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Ulam's problem and the RSK algorithm.



schedule :

every
thursday
.

7 . 30 - 3 : 30
pm, except 02. 24 % (a 02. 20).

9 sessions +
↑ session with presentations (oh-03)

& Increasing subsequences in random words
.

Let us N=
1
. A word with length and letters in IX

,
ND is just a sequence

w = (wy
,

We
, ...,
wa) with each wit&

,
WD.

= WW2 ... Wh

example : N = G
,

n = 9 : w = 431634263

If N = n and
every letter if KA

,
nD appears exactly once

,
one obtains a permutation

of S(n) .

ex = n = 9
,

0=
7 41359268

IANTl =
N

,

(8()) = n ! =T
One endows these setof words with their uniform probabilitymeasure.

Definition :
An increasingsubward or subsequence in a word w with length isa

subward W
: Wie ... Wie with iizcis<... it and WsWies ... Swit.

ex : in 431631263
,

1123 is an increasingsubward.

We denote 2(w) = max &length of an increasingsubward of my
Ulam's problem : (1961) what is the distribution of I = Co) with

~ Unif(5(n) ,

n = + 0 %

We can ask the same question with a large random wed We in KA
,

ND", n +o

(and possibly N- + a us well)-
1This question led Ulam to develop the Monte Carto simulation method-



Hammersley ,

1912: ZoI
logonShepp:2 (with the proof of c 2 hidden in 21985 paper

Bail-Deift-Johansson 1999 (1) m some limitingstbina
The limitingTracy-Widom distribution plays an important role in random matrix theory...
2. Greene invariants and random partitions.

To explain the whole stay ,
we need to introduce the Greene invariants of a word.

Definition : The Kath Greene invariant ofa word wis

= (w) = max (f(v) + ((v) +.. - + ((vk)
,

v
, ..., He disjoint increasingsubwards ofw)

Obviously ,

(Th(w)keo is non-decreasing, so one can consider the sequence of
non-negative increments

Xk(w) = Fk(w)-k -+(w) ,
k= 1

example : in o = 141359268
↓

↓ (o) = ((0) = 5(vy = 13568)
(() = 2 (v= 49) ⑪ to compute Th(w)

,

dy(o) = Xy(0) = 1 t always use theche cando

Pres(o) = 0 subwards involved in the

x(w) =
(

+
(w)

, ...,
J

-
(w)

calculation ofFl ,
(r).

last non-zero increment
;
~ length (w)



Wan-trivial fact : J(w) is a

na-incessingsequence (15
,

2
,

%
,
4) in the

previous example) .

Definities An integer partition with size m is a na increasing sequence
d = (dyzd2z ... = d) of positive integers with 161 = Edi = n.

ex : (5,2
,
1

,
1) is an integer partition with size 9 and Length 4.

We denote Y(r) = &integer partitions with sizen)
y() = ((+ )4 ; y() = 2(2) ,

(
, 8)y ; y(3) = ((3) ,

(2
,
4)

,

(4
,

4
, 7))

Y(4) = G(4) ,

(3
,
7)

,

(2
,
2)

,
(2

,
4

,
7)

, (44)] ·

Y=(

An integer partitio is usually represented by its Young diagram :

x
= (5

,

2
,

4
,
4) - i

Je

Y(n) ! We can rewrite multiplicatively on in legerpatition :

J =
10+ 262

...
gms with mi (d) = numberof parts

of d equal to i.

#
- 2z Amy + 2mz + -- + SMS

m
,

mz ....
30

= [*(h)(zallows are to compute 1)

Y(n) -

ne +
mep(+) .



Consider ~Unif(8(n) ,

and In = Ha)
. Jax = 2.

Logan-Shepp ,

Keror-Vership 1977 : if are draws the Youngdiagram of In with
* cells

,

its boundary converges
in probability to a continuous limit shee

+-
2(s)

=

(serasinst
felsls2 .

445a
&

Koor
,
1993 :

(W
= (s)-r)

Wredistributia aeT
Crandan) continuous function

associated toJe

9be No,) iiD
.

Borodin-Okounkov-Olshanski
Okounkar 2000

Johanssen

-A- ) no k first particles of theDiya
laur =1

-

Consider a random Hermition matrix with size nxn and Gaussion entries :

Mr = X, YariZiz with independent variables Xi. Yik, EitYoz-iZee"
.... #[X2) =

1,[Yk2] = #[7k2] =& .

Xn



We denote xn
.
- Xn

.
27 ... - Yu the spectrum of Mr

.

213

·-domvetrwith theaI
bu

-> surprising
connection between random matrix theory , interacting particle systems,

and combinatories.

3.The Robinson-Schested- Knuth agarithm.

# On~ Unif (5() ,

then du = >(c) is not distributed uniformly on Y()
...

related question : how to compute blot or J(u) ?

A semi standard tableau with shape de Y(r) iswfillingoftheDefinition lls of the Young disre of J by numbers
,

which is

- non-decessing day the rows ->

- strictly increasing day
the columns I

.

# n = 11 and each number ift
,
11

appears once
,

rows and columns are

both strictly increasing
andore says

that the tables is standard.

:
46 is a SST with shape (4, 3, 2)
336

1123

36 is a St
- 14

,

3
,
2) .

259

-8)
SST()

,

N) = &Semistandard tableaux with shaped and entries in F
, NB)

ST()
= & standard tobleaux with shopedy.



(difficult question : compute (ST()1 and ISST()
,
N)1 . . . ) .

Theorem Robinson 1938 There is a combinatorial bijection
Schensted 1960

Knoth 1970

RSK : KAND"=
c)

SST(
,

N) + ST())
.

w +3 (P(w)
,
Q(w)

If N= -
,
the restriction of RSR to 8(n) yields a bijection
56) = W ST(j) + ST(j) .

JEy(n)

example :

0=
7 41359268

& 3

& 2 4 2

F & 4 & & I
i i

↑ 3 & 3 & 3

↳ 2 4 2 4 2

↑ 3 I 4 i & 3 5 ↑ 4 S
j

& 359 -456

S 3Fi,
s

& &

3 9 28

i 125 G 1456

and finally :

P(o) =
& Q(o) =

&

↳ 3

39 28

12568 14569

The second tables Qul records the growth of the two tableaux Pand &
, thereforeit is standard.



Why is Plu) semislanded non decessingrous by construction.

One has to show that a configuration be with bscs2 is impossible.
2 &

by induction : if D is semstandard
,

then Pei also.

if Pi contains
be

with bacea
,

then previously
a was a the lower rou

, before a
,

but strictly ofte thecolumn ofb

One can invert the insertion procedure ,
whence the bijective churder. .

&.

Theorem /Greene
,
1974). The shope of Plul and Qual is X(w)

let us prove that the lengthof the first row of Plu) andQu) is elm).
We define the ith basic word of was the subward which consists in letters
inserted in position (1 ,

i) of the time of their insertion (lateran
, they might be pushed).

&. with w = o = +41359268
,

by = +44

ba = 32- by construction
, decreasingwords.

b = 5

= 96

by =
8

.

Any no decreasing subwad can intersect each bi ot most once : 1(w) Sh(P(u))
emma : if wjebk+y ,

then there exists wi ebb with wiswy
ic

Therefore ,
one can construct a not decreasingsubward with length Sh(P(u))a D.

4 .
Measures a integer partitions -

The image of the uniform measure by RSRshape is :



-
the Schur- Neglmeasure SWNn if we UnifIII , ND") :

SWNm(x) =
ISST(

,

N)/ IST()

Nn

-
the Planchere measure Pla if o n Unif(fn).
Pl()) = I

problem : study don Pla .

In particular
,
what is the asymptotic behoveof

bra lo.

Lemma : E[h] &N >

Broof : It suffices to
prove that ECC-h-+]

~ Unif (SC)) ; On-
= 1 A first letters .

G = 2(o) ; (n + =(a)(,
n - ) -

#[h-h-] = P(h = 1 + 2n+ ) = P(nQ(n)]
= [PC(J][nEQ()+ 1)(a) = J]
JEY(n)

-
=Cauchy-Schwartz [Pl

.
(D)CnePla etnQ(on)-

Jey(n) 1d(on) = J]

↳ P(nEP(a) etn =Q(n)] = P(a() = n]= 1
B .


