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APPROXIMATION OF DISCRETE MEASURES
AND HARMONIC ANALYSIS ON THE TORUS
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ABSTRACT. In this paper, we relate the framework of mod-¢ con-
vergence to the construction of approximation schemes for lattice-
distributed random variables. The point of view taken here is that of
Fourier analysis in the Wiener algebra, allowing the computation of
asymptotic equivalents of the local, Kolmogorov and total variation
distances. By using signed measures instead of probability measures,
we are able to construct better approximations of discrete lattice
distributions than the standard Poisson approximation. This theory
applies to various examples arising from combinatorics and number
theory: number of cycles in permutations, number of prime divisors
of a random integer, number of irreducible factors of a random poly-
nomial, etc. Our approach allows us to deal with approximations in
higher dimensions as well. In this setting, we bring out the influence
of the correlations between the components of the random vectors in
our asymptotic formulas.

1. Introduction
1.1. Poisson approximation of lattice-valued random variables

Consider a sequence (B;);>1 of independent Bernoulli random variables,
with P[B; = 1] = p; and P[B; = 0] = 1 — p;. We set

X, = z”: B;.
i=1
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The Poisson approximation ensures that if the p;’s are small but their sum
An = > i, p; is large, then the distribution of X, is close to the distribution
of a Poisson random variable with parameter \,, = Z;;l pi. To make this
result quantitative, one can introduce the total variation distance between
two probability measures p and v on Z. Let us set

drv(uv) = |n({k}) = v({k}))];

kEZ

this definition differs by a multiplicative factor 2 from the usual conven-

tions, but otherwise we would have to keep track of a factor % in all our

estimates. A first quantitative result regarding the Poisson approximation
is due to Prohorov and Kerstan (see [49, 40]): if p; = 2 for all i € [1,n],

then
AN 22

BT n’

dry(Xn, P(N) = > [P[X, =k —e
keN
More generally, with parameters p; that can be distinct and with A\, =

Z?:l p;, Le Cam showed that

D

keN

j— _>\n ()\n)k
P[X, =k —e .

<2 Z(Piﬂ
i—1

This is an immediate consequence of the inequality on total variation dis-
tances

drv (1 * p2,v1 x v2) < drv(pa,v1) + drv(pe, v2)
which holds for any probability measures p1, 2, v1,v2 on Z (cf. [14]). By
using arguments derived from Stein’s method for the Gaussian approxi-
mation, Chen and later Barbour and Eagleson improved versions of this
inequality, e.g.,

>

keN

BLX, = k] — e Q)| o g oSy Zima ()

1
k! Y pi
see [19, 5, 54]. We also refer to [20] for an extension to possibly depen-
dent Bernoulli random variables, to [2] for results regarding the Poisson
processes, and to [6] for a survey of the theory of Poisson approximations.

More generally, consider random variables X,,>1 whose distributions are
supported by the lattice Z¢ C R?, and which stem from a common proba-
bilistic model. In many cases, the scaling properties of the model imply that
when n is large, X,, can be approximated by a discrete infinitely divisible
law v, the Lévy exponents of these reference laws being all proportional:

Un(€) = Z (k) (€10 — And© )y 4o
kezZd
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APPROXIMATION OF DISCRETE MEASURES AND HARMONIC ANALYSIS 3

To go beyond the classical Poisson approximation, one can try in this set-
ting to write bounds on the total variation distance dpv (X, v,), or on an-
other metric which measures the convergence in law (the local distance, the
Kolmogorov distance, the Wasserstein metric, etc.). A convenient frame-
work for this program is the notion of mod-¢ convergence developed by Bar-
bour, Kowalski and Nikeghbali in [7], see also the papers [41, 23, 35, 26, 27].
The main idea is that, given a sequence of random variables (X,),en with
values in a lattice Z?, and a reference infinitely divisible law ¢ on the same
lattice, if one has sufficiently good estimates on the Fourier transform of
the law p,, of X, and on the ratio

Fin (§) — E[ei6Xn] o= An@(©)

n(€) ’
then one can deduce from these estimates the asymptotics of the distribu-
tion of X,,: central limit theorems [7, 35], local limit theorems [41, 23], large
deviations [26], speed of convergence [27], etc. In this paper, we shall use
the framework of mod-¢ convergence to compute the precise asymptotics
of the distance between the law of X,, and the reference infinitely divisible

law, for various distances.

When approximating lattice-distributed random variables, another ob-
jective that one can pursue consists in finding better approximations than
the one given by an infinitely divisible law. A general principle is that, if
one allows signed measures instead of positive probability measures, then
simple deformations of the infinitely divisible reference law can be used to
get smaller distances, i.e. faster convergences. In the setting of the clas-
sical Poisson approximation of sums of independent integer-valued ran-
dom variables, this idea was used in [4, Theorem 5.1]. We also refer to
[48, 42, 13, 16, 17, 18, 8, 36] for other applications of the signed compound
Poisson approximation (SCP). For mod-Poisson convergent random vari-
ables (X,,)nen, an unconditional upper bound on the distance between the
law of X,, and a signed measure v,, defined by means of Poisson—Charlier
polynomials was proven in [7, Theorem 3.1]. A more general upper bound
with an arbitrary reference law also appears in [loc. cit., Theorem 5.1]. In
our paper, we shall set up a general approximation scheme for sequences
of lattice-valued random variables, which will allow us:

e to obtain signed measure approximations whose distances to the
laws of the variables X,, are arbitrary negative powers of the pa-
rameter \p;

e to compute the asymptotics of these distances (instead of an un-
conditional upper bound).
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Thus, this paper can be regarded as a complement to [7], with an alternative
approach and an alternative goal (namely, obtaining the exact asymptotics
of the distances). In [26, Proposition 4.1.1], we also used signed measures in
order to approximate mod-¢ convergent random variables, but with respect
to a continuous infinitely divisible distribution ¢, and using a first-order
deformation of the Gaussian distribution.

In the remainder of this introductory section, we recall the main defini-
tions from the theory of mod-¢ convergence, and we explain the general
approximation scheme. In subsequent sections, this approximation scheme
will yield the main hypotheses of our Theorems (Sections 2 and 3), and we
shall apply it to various one-dimensional and multi-dimensional examples
coming from probability, analytic number theory, combinatorics, etc. (Sec-
tions 4 and 5). We also present in this introduction the main tool that we
shall use in this paper, namely, harmonic analysis in the Wiener algebra.

1.2. Infinitely divisible distributions and distances between
probability measures

Let us start by presenting the reference infinitely divisible laws and the
distances between probability distributions that we shall work with. Fix a
dimension d > 1. If X is a random variable with values in Z?, we denote
Wx its probability law

‘th(kl, ]CQ, ey kd) = ]P)[X = (kl, kg, ey kd)],

and fix its Fourier transform, which is defined on the torus T¢ = (R/277Z)%:

d
ix () =E[eC10) = 3" px(ky,... . ka) exp|i> K
j=1

k1,....kq€Z

Assume that the law of X is infinitely divisible. Then the Fourier transform
of X can be written uniquely as

fix(€) = e,
where ¢ is a function that is (27Z)%-periodic:
v(nla cee 7nd) € Zda d)(gl + 27(-77’1; s 7£d + 27T’Ild) = d)(flv s 75(1)'

Moreover, the law px is supported on Z¢ and none of its sublattices if and
only if the Lévy-Khintchine exponent ¢ is periodic with respect to (27Z)?
and none of its sublattices. We refer to [53] and [55, Chapter 2| for details
on lattice-distributed infinitely divisible laws (in the case d = 1); see also
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APPROXIMATION OF DISCRETE MEASURES AND HARMONIC ANALYSIS 5

the discussion of [26, §3.1]. Throughout this paper, we make the following
assumptions on a reference infinitely divisible law px:

e 11 x has moments of order 2;

e and px is not supported on any sublattice of Z<.
Then, the corresponding Lévy—Khintchine exponent ¢ is twice continuously
differentiable and one has the Taylor expansion around zero

t
o(&) = i(m| &) — 25 + o(le?)

where m = E[X], £ is the transpose of the column vector £, and ¥ is
the covariance matrix of X, which is non-degenerate. Moreover, Re(¢(€))
admits a unique non-degenerate global maximum on [0, 27]¢ at & = 0.

Remark 1.1. — Let (y € R, A € M(d x d,R),TI) be the triplet of the
Lévy—-Khintchine representation of the Fourier transform of an infinitely
divisible random variable X (cf. [53, Theorem 8.1]). Then, X is supported
on Z% and has a moment of order 2 if and only if:

(1) A=0and v € Z%
(2) the Lévy measure II is supported on Z? and has a second moment.

Example 1.2. — With d = 1, suppose that X follows a Poisson distri-
bution P(y) with parameter A. In this case,

2
P(6) = A (e — 1) =iA¢ — /\% + o(£?).

Example 1.3. — More generally, fix a random variable Z with values in
7, and consider the compound Poisson distribution X = Z;P:(i) Z;, where
the Z;’s are independent copies of Z, and P(,) is an independent Poisson
variable. One obtains a new infinitely divisible law with values on the lattice
Z, and the corresponding Lévy-Khintchine exponent is

2
H(6) = X (B[] — 1) = NE[Z] € - AE[Z*] § +0(€?).
Example 1.4. — The previous example is generic if one restricts oneself

to infinitely divisible random variables with values in N = {0,1,2,3,... };
see [38, 52|. Thus, a random variable X with values in N is infinitely divis-
ible if and only it admits a representation

Py

X = ZZ
=1
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as a compound Poisson distribution. In this representation, the Z;’s are
independent copies of a random variable Z with law

s
P[Z:j]:jj for all j > 0;

and P(y) is an independent Poisson variable with parameter A = Zjoil Aj
Then, another representation of X is X = Z;il J Uj, where the Uj’s are
independent Poisson variables with parameters );. These parameters \;
are the solutions of the system of equations

k
kPIX =k =) N jPX =k—j,
j=1

and this system provides a numerical criterion of infinite divisibility: X is
infinitely divisible if and only if the solutions A; are all non-negative.

Given a random variable X on Z%, the general question that we want to
tackle is: how close is the law pu = px of X to an infinitely divisible law
v with exponent ¢? For that purpose, one can choose different distances
between probability measures, the typical ones being:

e the local distance:

dy,(p, v) = sup, ln({k}) —v({k})].

e the total variation distance:

drv(p,v) =2 Sup, () = v(A)] = Y In({k}) = v({kD].

kezd

e and in dimension 1, the Kolmogorov distance:
dk (1, v) = sup |([—o00, k]) — v([—o00, K])|
= sup ‘:u([[kv +OO]]) - V([[k7 +OO]])‘ ’
keZ
where [a,b] = {a,a+ 1,a+2,...,b} denotes an integer interval.

It is well known and immediate to check that

dr(p,v) < 2d(p,v) < drv(p,v)

for any pair of signed measures (i, v). The hardest distance to estimate
is usually the total variation distance. Note that all the previous quan-
tities metrize the convergence of signed measures on Z¢ with respect to
the weak or strong topology. As recalled before in the Poisson case, many
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APPROXIMATION OF DISCRETE MEASURES AND HARMONIC ANALYSIS 7

approaches for the estimation of d,, dx and dyy can be found in the lit-
erature, the most popular ones being Stein’s method, coupling methods
and semi-group methods, see [22, 54|. The use of characteristic functions
has long been considered not so effective, until the remarkable series of
papers of Hwang [32, 33, 34] (see also [30, Section IX.2]). In [34], Hwang
explained how an effective Poisson approximation can be achieved assum-
ing the analyticity of characteristic functions. In a similar spirit, but with
much weaker hypotheses, [7] explored this question by using the notion
of mod-¢ convergence. Our paper revisits this notion, with the purpose of
showing that the phenomenons at stake find their source in the harmonic
analysis of the torus. While [7] was devoted to the proof of unconditional
upper bounds on the distances dy,, dk, drv, here we shall be interested in
the asymptotics of these distances.

1.3. Mod-¢ convergent sequences of random variables

We consider an infinitely divisible law v of exponent ¢ on Z?, and a
sequence of random variables (X,,)nen on Z2. Following [35, 23, 26|, we say
that (X, )nen converges mod-¢ with parameters A\, — 400 and limiting
function v if

E [ei<f | X@} = MO ()
with
T 4a(6) = ()
The precise hypotheses on the convergence 1, — ¥ will be made explicit

when needed; typically, we shall assume it to occur in some space ¢ (T%)
endowed with the norm

[fllr = sup sup [(9°F)(£)]-

la|<r €T

Let us provide a few examples which should enhance the understanding of
this notion, as well as show its large scope of applications.

Example 1.5. — Consider as in Section 1.1 a sum of independent ran-

dom variables
Xn = Z Bia
i=1

with B; following a law B(p;): P[B; = 1] = 1-P[B; = 0] = p;. Let us assume
that > 7 p; = 400 and Y o, (pi)? < +oo. Then, setting A, = > 1| p;

SUBMITTED ARTICLE : WIENER.TEX
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and pi, = pix,,
- i ig - i ig
in(§) = H (1 +pi(elﬁ _ 1)) — (et -1) H (1 +pi(el§ _ 1)) e~ Pi(e€=1)
=1 =1

ie - i(e —1))? -1
_ e)\n(e -1) H (1 _ M (1 + 0(1))) = ek"(e )¢n(§)

with 1, (£) = (&) = [I;2, (1+pi(el — 1)) e~P:(®“~1) This infinite prod-
uct converges uniformly on the circle because of the hypothesis Y2 (pi)? <
00. So, one has mod-Poisson convergence with parameters A,,.

The following two examples will later be generalized to the multidimen-
sional setting.

Example 1.6. — 1If o is a permutation of the integers in [1,n], denote
£(o) its number of disjoint cycles, including the fixed points. We then set
L, = l(0,), where o, is taken at random uniformly among the n! permuta-
tions of &,,. Using Feller’s coupling (cf. [1]), one can show that ¢,, admits
the following representation in law:

= 1
O]

where the Bernoulli random variables are independent. This representation
will also be made clear by the discussion of §5.3 in the present paper. By
the discussion of the previous example, (£,),cn converges mod-Poisson
with parameters H, = Y ., % and limiting function

o i{_l ie 1 .
e _eil _ 'y(e‘ﬁ—l)
(=) e

i=1

where ~ is the Euler—Mascheroni constant v = lim,,—,~(H, — logn) (see
[3] for this infinite product representation of the I'-function, due to Weier-
strass). Thus, one can also say that (¢, ),en converges mod-Poisson with
parameters \,, = logn and limiting function

1
Example 1.7. — As pointed out in [41, 35|, mod-¢ convergence is a

common phenomenon in probabilistic number theory. For instance, denote
w(k) the number of distinct prime divisors of an integer k > 1, and w(N,,)
the number of distinct prime divisors of a random integer NN,, smaller than

ANNALES DE L’INSTITUT FOURIER
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n, taken according to the uniform law. Then, it can be shown by using the
Selberg-Delange method (cf. [57, §I1.5]) that

1y . 1
E zw (N, ) - zw(k) (loglogn)(e -1) U (e? 19)
e n ; ¢ (e%) + logn

with

1 z—1 2—1
\IJ(Z) = H ( ) e »p ,

F(Z) p prime p
and where the remainder O( @) is uniform for z in a compact subset of
C. Therefore, one has mod-Poisson convergence at speed A\, = loglogn,
and with limiting function (&) = \I'( i£). This limiting function involves

two factors: the limiting function C 1{) of the number of cycles of a ran-

T
dom permutation (“geometric” factor), and an additional “arithmetic” fac-
tor [[,ep(l + e *1) exp(— 5—) This appearance of two limiting factors

is a common phenomenon in number theory [41, 35].

Let (X,)nen be a sequence of random variables that converges mod-
¢ with parameters \,. Informally, v, (&) = E[el(¢IXn)]e=*n9(&) measures
a deconvolution residue, and mod-¢ convergence means that this residue
stabilizes, allowing the computation of equivalents of d(g, vy,), where

n = law of X,,;

v, = law of the infinitely divisible law with exponent A\, ¢

and d is one of the distances introduced in the previous paragraph. This set-
ting will be called the basic approximation scheme for a mod-¢ convergent
sequence.

1.4. The Wiener algebra and the general scheme of
approximation

As explained before, we shall be interested in more general approximation
schemes, with signed measures v, that are closer to u, than the basic
scheme. When d = 1, the appearance of signed measures is natural in the
setting of the Wiener algebra of absolutely convergent Fourier series (see
[37, 39]):

DEFINITION 1.8. — The Wiener algebra «/ = /(T) is the algebra of
continuous functions on the circle whose Fourier series converges absolutely.

SUBMITTED ARTICLE : WIENER.TEX
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It is a Banach algebra for the pointwise product and the norm

£l =" len(£)],

neZ

where ¢, (f) denotes the Fourier coefficient fo% f(e?)emind 49,

Note that the characteristic function of any signed measure p on Z be-
longs to the Wiener algebra, with

17lly =D lea@l =Y lum)] = llpllry
nez ne
equal to the total variation norm of the measure. Thus, 7 is the right
functional space in order to use harmonic analysis tools when dealing with
(signed) measures. To the best of our knowledge, this interpretation of the
total variation distance as the norm of &/ has not been used before. On the
other hand, another important property of the Wiener algebra is:

PROPOSITION 1.9 (Wiener’s % theorem). — Let f € «/. Then f never

vanishes on the circle if and only if% €.

We refer to [45] for a short proof of the Wiener theorem. As a consequence,
if X,, is a Z-valued random variable and if v is an infinitely divisible dis-
tribution with exponent ¢, then the deconvolution residue

P (€) = E[e'$¥n] e ¢(®)

belongs to <7, so it is a convergent Fourier series ¢, (&) = Y 7o akn elke,
The idea is then to replace this residue 1, by a simpler residue x,, € &,
which after reconvolution by e*»?() yields a signed measure approximating
the law of X,,. We are thus lead to:

DEFINITION 1.10. — Let (X,)nen be a sequence of random variables
in Z% that is mod-¢ convergent with parameters (\,)nen. A general ap-
proximation scheme for (X, )nen Is given by a sequence of discrete signed
measures (v, )nen on Z%, such that

in(€) = E[e/€150] = 29 g5, (6);
(€)= M9 X, (6),

with lim,, s 4 o0 ¥ (§) = ¥(&) and lim,,—, 4 oo Xn(§) = x(§). Here, the residues
Yn, ¥, Xn and X are functions on the torus T? = (R/27Z)? that have ab-
solutely convergent Fourier series, and with x,(0) = x(0) = 1 (hence,
vn(Z%) = 1). The convergence of the residues 1),, — 1 and x,, — X is as-

sumed to be at least uniform on the torus, that is in the space of continuous
functions €°(T).

ANNALES DE L’INSTITUT FOURIER
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The basic approximation scheme is the case when y,(§) = x(§) = 1.
The residues x, and x will typically be trigonometric polynomials, and
they will enable us to enhance considerably the quality of our discrete
approximations.

Example 1.11. — An important case of approximation scheme in the
sense of Definition 1.10 is the approximation scheme of order r > 1. Suppose
that d = 1 and that the functions ¢, (£) can be represented on the torus as
absolutely convergent series

Pn(§) =1+ Z b (€16 — 1)F + chm (e7i& — 1)~
=1 =1

The coefficients ay, of ¥, () = > pe o Ak e*¢ are related to the coeffi-
cients by, and ci ., by the equations

bk,n = Z <]i> Aln 3 Ckn = Z (]lf) A n

1>k 1>k
for all £ > 1. Set then

XD(E) = PIE) =143 b (5 = 1F + 3 e (67 = 1D)E.
k=1 k=1

The Xsf) (&) are the Laurent polynomials of degree r that approximate the
residues 1,, around 0 at order » > 1. Then, if X,, is a random variable
with law s, with characteristic function fi,(¢) = e 4, (€), the ap-
. . . . . L ()
proximation scheme of order r of u, is given by the signed measures vp,

with

)

v (&) = MO x(D(e).
We shall prove in Section 3 that dy,(un, V,(f)), dx (tn, 1/,@) and dpv (e, V,(f))
get smaller when r increases; in particular, Vy(f%) is asymptotically a better
approximation of u,, than the basic scheme V,(lo).

One can give a functional interpretation to the approximation schemes
of order r > 1. Denote as before Py(f) the Laurent approximation of order r
of ¥,,, and introduce the shift operator S on functions f : Z — C, defined
by

(Sf)k) = f(k+1).

If V,(LT) is the signed measure with Fourier transform given by

V7(L?”) () = @) pr(LT") (eii)7

SUBMITTED ARTICLE : WIENER.TEX



12 R. CHHAIBI, F. DELBAEN, P.-L. MELIOT AND A. NIKEGHBALI

then for any square-integrable function f : Z — C, if f(f) =Y en [ (k) e,
then

A0 = S 1) = 5= [ T ) de

keZ
L[ 0y plr) (i€ T
= [ @ PO e
™ Jo
L (70 (p0) ()
:27 Un (5) (Pn (S)f)(f)df
™ Jo
= v (P (S)]).
Moreover, the operator pir (S) is a linear combination of discrete difference
operators:
T s
P(S) =id+ Y brn (A + D crn (A)*
k=1 k=1
with
- k
@) =S (7)1 + 0
1=0
a k
@) =30 () -
1=0
Therefore:
PROPOSITION 1.12. — In the previous setting, if (1/7({"))7LGN is the ap-

proximation scheme of order r > 1 of a sequence of probability measures
(tn)nen that is mod-¢ convergent, then for any square-integrable function

/s
v (f) = B[P (S) () (Ya)],
where Y, follows an infinitely divisible law with exponent \,¢. Thus, to

estimate at order r the expectation p,(f) = E[f(X,)]:

(1) one replaces X,, by an infinitely divisible random variable Yy,;

(2) and one also replaces the function f by P,ST)(S)(f), which is better
suited for discrete approximations.

Remark 1.13. — Our notion of approximation scheme should be com-
pared to the one of [34], which is the particular case where the reference
infinitely divisible law is Poissonian, and the residues x,, are constant equal
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APPROXIMATION OF DISCRETE MEASURES AND HARMONIC ANALYSIS 13

to one. One of the main interest of our approach is that we are able to con-
struct better schemes of approximation, by allowing quite general residues
Xn in the Fourier transform of the laws v, that approximate the ran-
dom variables X,. On the other hand, we consider only three distances
among those studied in [34], but there should be no difficulty in adapting
our results to the other distances, such as the Wasserstein metric and the
Hellinger /Matusita metric.

Remark 1.14. — The approximation scheme of order » > 1 can be
considered as a discrete analogue of the Edgeworth expansion in the central
limit theorem, which is with respect to the Gaussian approximation, and
thus gives results for a different scale of fluctuations [47, Chapter VIJ.

1.5. Outline of the paper

Placing ourselves in the setting of a general approximation scheme, one
basic idea in order to evaluate the distances between the distributions pu.,
and v, is to relate them to the distances between the two residues 1, (€)
and y, (&) in the Wiener algebra «7(T?). In Section 2, we prove various
concentration inequalities in this algebra, and we explain how to use them
in order to compute distances between distributions. In Section 3, we apply
these results to obtain asymptotic estimates for the distances in the general
approximation scheme (see our main Theorems 3.3, 3.6 and 3.11). In these
two sections, we shall restrict ourselves to the one-dimensional setting,
postponing the more involved computations of the higher dimensions d > 2
to Section 5.

In Section 4, we apply our theorem to various one-dimensional examples of
mod-Poisson convergent sequences:

e In Section 4.1, we explain how to use the general theory with the
toy-model of sums of independent Bernoulli random variables (clas-
sical Poisson approximation). The combinatorics of the approxima-
tion schemes of order r > 1 can be encoded in the algebra of sym-
metric functions, and we explain this encoding in §4.2, by using the
theory of formal alphabets. The formal alphabets provide a sim-
ple description of the approximation schemes for all the examples
hereafter, although none of them (except the toy-model) come from
independent Bernoulli variables.
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14 R. CHHAIBI, F. DELBAEN, P.-L. MELIOT AND A. NIKEGHBALI

e In Section 4.3, we study the number of disjoint cycles in a model of
random permutations which generalises the uniform and the Ewens
measure (Example 1.6). The mod-Poisson convergence of this model
was proven in [46], and we compute here the approximation schemes
of this model.

e In Section 4.4, we show more generally how to use generating series
with algebraico-logarithmic singularities to construct general ap-
proximation schemes of statistics of random combinatorial objects.
We study with this method the number of irreducible factors of a
random monic polynomial over the finite field F, (counted with or
without multiplicity), and the number of connected components of
a random functional graph.

e In §4.5, we consider the number of distinct prime divisors of a ran-
dom integer (Example 1.7). We explain how to use the form of
the residue ¥(&) of mod-Poisson convergence to construct explicit
approximation schemes of the corresponding probability measures,
using again the formalism of symmetric functions.

Our approach also allows us to measure the gain of the Poissonian ap-
proximation in comparison to the Gaussian approximation, when one has
a sequence of random integers that behaves asymptotically like a Poisson
random variable with a large parameter \,,. In Section 5, we extend our re-
sults to the multi-dimensional setting. One of the advantages of the Fourier
approach to approximation of probability measures is that it allows one to
deal with higher dimensions with the exact same techniques, although the
computations are more involved. There is however an important difference
from the one-dimensional setting: the dependence between the coordinates
of a mod-¢ convergent sequence (X, )nen in Z% has an influence over the
asymptotics of the distances between the laws of the random variables and
their approximation schemes. Note that this happens even when the ref-
erence infinitely divisible distribution corresponds to independent coordi-
nates. We provide two examples of this phenomenon, stemming respectively
from the combinatorics of the wreath products &, 1 (Z/dZ) and from the
number theory of residue classes of prime numbers.

2. Concentration inequalities in the Wiener algebra
For convenience, until Section 5, we shall focus on the one-dimensional

case (d = 1) and the corresponding torus T = R/27Z, which we view as the
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APPROXIMATION OF DISCRETE MEASURES AND HARMONIC ANALYSIS 15

set of complex numbers of modulus 1. Thus, a function on T will be a func-
tion of €' with ¢ € [0,27). For p € [1,+00), the space of complex-valued
functions on T whose p-powers are Lebesgue integrable will be denoted
ZLP = £P(T); it is a Banach space for the norm

2T ) d %
1= ([ e g )

For p = +o00, .£°°(T) is the space of essentially bounded functions on the
torus, with Banach space norm

1 £lloc = ess-supeepo on | £(€)] -

In the sequel, we abbreviate sometimes the Haar integral fo2 " f(ef) ngr by
Jr f(€®), or simply [1 f.

2.1. Deconvolution residues in the Wiener algebra

Recall that the Wiener algebra o7 (T) is the complex algebra of absolutely
convergent Fourier series, endowed with the norm || f[lor = >, oz len(f)]-
We shall use the following property of 7 (T), which is akin to Poincaré’s
inequality for Sobolev spaces (see [39, §6.2]):

PROPOSITION 2.1. — There is a constant Cyg = % = 1.814... such
that
[fller < leo(F)I+ Crll f']| 22
forall f € o.

Proof. — Combining the Cauchy—Schwarz inequality and the Parseval
identity, we obtain

171 = leolF)l + 32 Inealf)
n#0

<leolPl+ |3 =5 [ menlI?
n#0 n#0
2

< lo(Hl+ 14/ 5 1F L2

Note that the inequality is sharp, and it implies that the Sobolev space
#12(T) of £? functions on T with weak derivative in .#? is topologically
included in the Wiener algebra. (|
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16 R. CHHAIBI, F. DELBAEN, P.-L. MELIOT AND A. NIKEGHBALI

Another important tool for the computation of total variation distances
is the following Lemma 2.2. Call deconvolution residue of a signed measure
1 on Z by another signed measure v on Z the function

8(&) = m(¢) (w(¢)) .

By Wiener’s theorem, if 7 never vanishes, which is for instance the case
when it is the Fourier transform of an infinitely divisible law v [53, Lemma
7.5], then 7~ € & and the previous deconvolution happens in the Wiener
algebra: 0 € /. Now, in order to measure the distance between the law
u of X and a reference law v, one can adopt the following point of view,
which is common in signal processing. For the deconvolution residue to
be considered as a small noise, é has to be close to the constant function
1 (the Fourier transform of the Dirac distribution at zero). In particular,
suppose that we are given a general scheme of approximation of a sequence
of random variables (X,,),en by a sequence of laws (v, )nen. Then, with the
notation of Definition 1.10, one has a sequence of deconvolution residues

_ (8
(&) = e’

and the quality of our scheme of approximation will be related to the speed

of convergence of (,,)nen towards the constant function 1. More precisely:

LEMMA 2.2 (Fundamental inequality for deconvolution residues). —
Let p and v be two signed measures on Z and ¢ = & be the deconvolution
residue (we assume that U does not vanish on T). For any ¢ € &,

drv (p,v) <[|e(d = Dol + 116 =1 [[(1 = )v] -
Proof. —
dov(pv) = lg =7l =100 -1)7ll,
< el = Dpfl, + 11 =) (6 = DYl
< (@ =17l + 110 =1, |1 = )7l - 0
In practice, ¢ € & will be a carefully chosen cut function concentrated

on regions where 7 is large. So, informally, v is a good approximation of x4
if the deconvolution residue §:

e is close to 1 where U is large;

e has a reasonable norm in the Wiener algebra.

Note that the fundamental inequality does rely on the algebra norm of
o/ (T). We now quantify this idea.
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2.2. Estimates of norms in the Wiener algebra

In this paragraph, we fix two discrete measures p and v on Z, both being
convolutions of an infinitely divisible law with exponent A¢ by residues v
and x:

fi(€) = e (&)
(&) = MO x(9).

In Section 3, we shall recover the setting of a general approximation scheme
by adding indices n to this situation. We denote m and o2 the first two
coefficients of the Taylor expansion of ¢ around 0:

) 0.252
B(€) = mi€ — T + o(€?)
We then fix an integer r > 0 such that:

(1) the residues ¢ and x are assumed to be (r 4+ 1) times continuously
differentiable on [—¢, €] for a certain £ > 0;

(2) their Taylor expansion coincides at 0 up to the r-th order:
Vs e [0,7], (¥ —x)"(0)=0.

In this setting, we define the non-negative quantities

(=0 )]

Bry1 (5) = sup

£€[—¢,e]
v(e) = sup |¢" (&) +?|;
£€l—ee]
Re(¢(§))>
M=- Re0@) .
o (M

For instance, if ¢(¢) = !¢ — 1 is the exponent of the standard Poisson law,
then v(e) = 2 sin(5) and M = % The strict positivity of M as soon as ¢
is not the constant distribution concentrated at 0 is proven in [26, Section
3]. Note that for any & € [—¢, €], one has

3
Rdw@>:/"<f—wRdd%md9

0=0

o2¢? ¢ o) — o2) £2
= —?5 +/0:0(§—9) Re(¢"(0) + 0%) df < M

On the other hand, outside the interval [—¢, ¢], one can use the inequality
Re(4(€)) < —M¢2.
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18 R. CHHAIBI, F. DELBAEN, P.-L. MELIOT AND A. NIKEGHBALI

THEOREM 2.3 (Norm estimate). — Take € small enough so that y(e) <

O'

2 and suppose that A is large enough so that \ > 2. Then:

27
2 '  AMe?
I =Pl < 19 =Xl {14 Cor [ ) -+ Ao | J o775

Cri1 Bra(e) (€1 +1/5(r + 1))
(ZNE

+

)

where C.;1 is a constant depending only on r:
1 27 3
Cry1=——1/=T = .
LR O TR V! <T+2>

In order to prove this theorem, we introduce the cut function £ € T —
c(€) that is piecewise linear, vanishes outside of [—¢,¢], and is equal to 1

on [—5, 5], see Figure 2.1.
c(€)
\ T T \ 3
e - 5 €
Figure 2.1. The cut-function ¢(§).
LEMMA 2.4. — Under the assumptions of Theorem 2.3,

(1=, <1+CH <\/7+A||¢’|oo>>ewfz.
e

Proof. — Note that |(1—¢(£)) e**®)| vanishes on [—£, £], and is smaller

52 .
than e & < o= cverywhere else. We then use Proposition 2.1:

H(l—c)e/\d’H / |1 — ¢| eMRel@) —l—CHH—c’e)‘d’—i-(l—c) )\gi)'e)‘qﬁng

)\Ale

< + Gt ([ o + Cr M¢lloo [|(1 =€) | s
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<M+ Oy [l M + O A e e M
(1 +On ( Z e ||Oo>> 0
LEMMA 2.5. — Under the assumptions of Theorem 2.3, we have:
Cri1 Bra(e) (7 5(r+1))

le@w =x)e¥]l,, <

(?*)“

Proof. — Note that the norm |-|| , is invariant after multiplication by
e*¢ L € Z. In particular,

let =], =

c(€) (1(€) — x(&)) O ~ielAm] Hd

where |-| denotes the integer part of a real number. Using again Proposition
2.1, we obtain

lew —x) €|,

</T|C('¢)_X)e>\¢|+C'H (c(f) (,l/](f)_X(f))e’\d’(ﬁ)*ifv\mj)/

32
< [lew e+ a0 ]
+Cpr ||e (@ = x)' || yo + Crr [le (¥ — x) (A —i[Am]) | .

<A+B+C+D.

Let us bound separately each term. Recall that [*_[t|"e —* dt = (=
for r > 0.

)

(A) For € € [—¢,¢],

Brea(e) €7+
[9(€) —x(€)] < 4_(7,_'_71)!;

_Ae2—v(8)) €2 _Ao2¢?
e Re(8(8)) <e 3 <e 7

the last inequality following from the assumptions on e. Conse-
quently,

A< PrnE) /e**"ifz dt = Bronle) r(5+1)
2r(r+ 1! J . 2r (r+ )1 (A g )2t \2
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s |73 )

1
B 1
< 2l (2) (e 3),
(r+DI\Z)zt \7 27 2
by using the log-convexity of the Gamma function, and the dupli-

222—1

cation formula I'(2z) = NG L(z)T(z+ 3).

(B) Since |¢/(€)| < 2 on [—¢,&] and vanishes outside [—¢, €], one obtains

QOH 67'-{-1(5) 1 e %
B (o [ )

(C) For € € [—¢,¢],

6 — v)(©)] < Pl

r!
so as before,

c < CH 5r+1(€) (1/ o= ,\6252 dg) 2
r! 2m

— 00

< Ch Bry1(e) 1 F( 1)

Sapgst Yze U2

< 6r+1() ’I’+1 i —
(rt )N 25t \/E 2
(D) Last, for € € [~z,], [¢/(€) — inl < (8)|¢] <

g 0.2
O0(€) — L)) < 2 2'5‘ X il

Therefore,
CH Bry1(¢) /
DL ——-—~ e~
V2m (r+ 1)!
Ch Bry1(€)
< I + T ‘|’
V2r (r+ 1) % )iti T 02 B 7"
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. . 2 . .
To conclude, notice that since A % > 1, one can take in each denominator

the smallest power of this quantity, namely, (A "72)%"‘%. One thus obtains:

a+B+crpg— D) Jlp( )3
(r+1DI(\Z)sts | 2m

1
2\1 2 r+1 3
X <7r> +Cx ng +144/r+ =

1
1 2\
250 +1) > - = + r+3+1+\f<7r> : O

Proof of Theorem 2.3. — We have

17 =Pl < WY =Xy 0= )|, + [le(w =) €],

and Lemmas 2.4 and 2.5 allow us to control these two terms. O

Note that if € is fixed and A goes to infinity, then the dominant term
in the norm inequality is the second one, because the first one decreases
exponentially fast. In this case,
PN 1
drv(p,v) =g =7, = O(ﬁ) :

The constant hidden in the O(-) depends only on ¢, r, |[t) — x|/ and the
parameter (3,11 () introduced before. In particular, if ¢ is fixed and we look
at families of residues (¥, )nen and (Xn)nen such that the corresponding
quantities ||¥, — Xnller and Br41,0(€) stay bounded, then one can take a
uniform constant in the O(:).

Remark 2.6. — One can broaden slightly the scope of Theorem 2.3, if
one notes that regarding the residues ¥ and x, one only used the bounds

ﬁr 1(5) If'T-’_1
w(e) - o) < ZEE—

and /() —'(6)] < Zrr VL
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for any & € [—¢,e]. In particular, if one assumes that ¢ and x belong to
%*(T) and that

B € (Lt 0e(1)
r!

(&) = X&)
in a neighborhood [—¢, €] of 0, then the previous bounds are satisfied and

the conclusions of Theorem 2.3 hold. We shall use this important remark
in §3.3.

3. Asymptotics of distances for a general scheme of
approximation

We now consider a general scheme of approximation of a sequence of
Z-valued random variables (X,,),en by a sequence of laws (v, )pen, with

fin(§) = E[e*¥"] = M)y, (¢)
’//;(6) = eAnqs(é) Xn(g) s

limy, 00 ¥ (§) = (&) and lim, o0 xn(§) = x(§) as in Definition 1.10. We
can immediately deduce from Theorem 2.3:

PrOPOSITION 3.1. — Consider a general scheme of approximation such
that the convergences 1, — 1 and x,, — x occur in €*(T). Then, one has
drv (tn, vn) — 0, and as well for dy,(pn, vn) and dk (fn, Vn)-

Proof. — Taking 7 = 0 in Theorem 2.3, we have

1
vt ) = =l =0 57 )
where the constant in the O(-) depends on ||1), —Xn ||z and || —Xnl|l<1- By
Proposition 2.1, both quantities are bounded by a function of ||1),, — x»||¢1,

which is itself bounded since ¥, — x,, — % — x in €*(T).

For the other distances, we use the inequality dy, < 2dx < dpv. O

If we want to improve on the rate of convergence of the distances to 0,
then we need an additional assumption similar to the hypothesis of Theo-
rem 2.3, namely:

¥ € N, ¥n(€) = xn(€) = Bn (1) (1 + 0g(1))

and () — x(&) = B (14 0¢(1)) (H1)

with lim, o Bn = 5, and the o¢(1) that converges to 0 as £ goes to 0,
uniformly in n. We denote this condition by (H1). It is satisfied if, for
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instance, the convergences v, — 1 and x,, — x occur in €"+1(T), and if
the scheme of approximation is the scheme of order r as defined in Example
1.11. However, this new condition (H1) is a bit more general, as we do not

assume that the residues y, and y are Laurent polynomials of degree r in
el€.

In §3.1, §3.2 and §3.3, we shall consider the setting described above, and
we shall establish some exact asymptotic formulas for dy, (pn, vn), dx (fn, Vn)
and drv (tin, Vn ). These formulas generally follow from an application of the
Laplace method to an integral representation of the distance, but we shall
also use Theorem 2.3 in order to get rid of certain non dominant terms in
the asymptotics. In §3.4, we introduce the notion of derived approximation
schemes which involve simpler residues, and under appropriate assump-
tions, we extend the results of §3.1-3.3 to these approximation schemes.

3.1. The local distance

Until the end of this section, (X, ),en denotes a sequence that is mod-¢
convergent with parameters (A,)nen, and (v, )nen is a scheme of approx-
imation of it, which satisfies the hypothesis (H1). The main tool in the
computation of the local distance dy, (i, vy) is:

PROPOSITION 3.2. — The error term being uniform in k € Z, one has

(_1)T+1B 8r+1 _%
V2 (02),)E T dart] (%)

1
e tagm +°(<An)%‘+1> '
T

Proof. — The computations hereafter are very similar to those of [26,
Section 3|, but they are performed at a different scale for k. We combine
the Fourier inversion formula

i ({k}) — v ({E}) = / (U (6) — xn(€)) M ¢ 2

with the Laplace method. Note that (H1) implies that ¢,, — x,, is bounded
on the whole torus T by some constant C. As a consequence, for any € > 0,
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since Re(4(€)) < —ME? with M > 0, one has

1

2w

/ (6 (€) — xn(€)) 0O &7 g
(=m,m)\(—¢€,¢)

< Cexp <>\n SUP¢e(—m,m)\(—4,9) Re(¢(§)))
< C exp(—A, Me?)

(k)

this being uniform in k. Then, for € > 0 small enough, one has the estimate:

/ (n(€) — xn(€)) 01O e7H g

= (o) [ fig) Ok gg

—€
€

=801+ 05(1))/ (i) eAn(@(E)—imE) o =ilk=Anm)E e
EO’\/I t (0t _itk=2Anm
s P (e )
0“Ap)2 —eovVAn

00 _itE=Anm
_ 5(1 + Oi(l)) it r+1 e—ge ¢ o/ An dt.
CawE

The last step uses the dominated convergence theorem. Indeed, we have
the pointwise convergence:

t #'(0) t) t2
)\n - —n—oo T
<¢(o¢xn) oVAn T2
and if € is small enough so that Re(¢”(€)) < —‘772 for all £ € [—¢,¢], then
for every t € [—e oV An, e 0V A ]:

t _ (Ot t _¢O)t
eA"<¢<f’ Aﬂ) C’V*ﬂ) :e)\nRe<¢<” A71) ”V)‘")

2 2

< e(supse[,a’E]ReM”(f))) Jj <e” 4 .

2
The integrand is therefore dominated by e~ T |¢t|"*1. Hence,

pn({k}) — vn({K})

= Lr /00 (it)”le_% e_itk;ﬁ dt | +o % ,
2m(o2X,) 2t \J o (An)z Tt
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with a remainder uniform in k € Z. Last, we use the fact that

/OO efé efita dt _ 67%2,

s Vo

is the Fourier transform of the standard Gaussian distribution evaluated at
¢ = —a, and by taking the (r + 1)-th derivative with respect to «, we get:

> \T _2 —ita dt r ar _a?
e e ooyt (),

hence the claimed result. O

The computation of the local distance amounts then to find the maximum
in k € Z of the previous quantity. Recall that the r-th Hermite polynomial
H, (o) is defined by

Gr(a) = o (e_L’f) =(-1)"Hq(a) e

The local extremas of G, correspond to the zeros of H, 41, since GL(a) =
(~1)" (H{() — aH,(a))e™% = (—1)*' Hopi(a)e ¥ = Gru(a). De-
note z.y1 the smallest absolute value of a zero of H,.1; it is 0 when r is
even, and it can be shown that in any case it corresponds to the global
extrema of |G,|; see [56, Chapter 6], and Figure 3.1 for an illustration.

Figure 3.1. The Hermite function Gg; it attains its global extremas at
the smallest zeroes of Hig.
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THEOREM 3.3. — Under the assumptions stated at the beginning of this
section (general scheme of approximation with condition (H1)), one has

18] 1Grs1(2r42)] 1
ot vn) = \/ﬂ(;An);l +0<(/\n)£+1>'

Proof. — Denote Z,, = {k;\//\f , k € Z}. The previous discussion shows
that

18] ( 1 )
d Vp) = —————— sup |Grii1(a)|+o|l ——=— | .
L(Hns Vn) \/%(OQAn)erl aegﬂ' r+1(a)] )51
As n goes to infinity, the set Z,, becomes dense in R, and since G, is a
Lipschitz function, we have in fact

18] 1
d nyVn) = —F— 5T <r.i7 GT N NT 11
L(tns Vn) NN zlélﬂg\ +1(a)| +o Do) ETT

111Gy 11 (2r42)] 1
= Vo (otayi *0(@”)5“)' -

Remark 3.4. — The first values of M, = |G, (z-4+1)| are

Mo = |Go(0)] = 1;
M, =|Gy(1)] =e 2 =0.60653...;
My = |G2(0)] = 1;

M = ‘Gg 3— \/6)‘ =" (3\@—6) =1.38012...;

3.2. The Kolmogorov distance

To evaluate the Kolmogorov distance between pu, and v,, we use the
classical integral formula

(1 +oe) — vl o0]) = [ (a(6) — xa(e)) 9@ (2 &8
i AL 70 mil el = T n ¢ 1—e i€ 27"
Indeed, for any [ > k, one has

l
s ([ 1]) = vn ([, 1]) = Z/ (0 (E) — xn () OO o156 ;Lfr
j=k T

B - Aoo(e) € — e DS dg
- /T (6a(€) — xa(6)) € o€ 2
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Since 1, (€) — Xa(€) = fn (€)1 (1 + 0(1)), the quotient “o®2e(8) s
actually a continuous function on the torus, hence bounded. The same
holds for e’ &) = E[e!€¥"], where Y, is an infinitely divisible random
variable with exponent A, ¢. Thus,

f(ﬁ) _ ¢n(§) B Xn(g) e)\nqﬁ(ﬁ)

1—eit
is a bounded continuous function, hence in #*(T), and by the Riemann—
Lebesgue lemma, one concludes that

- e 96 _
1 /T F(©)e 0.

=400 2

Since limy, oo pin ([5,1]) — vn([k,1]) = pn([k, +00]) — vn([k, +<]), the
integral formula is indeed shown. It leads to the analogue of Proposition
3.2 for probabilities of half-lines of integers [k, +o0]:

PROPOSITION 3.5. — The error term being uniform in k € Z, one has
pn([k; +00]) — v ([, +00])
-1 o 1
U () +0< )
\/%(UQAn) 2 a a:ik;\;%" (An) 2
Proof. — One has the Taylor expansion

Y (§) — xn () _ Bn (i)
1—ei¢ i€
Combined with the aforementioned integral formula and with the same
Laplace method as in Proposition 3.2, it yields

2
%

(1+0¢(1)) = Bn(i€)" (1 + 0g(1)).

v o :M h i Te_éeiitko_k:':/
pollh o) =l el (02),) 5 /_w(t) VA dt.

Therefore, one has the same asymptotics as in Proposition 3.2, but with r
replacing r + 1. |

The same argument as in §3.1 gives:

THEOREM 3.6. — Under the assumptions stated at the beginning of this
section (general scheme of approximation with condition (H1)), one has

_ 1BIG (2041 1
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Example 3.7. — Consider the basic scheme of approximation of a mod-¢
convergent sequence of random variables (X,,)nen:

;;(5) — e)\71¢(5)_

Hence, v, is the law of an infinitely divisible random variable Y,, with Lévy—
Khintchine exponent \,,¢. Then, if fi,, (£) = e*n¢(&) 4, (€) and 1, (&) — ¥(€)
in €*(T), the hypothesis (H1) is satisfied with r = 0 and 3,, — 3 = ¢/(0).
Therefore, in this setting,

[¢/(0)] e~2 ( 1 )
d X’qun = R
w( ) V2w o), o An

W) i
oY) = o +<ﬁ) |

The second result should be compared with a computation in [26, Chapter
4], which ensures that

dK(XmYn) = l}b% +0<\/1)\—>

if (X,)nen is a sequence of random real numbers that converges mod-

Gaussian with parameters A, and if (V},)nen is a sequence of random
Gaussian variables with means 0 and variances \,,.

3.3. The total variation distance

Before we estimate the total variation distance between the laws u, and
Un, let us make some observations with Proposition 3.2. Assume again that
one has a general scheme of approximation which satisfies the hypothesis
(H1). For any fixed interval I = [a,b], one can write

drv (pn, vn) = Z ln({k}) — v ({k})]
kEZ
[Anm+bovX, |
> [ ({k}) — vn({k})]

k=|Anm+aovA,]

1Al
i 2) )5+1
V2m (02X,)2 e o/
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da+ o ((b—a)ﬂ) ,
(UzAn)T

by identifying a Riemann sum in (RS). Since this is true for any a and b,

a2
H.1(a)e™ =

b
2%/
V2 (02h,) =z Ja

(!2 . . .
and since H,y1(a)e™ "z is integrable, we conclude that in general, one has

rt1 o2 da

2 | > H a)le” 7 ———.
)2 181 [ 1ra()le¥

The goal of this paragraph is to show that, under a slightly stronger hy-

pothesis than (H1), this inequality is in fact an identity, and that the liminf

above is actually a limit. To this purpose, it is convenient to introduce a

.. 2
hnH_l) 1Or<1>f (dTV(,um vn) (07 )

third sequence (py, )nen of signed measures, defined by their Fourier trans-
forms

57\1(5) =M ¢ (%(ﬁ) — Bn (eif - 1)T+1) :

These signed measures have their values given by:

LEMMA 3.8. — Denote 1/7(10) the infinitely divisible discrete law on Z

with exponent \,¢. The signed measure p, whose Fourier transform is
pn(§) = e*n () (¥ (&) — B (e1€ — 1)"H1) is given by

r+1
pu(TE) = (k) = B 3 (~1)7 1 ( N 1) VO (k- 1}).
=0

Proof. — One expands the Fourier transform (un/—\pn)(f) in powers of
el

- i o i
(tn = pn)(€) = Bu (¢ —1) > v ({m})eme
m=—o00
r+1 e} r+1
=B, -1 r+1—l( ) Z/(O) m ei(l+m)§
IPIC ) O my)
(e’ r+1
i P B + 1
= 3 o (ﬂn >y )u,20><{k1}>>
k=—o0 1=0
= > ™ (un({k}) = pal{F})
€ Hn Pn .
k=—o0
The result follows by identification of the Fourier coefficients. |
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Remark 3.9. — Suppose in particular that ¢(£) = €€ —1 is the exponent
of the Poisson law P(;). We then have

(r+1)Ak

r n k=l og=An
(kD) = (kD) = B 3 <1>””( jl)%
(r+1)Ak r 1
=) > e () Gl

=0
= 5774 V7(10)({k}) C(T +1,k, An)a

where ¢(r + 1,k, \;,) is a Poisson—Charlier polynomial, see [56, §2.8.1].

We now assume until the end of this paragraph that all the residues ,,,
¥, Xn and y are in €1(T), and that

Vn €N, ¥ (€) — X, (&) = i(r + 1) By (1) +i(r +2) v, (i)™ (1 + 0g(1))
and /(&) — X' (&) =i(r + 1) B(1&)" +i(r +2) v (1) (1 + 0¢(1))
(H2)

with lim,,—, 8, = 8 and lim, o 7, = 7. As in Equation (H1), the o0¢(1)
tend to 0 as £ — 0, uniformly in n. We denote this new condition by (H2).
Since ¥, (0) = x»(0) = ¥ (0) = x(0) = 1, it implies by integration that

Vn €N, wn(f) —xn(§) = Bn (if)T-H +n (if)r+2 (1+ 06(1))
and (&) = x(&) = B (&) + 7 (i) (1 + 0g(1))

so in particular (H2) is stronger than (H1). On the other hand, the hypoth-
esis (H2) is satisfied for instance if the convergences ¥,, — 9 and x, — x
occur in 4" T2(T), and if the scheme of approximation (v, )nen is the scheme
of order 7 as defined in Example 1.11.

LEMMA 3.10. — Let (vn)nen be a general approximation scheme of a
mod-¢ convergent sequence (X, )nen, with the new hypothesis (H2) satis-
fied. Then, with p,, defined as in Lemma 3.8,

1
dTV(pna Vn) = O<W> .

Moreover, (py,)nen is a new general approximation scheme of (X, )nen, with
the hypothesis (H2) again satisfied, with the same parameter r > 0 and
the same sequence (B, )nen-
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Prooév— Denote 1;;(5) = Pn(§) — Bn (e — 1)"FL so that pn(§) =
e (&) 4, (€). On the one hand, one has

(Un = Xn)'(€) = (W(E) = Xu(€)) —i(r + 1) By e (€ — 1)"

. Bu(r+1)\ /. .\r

r+2) (= 2 G (4 o)

by using the Taylor expansion (el¢ — 1)" = (i€)" + % +o(¢7h). By
the remark following the proof of Theorem 2.3, this is a sufficient condition
in order to use the norm inequality of Section 2, but with parameter r 4 1
instead of r. Moreover, the sequence

<% 3 Bn(r; 1))71EN

is convergent under the hypothesis (H2), hence bounded. As a consequence,
the sequence (1//1\; — Xn)nen is bounded in €*(T), and therefore in &7 by
Proposition 2.1. For the same reason, one has a uniform bound on the
parameters

e | = X))
r+2,n(€) = 5es[t_llga] —|£‘T+l .

According to the discussion after Theorem 2.3, we can conclude that

1
drv(pn,vn) = O<W> = O(W) .

This ends the proof of the first part of the lemma, and for the second part,
we can write

YL(E) = P (€) = i(r + 1) B, € (e — 1)7

=i(r+1)5, (0" +i(r+2)

L) ey (1 4 0c(1)),

hence the hypothesis (H2) is satisfied. O

The previous Lemma shows that, if under the hypothesis (H2) one wants
to obtain an estimate of drv (tn, vn) which is a O(()\n)*rzj)7 then one can
assume without loss of generality that

P (€) — xnl&) = Bn (eif - 1)T+17

with lim, o 8, = 8 (in other words, v,, = p,, is given exactly by the
formula of Lemma 3.8). This is now of course much easier, and one obtains:
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THEOREM 3.11. — Consider a general scheme of approximation (v, )nen
of a mod-¢ convergent sequence of random variables (X, )n,en. We also as-
sume that the reference law ¢ has a third moment, so that in the neigh-
borhood of 0, ¢(§) = —# + O(|€]?). If the hypothesis (H2) is satisfied,
then

drv (pns Vn) = \/T(Ufl)\ (/ |G ( )|da> +0<()\n;;1> .

Proof. — According to the previous discussion, we have to compute the
asymptotics of

dTV(,Um Vn) _ ”@ . ;;HM = B, M d(8) (eif _ 1)r+1”

i r et dg
—5. 3 /exm(s) (ef€ — 1)+t omike 98
T

2
kezZ

of

We can here follow the arguments of [34, Proposition 1], but in the general
case of a discrete reference measure with Lévy exponent ¢ (instead of a
Poisson distribution).

Step 1: We remove all the terms k outside the range of the central limit
theorem % — Ng(0,1), where Y,, follows the infinitely
divisible law with exponent A,¢. We claim that the terms k
outside the interval

1=1((n)F) = [am = 0O 3], am 00074

give an exponentially small contribution to the sum. Indeed, note

that
DITCIRAIIETS o) ETE] ) LT
keZ keZ | 1=0
_ZK )Ry, )({k})‘
keZ

= su A_)er+D),, k
f:Za[?Ll] (% <( ) >({ }) ( )>

= swp (Zuﬁ”({k}) {(A1)°(T“)f}(k‘)>

f2—=[-11] \ ez

with the notations A; of discrete derivatives introduced at the
end of §1.3. Indeed, A; and A_; are adjoint operators on ¢?(Z).
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By the central limit theorem, for every f : Z — [—1, 1], the sum
over terms k outside the interval I is now bounded by

Y, — A.m 1 1
rHip |22 > (\,)7 | =0 —— for every exponent p,
Pz ]z o0t =o(p) ¥ exponent p
so it will not contribute in the asymptotics. Therefore,
dTV(,U/ann)
. e d€ 1
=18 ‘/e’\"¢(5) e —1)tle M = 4o —— |
Bl D2 | [ O ) o Rl rwr=
keI((An)7)

Step 2: We now estimate the terms with & € I((\,)"/7) with a more

careful application of the Laplace method than in Proposition
3.2. Namely, outside the interval (—(\,)7 2, (\,)7~2), one can
bound (el€ — 1)™+! by [£|"+! and e*»?(©) by e=*»ME” whence

e nd(8) (ei€ _ 1)T+1 e 1kE d¢

/(—Tr,ﬂ)\(—(xn)%—% ,(,\n)%—%)

< oA ME g7+ ge

/(_ﬂ'aﬂ)\<—(>\n)%%7()\n)%%)

2 > Mu? 1
< ——— / ce M T du,
(A)= o7

This upper bound is exponentially small and will not contribute
to the asymptotics, even after multiplication by the number of
terms of the interval I, which is a O((A\,)277). On the other
hand, if k = Aym + z 0/, then

1 (An)% 3 . .
27 - e)\nqS({) (el§ _ 1)r+1 e—lkg d§
T™J—A)77 2
1 ()‘n)%_%

ik )N, Z2 €2 g 3_1
=or | e R T E (1 0((An) ) de
u _()\71)7_5
(1 +o(1)) /”W Sizu= 4 ()74
= 1w T d
21 (02 \) 2t 0% ¢ (i) "

- J%tzox(li)zﬂ (~1)"+ H,pa () e %,

~=

the o(1) being uniform in k € I((\,)*/7). Note that we used the
hypothesis of third moment of the reference law ¢ in order to
get the multiplicative error term 1 + O((An)%_%).
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The proof can now be completed by using the same argument of Riemann
sums as in the beginning of this paragraph, and the convergence £, —

B. O

Remark 3.12. — The first values of V, = [ |Gry1()| dov are:
Vo=12
= 4e*%;
Vo=2(1+4e ?).

Example 3.13. — For the basic scheme of approximation (x, = x = 1),
assume that the residues v, converge in ¢?(T), which implies hypothesis
(H2) with » = 0 and |8] = |¢'(0)]. We get the following estimate for
the total variation distance between X,, and an infinitely divisible random
variable Y,, with exponent \,¢:

dov (X, Yy) = j% +o(¢;) .

Note that this is twice the asymptotic formula for the Kolmogorov distance.

3.4. Derived scheme of approximation with constant residue

To conclude this section, let us simplify a bit the general setting of ap-
proximation of discrete measures presented in Definition 1.10. Until now,
we have worked with measures v,, such that

Un(€) = M9y, (9),

where the residues y,(§) converge to a residue x(§), and on the other
hand approximate the residues 1,,(£) associated to the random variables
X,,. For instance, x,(£) can be the Laurent polynomial of degree 7 in el
derived from ¥,,(§) (scheme of approximation of order r). In this setting, the
residues x,,(€) are usually very good approximations of the residues v, (§),
but on the other hand they vary with n, which is quite a complication for
explicit computations. Hence, for applications, it is simpler to work with a
constant residue x(§) that does not depend on n. This leads to the following
definition:
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DEFINITION 3.14. — Let (Vs )nen be a general scheme of approximation
of a sequence of random variables (X, )nen that converges mod-¢ with
parameters \,,. The derived scheme of approximation with constant residue
is the new scheme (o,)nen, defined by the Fourier transforms

Fa(€) = MO x(g),

where x (&) = lim,,—, 00 Xn(§) is the limit of the residues of the law v,, (with
the notations of Definition 1.10).

Example 3.15. — Suppose that v, = z/y(f) is the scheme of approxima-

tion of order r of (X,,)nen (see Example 1.11), and that the convergence
¥, — 1 occurs in €7 (T). Then, the derived scheme with constant residue
(0n)nen is defined by the Fourier transforms

5;(5) — o8 p(r) (eif),

where P(") (i) is the Laurent polynomial of degree r associated to the limit
1 of the mod-¢ convergence. Thus, to compute o, (f) with f: Z — C, one
can take a random variable Y,, with law of exponent \,,¢, and then calculate

E[(PT)(S)f)(Ya)]

where T' = P(")(S) is a fixed linear operator, which is a finite linear com-
bination of discrete difference operators. This is clearly convenient for con-
crete applications.

Informally, if the derived scheme with constant residue (oy,)nen is suffi-
ciently close to the initial scheme (v, ) en, then the conclusions of Theorems
3.3, 3.6 and 3.11 hold also for (0, )nen (under the appropriate condition
(H1) or (H2) for (vp)nen). Practically, this happens as soon as the size of
Xn — X is negligible in comparison to negative powers of \,,. More precisely,
we have:

THEOREM 3.16. — Let (v, )nen be a general scheme of approximation
of a sequence (X, )nen that is mod-¢ convergent. We denote (0, )nen the
derived scheme with constant residue.

(1) Suppose that (vn)nen satisfies the hypothesis (H1). If || xn — X|lcoc =

(/\)ﬁ 5 then

_ 1B[1Gr41(zr42)| 1
dL(,UnyUn) = o (GQATL)%+1 +o ()\n)g-i-l :
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(2) Suppose that (vy,)nen satisfies the hypothesis (H1). If || x}, — X |lcoc =
o —=1 |, then
(An) 2

|5| |Gr(zr+1)| 1
d n;On) = F1 Tl .
K (Hony on) o (02)\,,)3 +0<()\n )

(3) Suppose that (v, )nen satisfies the hypothesis (H2). If | x], — X |lcc =

1
5T ) then

drv (fn, 0n) = \/g(lf')\)r;»l (/R |Gr+1(04)|d04> + 0<()\;r21> .

Proof. — In each case, we have to bound the distance between v,, and
the derived scheme o,,. For the local distance, one has

/(xn(é) (€)M (© gmike 98
E 2m

di(Vn,0n) = sup
keZ

< B 1
<lxn = Xlloo =0 (An)3tt )7

hence the estimate on dy,(p,,, 05, ). For the Kolmogorov distance, notice that

‘Xn(f) - X(f)
1—e i€

<7 lIxn = X lloo

/ /
’< Xn — XMl ‘1—ei5

for any & € (—m, m). Therefore,

/ Xn(§) — x(§) And(€) o—ike dg
T

€

dK(Vn7 UYL) = sup 1 —ei€ 27

kezZ

1
< 7T||X;«L - X/||oo = 0<W> )

hence the estimate on dk (uy, 0,,). Last, for the total variation distance, we
use Proposition 2.1:

drv (Vn, 0p) = H(X" = X)) el\nd)@)Hg{

< xn = Xlloo + Cr (Ot = %) (€) + X @' () (xn — X)(€)) 9| 2

<7l = ¥'lloe + ot (1 = X lloo + A 16l len = xlloo) €€ 2
<o = X lloo (7 + Cr 0+ 7An 16 11o0) €O 22 )
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Since [e?©)| < ¢™M& | we have the estimate [[e* ()| 42 = O(W), s0
in the end

drv (v, ) = O (I = X lloe (M) ) = O<(A;> 7

whence the estimate on drv (tn, or)- |

4. One-dimensional applications

In this section, we apply our main Theorems 3.3, 3.6 and 3.11 to vari-
ous one-dimensional examples, most of them coming from number theory
or combinatorics. In each case, we compute the exact asymptotics of the
distances for the basic approximation scheme, and for some better approx-
imation schemes, which are derived from the approximation schemes of
order r > 1.

4.1. Poisson approximation of a sum of independent Bernoulli
variables
As in Example 1.5, we consider a sum X,, = 22:1 B(p;) of independent
Bernoulli random variables, with 77, p; = +o0 and Y°7°, (p;)* < +oc.
The corresponding Fourier transforms are:

n

in(§) = An(e€-1) U, (&)  with ¥, (§) = H(l +pj(e€ — 1)) 0P (1)

Jj=1
It is convenient to have an exact formula for the expansion in Laurent series
of the deconvolution residues ,,. Denote

pl,n =0 and pk}Q,n = Z (p])k

One has

n

d’n(g) - H(l —|—p‘](elg _ 1)) e— Z;;l Pj(eig—l)

Jj=1

=exp [ > log(1+p;(e —1)) — p;(e — 1)

Jj=1
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Denote ‘B the set of integer partitions, that is to say finite non-increasing

k=1

sequences of positive integers

L=(Li>Ly>>L,>0).
If L is an integer partition, we denote |L| = >\, L;; £(L) = r; mg(L) the
number of parts of L of size k; and zy, = Hk>1 k% (L) gy (L), which is the

size of the centralizer of a permutation of cycle-type L in the symmetric
group &);. The previous power series in ¢ — 1 expands then as

IRNERTS
bag) = S

LeB

pL n (ei§ — ]‘)IL‘7

)

2L

where pr, ,, = Hf(:Ll) Pr; n- Since p, 1 = 0, the sum actually runs over integer

partitions without part equal to 1. In particular, one has
p27n i pS,n i
Yn(§) =1— N (e —1)*+ T(e5 —1)° +o(|¢).

Consider then the basic approximation scheme (V,(LO))TLGN of the sequence of
random variables (X}, )nen, which is mod-Poisson convergent with param-
eters A, = >0 pj and limit ¢(€) = [I52, (1 4 p;(e® — 1)) e P (=1 Tt
satisfies the hypothesis (H1) with » = 1 and

1 1 Ix, o
/Bn:_ipln ; /32—5132:—52(1%) .

j=1
By Theorems 3.3 and 3.6, if (Y, )nen is a sequence of Poisson random
variables with parameters A,,, then

w1,
Wk =ty o)

p2 1
dx (X, Y,) = ———— +o| — ).
i ) 2¢/2me A, 0()\”>

The sequence of infinitely divisible laws (Vf(lo))ne[\] also satisfies the hypoth-
esis (H2), since the expansion of 1, (§) given before is exact and can be
derived term by term. So, one can apply Theorem 3.11, and

. 2]32 1
dTV(Xann) B vV 27re)\n +0<>\n) .
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This last estimate should be compared with the unconditional bound

Pa2.n —9 Z;) 1(171)

An Z?:I bj

stemming from the Chen—Stein method. On the other hand, we recover the
asymptotic formula for drv(X,,Y,) established by Deheuvels and Pfeifer
in [22], using only tools from harmonic analysis (instead of the semi-group
method developed in loc. cit.).

drv(Xn,Y,) <2

We now look at a higher order approximation scheme, namely, the ap-
proximation scheme (VT(LQ))neN of order r = 2. It is defined by the Fourier

transforms -
W(g) = (1= P2 e 1),

Again, the hypotheses (H1) and (H2) are satisfied, this time with r = 2

and
oo

_ 1 . L 1 33
ﬂn—gp&n 5 5_3p3—3;(pj)~

So, applying the main theorems of Section 3, we obtain

dp, (X, v?) =

n

\/2(7;; )(p;) <(A )? )

dK(Xn7 7(12)) p3 3 ( § )

321 (\n)
”(@n)

2(1 +4e™
Thus, ( ng))neN is asymptotically a better approximation scheme than the

3v2m (A
©)

simple Poisson approximation (vy ’)nen. Moreover, if

drv (X, v?) =

) Ps3
An)2

o

o

f(pn?:o((m-i):o AREE
j=n+1 =1

then all the results of Theorem 3.16 apply, and in the previous estimates
one can replace vy () by 0(2) defined by the Fourier transform

oD (€) = D (1 - 200‘2(]” (e~ 1>2> .

with fixed residue.
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Remark 4.1. — Performing the same computations as in Lemma 3.8,
: (2) .
one can give an exact formula for vy~ ({k}):

e = e Gl (15 (1- 2 B

here with g = —%. At first sight this might look like an important
deformation of the Poisson measure with parameter A,,, but note that in
the range k = A\, (1+0(1)) where the Poisson law O = P(x,) has its mass
concentrated, one has

2% k(k—1) _
171+W7172(1+0(1))+(1+0(1))70(1)'

More generally, assume that the remainder of the series Ej:ofl 1(py)? s

asymptotically smaller than any negative power of \,,. If

ol () = e (Z e (€€ - 1>’<f> ,
k=0

with
(—1)ILI=4E) ©

ek = Z E— Y ; Pr>2 = Z(pj)k,

. . 2L X
L partition of size k j=1

without part of size 1

then the sequence of signed measures (a,(f))neN forms a scheme of approx-
imation of (X, )nen, with

erp1 Gry1(2r 1

T Gr(zr 1)| 1
(X, o) = Lot Grlerdl o |
! = (An) = (An) %

r+1 Gy d
o (X, 00y = Jg lerst +1Ea1)| o o 1T ).
V2 (Ap) 2 (M) 2

Thus, one can in this setting approximate the law of X,, up to any order
(negative power of \,).

4.2. Poisson approximation schemes and formal alphabets
The description of the approximation schemes and of the asymptotic es-

timates for the distances by means of the parameters p; and ¢y is actually
possible for many other examples of discrete random variables. Thus, the
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combinatorics of approximation schemes can be encoded in the algebra of
symmetric functions Sym. From an algebraic point of view, the language
of A-rings and formal alphabets make this description even more striking.
Denote Sym the algebra of symmetric functions, that is to say symmet-
ric polynomials in an infinity of variables {1, z2, x3,...}; we refer to [43,
Chapter 1] or [44, Chapter 2] for the whole discussion of this paragraph.
The algebra Sym admits for algebraic basis over C the power sums

k
Pre1 = ()
i
and the elementary functions
Ck>1 = E Ly Ly * Ly s
1 <to<---<ig

thus, Sym = Cl[pq, p2,...] = Cle1, e2,...]. The two bases are related by the
identity of formal series

1= (H(l - twi)> exp (Z log - ltxl)

%

<1+Zektk>exp< p;t’“),
k=1 k=1

which leads to the formula

(—1)IE1=4E)

= Z E— Y

z
LEPk L

where B, is the set of integer partitions of size k, and p;, = Hf(le) pr,. This
is a particular case of the Frobenius—Schur formula for Schur functions [44,
Theorem 2.32].

A formal alphabet, or specialisation is a morphism of algebras ¢ : Sym —
C. In particular, if A = {ay,as,...} is a set of complex numbers with
>, lail < +oo, then the map

P pr(A) = (a)
1
can be extended to a morphism of algebras Sym — C, hence a specialisation
of Sym (in this case one can speak of a “true” alphabet for A). Beware that
some specialisations are not of this form: indeed, a formal alphabet can
send the power sums p; to an arbitrary set of values in C. Still, we can
agree to use the notation f — f(A) for any specialisation f — ¥ (f) of
the algebra Sym. In particular, suppose that A = {a1,aq,...} is a set of
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complex numbers, but this time with >, |a;| = 400 and >, |a;]* < +o0.
We then denote f +— f(A) the specialisation

pi(4)=0 Pr>2(A4) = Z(ai)k~
i
This definition extends indeed to a unique morphism of algebras Sym — C,
although there is a priori no underlying “true” alphabet. Given two formal
alphabets A and B, one can define new formal alphabets e(A) and A + B,
as follows:

pr(e(A)) = (1) pp(A) pr(A+ B) = pr(A) + pr(B).

As before, these definitions extend uniquely to new morphisms of algebras
Sym — C. If A and B were true alphabets, then A+ B is the true alphabet
which is the disjoint union of A and B. On the other hand, ¢ is related to
a certain involution of the Hopf algebra of symmetric functions.

Let us now relate the theory of symmetric functions to the approximation
schemes of discrete distributions. Consider a sequence of random integer-
valued variables (X, )nen, whose Fourier transforms write as:

EXn] _ An(e€— o~ Chan i
Efei¢Xn] = e 1)eXp<Zk!(e§1)k>'

k=2

The coefficients A, = ¢1,, and cg>2,, are called the factorial cumulants of
X,,, and the Poisson random variables are characterized by the vanishing of
their factorial cumulants of order k > 2 (see [21, Section 5.2]). We associate
to these coefficients the following specialisation of Sym:

(_1)1971 Ck,n

pl(An) =0 5 pk>2(An) = (k _ 1)[

Then, the deconvolution residue v, (£) = E[el¢X»] e~ (=1 admits the

expansion:
Yn(§) = Z ex(An) (ei5 - 1)1@’
0

k=
with eg(A,) =1 and ¢;(A,,) = 0. The approximation scheme of order r > 1
is given by the residue

1) =) er(An) (€€ = 1)k,
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The reason why this formalism is convenient is that, for all the examples
that we shall look at in this section, the limiting residue

D) =D er(A) (¢ = 1)*,
k=0

corresponds to a formal alphabet A which is explicit and which expresses in
terms of “natural” parameters of the random model. These formal alphabets
are given by Table 4.1.

X, formal alphabet A
sum of independent Bernoulli {p1,p2,03-..}
variables with parameters p; (§4.1)
number of cycles of a random N*—!
uniform permutation (§4.3)
number of cycles of a random Ewens (C]
permutation with parameter 6 (§4.3)
number of connected components (2N + 1)1
of a uniform random map (§4.4)
number of distinct irreducible factors N* T 4 (glesT) 1
of a random monic polynomial (§4.4)
number of irreducible factors of a N1 4+ e((gd87 — 1)~ 1)

random monic polynomial (§4.4)

number of distinct prime divisors N*~1 4 p-1
of a random integer (§4.5)

Table 4.1. Formal alphabets associated to the mod-Poisson convergent
sequences.

In this table we denote A~! = {%, a € A} if A is a true alphabet, and

0 0
9{179_|_1,6_~_27.'.},

qdcg3 — {qdch7 Pc j},
(qdegﬁ _ 1) _ {qdegP -1, Pe 3}

where J is the set of irreducible polynomials over the finite field F,. There-
fore, the asymptotic behavior of a sequence (X, )nen in Table 4.1 is entirely
encoded in:

e a sequence of parameters (A, )nen,
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e and a formal alphabet A which in some sense captures the geometric
and arithmetic properties of the model.

In particular, the reader should notice the appearance of two contributions
to the formal alphabet as soon as one studies the problem of factorization
of a random element in a factorial ring.

4.3. Number of disjoint cycles of a random permutation

In this section, we study the number ¢, of disjoint cycles of a random
permutation o, € &,. If the permutation o, is chosen according to the
uniform probability measure (Example 1.6), then the discussion of Section
4.1 applies, with the parameters p; taken equal to %, and

1
)\nzzf_:Hn:logn;
— ]
j=
Ji:.o (p-)QNl:O L for every r > 0
7T (An)" -

Jj=n-+1
Therefore, if one looks for instance at the derived scheme with constant
residue from the approximation scheme of order r = 2:

— . 2
el (B E R

then

oy B2
dr(ln, nz)_ 277(;3—\/6(10gn)2+ ((logn)2>7

and one has similar estimates for the Kolmogorov distance and for the total
variation distance.

One can extend this result to more general models of random permuta-
tions, namely, random permutations o,, € &,, under the so-called general-
ized weighted measures

1 n
1 my(on)
Po nlon] = — B (©) kl;[l(ek) |

where © = (6i)r>1 is a sequence of non-negative parameters, my (o) is the
number of cycles of length &k in ¢ € &,,, and h,(0O) is the normalization
constant so that each Pg ,, is a probability measure on &,,. If © = (6,9, ...)
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is a constant sequence, then one recovers the Ewens measures of parameter
0:

gtlon)
0@ +1)---(@+n—1)
The generalized weighted measures have been studied previously in [10,
11, 12, 24, 46|, and they are related to the quantum Bose gas of statistical
mechanics. Denote as before ¢, = ((0,) = >.)'_, mi(0y) the number of
disjoint cycles of a random permutation under the measure Pg ,,. We also
introduce the generating series of the parameter O:

oo
Ok &
—z
k
k=1

P,lon] =

go(z) =

Note that exp(ge(z)) = > ne( hn(©) 2™ is the generating series of the par-
tition functions of the models.

If © is the constant sequence equal to 6§, then ge(z) = 6log(L>). On the
other hand, in this setting, one can represent /,, as a sum of independent
Bernoulli variables (Feller coupling):

Jzz <9+J—1>

We can then use the discussion of §4.1, and the mod-Poisson convergence of

(n)nen with parameters A\, = Z? 13 +2 7 =~ 0 logn and limiting residue
ad 0 ; __ i ie_1y L'(0)
_ 1 i£ 1 gr—1 (e°—1) _ v0(e'*~1) )
v =11 (14 g @) e D

The last formula relies on the infinite product representation ﬁ =
e [l (L+ §)e .

More generally, the article [46] shows that if one has a good understand-
ing of the analytic properties of the generating series go(z), then one can
establish the mod-Poisson convergence of (¢,,),¢cn, with a limiting residue
(&) similar to the previous expressions. Thus:

THEOREM 4.2 ([46], Lemma 4.1). — Assume that ge(z) is holomorphic
on a domain

Ao(r,R,¢) ={z€C, |z| <R, z#r, |arg(z —7)| > ¢}
with 0 <r < R and ¢ € (0, %), see Figure 4.1.
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Figure 4.1. Domain of analyticity of the generating series gg(z).

Suppose moreover that the singularity of gg at z = r is logarithmic:

go(2) = 0log (1 ! ) K +0(z—1)).

T

Then, one has the asymptotics

./ () 1
2ln] _ (0logn+K)(e*—1) -
E@m[e ] ¢ (I‘(Qez) +O<n)> ’

with a uniform remainder on compact subsets of C. Hence, ({,)nen con-

verges mod-Poisson with parameters \,, = 0 logn + K and limit

r'()

Moreover, the convergence of residues v,, — 1 happens in every space €,
with a norm ||, — 9| which is each time O(2).

Note that the last part of the theorem (convergence in every space ¢") is an
immediate consequence of the estimate of Eg_,,[e**"], and of the analyticity
of all terms in

Eon [eigln] 67(9 log n+K)(e"* 1) = wn(f)

On the other hand, in the case of the Ewens measure, one has K = 0 and
r = 1, and in the case of the uniform measure, one has moreover 6 = 1.

Because of the infinite product representation of %, one can restate

Theorem 4.2 as follows. If one looks at a generalized weighted measure with

ANNALES DE L’INSTITUT FOURIER



APPROXIMATION OF DISCRETE MEASURES AND HARMONIC ANALYSIS 47

a generating series gg(z) that satisfies the hypotheses of Theorem 4.2, then
]E[eiéfn]

. o € 1)\ e 1
_ o(0(lognty)+K) (5 -1) Gl VAP 1
¢ H( Torio1)e T oL

j=1

Therefore, in this setting, one can deal with the asymptotics of (¢,,),en in
the same way as in §4.1, but with parameters \,, = 0H,, + K, and

pi(©)=0 5 pr>2(© Z(9+j1>k- (©)

Thus, one has the following:

THEOREM 4.3. — We consider a generalized weighted measure Pg ,,
with a generating series geo(z) which satisfies the hypotheses of Theorem
4.2. For any r > 1, we introduce the scheme of approximation (U%T))neN,
defined by the Fourier transforms

U‘gr)(é') = e(9H7L+K)(ei£_1) (Z ek((_)) (ei5 — 1)k> ,

k=0
where O is the specialisation of Sym specified by Equation (©). Note that

the residue is equal to 1 for r = 1 (basic scheme of approximation). One
has the asymptotics:

r 9) GT l(zr 2)‘ 1
du(l,. o (r) _ lery1( +1\%r+ .
L o) V27 (flogn)zt! o (logn)z+t )’

dK(én,U(T)) ler4+1(0) G, (ertl)‘ To 1 |,
V27 (0logn) = (logn) =

o) :fR|eT+1( ) Gri1(a)| da o 1
dTV(évw n ) m(@]ogn)wzr + (logn)# .

4.4. Mod-Poisson convergence and algebraico-logarithmic
singularities

The discussion of §4.3 can be extended to any statistic of a random
combinatorial object, whose double generating series admits a certain form
of singularity. Suppose given a combinatorial class, that is to say a sequence
¢ = (C€p)nen of finite sets. We write card €, = |€,|. In this paragraph, we
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shall in particular study the following two examples, cf. [32, §5, Example
2] and [30, p. 449 and p. 671]:

(1) §n =F([1,n],[L,n]) is the set of maps from the finite set [1,n] to
itself. It has cardinality n™.

(2) B, = (Fy[t])n is the set of monic polynomials of degree n with
coefficients in the finite field IF;, where ¢ = p® is some prime power.
It has cardinality ¢".

This is mainly to fix the ideas, and the techniques hereafter can be applied
to many other examples from the aforementioned sources. We consider
a statistic X : |_|nGN ¢, — N, and we denote by X,, the random variable
obtained by evaluating X on an element of €, chosen uniformly at random.
We introduce the bivariate generating function

2" . L 2" (card €,,)
w) =% % S ¥ =% 2" (card &) — E[w*"]

n=0 cee, n=0
or F(z,w) E g w C)—g 2" (card €,) E[w™"].
n=0 cel,, n=0

Suppose that for any w, F(z,w) is a complex analytic function on a domain
Ag(r(w), R(w), ¢), and admits an algebraico-logarithmic singularity at z =
r(w), that writes as

1 a(w) 1 B(w)
F(z,w) = K(w) <l—z> <10g 1_Z> (14 0(1)).

r(w) r(w)

Then, the coefficient ¢, (w) of 2™ in F(z,w) has for asymptotics:

) (w)) " @)1 (log n) ) (1 +0 (1();”)) ,

see [29]. Moreover, the O(@) is actually a O(1) if 8(w) = 0, or if a(w) =
0 and S(w) = 1; cf. [33]. If w stays in a sufficiently small compact subset
of C, then one can take a uniform constant in the O(-), which leads to an

en(w) =

asymptotic formula for the expectations E[w™"]:
cn(w)
cn(1)

= 50 T () 7 om0 (00 (55))

E[wX"] =

again with a smaller remainder O(1) if S(w) = 0 for all w. In this para-
graph, we shall concentrate on this particular case; the case S(w) # 0

ANNALES DE L’INSTITUT FOURIER



APPROXIMATION OF DISCRETE MEASURES AND HARMONIC ANALYSIS 49

is more commonly observed in probabilistic number theory, see our next
paragraph 4.5.

Example 44. — If f € §, = F([1,n],[1,n]), the functional graph
corresponding to f is the directed graph G(f) with vertex set [1,n], and
with edges (k, f(k)), k € [1,n]. Since f is a map, G(f) is a disjoint union
of cycles on which trees are grafted, see [28] and Figure 4.2. We denote
X (f) the number of connected components of the functional graph G(f).
This generalizes the notion of cycle of a permutation. If T = (%,)nen
is the combinatorial class of unordered rooted labeled trees, recall that
its generating function T'(z) = Y .2, Z# |Z,| is the solution of T'(z) =

T(z)

ze* ¥ because a rooted tree is constructed recursively by taking a node

and connecting to it a set of trees (also, Cayley’s theorem gives card ¥,, =

nn—l)'

Q0 — N

/

|

Figure 4.2. The functional graph associated to the function f :
[1,8] — [1,8] with word 38471814, here with one connected compo-
nent.

«—

/

5

The class € = (€, )nen of cycles on such trees has generating series

_ i 3 Thea [T |- - [T, | n n
rn! ki,...,k,

n=0ki+ +k.-=n
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sl oy Bl el e,
T ()t - (K )!

-5 ()

On the second line of this computation, the multinomial coefficient comes
from the choice of the distribution of the integers of [1,n] into the r dif-
ferent trees, and the factor % comes from the fact that r distinct cyclic

permutations of the choices yield the same cycle of trees. Finally, a func-
tional graph is a set of cycles of trees, so,

Fe) = 3 2 1l = ep(C(2) = %w
n=0

Moreover, counting connected components of functional graphs amounts to
count a factor w for each cycle, hence,

F(z,w) = Z %T: Z wX ) = exp(wC(z)) = (11T(z)> .

n=0 ’ fETn

The generating series of rooted trees is classically known to have radius

of convergence %, and a square-root type singularity at z = %, see [28,

Formula (11)]:
T(z)=1—+/2(1 —ez) + O(1 — ez).

Therefore,

F(z,w):r%’( ! )g<1+o<1>)7

1—ez

NI

and the previous discussion applies with K(w) = 2~
B(w) = 0. Consequently,

s 120!

2

with a remainder that is uniform if w remains on the unit circle. We shall
next interpret this result as a mod-Poisson convergence, and deduce from
it the construction of approximation schemes.

Example 4.5. — If P € B,, = (Fy[t])n, then it writes uniquely as a
product of monic irreducible polynomials, each of these monic irreducible
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polynomials appearing with a certain multiplicity. In terms of generating se-
ries, introducing the combinatorial class 7 = (J,,)nen of monic irreducibles,
this can be rewritten as:

1
P(Z): Z ZdegP: H(1+ZdegP+22degP+...): H Hw
pPep PeJ Ped

> zkdegP
exp (Zlog( degp>> = exp (ZZ 3 )
Ped k=1 P€e3
_exp (Z I(Z’“) |

k=1

where P(z2) = > oo [Bal 2" and I(2) = >_, -, |In|2". Similarly, if Y(P)
and Z(P) are respectively the number of distinct irreducible factors and
the number of irreducible factors counted with multiplicity for P, then

1+ (w—1)zde”
— Y(P) ,deg P _
w)wa()Zg 71_[ 1 — pdegP
Pep PEJ
kdegP 1—w ZdegP k
o (33 S o)
k=1 P€J
(M) (1 - (1 —w)")
o (3105
k=1
and
1
— Z(P) ,degP _
w)_zw()zg _Hl_wzdegP
Pep PEd
wkzkdegP > wk‘[ Zk
—on (L3 ) o (1)
k=1 P€J k=1

Note that P(z) is simply equal to > 7 (¢"2" = ﬁ. On the other hand,
the number |J,| of irreducible monic polynomials of degree n is given by

~ 1 N 4
anf b 5
Bl == n(%)a

d|n

Gauss’ formula

as can be seen by gathering the elements of Fy» according to their irre-
ducible polynomials over Fy (here, p is the arithmetic Mobius function).
Consequently,

2=l =3 S e

n>1 k>1d>1

ddk

Z“ log( 1qzk>.
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We split I(z) into two parts: the first term k& = 1 and the remainder

R(z)=Y" “Sf) log <1 _1qzk> :

k>2

The remainder R(z) is an analytic function in z on the open disk of radius
¢~ /2, whereas the first term log ﬁ is analytic on the smaller open disk
of radius ¢~ !. It follows that

IR RIS
k>2

Py (z,w) = <

1—gqz

w —k ’Ujk
Py(zw) = (1_1qz) exp wR(q1)+§21(qk)+o(1)

in the neighborhood of the singularity z = ¢~!. These algebraic singularities
with exponents a(w) = w and S(w) = 0 lead to the asymptotic formulas

e(lognJrR(q_l))(wfl) —1)k-171 qfk 1
B = e (S w0 )
k=2

e(logn+R(¢™ 1)) (w—1)

—k
R (1 o)

k>2

Thus, if a statistic X of a random combinatorial object has a double
generating series that admits an algebraico-logarithmic singularity, then
in many cases one can deduce from it the mod-Poisson convergence of
(X, )nen. We restate hereafter the previous computations in this frame-
work. We note ¢(D) the Euler function (number of integers in [1, D] that
are coprime with D), which satisfies the identity ¢(D) = >, p u(m)

and
)= 32 5 s (=)

E>2

D.
m’

which is analytic on the open disk of radius ¢~ /2.

THEOREM 4.6. — Let X,, be the number of components of a random
map in F([1,n],[1,n]), and Y,, and Z, be the numbers of irreducible
factors of a random monic polynomial in (F,[t])nen, counted respectively
without and with multiplicity. The sequences of random variables (X, )nen,
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(Yo)nen and (Z,)nen converge mod-Poisson with parameters

1
AY = 3 (log2n + ) ;
A =logn+R(g™) +7;
N =logn+S(g™') + 1.
and limiting functions X/Y/Z(&) = 3772 Jex(X/Y/Z) (¢ — 1)*, where the

parameters ex(X), e, (Y) and ex(Z) correspond to the specialisations of
Sym:

Z Gn 1) ;o o p(X)=0 ;

oY) = CR) + 1™ L m)=0
pial(Z) = (k) + 1)“7;(#2% C wm@=0

Moreover, in each case, one has ¥, (§) — ¥(§) = O(%) uniformly on the
cycle.

Proof. — Each time we set w = €€ in the previous calculations, and we
also rewrite the residue so that it does not involve a power of w — 1 equal
to 1.

(1) Number of connected components of a random map. One can write
the infinite products

2

o (w- 1>1‘[1+ o
€3 (v 1)H< 2n—1)ew2"1

— o(F+log2) (w—1) (1 M 1 ) ot
1

) _

/\
[ I

F(

NI

by using the identity Y -, 2n 7 — ﬁ = log 2. In the last infinite

product, one recognizes the same form as in §4.1, with parameters

1
bj = 551
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(2) Number of distinct irreducible factors of a random monic polyno-

mial. One rewrites the asymptotic formula for E[wY]:

(log n+R(q~ ) +7) (w—1) I 1 L_l —ut
e (H( + i e

n=1

k>2

k—1 k oo
_(logn+R(qg~")+)(w—1) (D" (w-1) 1 —k
=ello8 4 v I I 3 E +1(g™")

k>2

n=1

: : oo (=1)*(w-1)* —
Again we recognize the formula exp () .~ ———F——px) =

ZzO:o CL (’LU - 1)k.
(3) Number of irreducible factors of a random monic polynomial, count-

ed with multiplicity. The factor I'(w)~! is dealt with exactly as in

the previous case. Therefore, we only have to deal with the term

@™ ¢k

exp(Ypso —5— (" —1)). However,

k>2
I(g*) (k 1
= (w—1)
22 ()
o0 —k
=( ) w0+ 3|3 (F) 145w
E>2 1=2 \ k>l

The coefficient of (w — 1) can be rewritten as follows:

S = 3 g (1)

k>2 k>2
m>1

I
™
2
-
|
T
)
~
™
=
45

D=km>2 m|D
m#D
= Y M oy (1t ) = sl - Rl
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On the other hand, if > 2, then the coefficient of (w —1)! rewrites

as
E\ I(g7%) 1 wim) (k-1 1
= — _— 1 _—
Z(z) 2 PP CERY R 1— qi—km
k>l k>l m>1
_ 1 :u’(m) n k-1 —k(mn)
Tl Z nm q Z (l — 1>q
m,n>1 k>l
1 19p]
D _ l
551 (@7 = 1)

by setting D = nm on the last line. We conclude that the Fourier
transform E[w?"] has asymptotics

ellog n+S(g™ 1) +7) (w—1)

9] ~ w— l
cow | S| 00+ P | )

and the term of degree 1 in (w — 1) is separated from the other
terms. g

From Theorem 4.6, one can easily construct approximation schemes of
the sequences (X, )nen, (Yn)nen and (Z,)nen, which yield distances that
are arbitrary large negative powers of logn. For instance, suppose that
one wants to approximate the law of Y,, by a signed measure v,, such
that drv (pn, vn) = O(W). By Theorem 3.11, we can take the derived
scheme of the approximation scheme of order r = 3, that is to say the
sequence of measures (o, )nen with Fourier transforms

5;(5) — ollog n+R(g™H)+7) (1)
X (1 — %(eiﬁ —1)2+ w(eig B 1)3) ‘

One has in this situation

drv(Xn,00)
o1 €@ +1(¢g?)* <4 +1I¢g" o
~ (logn)? ( 8 + 1 ) </RG4(01)I\/%).

Remark 4.7. — A central limit theorem for the random variables Y,, has
been proved by Rhoades in [50]. Our results immediately yield the speed
of convergence of this analogue on function fields of the Erdés—Kac central
limit theorem.
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4.5. Number of distinct prime divisors of a random integer

As pointed out in the introduction, number theory provides another area
where the phenomenon of mod-Poisson convergence is prominent; see in
particular the discussion of [26, §7.2]. Consider as in Example 1.7 the num-
ber w(N,,) of distinct prime divisors of a random integer chosen uniformly
in [1,n]. This quantity satisfies the celebrated Erdés-Kac central limit

theorem:
w(Ny) —loglogn

Vvloglogn

where Ng(0,1) denotes a standard one-dimensional Gaussian distribution

— NR(O7 1),

of mean 0 and variance 1 (cf. [25]). This Gaussian approximation actually
comes from a more precise Poissonian approximation, which can be stated
in the framework of mod-Poisson convergence:

THEOREM 4.8 (Rényi-Turan). — Locally uniformly in z € C,

E[ezw(Nn)] — e(log log n+v)(e*—1)

e —1 e -1 e —1 -1 1
1 Tw 1 TTp
X H(+ - >e H<+ » )e P +O<logn>

neN peP

This formula first appeared in [51], and it can be obtained by an application
of the Selberg—Delange method, see [57, Chapter IL.5]. It is actually stronger
than the prime number theorem, as it requires a larger zero-free region of
the Riemann zeta function than the line Re(s) = 1. The problem of the
rate of convergence in the Erdds—Kac central limit theorem was already
studied by Harper in [31] for the Kolmogorov distance to the Gaussian
approximation; and by Barbour, Kowalski and Nikeghbali in [7] for the
three distances to the Poissonian (or signed measure) approximation.

Note that the residue

i€ _ i€, i _ RT3
v =1 (1+ ) e I (1+ 1) e

neN* peP

can be rewritten as

B N*fl +P71 :
op [y BT )
k>2
where pp(N* 7t 4 P~1) =3 L 4 > pep L Therefore:

n=1 nk p
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THEOREM 4.9. — For any r > 1, we introduce the scheme of approxi-

mation (a,@)neN, defined by the Fourier transforms

o) €)= olloglog nt)(e'* ~1) (Z ek-(N**l +P7Y) (e - 1)k> )

k=0
where the parameters ey, (N*_1 + P~1) correspond to the specialisation of
Sym:

*— — *— — 1

PN P =0 5 peee (NPT = (k) + >
p
p€eP

With log, n := loglogn, one has the asymptotic formulas:

dp(w(Ny) U(r)) _ |2T+1(N*_1+P_1)GT+I(ZT+2)| Yo 1 )
I Var (log, n)#+1 (log m) 577

x—1 P_l 1
I (w(N,), o) = Lot TP Grlzr )| +o< > %

v 2 (logy 1) =+ (logy 1) +

e et (N P Gy (a)| da ( 1 )
- i1 +0( .

V27 (logyn) 2 =R

drv(@(Nn), 0,) log, 1) ">
2

This theorem allows one to quantify how much better the Poisson ap-
proximation is in comparison to the Gaussian approximation (Erdés—Kac
theorem). Indeed, since the case r = 1 of Theorem 4.9 is the basic scheme
of approximation of w(N,,) by a Poisson random variable Y,, of parameter
An = logy n + 7, one has:

dK (w(Nn> - 10g2 n—vy P(log2 n+vy) — 10g2 n— 7)

Viogon+~ Vd1ogyn + v

1
= dK(W(Nn):,P(logz n+7)) - O< ) .

logy 1

On the other hand, the classical Berry—Esseen estimate for sums of identi-
cally distributed random variables ensures that

P(log n+y) 1og2 n—=x 1
dx 2 ,Ne(0,D) | =0 —— | .
( v/logan + ( v/logsn
Thus, in terms of Kolmogorov distance, the Poisson approximation of the
sequence (w(Np))nen is at distance O(@
\/1013;7). Similar remarks can be made for

the statistics of random combinatorial objects previously studied.

), whereas the Gaussian ap-

proximation is at distance O(
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5. The multi-dimensional case

In this last section, we extend the theoretical results of Sections 2 and 3 to
the multi-dimensional case, that is to say that we are going to approximate
the laws of random variables with values in Z?22. Thus, we consider a
sequence of random variables (X,,)nen in Z¢ that converges mod-¢ with
parameters \,, where ¢ is an infinitely divisible distribution with minimal
lattice Z:

in(€) = B[ Ziar 6Xns] — o200y (6, ),

with lim,_,~ %, = % uniformly on the torus. In all the examples that we
shall look at, the law with exponent ¢ enjoys the factorization property:

d
B(&) = b1, .-, &) = Y _ dil&),
=1

where the ¢;’s are infinitely divisible laws on Z. In other words, if Y is a
reference random variable with law on Z? with Lévy-Khintchine exponent
¢, then its coordinates are independent random variables on the lattice
Z. This assumption will also simplify a bit our calculations; more general
distributions ¢ could be treated with the same techniques but more cumber-
some computations. Note that the factorization property for the reference
distribution ¢ does not mean at all that the X,,’s will have independent
coordinates. Hence, though we shall see independence of coordinates by
looking at the first order asymptotics of X, (captured by the infinitely
divisible law ¢), the higher order asymptotics will shed light on the non-
independence of the coordinates (this being captured by the limiting residue
(&), which does not factorize in general).

As in Section 3, we consider a general approximation scheme (v, )nen of
(X1 )nen with Fourier transforms

ﬁ;(f) = eAn¢(£) Xn(flv oo 7£d)7

and lim,_,~ Xn = X- The goal will be to compute the asymptotics of

dr(fin, vn) = :;1132 ln ({k}) — vn({K});

dov (i vn) = D lin({k}) = va({k})]-
kezd

Note that in dimension d > 2, there is no interesting analogue of the
Kolmogorov distance for discrete measures. In §5.1, we study the multi-
dimensional Wiener algebra o7 (T¢), and we establish an estimate of norms
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that is similar to our Theorem 2.3 (see Theorem 5.3). In §5.2, we deduce
from this theorem the multi-dimensional analogue of the results of Section
3. Finally, in §5.3 and §5.4, we study two examples which generalize the
ones of Section 4, and stem respectively from the combinatorics of coloured
permutations, and from arithmetic progressions in number theory.

Let us fix some standard notation relative to the multi-dimensional set-
ting. The coordinates of a parameter ¢ € T? = (R/27Z)? (respectively,
k € Z%) will be denoted (&1,...,&4) (resp., (k1,...,kq)). If @ € N? is a

C d
multi-index, we denote |a| = )" ; o; and

ol f(&r,.. .,
o= TR )
DET LS
In the same setting, if n = |a], then the multinomial coefficient (7) is

n!

@@ On the other hand, if o and S are two d-tuples, we write

O‘lﬂ Zazﬁz

We also write o < S if a; < f; for all i € [1,d].

5.1. The multi-dimensional Wiener algebra

DEFINITION 5.1. — The multi-dimensional Wiener algebra </ = o/ (T¢)
is the algebra of continuous functions on the d-torus whose Fourier series
converges absolutely. It is a Banach algebra for the norm

1l = D lealh;
nezd

where ¢, (f) denotes the Fourier coefficient

/ ./7r f(eiel’...7eied)efizg:1ni9id79’
= 0a=0 (2m)d

where n = (ny,...,ng

As in the case d = 1, if u is a (signed) measure on Z<, then its total
variation norm is equal to ||u||rv = ||7Z]| ,,- On the other hand, one has the
analogue of Proposition 2.1:

PROPOSITION 5.2. — There is a constant Cy q such that, for any f €
o (T),
1/l < Cra sup [|0°f] 22,

la|<Ka
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where K = Ky = |4] + 1, and #? = £*(T%) is the space of square-
integrable functions on the torus, endowed with the norm

2 27 ) ) do
fllegz = / / fleif, ... elfa)|2 ——.
H ||$ 610 0d:0| ( )| (27T)d

Proof. — Note that K4 > % for any d > 1. We use again the Cauchy—
Schwarz inequality and the Parseval identity:

d 32 %
1l =3 leaPl = 3 <m> el
nezd nezd i=1\Tt
) Ky d Kq
< g 1+ <m->2> len ()P
n%d (1 + Zgl(ni)2> n%d ( ;
] =
< -
Z <1 + z?=1<m>2>

’ Z <Oéo,.fé.i,ad> Z e (9 aa) f)[2

ag+-Fag=Kq nezd

d+1

1 2
< @+ 3 () sup_ 07 £l =,

d
nezd L4301 (n)? la|<Ka

hence the result since the series (Cj_4)? under the square root sign is finite.
O

This inequality leads to the analogue of Theorem 2.3 in a multi-dim-
ensional setting. We consider two measures y and v on Z¢ with Fourier
transforms

fi(€) = X (&)
(&) = O x(¢)

where ¢(§) = 2?21 @i (&;). We assume ¢ to have moments at least up to
order K4, and denote

o7 &

Bi(&i) =1im& — —5 T o(&7)
the Taylor expansion around 0 of each law on Z with Lévy exponent ¢;.

We fix an integer 7 > [ 4] such that
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(1) the residues 9 and x are (r 4+ 1) times continuously differentiable
on T¢

(2) their Taylor expansions at 0 coincide up to order 7:

Vel <r, (9%(¢ = x)) (0) = 0.

A parameter ¢ € (0,1) being fixed, we also introduce the non-negative
quantities

Bry1(e) = sup  sup [9%(¢ — x)(e);
la|=r+1£€[—e,e]?

v(e) = sup sup ¢} (0) +o7;
i€[1,d] 0€[—e,e]

M=— sup sup (RW@)))

i€[1,d] 0€]—m,7] 02

The quantity 8,11(g) allows one to bound any derivative up to order (r+1)
of 1 —x on [—¢,]¢. Indeed, this is obvious for exponents a with |a| = r+1,
and otherwise,

0%(¢ = x) ()] =

/t Lew-ouea
Z &1

which leads by descending induction on |«| to the bound

[ -,

d r+l1—|a|
107(6 - ()] < (Z |fz-|> Braa(e) < (de)H1711 B, (e)
=1

for any ¢ € [—¢,¢]%.

THEOREM 5.3. — Fix € € (0,1) such that v(¢) < minep g %‘2 There
exist some positive constants C1(d, ¢, ) and Cs(d, ¢, ¢), that depend only
on d, the cut function ¢ and the reference distribution ¢, such that

i =7l < Ci(d,c,¢) (1 + CW)

K _>\Ma ol K
><<|«/)—><|ﬁ/A o T (VR ) )

4

for any € € (0,1) and any A > 0.
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Since Proposition 5.2 involves higher order derivatives than Proposi-
tion 2.1, in order to prove Theorem 5.3, we shall use a smoother cut-
function than in the proof of Theorem 2.3. Thus, in the following, ¢4 (§) =
Hf 1e(3 &), where ¢(x) is a function of one variable with values in [0, 1], that
is of clabs ¢4 on R, with ¢(x) = 0 outside [~1,1] and ¢(z) = 1 on [-1, 1].

272
In particular, cq . (respectively, 1 —c, ) vanishes on [, 7|4\ [—¢, €] (resp.,
_e g)d
on [—3,5]%)
LEMMA 5.4. — Under the assumptions of Theorem 5.3, there exists a

constant C(d, ¢, ¢) such that

[0 = can)e],, < Cld.c. ) = e (1402
d,e o X &) - X\ 5

where the constant hidden in the O(-) also depends only on d, ¢ and ¢.

Proof. — We combine Proposition 5.2 with the rules of differentiation of
functions of several variables:

(1 = cac) e,
CH.,d

< sup [|0°((1 = cae) )l 2 ((mmpan -5, 510)
|a|<Ka

S sup ZH( )|5CY P(1 = cae)llz2 10°() ) oo ((—mumar (- 5, 51)

lal<Ka g i=1

< 2K ( sup [[97(1 — Cd,e)”.$2> ( sup [07(?)|| o (= mjo\ (- 5 1d>>’

272
[vI<Ka

xhHhd

Since the Lévy—Khintchine exponent ¢ is assumed to have the factorization
property, for any multi-index £,

d )
HBiAdi (&)
o) =] T
o og

and

noAPi n
PO 3 B O0) A 0), - A 0)),
k=1
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where B, i(z1,...,Zntk—1) is the incomplete Bell polynomial of parame-
ters n and k, see [9]. More precisely,

Bn,k(xlv e 7xn+k—1)

n! s —
- Z "Rl (@)™ - (Tppyr) ™R
mi+mot-+me,_gr1=k H?:l ('L!ml mz')

mi+2mo+---+(n—k+1)myp_rr1=n

and

k
|Bri(21, -« s Tngr—1)| < ( sup |xl|> S(n, k)
i€[1,n+k—1]

where S(n, k) = B, (1,1,...,1) is the Stirling number of the second kind.
As a consequence,

oon

where T,,(z) = Y_;_, S(n,k) 2" is the n-th Touchard polynomial, with
leading term S(n,n)z™ = z™. Thus,

< [ O T, (N dillgn (1)) < 194D [ Ty (]| b llegm (1)

d
07> < 1| T ] |Ts. M bl (ray)]
=1
1
< 1M (Ao o (1+0(>)
‘ |( H ||‘€K(Td)) )\||¢H<5K(']I‘d)

if |8] < Kq. Now, if £ ¢ [—£, £]%, then one of the coordinates &; has modulus

Me2

larger than £, so [e?®)] < e™"7 . We conclude that

(2 = ca) e,
K K —AM2 501y
<28 Cpa | sup [[07(1—cae)llez | (Alllgrra)™ em 17T,
lvI<Ka

where the constant in the O(-) only depends on d and the exponent ¢.
Finally, as soon as v # 0, 7(1 — ¢qc) = — - (8“’0(171)(%), S0,

e
2 dé

1
107(1 = cae)llz= = ) \//[ y (07can) (i) (21)1
o T
1

=o( 7).
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We conclude by taking the maximal possible value |y| = K, which gives
Kq— % =1ifdis even, and 1 if d is odd. O

LEMMA 5.5. — Under the assumptions of Theorem 5.3, there exists an-
other constant C(d, ¢, ¢) such that

Hcd,e (¢ - X) e)@Hg{

gC(d,c,QS)W (ﬁ+i)K (HO(\la))'

Again, the constant hidden in the O(-) depends only on d, ¢ and ¢.

Proof. — The hypothesis on 7(¢) ensures that, for any index i € [1,d]
and any 6 € [—¢,¢], Re(¢/(0)) < —02/2 and |¢/(0)| < 207. On the other
hand, as in the case d = 1 dealt with by Lemma 2.5, we can shift phases
by S(€) =i XL, &L :

lea (¥ =) X,

= [|cae (¥ — x) GMFSHQ{

<Cra sup [[0%(cae (¥ —x) 6A¢75)||$2([—e,e]d)

la|<Kq

d

Qi

<Cha sup > 11 (»3‘ A 5}) 107 ca.e 87 (v = X)|| oo ((—e.c)y
la|<Kq B+y+d=ai=1 iy Vis 04

X |85e>\¢s||_"f2([—a,s]d)> .

On the last line, we can bound HaBCd75||$oo([_e75]d) by C(d,c)e1l, and

||(i)’y(,(/} - X)Hfoo([fs,s]d) by 5r+1(5) (dE)T+I_I’YI' Thus7 |Cd,€ ('(/} - X) e)\¢H£{
is smaller than

C(d7 C) ertt 5r+1 (5)

d
Q — _
X sup Z H( 5)5 lel ||(96€>\(z> S|‘$2([_675}d)

la|<Kq o= i=1 is U4

where C(d, c) is some positive constant depending only on d and the cut
function c.
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To bound the norms ||9°e**—5 | #2([—e,]4), We use the same combinatorics
of Bell polynomials as in the previous lemma. Specifically, we have

an( Api(0) 1[)\miJ9)
aom

n

> Ba — 1A AG(0), . A8V (0))]

k=1

< ‘6A¢i(0) ‘

and the variables of the incomplete Bell polynomials that appear above are
bounded as follows:

A5 (0) — i[Am; ]| < A|¢i(0) — ¢;(0)] + [Am; — [Amy]|
M @7 |z ((—c.e)y 0] +1 < 2007 |0] + 1

IAZ2O)] < M8 oo < A6

<
<

En(T)s

Rewriting the complete Bell polynomial B, = ZZ:1 B, 1 as a sum over
integer partitions of size n, we thus obtain

ro26?
e 4

oo
< > Bur(2xa7 |0+ 1)m1(L) (Ml@llgn (rey)

L partition
of size n

‘an( e (6)— 1[/\m1j0)

£(L)—m1(L)

n!
Hi>1((“)mi(L) m; (L))
whose parts have their sizes prescribed by the integer partition L. Conse-

quently,

\

o(L)—my (L) S _2cpez 9 2my (L) dO
< Y Bar(Ael) ! em 5 (2002 (0] 4+ 1) —,
' e ‘ 2T

where B, |, = is the number of set partitions of [1, n]

O (e oi(0)—ilAm |6) 2 a0

2

L partition
of size n

and each integral under the square root sign is equal to

2m1(L)

1 2my (L) ‘ . dfx
T (") evrey [ e T

. e
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Thus, the term corresponding to an integer partition L in the previous
bound on the norm

an( Api(0)— 1[)\m1j0)
.

‘2’2([—5,5])
_my(L)
2

is of order O(AL) ~%), where the constant in the O(-) can depend

only on n and ¢. The integer partitions that maximise the exponent ¢(L) —

mlT(L) among those of fixed size n are those with parts 1 or 2, of the form

L=(22...,2, 1L1,...,1 ).
— ————
j parts of size 2 n—2j parts of size 1
Therefore,
8”(6)‘¢'i(9)_i\_>‘mi]9)
0" 22([—e.e))

1 5] n!( '(Td))j . b
S ANONen ) gn-25 /lon — 4j — D)l (Ao?)% 9
~ (27r)\a,2)i —~ 2 g (n —25)! ( j— DI (Aoy)

j_

SCm, @) AF 3,

where the symbol < means that the inequality holds up to a multiplicative
factor 1 4+ O(%) The constant C'(n,¢) and the constant hidden in the
O(+) depend only on n and ¢. Finally,

Hcd,s (UJ - X) e)\(b”g{

C(d,c,qﬁ)gﬂrlfgﬂ(g) (1-5-0(\%)) (laslill)(d (ﬁ—i-i)la)

<C(d,c,¢)5+1§’jl() (f+ )Kd (1+0<\%>). 0

Proof of Theorem 5.3. — As in the one dimensional case, it suffices now
to write
17 =Pl <l = xll |1 = cae) e, +leas (0 —x) ]|,

and to use the two previous lemmas. O

COROLLARY 5.6. — With the assumptions of Theorem 5.3, for any r >
ng , there exists a positive constant C5(r, d, ¢, ¢) such that, if ¢ > 0 is fixed
and \ > 2 is sufficiently large (chosen according to €), then
(log A)"**

172 =Pl < Calrydse,6) (1Y = Xl +Bra1(9)) 57
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Proof. — Set € = % with ¢t > 0. We then have, up to a multiplicative
remainder (1 + o(1)), a bound on the norm ||z — 7| , equal to the sum of
the two terms:

AK+HE -4
Ci(d — _—
1( ,C,(/I)) H’(/} XHQK tlog)\
r+1_d

and Cl (da ¢, qj)) /6T+1(5) (t lOg )\)T—H )\%_T_Z_

We set t = ﬁ(d + 2r + 2K +4), so that the two powers of A agree. Note
that

Kqg r+1 é_%—i—l r+1 ﬁ_ -5 if d is even,
2 2 4 2 2 4 —%—% if d is odd.
So,
r+1 . .
o~ 03(7‘, d,c, (b) (H"/} - X”g{ + BrJrl(g)) % if d is even,
||lu - VH.QY < (logA)T+1

Cs(r,d, ¢, 9) (1Y — xll o + Braa(

If d is odd, the claim is proven. Otherwise, notice that if p and v are two
measures satisfying the hypotheses of Theorem 5.3 in even dimension d,
then

)

) S5 ifdis odd.

e~ \rat
(kagp1)!

oA Akat1
(kay1)!

are signed measures on Z?*! that again satisfy the hypotheses of Theorem
5.3:

:u‘+(k17 ceey kd7kd+1) = :u‘(kla s '7kd)

vi(ky, ... ka, kag1) = v(ky, ... kq)

P Eapn) = A, Eapn) ET D
= AP (L)
VR Ea) = (6 Ean) D
= M) x (&, L),
where ®(&1, ..., 8aq1) = ¢(&1,- .., &a) + A1) g
i =71, = =o..
we can apply our result in dimension d + 1, assuming r > [ %5

(log 2\t

2=Vl < Cs(rid+1,¢,0) ([ = Xl oy + Brv1(€)) e

[k
e
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However, for d even, %! | = | 4], so the minimum 7 that one can take is

2
<1 d

again |5 . O

In comparison to the one dimensional case, we lost a logarithmic factor

(log A\)"*! in our estimate of norms (cf. Theorem 2.3). This will not be a

problem for the calculation of asymptotics of distances.

5.2. Asymptotics of distances in the multi-dimensional setting

As in the one-dimensional case, a combination of the Laplace method
and of the norm estimates given by Corollary 5.6 yields under appropri-
ate hypotheses the asymptotics of dr,(pn,vn) and of drv(pin,Vn), where
(Vn)nen is a general scheme of approximation of the laws p,, of the mod-¢
convergent random variables X,, in Z%. The only difference is that, for the
computation of the total variation distance, we shall need to assume the

order of approximation r to be larger than some minimal value |[£].

Until the end of this paragraph, (X,).en is a sequence of random vari-
ables with values in Z¢, which converges mod-¢ with parameters \,, — 0o

and limit residue (&1, ...,&4). In the sequel, we shall write (v, )nen a se-
quence of signed measures on Z? such that v, (€) = e*?© v, (£1,...,&),

with limy, 00 Xn(&1,---,&4) = x(&1,---,&q). The multi-dimensional ana-
logue of the hypothesis (H1) is:

Pn(§) = xn(§) = Do Bt (i)™ (i€0) (1 + 0g(1));

ar+-tag=r+1

P(§) —x(§) = o Bl (1) (€)™ (1 + 0g(1))

art+tag=r+1
(H1d)

with lim, . 83 = B* for any choice of index a = (o, ..., aq) with |a] =
r + 1. On the other hand, we write in the following ||z||* = Zle(xi)z,

H,(z) = Hle H,,(x;), 0% = Hle(ai)o‘i, and finally

k—X\om (k — Anmi>
V )\71 (o Vv )\n Ui ie[[l,d]]

if k € Z4.
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PROPOSITION 5.7. — Under the assumption (H1d) with any r > 0, one
has

r4d+1

()\n> 2 (/Jn(kih...,k‘d)—Vn(k‘l,...,kd)):

2
1||E=Anm

Be 1 v <k: — )\nm)
— g ————¢ no ll Hy| ——— +0(1)
agﬂ g Hf:l(VQWUi) VAn o

with a remainder that is uniform over Z.

Proof. — The same arguments as in dimension 1 (d-dimensional Fourier
inversion formula and Laplace method) yield

,un(kh...,kd) — Vn(k’l,...,kd)

d
B / e v o An(bi(iEs)—imiks) i (k—Anmi)e: | 98
Z (27T)d (e H(lgz) € € (27T)d

|a|=r+1 i=1
% d 1 2 _i<ki—)\n7ni> - d
= Z a: 2 H A airl /(ix)o‘i e Te e )T 2
la|=r+1 (2m)= (VAn i) R V21
where the symbol ~ means that the two sides differ by a o((A,)~ "2 )
which does not depend on k1, ..., ks. We now observe that the same Her-
mite polynomials as in Proposition 3.2 appear. 0

We now use the same argument as in the proof of Theorem 3.3. The

sequence of lattices {k\;%';", k € Z%} becomes dense, therefore:

THEOREM 5.8. — Under the hypothesis (H1d), one has

dL(Un;Vn)
_ L= B Hy () 1+ 0(1)
= Sup e 2 o e —T -
weRe agﬂ a ([T, V27 oi) (An) 72"

The proof of the multi-dimensional analogue of Theorem 3.11 is a bit
more involved, but the main difficulty was lying in the proof of the norm
estimate (Corollary 5.6). In the following we fix r > |4 ]; then, r+1 > K.
The multi-dimensional version of the hypothesis (H2) is the following. We
assume the residues v, 1, x and Y, to be of class €%¢ on T¢, with
3 (Y, — xn)(0) = 8°(p — x)(0) = 0 for any |§| < K4. We also assume that
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there exist families of coefficients (35 )|a|=r+1,nen and (V) |a|=r42,nen, Such
that for any multi-index § with |§| = Ky,

P —x)© =i [ 3 ﬁz”(”;‘s)’oop

lol=r+1-14|

. W(’): Mgy +oc1)) |

lpl=r+2—13]
1)
Pw-yEe =10 T pero 2ED ey
lpl=r+1-13] a8

,yp+6 (P + 5) (
p!

+
lol=r-+2—|5]

i£)7 (1 + 0¢(1))
(H2d)

with lim,_, . 82 = B¢ and lim,_, o 75 = 7. Here, given a multi-index «,
we write a! = [[,_;(a;)! and (i§)* = H;izl(ifi)"‘i. These hypotheses are
satisfied e.g. if the convergences v, — 9 and x,, — X occur in ¢"2(T?),
and if (v, )nen is the scheme of approximation of order r of the sequence
of random variables (X, )nen (its definition in dimension d > 2 is similar
to the definition in dimension 1 given in Example 1.11, see also the two
worked examples hereafter).

Under the hypothesis (H2d), if one wants to prove a bound on drv (pin, vn,)
of order O((A,)~"%"), then one can replace v, with the measure p,, defined
by the Fourier transform

7O = (- 3 s [[es -1
|a|=r+1 i=1

Indeed, denoting 1@:(5) the residue associated to p;,, the hypothesis (H2d)
implies that, for any |0] < Ky,

8° (hn, — xn)(6)| < C [¢]7+2710]

with a constant C' that is uniform, and also valid for the partial derivatives
|0° (¢ — x)(&)|. This bound is the only one useful in the proof of Theorem
5.3 and its Corollary 5.6, and therefore, one can apply Corollary 5.6 with
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a parameter r + 1 instead of r. We thus get

_ofegr) (1
drv(pn,vn) = 0( ()P +1 ) B ((Anyél) '

From there, the proofs are essentially identical to the one dimensional case
(Theorem 3.11), and one obtains:

THEOREM 5.9. — Consider a general approximation scheme (v, )nen of
a mod-¢ convergent sequence (X, )nen in Z¢. We assume that r > 4| and
that the hypothesis (H2d) is satisfied. Then,

14+ 0(1) N B> Hy(z)
drv(pin,vn) = ——F 1 / e 2 — | dz
(2m)% ()% | Jra |a§+1 7

Last, the discussion of §3.4 holds mutatis mutandis in the multi-dimensional
setting, and if ||xn — Xx|l¢xs is asymptotically smaller than any negative
power of \,, then one can replace (v, )nen by the derived scheme (0, )nen
with constant residue and keep the conclusions of Theorems 5.8 and 5.9.

5.3. Cycle-type of random coloured permutations

In this section, we study random elements of the group of d-coloured

permutations:
Gn=6,2Z/dZ2) =6, x (Z/dZ)" .

It can be viewed as the group of complex matrices of size n times n, with
one non-zero coeflicient on each row and each column, and these non-
zero coefficients belonging to the group of d-th roots of unity Z/dZ =
{1,w,w?, ..., w1} with w = e’ . Another alternative definition is the
following: if we identify &,,q with &(Z/nZ x Z/dZ), then

G, ={0€6,q4|V(a,b) €Z/nZ xZ/dZ, o(a,b+1)=0c(a,b)+ (0,1)}.
From this definition, it appears that a d-coloured permutation is entirely
determined by the images of the elements (a,0) with a € Z/nZ:

o(a,0) = (p(a),k(a)) with p € &,, = S(Z/nZ).
One then has o(a,b) = (p(a), k(a) +b). In particular, card G,, = n!d"™, the
factor n! coming from the choice of p € &,,, and the factor d" from the
choice of the elements k(a).

Let us identify the conjugacy classes of elements of G,, (we refer to [15,
§2.3]). Suppose that oo = 701771 in G,,, with o; associated to the pair
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(pi, ki) € 6, x(Z/dZ)", and T associated to the pair (v,1). Note that 77! =
(v=1, —lov™1), this identity coming from the product rule (py, k1)(p2, ko) =
(p1p2, k1 0 pa + k2). Then,

(p2,k2) = (v, ) (p1, k1) (vt =lov™?)

= (v, l)(p1V_17 (k1 —1)o V_l)

=(wpv ' (ki +lop =) ovh),
so in particular p; and ps are conjugated in &,,, so they have the same
cycle-type (an integer partition L of size |L| = n). Then, to determine the
conjugacy class of (py, k1), taking the conjugate of (pa, k2) by (v~1,0), we
can assume that p; = pa = p, in which case

or=(p,k1) 5 ox=(pka=ki+(op-1),

that is to say that ko and k; differ by a cocyle [ o p — [. This is possible
if and only if, for every cycle ¢ = (a = p"(a),p(a), p*(a),...,p" " *(a)) of
p € 6, one has

ki(a)+ki(pla)) + -+ k1(p" " (a)) = ka(a) + k2 (p(a)) + - + k2 (p" " (a)).

Indeed, one has
r—1

Y (lop—D((a)) =1Up"(a) — la) = U(a) — U(a) = 0.

Jj=0

In the previous setting, denote X(c, k) = Z;;é k(p’(a)), which is an ele-
ment of Z/dZ. This quantity depends only on the cycle ¢, and not on the
choice of a representative a of the corresponding orbit; it allows to one to
“color” each cycle of p. Then (cf. [15, Theorem 2.3.5], applied to the abelian

case):

THEOREM 5.10. — Two coloured permutations o1 = (p1, k1) and o9 =
(p2, k2) are conjugated in G,, = &, (Z/dZ) if and only if:

(1) the permutations p1 and p have the same lengths of cycles (encoded
by an integer partition L of size n);

(2) and there is a size-preserving bijection ¢ — 1)(c) between the cycles
of p1 and ps, such that the colors are also preserved:

(e, ky) = X(4(e), ka).

Consequently, the conjugacy classes of G, are labelled by the d-uples of
integer partitions L = (LM, L3 .. L@) such that 25:1 |ILO| =n . If
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o € G, is of type L, then the parts of L(Y) are the sizes of the cycles of &
with color i € Z/dZ.

Example 5.11. — Consider the following 2-coloured permutation in the
group Gs = G 1 Z/2Z:

o = (38762415,11010001),

where the first part is the word p(1)p(2)...p(8) of the permutation p of
size 8 underlying o, and the second part is the word k(1)k(2)...%(8). The
three disjoint cycles of p are (1,3,7), (2,8,5) and (4, 6), and the associated
colors are 1+ 04+0=1,1+1+0 =0 and 14+ 0 = 1. Therefore, the
cycle-type of o is
LW =(3,2),L? = (3)

since the sizes of the cycles of color 1 are 3 and 2, and the size of the unique
cycle of color 0 is 3. We leave the reader check that the other 2-coloured
permutation

o’ = (73864512,10011100)

(

has the same cycle-type ((3,2), (3)). Therefore, ¢ and o’ are conjugated in
Gp.

In the following, we denote o, a random uniform element of the wreath
product Gy, and ¢, = (6511),&2), e ,e;‘”) the random d-uple of integers
that consists in the lengths of the partitions L), ..., L(® of the cycle-type
of g,,. Our goal is to apply the results of the previous paragraph to these
random vectors. To this purpose, it is convenient to construct a coupling of
all the random permutations (o, )nen, which generalizes the Feller coupling
in the case d = 1 of the Feller coupling. Algebraically, this amounts to the
following:

LEMMA 5.12. — We consider G,, as a subgroup of G,,+1, by sending a
pair
(p €6y, (ki,... . kn) €(Z/dZ)™)
to the pair
(p € Gpyt, (kry... kn,0) € (Z/dZ)" ).
Let 0,41 be an element of G,, 1. There exists a unique element o,, € G,
and a unique coloured transposition

7w = ((4,n+1),(0,...,0,,0,...,0,—)) withj€[l,n+1],

and the a € Z/dZ at position j, such that o,11 = T,0,. Here we agree
that the trivial transposition (n + 1,n + 1) is the identity permutation; in
this case we put « in position n + 1, and there is no term —a.
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Proof. — Denote 0,41 = (pnt1, (k1,- -y knt1)). If

pn = pny10(J = p;}rl(n +1),n+1),

then p, sends n+ 1 to n + 1, so it can be considered as a permutation in
S,,. We then have p,1 = pp o (j,n+1). Set

On = (pna (kla s 7kj—17kj + kn+1; kj+17 s 7kn)) S Gn
We then have

OnTn
= (pna(kla" 7k] +kn+1;"'akn70))((j7n+ 1)7(0a7k]7 a_k]))
= (pnO(jvn+1)7(k17"';07"';kn7kj +kn+1) + (0?7kj7707_kj))
= (pn-‘rlv (kla ceey kn-i—l)) = On+1-
The unicity of 7,, comes from a cardinality argument: % = (n+1)d,
and this is the number of d-coloured transpositions
((7,m+1),(0,...,0,,0,...,0, —)). O

We denote T'(j,«) the coloured transposition of the previous lemma.
Then, in order to construct a random coloured permutation o,, € GG,,, it suf-
fices to take random independent positive integers j; < 1,72 < 2,...,j, <
n, and random independent elements «;, ..., o, € Z/dZ, and to consider
the product

On = T(jla al) o T(j27 a2) ©--+0 T(]naan)

We also denote (F,)nen the filtration of probability spaces associated to
the sequence of random coloured permutations (o, ),en. The interest of our
construction is that one can easily follow the evolution of the cycle type
of o,,. More precisely, if j, = n, then to construct ¢, one adds a cycle of
length 1 to ¢,,—1, with color a,,. Thus, for every color i € Z/dZ, there is a
probability ﬁ to increase the length () by one unit:

1

= —

On the other hand, if j,, # n, then the multiplication by T'(j,, «;,) increases
by 1 the size of the cycle containing j, in o,_1, but it does not change its
color, because of the terms «,, and —a,, that compensate one another. So,

1
P, = ly_1|Fn-a] =1——.
n

Vi€ [1,d], Pl =Lln_1+(0,...,0,1;0,...,0)|Fn_1]
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We have therefore proven that ¢, is a sum of independent increments in
7%, with
1 1

Py, —ln1=0=1—— ; P, —ln_1=¢]=—,
w Y4 1 O] n [f Y4 1 6] nd

where (€;);e[1,q4] is the canonical basis of the lattice Z.

As an immediate consequence of the previous discussion, we have:

THEOREM 5.13. — The sequence of random vectors (Zn)neN converges
modulo a d-dimensional Poisson law of exponent ¢(£) = % Z L (el —1),
with parameters H,, and limiting function

v(g) = H (1 T Z - ) o ma Limi (e 1)
n=1
— %O 1

F(é Zz 1 elgl)

Proof. — Since the increments of ¢,, are independent,

l(Ele ) ﬁ < i igi _ ) — oHn ¢(8) U (€)

where 1, () is the partial product over indices in [1,n] coming from the
infinite product ¥ (§). O

In particular, since the Fourier transform of ¢,, does not factorize over
the coordinates &;, the coordinates of £,, are not independent, though in the
asymptotics n — oo and at first order, £,, looks like a d-uple of independent
Poisson variables of parameters %. In the following, in order to simplify
a bit the discussion, we assume d = 2, which already contains all the
subtleties of the general case. We denote (x,%) the coordinates in R?, and
(&, ¢) the coordinates in the Fourier space. We can then write:

on60) = [T (14 + (S5 1)) e (50
= ig ic k
= ¢tkn (nge - 1)

Pon ei§+ei§' ? 2
_1 P2 (—1) o€ OlP)
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where the ¢ ,,’s are obtained from the parameters

n
pP1n=0 ; Prz2.n = Z -
—j
J
by the same recipe as in Section 4. The scheme of approximation of (¢,,),en
of order » = 1 is the Poissonian approximation

_ (S5 g, (Ho)H

(€, Q) =e ( : ) ) vn(k,l) =e H"W'
] 1 (270) — (0>2) — P n
It satisfies the hypotheses (H1d) and (H2d), with 8, = 8," = -5~
and BT(LI’U = —%. Since Hs0)(z,y) = 2> — 1, Hiyq)(z,y) = xy and

Ho(z,y) = y? — 1, Theorems 5.8 and 5.9 ensure that

22442

a e TET (2 (w4 y)?)

dL MnyVn) = 775 sup
( ) 6 (log n)2 (z,y)€R?

™
d nsVn) = B
TV (s Vo) 24 logn (/Rz ¢

since 37, o B2 Ha(2) —B2(z+y)?-2) = T{% (2—(z+y)?).

oo

(e )

x4y 2 1
> 2= (z+y)ldedy | +o o

ogn

2 y2
Figure 5.1. The function e~ 5" 12— (z+y)?|.

For the local distance, one checks at once that the maximum of the
22442

function f(x,y) =e~ = |2 — (2 + y)?| is obtained when x = y = 0, so
(1+0(1)),

s
dL(,LLm Vn) = W

see Figure 5.1. For the total variation distance, a computer algebra system
(Sage) yields the approximate value 12.162... for the integral. As in the
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one-dimensional case (Example 1.6 and §4.3), one can on the other hand
construct better schemes of approximations, which yield distances smaller
than any arbitrary negative power of logn. It is important to notice that
the dependence between the different coordinates of £, is directly involved
in these asymptotics of distances.

5.4. Distinct prime divisors counted according to their residue
classes

Similar to the generalisation of §4.3 by the study of random coloured
permutations, there is a natural generalisation of the discussion of §4.5 on
distinct prime divisors of a random integer, which involves residue classes
of prime numbers.

Fix an integer a > 2, and denote d = ¢(a) the cardinality of the multi-
plicative group (Z/aZ)*. This quantity is the usual Euler p-function, and
it is equal to the number of integers in [1,a] that are coprime to a. We
label the elements of (Z/aZ)* as by, ba,...,bg. If n € N and ¢ € [1,d], we
denote w;(n) the number of distinct prime divisors of n that have residue
class b; modulo a:

wi(n) =card{p € P, p | n and p = b; mod a}.
One then has
Z wi(n) =w(n) —card{p € P, p|aand p|n}.
i€(Z/al)*
We are interested in the random vector Q(N,) = (w1(N,),...,wi(Ny)),
where N,, is a random integer chosen uniformly in [1,n]. In view of the

theory developed in the previous sections, the asymptotics of these vectors
are encoded in the multiple generating series

1O : . ,
D) ()2 (),
i=1

In number theory, the asymptotics of such quantities are classically related
to the behavior of the Dirichlet series

> wi(n) wa(n) ... wa(n)
F(z,8) = Z (21) (22) (za) )

nS

n=1
In a moment we shall precise these relations, which amount to the so-called
Selberg—Delange method, see [57, Chapter IL.5]. Note that, though we want

SUBMITTED ARTICLE : WIENER.TEX



78 R. CHHAIBI, F. DELBAEN, P.-L. MELIOT AND A. NIKEGHBALI

to study a random vector in Z?>2, the Dirichlet series written above is not
a multiple Dirichlet series.

The main algebraic tool that is required in order to use Selberg—Delange
method is the theory of Dirichlet characters and their L-series, see for
instance Chapter IL.8 in [57]. In the following we recall the basics of this
theory. The space of functions (Z/aZ)* — C is endowed with a Hilbert
structure

1 Y
(flg) = > fi)g(),
QD(CL) i€(Z/al)*
and a Hilbert basis consists of the Dirichlet characters Xxq,1,- - -, Xa,d, Which

are the morphisms of (multiplicative) groups x : (Z/aZ)* — C*. In par-
ticular, there are as many Dirichlet characters as elements of the group
(Z/aZ)*, i.e., d distinct characters. In the following, we denote X, 1 the
trivial character: x,1(¢) =1 for all i € (Z/aZ)*.

If x is a character of (Z/aZ)*, introduce its L-function

Lios) =3 X,
n=1

n

where the function y is extended to Z by

x(m) if (n,a) =1 and m = n mod a,
x(n) = .
0 if (n,a) > 1.

These functions admit an Euler product representation:

Livs) =[] (1 B x(p)>_17

S
pEP, p

where P, is the set of prime numbers that do not divide a. In particular,
L(xq,1,5) is almost the same as Riemann’s (-function:

-1
s = [T (1) = TI(1- ).
PEP, pla
Therefore, the L-function associated to the trivial character has abscissa
of convergence 1, and can be extended to a meromorphic function on the
half-plane Re(s) > 0, with a single pole at s = 1. On the other hand, for
the other characters xq,2, ..., Xa,d, the corresponding L-functions converge
simply towards holomorphic functions on the same half-plane Re(s) > 0.
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We now form the Dirichlet series

wi(n) ... wa(n)
F(z,5) = Z (21) - (2a)
n>1 n
For any choice of parameters zi,...,zq € C, the series F(z,s) converges

absolutely on the half-plane Re(s) > 1, as can be seen from the inequality

= <I1 (1 2ol

(21)91 () o (gq)wa(™)

nS
n>1 pEP,
Given parameters 1, ..., %4, we set
d
Gy (2, 5) H (Xa,j» S
Let us choose the parameters yi,...,yq so that the series Gy (z,s) is an

holomorphic function on Re(s) > 3. If Re(s) > 1, we can write without
ambiguity

()

d Yj
Zi(p) ) < Xa,j(bup)))
14 4P 1 — 2edle))
P ( S )] (1 X

peEPq Jj=1

where i(p) is the unique ¢ € [1,d] such that p = b; mod a. The Taylor
expansion of the term corresponding to p € P, is the previous product is

1
1+7 i Z%Xag i(p)) +O(p25)'

Set y; = % 22:1 Zk Xa,j(bk). Then, by orthogonality of the Dirichlet char-
acters, one has:

d d
1 -
> i Xa,j(bi) = p > 2Xai (0k) Xa.j (bi)
j=1

Jik=1
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d
=d Z < LA Xa,j> (Xayj | 0i)
k=1

j=1
bi> = Z;.

d
=d <Z Zkbk
k=1

Hence, for this choice of parameters, Gy(z,s) = [[,cp, (14 0(p~2)), so
G (%, d) is an holomorphic function on Re(s) > % Note that y; = %
Now, by the previous discussion on L-series, one can remultiply G,/(z,s)
by Hj;él L(Xa,j,5)%, hence:

PROPOSITION 5.14. — For any choice of complex parameters z1, . . ., 24,
the series
_Z1tHtzg
d

G(z,5) = F(z,5) (C(s))

has an holomorphic extension on the half-plane Re(s) > 3.

Proof. — If L(xa,1, ) = () is the partial (-function associated to the

integer a, then we shown that F(z,s) (Ca(s))_zﬁ'”ﬁd is an holomorphic
function on Re(s) > 1. It suffices then to multiply by the missing terms

1 zl+.(.i.+zd

H (1 — ) . O
pS

pla

We can now apply Theorem 3 in [57, Chapter I1.5]:

THEOREM 5.15. — When n goes to infinity,

1 n
- Z(zl)wl(n) oo (zg)wa™
i

stz g G((21,--052d),1) +0 !
1 1 1 —
= (logn)™ 4 F(%) logn ’

with a remainder that is locally uniform in the parameters z1, ..., zq.

As a corollary, the random vectors (2(N,,))nen of numbers of distinct prime
divisors in each residue class of (Z/aZ)* converge mod-¢, where ¢(§) =
éz;l:l(eifj — 1). The parameters of this mod-¢ convergence are A, =
loglogn, and the limiting residue is
G((el®1, ... el%) 1)
w(e = Mo )
F(e +---te d)

d

Moreover, the convergence happens at speed O(@). As a consequence,

one can construct explicit schemes of approximations of the laws of the
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vectors (Q(N,,))nen, which yield distances that are O((loglogn)~%) with

Pz

1 arbitrary (see Theorems 5.8 and 5.9). The first of these schemes is

the Poisson approximation:

Tn(€) = eloglogm)d S (e -1),

Unfortunately, it is then difficult to calculate the constants involved in
these asymptotics of distances. Indeed, there are no simple expression for
the values of G((e'¢1,...,ei€) 1) and its partial derivatives around & = 0.
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