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The method of observables



We want to use the functions [p(d) = (n
*

Plop) if n = Hls(pl+
O otherwise

in order to study the Plancherel measures
,

and more generally the central measures on
integer partitions-
& . The Franou . Kerou algebra
Def : A partial permutation is a pair (o ,

A) with of8) and Afinite subset
of AP . We can also view or as an element of SC)=U5() , which
fixes every

k **.

The product of two partial permutations is :

(o
,
f) x (T

,
B) = (0[ , AUB) .

ex : ((1
,
2)

,
[7 ,

2
,53) x (12,

3)
,
[2 ,
3
, 5y) = (11 , 2, 3) , [* , 2, 3, 53)

We extend this product by linearity to the real rector space ofoll formal line
combinations of partial permutations which are bounded in degree:

3= 2:[4) (0,A) with co,x) = 0 if 1) > d fo some dENS
↳ ↓= defx .

partial permutations.thegodedugebdey((o)x( ,B))deg( +dg
We can define another gradation on $ : the weight.
wt(a

,
A) = (A) + # Cyces(o,) .

Lemme : wit ((a ,*) x(t, B) = wt(o, A) + w+(T
,
B).

Indeed
,

we split the cycles of o. To AVB in three subsets :



1) those included in Al AnB .↑

2) those included in B1AnB.

3) the other cycles.

# a ise cycle of type in MANB
,
ther c = c . --

=
is also a cycle ofrc = 0 C

So
,

# cycles /OT ,
AUB) 1 #cycles (o,

A) + #cycles (t, B) +(3) .
The cycles of the third type must intersect AnB ,

so #(3) = /AnB)
.
Weconclude

that &

ut(ot
,
ArB) = #cycles (o,

A) + A cycles (T ,
B) + (AVB)+ 1AnB)
#1B)

< wt(o
,
A) + w+(

,
B). J .

case of equality:dep(codgd
We make 810) act linely on D by conjugation :

T . (o
,
A) = (Tot

,
T(A)) .

Do theArou-
Know dgebra is the graded subdgbre of invintn

&

linear basis ! two partial permutations
Il = 142) andthe cycle types ofadoareconjugated ifday

E8(2)

-> O-span (Dp = [(o,
1)

(01) with typep
, Ney)

degDm = Ip) ; wtDp = (pl+ e(p) .

# is convenient to work with certain renormalisations of the Dp's -



E=Wk) , (a) =D
k
= (w)

product rule for the symbols [p :

The cycle type of (0,) + (T
,
B) only depends on which equalities oi =byhold.11

[21 , ...,%] [b , ..., bey
#fore knows the partial pairing of 11 ,

kD and 41
,
21 describing the equilities

vi = ij , then the cycle type of opl ..., ak) xG(b ,
--

, be) is known.

-> [px[o = [ &(p, 0 ; Py .

P partial pairing
of K+, h] and+, 2D

example : [sx[ = &
(3

,2) &
+ 62u %o one equality
+ 6 [(2

,
1)
·

two equalitiesD P

2. Observables : ulgeber us geometry.
For

my
no 1

,

there is a maphism of ulgebras P-R&In)(o, ) + (C
,

T

Irestricts toamaphism :Ozl

Cpynk = zp motn)Clcard [penk
Link with the definition [r(s) = +

*
X(of) :

X : Z(RS(n)) -> IR is a morphism ofulgebras.
Therefore
,Or(s)

is a maphism : it is the composition"The



We know that In () =Eth . Midi

This can be rewritten as :

& () =[t])7z
Given an integer partition J ,

its Frobenirs coordinates are the lengths of its rows and

columns
, starting from the diegand :

x =
(5

,

3
,
2)

A (6) = (2 , 2) :
B(a) = (, ) .

The Frobenius manuts are : ple() = Eil + (1)k- (bil?
In particular

, pe(s) = 16) .

Set G(z)== exp
By turning) by us degrees , we see that * (d) = 2+ n D(J)

B(x) = 2 1(z) - nD(x)) .

-> G(z)= T

=> [n(b) = (z]( - G(z -12)t)
S

= (++ + )) - (π( - (i - j)+)exp)
=> P=[

,

E .... ] = k(pp.... ]

En = pl + terms with lower degree



3. End of the proef of LSRV

By induction on the Young disgram ,
one can show thatfxo <

ye
< x
+
< ... <y

arethe interfaced coordinates of 6
,
then

#zyi
= Eexp)[j) =7#zx ↓

This implies that 0-RSp , ps , ... )
and
by working with the change of besis formulae ,

that

pr = 2
M

Whep) =u + tems with lowerwith

Finally : Epe
.
[E = Freed nth

= On)
.

#pe
.
[p(s)] = Akeren (h) + On) .

#[ piw. )] = Akeven (h) + O(n).

and since Pl" = 2 - Euro + terms with lowerweight ,
ie(p) = (v)+ 2(a) = u

we obtain similarly # [pi (w)] = Aneven (i) +02)
,

so var -> O.
D

.




