifold M with
f, g ≥ a, then W2(µ, ν) ≤ a−1/2‖f − g‖H−1

2 (M)

• In 1D: distance between c.d.f.

• For p = 1, W1(µ, ν) = sup{(µ− ν)(f), f 1− Lip}.
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Goal:
Given X1, . . . , Xn ∼ µ, produce an estimator µ̂ of µ
with EnW2(µ̂, µ) small.

• Kernel estimators still work! Let µ̂h have a density f̂h
on M , given by

f̂h(x) =
1
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(
x−Xi

h

)
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Model assumptions

Bias Variance

• Choose h ∼ n−1/(2s+d)

EnW2(µ̂h, µ) . n−(s+1)/(2s+d)

• µ̂h is supported on M ... which is unknown!
→ Use a manifold estimator M̂ in a preprocessing step

M̂



Take-home message

• To avoid the curse of dimensionality, a structural
assumption has to be made on the signal to be estimate.

• Signal on d-manifold M ⊂ RD → rates of estimation
depending on d and not D.

→ via kernel estimation on an estimated manifold


