
6. The Frobenius-Schur isomorphism



We defined previously the spectral measure of a representation V=m
r

of a finite group G

Pudd]=di
observation : under Pr

,

there are a lot of random variables with known expectation.

Definition : The character of V is chV(g) =
tr p(g).

The normalisedaherwater is XV(g)=Yg)= dchr(es)

The irreducible characters of G ch fom an othonormal basis of ZIKG).
Under the spectral measure PV

,

#Er <X
*

(g)] = [mychb(g) =
chr(g) = xg) -

dim V dim V

idea : use these relations to have observables of random partitions Ju Pho
with known expectations/moments.

prerequisite : have agood understanding of the bijection8)-Y(r)
and of the irreducible characters of 8(n).

1. The Grothedieck ring of representations

·
Given a finite group

G
,

its Grothedieck
group ofrepresentations is :

R(G)= RV in fame lines combinations of irreducible representations,Je
including the true representations V= [my !.

Xe

We endow R(G) with the scolor product (V/VP) = #(
= p)

There is an isomety (QRRIG) -> ZICG)
Vo is ched



thereduciblecharactersof teevdues ,
then this isome,is

Vo 1- cht

Lemma : This works forG = 86).

Proof : Yg ,

Enz1 ly" = &= (g) is a unitary matrix whose
we ofg eigenvalues arenth roofs of unity.

So
, ch/g) is a sum of noth roots of unity. It is andgebraic integer

in Ok
,

k=] .

Ga(k
,
Q) = (Inz)* - f man = A

,

mats a k by sending to gm.
However

, gand I areconjugated in 8)
,

so chP(g) = ch
*

(g)
= moch(g) .

Therefor , chlg) is an ulgebraic integer inGM(h ,

here an integer
D

.

Definition : The Grotherdieck
ring of representations of the symmetric groups is

R= R(S)) .

nEn

structure of graded ring
? We need to define a product
R(8()) R(8(m)) = R(8(n+ m)).

· induction and restriction of representations.
given HJG

,

there is an obvious restriction map Res : R(G) -> R(H)
(V

, p)= (V, PH) .

The converse construction is a bit more complicited. It relies on the identification
Grepresentations of a finite groupGG) modules over the

Algebra KGY.



Indeed
, given (V, e),GretsaVby : ([gg) . v = [age(g)(r) .

If HCG
,

then DH is a subulgebra of KG
,

which allows one to use tensa

products to extend the base
ring :

Indi(v) = KGQV .

KH

Notice that ResP does not change the dimension
,
but dim IndiCH = 1 din

Formula for induced characters :

fix a family of representatives get, .... galt of G1H ·

Anwthenormal basis ex
, ...,

ed of V .

* linear busis of Ind (V) consists in the givej. We choose a saleproductwhich
naakes itaithonermal

Fd()(g) = Eggioej) giej)
inj -

= glb for a unique
I

,
heH

;
the stor product = 0 ifkti.

= [ chejlej =E ch (gi"ggi).
i : giggi H : giggif H

j

For Ven) und VNE Sim)
,

we define
Sin+m)

(VQVV) ER(8(n+m)).V
°
x VP = End f()x5(m) ↑ representation of the productgroup

So
,

R(8) is a godedalgebr with a solar product ...

2. The Frobenius isomorphism .

Consider the characteristic
mup :



I : Z(8()) - Sym.
Spe -

# extends to a linear
map

R(8)
-> Sym .

Theorem
: This ison isometric isomorphism of lgraded) ulgebras.

&o isometry : The C's and the pp's are athogadases
1)Cl= cord
=

marphism of algebras : if de ful and ge h)
,

then

ch + xch
= E [ch(o) ch() · o

def(m+n) [ [its(m) +S(n)
= 10

,
2) Fijipresentiesaent

By decomposition overthe basis ofirreducible characters
,

we getsimilarly for pe(m) andTh:

GxCu = [ [e Hoeco oo
I

desimen) Torti = Lo,)
remark :

any
element that appears has cycle type pro.

ofa Gro ,
the #Ei : Citati e 8(r) + S(n)}

=g(m) gog(mxSl
=xcx

and Centries

i * zNur

& xCo= ro .
Visa marphism of jadedjebres. D.



3. Frobenius formula forthe characters of the symmetricgroup.

Therem : There is a

waywith size n such thbetheirreducible representations ofd byinterprise
Hoover

,

dim UX
= IST(J)

proof : First
,

notice that M Vivin) = [NCC) =[ = h = scr)

N + n

N + n

by the Jacobi- Trudy formula,
Y" (s)) =

4"(det (hyi - i+j)) = [2()R Vivin(ii) -

Gestel

is a sum with coefficients in 2 of representations of8).
However

,
IIsj/" =

&

Il Virreductible 112 = 1
=> T" (s)) = =gV for some indexing

Finally ,
Spel" = [IST)/sy and 18) : End(e) = [Cinub) Vo ,

+-y(n) den)
so4"(sj) =

+ Vd and dim V
= IST()) . D.

Application : ch"(op)= /( n ! = < chzp(p
card C = <j/pp) .

So up che(pl= (x)

me going
back to the original problem.

We define the olgebraic observables of partitions as follows :

[p() = (n
+

X(a)fn=
1) = (p =

k
,

O otherwise.

We shall see next time the following :



Therem : 1) The Ep's form andgebre of functions on Y.
2) Actually ,

this Mgebra Dis also D = Kdp , ps .... ple ,
...
]

3) Disgroded by deg [p = (p)
and also by not [p = Iph+ ((p) .

a) We have wt(pE) = k.

5) We have

=[ [p + terms with weight Sk
: (p) + e(y)= k

preliminary : formulas for dimd and [h(s).
dimd = <sy/py") = (ay+g)(p+ (

, ..., xn) ag(x - -- x)

en- 1
,

no2
, ..., 0

- [x
*

](1[i)Ela
= [x

+

e)[ n sla) y
,

+h
-oilnon- oh

desc)
k ! ... kn !

k
,

+ . -- + kn = n

is

p
= d + e
-sin) elo

n ! T
, pintoi) !

ki = pi - n + o(i)

= n ! det (p :+
*j)

T" Ni !

=
det (p)= M. .

Similarly:



(ck) = <Sj)p"ph
= [xe)(1[vi)

*

[b[sa) v,
29

..-x
=

=a)
i = 1 off(n)

= [Cypakei] [S6) n-k !

i = 1 o
kn!

XM
+ -2) ...

then - d)

k
,
+- - + kn = n-

k

nt chch)= Alp-kl

Eh) = With Ti


